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Free-form structures from topologically interlocking masonries
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Abstract

The paper presents new results about the geometry of topological interlocking masonries and some possibilities they
present to build without formwork. Construction without the use of formwork may be an important issue concerning
both productivity increase and decreasing of waste generated on a construction site. Due to the development of compu-
tational design and robotics in the construction industry, it makes sense to (re)explore innovative design and process of
complex masonry structures. The design of this kind of masonry is standard for planar structures, and in this paper, a
generalization is proposed for the parametric design of curved structures. To achieve this, a criterion for translationally
interlocked structure based on quadrilateral meshes is exhibited. The application of this criterion is then extended
to masonry structures derived from other patterns. Physical prototypes of topological interlocking masonry are also
presented. One of these designs seems to allow construction without formwork.

Keywords: Constructive geometry, Architectural geometry, Free-form, Topologically interlocked material, nexorade,
PQ-mesh

1. Introduction

For the past 20 years, productivity growth in the con-
struction sector has been only 1 % per year, while it is 2.8
% in the global economy and 3.6 % for the manufactur-
ing industry. For developed countries, such as France or
the United States, this productivity is even stagnant [1].
Among the seven progress tracks cited by Mckinsey2017 to
improve productivity is the use of automation and digital
technologies, including on-site construction with robotics.
Several national and international initiatives projects have
been launched, ETN European project (InnoChain1), in
Switzerland (dfab2) or in France for instance (DiXite3,
Projet Matrice4).

But one has to keep in mind that robotisation of con-
struction is not a new idea. Bock and Langenberg [2] re-
mind us that following the Second World War attempts
to industrialize the construction process appeared to face
the challenge of reconstruction. This included prefabrica-
tion, standardization and site structuring. The oil crisis of
1973 was the reason for momentum in the West but not in
Asia, especially in Japan, where the development of robots
performing construction tasks is now a commercial reality
(Sekisui House, Toyota House...).
To be competitive, the use of robots must propose an
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added value, and not just a substitute for traditional work-
ing force, difficult to compete with. Consequently, struc-
tural designs and process have to be revisited and adapted
to the digital workflow. This work proposed such an ap-
proach and focuses on the robotic construction of masonry
- i.e. constructions composed of blocks (bricks, stones,
concrete, etc.) whether or not joined by a binder. This
problem is not new either (see Fig. 1), studied by various
research teams (including Gramazio and Kolher in Zurich
[3] or the Chair of Building Realization and Robotics in
Munich ), and some companies already offer commercial
products for stacking bricks with robot arms (Construc-
tion Robotics or Fastbrick among others).

Several challenges for the digital fabrication of masonry
structures can be identified. First, the in-situ fabrica-
tion requires robust techniques to localise components, as
a construction site is an unstructured environment, with
much more variability than a factory or a lab. In a previous
paper [4] we present the part of this research concerning
the construction process and robotics aspects. These first
results permit a robot to localize and manipulate an object
(stone or brick) accurately, using scene views from uncali-
brated cameras (adaptation to worksite environment), and
using a Convolutional Neural Networks (CNN) trained us-
ing hundreds of thousands of synthetically rendered scenes
with randomized parameters. The objective is to permit
the robot to recognize and manipulate very different ma-
sonry components (a severe task for a worker), and also
to ask it to hold the structure if necessary, as a formwork
would usually do.

The second challenge is to construct structurally sound
masonry structures by keeping a dry construction pro-
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Figure 1: T. Bock, ESPRIT 3 6450 ROCCO 1992 [2]

cess. Indeed, a ubiquitous method to obtain reliable ma-
sonry structures is to use hollow masonry blocks as a lost
formwork and pour concrete after the introduction of re-
inforcements inside. So far, this is also one of the most
common techniques to reinforce 3d printed structures. Al-
though this technique is very common, it requires addi-
tional assembly sequences and time and perhaps more im-
portantly, it prevents the disassembly of the structure and
most chance of reuse of the components.

This article focuses on the construction of masonry
structures with good mechanical properties (out-of-plane
resistance and ductility) without the need for additional
reinforcements, which is a major issue in additive manu-
facturing processes. Non-vertical elements, like arches or
floors, are studied more precisely, in an exploration of how
computational design and robotics may be a way to build
decreasing or suppressing the use of formwork and tem-
porary structures. It is a very important issue concerning
both productivity and amount of generated waste. For in-
stance, at Hong Kong in 2013, approximately 3,591 tonnes
of construction waste were disposed of daily, representing
25% of total solid waste received at landfills [5]. More-
over, the fabrication and construction of these formworks,
represent 35% - 60% of the total concrete work cost [6].

This article details the design structural choices and
the parametric design investigated to reduce the need for
formwork, re-exploring the work of master builders. Au-
guste Choisy, for example, [7] expose the principles of con-
struction of Byzantine vaults without formwork. A classic
way to build a vaulted ceiling, using a wooden frame, is
to proceed row by row and once the keystone putting in
place, to remove the frame (Fig.2a). To achieve such a
building without formwork, the Byzantines proposed in-
stead of building row by row, to build arches by arches.
Slightly inclined to help cohesion, the arches are achieved
one by one and rest on one another (Fig.2b). Other more

recent researches propose to limit the use of formwork by
changing also the erection strategies [8, 9].

(a) A classical strategy using keystone and formwork.

(b) Byzantine strategy, without formwork.

Figure 2: Construction of a vault ceiling, with and without formwork
[7]

To go further, that is easy to understand that the
shape of the block itself may help to the stability of the
stack. Stereotomy is the art of cutting solids, generally
stones, and was widely used in the former centuries to
build complexes structures such as vaults and arches, us-
ing only small elements. But this art fell into disuse with
the emergence of new materials such as concrete or steel
and with the introduction of the elasticity theories. How-
ever, since a few years, the interest in these old techniques
was renewed thanks to Computer-Aided Design tools such
as parametric design software and robotic tooling. The
proposal here is based on an innovative stereotomy from
the 18th century, the flat vault of engineer and architect
Joseph Abeille (Fig. 3). It allows covering a space using
small similar elements with no keystone, nor glue. It rep-
resents a strong advantage today, particularly from an en-
vironmental point of view, since the structure could thus
be disassembled and blocks easily reused. This vault is
one example of what is called topological interlocking as-
semblies in the materials science community. These kind
of assemblies have some interesting properties. For ex-
ample, they can bear tensions and consequently bending
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moments; not using mortar helps to avoid crack propa-
gation [10, 11], and even though the assembly is made of
brittle material, the behaviour of the system appears as
ductile [12, 13, 14, 15, 16, 17, 18].

Figure 3: Abeille (37) and Truchet (38) flat vaults [19]. Some recip-
rocal structures can be noticed in (35) et (36).

Common examples of topological interlocking assem-
blies are the ones made from tetrahedrons, cubes [20] or
the so-called osteomorphic block [13]. Several applications
could be considered for the construction sector – earth-
quake resistance, paving [21], retaining walls [22, 23] – and
recent examples in construction and architecture, mainly
as prototypes, include [24, 25, 26].

Indeed, different procedures exist to create interlocking
assemblies. [27] starts with a simple shape (for example,
an Abeille flat vault) and deform it thanks to modifiers.
[25] use techniques similar to the design process of recip-
rocal frames. [10, 28] link planes to the edges of regular
lattices and tilt them (see Sec. 2) to obtain flat assemblies
of convex polyhedra. This process is named by its authors
moving cross-section procedure and allows to verify at the
same time the concrete interlocking property of the as-
sembly. This procedure is generalized to meshes of curved
surfaces but without checking the interlocking property of
the assembly [29] or without keeping convex blocks [30].
Indeed, using the moving cross-section procedure to design
curved interlocking assemblies from non-regular lattices –
eventually with variable tilt angle values – do not guar-
antee the interlocking. A simple mathematical criterion is

proposed here ensuring that each block is indeed locked
and allowing to check that all the assembly is interlocked.

After introducing the framework and some definitions,
this criterion (a set of inequalities to satisfy) is detailed.
Topologically interlocked masonries with variable inclina-
tion joints are described and designed from Planar Quad-
rangular (PQ) meshes of curved surfaces. Prototypes
are presented, one of them is inspired by the Byzantine
method of building vault. It could be built without the
use of any formwork despite tensile stress hoops due to
self-weight.

2. Topologically interlocked curved structures

Several definitions are proposed for topological inter-
locking [11, 12] but the one retained here comes from [28]:
In an assembly of elements, an element is translationally
locked (resp. rotationally locked), if it can not be removed
by translation (resp. rotation), provided its neighbours are
considered as fixed. An assembly of N elements is trans-
lationally interlocked (resp. rotationally interlocked) if all
its N elements are translationally locked (resp. rotation-
ally locked). An assembly is fully interlocked if it is both
translationally interlocked and rotationally interlocked. In
our work, we mainly focus on the translational interlock-
ing of curved structures, how to obtain them and how to
check their effective interlocking.

This approach can be thought of as a kinematic ap-
proach in yield design theory [31]. We postulate kinemat-
ically admissible displacement fields and check the resis-
tance of the structure. The Upper bound theorem states
that the given load factor is superior to the actual load
factor. The case of interlocked masonries does not con-
sider an external load, unlike equilibrium-based methods
[32], which provide stable solutions for only one load case.
The kinematic method is dual to an equilibrium-based ap-
proach, which looks for stress fields satisfying equilibrium
and resistance constraints. In that case, the maximal load
factor is a lower estimate of the actual load factor at yield.
The complementary use of both methods indicates the ac-
curacy of the estimation provided by both methods. Fi-
nally, the translational interlocking criterion is considered
to provide structural ductility, even with brittle materi-
als, which is one of the most interesting design features of
topologically-interlocked materials.

For the geometrical construction of the topologically
interlocked structure studied here, the moving cross-
section procedure [28] is used. This classical method per-
mits to build from a planar and regular mesh, and from the
choice of a set of tilting angles +α, an interlocked system
constituted by blocks (regular tetrahedrons, which can be
truncated by planes) and known as an Abeille flat vault
and represented in Fig. 3: impossible to remove one block
without moving the other blocks surrounding it.
Here the procedure is generalized to non regular lattices,
with varying tilting angles and curved surface. Such re-
search was also conducted in [29], but the focus is made
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here on the use of PQ meshes (Fig. 4) which are commonly
used in architectural applications [33, 34, 35] and on the
definition of a mathematical criterion for interlocking.

Figure 4: Example of a PQ mesh of a curved surface

F1 and F2 are two planar quadrangles (2 faces) of this
mesh (Fig. 4), ~nF1 and ~nF2 their unit normal vectors.
The edges of faces are numbered by subscripts i with
i ∈ {1, 2, 3, 4}. For each face, four Planes Pi define the
tetrahedron i (block i ), their normal vector are ~ni making
a tilting angle αi with ~nF1 or ~nF2 (Fig. 5).
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Figure 5: Notations

The block V F1 is generated from face F1 and planes{
PF1
1 , PF1

2 , PF1
3 , PF1

4

}
. V F2 is generated from face F2

and planes
{
PF2
1 , PF2

2 , PF2
3 , PF2

4

}
. Since V F1 and V F2

are neighbours, they share a common plane, for instance
PF1
1 = PF2

3 . Except for periphery blocks, this remark
stays valid for every block PF2

i . Therefore, for each block,
the four common planes of the four neighbours, may or
may not preclude every translational movement in all di-
rections.
The generalization of the moving cross-section procedure
to PQ mesh is not more detailed in this paper but a result
represented on figure 6.

Figure 6: Generation of tetrahedron interlocked assembly on a curved
surface. Here, the tilting angles are the same for each edge, which is
just a particular case.

It might be necessary to truncate the blocks with
planes parallel to the quadrangle plane if, for example,
tetrahedrons partially overlap.
Truncate the blocks can also serve other purposes (see
also [29, 36]) and may propose interesting solutions with
or without voids or holes, with different reference planes
(Fig. 7) and architectural effects. The last case (Fig. 7c) is
visually similar to some nexorades based on quadrilateral
meshes of beams [37], this comes as no surprise since topo-
logically interlocked structures and nexorades are based
upon similar structural principles.

3. Geometric conditions for an effective transla-
tional interlocking in a quadrilateral mesh

When building blocks from a PQ-mesh with variable
inclination joints with the method presented before, the
interlocking property of the blocks is not guaranteed. In
this section, mathematical conditions (set on inequalities)
on the normals of the planes used to build the interlocking
blocks are presented. These conditions thus allow to verify
that a block is effectively translationally interlocked, which
is of great interest for assembly and structural reliability.
Consider a block V (Fig.8 in red) generated from planes
P1, P2, P3 and P4 (the subscript F is no longer men-
tioned for better clarity) and ~u a displacement vector of
this block. Since Pi also corresponds to the surface of the
blue neighbour block, if the component of ~u along ~ni, the
normal vector (see fig.5), is negative (i.e. ~u.~ni < 0), block
V collides with its neighbour (Fig.8b). Conversely, if the
component of ~u along ~ni is positive (i.e. ~u.~ni > 0), the
block movement is possible along ~u (Fig. 8a).
Therefore, plane Pi whose normal is ~ni precludes transla-

tional movement of block V along ~u if and only if ~u.~ni < 0.
And the displacement of block V along ~u is not possible,
if and only if, at least one of the four planes P1, P2, P3 or
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(a) Symmetric truncature

(b) a face plane and a resulting smooth surface

(c) a face plane and holes

Figure 7: The assembly Fig. 6 trimmed by different planes

Pi

~u

~ni

Bloc V

~u.~ni

(a) The displacement of block V along ~u is possible (~u.~ni > 0).

Pi

~u
~ni

Bloc V

~u.~ni

(b) The displacement of block V alongn ~u is impossible. The
block collides indeed with its neighbour (~u.~ni < 0).

Figure 8
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P4 precludes it. A necessary condition to have a transla-
tionally interlocked block is given in equation (1).

∀~u ∈ R3,


~u.~n1 < 0

or ~u.~n2 < 0
or ~u.~n3 < 0
or ~u.~n4 < 0

(1)

Conversely, block V is not translationally interlocked,
if and only if there exists at least one displacement ~u which
is not precluded by any of the four planes P1, P2, P3 and
P4, this condition is summed up in (2).

∃~u ∈ R3,


~u.~n1 ≥ 0

and ~u.~n2 ≥ 0
and ~u.~n3 ≥ 0
and ~u.~n4 ≥ 0

(2)

The two equations (1) and (2) are therefore a criteria
to check the locking of a block. However, a major incon-
venient of this formulation is that, to prove that a block is
translationally interlocked, one has to check the inequality
on the right for every displacement ~u. An equivalent and
alternative proposal for the necessary condition satisfied
by a block to be translationally interlocked is the set of
equations (3):

 det (~n1, ~n2, ~n3) · det (~n1, ~n2, ~n4) < 0 (i)
and det (~n1, ~n2, ~n3) · det (~n2, ~n3, ~n4) < 0 (ii)
and det (~n1, ~n2, ~n3) · det (~n3, ~n1, ~n4) < 0 (iii)

(3)

With det (~n1, ~n2, ~n3) the determinant of the vector ~n1,
~n2 and ~n3. System (3) allows to prove that a block is
translationally interlocked, without the need to check an
inequality for each ~u. Note that these inequalities only
depend of the normals ~n1, ~n2, ~n3 and ~n4, and are indepen-
dent of the type of quadrangle, planar or not, from which
it is generated (let’s just assume that det (~n1, ~n2, ~n3) 6= 0).
The complete demonstration of System (3)is proposed in
annex Appendix A.

Equation (3) implicitly depends on the shape of the
quadrilateral, which can be considered as a design input,
and on the angles of orientation, which are here consid-
ered as design variables. The determinants appearing in
equation (3) create a coupling that is similar to the one
observed in the planarisation of quadrilateral facets: it is
difficult to solve directly, as it is non-convex.

4. Generalisation to other meshes

Although the quadrilateral meshes present an undeni-
able interest for architectural applications, and as such,
have been the main topic of research in the architectural
geometry community, the architects and engineers can se-
lect other mesh typologies, like hexagonal meshes. The
proof for equation 3 allows to generalise the statement
made in the previous part to such irregular meshes. The

minimal number of planar contact to translationally inter-
lock a block is four, and as a consequence, block arrange-
ments derived from triangular meshes or mesh contain-
ing triangular facets cannot be fully translationally inter-
locked. A sufficient condition for a block to be translation-
ally interlocked is to have four planar contacts satisfying
equation (3). For each face with N facets, the interlocking
condition can be rewritten as a set of

(
N
4

)
equations. A

block is topologically interlocked if the following condition
is fulfilled:

∃{i, j, k, l}, i 6= j 6= k 6= l det (~ni, ~nj , ~nk) · det (~ni, ~nk, ~nl) < 0 (i)
and det (~ni, ~nj , ~nk) · det (~nj , ~nk, ~nl) < 0 (ii)
and det (~ni, ~nj , ~nk) · det (~nk, ~ni, ~nl) < 0 (iii)

(4)
This condition is sufficient, but not necessary, since the
locking could be provided by more than four blocks in
some peculiar situations. Although restricted, the condi-
tion provided by equation (4) is already much more com-
plex to check than equation (3) for quadrilateral meshes.
Equation (4) can be checked for any set of four planes
among the N planes bonding a block, wich means that
there are

(
N
4

)
arrangements to check. For example, for

a hexagon, there are
(
6
4

)
= 15 possible arrangement of

interlocking planes. This surely provides much more re-
dundancy in interlocking assemblies derived from hexag-
onal meshes, but also makes the design procedure more
complex. A practical simplification could be to provide
templates for families of meshes proposing a set of four
planes that have to fulfill the interlocking condition (3)
to the designer. Such examples are proposed for different
meshes in Figure 9: the colored dotted lines correspond to
the position of the planes used to create interlocking, other
planes are either unconstrained or can provide additional
interlocking and structural redundancy.

Figure 9: Set of planes used to create interlocking in a hexagonal
mesh (blue dotted) and planes that can provide additional interlock-
ing (orange)
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5. Free-edges and interlocked structures

The reasoning pursued on the generalisation of the con-
cept of translational interlocking to n-gons can also be ap-
plied to blocks on free edges. This question is crucial in
many architectural applications, which feature openings.
Figure 10 displays the topology of a mesh that can be used
to generate corollas, as discussed in Section 8: the free-
edge is depicted in light grey. Like in this figure, a block
located on the boundary of a quadrilateral mesh only has
three neighbours, which is not sufficient to provide trans-
lational interlocking. The stability can be ensured either
by the construction of a bespoke ring that constraints the
blocks, or by a mechanical attachement, like glueing 5 or
by applying a pre-stress that prevents the mechanisms.
The pre-stress can be active, for example through a ca-
ble, or passive, for example if the direction of extraction is
pointing upwards and if the block is never subject to uplift,
which is a reasonable assumption for masonry structure.

Figure 10: Top view of a quad mesh for a corolla, blocks adjacent to
a free edge (light grey) only have three contacts

Nonetheless, it is possible to modify the mesh to intro-
duce true topological interlocking. For example, one can
merge adjacent quadrilaterals to create a pentagon with
one free edge and four contact planes with its neighbours:
this technique is illustrated in Figure 11. This strategy
brings several potential complications which are not in the
scope of this article: since the pentagonal facets are not
planar and might thus be harder to manufacture and the
assembly sequence of the pentagonal hoop might require
a complex assembly kinematic where all the blocks would
have to be installed at once. These limitations could be
adressed with specific strategies, for example if the quad
mesh is aligned with principal curvature directions then
the resulting pentagon could easily be planarised [38]: sev-
eral morphological strategies have been developed in the
last decade for that purpose [39, 40].

5http://aauanastas.com/project/stone-matters/

Figure 11: Top view of a quad mesh for a corolla with modification,
blocks adjacent to a free edge (light grey) only have four contacts
and topological interlocking is possible.

6. Design space for topologically interlocked ma-
sonries

A necessary condition to create translationally inter-
locked masonries has been proposed in this article. It
is based on inequality constraints and might be unsual
to work with for practitioners like architects or engi-
neers. In the spirit of recent work on architectural ge-
ometry, this section discusses available degrees of freedom
and highlights a geometrical transformation that preserves
topologically-interlocked masonries. Two complimentary
point of views are taken. First we consider a fixed ge-
ometry, while plane orientations are the design variables.
Second, we consider a fixed plan orientation, while the po-
sition of the vertices of the reference mesh are the design
variables.

First, the number of degrees of freedom can also be
estimated when considering a fixed reference mesh and
considering only the plane orientation as design variables.
Equation (4) can be solved by fixing ~n1, ~n2 and ~n3 and by
solving in ~n4 (the inequality becomes a linear inequality
and defines thus a conical constraint for ~n4). The number
of degrees of freedom is thus at least proportional to the
number of facets in a quad mesh.

dinterlocking ∼ F

For a k-gonal mesh, the number of degrees of freedom can
be estimated with the same reasoning.

dinterlocking ∼ (k − 3)F

So that the ratio r between the number of variables E and
the dimension of solution is approximately

rinterlocking ∼
2k − 6

k

There are no solution for triangular meshes, and the
dimensionality of possible interlocking configurations in-
creases with the average number of edges per facet in
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the mesh. This is in accordance with common sense of
masonry builders: brick patterns derived from hexago-
nal meshes are much more stable than those derived from
quadrilateral meshes. To give a comparison with planari-
sation of a k-gonal mesh, which is a usual problems in ar-
chitectural geometry used to benchmark numerical meth-

ods, there are 3V parameters and (k − 3)F ∼ (2k−6)
k−2 V

planarity constraints [41], which gives an estimate of the
dimension of the space of solutions.

dplanarisation ∼
k + 3

k − 1
V

The ratio r between the number of variables 3V and the
dimension of solution is approximated by:

rplanarisation ∼
k + 3

3 · (k − 1)

Using simple estimates, the difficulty of finding of
translationally-interlocked configurations is thus compara-
ble to planarisation, which is a task handled by available
solvers, like [42] or [40]. We notice that finding interlocked
solutions for quadrilateral meshes is approximately as dif-
ficult as planarising a hexagonal mesh.

Second, it is possible to consider the orientation as fixed
and to consider the reference mesh as a design variable.
It should be noted that equation (4) is a function of the
normals of the edges and (implicitly) of the edge orienta-
tion. Therefore, any geometrical transformation mapping
a mesh to another mesh without changing the edge orien-
tation leaves the quantities in equation (4) invariant. The
interlocking property is thus invariant by isometries (trans-
lations, rotations) but also by discrete parallel transforma-
tions, which map edges to parallel edges. This geometrical
transformation is at the core of the study of discrete offsets
[43]. The ensemble of discrete parallel transformations is
a linear space, which can be determined by using classical
methods in linear algebra, like Singular Value Decomposi-
tion [43]. A lower-bound for the dimension of the design
space has been proposed in [43], and this lower-bound has
been estimated for a collection of meshes typically em-
ployed in architecture in [44]. For a quadrilateral mesh
with N facets, the dimension of this design space is pro-
portional to

√
N . The dimensionality of the design space

also increases for hexagonal meshes, which is in accordance
with the previous remark.

Remarkably, discrete parallel transformations also ap-
pear in structural analysis applied to masonry structures,
as they play a particular role in graphic statics [45, 46].
Indeed, a discrete parallel transformation of a force dia-
gram leaves the form diagram unchanged and corresponds
thus to a geometrical interpretation of a state of self-stress.
In topologically interlocked masonries, the discrete paral-
lel transformations come from a dual perspective, since
the necessary condition for interlocking was derived from
a kinematic condition and not an equilibrium one.

A necessary and sufficient condition to generate topo-
logically interlocked masonry has been introduced for

structures generated from quadrilateral meshes. It has
been extended to other meshes and a simple topological
operation has been proposed to provide topological inter-
locking for structures with free-edges. The quadrilateral
mesh being the basis for these extensions, it is studied in
more detail in the followings of this article.

7. Some examples and validations of the criteria

In this part some applications of this criteria are pro-
duced to validate the method and highlight its efficiency.
A discussion on practical implementation is provided.

7.1. Planar quadrangle

Even if system (3) is also valid for blocks derived from
non planar quadrangle, realistic and interesting applica-
tions concern rather planar quadrangle. Let us consider
a planar quadrangle (a face of a PQ mesh) and the no-
tation introduced in Fig. 5. The inequalities (i), (ii) and
(iii) can thus be rewritten in terms of {α1, α2, α3, α4} and
edges unit direction vectors {~t1,~t2,~t3,~t4}. Hence the set
of inequalities becomes (5), which is easier to handle.

[tanα3 sinω12 + tanα2 sinω31 + tanα1 sinω23]

· [tanα4 sinω12 + tanα2 sinω41 + tanα1 sinω24] < 0

and [tanα3 sinω12 + tanα2 sinω31 + tanα1 sinω23]

· [tanα3 sinω42 + tanα2 sinω34 + tanα4 sinω23] < 0

and [tanα3 sinω12 + tanα2 sinω31 + tanα1 sinω23]

· [tanα1 sinω43 + tanα3 sinω14 + tanα4 sinω31] < 0

(5)

The numbers ωij are defined as ωij =
(
~̂ti, ~tj

)
. They de-

pend only on the geometry of the input mesh and can be
considered as design input in a typical workflow where one
would calibrate the shape to specific needs (fabrication,
statics, etc.) and where the stereotomy would be chosen
afterwards. In such a workflow, the values sinωij would be
treated as constants, and αi would be the only design pa-
rameters. Equation (5) clearly illustrates the non-linearity
of equation (3) in α, but it is a set of quadratic inequa-
tions in tanαi, which hints that the tangents of the angles
could be used as variables in a quadratic programming al-
gorithm. Some specific cases admit closed form solution,
like for meshes constructed on surfaces of translation.

7.2. Implementation of the criterion

By taking βi = tanαi as design variables, and writing
sij = sinωij , equation (5) becomes a quadratic inequal-
ity. Following classical numerical methods [42], we can
introduce dummy variables µi,b for each block b and turn
inequalities into equalities.

[β3s12 + β2s31 + β1s23] · [β4s12 + β2s41 + β1s24] + µ2
1 = 0

[β3s12 + β2s31 + β1s23] · [β3s42 + β2s34 + β4s23] + µ2
2 = 0

[β3s12 + β2s31 + β1s23] · [β1s43 + β3s14 + β4s31] + µ2
3 = 0

8



This quadratic constraint can be treated with an iterative
method, like a guided projection algorithm introduced in
[42]. This algorithm uses a linearisation of quadratic con-
straints, which is an easy procedure, and minimises an
objective function. The dimension of the design space as
well as formulation of constraints is comparable to those
described in [42], so that similar performance is expected.
The inequality and equalities derived in this article can
thus be employed in a structural or geometrical optimi-
sation procedure as an interlocking constraint. Objective
functions, like load factor maximisation under a given load
case, could be optimised.

The inequality constraints presented in this article is
not symmetrical, as it chooses a set of normals ~n1, ~n2, ~n3
and assumes that they are not co-planar. In practice,
the constraints can be duplicated 3 times for a quadri-
lateral facet to make the problem independent of such a
choice. Those constraints will be redundant in many cases
and thus increase computational time, but this duplication
significantly improves the stability of optimisation proce-
dures.

7.3. Surfaces of translation

The first free-form surfaces covered with planar quadri-
laterals were translation surfaces [47]. They are gener-
ated by translating a curve along another curve, and are
thus covered with planar parallelograms. Eq. 5 can be
simplified when the planar quadrangle is a parallelogram
(Fig. 12). Indeed, opposite angles have the same values:

ω12 = ω34

ω23 = ω41

~nF +

~t2

~t4

(̂
~t4,~t1

)

(̂
~t1,~t2

)
(̂
~t2,~t3

)

(̂
~t3,~t4

)

~t1

~t3

Figure 12: Parallelogram

Moreover, consecutive angles are supplementary:

ω12 + ω23 = π

ω34 + ω41 = π

Hence the following relations:{
sinω12 = sinω23 = sinω34 = sinω41

sinω13 = sinω24 = 0

The right member of Eq. 5 then becomes:


sin2 ω12 (tanα3 + tanα1) (tanα4 + tanα2) < 0

sin2 ω12 (tanα3 + tanα1) (tanα2 + tanα4) < 0

sin2 ω12 (tanα3 + tanα1) (− tanα1 − tanα3) < 0

Since cosα1 cosα2 cosα3 cosα4 is positive, multiplying
the inequalities by this value does not change their sign.
Hence, using the trigonometry formula:

(tanA+ tanB) · cosA · cosB = sin (A+B)

the necessary and sufficient condition for a block generated
from a parallelogram reads thus as follows:

sin (α1 + α3) · sin (α2 + α4) < 0 (6)

This equation can be further simplified, since:{
−2π < α1 + α3 < 0

0 < α2 + α4 < 2π
(7)

or {
0 < α1 + α3 < 2π

−2π < α2 + α4 < 0
(8)

Therefore, the interlocking condition is linear in αi for
parallelograms due to remarkable trigonometric identities.
The domain of admissible values for (α1, α2, α3, α4) is thus
a set of half planes. If one select one of the half hyperplanes
of R4, for example by setting the sign of α1 and α2, there is
one half hyperplane of admissible solutions for equations
(7) and (8). Result (6) is actually the demonstration of
the assertion written in the section-??, the block gener-
ated from a parallelogram planar mesh is translationally
interlocked. This result can be applied to the generation
of topologically interlocked masonries on surfaces of trans-
lations.

7.4. Other examples

If the sign of the four angles α1, α2, α3 and α4

(0◦ < |αi| < 90◦) alternate between positive and negative
values, meaning (αi · αi+1) < 0, then,

sin (α1 + α3) · sin (α2 + α4) = − sin (|α1|+ |α3|) · sin (|α2|+ |α4|) < 0
(9)

Hence, Eq. 6 is verified and a general result is that
a block generated from a parallelogram quadrangle with
angles αi whose signs alternate between positive and
negative is translationally interlocked.

This proves the known result that the assembly of
tetrahedrons (generated from a mesh of squares with
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alternated angles) is indeed translationally interlocked.

Moreover, Eq. 6 allows to generate translationally
interlocked assemblies from a mesh of paralellograms
with angles whose sign is not necessarily alternated. For
example, using a mesh of squares and α1 = 60◦, α2 = 30◦,
α3 = −30◦ et α4 = −60◦, the inequality of Eq. 6 is
satisfied. The signs of the angles αi do not successively
alternate between positive and negative but the assembly
is translationally interlocked.

Another interesting result is that it can be easely
demonstrated that for non regular quadrangular mesh the
interlocking property is not always effective satisfied. In-
deed, consider the two assemblies illustrated Fig. 13.Let
α1, α2, α3 and α4 be four angles whose signs alternate be-
tween positive and negative (αi · αi+1 < 0 pour i ∈ Z/4Z).
The first one is generated from a mesh of squares, the other
one from an irregular mesh whose center face is a trape-
zoid. For both assemblies, the same angles α1 = −15◦,
α2 = 45◦, α3 = −15◦ and α4 = 45◦ are used for the planes
inclination of the center block. The signs of these angles
alternate between negative and positive. According to the
previous corollary, the first assembly is translationally in-
terlocked. On the other hand, the second assembly is not
interlocked. Indeed, for the middle quadrangle:

ω12 = 110◦

ω23 = 110◦

ω34 = 70◦

ω41 = 70◦

It can easily be verified that none of the left-hand terms
in equation 5 is negative. The block generated from the
middle quadrangle is therefore not translationally inter-
locked. There exists at least one translation to take the
block out of the assembly without colliding its neighbours.
Such a displacement is illustrated on Fig. 13c.

8. Applications and prototypes

The geometrical condition for topological interlocking
derived in the previous sections assumes a perfect planar
contact. In reality, some imperfections might change the
nature of the contacts between blocks and cancel out the
interlocking behaviour. Since modelling of such imperfec-
tions is a difficult task, the preferred method is to con-
struct small physical models using rapid prototyping or
digital fabrication techniques. The aim of this section is
thus to present physical models that explore the potential
of topologically interlocked masonries on curved shapes
and to discuss the influence of technology, fabrication pro-
cess and tolerance on the feasability of their assembly. Sev-
eral applications of interlocked masonries were designed
and studied following the rules established before. Two

case studies are presented here, one of the two prototypes
has been built without formwork.

8.1. Double curvature vault

In this first application, the geometry is a moulding
surface with positive gaussian curvature (Fig. 14), ob-
tained by sweeping the blue plane curve (génératrice)
along another plane curve ( rail), here chosen as a cate-
nary. This geometrical strategy yields a PQ-mesh, and
even a conical mesh [48], the resultating shape has a high
structural efficiency.

RailGeneratrix

Figure 14: PQ mesh in a double positive curvature surface

A topological interlocking systems was obtained by the
new moving cross-section procedure. The system (3) is
verified for each block, and after truncation operation, the
following structure is obtained Fig. 15. A mock-up was
printed in ABS, the element variety can be observed on fig.
16. The boundaries are not topologically interlocked, since
the boundary blocks only have three neighbours. This was
dealt with by constructing a monolithic boundary, a choice
that is well suited for the model scale (length of 25cm),
but not for the architectural scale. Although theoretically
topologically interlocked, the model was sensitive to toler-
ance of assembly and production: a slight error of assem-
bly resulting in edge/face rather that face/face contacts.
However, the funicularity of the vault created a natural
locking along the vertical direction. The need to accomo-
date tolerances is thus crucial in the construction of topo-
logically interlocked masonries. One may thus understand
why digital fabrication and robotics are needed to realise
such structures. It should however be mentioned that the
small block dimensions makes them relatively more sen-
sitive to an error of assembly than larger blocks, like the
ones that were used for the second case-study.

10



(a) Assembly generated for a regular squares lattice. Values on the edge of the mesh illustrated at lef are the value of αi. For each block, the
signs of the angles α1, α2, α3 and α4 αi successively alternate between positive and negative. The assembly is translationally interlocked.

(b) Assembly on a non regular lattice. The middle quadrangle is a trapezoid. Angles αi have the same values as (a)but the assembly is not
translationally interlocked.

(c) The block generated from the trapezoid is not translationally locked. The arrow represents a motion to take it out of
the subset without colliding with its neighbours.

Figure 13: Different meshes, with different αi (signs alternate between positive and negative). The first assembly is translationally interlocked
but not the second one.
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(a) front view

(b) from below

Figure 15: A topologically interlocking vault

8.2. Corolla

This second application, is a negatively curved surface
(fig.17), inspired by the Byzantines systems as each hor-
izontal hoop might grip the next one. Actually it exists
tension loading in these hoops, and it is interesting to try
an interlocked solution in such a difficult case study. This
surface is a surface of revolution and can thus easily be
meshed by planar quadrangles.

Several discretization may be proposed, concerning for
example the angle of the joint planes. If they are normal to
the surface as on the left figure 18, the resulting structure
is unstable, since nothing is able to bear tensile stresses
in horizontal hoops due to the self-weight of the structure.
By tilting the joints as on the right Figure 18, a topologi-
cal interlocked solutions is given, meaning that each block
and group of blocks are geometrically locked and verify

equation 3. But is it stable, buildable, and able to sup-
port loading and consequently an interesting architectural
solution? This paper doesn’t pretend to be able to an-
swer theoretically and definitely to this question, more de-
velopments would be needed, however, finite-element and
mock-up may will help to investigate this challenge.

The structure, which consists of 80 blocks is chosen
as axisymetric, and reduced to 10 different blocks. An
elementary slice is described on figure 19.

The structure is stable if each block is held by is neigh-
bours. The idea is to design the blocks so that each new
block is supported by the three planar contacts with the
blocks below and on each sides. The moment equilibrium
of the block during assembly needs to be fulfilled: the po-
sition of the center of gravity of the block with respect to
the points of contact should thus carefuly be chosen: it
may help if the center of gravity of the new block is above
the lower block and not above the void. The design of the
blocks verifies this requirement. These blocks could never-
theless slide, but the sliding is prevented by its neighbours
below on each side. Once half of the blocks of the circle
are put in place, the missing blocks can be added. Once
the hoop is completed, the prior hoop becomes topolog-
ically interlocked, so that the stability condition for the
cantilevering has to be satisfied only for the outer hoop.
Figure (20) shows a step by step animation of the tech-
nique.

Following this principle, and to identify stable and in-
teresting geometries and tilt angles, an iterative process
(trial and error) was made, involving mock-ups and a fi-
nite element approach.
Abaqus/Explicit software was used, each block is meshed
by C3D3 tetrahedral linear elements. A Coulomb friction
and hard contact for normal interaction (non interpenetra-
tion), are introduced between blocks. A convergence anal-
ysis was conducted and the necessary number of element
is of 60000 elements per block, due to the corner and angle
singularities. A discrete element method (DEM) could be
used for more efficient calculations (considering each block
as rigid, only one element per block) but not proposed in
this paper. For calculations and material data, classical
mortar and 30◦ Coulomb friction are considered. Concern-
ing boundary conditions, the interface between the ground
and the blocks of the first hoop is rigid. The diameter of
the first and fifth hoop is respectively 30 cm and 90 cm.
Only the weight load is considered.
For the precise geometry on the Fig.20, the explicit scheme
calculation converges without instabilities, and without
exceeding the maximum strength value of the material (lo-
cated in the corners of blocks, which are the weak points),
and provided a good reason to believe that a prototype
would actually work.
The prototype was made with 3d printed blocks (a mix of
resin and sand), is 90 cm wide and was realised without
any formwork (Fig.21). The outer hoop is not topolog-
ically interlocked, since there are only three planar con-
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Figure 16: Mock-up and the set of blocks

Figure 17: The corolla and the planar quadrangular meshing

tacts per block. A possible improvement to circumvent
this structural weakness would be to add a pre-stress ca-
ble that locks the outer hoop in compression, or to use
different blocks, as suggested in Section 5.

8.3. Discussion on construction and fabrication

The two prototypes allowed to identify some peculiar-
ities in the construction of topologically interlocked ma-
sonries. First, the relatively small scale of the prototypes
makes them quite sensitive to tolerance of assembly. The
precision of manual assembly relative (in the millimetric
range) to block dimension (approximately 10cm) is not
enough to guarantee planar contacts between the block
faces, so that some edge/face contacts exist in the two
prototypes. The precision can be improved with guiding
protusions in the blocks that are aligned with the cone of
assembly, and this approach has been chosen for the sec-
ond case-study. Nonetheless, we were able to construct
a masonry with a tension hoop without formwork, which
demonstrates the practical interest of the method and of

topologically interlocked masonries. In a context of digi-
tal fabrication and assembly, and at a building scale with
blocks in the metric range, a better relative precision could
be achieved, but this requires to compensate errors of as-
sembly on the fly, a relatively intuitive task performed by
humans, but a computationally involved task for a robotic
assembly system.

9. Conclusions

The context of the work concerns the development of
robotics in construction and the focus here is made on
complex masonry structures, as the new development of
the digital tools, for design and construction, may help
for new challenges and solutions. The paper presents
new results about topological interlocking sytems and
some possibilities they present to build without formwork
as construction without the use of formwork may be an
important issue in relation to both productivity increasing
and decreasing of waste generated on a construction site.
The design of this kind of masonry is standard for planar
structures, and in this paper a generalization is proposed
for the design of curved structures, in a parametric and
generative design context.
First a state of the art concerning the topologically
self-locking assemblies and some of their properties is
presented, the way special design may provide bending
stiffness and ductile behaviour – even if the material is
fragile.
Then, an existing procedure devoted to the design of
topologically interlocking masonries (limited to plane
geometries, regular meshes and rectangular elements) is
generalized to the design of curved structures, meshed
by plane quadrangles. The quadrangles are no more
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(a) Normal joint planes

(b) A topological interlocked solution

Figure 18: Two different discretization, and one topological inter-
locked solution

necessarily regular, and a criteria is proposed to check the
topological blocking in translation of the elements. An
extension to non-quadrangular meshes is also proposed,
and the invariance under mesh parallelism transforma-
tions is highlighted. The blocking in rotation was not
studied here but it would be interesting to try to find
similar conditions for the rotation locking.
Thanks to the numerical workflow, generative design and

criteria checking, two specific prototypes are investigated
and built. The first one is a vault, and the second one a
corolla with negative double curvature. For this second ap-
plication it exists tension loading in the horizontal hoops,
and an interlocked solution has to bear these stresses both
from a geometrical and mechanical point of view. The
workflow permits to propose a geometrical solution, pro-
viding shapes of the blocks and joint angles. To ensure a
mechanical stability of the final structure, a finite element
modeling of the corolla was made with Abaqus/Explicit
software. Only the weight load is considered, and a stable
solution is obtained, with no exceeding the maximum
strength value of the material. This first mechanical
assessment, provides a good reason to believe that the
concept will work and a prototype with a 90 cm diameter
was realised. Made with 3d printed blocks (a mix of resin
and sand), it is erected without any formwork. The finite
element simulation doesn’t simulate yet the mounting

Figure 19: A typical slice of the corolla, 10 different blocks. 8 slices
for the whole corolla

process but only the final structure. It has to be done if
the need is to know if the masonry needs formworks or not.

Future work should study more precisely the structural
behaviour of topologically interlocked masonries. Previ-
ous works on topologically interlocked materials show that
translational interlocking seems to guarantee structural
ductility even with brittle material. This should be con-
firmed with more refined studies for the various load cases
at stake at the architectural scale.

Concerning the perspectives of the study and the aim
relative to a global digital workflow for new and innovative
masonries, as introduced in the introduction, some devel-
opments are in progress to permit a robotic manipulation
of the blocks including the autonomous recognition and
managment of the complex shapes thanks to vision and
Convolutional Neural Network ([4]). A real demonstrator
integrating an ABB IRB 120 arm, parallelepipedic blocks
and three lowcost webcams was set up to demonstrate the
feasibility of the method building a curved wall using par-
allelepipedic bricks, as shown in the figure 22.

Aknowledgment

This work was carried out in the framework of a
PhD Thesis on digital fabrication. The authors gratefuly
aknowledge the funding from Ecole des Ponts ParisTech
and Build’in, a plateform of its Co-Innovation Lab.

References

[1] F. Barbosa, J. Woetzel, J. Mischke, M. Ribeirinho, M. Sridhar,
M. Parsons, N. Bertram, S. Brown, Reinventing construction:
A route to higher productivity, Executive summary, McKinsey

14

https://www.mckinsey.com/industries/capital-projects-and-infrastructure/our-insights/reinventing-construction-through-a-productivity-revolution
https://www.mckinsey.com/industries/capital-projects-and-infrastructure/our-insights/reinventing-construction-through-a-productivity-revolution


(a) first hoop

(b) second hoop

(c) third hoop

(d) fourth hoop

Figure 20: Step by step erection of the corolla

Global Institute, last accessed on 20/01/20 (feb 2017).
URL https://www.mckinsey.com/industries/

capital-projects-and-infrastructure/our-insights/

reinventing-construction-through-a-productivity-revolution

[2] T. Bock, S. Langenberg, Changing building sites: Industri-

(a)

(b)

(c)

(d)

Figure 21: Corolla in construction. The wood square basement is
60 cm long.

15

https://www.mckinsey.com/industries/capital-projects-and-infrastructure/our-insights/reinventing-construction-through-a-productivity-revolution
https://www.mckinsey.com/industries/capital-projects-and-infrastructure/our-insights/reinventing-construction-through-a-productivity-revolution
https://www.mckinsey.com/industries/capital-projects-and-infrastructure/our-insights/reinventing-construction-through-a-productivity-revolution
https://onlinelibrary.wiley.com/doi/abs/10.1002/ad.1762


alisation and automation of the building process, Architec-
tural Design 84 (3) (2014) 88–99, last accessed 20/01/20.
doi:10.1002/ad.1762.
URL https://onlinelibrary.wiley.com/doi/abs/10.1002/

ad.1762

[3] T. Bonwetsch, D. Kobel, F. Gramazio, M. Kohler, The in-
formed wall: Applying additive digital fabrication techniques
on architecture, in: Synthetic Landscapes - ACADIA 2006
International Conference, 2006, pp. 489–495.
URL https://www.scopus.com/inward/record.

uri?eid=2-s2.0-79955473966&partnerID=40&md5=

13c2047c2491700b04d6b5e0110a8236

[4] V. Loing, R. Marlet, M. Aubry, Virtual training for a real ap-
plication: Accurate object-robot relative localization without

(a) Digital design of a slightly curved wall. The toolpath was gener-
ated using HAL Robotics software (https://hal-robotics.com/).

(b) Wall built using artificial vision algorithm for block location and
placement estimation

Figure 22: Design and robotic fabrication of a wall
https://youtu.be/-oXSPiymryg

calibration, International Journal of Computer Vision 126 (9)
(2018) 1045–1060. doi:10.1007/s11263-018-1102-6.
URL https://doi.org/10.1007/s11263-018-1102-6

[5] Monitoring of solid waste in hong kong: Waste statistics for
2013, Executive summary, Environmental Protection Depart-
ment (feb 2015).
URL https://www.wastereduction.gov.hk/sites/default/

files/msw2013.pdf

[6] D. W. Johnston, Design and construction of concrete form-
work, in: E. G. Nawy (Ed.), Concrete Construction Engineering
Handbook, CRC Press, Boca Raton, 2008, pp. 7–1–7–49, ISBN:
9780849374920.

[7] A. Choisy, L’art de bâtir chez les Byzantins (the art of build-
ing among the Byzantines), Librairie de la Société anonyme de
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rials, Ph.D. thesis, Université de Grenoble, last accessed on
20/01/20 (2013).
URL https://tel.archives-ouvertes.fr/tel-00820069
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Appendix A. Demonstration of the set of inequa-
tions (3)

We prove here Eq. 3 by first proving the direct
implication and then its converse.

=⇒ To prove the direct implication, suppose that
the block is translationally interlocked. We want to prove
inequalities (i), (ii) and (iii) of Eq. 3.

Since the block is translationally interlocked, accord-
ing to Eq. 1, for all ~u, there exists i ∈ {1, 2, 3, 4} such that
~u.~ni < 0. This inequality being true for all ~u, choosing
an appropriate vector ~u allows to prove the inequalities
(i), (ii) and (iii). Indeed, suppose ~u = det (~n1, ~n2, ~n3) ·
(~n1 × ~n2). This vector is one vector of the basis B men-
tioned earlier. The dot product of this vector with the
plane normals thus gives:


~u.~n1 = 0
~u.~n2 = 0

~u.~n3 = (det (~n1, ~n2, ~n3))
2 ≥ 0

~u.~n4 = det (~n1, ~n2, ~n3) · det (~n1, ~n2, ~n4)

But we know that there exists i ∈ {1, 2, 3, 4} such that
~u.~ni < 0. Since the first three values are positives or null,
we necessarily have ~u.~n4 < 0. This means, the inequality
(i) of Eq.3 is verified:

det (~n1, ~n2, ~n3) · det (~n1, ~n2, ~n4) < 0

Similarly, with ~v = det (~n2, ~n3, ~n1) · (~n2 × ~n3), we have:
~v.~n1 = (det (~n2, ~n3, ~n1))

2 ≥ 0
~v.~n2 = 0
~v.~n3 = 0
~v.~n4 = det (~n2, ~n3, ~n1) · det (~n2, ~n3, ~n4)

We necessarily have ~v.~n4 < 0, which is the inequality
(ii) of Eq. 3. Finally, we prove the inequality (iii) of Eq. 3
with ~w = det (~n3, ~n1, ~n2) · (~n3 × ~n1).

⇐= To prove the converse, suppose that inequalities
(i), (ii) and (iii) of Eq. 3 are true and let us prove that
the block is thus necessarily translationally interlocked.
For this, let us proceed with a proof by contradiction.

Suppose the block is not translationally interlocked.
Let ε = det (~n1, ~n2, ~n3) and let us express the deter-

minant det (ε · ~n1 × ~n2, ε · ~n2 × ~n3, ε · ~n3 × ~n1) as a scalar
triple product. A basic derivation shows that

det (ε · ~n1 × ~n2, ε · ~n2 × ~n3, ε · ~n3 × ~n1) = ε5

Since (i) is true, ε 6= 0. Hence,

det (ε · ~n1 × ~n2, ε · ~n2 × ~n3, ε · ~n3 × ~n1) 6= 0

The set B = (ε · ~n1 × ~n2, ε · ~n2 × ~n3, ε · ~n3 × ~n1) is
therefore linearly independent. Since its length is 3, B
is a basis of E.

Since the block is not translationally interlocked, ac-
cording to Eq. 2, there exists ~u0 such that ~u0 · ~ni ≥ 0 for
all i ∈ {1, 2, 3, 4}. Let us decompose ~u0 over the basis B.

Let A,B,C ∈ R, not simultaneously zero, such that

~u0 = Aε~n1 × ~n2 +B ε~n2 × ~n3 + C ε~n3 × ~n1

Hence,
~u0 · ~n1 = B ε (~n2 × ~n3) · ~n1 = B ε det (~n1, ~n2, ~n3) = B · ε2
~u0 · ~n2 = C ε (~n3 × ~n1) · ~n2 = C ε det (~n1, ~n2, ~n3) = C · ε2
~u0 · ~n3 = Aε (~n1 × ~n2) · ~n3 = Aε det (~n1, ~n2, ~n3) = A · ε2
~u0 · ~n4 = Aε (~n1 × ~n2) · ~n4 + B ε (~n2 × ~n3) · ~n4 + C ε (~n3 × ~n1) · ~n4

But, for all i ∈ {1, 2, 3, 4}, ~u0 · ~ni ≥ 0. Hence, A ≥ 0,
B ≥ 0 et C ≥ 0. Rewriting the fourth inequality (~u0 ·~n4 ≥
0):

~u0 · ~n4 = Aε (~n1 × ~n2) · ~n4 + B ε (~n2 × ~n3) · ~n4 + C ε (~n3 × ~n1) · ~n4

= Adet (~n1, ~n2, ~n3) det (~n1, ~n2, ~n4)
+B det (~n1, ~n2, ~n3) det (~n2, ~n3, ~n4)

+C det (~n1, ~n2, ~n3) det (~n3, ~n1, ~n4)
= T1 + T2 + T3

with

T1 = Adet (~n1, ~n2, ~n3) det (~n1, ~n2, ~n4)
T2 = B det (~n1, ~n2, ~n3) det (~n2, ~n3, ~n4)
T3 = C det (~n1, ~n2, ~n3) det (~n3, ~n1, ~n4)

Thus

~u0 · ~n4 ≥ 0 ⇔ T1 + T2 + T3 ≥ 0 (A.1)

Since A ≥ 0, B ≥ 0 and C ≥ 0, inequalities (i), (ii)
and (iii) from Eq. 3 result therefore in T1 ≤ 0, T2 ≤ 0 and
T3 ≤ 0. Hence, T1 + T2 + T3 ≤ 0. Hence, since Eq. A.1:

T1 + T2 + T3 = 0

T1, T2 and T3 have the same sign, therefore:

T1 = T2 = T3 = 0

T1 is the product of A ≥ 0 and a quantity strictly neg-
ative (from inequality (i) of Eq. 3). Thus A = 0. Similarly,
with T2 and T3 we get B = 0 and C = 0.

But

~u0 = Aε~n1 × ~n2 +B ε~n2 × ~n3 + C ε~n3 × ~n1

Hence ~u0 = 0, what is impossible because ~u0 could
not be the zero vector. We have been supposing that the
block is translationally interlocked and get a contradic-
tion. Therefore, the block is necessarily translationally
interlocked.
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