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A GROUP WITH PROPERTY (T) ACTING ON THE CIRCLE
BRUNO DUCHESNE

A BSTRACT. We exhibit a topological group G with property (T) acting non-elementarily and
continuously on the circle. This group is an uncountable totally disconnected closed subgroup
of Homeo+ (S1 ). It has a large unitary dual since it separates points. It comes from homeomorphisms of dendrites and a kaleidoscopic construction. Alternatively, it can be seen as the
group of elements preserving some specific geodesic lamination of the hyperbolic disk.
We also prove that this action is unique up to conjugation and that it can’t be smoothened
in any way. Finally, we determine the universal minimal flow of the group G.

1. I NTRODUCTION
The Zimmer program aims to classify actions of higher rank Lie groups and their lattices
on compact manifolds. Originally Zimmer considered actions by diffeomorphisms but one
can consider more generally actions by homeomorphisms. In this setting, the simplest compact manifold is the circle. First results in this direction were obtained by Witte for SLn (Z) for
n ≥ 3 [Wit94]. He showed that any homomorphism to the group of orientation-preserving
homeomorphisms Homeo+ (S1 ) has finite image. Latter Ghys [Ghy99, Ghy01] proved that
lattices in higher rank simple connected Lie groups have finite orbits. Since such lattices
have property (T), it is natural to ask if these rigidity results could be a consequence of Property (T). See Question 2 in [Nav18]. For discrete groups acting by C1+α -diffeomorphisms
(where α > 1/2), Navas proved that the image of any Property (T) group in Diff(S1 ) is finite
[Nav02].
Very recently Deroin and Hurtado proved that higher rank lattices of semi-simple Lie
groups with finite center are not left-orderable [DH20]. As a consequence they proved that
lattices in higher rank simple connected Lie groups have finite image. The question of the
existence of an infinite countable group with Property (T) acting faithfully on the circle is
still open.
The aim of this note is to broaden the frame to uncountable subgroups of Homeo+ (S1 ).
This group, Homeo+ (S1 ), has a natural topology, the compact-open topology and this topology is non-locally compact but still pleasant since it is Polish. It means that it is separable
and metrizable by a complete metric. Since Property (T) is a topological property, it is natural to look for non-discrete such subgroups. We give an example of Property (T) closed
subgroup G of Homeo+ (S1 ) which is non-elementary.
Date: November 2020.
Pierre Py emphasized the question of groups with Property (T) acting on the circle and made comments on a
preliminary version. Michael Megrelishvili helped me to spot WAP triviality of Homeo+ (S1 ). Peter Haïssinsky
helped me to find my way in the literature about complex quadratic dynamics. Nicolas Monod and Andrés
Navas made relevant comments on a preliminary version. Andrés Navas asked if the action can be smoothened.
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After Margulis’s version of the Tits alternative for groups acting on the circle, the right
notion of elementarity for groups acting on the circle is the following one [Mar00, Théorème
3].
Definition 1.1. Let Γ be a subgroup of Homeo(S1 ). The subgroup Γ is said to be elementary
if it preserves a probability measure.
For example, all amenable subgroups of Homeo(S1 ) are elementary.
Let us introduce the construction of the group G. Inspired by Burger-Mozes universal
groups U ( F ) for d-regular trees and a permutation group F ≤ Sym([d]) [BM00], kaleidoscopic
groups were introduced in [DMW19]. One construct a group K(Γ) from a permutation group
Γ ≤ Sym([n]) where n ∈ {3, 4, . . . , ∞} and [n] = {1, 2, . . . , n}. The elements of this group
K(Γ) act by homeomorphisms on the Ważewski dendrite Dn whose branch points have order n. Informally, dendrites can be thought as compact tress with a dense set of branch
points. Dendrites and this kaleidoscopic construction are described in §2. Let G be the Kaleidoscopic group K( A3 ) associated with the alternating group A3 . This is a non-Archimedean
Polish group, which means that it is isomorphic as topological group to a closed subgroup
of the symmetric group S∞ with its pointwise convergence topology and thus uncountable
and totally disconnected.
By a topological group embedding, we mean a continuous injective group homomorphism
G → H between two topological groups such that it is a homeomorphism on its image. In
this case, we say that G embeds topologically in H.
Theorem 1.2. The group G embeds topologically in Homeo+ (S1 ) as a non-elementary closed subgroup.
The main point of this theorem is the construction of an action G y S1 . This action comes
from a Carathéodory loop ϕ : S1 → D3 where D3 is the Ważewski dendrite of order 3, like
the Julia set of the polynomial z2 + i. The group G = K( A3 ) acts on D3 by definition and the
action on S1 is induced by ϕ. This action can be bonded to [Ghy01, Problem 4.4] where Ghys
asks for a description of closed subgroups of Homeo+ (S1 ) with only one orbit (see [GM06]
for an answer to this problem).
Proposition 1.3. The group G has exactly 3 orbits in S1 .
A group action Γ y X is oligomorphic if for any finite n, the diagonal action G y X n has
finitely many orbit. The action G y S1 is not transitive but it is very homogeneous in some
sense.
Proposition 1.4. The action G y S1 is oligomorphic.
Let us recall that a topological group G has Property (T) if there is K ⊂ G compact and
ε > 0 such that for any continuous unitary representation π : G → U(H), where H is a
Hilbert space, the existence of a unit vector v such that for all g ∈ K, ||π ( g)(v) − v|| < ε
implies that π has an invariant unit vector.
Proposition 1.5. The group G has Property (T).
One can actually see the group G as the stabilizer of a lamination without direct reference
to dendrites. Let us recall that a laminational equivalence relation is a closed equivalence relation on S1 with finite equivalence classes and such that any two distinct classes have disjoint
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F IGURE 1. The Ważewski dendrite D3 realized as the Julia set of the complex
polynomial z2 + i.

convex hulls in the disk. Let ∼ be such a laminational equivalence relation. The automorphism group of ∼ is the subgroup of elements g ∈ Homeo+ (S1 ) such that for all z1 , z2 ∈ S1 ,
z1 ∼ z2 ⇐⇒ g(z1 ) ∼ g(z2 ). To a laminational equivalence relation, there is an associated
geodesic lamination of the hyperbolic disk. This is the collection of geodesics between points
in the same equivalence class in the circle at infinity.
For the Carathéodory loop ϕ used above, there is an associated laminational equivalence
relation ∼ ϕ defined by z1 ∼ z2 ⇐⇒ ϕ(z1 ) = ϕ(z2 ).
Proposition 1.6. The group G is the automorphism group of the lamination ∼ ϕ .
Remark 1.7. It is not difficult to find a Property (T) group that acts non-elementarily on S1 .
Merely, because the group Homeo+ (S1 ) itself has Property (T). This follows from a much
stronger result due to Glasner and Megrelishvili. They proved that Homeo+ (S1 ) is WAPtrivial, that is any weakly almost periodic function on Homeo+ (S1 ) is constant [GM18, Remarks 7.5.2]. Since matrix coefficients are WAP functions, this implies that any unitary representations of Homeo+ (S1 ) is trivial and thus this group has Property (T) for the trivial
reason that it lacks unitary representations. This also explains the difficulty to answer negatively the question of the existence of countable Property (T) groups acting on the circle since
there is no unitary representations that exist for all such groups.
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Remark 1.8. For the group G, there is a wealth of unitary representations since it is nonArchimedean and thus unitary representations separate points [Tsa12, Theorem 1.1]. Actually, G is a closed subgroup of S∞ = Sym(N) and the representation by permutation of the
coordinates on `2 (N) is continuous and faithful.
Remark 1.9. One can actually construct infinitely many non-isomorphic groups with Property (T) embedded in Homeo+ (S1 ). Similar arguments show that the kaleidoscopic groups
K(Cn ) where Cn is the cyclic group of order n is oligomorphic and thus has Property (T) and
acts faithfully continuously by orientation preserving homeomorphisms on S1 .
Remark 1.10. This let open the question to determine whether a countable group with Property (T) may act non-elementarily (equivalently without a finite orbit in this case [Nav11,
Hint of Exercise 5.2.12]) on S1 . This question is reminiscent of the analogous question
for groups with Property (T) acting on dendrites. We know such examples among nonArchimedean groups but no such countable groups are known [DM18, DM19].
Let us observe that the group SL2 (Z) n Z2 has relative property (T) with respect to Z2 and
acts non-elementarily on the circle [Nav11, Example 5.2.31].
Remark 1.11. For locally compact second countable groups, Property (T) is equivalent to
Property FH, the fixed point property for isometric actions on Hilbert spaces. This is no
more the case in general [BdlHV08] (but Property (T) still implies Property FH). Cornulier
proved that Homeo(S1 ) has Property OB, that is any continuous isometric action on metric
space has bounded orbits [CF06]. Thanks to the center lemma, Property FH follows from
Property OB as well.
To conclude, one can ask if the group G admits other continuous actions on the circle. In
particular, can G act on S1 by C1 -diffeomorphisms or Hölder homeomorphisms? We prove
that the action is unique and thus, the action cannot be smoothened in any way.
Theorem 1.12. The action G y S1 described above is the unique minimal continuous action of G
on the circle up to conjugation by an element of Homeo+ (S1 ).
As a consequence, we get that we cannot improve the regularity of the action. Let us recall
that a modulus of continuity is a map ω : R+ → R+ such that ω (0) = 0 and ω is continuous
at 0. For a modulus of continuity ω, a map between metric spaces ( X, d) and (Y, d) has
continuity type ω if there is λ > 0 such that ∀ x, x 0 ∈ X, d( f ( x ), f ( x 0 )) < λω (d( x, x 0 )).
For example, if ω (r ) = r α with α > 0, maps with continuity type ω coincide with α-Hölder
maps.
Theorem 1.13. For any modulus of continuity ω and any minimal continuous action G y S1 , there
is g ∈ G such that the image of g in Homeo+ (S1 ) does not have continuity type ω.
While showing that the action G y S1 is unique up to homeomorphisms, we are very
close to identify the universal minimal flow of G. This is the unique (up to homeomorphism)
minimal compact continuous G-space, i.e., minimal G-flow, such that any other minimal
G-flow is a quotient of this one.
Let ξ be some end point of the dendrite D3 and let Gξ be its stabilizer. We endow the
quotient space G/Gξ with the uniform structure induced by the left uniform structure on G.
A basis of entourages is given by
UV = {( gGξ , hGξ ), h ∈ vgGξ , with v ∈ V }
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where V < G is the pointwise stabilizer of a finite set of branch points in the dendrite. We
\ξ the completion of this uniform structure.
denote by G/G

\ξ .
Theorem 1.14. The universal minimal flow of G is G/G
This theorem follows essentially from the fact that Gξ is extremely amenable, that is any
continuous action on compact space has a fixed point and the understanding of the G-map
\ξ → D3 . Since G y G/G
\ξ is strongly proximal, we deduce the following.
G/G
Corollary 1.15. Any minimal G-flow is strongly proximal.
Organization of the note. The second section gathers the needed material about dendrites,
kaleidoscopic groups and Carathéodory loops. The third section contains the construction
of the action and the proof of the first statements presented in the introduction. The fourth
section deals about essential uniqueness of this action and the last one, that could be thought
as an appendix, considers the side question of the determination of universal minimal flow
of the group G.
2. WA ŻEWSKI DENDRITES AND C ARATHÉODORY LOOPS
2.1. Ważewski dendrites. A dendrite is a metrizable connected compact space that is locally
connected and such any two points are connected by a unique arc. We refer to [Nad92] for
a general background. Dendrites can be thought as "compact topological trees." Let X be a
dendrite non-reduced to a point and let x ∈ X. A branch around x is a connected component
of X \ { x }. The order of x is the number of branches around it. If this number is 1 then x is
an end point, if it is 2 then x is a regular point and otherwise x is a branch point. We denote
by Br( X ) the set of branch points and for x 6= y, Bx (y) is the branch around x containing y.
We also denote by [ x, y] the unique arc (injective continuous image of [0, 1]) between x and
y and by ( x, y), the open arc, that is [ x, y] \ { x, y}. Let D ( x, y) be the connected component
of X \ { x, y} that contains ( x, y). Equivalently, this is Bx (y) ∩ By ( x ). For three points x, y, z
in a dendrite, the intersection [ x, y] ∩ [y, z] ∩ [z, x ] is reduced to point that is called the center
of x, y, z.
In the 1920s, Ważewski introduced a universal dendrite that contains all the others [Waż23].
This dendrite is characterized by the following properties: branch points are dense and their
order is infinite (necessarily countable). Ważewski construction can be generalized to finite
cardinals and we denote by Dn (for n ∈ {3, 4, . . . , ∞}) the unique dendrite such that branch
points are dense and have order n.
Since the original Ważewski dendrite is constructed as a subset of the plane, all dendrites
can be identified with a subset of the plane as well. Here we give two such identifications of
the dendrite D3 . Let us start with a classical example coming from one-dimensional complex
dynamics. For a complex polynomial P, the Julia set of P is the subset of the plane where the
dynamic of P is chaotic, more precisely, the subset of points z ∈ C such that the family of
polynomials Pn is not normal on neighborhoods of z. See [Mil06] for a classical reference
about complex dynamics. The following result seems to be well known and it is claimed in
[BT18] without proof nor references.
Proposition 2.1. The Julia set of the polynomial z2 + i is homeomorphic to D3 .
Proof. It is well known that this Julia set is a dendrite. See for example [MNTU00, Example
1.1.5] or [CG93, Theorem V.4.2]. Thanks to [Thu09], any branch point is preperiodic or precritical and the only critical point is preperiodic. This point is 0 and it is mapped successively
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F IGURE 2. The dendrite D3 as Julia set of the polynomial z2 + i with external
rays and equipotential curves. Image kindly provided by Víctor José García
Garrido. See [GG20].

√

1 − 4i
2
(where we use the principal branch of the square function) of this polynomial is the landing point of the external rays 1/7, 2/7 and 4/7 [GM93, Figure 1]. So this point has order 3
(see Lemma 2.2 below). It follows from Thurston laminations technics that any branch point
contains αi in its positive orbit and thus has the same order as αi , that is 3. Since preimages
of 1/7, 2/7 and 4/7 by multiplication by 2 in R/Z are dense, it follows that branch points in
the dendrite are dense and this Julia set is homeomorphic to D3 .

to i, −1 + i and −i. Then we have a 2-cocycle: −i ↔ −1 + i. The fixed point αi =

1+

b the Riemann sphere C ∪ {∞} with its conformal structure. The classical
We denote by C
b with non-empty
Riemann mapping theorem states that any simply connected domain U of C
b \ D → U where D is the
complement is the image of a conformal homeomorphism ψ : C
open unit disk. Moreover if ∞ ∈ U, the map ψ is the unique such map under the conditions
ψ(∞) = ∞ and ψ0 (∞) = 1. Let us identify D3 with some subset of C and let U be its complement. Since U is simply connected and D3 is locally connected, Carathéodory theorem
b \ D → U = C. The
([Mil06, Theorem 17.4]) shows that ψ extends to a continuous map ψ : C
1
restriction of this extension gives a continuous surjective map ϕ : S → D3 that is the called
the Carathéodory loop of D3 . We refer to [Mil06, §17] for details. The images by ψ of rays
{reiθ , r ≥ 1} are called external rays.
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In the particular case of the Julia set of z2 + i, the Carathéodory loop semi conjugates the
action of the polynomial maps z 7→ z2 and z 7→ z2 + i, that is ϕ(z2 ) = ϕ(z)2 + i for all z ∈ S1 .
We fix a positive orientation on the circle. For z1 6= z2 , we denote by [z1 , z2 ]+ the positive
closed interval of points z such that (z1 , z, z3 ) is positively oriented (or cyclically oriented).
We denote by (z1 , z2 )+ the open positive interval.
Lemma 2.2. For x ∈ D3
• | ϕ−1 ({ x })| = 1 ⇐⇒ x is an end point,
• | ϕ−1 ({ x })| = 2 ⇐⇒ x is a regular point,
• | ϕ−1 ({ x })| = 3 ⇐⇒ x is a branch point.
Moreover, if x is a branch point of D3 and z1 , z2 , z3 are its preimages ordered cyclically on the circle
then { ϕ((zi , zi+1 )+ )} I =1,2,3 are the three branches around x. Similarly, if x is a regular point and
z1 , z2 are its two preimages then ϕ((z1 , z2 )+ ) and ϕ((z2 , z1 )+ ) are the two branches around x.
Proof. Let z 6= z0 ∈ S1 such that ϕ(z) = ϕ(z0 ) = x. By [Mil06, Theorem 17.4] , there z1 ∈
(z, z0 )+ and z2 ∈ (z, z0 )+ such that ϕ(zi ) 6= x and, moreover, these points lie in distinct
connected components of D3 \ { x } [Mil06, Lemma 17.5].
For x ∈ D3 and y, z in two distinct branches around x there are z1 , z2 ∈ S1 such that
ϕ(z1 ) = y and ϕ(z2 ) = z. By connectedness of (z1 , z2 )+ and continuity of ϕ, there is z3 ∈
(z1 , z2 )+ such that ϕ(z3 ) = x. Let Z = ϕ−1 ({ x }). The last argument shows that preimages of
branches around x are in distinct connected components of S1 \ Z and the former one shows
that any interval with extremities in Z contains points that are not in Z. Finally, preimages
of branches are exactly intervals between points in Z and the statement follows.

Remark 2.3. The dendrite D3 is homeomorphic to the continuum self-similar tree described
in [BT18]. In this reference, it is proved that the continuous random tree of Aldous is almost
surely homeomorphic to D3 as well.
The continuum self-similar tree T is the attractor of the dynamical system of the plane
generated by the following three maps
1
1
1
( z − 1), f 2 ( z ) = ( z + 1), f 3 ( z ) = ( z + i ).
2
2
2
This means that T is the unique compact subset of C such that T = f 1 ( T ) ∪ f 2 ( T ) ∪ f 3 ( T ).
It is also obtained in the following way. One starts with T0 = [−1, 0] ∪ [0, i ] ∪ [0, 1] and
defined Tn+1 = f 1 ( Tn ) ∪ f 2 ( Tn ) ∪ f 3 ( Tn ). Finally, T is the closure of the union of all the Tn ’s.
f 1 (z) =

2.2. Kaleidoscopic Colorings. Let us recall the notion of kaleidoscopic coloring for dencn the set of branches of the dendrite Dn ,
drites introduced in [DMW19]. Let us denote by D
that is the collection of all connected complements of some branch points and let xb be the
collection of branches around the branch point x. Let us denote [n] = {1, ..., n}. A coloring is
cn → [n] such that the restriction of c on branches around a given branch point is
a map c : D
a bijection. Such a coloring is kaleidoscopic if for any x 6= y ∈ Br( Dn ) and i 6= j ∈ [n] there is
a branch point z ∈] x, y[ such that c( Bz ( x )) = i and c( Bz (y)) = j.
i
x

j
z

y
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i

−1

0

1

F IGURE 3. The continuum self-similar tree.
We refer to [DMW19, §3] for details and in particular, existence (and abundance) of such
kaleidoscopic colorings.
The group of homeomorphisms of the dendrite, Homeo( Dn ), acts faithfully on the set
of branch points of the dendrite and the image of the homomorphism to the symmetric
group Sym(Br( Dn )) is actually a closed subgroup with respect to the pointwise convergence
topology. This topology on Homeo( Dn ) actually coincides with the uniform converge on the
cn , x be a branch
dendrite [DMW19, Proposition 2.4]. Let c be a kaleidoscopic coloring of D
point and g ∈ Homeo( Dn ). The local action of g at x is the element σc ( g, x ) ∈ Sym([n]) such
that the following diagram is commutative.
xb

g

c

[n]

gd
(x)
c

σc ( g,x )

[n]

That is σc ( g, x ) = c ◦ g| x̂ ◦ c−1 . For a subgroup Γ ≤ Sym([n]), the kaleidoscopic group K(Γ) is
the subgroup of elements g ∈ Homeo( Dn ) such that σc ( g, x ) ∈ Γ for all x ∈ Br( Dn ).
3. D EFINITION OF THE ACTION ON THE CIRCLE AND CONSEQUENCES
3.1. Definition of the action. Let us start with an observation on the set with three points
[3] = {1, 2, 3} and let us consider it with the cyclic order induced by the standard linear
order on the natural numbers. The stabilizer of this cyclic order in the symmetric group S3
is exactly A3 , the alternating group, which is the cyclic group C3 as well.
In the remaining of this note, we identify D3 with the Julia set of z 7→ z2 + i described
in the previous section. The identification gives a cyclic order on the three branches around
each branch point of D3 in the following way.
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Let x be a branch point of D3 , we denote by z1 , z2 , z3 ∈ S1 its preimages positively ordered.
Each of the three branches around x has a preimage by the Carathéodory loop ϕ that is a
positive interval (zi , z I +1 )+ . Let A, B, C be the three branches around x. We define i ( A) to be
the unique i ∈ [3] such that ϕ((zi , zi+1 )+ ) = A and similarly, we define i ( B) and i (C ). We
say that ( A, B, C ) is positively ordered if (i ( A), i ( B), i (C )) is so.
More concretely, let us define o ϕ ( A, B, C ) = + if (i ( A), i ( B), i (C )) is positively ordered
c3 , let us define oc ( A, B, C ) = +
and o ϕ ( A, B, C ) = − otherwise. Similarly for a coloring c of D
if (c( A), c( B), c(C )) is positively ordered in [3] and oc ( A, B, C ) = − otherwise.
Lemma 3.1. Let x, y be distinct branch points in D3 with respective preimages x1 , x2 , x3 and y1 , y2 , y3
by ϕ and such that ( x1 , x2 , x3 , y1 , y2 , y3 ) is cyclically ordered in S1 . There are z+ and z− in Br( D3 ) ∩
( x, y) such that
ϕ−1 ( B+ ) ⊂ [ x3 , y1 ]+ ,
ϕ−1 ( B− ) ⊂ [y3 , x1 ]+ ,
where B± is the branch at z± that does not contain x nor y.
Proof. By Lemma 2.2, the interval ( x3 , x1 )+ is the preimage of the branch at x that contains y
and similarly, (y3 , y1 )+ is the preimage of the branch at y that contains x. Since D ( x, y) is the
intersection of these two branches,
ϕ−1 ( D ( x, y)) = ( x3 , x1 )+ ∩ (y3 , y1 )+ = ( x3 , y1 )+ ∪ (y3 , x1 )+ .
Let z be a branch point in ( x, y). Since the preimage by ϕ of the branch at z that does not
contain x nor y is an interval in ( x3 , y1 )+ ∪ (y3 , x1 )+ , it is included in (y3 , x1 )+ or in ( x3 , y1 )+ .
The unique critical point of z 7→ z2 + i is z = 0. So, this map is a local diffeomorphism
except at z = 0, which is a regular point of the dendrite. Since ϕ semi-conjugates z 7→ z2 and
z 7→ z2 + i, the order of the points ϕ(z) and ϕ(z2 ) are the same as soon as ϕ(z) 6= 0. Actually,
the images of (y3 , x1 )+ under the iteration of z 7→ z2 cover the whole circle. So the intervals
(y3 , x1 )+ and ( x3 , y1 )+ contain preimages of branches at points z ∈ ( x, y) and we find points
z± as in the statement.

b 3 such that for any distinct branches around
Proposition 3.2. There is a kaleidoscopic coloring c of D
the same branch point A, B, C, distinct branches around the same branch point, o ϕ ( A, B, C ) = + if
and only if oc ( A, B, C ) = +.
Proof. Such a coloring is constructed by induction. Let us first enumerate the points in
cn →
Br( D3 ) = {bn }n∈N . We construct sequences of finite subsets Bn ⊂ Br( D3 ) and maps cn : B
[3] with the following properties for each n ∈ N
(1) Bn ⊂ Bn+1 , bn ∈ Bn ,
(2) the restriction of cn+1 to Bn coincides with cn ,
(3) for each b ∈ Bn , cn |b : b
b → [3] is a bijection,
(4) for all b ∈ Bn , ocn and o ϕ coincide at b
b,
0
(5) for all b 6= b in Bn−1 and i 6= j ∈ {1, 2, 3}, there is b00 ∈ Bn ∩ (b, b0 ) such that
cn ( Bb00 (b)) = i and cn ( Bb00 (b0 )) = j.
Assume such sequences have been constructed. We simply define c on bbn to be cn | b .
bn

c3 , it is a coloring thanks to Item (3), it is
Thanks to Items (1) and (2), c is well defined on D
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kaleidoscopic thanks to Item (5) and the cyclic orders oc and o ϕ coincide thanks to Item (4).
b → [3], we denote by oc,b the cyclic order
For a subset Y ⊂ Br( D3 ), and a coloring c : Y
induced by c at b ∈ Y and similarly we denote by o ϕ,b the cyclic order induced by ϕ at b.
Let us define B0 to be {b0 } and define c0 on bb0 arbitrarily such that oc0 ,b0 and o ϕ,b0 coincide.
Assume Bn and cn have been constructed. Let us define Bn0 = Bn ∪ {bn+1 } and c0n to coincide
cn and to be arbitrarily defined on bd
with cn on B
n+1 arbitrarily such that oc,bn+1 and o ϕ,bn+1
coincide if bn+1 ∈
/ Bn .
Now for two points x 6= y ∈ Bn and i 6= j ∈ {1, 2, 3}, let k ∈ {1, 2, 3} distinct from i and j. If
(i, k, j) is positive we choose z+ ∈ ( x, y) ∩ Br( D3 ) given Lemma 2.2, we add z+ to Bn+1 ⊃ Bn
and define cn+1 at z+ by cn+1 ( Bz+ ( x )) = i, cn+1 ( Bz+ (y)) = y and cn+1 ( B) = k where B
is the third branch at z+ . One has oc,z+ ( Bz+ ( x ), B, Bz+ (y)) = + = o ϕ,z+ ( Bz+ ( x ), B, Bz+ (y)).
Similarly, if (i, k, j) is negative, we choose z− ∈ ( x, y) ∩ Br( D3 ) given Lemma 2.2, we add z−
to Bn+1 and define cn+1 at z− by cn+1 ( Bz− ( x )) = i, cn+1 ( Bz− (y)) = y and cn+1 ( B) = k where
B is the third branch at z+ . By construction, oc,z± and o ϕ,z± coincide.

Let G = K( A3 ) be the kaleidoscopic group associated to the coloring c constructed in
Proposition 3.2 and the group A3 . Let us now define an orientation-preserving action of
G on S1 . This action will be defined in two steps. First we define it on preimages of
branch points via ϕ and second, density of these points and order preserving will show
that it extends uniquely continuously on the whole of S1 . The associated homomorphism
ρ : G → Homeo+ (S1 ) will make the following diagram commutative, that is for all z ∈ S1 ,
ϕ(ρ( g)z) = gϕ(z).
S1

ρ( g)

ϕ

D3

S1
ϕ

g

D3

Let us fix g ∈ G. We will define a bijection ρ( g) on the set B̃ of preimages of branch
points in S1 . Let x be a branch point of D3 . Let B1 , B2 , B3 be the branches around x such that
c( Bi ) = i. Similarly, let x 0 = gx and Bi0 the colored branches around x 0 with c( Bi0 ) = i. The
local action σ satisfies Bσ0 ( g,x)(i) = g( Bi ). If we set z1 , z2 , z3 to be the preimages of x such that
ϕ−1 ( Bi ) = (zi , zi+1 )+ (cyclically understood) and similarly for the preimages z10 , z20 , z30 of x 0
then we define ρ( g)(zi ) to be z0σ( g,x)(i) . In particular, once ρ( g) is entirely defined on B̃, by
Proposition 3.2,

 
(3.1)
ρ( g) (zi , zi+1 )+ ∩ B̃ = z0σ( g,x)(i) , z0σ( g,x)(i+1)
∩ B̃.
+

−1

−1

Lemma 3.3. The map ρ( g) : ϕ (Br( D3 )) → ϕ (Br( D3 )) is a bijection such that ϕ(ρ( g)z) =
gϕ(z) for all z ∈ ϕ−1 (Br( D3 )) and which preserves the cyclic order on the circle.
Proof. The first point is straightforward from the definition of ρ( g). Let us prove that ρ( g)
preserves the cyclic order on ϕ−1 (Br( D3 )). Let z1 , z2 , z3 ∈ ϕ−1 (Br( D3 )) positively ordered.
If these points have the same image under ϕ then their images ρ( g)(zi ) are positively ordered
as well by construction.
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Let us assume their images are two distinct points x1 , x2 ∈ D3 . Up to reorder cyclically the
zi ’s, we may assume that ϕ(z1 ) = ϕ(z2 ) = x1 and ϕ(z3 ) = x2 . Let B1 be the branch around
x1 that contains x2 and let B2 , B3 the two other branches ordered cyclically with above cyclic
order. Let y1 , y2 , y3 be the preimages of x1 by ϕ such that ϕ−1 ( Bi+1 ) = (yi , yi+1 )+ . Since
z3 ∈ (y3 , y1 )+ , z1 = y1 and z2 = y2 or y3 , or z1 = y2 and z2 = y3 . Let B10 be the branch
around g( x1 ) that contains g( x2 ) and B20 , B30 the two other branches cyclically ordered. Since
g( B1 ) = B10 and σc ( g, x1 ) ∈ A3 , g( B2 ) = B20 and g( B3 ) = B30 . Let y10 , y20 , y30 be the preimages
of g( x1 ) such that ϕ−1 ( Bi+1 ) = (yi0 , yi0+1 )+ . By construction, ρ( g)(yi ) = yi0 and by Equation
(3.1), (ρ( g)(z1 ), ρ( g)(z2 ), ρ( g)(z3 )) is positively ordered.
Let us assume that the images of z1 , z2 , z3 are three distinct points: x1 , x2 , x3 . There are two
possibilities: these points are aligned or they are not and this last case, they have a center c
which is different from the xi ’s. In this last case, we can use the three preimages z10 , z20 , z30 of c
labeled such that ϕ−1 ( Bi ) = (zi0 , zi0+1 )+ where Bi is the branch around c containing xi . By the
first point of this proof, the images of z10 , z20 , z30 by ρ( g) are positively ordered and thus the
same hold for the images of z1 , z2 and z3 .
Let us conclude with the case where x1 , x2 , x3 are distinct and aligned. Up to permute
cyclically these points, we may assume that x2 ∈ [ x1 , x3 ]. Let z30 and z10 the preimages of
x2 distinct from z2 such that (z2 , z30 , z10 ) is positively ordered in the circle. Considering the
three possible relative positions of z1 , z2 with respect to the positive intervals with extremities z10 , z2 , z30 and thanks to Equation (3.1), we see that the images of z1 , z2 , z3 are positively
ordered as well.

Since ϕ−1 (Br D3 ) is dense in S1 and the topology on the circle is defined by this cyclic
order, we get the following.
Proposition 3.4. The map ρ( g) extends uniquely to an element of Homeo+ (S1 ) and it satisfies
ϕ(ρ( g)z) = g( ϕ(z)) for all z ∈ S1 .
The proof of this proposition is a direct consequence of the following easy lemma that we
will use later again.
Lemma 3.5. Let D ⊂ S1 be a dense subset and f : D → S1 be an injective map that preserves the
cyclic order and with dense image. Then f extends uniquely to a homeomorphism of S1 .
Proof. Since f preserves the order, if z1 , . . . , z4 ∈ D and [z2 , z3 ]+ ⊂ [z1 , z4 ]+ then f ( D ∩
[z2 , z3 ]+ ) ⊂ [ f (z1 ), f (z4 )]+ . Since D is dense, for any point z ∈ S1 ,

{z} =

\

[z− , z+ ]+ .

z− ,z+ ∈ D, z∈[z− ,z+ ]+

By density of f ( D ), the compact intersection

\

[ f (z− ), f (z+ )]+ is reduced to

z− ,z+ ∈ D, z∈[z− ,z+ ]+

a point. We extend f to S1 by defining f (z) to be this point. This extension preserves the
cyclic order on S1 . Actually if z ∈ [z− , z+ ]+ and these points are distinct then one can
find z1 , z2 , z3 ∈ D such that z− ∈ (z1 , z2 )+ , z ∈ (z2 , z3 )+ and z+ ∈ (z3 , z1 )+ . By construction f (z− ) ∈ ( f (z1 ), f (z2 ))+ , f (z) ∈ ( f (z2 ), f (z3 ))+ and f (z+ ) ∈ ( f (z3 ), f (z1 ))+ and thus
( f (z− ), f (z), f (z+ )) is positively ordered. This extension is injective since for any z 6= z0 , one
can find (z1 , z2 , z3 ) ∈ D3 positively ordered such that z ∈ (z1 , z2 )+ and z0 ∈ (z2 , z3 )+ . Thus
their images have the same orders and so f (z) 6= f (z0 ). Moreover f is continuous since it
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preserves the cyclic order and it is surjective by compactness and density of its image. The
density of D implies the uniqueness of this extension.

3.2. Proof of the statements.
Proposition 3.6. The map ρ : G → Homeo+ (S1 ) is a topological group embedding.
Proof. The map ρ is a group homomorphism because σc is a cocycle. Let ( gn ) be a sequence of
elements of G converging to the identity in G then gn ( x ) = x for all x ∈ Br ( D3 ) and n large
enough so the same hold for ρ( gn )(z) and z ∈ ϕ−1 (Br D3 ) because by choosing points x 0 in
branches around x, we see that σc ( gn , x ) = Id for n large enough. By compactness of S1 , this
implies that ρ( gn ) converges uniformly to the identity. So ρ is a continuous homomorphism.
Conversely, if ρ( gn ) converges uniformly to the identity on S1 then the commutative diagram and the continuity of ϕ imply that gn converges uniformly to the identity in G. Since
G is Polish, this implies that G is closed in Homeo+ (S1 ).

The desired action G y S1 is now constructed. So, we can prove the existence of exactly
3 orbits and oligomorphy of this action.
Proof of Proposition 1.3. We claim that two points of S1 are in the same orbit if and only if
their images in the dendrite have same order. This is, of course, a necessary condition. In
the other direction, this is a consequence of [DMW19, Lemma 5.8].

Proof of Proposition 1.4. The oligomorphy follows from the oligomorphy of the action G y
D3 [DMW19, §5D] and the fact there are only finitely many subsets S ⊂ S1 of size n with the
same image by ϕ.

To get non-elementarity, we prove something stronger, namely strong proximality. Let us
recall that a continuous action of a group Γ on a compact space X is strongly proximal if any
probability measure on X contains a Dirac mass in the weak*-closure of its G-orbit.
Lemma 3.7. The action G y S1 is minimal.
Proof. Let K be some closed G-invariant non-empty subspace of S1 . By minimality of the
action G y D3 , ϕ(K ) = D3 . So K contains all preimages of end points and since these points
are dense, K = S1 .

Proposition 3.8. The action G y S1 is strongly proximal.
Proof. This follows from the fact that any interval of S1 (with non-empty complement) can
be sent to the interior of some other non-trivial interval. This follows from the fact that
the image of an interval [z1 , z2 ]+ by ϕ is contained in a branch around a branch point x ∈
/
ϕ([z1 , z2 ]+ ) can be sent to any given branch by an element of G. See [DM18, Theorem 10.1]
.

Remark 3.9. The non-elementarity of the action also follows directly from [DM18, Proposition 3.2]. Actually, if there is an invariant measure on S1 , its image by ϕ is an invariant
measure on D3 and thus there is a finite orbit on D3 . This is not the case.
Remark 3.10. Since end points have a unique antecedent, ϕ induces a bijection between end
points of D3 and a subset, which is actually comeager, of S1 . This yields a cyclic order on
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the set of end points and allows to construct a bounded cohomology class on G, the socalled orientation class. This is reminiscent of the construction of cocycles done in [DMW19,
Proposition 9.1].
Let us prove Property (T) for G.
Proof of Proposition 1.5. It is oligomorphic by [DMW19, Theorem 5.9] and thus the result follows from [ET16, Theorem 1.1].

Let us conclude with the proof that G is exactly the automorphism group of the laminational equivalence relation ∼ ϕ induced by the Carathéodory loop.
Proof of Proposition 1.6. By definition of the action of G on the circle, it is clear that the equivalence relation is invariant under this action. Let g ∈ Homeo+ (S1 ) preserving the equivalence relation. Since ϕ(S1 ) = D3 , this defines a map ψ( g) : D3 → D3 such that for all
z ∈ S1 , ψ( g)( ϕ(z)) = ϕ( g(z)). Counting antecedents of points in D3 , one sees that ψ( g)
maps branch points to branch points and preserve the betweenness
relation
because if for


three points x, y, z ∈ D3 , x ∈ [y, z] ⇐⇒ x ∈ ϕ [y0 , z0 ]+ ∩ ϕ [z0 , y0 ]+ . So by [DMW19,
Proposition 2.4], ψ( g) is a homeomorphism of the dendrite D3 . It preserves the cyclic order
on branches around a branch point (because g preserves the cyclic order of the circle) and
thus it is an element of G = K( A3 ). Moreover ρ(ψ( g)) = g and thus ρ is an isomorphism
between G and the automorphism group of the laminational equivalence relation ∼ ϕ .

4. U NIQUENESS OF THE ACTION
For an end point ξ ∈ D3 , we denote by Gξ its stabilizer, which is a closed subgroup. A
topological group H is extremely amenable if any H-flow has a fixed point. This property may
seem a priori very surprising since any locally compact group has a free action on a compact
space (its Stone-Čech compactification) and thus no non-trivial locally compact group is extremely amenable. Nonetheless, this property is not so rare for very large group. For example, the unitary group of a separable Hilbert with its strong topology or the automorphism
of the rational numbers with its canonical order are extremely amenable [GM83, Pes98].
For automorphism groups of countable structures, Kechris, Pestov and Todorcevic characterized when a Fraïssé limit has an extremely amenable automorphism group. It is the case if
and only if this Fraïssé limit is a Fraïssé order class with the Ramsey property [KPT05]. They
used this result to identify some universal minimal flows of some automorphism groups of
countable structures. We refer to their paper for an introduction to this subject and a precise
meaning.
The following proposition is simply [KPT05, Corollary 7.3(i)] once Gξ has been identified
with the automorphism group of Fraïssé limit Aut(DT2 ) as it will be explained in the proof.
Proposition 4.1. The topological group Gξ is extremely amenable.
Proof. Following the strategy developed in [KPT05], we prove that Gξ is the automorphism
group of an order Fraïssé limit with the Ramsey property. The Ramsey property will come
from [Sok15] and we try to follow notations there. The universe of this limit is the set of
branch points of D3 . We endow it with the following partial order a ≤ b if a ∈ [ξ, b]. The
cyclic order on S1 induces a linear order on S1 \ { ϕ−1 (ξ )} in the following way z < w
if ( ϕ−1 (ξ ), z, w) is positively ordered. Now for x ∈ Br( D3 ), we define x1 , x2 , x3 ∈ S1 its
three preimages by ϕ such that x1 < x2 < x3 . We write R1 ( a, b) if b ∈ ϕ(( a1 , a2 )+ ) and
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R2 ( a, b) if b ∈ ϕ(( a2 , a3 )+ ). Thus, R1 and R2 are binary relations. These relations indicate
in which branch at a, a successor b for ≤ of a lies. The remaining of the proof is devoted
to show that (Br( D3 ), ≤, R1 , R2 ) is isomorphic to the Fraïssé limit DT2 which has the Ramsey property thanks to [Sok15, Theorem 6.1] and that Gξ is the automorphism groups of
(Br( D3 ), ≤, R1 , R2 ).
Let us prove first this second point. It is clear that Gξ acts faithfully by automorphisms
on (Br( D3 ), ≤, R1 , R2 ). Conversely, let g ∈ Aut(Br( D3 ), ≤, R1 , R2 ). To show that g is the
restriction of some element g̃ on Homeo (Br( D3 )), it suffices to prove that g preserves the
betweenness relation [DMW19, Proposition 2.4]. Let a, b, c ∈ Br( D3 ) such that c ∈ [ a, b]. If
a ≤ b then a ≤ c ≤ b. So g( a) ≤ g(c) ≤ g(b) and thus g(c) ∈ [ g( a), g(b)]. Let a ◦ b be the
meet of a and b for ≤ that is a ◦ b = inf{ a, b} which the center between ξ, a and b in Br( D3 ).
Now, c belongs to [ a ◦ b, a] or [ a ◦ b, b] and we repeat the above with ( a ◦ b, a) or ( a ◦ b, b) and
thus g(c) ∈ [ g( a), g(b)]. So g is the restriction of some g̃ ∈ Homeo (Br( D3 )). Let ( xn ) be a
minimizing sequence in Br( D3 ) for ≤. It converges to ξ for the topology on D3 . Its image by
g̃ has the same property and thus g̃(ξ ) = ξ.
For x ∈ Br( D3 ) with preimages x1 , x2 , x3 ordered as before. The three branches around
x are ϕ(( x3 , x1 )+ ) (the one containing ξ), ϕ(( x1 , x2 )+ ) and ϕ(( x2 , x3 )+ ). By construction,
ϕ(( x1 , x2 )+ ) = {y ∈ Br( D3 ), y ≥ x, R1 ( x, y)} and ϕ(( x2 , x3 )+ ) = {y ∈ Br( D3 ), y ≥ x, R2 ( x, y)}.
Since the same fact holds mutatis mutandis for g( x ) as well, one as that σc ( g̃, x ) ∈ A3 . Thus
g̃ ∈ Gξ and g 7→ g̃ is an isomorphism between Aut(Br( D3 ), ≤, R1 , R2 ) and Gξ .
Now, let us prove that (Br( D3 ), ≤, R1 , R2 ) is isomorphic to DT2 which appears in [Sok15].
The former countable. structure is the Fraïssé limit of the class of finite structures DT 2 where
( A, ≤ A , R1A , R2A ) ∈ DT 2 if it satisfies the following properties;
(1) ( A, ≤ A ) is a meet semilattice (any pair of points { a, b} has an infimum a ◦ b);
(2) for any a ∈ A, {b ∈ A, b ≤ A a} is linearly ordered with ≤ A , i.e., ( A, ≤ A ) is a treeable
semilattice.
(3) Each a ∈ A has at most 2 immediate successors for ≤ A .
(4) RiA ( a, b) =⇒ a < A b.
(5) a < A b =⇒ R1 ( a, b) or R2 ( a, b).
(6) RiA ( a, b) and b ◦ c = a =⇒ ¬ RiA ( a, c).
By the characterization of Fraïssé limits, to prove that (Br( D3 ), ≤, R1 , R2 ) is isomorphic
to DT2 , it suffices to prove that any finite subsets of Br( D3 ) is an element of DT 2 and conversely any element of DT 2 embeds in (Br( D3 ), ≤, R1 , R2 ).
One check easily that any finite substructure of (Br( D3 ), ≤, R1 , R2 ) belongs to DT 2 . Now,
we prove by induction that any ( A, ≤ A , R1A , R2A ) ∈ DT 2 embeds in (Br( D3 ), ≤, R1 , R2 ). We
proceed by induction on the cardinal of A. Let a ∈ A be the root (i.e., the minimal element
in ( A, ≤ A )), we choose any point i ( a) ∈ Br( D3 ). We set A1 = {b ∈ A, R1A ( a, b)} A2 =
{b ∈ A, R1A ( a, b)}. The substructures A1 and A2 are in DT 2 with cardinality less than the
one of A. So, we have an embedding i1 of A1 in the first branch around I ( a) that does not
contain ξ, which is isomorphic to (Br( D3 ), ≤, R1 , R2 ) actually, and an embedding i2 of A2 in
the first branch around I ( a) that does not contain ξ. The concatenation of i, i1 , i2 yields the
embedding in (Br( D3 ), ≤, R1 , R2 ).

Proof of Theorem 1.12. Let us assume that G acts minimally on the circle and let us prove first
that there is no invariant probability measure. To avoid ambiguity, let us call this action
β : G × S1 → S1 and let α be the action described in Theorem 1.2. If there is an invariant
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probability measure µ then the rotation number is a homomorphism G → R/Z (see [Nav11,
2.2.2]. Since G is simple, this homomorphism is trivial and the support of µ is a non-empty
closed invariant subset consisting of fixed points. This is a contradiction with minimality of
the action.
By extreme amenability of Gξ , this group has a fixed point x ∈ S1 for β. This allows us to
define the orbit map ψ : G/Gξ → S1 such that ψ( gGξ ) = β( g, x ). Since G/Gξ ' Ends( D3 ),
by an abuse of notation, we also write ψ(η ) = ψ( gGξ ) is η = gξ. Since G acts doubly
transitively on the end points of D3 , the group Gη is maximal in G for any η ∈ Ends( D3 ). If
ψ(η ) = ψ(η 0 ) then Gη ∪ Gη 0 ≤ Stab(ψ(η )) and since Stab(ψ(η )) < G then η = η 0 . So ψ is
injective.
The cyclic order on S1 induces a cyclic order on Ends( D3 ) via the Carathéodory loop
ϕ : S1 → D3 . More precisely, we define, for ξ 1 , ξ 2 , ξ 3 distinct, co(ξ 1 , ξ 2 , ξ 3 ) ∈ {±} according
to the orientation of (z1 , z2 , z3 ) in the circle such that ϕ(zi ) = ξ i .
We observe that for fixed ξ 6= η ∈ Ends( D3 ) co(ξ, λ, η ) = co(ξ, λ0 , η ) if and only if there
is g ∈ G fixing η and ξ such that g(λ) = λ0 . Actually, there are two orbits for the action
of G on triple of distinct points in Ends( D3 ). Two such triples are in the same orbit if and
if they have the same cyclic orientation. More precisely, let (ξ, λ, η ) and (ξ 0 , λ0 , η 0 ) be two
positively oriented triples in Ends( D3 ). Let c, c0 be their respective centers. By [DMW19,
Corollary 4.5], we found a homeomorphism f ξ : D (ξ, c) → D (ξ 0 , c0 ) such that f ξ (ξ ) = ξ 0
and f ξ (c) = c0 preserving the coloring. Similarly, we construct f λ and f η . Thanks to the
patchwork lemma, [DM19, Lemma 2.9] we patch f ξ , f λ and f η together to get an element
f ∈ G such that f (ξ ) = ξ 0 , f (λ) = λ0 and f (η ) = η 0 .
Since G is a simple group, the image of G in Homeo(S1 ) induced by the action β, is actually
in Homeo+ (S1 ).
Choose (η, λ, ξ ) ∈ Ends(S1 )3 such that co(η, λ, ξ ) = + and fix a cyclic orientation coS1
on S1 such that coS1 (ψ(η ), ψ(λ), ψ(ξ )) = +. Observe that G preserves coS1 as well. So by
transitivity of the action of G of triple in Ends( D3 ) with a given orientation, one has that
coS1 (ψ(η ), ψ(λ), ψ(κ )) = co(η, λ, κ ) for any triple of distinct points (η, λ, κ ) ∈ Ends( D3 ).
In particular the map ψ ◦ ϕ : ϕ−1 (Ends( D3 ) → S1 is an orientation-preserving map between two dense subsets of S1 . Thus it extends to a unique continuous G-map h : S1 → S1 ,
which a homeomorphism by Lemma 3.5. This homeomorphism conjugates the action α and
β.

Proof of Theorem 1.13. Let ω be a modulus of continuity and let α be any minimal continuous
action of G by homeomorphisms on S1 . This action α is conjugated to the action described
in Theorem 1.2 by some homeomorphism h : S1 → S1 . Let ωh and ωh−1 be the modulus of
continuity of h and h−1 .
As before, we denote by ρ : G → Homeo+ (S1 ) the homomorphism by the action G y S1
described in Theorem 1.2 and we denote by ρα : G → Homeo+ (S1 ), the one coming from the
action α, that is ρ( g) = hρα ( g)h−1 .
For g ∈ G, if ρα ( g) admits λω as modulus of continuity with λ > 0 then ρ( g) admits ωλ,h
as modulus of continuity where ωλ,h (r ) = ωh (λω (ωh−1 (r ))). So it suffices to prove that there
is g ∈ G such there is x ∈ S1 and that for any n ∈ N, there is xn such that
(4.1)

d(ρ( g)( x ), ρ( g)( xn )) > ωn,h (d( x, xn )).
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Let us construct such g ∈ G by patch working (See [DM19, Lemma 2.9]). We fix two branch
points b, b0 ∈ D3 . We define g to be trivial outside D (b, b0 ). Let b1 , b2 , b3 and b10 , b20 , b30 the
antecedents of b and b0 cyclically ordered. Choose x10 ∈ (b30 , b1 )+ whose image in the dendrite
is an end point. Let c10 ∈ D3 be the center of the points b, ϕ( x10 ), b0 . Now, by definition of the
kaleidoscopic coloring, we may find a point x1 ∈ ( x10 , b1 )+ in the circle such that
• ϕ( x1 ) is an end point,



• the center c1 of b, b0 and ϕ( x1 ) satisfies c ( Bc1 (b)) = c Bc10 (b) and c Bc1 (b0 ) =


c Bc10 (b0 ) ,

• d(b1 , x10 ) > ωn,h (d(b1 , x1 )).

Thanks to Corollary 4.5 in [DMW19], there are homeomorphisms f 1 : D (c1 , b0 ) → D (c10 , b0 )
and h1 : D ( ϕ( x1 ), c1 ) → D ( ϕ( x10 ), c10 ) that preserve the kaleidoscopic coloring. We define g
to coincide with f 1 and h1 on D (c1 , b0 ) and D ( ϕ( x1 ), c1 ).
Assume that the points ck , c0k , xk , xk0 , have been constructed and g has been defined on
D (ck , b0 ) and D ( ϕ( xk ), ck ) for k ≤ n. Choose xn0 +1 ∈ [ xn0 , b1 ] whose image via the Carathéodory
loop ϕ in the dendrite is an end point in the dendrite. Let c0n+1 ∈ D3 be the center of the
points b, ϕ( xn0 +1 ), b0 . Now, by definition of the kaleidoscopic coloring, we may find a point
xn ∈ ( xn0 +1 , b1 )+ in the circle such that
• ϕ( xn+1 ) is an end point,
1
,
• d ( x n +1 , b ) <
n+1



• the center cn+1 of (b, b0 , ϕ( xn+1 )) satisfies c ( Bcn+1 (b)) = c Bc0n+1 (b) and c Bcn+1 (b0 ) =


c Bc0n+1 (b0 ) ,

• d(b1 , xn0 +1 ) > ωn+1,h (d(b1 , xn+1 )).

There are homeomorphisms f n+1 : D (cn+1 , cn ) → D (c0n+1 , c0n ) and hn+1 : D ( ϕ( xn+1 ), cn+1 ) →
D ( ϕ( xn0 +1 ), c0n+1 ) that preserve the kaleidoscopic coloring. We define g to coincide with f n+1
and hn+1 on D (cn+1 , cn ) and D ( ϕ( xn+1 ), cn+1 ). Since xn → b and thus cn → b, g is defined
everywhere and the patchwork lemma [DM19, Lemma 2.9] proves that g is a well-defined
homeomorphism of D3 and by construction, it preserves the kaleidoscopic coloring, that is,
g ∈ K({ Id}) < G. Moreover, by construction ρ( g)( xn ) = xn0 . In particular, if we set x = b1
then ρ( g) satisfies Equation 4.1 for all n and the theorem is proved.

5. U NIVERSAL MINIMAL FLOW
We endow the quotient space G/Gξ with the uniform structure induced by the left uniform on G. A basis of entourages is given by
UV = {( gGξ , hGξ ), h ∈ vgGξ , with v ∈ V }

\ξ
where V < G is the pointwise stabilizer of a finite set of branch points. We denote by G/G
the completion of this uniform structure.
For the homeomorphism group of generalized Ważewski dendrites, identifications of the
universal minimal flows have been done in [Kwi18, Duc20]. When there is a unique type of
branch points, say of order n, this corresponds to the kaleidoscopic group K(Sn ). For the
kaleidoscopic group K( A3 ), the situation is a bit different but rely on similar ideas.
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\ξ is compact or equivalently Gξ is copreProof of Theorem 1.14. We claim that the space G/G
compact. This means that for any open neighborhood of the identity V ⊂ G there is a finite
set F ⊂ G such that VFGξ = G.
A basis of open neighborhoods of the identity in G is given by pointwise stabilizers of
a finite set of branch points. Let B such finite set of branch points, we may assume that B
center-closed, that is for any triple points in B, their center is still in B. A connected component C of D3 \ B is of two types: either its boundary is a point or it has two points. If there
were more than 2 points, the center of three of them is in C and we have a contradiction with
the fact that B is center-closed. There are finitely many such connected component because
any element in B has finite order (3 actually).
For each such connected component C, we choose elements f ∈ G in the following way.
If C has a unique point in its boundary, we choose f ∈ G such that f (ξ ) ∈ C. If C has
two points a, b in its boundary, we choose elements f − , f + ∈ G such that f − (ξ ), f + (ξ ) ∈
C, (c( Bz ( a)), c( Bz ( f − (ξ )), c( Bz (b))) is a negative triple in {1, 2, 3} where z is the center of
( a, b, f − (ξ )) and (c( By ( a)), c( By ( f + (ξ )), c( By (b))) is a positive triple in {1, 2, 3} where y is
the center of ( a, b, f + (ξ )). We define F to the finite set of all these elements f or f − , f + for all
connected component of D3 \ B.
Now let g ∈ G, g(ξ ) belongs to some connected component C of D3 \ B. If C has a unique
point a in its boundary, let f be the unique element in F such that f (ξ ) ∈ C. By Corollary 4.5
in [DMW19], there is a homeomorphism v0 of C ∪ { a} fixing a, such that v0 ( f (ξ )) = g(ξ ) and
v0 preserves the coloring, we extend v0 to an element v ∈ G that is trivial outside C ∪ { a}.
By construction v ∈ V and v f (ξ ) = g(ξ ).
If C has two points a, b in its boundary, we choose f ∈ F to be the element such that
f (ξ ) ∈ C and (c( Bz ( a)), c( Bz ( g(ξ )), c( Bz (b))) and (c( By ( a)), c( By ( f (ξ )), c( By (b))) have same
cyclic order where z is the center of ( a, g(ξ ), b) and y the one of ( a, f (ξ )), b). Now, by applying Corollary 4.5 in [DMW19] three times, we find v1 : D ( a, z) → D ( a, y), v2 : D (b, z) →
D (b, y) and v3 : Bz ( g(ξ )) → By ( f (ξ )) that preserves the coloring and maps respectively
( a, z) to ( a, y), (b, z) to (b, y) and (z, g(ξ )) to (y, f (ξ )). We patch these three elements to
get a homeomorphism v0 of D ( a, b). Observe that the local action σc (v0 , x ) is trivial for any
x ∈ Br( D3 ) ∩ D ( a, b) except maybe for x = z where σc (v0 , z) ∈ A3 . We extend v0 trivially
outside D ( a, b) to get an element v ∈ V such that v f (ξ ) = g(ξ ).
In both cases, this proves that g ∈ VFGξ and the coprecompactness is proved.
Since Gξ is extremely amenable, for any G-flow, Gξ has a fixed point x and the orbit map
\ξ →
g 7→ gx induces a uniformly continuous map G/Gξ → X that extends to a G-map G/G
X. In particular, if X is the universal G-flow, this shows that X is metrizable and thus X '
\∗ for some coprecompact extremely closed subgroup G ∗ by [MNVTT16, Theorem 1.2].
G/G
\ξ because it is Polish. Moreover since G/G
\ξ → G/G
\∗
The orbit G/Gξ is comeager in G/G
is surjective (as a consequence of compactness of the image and minimality), the image of
\∗ is comeager and thus intersects the comeager orbit G/G ∗ . In particular,
G/Gξ of in G/G
the stabilizer of a point in the intersection is a conjugate of G ∗ and contains a conjugate of
Gξ . Since G acts transitively on pairs of end points, Gξ is a maximal subgroup and since G
is not extremely amenable (it has no fixed point in the dendrite), G ∗ is a conjugate of Gξ and
\∗ ' G/G
\ξ .
thus G/G
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Corollary 5.1. Any G-flow is strongly proximal.

\ξ is strongly proximal. Actually, Theorem 10.1 in [DM18]
Proof. It suffices to prove that G/G
shows that for any probability measure µ on D3 , one can find gn ∈ G such that ( gn )∗ µ → δξ .
\ξ and let us apply the aforementioned result to
Let ν be some probability measure on G/G
\ξ → D3 is the equivariant projection. Since π is injective on G/Gξ ,
µ = π∗ (ν) where π : G/G
( gn )∗ ν → δGξ .

\ξ → D3 is 6 to 1 on preimRemark 5.2. The proof of Theorem 1.14 shows that the map G/G
ages of branch points, 4 to 1 on preimages of regular points because one has the choice of
\ξ → D3 is 2 to 1 on
a connected component and a choice of an orientation. The map G/G
points that are not preimages of end points. We have the following commutative diagram.
\ξ
G/G
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D3
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Bruno Duchesne. Topological properties of Ważewski dendrite groups. J. Éc. polytech. Math., 7:431–
477, 2020.
David M. Evans and Todor Tsankov. Free actions of free groups on countable structures and property (T). Fund. Math., 232(1):49–63, 2016.
Víctor J. García-Garrido. Unveiling the fractal structure of julia sets with lagrangian descriptors.
Communications in Nonlinear Science and Numerical Simulation, 91:105417, 2020.
Étienne Ghys. Actions de réseaux sur le cercle. Invent. Math., 137(1):199–231, 1999.
Étienne Ghys. Groups acting on the circle. Enseign. Math. (2), 47(3-4):329–407, 2001.
M. Gromov and V. D. and Milman. A topological application of the isoperimetric inequality. Amer.
J. Math., 105(4):843–854, 1983.
Lisa R. Goldberg and John Milnor. Fixed points of polynomial maps. II. Fixed point portraits. Ann.
Sci. École Norm. Sup. (4), 26(1):51–98, 1993.
James Giblin and Vladimir Markovic. Classification of continuously transitive circle groups. Geom.
Topol., 10:1319–1346, 2006.

A GROUP WITH PROPERTY (T) ACTING ON THE CIRCLE

19

Eli Glasner and Michael Megrelishvili. More on tame dynamical systems. In Ergodic theory and
dynamical systems in their interactions with arithmetics and combinatorics, volume 2213 of Lecture Notes
in Math., pages 351–392. Springer, Cham, 2018.
[KPT05]
A. S. Kechris, V. G. Pestov, and S. Todorcevic. Fraïssé limits, Ramsey theory, and topological dynamics of automorphism groups. Geom. Funct. Anal., 15(1):106–189, 2005.
[Kwi18]
Aleksandra Kwiatkowska. Universal minimal flows of generalized Ważewski dendrites. J. Symb.
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