N

N

Incompressible Navier-Stokes-Fourier limit from the
Landau equation
Mohamad Rachid

» To cite this version:

Mohamad Rachid. Incompressible Navier-Stokes-Fourier limit from the Landau equation. Kinetic and
Related Models , 2021, 14 (4), pp.599-638. 10.3934/krm.2021017 . hal-03035871v2

HAL Id: hal-03035871
https://hal.science /hal-03035871v2
Submitted on 3 Aug 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03035871v2
https://hal.archives-ouvertes.fr

Incompressible Navier-Stokes-Fourier limit

from the Landau equation

MOHAMAD RACHID*

Abstract

In this work, we provide a result on the derivation of the incompressible
Navier-Stokes-Fourier system from the Landau equation for hard, Maxwellian
and moderately soft potentials. To this end, we first investigate the Cauchy
theory associated to the rescaled Landau equation for small initial data. Our
approach is based on proving estimates of some adapted Sobolev norms of the
solution that are uniform in the Knudsen number. These uniform estimates also
allow us to obtain a result of weak convergence towards the fluid limit system.
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1 Introduction

1.1 The model.

We start by introducing the Landau equation. This equation is a kinetic model in
plasma physics that describes the evolution of the density function f. = f.(¢, x,v) rep-
resenting at time ¢ € RT the density of particles at position € T? the 3-dimensional
unit periodic box and velocity v € R3. This equation is given by

{ 3tfg+’lf'vxfs:%@<fevf€) (1)
fe|t:0 = vaO’

where ¢ > 0 is the Knudsen number which is the inverse of the average number
of collisions for each particle per unit time and @) is the so-called Landau collision
operator which acts on the variable v and which contains diffusion in velocity. More
precisely, the Landau operator is defined by

Q(G,F) =8, /R a0 —v)[G.OF — FO,G.] du.. 2)

and we use the convention of summation of repeated indices, and the usual derivatives
are in the velocity variable v i.e. 0; = 0,,. Hereafter we use the shorthand notations
G. = G(v.), F' = F(v), 0;Gx = 0,,,G(vs), O;F = 9,,F(v), etc. The matrix A(v) =
(a;j(v))1<ij<s 1s symmetric, positive, definite, depends on the interaction between
particles and is given by

V;V;

aij(v) = [v]"*? (%‘ - |U|2> , v €[-3,1].

We recall the standard classification: we call hard potentials if v € (0, 1], Maxwellian
molecules if v = 0, moderately soft potentials if v € [—2,0), very soft potentials if
v € (—3,—2) and Coulombian potential if v = —3. Hereafter we shall consider the
cases of hard potentials, Maxwellian molecules and moderately soft potentials, i.e.
v € [=2,1]. We consider the fluctuation around the centered normalized Maxwellian

distribution
p(v) = (2m) 3202

by setting f-(t, x,v) = p+ ep'/?g.(t, z,v), and
L(f,9) = p ' 2Q(u'?f, u' )
Uy
= 0 |(aj * p'? 1)0;9] — (aij §M1/2f)3j9

— 0| (ai; = 1201 )g| + (aiy + %Nmajf)%

the homogeneous linearized Landau operator £ takes the form
= —ﬁl - EQ.

The operator £ acts only in variable v, is selfadjoint, and consists of a diffusion part
and a compact part. Using for example [15], [30], we show that the diffusion part £;
writes as follows

£1f =V, @Y. - (A@)
3
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where A(v) = (@;;(v))1<i <3 is a symmetric matrix defined through
Ajj = Q5 *y [,
and the compact part L, is given by
Lof = —p 10, {M [aij *y {M1/2 {ij + ?szf] H } .
Now the original problem ([) is reduced to the Cauchy problem for the fluctuation g.

09- + v - Vg + 5 Lge = 1T(ge, ge) 3)
ge\tzo = 9¢,0,

where g. ¢ is given by f.o = p + ep/?g. 0. From now on, we will always assume that

1 1
Lo o) o= e v e (4)
v v
which implies that
1 0
g:=(t, z,v)u (v v rdv = orallt > 0,
. 1/2 dxd 0| forallt>0
T3 xR ’U|2 0

since our equation preserves the total mass, momentum and energy.

1.2 Notations and functional spaces.

Throughout the paper we shall adopt the following notations. For v € R? we denote
(v) = (1+|v|*)"/2, where we recall that |v| is the canonical Euclidian norm of v in R3.
The gradient in velocity (resp. space) will be denoted by 0, (resp. 0,). For simplicity
of notations, a ~ b means that there exist constants ¢y, c; > 0 depending only on fixed
number such that ¢;b < a < ¢3b; we abbreviate “< C'7 to “<”, where C' is a positive
constant depending only on fixed number that may change from line to line.

In what follows, we shall write for p € [1, 4+00]

[P = [P(T?), LP=LP(R%), LELP = LP(T®x R?).

For p = 2, we use the notations (-, -)L%, (- ')Lg and (-, ')Lng to represent the inner
product on the Hilbert spaces L2, L? and L2 , respectively.

For m = m(v) a positive Borel weight function and 1 < p,q < 0o, we define the space
LiLP(m) as the Lebesgue space associated to the norm, for f = f(z,v)

1 lzgzpmy = ML zgemllzg = lmfllcellzg-

We define for s € N the spaces H? to be the usual Sobolev space on T? and H:L? by
the norm

ez = (X 10571 ).

Ik|<s
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It is well known that the null space N of L is spanned by the set of collision invariants:

N(L) = Span { /i, v1/1i, vay/1, v/, [0/} (5)

We also let N+ denote the orthogonal space of N with respect to the standard inner
product (-,-);.. Following [15], we introduce the H; ,-norm defined by

£ 12 = 1) T 2 + (002 PV f 12 + [{0) 2 (T = PV fl2,  (6)

U,k

this norm naturally arises in the study of the Landau equation. P, is the projection
on v, ie. Pw= (tru ol ) ol We define the space Hqui* for s € N associated to the
norm

ey = 2 [ 102y da (7)

la|<s

We also define the space H3(H, )" (is the dual of HJH, , w.r.t. H;L?) in the following
way

H(H},) = sup (f7 qb)H;L%
6l g1 <1

‘= sup > (@ff, 85¢)L%L% :

||¢>||H;H%‘*S1 18|1<s
Let us recall the so called macro-micro decomposition of solutions

g =Tog + (I —Tlp)g := g1 + go, (9)

ou I est appelée la projection macroscopique de N, g; = Ilyg is called the macroscopic
projection of g and go = (I — Ilp)g is called the kinetic or microscopic part of g.
Furthermore, we often use the following notation:

Mog(t, z,v) = {a(t,z) + v - b(t,z) + [v]*c(t,2)} /1, A(g) = (a,b,c), (10)

where

) 5 |v? 1/2 ) 1/2 ) > 1 1/2
a:= R39<2 — 2),u dv, b:= ‘/R:igU/L dv, c:= ]R3g(6 — 2>u dv.

We introduce the following instant energy functional and dissipation rate functional
respectively

E2(9) = llgllzsre = Nl Frarz + Ng2ll7rs e
~ A + lg2ll7rz 2,

D(g) = ||92||x3(Tngg),

C(g) = [IVaIlogllmzre ~ [[V2A(9)| 12

(11)

These quantities will be in the heart of the coming study and the main results we
present below.



1.3 Main results.

The first result is about the existence and uniqueness of the solution of the Landau
equation. Notice that in the subsequent analysis, the Knudsen number ¢ is always
supposed to be less than 1 and in our Cauchy theory, we have a smallness condition
on our initial data, which is independent of ¢.

Theorem 1.1. There exists My > 0 such that for ¢ € (0,1) and ||gollnzr2 < Mo, the
Cauchy problem ([3) admits a unique global solution

g € L([0,00); HXL2)

with the global energy estimate

oo ] oo
sup E2(t) + CO/O ?Dz(t)dt + CO/ C*(t)dt < C;E%(0), (12)

>0 0

where Cy, C|, > 0 are independent of .

In the second part of this work, we study the limit to the incompressible Navier-Stokes-
Fourier system associated with the Boussinesq equation which writes

Ou~+u-Vyu+ Vep = vAu,
00 +u-V,0=rA0,
Vi-u=0,

p+6=0.

(13)

In this system 6 (the temperature), p (the density) and p (the pressure) are scalar
unknowns and u (the velocity) is a 3-component unknown vector field. The pressure
can actually be eliminated from the equations by applying to the momentum equation
the Leray projector P onto the space of divergence free vector field (precisely which
is defined in ([@6])). This projector is bounded over HY for all N, and in LP for all
1 < p < oco. The viscosity coefficients are fully determined by the linearized Landau
operator L (see Section 4).

The derivation theorem from ([3]) to ([I3]) is the following.

Theorem 1.2. Let My be as in Theorem [1.1]. For any ¢ € (0,1), assume that the
initial data g.o in ([3) satisfy

1) Ge,0 € H;:;L%H

2) g0l 3z < Mo,

3) there exist scalar functions py, 6o € H2 and vector-valued function ug € H2 such
that

Geo — Go, strongly in H2L? (14)
as € — 0, where go(x,v) is of the form

ol* 3

0(2,0) = pola) VA) + uo(@) - 0/i(0) + bo(a) (- = 5 ) VA).  (15)
6



Let now g. be the family of solutions to the Landau equation ([3) constructed in The-
orem [1.1]. Then, as € — 0,

gg—>p\/ﬁ+u-v\/ﬁ+9<2—2)\/ﬁ (16)
weakly—* in L>=([0,00); H3L?). Here
(p,u,0) € C(RT; HY) N L¥(RY; Hy) (17)

is a solution of the incompressible Navier-Stokes-Fourier equation (13) with initial
data:
3 2

uli=0 = Pug(z), Oli=0 = 590(37) - gﬂo(fﬁ)a (18)

where P is the Leray projection. Moreover, the following convergence of the moments

holds:

P (ges v/1) 2 —> s (19)

0]

Ge, ( - )\//7 — 07 (20)
) 2
strongly in C(R*; H?), weakly—* in L>°(R*; H3) as e — 0.

The history of derivation of Navier-Stokes equation from kinetic equations is very
rich. This has been an active research field since the 70’s with some major break-
through. In particular Bardos, Golse and Levermore [4] initiated this program in the
80’s, and the first convergence result without compactness assumption was given by
Golse and Saint-Raymond in [13], following a series of hard works by Bardos, Golse,
Levermore, Lions, Masmoudi and Saint-Raymond [3, 12,23, 24] the list given here is
not exhaustive. More recently this program was tackled in various geometries (with
bondary in [18,19,26]). All these results are obtained in a framework of weak solu-
tions: the renormalized solutions for the Boltzmann equation (from DiPerna-Lions [10]
or Mischler [27] for bounded domains) and the Leray solutions for the Navier-Stokes
equations. Let us also mention [2] and [29] in which the theory of derivation of macro-
scopic fluid equations from kinetic equations has been treated exhaustively (although
the Landau equation is not studied there). In what follows, we present previous results
obtained in a framework of strong solutions and also comment the results obtained in
the present paper.

In this framework of strong solutions, we first refer to [1,6, 7] for Boltzmann equa-
tion with cutoff (with inelastic collisions for [1]) and to [20] for Boltzmann equation
without cutoff in which a result of weak convergence to the fluid model is obtained.
Briant in [6] justified the convergence from the Boltzmann equation with cutoff in the
case of hard or Maxwellian potential to the incompressible Navier-Stokes equations
on the torus. He used hypocoercivity to obtain a proof of existence and exponential
decay (uniformly in the Knudsen number) for solutions around a global equilibrium
in Sobolev spaces HY, for N > 3. These results allow him to obtain a derivation
of the incompressible Navier-Stokes equations as the Knudsen number tends to 0. In
addition, he obtained strong convergence by adding additional conditions on the initial
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data and using a decomposition of the semigroup associated to the linearized equa-
tion coming from [11]. Roughly speaking, this analysis is based on the study of the
spectrum of the Fourier transform in the space variable of the linearized operator.
Let us also mention that all the hypocoercivity theory assumptions hold for several
different kinetic models which include the Landau equation with hard, Maxwellian
and moderately soft potentials. Briant, Merino-Aceituno and Mouhot in [7] obtained
similar results in larger Sobolev spaces with polynomial weights using an “enlargement
method” coming from [14] that takes into account the dependencies on the Knudsen
number (which allowed them to weaken the assumptions on the data down to Sobolev
spaces with polynomial weights). Notice that in the present paper, since our lineariza-
tion is based on the following decomposition: f. = pu + eu'/?g., our original data feo
are supposed to enjoy an exponential decay.

We also mention that there is another type of results about the connection to fluid
equations that are also obtained in the context of classical solutions. The general
idea is to obtain first the solutions for the limiting fluid equations, then construct-
ing a sequence of solutions (around the Maxwellian) of the scaled Kinetic equations
(Boltzmann or Landau) for small Knudsen number . These solutions are of the form
fo=p+eut’?(gt +eg?+---+e"g"), where g', g2, - - can be determined by the Hilbert
expansion, and g7 is the error term. There is a large literature in this context, let
us point out the work [17] in which Guo verified the diffusive expansion (around the
Maxwellian) for the Boltzmann equation with angular cutoff (hard and soft potential)
and for Landau equation in the Coulombian case on the torus using a nonlinear en-
ergy method. This expansion is beyond the Navier—Stokes limit in the following sense:
the coefficient ¢! is determined by the incompressible Navier—Stokes—Fourier equations
and g*---¢g" ! are determined by the linearized incompressible Navier—Stokes—Fourier
equations with source term from the known kinetic part. In addition, he studied the
decay in time uniformly in € for the error term by nonlinear energy method, such a
result is obtained in H), for N > 8.

Our aim in this article is to study the weak convergence process for the Landau equa-
tion in the cases of hard potentials, Maxwellian molecules and moderately soft poten-
tials and verify its limit to the incompressible Navier-Stokes-Fourier equation with the
Boussinesq relation on the torus. This equation has strong diffusion properties, which
implies difficulties linked to the functional spaces. The convergence proof is based on
a nonlinear energy method which is similar to [15,17]. The idea is to establish micro-
scopic and macroscopic estimates (thanks to the study of the classical 13-moments)
uniformly in ¢ for our equation. These estimates allow us to obtain a global energy esti-
mate (uniformly in ) in H3L2. Notice that in [15,17], this type of results was obtained
in H j}fv with N > 8, we have thus enlarge the space in which such a result is available.
In terms of functional spaces, our result is comparable to the one in [20] in which the
authors used this method to derive the incompressible Navier-Stokes-Fourier equation
but from Boltzmann without cutoff on the whole space. Hence the difference with our
case concerns the choice of the instant energy and the dissipation rate functional to
capture the structure of the rescaled equation, see ([6), ([7) and ([LI]) for our case. We
shall sometimes follow the line of the proof of [20]. But we pay very much attention to
the construction of local solutions (uniformly with respect to the Knudsen number),
the linear problem being handled thanks to Lion’s theorem (see [21]). A special focus
is also given on the weak-x limit at the very end of this article using in particular the
Aubin-Lions-Simon theorem and some compensated compactness argument from [22]

8



(see [1,13] for similar approaches).

We finally emphasize that a great challenge in this field would be to get strong conver-
gence, that we hope to do in the future using the hypoelliptic properties of the Landau
operator.

Organization of the article. In Section 2, we study the construction of the local
solution. In Section 3, we show the global existence and we establish the uniform
energy estimate. Section 4 is devoted for the incompressible Navier-Stokes limit. In
Appendix A, we give a proof for the existence of a local solution for the linear Landau
equation.

2 Construction of Local Solutions

In this section, we show the existence of a local solution to equation ([3]). First, we
start with nonlinear estimates where we use the idea of the proof of Lemma 3.5 in [8].
Then, we are interested in the construction of local solutions for Landau equation
where we use the technique presented in section 2 in [20].

2.1 Nonlinear estimates.

We prove in this section some estimates on the nonlinear operator I'.

Lemma 2.1. We have:

(a5 # G20 ) @) + (s 120, 0) + | (a3 a0, ) v)
g+ 0 + g+ 2)0 S G171

(@i 2 F)(v)] +

Proof. For the first term, we have

(a2 ) (v)] =

aij(v — v ? (v.) £

S [ @) RS ) g
In a similar way we get

2
(agj * 1/2f)( IS ()N Iz
For the third term, we have
Qg5 * Ml/Qajf = Ojaij * pf— Qg5 * jﬂl/Qf,
then

|(aij * 1720, £)(0)| < 10ja55 % w2 F (V)| + |ags = 0;p'/? f ()]
</ ’Y+1 “/+1 1/2’f*‘+/ 'y+2 'y+3 1/2’]0*‘
S £l



In a similar way we get

2
S @ ez

(%’ * 7;1'“1/25],0 (v)

Recall that 0 is an eigenvalue of the matrix A(v) = (a;j(v))1<; j<3 With corresponding
eigenvector v so that a;;(v—v.)v; = a;;(vV—0v,)vs; and a;;(v—v,)vv; = @ (V—0,) VGV
Using this we can easily obtain,

(@i = 12 ) (v)vivy| = ’/ ai; (v — v vt 2 .| =
</ 7+2 7+4 1/2‘f’
S @) flle

/ i (V = 0 ) VsV 12 £
In a similar way we get
[(asg * 12 ) @)0s] S (o)1 f L2

Lemma 2.2. The following estimate holds:

(C(59),h) s < Nz llg]

Allmy.. (21)

1
Hv,:«

Proof. We write

(%

(C(f,9),h) 2 = _/(aij * 117 )0, 90;h — / <aij * 2u1/2f>@jgh
U;

+/ ai; * 205 f) gaih+/<aij * 2M1/23jf>9h

- —/ /2 va-Vvh—/X(U)-vah

+/Y th+/<au* 1/28f>

= T1+T2+T3+T4.
Here X (v) (resp. Y (v)) are vectors with coefficients X;(v) (resp. Y;(v)) which are
written in the following form:

Zaw % 1/2f and Y;(v Za”*ul/Qﬁf

Step 1. For the first term, since the estimate for |v| < 1 is evident, we only consider
the case |v| > 1. We decompose V,g = P,V,g+ (I — P,)V,g, and similarly for VA
where we recall that P,V,g = v|v| (v - V,g). We hence write
Ti = [(A(0) 5 /2 f)P, Vg PV + [(A(0) 5 2 f)P, Vg - (I = P)V,h

+ [(A@)* w21 = P)Vug - PV + / )% W2 F)(I — P)Vog - (I = P)V,h

=T+ Tio + T3 + Tha.
10



Therefore we have

Tn = /(A('U) * 2 f) d .’X;g)v ' < .|szh)'07

thanks to Lemma [2.1], we obtain

Tl SISz [ @) 1012 V0] V0]
S U712l @) Vg sz o) Tz

Moreover
Tia = [(A©) N (1= BT,
v
then
Tl S I lsz [ ()20l Vg (= P)Vh)
S IF 2 0) 2 Vogllzall () (1 = P)Vuh| 12
Similarly

Tas| S I1f 221 0) 2 Vogllca 1 (0) 2 (T = Po)Voh]za-
For the term 73, we obtain
Ty = /(A(v) s« (M2 ) (I = P)Vog - (I — P,)V,h,
then
Tl S Ifllzz [ )21 = PVl |(1 = P) Vb
A2l (I = P)Vagllzz () > (I — B)Vouhl] e,

Step 2. Let us investigate the second term 75, and again we only consider |v| > 1.
The same argument as for T) gives us

— [ X() {PVug + (I = P)Vughh
=Ty + Tpo.

We have

T21_—/X ©-Vug)

0P
then
Tl S 1 lsz [ (020l Vo] [0
S Izl (0) Vg oz 0 2l

11



For the other term we get
Ty == [ X(0)- (1= P)V.gh
then
Toal S sz [ 21T = P) gl [0

ol X
SIFllzzll{0)* ™ (I = P)Vogllzzll(0)® 1.

Step 3. For the term T3,

Ty = — /Y(v) A{PV,h+ (I — P)V,h}g
=Ty + Tio.

Using the same proof in step 2, we have

X X
Ty S ezl > gllall(v)? Vbl 2,

and
J ol
ol S A2l w2 gllzal[(0) 2 (I = Py)Vohl|ze.

Step 4. We finally investigate the term T, and we have

U;
Ty = —/ <aij * 2#1/2ajf>h9>

then
J J
Ta) S I f 12zl (w2 gll 2| (w) 2 A 2.
O]

The next lemma gives an estimate on the nonlinear collision operator I' in terms of
instant energy functional and dissipation rate.

Lemma 2.3. Consider f such that /3 Iy f dz = 0, we have
T

(O 0 W) gsrs S EPAC(S) +D(f)}D(h), (22)

therefore

ICCH Pz S W lazez [z, (23)

where we recall that the space H3(H,,) is defined in (8) and €,D,C are defined in
(11).

12



Proof. We have that
(O £ M sia = (O ) h2) e+ D2 (90T(f,9),00ha)

L2L2
1<|B|<3 o

because
(F(fa f)?qb)L% =0 for ¢ = ﬂﬂjz‘\/ﬁ, |U‘2\/ﬁ
and
afr(f’ f) - Z Cﬁl,ﬁzp(ﬁflf, 852 )
B1+p2=p

The proof of the lemma is a consequence of Lemma [2.2] together with the following

inequalities, that we shall use in the sequel when integrating in z € T3
1/2 1/2
lullze sy S Mullmzy,  Nullzss) S Ml Nullzes) S Ml Il s,

Step 1. Using Lemma we easily get,

(O Dok izs S [ (1 zz 1ol

S ez 1follzzm,

Bollmy . + U112 L allez hellas )

hollpamy, + 1 flmzze ([ fill 2oz 1Pall L2 ms

furthermore, IIyf has zero mean on the torus, thus we can apply Poincaré inequality
on the torus and we obtain

(L(f f)yh2) 22 S ECHLCS) + D(f)}D(R).
Step 2. Case || = 1. Arguing as in the previous step, from Lemma [2.2], it follows

(0(r020).002) ,

S /[3 (1l 19 follag, (V2hallmy. + 1 Fllez IV Fillzz [ Vahallm. )
S lazez Ve Follizmy, IVehollzay, + 11 flmzez 1Vefillrzez 1Vahollizmy,
S ENLC) +D()ID(h).
Moreover, we have
(P@2f, 1), 00hs) .
S L (I sz 1l IVl + 19 1l IVl
SIVaefllmzez 1 follezmy, IVeholrzmy . + 1Vaflluzes 1 fillzez [Vehallrzm
using Poincaré inequality on the torus, we get

(D@21, 1), 02hs) |, , S EWDCS) + D()}YD(h).

LzLy ™

Step 3. Case |B| = 2. When [, = 8 we have

(CCr.020),00h2) ,

S 1Az IV2 foll s, 1V 3hallms, + 11 Fllez IV3Fllez (V2R

N s L2 «J2lHL, 2l HE, L2 1|12 2l HL,
Vihallr2ms .

S Wz V3 fallczmy . V3ol 2, + 1 fllazes 1VE fullars |

S EWAC) +DNHID(h).

13



If |B1] = |P2| = 1 then we obtain
8 B 8
(T2 1,02 ), 05 hg)mg

< [ (19l IV fall,

SIVafllmzee IVafoll Lz,

S ELC(f) +D(f)}D(h).
Finally, when 8; = 8 we get

(L@21. 1), 00h2) ,
S [ 927 el

S IV flces 1 fall o

1/2
SVl 1ol

Vihallmy. + 1Vafllz IVafillez 1V3hallm. )

V,x

Vihollzms, + Ve fllazez IVafillizez 1Vihellizm

Vihallmy, + 1V2f Nz 1 fillzz 1V 2Rl )

Vihollzms, + IV2 Fllears | fill oz 1Vahall 2,
1/2

FPollgian . 1V2holl .

1/2 1/2
+ 12 fllmazs WAl L Fill g

Vihollr2ms .
S EHC(S) +D()ID(h).
Step 4. Case |B] = 3. When 3, = 5 we have obtained
(P<f7 aff)a ath)LzLQ
S lazez IVa Fellizm . IVhallzmn, + 11 2oz 1V2fillrzes 1V2hell iz,
S ENRC) +D()D(h).
If |51] = 1 and |fs]| = 2 then we obtain
(@2 f,02 1), 07ho)

1213
S /Tg (IVarfllez 193 foll . .+ Ve fllez V3 fillez 1V 3R]l )

SVl a2z IV follizas, VSRl iz, + IV flazea 1V fill 2oz IVahall 2
S ENLC(f) +D(f)}D(h).
When |31 = 2 and |f;] = 1 then we get

(D@2 1.0 1), 98hs) , .
S /T3 (IV2 £z IV aLoll g, 193Rall. + V2 F ez (V2 Fillzz 1V 32, )
SAIVE e Ve hall iz 1Vefollra . 1V5hall2ms.

+ Ve fllaiez | Vafi

Vaha|

| are Ve filliins V3R]l 2
S EN{C(f) + D)D),
Finally, when £, = (3, it follows

(F(aff7 f)7 8fh2)L2L2
< [ (930 el .+ IVl il 193Relm )

SIVofllzzee Wallmzms, IVahellizm . + Vo fllcacs 1l mzez IV ohall 2,

S EWLC) +DN)ID(h).

V3 hol
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Regarding estimate ([23]): Using (22]), we have

(O W e S I lazeall fllazas.

using now ([8]), we obtain for ||Al| gz, < 1,

ICCH Pz S W lazez [ e, -

hHHgHéy*v

2.2 Linear problem

We consider now the linear Cauchy problem

gie=0 = go € H;Z’L%

where f is a given function such that

swp E2((1) + [ D) < oo (25)

0<t<T

for some T > 0 and verifies
/ Mo f da = 0. (26)
T3

We study the existence of a solution to the equation ([24]) in the space L>([0, T]; H2L?)N
L*([0,T); H3H, ).

Remark 2.4. We note that by using ([23]), (25]) and ([26]), we obtain that I'(f, f) €
L*([0, T); H3(H,;,)").

Definition 2.5. We call weak solution of (24]) any function g € L*([0,T]; H3L?)
satisfying

/OT (9, Q0) a2 dt — (90, $(0)) a2 = /OT <ir(f, f),¢> dt (27)

H(H ) HEH
for all ¢ € C°([0, T[x T2 x R3), where Q is defined in ([I42]) in Appendix A.

Proposition 2.6. Let go € H3L?, and f satisfy (23) and ([26). Then the Cauchy
problem ([24)) admits a weak solution

g € L>([0,T]; HLy) N L*([0, T]; H H,,)
which satisfies

s £000) + 5 [ )< s 0] sw e+ [ pnarl

0<t<T 0 ~ 0<t<T 0<t<T
+28%g0) (28)

for some T > 0, where C,C, are independent of 0 < e < 1.
15



Proof. We will show the existence of a solution to the Cauchy problem ([24]) by using
Proposition in Appendix A. By applying Proposition with U, = 1D(f, f) (we
have from Remark [24] 1D(f, f) € L*([0,T); H3(H,,)") for ¢ a fixed parameter, then
there exists a solution g € L*([0,T]; H3H,) ,) such that for any ¢ € C2°([0, T'[x T3 xR?)

[ .00t = [ (Eri.p.o) At + (90, 6(0) gz, (29)

H}(Hy ) HIH; .

where Q is defined in ([I42]). Then, g € L*([0,T]; H3H,,) is a weak solution of the
Cauchy problem ([24]). Now, we will show that the weak solution g satisfies ([28]). We
only sketch the proof which could be done using mollifiers of g and supposing therefore
Org,v - Vug and Lg are in L*([0,T]; H3L?) and that g and its derivatives in z have
traces in times. For elements of proof see [9, Appendix A], [16] and [20]. We define
the operator G by

1 1 1
Gy := g+ —v-Vag + Ly = T(1, ). (30)

we also suppose Gg € L([0,T]; H3L?). We have g € L*([0,T]; H3L?), then

1
(ggag)m([O,T];Hgm = g( (f, 1), )L2 ([0,T);H3L2)

Using ([30]) and the fact that v - V, is skew-adjoint, we have

1 1
(ggag)Hng = (atg g)Hng + = (U V.9, Q)Hst + (Eg g)H3L2

14 (31)
thHg( M2 T3 (59 9Dsrz -
Returning to Theorem 1.2 in [28], we have the following estimate:
(LS, Pz = Cllf .. Vf € N(L)™, (32)
where C., > 0. Then,
5 (£0,0) 312 > Do) (3)

From the above, we get for ¢ €]0, T,

¢ 1 1 c, ot
| 99931z ds = 590 ses = 5 19O ors + = [ Do)

Using Lemma [2.3] and the fact that C(f) < E(f), we have

1
o (®) sz + / (g

< [e D(}D(g)ds + 36(0)
<C T4 / YDUIFD()ds + 5%(0)
< g / (DAEAH) + D(1ds + o5 [ Da)ds + L £%(w).

16



Thus, we get

/192 ds<202/ EX(M{E(f) + D*(f)}ds + £%(go)-

This implies that for T' < 1

2 Cy (T2 4c? 2 2 Te
sup E(g(t) + 7 [ DAgH)at < - sup £2(f)3 sup E(f)+ [ DA(f)at
0<t<T €% J0 v 0<t<T 0<t<T 0
+2E%(go).
Finally, (28]) and (29]) show that g € L>([0,T]; H}L2) N L*([0,T]; H3H,,) is a weak
solution of the Cauchy problem ([24]). O

2.3 Local existence for nonlinear problem.

We consider now the following iteration

{ 0" + tv - Vog™ + SLg" = 1T(g", g")

n 34
7™ = go, (34)

with ¢° = 0.

Proposition 2.7. There exists 0 < §g < 1, 0 < T < 1, such that for any 0 < e < 1,
Jo € H:“Z’le) with

gollmzr2 < do

then the iteration problem ([34]) admits a sequence of solutions {g"}n>1 satisfying

2/ .n C’Y T 2/ n 2
sup E%(g )+f/ D2(¢g")dt < 462. (35)

0<t<T g2 Jo
Proof. For the linear Cauchy problem ([34]), given ¢" satisfying ([33]), the existence

of g"*! is obtained by the Proposition 2:6]. So that it is enough to prove ([35]) by
induction. Using estimate (28]) with ¢" = f and ¢"™! = g, we obtain
2

20ty . Ov (T2 i 4C 2 2 2(
sup &%(g )+—/D(g Ydt < —— sup E7(¢"){ sup &°(g +/D ™ydt}
0

0<t<T g2 'y 0<t<T 0<t<T
2

Then, using ([33]), we obtain

sup E2(g"+1 Cy (T o n1 2 2072
p &9 )+ = D(g" ™ )dt < 5[ 2+ 6455 .
0<t<T es Jo c,
We complete the proof of the Proposition by choosing dy such that

02
2+ 645(2)0— <4.

v

17



Theorem 2.8. For T > 0, such that for any 0 < e <1, g.o € HL? with
19,0/l 322 < do,
then the Cauchy problem ([3) admits a unique solution g € L*>°([0,T); H3L?) satisfying
C. [T
sup £%(g.) + =3 / D?(g.)dt < 462, (36)
0

te(0,7)
Proof. We will show that {¢"} defined in Proposition is a Cauchy sequence in
L>=([0,T]; L*(T2 x R2)). We set w™ = g"™' — ¢g" and deduce from ([34]),

O™ + %v VRV E%Ew" = %[F(g", g") — (g™t g™ 1)
wn‘t:() = 0

(37)

Using the fact that, for any h € L?
(T g") = T(g" g, Hoh)Lg =0,
L(g".g") —T(¢" " g" ) =T(g"g" —g" ) +T(g" 9" ") = T(¢" ".g" ")
=T(g" w") +T(w" ", g" "),
we obtain

(T(g". ") =T(g" g™ Dw"),, = (Dlg" w" ) + D" " ) us),,

L3
where w} = (I — IIp)w™. Using Lemma [2.2], we have
1 C

: < €@ (It Mz, + oy o )l e

(g™, wm ™) + T, g" "), wi)

L3,
4 Sl (g3~ zas + Do) o
< Go€2(g") (lwp 13z, + llws = |%)

+ Csllw M (Igr " 3sre + D" )
+ Sl

Thus, fix a small § > 0, we get
1d

C n n n— n—
Xl + S5 llwliZe < Co(g") (i 3, + e~ i%)

+ Csllwm M3 (Igr sz + D" ).

2

lw” (|72,

Using the fact that
lwi™Zz, = Mow™ Tz, < Cllw™ Iz s ot iz < CEX (g™,

x,v

we obtain t €]0, 77,
n||2 1 ! ni|2
s, + 5 |l 2o ds

T
< Csup &9") (T iwgaraz,y + [ eI ds)
t€[0,T] ’ 0

T
+C\|wnl||%w<[o,T1;Liv)(T sup E%(g"7) +/ D*(g" 1) d8>~
’ t€[0,7) 0

18



Using now ([35]) with o > 0 small enough, we get that for any 0 < e <1

n||2 1 T n||2 1 n—1(2 1 T n—1(12
W™ Lo o,73:22.,) + ?/o [[wy [0 dt < B [ Toe 0,122,y + g/o [Jwy ™[50 dt ).
(38)

Thus we have proved that ¢" is a Cauchy sequence in L>°([0,T; L?w). Combining with
the estimate ([33]), the limit g is in L°°([0, T]; H3L?). If we note

C T
F(g") = sup E*(g" >+4/0 D*(g™)dt,

0<t<T g2

then from weak lower semicontinuity, we have
Flg) <lim inf F(g") < 445,

Then we obtain the estimate ([36]). Now, we will show the uniqueness of the local
solution. Let gV and ¢g® be two solutions to ([3]) with same initial data gilg = gég

that satisfy ([36]). The difference h, = g — ¢{?) satisfies

(39)

Oh. + v -V, h. + LLh. = 10(¢® h.) + 1T (h, gV)
h ‘t_o—o

using the same argument in Theorem 3.10 in [8], we can show that h. = 0, hence the
uniqueness of the weak solution. O

3 Uniform estimate and global solutions

In this section, we establish microscopic and macroscopic energy estimates for the
Landau equation. These estimates with Theorem allow to prove the existence of
global solutions in the space L>=([0,00); H2L?).

3.1 Microscopic energy estimate.

Proposition 3.1. Let g € L>([0,T]; H3L?) be a solution of the equation ([3) con-
structed in Theorem [2.8], then there exists a constant C independent of € such that
the following estimate holds:

d2
aé’

C 1
e {551)2 + (50)2} , (40)

where for simplicity, we note € = E(g), D =D(g) and C =C(g).

Proof. We apply 9% to ([3]) and take the L?*(T? x R3) inner product with 9%g. Since
the innerproduct including v - V,¢ vanishes by integration by parts, we get

**52+; > (L£O2g,0%9 - Z 0;1(9.9).079) 12

|| <3 |o¢\<3
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Returning to Theorem 1.2 in [28], we have

Z (‘C@ggaagg) L2, 2 C ||92|| 3(T3 xR3) C’YDQ.

la] <3

Since / , [Thg dz = 0, Lemma implies that,
T

! Y (971(9,9),079) 2 | < ﬁS(cz>+1>2) Clgp2 Cl (5(3) ?70211)2
© Jal<s S e 5
Taking 7 = ﬁ7 we have
Ch
1d 2, C 2 c ) 02
R 20 ECP

then

daoy G {1 2 2}
— &4+ 1D < - + )
tg 2D Cs-&D (&EC)

3.2 Macroscopic energy estimates

We study now the energy estimate for the macroscopic part I1pg where g is a solu-
tion of the equation ([3]). First we decompose the equation ([3]) into microscopic and
macroscopic parts, i.e. rewrite it into the following equation

1 1 1
d{a+bu + v u? + v Vo{a+ b+ clo*}ut? = —0,9, — JU Vg2 — gﬁgz
1
+-I(g,9).
(41)

Lemma 3.2. Let 0% = 0%, a € N3, |a] < 2. If g is a solution of the Landau equation

(3), and A = (a,b,c) defined in (IQ), then
10" Al < C 4+ D, (12)
where £ = E(g) and D = D(g).

Proof. Let g be a solution to solution of the scaled Landau equation ([3]). The second
set of equations we consider are the local conservation laws satisfied by (a,b,c). To
derive these we multiply ([41]) by the collision invariants that are the elements of N'(£)
in ([3]) and integrate only in the velocity variables to obtain

Oy(a + 3c) + ivx -b=0, (43)
1
ob + — (V a—+ 5ch) = —g ('U . vxg% U\/ﬁ)L% ) (44)
1 2
0¢(3a + 15¢) + gvx b= — (v - V292, [ \/,L_L>L% : (45)
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Taking linear combinations of the first and third local conservation laws results in

1 2
ata = 275 (U : vx927 |U| \/ﬁ)L% )

1
b+ — (V a+5V,c) = —E(U-ngg,v\/ﬁ)L%,

1 2
oy + gvx b= o (v - V292, V] \/ﬁ)L% .

These are the local conservation laws that we will study below. From the first equation,
we have

HataaCLHLQ *”v 3agg||L2L2 (46)

Y

the second equation gives that

10:0°b]] 2

~Y

1 1 1
S ClIVe0%allzz + Z[Va0%llrz + ZlIVa0® 02|22z

~Y

1 1
S C Va0 Allzz + ZlIVe0®allz 22
and the last equation implies that

1 1
10:0%llzs < ZIVe0"Bllzz + Z Va0 g2ll2rs

1 1
N g”vxaaAHLg + g||Vx5a92||L§Lg-

Then, we obtain

el|0:0% Allzz < V20" Allrz + V2092|1212
<C+D.

O

We start with the macroscopic energy estimate where we use the so-called 13-moments.
The set of 13-moments is 13-dimensional subspace of L*(R?) and given by

{ej}its = {\/ﬁ, Ui/l ViUl Ui’“|2\/ﬁ}'

It is well-known [16] that the macroscopic component g = Ilpg ~ A = (a,b,c),
satisfies the following set of equations

vi|vPut’? IV.c=—0pr. + mC + 5l + Zhe,
v2pt/? Qe+ 10bi = —0yri + mZ + 2 E + 1h;,
vivj,ul/Q : %@bj + %E)jbi = —0Oyrij + mw —|— ﬁ + ihw i#£7, (47)
vi,ul/2 . 8tbz + l(()ia = 8,57"171 + mbz —f— gb + lh
€
u'’? : Oa = —0Oyry + 1 ma—f— E %ha
where
r= (92, e)L% , M= (_U : v1927e)L% ) h = (F(g?g>7e)L% ) (48)
l=—(Lg,€)p2
stand for r., - - -, h,, while
e € Span{v;|v|2u'?, v ' v o2 2y, for iy 5 =1,2,3.
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Lemma 3.3. Let r,m,(,h be the ones defined by (48), 0 = 0%, 0; = 9y, v € N,
la| < 2. Then, one has

10:0%7 ||z S min{||ga| a3z, D},

S min{|| gzl mz22, D},

10%€]| 2 < min{||gallmzr2, (|2l (rs xrs) }
<

10%h| 2 S 19l a2z (lg2llvere xrzy + [ Vellog|lmizz)-

H@O‘mHLg

Proof. We have

10:0°r |2 = || (0:0%92,€) 12 |22 < 110:0%gll 22 llellrz < llgllmsrz,
[0%U[ 2 = (| (0%g2, Le) 2 Iz S 10%92llz2rz [ Lellzz < (g2l m222,

[0%m|| 2 = [ (V20%ga,ve) 15 |12 S V20 gallr212 llvellz S 92l mrz-

The fact that for f € H;, and v € [-2,1],

||f||Lg(<v)1+v/2) = ||f||H7}7*,
implies ([49]), (B0]) and ([21]). For the estimate ([52]), we have
O°h = (0"T(g,9), )2,
then using the same method of proof of Lemma [2.3], we get ([52]). ]

Lemma 3.4. Let |a] < 2, and let g be a solution of the scaled Landau equation
(3). Then there exists a positive constant C' independent of €, such that the following
estimate holds:

d (1
T { > (0%, V,0%(a,b, c))L% + (0%, Vzﬁo‘a)Lg} +C*<C {£2D2 +E(C*+ Dz)} .
o] <2 '
(53)
Proof. Recall that

C? = Z “VzaaAH%% = Z ||Vz5aa||%g + ||Vx8ab||%g + ||V:c3a0||%g

laf<2 o <2

(a) Estimate of V,0%. From the macroscopic equations ([41]),
||Vx8°‘a||%g = (V0% V,0%a) .
1
— (0 = 0 — o+ m+ —t+h), V,0%)

L3

1
S eRi+(9°m, V,0%a) 3 | + <] (07, V,0°0) |+ (9°h, Vad"a) 1 |.
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Here,
eRy = —£(070;b + 0°0yr, V,0%a)

d
= e (00 + 1), Vad"a) y — (Vo0 (b4 1), 0:0%a) .

Note that, from (H6) and (49)) € (V,0°7, 0,0%) 2 < D?, and

1
e (V,0°0,0,0%) 1 Sl V.07 + %DQ.

Furthermore, Lemma implies that
[ (0°m, V20%a) 5 | < D||V.0all2 < D|V.0"Allz S DC,
1 1 1
100, V,0°0) 3 | gl | V20" Allz S ZDC,
| (0%, V,0%) 5 | S E(C+D)C.

Hence, for some small 0 <7 < 1

d 1
= (0%(b+ 1), Va0%a) 5 + V20|72 < 1l V00|72 + %DQ +DC

1
+-DC+E(C+D)C (54)

<nC? + 717 {;DQ + £(C? +D2)}.

(b) Estimate of V,0%. Recall b = (b1, by, b3). From the macroscopic equations ([47]),

A0+ 0}0%b; = 0% 3 0;(D5b: + 0iby) + ;20,0 — Y 9;b;)]

j#i J#
1
= 8“ |:Z @( — 68157’2'3' + mij + *fij + hz])
i#i <
2 1
+ (91( — 26(915’1} + 2m1 + gft + 2hz -+ Zgaﬂ’j —m; — géj — hj>:|
J#

=8“{8i<—aatr+m+ié+h>}

where r, ¢, h stand for linear combinations of r;, ¢;, h; and 15, €;5, hi; for 4,5 = 1,2,3
respectively. Then

IVa0billzs + 10:0°0ill32 = — (8.0° + 870°b;, 0°b)
:€R2+R3+R4—|—R5,

L3

where
eRy =€ (0;0%0pr, 0%;) 15
= —ejt (0%, 0;0%b;) 12 + £ (07, 0:0,0%bi) 15
23



moreover, we have from ([42]) and ([49]) that
| (9%, 0by) 1 | S nC? + 717192.

Furthermore, Lemma implies that

[@°m. 0°) 3 | < 0 mll3 + 003
10 mlIZz + 0l V20°bill7
S =D +0l[Va0"bill1s,
100 2 I V20" All iz S DC
(C+D)C
(C* +D?).

1
_1(0°0,0,0°b) |
[(@h. 0.0D,), |

N MO PRI —,I—3

AR YANR AN

Hence, for some small 0 <n <1

dt

summing up for 1 <17 < 3, we obtain that

d 11
e g O VD) Vb, S {52272 L e+ D2)} .

(c) Estimate of V,0%. From the macroscopic equations ([47]),
vaaacHig = (V40%¢,V,0%) 5
1
= (8(1(—56,57" + m + gé + h), v$8ac>

L}

1 11
SeRe+nC* + —D* + -5 D>+ £(C* + D?),
U]

ne
where
eRg = —& (0“0, Vzﬁac)L%
= —5;5 (0%, V30%) s — €(V,0°r,0,0%C) 2
_8((1115 (0%, V,0%¢) 1o +1C* + = 5D
Thus

dt<

d 11
e (0°7,0,0°b;) o + |[V20°bi]| 2 < nC? + . {5292 LEC+ D?)} ,

0, V. 0PC) 1y + [ Vadel2y S nC? + 717{5122)2 +E(C+DY)

(55)

(56)

By combining the above estimates ([B4]), (B3]), ([BG]) and taking n > 0 sufficiently
small, then we get the estimate ([53]) uniformly for 0 < ¢ < 1, thus complete the proof

of Lemma .
24
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Let

1/2
€2+7716{ > (097, V,0%(a,b,¢)) 5 + (87D, V,0%) }] : (57)

lor| <2

with 77 > 0 to be chosen later.

Theorem 3.5 (Global Energy Estimate). If g is a solution of the scaled Landau
equation (I3), then there exist constants ¢y, c3 > 0 independents of € such that if E <1,
then

d 1 1
SE g ( ~p? +62) < cOE{gDQ +02} (58)

holds as far as g exists.

Proof. Based on the microscopic estimate ([40]) and the macroscopic estimate ([53]),
we can derive the uniform energy estimate. Indeed, estimates ([40]) and ([53]), imply
that

d C
T (52 +me { > (0%, V,0%(a,b, ¢))rz + (0, Vgc@aa)L%} ) + E—;DQ + mC?

jal<2
1 2 2 7716 2 ~ 2 2
< 0(8573 1 (&) ) + MED? 4 CE(CP+ ).

We first choose 1; small enough so that C, — mC > 0, it gives that for 0 < e < 1

((ft {82 +me > (0%r,V,0%a,b, ¢))rz + (0, anaa)L%} + (C, m(]) D2 + mC?

o <2

< (C+ mé)iw? +(CE +mC)EC?.

(59)
Using ([49]), we have
|3 (077, V20%(a,b,¢)) 1o + (07D, Vada) 3 | S V20732 + | Alls
|a| <2
S loallisrs + I AllT; < €%
Thus, we can choose n; > 0 small such that, for any 0 < e < 1
a&<E<eE, (60)
for some positive constants ¢; and cp. Finally, using ([59]) and ([60]) we have
d C+mCy\1 c  nC
S+ (Cy = mC) Lp2 e < (*"l)mﬂ 4 ( I )Ec2
dt c1 € c? cq
then there exist constants ¢y, c3 > 0 independent of € such that
d 1 1
Spry 03< D + cz> < eoF {D2 + cz} .
dt 2 €
O
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We recall that dg, ca, cg, c3 are defined respectively in Proposition and Theorem
3.9].

Lemma 3.6. If we choose the initial data g.o such that
E(0) = llgeollmzrz < M,
where M is defined as

) 1
M = 0o, — 1
mln{ 0 462’ 40002} ’ (6 )
then,
2 g [Tyl 2 2
E(T)+5/ {EQD +C}dt§E(0), (62)
0

for some T > 0.

Proof. Note that £(0) < M < &y, then from Theorem there exists a solution
g. € L>=([0,T); H3L?) for some T > 0, and from the local estimate ([36]), we have
E(t) <2M for 0 <t < T. Note that on [0,7], E(t) < c2€(t) < 2caM < 1. Then the
global energy estimate ([58]) implies that

d 1
&Ez + (Cg — 20002M> {521)2 + CQ} S 0.

From the choice of M, c3 — 2coco M > % Thus

C3

EX(T) +
2 Jo

T122 2
t;>+c}&§E(w
[

Proof of Theorem [1.1]. Now, we are ready to prove Theorem by the usual
continuation argument. We set My := LM, where M defined in ([GI]). Let

E(0) = [|geollmzrz < M,

which implies that £(0) < M < dp. Then from Theorem there exists a solution
g on [0,7T] for some T" > 0. Furthermore, using ([63]), we have E(T) < caMj then
E(T) < M < 4. Using again Theorem with initial data £(7"), we obtain the
existence of the solution on [T, 27] and so on. Finally, the local solution constructed
in Theorem can be extended globally. Now, we will show the estimate ([I2]). Using
([63]) and the fact that we can iterate the process in [T, 271, [2T,3T].. ., we get for all
te R

t(1
)+ 3 {D2 + CQ} ds < E%(0). (63)
2 Jo le?
We get therefore
oo (1]
sup E*(t) + & {21)2 + CZ} ds < 2E%(0). (64)
>0 2 Jo €

Next, using ([60]) we get

sup £2 g (Ll 0 270% 2
pE(t) + ; €2D +C%rds < = E7(0). (65)
1

t>0 26%

2
¢ c

Finally, we can choose Cjy = 2—32 and Cj = =2, hence the estimate ([I2]) is true.
€1 €1
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4 Limit to fluid incompressible Navier-Stokes-Fourier

In this section, we study the convergence of the perturbed Landau equation ([3]) to the

fluid incompressible Navier-Stokes-Fourier system ([13]) as ¢ — 0. We will present

a well explained and detailed proof. The approach is reminiscent of the one in [20]

(see also [1] for a related problem) but here, we aim to provide a fully rigorous proof.

Note that most of the arguments have already been used in [13] but our framework of

strong solution allows us to develop a simpler proof than the one in [13].

In the rest of the paper, our convergences hold up to extracting subsequences. Note

that for a vector function w = w(z) € R, V,w is a matrix defined by (02, Wi)1<ij<3.

We also write (V,-M)" = ¥, 0,, M;;(x), if M is a matrix defined by M = (M;;(z))1<i j<s-

4.1 Local conservation laws

We first introduce the following fluid variables

pe= ez = oy 0= (0 (I 1) vi) )

L3

Then we can derive the following local conservation laws from the solutions g. con-
structed in Theorem [L.1].

Lemma 4.1. Assume that g. is the solutions to the perturbed Landau equation (3)
constructed in Theorem [I1. Then the following local conservation laws hold

atpe + %Vx CUe = 0,
Outie + 1Va(pe +02) + 1V - (A(0) VI, £(g2)) 1, =0, (67)
00 + 21V, . + 21, - (E}(v)\/ﬁ,ﬁ(ge))y =0.

Proof. Step 1. Conservation law of p.. We multiply the first g.-equation of ([3]) by
VI € N(L) and integrate over v € R?. Then we obtain

1 1 1
atps + g (U : vxg€7 \//7>L% + ? (Egé‘? \/ﬁ)L% - ? (F(gé‘a 95)7 \//7>L% . (68)

I 12=0 13=0

For the term I, we have

1 1
[1 = gvx . (gg,U\/ﬁ)L% = va * Ug. (69)

Collecting the above relations, we deduce that
1
Ope + ng U = 0, (70)

hence the first equation of ([67]) holds.
Step 2. Conservation law of u.. We multiply the first g.-equation of ([3]) by v\/n €
N (L) and integrate over v € R?, we have

1 1 1
Opue + B (v - Vage, v\/ﬁ)L% + = (Lyge., v\/ﬁ)L% = (T'(9e, 9), v\/ﬁ)L% . (71)
]:[1 ]:[220 ]:[320
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For the term II;, we introduce the matrix A(v) = v ® v — %]I:g. We have that
A/fi € NH(L) and there exists A(v) such that £(,/pA) = \/uA with A,/ € N*(L)
and I3 is the 3 X 3 unitary matrix (see for exemple [13]). Then we can write that

1
]Il = gvx : (gg,’U ® Uﬂ)L%
1 2
19 (oo 1))

= *vx : (957 A(/U>\/IL_L)L12, + ivaj((g‘f’ \/'L_L)Lz% - (gg, (

1 |v[?
-V, lge,—1
+ - <g 3 3\/ﬁ>

L3 L3

o 72

i), )

1 1 1

Finally, using that ,C(\/ﬁfl) = /1A and that £ is self-adjoint in L?, we have

1 - 1
I =~ Vo (A@0)VA £(5:)) , + ~Val0: +p2).

Collecting the previous calculations, we obtain

1 1 N
Oruz + —Va(pe +02) + — Vi - (A() Vi £(g2)) , = 0. (73)

then the second equations of ([67]) holds.
Step 3. Conservation law of 6.. We multiply the first g.-equation of ([3]) by (% —

1)\/;7 € N(L£) and integrate over v € R3, we have

1 0] 1 0]
et - |V Vage, |5 — 1 < (£ge | —1
;0 + - (v A\ < 3 >\/E>L2—|—€2 (Eg ( 3 )\/ﬁ

L3
. NI @
- (w0 (55— 1)va)
IM;=o0

For the term I, we introduce B(v) := v(; — g) We have that B,/u € N*(L)
and there exists B(v) such that E(\/ﬁB) = /uB with é\/ﬁ € N4(L). Then, we can

write

c 1% (75)
21 1
= ggvx (gaaB(U>\/p)L2 + 3 V:v Ue
21 A 21
Collecting the above relations, we deduce that
21 21 A
e+ 5=V e+ 5 Vo (B()v/n, E(gs))L% =0, (76)
hence the third equation of ([67]) holds. O
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4.2 Limits from the global energy estimate

Based on Theorem [I.T], the Cauchy problem ([3]) admits a global solution g. belonging
to L>°(]0, 00); H2L?) which is subject to the global energy estimate ([I2]), namely, there
is a positive constant, independent of e, such that

oup -2z < € )
and
| g2 gyt < €2 (78)
From the energy bound ([77]), there exists g € L*°([0, 00); H3L?), such that
g- —g as e —0 (79)

where the convergence is weak-x in L>([0,00); H3L?) (the limits may hold for some
subsequence). From the energy dissipation bound ([78]), we have

{I —TIy}g. — 0 strongly in L*([0, 00); H>L?) (80)

as e —» 0. We thereby deduce from combining the first convergence in ([79]) and ([80])
that

{I —Ty}g = 0. (81)

Indeed, we have {I — IIp}g. converges in the sense of distributions to {I —IIy}g as €
tends to zero. By uniqueness of the limit, we obtain the proof. Then, it immediately
gives that there are (p,u,8) € L>([0,00); H*>(T?)) such that

9= p()Vi ) o+ o) (- D)y (52

Via the definitions of p.,u. and 6. in ([G6]) and the uniform energy bound ([77]), we
obtain

sup (1lp<lirsre) + luelliracrs) + 10 irsmy) ) S sup llgellfgr <€ (83)

We thereby deduce the following convergences from the convergence of ([79]) and the
limit function ¢(t,z,v) given in ([82]) that

Pe = (gff?\//_JJ)L% — (97 \/ﬁ)L% =P,
Ue = (9570\/E)L3 — (97”\//7>L% = u,

(0] = ), -

weakly-—* in L>([0, 00); H3(T?)).

(84)
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4.3 Convergences to limiting equations

In this subsection, we will derive the incompressible Navier-Stokes-Fourier system ([13])
from the conservation laws ([67]) in Lemma and the convergences obtained in the
previous subsection.

Incompressibility and Boussinesq relation: From the first equation of ([67]) in
Lemma and the energy uniform bound ([77]), it is easy to deduce

Ve u. = —e0ip. — 0 (85)

in the sense of distributions as ¢ —» 0. By using the convergence ([84]), we have V- u,
converges in the sense of distributions to V, - u as € tends to zero. By uniqueness of
the limit, we obtain

Ve -u=0. (86)
Via the second equation of ([G7]), we have
Valpe +0:) = e = Ve - (Aw)y/i. L(g2) (87)
Notice that
Ve (A)VE £(00)),, = Ve - (AT T~ To}ge) .

where the self-adjointness of £ and the fact that A\/i € N*(L) are utilized. Then
we derive from the Holder inequality, and the uniform energy dissipation bound ([78])
that

LIV (A £(02) , It = [~ 1HA@)VE VAT = Tobge) [t
S |7 IRE = Mo}z
< / T D2(h)at
0
2

then, V,, - (fl(v)\/ﬁ,ﬁ(gg)>L2 — 0 strongly in L*([0,00); H*(T?)). Consequently, it
is easy to deduce that ’

Va(p:+6.) —0 (88)

in the sense of distributions as ¢ — 0. By using the convergence ([84]), we have
V. (p: +0:) converges in the sense of distributions to V,(p+ 6) as ¢ tends to zero. By
uniqueness of the limit, we obtain the Boussinesq relation

V.(p+6)=0. (89)

Now, we will show that Boussinesq relation can be strengthened. Using ([4]) and ([66]),
we have that

T3
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Furthermore, using also ([84]), we obtain

/Tg (p- + 0.)dz — /T (p+6)dz inD,
from which we deduce that

/3(p+ g)dx =0, fora.e.t > 0.
T

Finally ([89]) yields the strengthened form
p+0=0. (90)

Convergence of gé’s — %pgz Before doing this, we introduce the following Aubin-
Lions-Simon Theorem, a fundamental result of compactness in the study of nonlinear
evolution problems, which can be found in Theorem I1.5.16 in [5].

Lemma 4.2 (Aubin-Lions-Simon Theorem). Let By C By C By be three Banach
spaces. We assume that the embedding of By in Bs is continuous ans that the embedding
of By in By is compact. Let p,r be such that 1 < p,r < +o0. ForT' > 0, we define

E,, ={ue LP(0,T;By),0u € L"(0,T; Bs)}.
1) If p < 400, the embedding of E,, in LP(0,T; By) is compact.

2) If p= 400 and if r > 1, the embedding of E,, in C(0,T; By) is compact.

On the one hand, the third equation of ([67]) multiplied by % minus % times of the first
equation of ([67]) gives

3 2 21 N
Ve = Fle = _ Vo B 5 € = U. 1
at(5e =0 ) +2-V (Bw)v/i, L(g ))L% 0 (91)
We thus have that

3 2
a 795—:_7 €
t(5 5p)

= 52w BV AT =T |

HZ
1
N EHB(U)\/EHL%H{] — o} gellmsrz
1
S g”{] — o }gellmars

which immediately implies from the uniform energy dissipation bound ([78]) that

at (395 - 2p5)

o 1 1/2
° < ( / D?(t)dt) <cC (92)
) 5/ liz20,1;1H2) 0

e2

for any 7" > 0 and 0 < ¢ < 1. On the other hand, we easily have from ([83]) that

3 2
60-20)] =0
) 5 Lo°(0,T;H3)
for all T > 0 and 0 < € < 1. One notices that
H? s H? — H? (94)
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where the embedding of H? in H? is compact and the embedding of H? in H2
is naturally continuous. Then, from Aubin-Lions-Simon Theorem in Lemma [4.2],

the bounds ([092]), ([93]) and the embeddings ([94]), we deduce that there is a 6 €
C(R*; H*(T3)) N L>®(R*; H3(T?)) such that

3 9 _
20— 2p) — 0
<5 5p>

strongly in C(R*; H?(T2)) as ¢ — 0. On the other hand, we have that (26, — 2p.)
converges in the sense of distributions to (%0 — % p) as € tends to zero. By uniqueness

of the limit, we obtain that (26 — 2p) = 0. Now we can write 6§ = (20 — 2p) + 2(p+0),

which gives us 6 = 6, since p 4+ 6 = 0 according to the relation ([90]). As a result,

3 2
(36.~zp) — 0 (95)

strongly in C(R™; H?(T3)) as € — 0, where § € C(RT; H?(T3)) N L>°(R*; H3(T2)).
Convergence of Pu.: Here P is the Leray projection operator given by

P=TI-V,A'V, (96)
where Z is the identical mapping. Taking P on the second equation of ([67]) gives
1 ~
OiPus + PV, - (A()vm, £(g.)),, =0, (97)

where we used PV, (p. + 6.) = 0. We thus have that

1
10, P 2 = ngvz (AL = Th}ge) 5 |

1
$|2ve oV -, |
1
< ZIA@)VE T ~ o}l s

S ZIRE = ot gellmzrs

m | =

which immediately implies from the uniform energy dissipation bound ([78]) that

oo 1 1/2
10:Pue | 2oz < ( /0 62292(t)dt> <cC (98)

forany "> 0 and 0 < ¢ < 1. We easily have from ([83]) that

| Puc| oo o,rmsy S [[tell oo 0,75m3) < C. (99)

Then, from Aubin-Lions-Simon Theorem in Lemma [£.2], the bounds ([98]), (09]) and
the embeddings ([94]), we deduce that there is a @ € C(R™; H*(T2))NL>®(RT; H*(T?3))
such that

Pu. — u

strongly in C(RT; H%(T?)) as ¢ — 0. On the other hand, we have Pu. converges
in the sense of distributions to Pu as € tends to zero. By uniqueness of the limit,
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we obtain that @ = Pu. Using that where we used V, - u = 0 according to the
incompressibility relation ([86]), we get

Pu. — u (100)

strongly in C(R*; H*(T?)) as ¢ — 0, where v € C'(R*; H?(T3)) N L>(R™; H3(T?)).
Regarding the convergence of P+. We have

Pru. — 0 (101)
weakly-x in L>°([0, 00); H3(T2)). Indeed, on the one hand we have
1P+t 0,3y S Mlttell e o7y < C. (102)

On the other hand, we have PLu. converges in the sense of distributions to 0 as ¢
tends to zero, hence the relation ([L01) is true.
Equation of u and 6: We first calculate the term

(E(v)m, iﬁga> p

where £ = A or B. Following the standard formal derivations of fluid dynamic limits
of Boltzmann equation (see [4] for instance), we obtain

| 2

~ 1 c
(A@va i) =wou - @) - R (109
and
N 1 5 5
(B(U)\/ﬁ’a Ega) = 7”895 - 7ﬁvx‘95 - RE,B> (104)
g L2 2 2
where
2
Y(u.) := Vyue + qusT — gvx culls, (105)

= 110 (\/ﬁA, \/ﬁfl)L% , (106)
K= 125 (VB \/ﬁé)L% . (107)
For E = A or B, R, g are of the form
Rep =¢ (E)VEOige) , + (E(0) Vi v Vo{l ~Ilo}g:) ,
+ (B T = To}ge, {1 = To)ge ) ,
+ (E(0) VAT (og= {T = To}ge))
+ (E)VET({I - Hobge Thoge)) , -

(108)

For the vector field u., we decompose v, = Pu. + PLu.. Then, plugging the relation
(103]) into the equation ([97]), we have

0/Pu. + PV, - (Pu. ® Pu.) — vA,Pu. = R, , (109)
33



where,
R. =PV, Roa — PV, - (Pu. ® Pru. + Pru. @ Puc + Pru. ® Pru.).  (110)

Noticing that 6, = (%95 — %pa) + %(pg + 6.), we substitue the relation ([104]) into the
equation ([91]) and then obtain
3 2 3 2 3 2
a(ee— ) vx-{ 5<95— )}— Ax<95— a>:RE 11
i\ 50— 5P ) + Pue( b — zp Rl | b = =p 0 (111)
where

2 2 3 2
RE,9 = gvx : RE,B - gvz : [Pua<p€ + 95)] - Va: : PJ_U’E (595 - 5p5)]

(112)

2 2
_ 5Vx ) {plug(ps + 95)} + g/fo(pE +6.).

Our final goal is now to perform the limit ¢ to 0 in ([I09]) and ([IT1]) in order to deduce
the u and 6 equations in ([I3]). We first focus on ([I09]).

Now, we take the limit from ([I09]) to obtain the u-equation of ([13]). For any 7" > 0,
let a vector-valued test function ¢ (¢, z) € C*(0,T; C°(T?)) with V,-¢ =0, ¥(0,z) =
Yo(x) € C(T3) and ¥(t,x) = 0 for t > T" where T < T. We multiply ([I09]) by
¥(t, z) and integrate by parts over (¢,z) € [0, 7] x T®. Then we obtain

/ / 0/ Pu, - (t, x)dzdt = / Pu(0, ) - (0 x)dx—/OT /T Pu, - Bpb(t, )dxdt .
v, IV,

(113)

From the initial condition ([14]) in Theorem and the convergence ([100]) , we deduce
that

/ Pu. - Op)(t, x)dzdt — / u - Opp(t, x)dadt (114)
T3 T3
and

/ 'Pug ¢0 dJZ—)/ PUO 77[)0 ) (115)

as € — 0. Indeed, for the term IV,, we have

T/ (Pu. — ) - Opp(t, x)dxdt
o Jrs

S max [[Pue —ullzz 00 L1 0,722
< C¢,Trgaox |Pue — ul[r2 — 0.
For the term IV; we have,

[, Pu0) = Pupintolds

S I1Pus(0) — Puo| 2z [|vbo(2) || 2
S ||Pue(0) - PUOHLg, — 0.

As a consequence, we have

/OT /TS OPu. - Y(t,x)dxdt — — /]1‘3 Pug - o(z)dz — /]1‘3 u- Opp(t, x)dedt  (116)

as ¢ — 0. Now, we will study the convergence of terms PV, - (Pu. ® Pu.) and vA,Pu.
in the following lemma.
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Lemma 4.3. It holds that

PV, - (Pu. ® Pu.) — PV, - (u®@u) strongly in  C(RT; H}),

117
vAPu. — vAu  strongly in - C(R*; L3), o

as € = 0, where v is defined in (100).
Proof. Using that V, - Pu. = V, -u =0, we have

[Va - (Pu: @ Pue —u @ u)||gn S [|Va(Pue —u) - Pue|| 2 + ||[Vou - (Pue — u)l|2
+ Vo Va(Pue — u) - Puc|lpz + | Va(Pue — u) - Vo Puc|| 2
+ |V Vau - (Pue — w)|[z2 + [|[Veu - Vo (Pue. — )12
S (lulligems + 1Pucll e g ) 1 Pruc = ullor )
S [[Pue — ullome;m2) — 0,

where we denote by V,A with A = (\;j)1<ij<3 the matrix defined by

N azl /\11 a;rl )\12 aatl )\13
VmA = a:cg /\21 8a12 )\22 aacg )\23
aacg )\31 8503 >\32 ax3 )\33

In addition, we have

”/LAQC(’PUE — u)HC’(R*;L%) S HPUE — u”C(RﬂH%) — 0.

The limit of the last term R, , is handled in the following lemma.

Lemma 4.4. In the distributional sense,
R..,, — 0 (118)

as € — 0, where R.,, is defined in ((L10).

Proof. First, we have

HPVI . (PUE & PLUg + PLUE X PUE)HL,‘?"H%

S 1Pl Lo g | P el Lo g

and by employing the convergences ([L00]) and ([101l), one can obtain
PV, - (Pu. @ Pru, + Pru. @ Pu.) — 0 (119)
in the sense of distributions as ¢ — 0. Let us now show that
PV, (Pru. ® Pru) — 0 (120)
in the sense of distributions as € — 0. To this end, we set

B. == p- +0..
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One observes that, Equation ([73]) reads
e + VB, = =V, - (A0)Vi, £(g.)) , - (121)

Now, we multiply the first g.-equation of ([3]) by %\/ﬁ € N(L) and integrate over
v € R3, we have

0]

eoB. +V, - (gg, 3 \/,17) =0, (122)
L3

where we check easily that

of? 2 . 5
Vorlgeoigvi) =5V (0 - 5)VE) #gVe e ovig
L2 L3

2

~ 5 1

Using [25, Proposition 1.6], we can write
Ptu. = V,U,

with U, € L>=([0,00); H*(T2)). After applying P+ to (121]) and reformulating ([122]),
we obtain that U, and B, satisfy

{ £0,V, U, +V,B. =F. (123)

OB, + g Ue = G,
with
= PV (AW AT~ Tolg)yy G =~V (B (T - T},
We get from the uniform energy dissipation bound ([78]) that

||Fa||L2([o,oo);L2(1rg)) Se and ||Ga||L2([0700);L2(T2)) Se

then F. and G. converge strongly to 0 in L?([0,00); L*(T2)) which implies that F.
and G. converge strongly to 0 in L}, (dt; L} (dz)). Moreover, returning to ([83]),
([I02]) we have U, € L>([0,00); HY(T?)), B. € L>([0,00); H3(T?)). Then, according
to [13, Lemma 13.1] we deduce that () is true. From the above, we conclude that

PV, (Pu. @ Pru. + Pru. @ Pu. + Pru. ® Pru.) — 0 (124)
in the sense of distributions as ¢ — 0. Next we prove that £ = A or B

Rep—0 (125)

in the sense of distributions as ¢ — 0, where R, p are defined in ([I08]). Indeed, For
any T > 0, let a vector-valued test function ¢ (¢,z) € C'(0,T;C*(T?)) , ¥(0,x) =
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Yo(x) € C°(T3) and o (t,z) = 0 for t > T" where 7" < T. Then, from the uniform
bound () and the initial energy bounds given in Theorem that

’]I‘3

8tgs) a(t, x)dxdt'

’/ E V)v/Ihs ge o) (0, x)dz| + ‘/ /11‘3 V)VIL, gg) atw(t,x)dxdt‘

S el E(o)v/all (||g€,o||Lm||wo||Lg, + ||gg||Loo<o,T;Lm>||at¢||L1<o,T;Lg>)

< Cyr 5(”95”L0€(0,T;H3L3) + Hga,oHHng) — 0,

(126)

as € —> 0, which implies that ¢ ( (v)VM atga) — 0 in the sense of distributions
as € — 0. Holder inequality yields that

| (B v VoAl = Tobg.) |, S I = Tobge gz

which immediately derives from the uniform energy dissipation bound ([78]) that

00 1/2
< </ DQ(t)dt> <Ce—0.
L2(0,T;H2) 0

2

H2 ™~

|(E@) v/, v - VAT = Tlo}g.)

Then we have

L3

(E@)y/mv-Va{I - HO}gE>L% — 0

strongly in L*(R*; H?) as e — 0. For any T' > 0, we take any vector-valued test
function @(t, ) € C>([0,T] x T?). Then, by employing the uniform bound ([Z8]) and
Lemma we get that

']1‘3

S HEwwnLg ]~ qoere) ([ D%)dt)

< C@T 82 — 0.

V(L= Tl 1 = Tha),, o0t )0t

Thus, we know that
(E(v)v/a T4 = To}ge, {I = To}ge) , — 0

in the sense of distributions as ¢ — 0. Analogously, one easily derives that

11‘3

()1, THT — Mo }ge, Moge) + T'(Toge, {1 — Ho}gg)) gb(t,x)dxdt‘

~ 0o 1/2
SIE@ VAl 9l g oy ([ D)
< C¢7T e — 0,

which immediately implies that

(B(o) /i, T{T = To}g., Thog.) + T (Toge {1 ~ To}g.)) ,, — 0

in the sense of distributions as € — 0. O
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Collecting the limits ([IT16]), (I17]) and ([II8]) gives that u € L>®(R™; H2)NC(R*; H?)
satisfies
Ou+PV, (u®@u)—vAu=0 (127)
with the initial data
u(0, ) = Pug(x). (128)

Finally, we take the limit from ([LIIl) to the third f-equation in ([13]) as ¢ — 0. For
any T > 0, let £(t,z) be a test function satisfying £(¢,z) € C1(0,T; C(T?)) with
£(0,2) = &(x) € C2(T?) and (¢, z) = 0 for t > T where T" < T. We have that

/OT /TS 8,5(295 — §Pa>(t,x)§ t,x)dzdt = / / ( )(t 2)0E (¢, x)dadt
V,
o (1) 21t
= 2
(129)

From the initial condition ([I4]) in Theorem and the convergence ([93]) , we deduce
that

/ /11“3 < )(t x)0&(t, x)dadt —>/ / (t, 2)9,E(t, z)dadt

and

/1r3 (95,0, (g <|U3|2—1>—§) \/E)L%§0<I)dx — /JI‘3 (go, (g(@—g—?) ﬂ)L%&)(x)dx.

Indeed, for the term V;, we have

’ 39 2 ) - 0.E(t. x)dxdt| <
[ (6~ 5oe) — ) - et m)arat] < ma

3 2
(0= 50) - 9)] 1ol
3 2
—0.—=p.) -0
‘((5 5p) )

— 0.
L2

< (¢ rmax
< Cgrma

For the term V5 we have,

‘/ 92,0 = Yo, < <’%’ ) - ?)\/[_L)L%&)(x)dx

As a consequence, we have

/OT /ﬂ‘:ﬂ O (295 - 2,05) (t,2)&(t, z)dxdt

— — /OT /T3 0(t, 2)0,&(t, x)dzdt — /T3 (290 - §P0>§0($)d$

as ¢ — 0. Now, we will study the convergence of terms V, - [Pug(%ﬁs — §p€>] and

S 920 — gollzz, [[§o(@)[[ 2 — 0.

(130)

KA, ( 0. — fps) in the following lemma.
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Lemma 4.5. It holds that

2
V- {Pus <§95 — 5p€)} — V.- (uf)  strongly in  C(R*; HY),
3 5 (131)
KA, (595 - 5p5> — kA0 strongly in  C(R*; L2),
as € — 0, where k is defined in (107).
Proof. Indeed, we have
3 2 3 2
80505 =) sy SN (% =5 =)y =0
"2e\5 5" c®+r2) ~ lI\D 5 C(R+3H2)
In addition, we have
3 2 3 2
|72+ ((Puc = (58~ 5oc) ) + 92 (w50 = 50 0))],
3 2 3 2
< e : T 9€_€> H : 1(05_5_‘9)
~ ’(P“ WV (5 5 ). Tl Va5t T 5P 2
3 2 3 2 T
+ ‘ Ve(Pu — ) Vo (20, - Zp) | va (Vo (50- - 20.)) (Pu—w)
57 57 )L 5° 5 12
3 2 3 2 T
T . —_ _—— —_— —_ _—— .
+‘qu (595 . 9) L3+Hvx(vx(5eg 5p5>> i,

|Pue — ullcms;m2)

<
S ||UHL§°H§ LeoH3

3 2 3 2
2 G
(5 5° C(R+;H2) * ) 5F

3 2
S [[Pue — ullom+mz) + H (95 TP 9) H 0
i 55 C(R+;H2)

0
The limit of the last term R,y is handled in the following lemma.
Lemma 4.6. In the distributional sense,
Rep— 0 (132)
as € = 0, where R.y is defined in (109).
Proof. First, we have
2 2 | L3 2
Ve [Puc(pe + 0] + SV - [PHucp. +6.)] + V. [P u5<595 _ 5pa)} 0 (133)
weakly-—* in L>°([0, 00); H%(T?)) as € — 0. Indeed, we have
2 2 3 2
HVI [Puc(pe +0-)] + =V, - {PLue(pa + 96)} +V, - | Phu, <0€ — pé«)} <C
) ) ) 5) Lo H2
and by employing the convergence ([I00]) and ([L01]) we derive that
2 2 B /32
Ve [Pus(pe + 0] + SV [Prucp. +0.)] + Vi - [P u5<5eg - 5pa>} 0 (134)
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in the sense of distributions as ¢ — 0. Let us now show that
KA (pe +02) — 0 (135)
weakly-x in L>([0,00); H'(T2)) as e — 0. We have
18 (pe + 0| e @rim2) S Nlpe 4 Ocll e wrimz) < C, (136)
and by employing the convergence ([88]) we derive that
Ve Valpe+6.) — 0

in the sense of distributions as ¢ — 0. Consequently, the convergences ([125]), ([133])
and ([I35]) imply the convergence ([132]). O

Collecting the limits ([130]), ([I31]) and ([132]) gives that # € L>(RT; H3)NC(R*; H2)
satisfies

00 + V- (ub) = kA0 (137)
with the initial data 5 5
0(0,z) = 590(33) — gpo(l’)- (138)

A Appendix

A.1 Study of the linear Landau equation

In this section, we show a local existence of the solution of the linear Landau equa-
tion. We use the technique introduced by Degond in [9] for the linear Fokker-Planck
equation.

We consider now the linear Cauchy problem

1,. 1pr,
{3tg+€v V.9 + =Ly =U. (139)

g(U, Z, U) = 90(37, U)
where go(x,v) and U.(t, x,v) are given functions.
For simplicity denote X := L*([0,T]; H3H,,) and X' := L*([0,T); H3(H,,)') (see
(8])), where X’ is the dual of X w.r.t. H?L?. We denote by Y the set of functions
defined by

1
Yz{gEX,@tgnLEv-VmgeX’}.

We will construct a local solutions of the problem ([I39]) on Y. In what follows, we
consider ¢ as a fixed parameter.

Proposition A.1. Let ¢ > 0, we assume that g9 € H2L? and U. € X'. Then the
Cauchy problem ((139) admits a weak solution g € Y.
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Proof. We take the change of unknown as follows
g(t,z,v) = e Mg(t,x,v).
The linear Landau equation ([I39]) for § = g(¢, z,v) takes the following form

{ 0§+ v VoG + 5L5+ \g = e MU, = U.

§(0,2,v) = go(z,v). (140)

We introduce the following Lions Theorem, that we will use to prove the existence of
solution, which can be found in [21].

Theorem A.2 (Lions Theorem). Let F be a Hilbert space, provided with a norm ||-||¥,
and an inner product (-,-)g. Let V be a subspace of ¥, provided with a prehilbertian
norm || - v, such that the injection V.— F, is continuous. We consider a bilinear
form E

E : FxV — R

(9,0) — E(g,9)
such that E(-, ¢) is continuous on F for any fivred ¢ € V, and such that

E(¢,¢)| > al¢lly, VoeEV, witha>D0.

Then, given a linear form L in V', there exists a solution g in F of the problem
E(g,¢) =L(¢), VoeV. (141)

In the remaining part of the proof, to lighten the notations, we will drop the tildes.
Let F = X be a Hilbert space with norm

T
115 = [ 171y,
where || f||y3(1s xrs) is defined in ([7). Let V be the space C°([0, T[x T2 x R?) of in-

finitely differentiable functions, with compact support in [0, T[xT2 x R2. V is provided
with a norm defined by

1
lolI3 = llellx + §||¢(0)||§13Lga Vo e V.
We define the operator Q as follows:
1 1

with domain C%°([0, T[xT3 x R3). We also define the bilinear form E, and the linear
form L as following

T
E(g, ¢) = /U ((gu Q¢)H§Lg + A (ga QS)HEL% )dta
L(¢) == (U, ¢>X/,X + (9o, ¢(0))H3L3 :
The mapping E(-, ¢) is continuous on X: let g € X, we have

IE(g.9)| < (119¢]lx + Ml¢llx)llgllx < Collglx-
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The mapping E is a bilinear and coercive form on V: let ¢ € V| using ([33]), we have

1 C

B, > 160z + 2 [ D)+ [ olgrad
’ D) H3L2 2 Jo 0 H3LZYY

by using that

1611135 r3 xmsy < ClldllFrsre,

where C' > 0 and ¢; = I ( see ([])), we obtain

1 T A T
B6,0) 2 5160z + C [ D)t + 2 [ 01lacrmgyt

. A T 1
> min (1,6 2 ) ([ 1912scapmpt + 5160z )

then
[E(¢,0)| > alloll3

The mapping L is a linear continuous form on V: let ¢ € V, we have
IL(o)] < [Ucllx[llx + llgoll azz |(0) || sz
< |Ucllxll¢llv + V2 llgoll sz ll¢llv
< (IIU[lx + v2lgoll s 22) 18]l

then
IL(¢)| < C'||¢]lv-

Finally thanks to Lions Theorem, there exists a solution g € X for the variational
problem ([141]) and in particular, we deduce that
1 1
atg%—gv-vxg:Ug— ;Eg—)\g e X',
then g belongs to Y. Now, to prove that g satisfies the initial condition, we use the
following Lemma:

Lemma A.3. 1) If g belongs to Y, g admits (continuous) trace values g(0,x,v),
g(T,z,v) in H3L2.

2) For g and g in'Y, we have

1 1
do s o) 4 (ot o)
< 19 + -V 9.9 Yx + (99 -V 9.9 XX (143)
= (9(T),9(T)) 32 — (9(0),5(0)) gz 2 -

We note that the proof of Lemma is similar to the proof of Lemma A.1 in [9] by
considering H2L? as a pivot space. Now, using ([I40]) and ([I43]), we obtain that the
solution g of the variational problem ([I41]) satisfies

(9(0) = 90, 9(0)) jy3; =0, Vo€ V.
Then, the initial condition is satisfied in H2L2. O
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