
HAL Id: hal-03020433
https://hal.science/hal-03020433

Submitted on 23 Nov 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Power-balanced modelling of the vocal tract: a recast of
the classical lumped-parameter model

Victor Wetzel, Thomas Hélie, Fabrice Silva

To cite this version:
Victor Wetzel, Thomas Hélie, Fabrice Silva. Power-balanced modelling of the vocal tract: a recast
of the classical lumped-parameter model. Forum Acusticum 2020 (e-Forum Acusticum ), Dec 2020,
Lyon, France. pp.1-8, �10.48465/fa.2020.0558�. �hal-03020433�

https://hal.science/hal-03020433
https://hal.archives-ouvertes.fr


POWER-BALANCED MODELLING OF THE VOCAL TRACT: A RECAST
OF THE CLASSICAL LUMPED-PARAMETER MODEL

Victor WETZEL
STMS (IRCAM-SU-CNRS)
wetzel@ircam.fr

Thomas HELIE
STMS (IRCAM-CNRS-SU)

thomas.helie@ircam.fr

Fabrice SILVA
LMA, AMU - CNRS - ECM
silva@lma.cnrs-mrs.fr

ABSTRACT

Lumped parameter models are a popular approach for the
modelling of the vocal tract. They are well suited to syn-
thesize vowels, their main advantages being their relative
simplicity and low computation cost. However, difficulties
arise in simulation when trying to reproduce consonants,
as their corresponding configurations do not always com-
ply with the quasi-static approximation used to derive these
models.

In this communication we introduce a simple fluid
mechanical model that consistently describes the power-
balanced interaction between the moving walls of the vo-
cal tract and the fluid dynamics, expressed in the port-
Hamiltonian systems framework. The capacities of the
model are demonstrated through simulations using a nu-
merical scheme that preserves the power balance at dis-
crete time. We then compare this model to the well known
lumped parameter model of [Maeda, 1982] using equiva-
lent electrical circuits which proves to be useful to under-
stand the underlying structure that governs the exchange of
power between components.

At last we discuss how we intend to extend the afore-
mentioned model to include more complex phenomena
while preserving the structure and passivity provided by
the port-Hamiltonian framework.

1. PROBLEM STATEMENT AND APPROACH

There are two main types of physical models of the vo-
cal tract: high dimensional models, relying on spatial dis-
cretization methods like the Finite Element Method [1, 2];
and low dimensional models based on Digital Waveg-
uides [3, 4] or lumped parameter models [5–7].

These models rely on the hypotheses of linear acoustics
and, in accordance, wall movements are restricted to small
velocities (vibrating walls or slow movements). In prac-
tice, these models are derived from static descriptions but
used for/with quasi-static configurations to produce articu-
lations.

Our approach : We intend to connect this vocal tract to
a self oscillating model of the larynx to reproduce known
behaviours (e.g. fry, phonation). We want the full vocal
apparatus model to satisfy the power balance (passivity of
internal physics). Later on we wish to investigate the con-
ditions of phonation on this model for healthy and patho-
logical configuration. The preservation of this property is
crucial for this work.

A minimal power-balanced self-oscillating model of the
larynx already exists [8]. However such a model does not
exist for a moving vocal tract: the use of linear acous-
tics hypothesis does not allow one to model accurately the
movement of the wall for an arbitrary displacement and
account for matter convection. In [9] we proposed a new
simple lumped parameter model that uses a Fluid Structure
Interaction (FSI) description to consistently model the in-
teraction between the moving wall and the fluid inside the
tract.

In this paper we bring the point of view of the model
closer to linear acoustics while preserving its capacity to
account for matter convection. We assert its capacities
through numerical experiments. Eventually we compare
this model to the popular one of Maeda [6]. For modelling
we use the port-Hamiltonian framework which guarantees
that the system satisfies the power balance. We shortly
recall this tool.

Port-Hamiltonian systems : It is a framework estab-
lished by Maschke and Van der Schaft [10, 11]. It extends
the Hamiltonian mechanics to include dissipation phenom-
ena and external interactions.

An open physical systems satisfies the power balance

dE
dt
` Pdiss ´ Pext “ 0 (1)

whereE is the energy stored by the system, Pdiss the dissi-
pated power (which is positive or zero) and Pext the power
supplied by the exterior. The full system can be interpreted
as a set of components associated with each one of these
phenomena.

The energy storing components are described by a state
vector X and the Hamiltonian HpXq (energy). The dissi-
pating components are described by the vector of dissipat-
ing variables w and the associated dissipation law vector
zpwq. The inputs of the system are gathered in the u vector
and the outputs in the y vector. The product of each pair of
quantity gives the associated power: dE

dt “ ∇XHpXqᵀ 9X
and so on.

The components are connected through a conservative
interconnection, here represented by the skew-symmetric
matrix SpXq “ ´Sᵀ. The full system is written in its
algebraic-differential formulation [12]:
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Figure 1: 2D view of the domain. External ports variables
are highlighted in red

The power balance is guaranteed by the skew-symmetry
of SpXq. We rewrite Eq. (1) in terms of the vectors f and
e and the interconnection matrix: fᵀe “ eᵀSe “ 0.

Port Hamiltonian systems (abbreviated pHs hereafter)
are stable by interconnection: the passive connection of
two pHs is a pHs.

Organization of the paper - In Sec. 2 we recall the FSI
model of [9] and modify it to take its description closer to
linear acoustics. In Sec. 3, we perform two simple nu-
merical experiments to demonstrate the capacities of the
model. In Sec. 4, we establish equivalent electrical circuits
and compare it with the model of [6]. Finally Sec. 5 dis-
cusses the capacities and limitations of our model.

2. MODELLING

The model we established in ref. [9] consistently includes
the contribution of the moving wall in the power balance.
However its description is closer to fluid mechanics than
acoustics. In this section we: (i) simplify the internal en-
ergy of the gas (also called ”compression energy”) that
models its thermodynamic behaviour ; (ii) include the rest
state within the model.

In subsection 2.1, we briefly recall the model we estab-
lished in [9]. Subsection 2.2 simplifies the thermodynamic
part of the system under the hypothesis of small volumetric
mass variations. In subsection 2.3, we rewrite the model so
that it takes into account the fact that it assumes an equi-
librium point at atmospheric pressure. Finally we write the
full system.

2.1 Description of the original model

Here we recall the principle ingredients that constitute the
model we proposed in ref. [9]: the hypothesis; the energy
functions; and its port-Hamiltonian formulation. For the
sake of brevity, we do not detail the computations. Note
that in this article, we make and motivate a different choice
of constant for the thermodynamic energy.

Geometry - The vocal tract is approximated by the con-
catenation of several rectangular shaped tract, as the one
depicted on Fig. 1. Each tract is delimited by four surfaces:
two motionless open surfaces SL and SR 1 ; one motionless

1 L for the leftmost surface, R for the rightmost surface

impermeable surface Sb (bottom wall); one impermeable
mobile surface Sw (top wall).

Physics (fluid mechanical point of view) - The flow is:
(H1) irrotational; (H2) the volumetric mass ρ is homo-
geneous within the domain Ωptq (see Fig. 1). The gas:
(H3) verifies the perfect gas assumption; (H4) undergoes
an isotropic and adiabatic process; (H5) the calorific ca-
pacity at constant volume CV is assumed to be constant
within the considered range of temperature fluctuations.

Inertial components - In [9] we supplied a velocity
field that verifies the boundary conditions. Under hypoth-
esis (H1-2), the inertial energy Ei associated with the cho-
sen velocity field is:

Eiptq “
1

2

¡

Ω

ρv ¨ v dV “
1

2
ρV

ˆ

v2
mx `

v2
c

3
`
v2
w

3

˙

(3)
where: vmx, vc are the degrees of freedom associated with
the axial flow (x direction); vw is the transverse velocity on
the top wall (y direction); ρ is the volumetric mass density;
V the volume of the tract. Hereafter this energy will be
written in terms of the momenta Πx “ ρV vmx, Πy “

ρV vw{3 and Πc “ ρV vc{3.
Compression components - Under hypothesis (H3-5),

the internal specific energy of the gas ec is:

ecpρq “
P0

ρ0pγ ´ 1q

«

ˆ

ρ

ρ0

˙γ´1

´ γ

ff

(4)

where: P0 is the atmospheric pressure; ρ0 is the volumetric
mass density of air at P0; γ is the ratio of heat capacities at
constant pressure and constant volume. Computations are
detailed in [9]. Here we choose to set ecpρ0q “ ´P0{ρ0

instead of zero in order to get an expression of the thermo-
dynamics energy as close as possible to the classical linear
acoustics one. (see Eq. (9d) later in this paper).

The volume-averaged pressure can be retrieved from the
compression energy Hcpρ, V q “

ţ

Ω
ec dΩ “ ρV ecpρq as

〈p〉Ω “ ρ2Bρecpρq “ ρ{V BρHc ´ BV Hc.

Port Hamiltonian Formulation - We choose the for-
mulation [9, eq. 12-14]. Because of the choice of the con-
stant ecpρ0q, the compression energy slightly differs. The
state vector X1 and the Hamiltonian H1pX1q and its gra-
dient ∇X1

H1 are given by:

X1 “
“

νL νR Πy V ρ
‰ᵀ

(5a)

H1pX1q “ HipX1q ` Hcpρ, V q (5b)

HipX1q “
ρV

2`20

`

ν2
L ` ν

2
R ´ νLνR

˘

`
3Π2

y

2ρV
(5c)

Hcpρ, V q “
V P0

γ ´ 1

„ˆ

ρ

ρ0

˙γ

´ γ
ρ

ρ0



(5d)

∇X1
H1 “ rqL, qR, vw,

´Hi ` Hc
V

,
´Hi ` Hc

ρ
` ρV Bρecsᵀ

(5e)

where νL “ `0 pvmx ` vc{3q and νR “ `0 pvmx ´ vc{3q are
introduced so that the corresponding Hamiltonian gradient



components are the mass flows qL and qR through the open
surface Si “ tSL, SRu.

The algebraic-differential formulation is displayed in
Eq. (6) (on next page). It accounts for the following in-
puts: ψL and ψR are the total specific enthalpy applying
on the open surfaces; and Fw the net force exerted by the
wall on the fluid. The corresponding outputs are the mass
flow qL and qR, and vext the mean normal velocity on the
wall.

2.2 Linearizing the thermodynamic behaviour

We will consider in this model fluctuations ρ̃ of the density
ρ in the vicinity of the rest value ρ0. In order to avoid
numerical issues (related to the noninteger exponent), we
simplify the specific internal energy defined in Eq. (4) by
its first-order Taylor series approximation which, without
any other approximation, lead to the compression energy:

Hcpρ̃, Ṽ q “ ρV ẽc “ P0pV0 ` Ṽ q

ˆ

γ

2
p
ρ̃

ρ0
q2 ´ 1

˙

(7)

which still takes into account the variation of volume,
which is not the case of classical linear acoustics theory.

2.3 Including the equilibrium state within the model

The original model defines the state vector in terms of
absolute quantities (see Eq. (5a)). We now wish to express
it in terms of fluctuation around its equilibrium state:
resting gas (no flow) at atmospheric pressure.

The functioning point X˚ of the system under con-
stant inputs u˚ “ rP0γ{pγ´1qρ0, P0γ{pγ´1qρ0, P0Sws veri-
fies d

dtX
˚ “ 0. This choice of u˚ correspond to the action

of the atmosphere (no flow, atmospheric pressure) on the
system.

Then we have X˚ “
“

0 0 0 ρ0 V0

‰ᵀ
where V0

may be arbitrarily set. We choose to set it to its value a
the initial time: V0 “ V pt “ 0q. We define a shifted
state vector X̃ “

“

ν̃R ν̃R Π̃y ρ̃ Ṽ
‰ᵀ

such as X1 “

X˚ ` X̃.
The shifted Hamiltonian H̃ is given by using the follow-

ing relation:

H̃pX̃,X˚q “ HpX˚`X̃q´HpX˚q´∇XHpX˚qᵀX̃ (8)

with X̃ “ X´X˚.

Remark 1: This procedure is not a simplification or an
approximation. It is simply a mere change of variable,
shifting the ”viewpoint” as we are now looking at the fluc-
tuations around the state of equilibrium X˚. The physics
described by the ”shifted” system is strictly equivalent to
the original system with the simplified compression en-
ergy.

2.4 Port-Hamiltonian formulation of the shifted
model

X̃ “
“

ν̃L ν̃R Π̃y ρ̃ Ṽ
‰ᵀ

(9a)

H̃pX̃q “ H̃ipX̃q ` H̃cpρ̃, Ṽ q (9b)

H̃ipX̃q “
mpρ̃, Ṽ q

2`20
pν̃2
L ` ν̃

2
R ´ ν̃Rν̃Lq `

3Π̃2
y

2mpρ̃, Ṽ q
(9c)

H̃cpρ̃, Ṽ q “
1

2
γP0pV0 ` Ṽ qp

ρ̃

ρ0
q2 (9d)

∇X̃H̃ “ rq̃L q̃R ṽw,

´Hi ` Hc
V

,
´Hi ` Hc

ρ
`mpρ̃, Ṽ qBρẽsᵀ

(9e)

where mpρ̃, Ṽ q “ ρV “ pρ̃` ρ0qpṼ ` V0q.
The interconnection matrix is simply obtained by sub-

stituting X with X˚ ` X̃ in the interconnection matrix S1

(see Eq. (6) where SpX “ X˚ ` X̃q).

2.5 Assembly of the full vocal tract

The assembly of two tracts is performed taking into ac-
count the constraints at the junction between tracts, i.e.,
the continuity of the mass rates and of the total enthalpy.
We solved this problem using the equivalent component
method, adapted for pHs by Najnudel et al. [13]. For the
sake of conciseness, we refer to ref. [9, eq. 15] for the
interconnection of the two-segments vocal tract.

We will now demonstrate the capacities of the model
through numerical experiments with this two tract model.

3. NUMERICAL EXPERIMENTS

3.1 Numerical method: Corrected Discrete Gradient

We recall the passive guaranteed numerical scheme pro-
posed by Lopes in [14]. It jointly approximates 9X and ∇H
with δXFs and ∇d

H such as:

dX
dt
«

Xn`1 ´Xn

h
“ δXFs

∇XHpXq « ∇d
HpX, δXq fi

#

Hpx`δxq´Hpxq
δX if |δx| ą εDG

BH
Bx pxq otherwise

FsδX “ SpX, δXq∇d
H

where ∇d
H is piecewisely defined in order to avoid nu-

merical cancellation errors for small values of δX. Here:
F´1
s “ h is the time step; δX the increment of the states;
εDG is a small constant that is about the machine’s preci-
sion.

This numerical scheme is usually quite robust even for
non linear systems. However, we experienced divergence
in our simulations even for very simple configurations. It
was found to have two causes. First, in this model, we are
considering de facto small fluctuations shiftρ within an
iterative incremental method, which leads to potential can-
cellation errors in the finite difference expression. Then,
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ρ
V BρH´ BV H “ă p ąΩ

Total specific enthalpy left
Total specific enthalpy right
Net force of wall on fluid

(6)

Parameter Value
Sampling frequency Fs 1 ¨ 105

Machine’s precision 2 ¨ 10´16

εDG 5 ¨ 10´7

Table 1: Parameters for the simulation

this piecewise definition of the discrete gradient has a dis-
continuity proportional to B

2H
Bx2 |δx| at switch. The small in-

crements of the small fluctuations triggers the switch more
than in other previous studies, with potential loss of accu-
racy.

However the fix is quite easy and twofold. First, we
use a custom value of εDG set to the square root of the
machine’s precision, in order to limit the effect of cancel-
lation error to the order of magnitude of round-off error.
Secondly we extend the order of the development for the
case where |δx| ě εDG such as:

∇d
H fi

#

Hpx`δxq´Hpxq
δx if|δx| ą εDG

BH
Bx `

1
2
B
2H
Bx2 ¨ δx otherwise

(10)

This corrected version of the discrete gradient has been
implemented in the Python library PyPHS [15].

3.2 Configurations and value of the parameters

The full system is depicted on Fig. 2. We consider a sim-
ple case: two tracts connected by the constraints qR1 “

qL2, which simply states that the amount of matter exiting
the left interface of the second tract enters the first tract.
Soft tissues surrounding the vocal tract are modelled as a
spring-damper system (one for each moving wall, with-
out coupling) which allows a velocity-based control on the
walls. The parameters’ value are taken from Ishizaka et
al. [16, table I] (relaxed cheek configuration, see Table 2).

As for the radiation, we add a purely resistive radiation
impedance Zr at the right interface of the second tract such
as ψR2 “ ZrqR2. This would correspond to the connection
of a semi infinite tube (of greater section Sr and with an
anechoic end) to the exit of the vocal tract.

Static configuration - Total tract length is 17.5cm, A1

is 0.4cm2 and A2 is 3.6cm2 (h1 “ L1 “ 2 cm, and h2 “

L2 “ 6 cm). Walls are motionless and right open surface
is a pure resistance (Zr “ ρ0c{Sr with Sr “ 64cm2). We

qR1
= qL2

ν12

T1 T2

{V1, ρ1,Πy1} {V2, ρ2,Πy2}

k1 r1

k2 r2
vw1Fw1

vw2Fw2

ψL

−qL

ψR

qR

Figure 2: Configuration for the simulation: the assembly
constraint is highlighted in green; input (inward arrows)
and outputs (outward arrow) in red; q denotes the mass
rate; ψ the total specific enthalpy ; we append a purely
resistive component at the rightmost surface SR.

perform a 0-blocking impulse response at the input ψL. All
other inputs are set to zero (motionless walls).

Dynamic configuration - In this experiment, only the
wall of the rightmost tract moves (see Fig. 3. The to-
tal duration of the simulation is 3s with three steps: (i)
t P r0; 0.7sr the vocal tract is set with the parameters
of the static configuration and remains motionless; (ii)
t P r0.7; 0.75sr the second tract closes, going from height
h “ 6cm to h “ 3cm; (iii) the system remains motionless
until the end at t “ 3s. Linear fades in and out (duration
5 ms) are added to the corresponding velocity to smooth
out these transitions.

We perform a 0-blocking impulse response at the be-
ginning of step (i) and step (iii), precisely at t “ 0s and
t “ 2.3s.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Time (s)

−0.5

0.0

V
el
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it

y
(m
·s−

1 ) Input: velocity
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Figure 3: Inputs and outputs at the walls
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Figure 4: Static configuration - Frequency representa-
tion: the system exhibits two acoustical resonances at
196Hz and 1950Hz

3.3 Results

As the system is non linear we cannot establish transfer
function for a given configuration. Therefore we propose
to plot Hpfq the ratio of the Fourier transforms of the 0-
blocking impulse response for the flow rates at the glottis
ugpfq and at the lips ulipspfq (respectively the leftmost
and rightmost open surfaces). For convenience we will call
it ”frequency representation” as it allows us to identify the
resonances of the system.

Static configuration - The frequency representation of
the 0-blocking impulse response is shown on Fig. 4.

We identify two resonances with frequencies f1 “

196Hz and f2 “ 1950Hz, and the first resonance be-
ing higher in amplitude (about 5dB). The low number of
tracts causes frequency warping (2 tracts to approximate a
17.5cm vocal tract), which is similar to the one affecting
spatial finite difference schemes.

Dynamic configuration - Here we may enhance three
aspects. First, the simulation is passive as visible on Fig. 5:
the power balance is preserved throughout the movement
of the wall, the sum of the power stored and the power dis-
sipated equating with the power flowing through external
ports. Moreover this model accounts for matter transport
even after shifting around the rest state. In fact air is be-
ing ejected out of the system as the volume of the second
tract and the total amount of mass within the vocal tract
expectedly decrease as shown on Fig. 6.

Finally, Fig. 7 depicts the frequency response before
and after the movement (step (i) and (iii) ). The fre-
quencies of the acoustical resonances evolve as the ge-
ometry changes from f1 “ 196Hz and f2 “ 1950Hz to
f1 “ 140Hz and f2 “ 3800Hz.

Remark 2: The model has been shifted around the
equilibrium point associated with atmospheric conditions.
However it still accounts for matter convection, which, in
terms of amplitude, may be bigger than the acoustical val-
ues (typically about the same magnitude as the wall’s ve-
locity vw).

Using a passive guaranteed numerical scheme, we
achieved simulations for a simple model. We have shown
that the displacement of the wall is accurately reproduced,
and that the system exhibits a number of acoustical reso-
nance related to the number of tracts. Increasing the latter
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Figure 5: Dynamic configuration - Focus on step (ii):
t P r0.6; 0.8s - Power balance for the dynamic config-
uration: green dots shows the limits between each step;
power balance is satisfied with a maximum local error of
2.5 ¨ 10´14W (at the end of step (ii) )
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M
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Figure 6: Dynamic configuration - Evolution of the mass
of fluid contained in the system: here we show the time
section t P r0.5; 1.0s; the total mass diminishes as the tract
closes.

should allow a better control of the resonance frequency
and thus of the formants of the synthesized signals.

4. EQUIVALENT ELECTRICAL CIRCUITS

We now focus on an electrical circuit representation in or-
der to better understand the coupling of the various phys-
ical phenomenon included in the model. For the sake of
brevity, we establish the circuit of the fully non linear and
non shifted system (see Eqs. (5) and (6)) as their intercon-
nection structure are strictly equivalent.
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Figure 7: Dynamic configuration - Frequency response
before (solid line) and after (dashed line) the motion of the
right tract’s wall (respectively step (i) and (iii) ).
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m

ν̇L

qL

ν̇R

qR

∂ρH
ρ̇

1
V
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V̇

1
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Figure 8: Equivalent electrical circuit of the first model
(see subsection 2.1): potential is analogous to total spe-
cific enthalpy; current is analogous to mass flow rate;
X “ rνL νR Πy V ρs

ᵀ; in red, external ports; in blue
energy-storing components; in green, conservative/dissi-
pative components.

4.1 Application to our model

We choose the following analogy: the total specific en-
thalpies ψ and mass rates q are represented as voltages and
currents, respectively. With this convention, inertial com-
ponents are represented by inductors and compliant com-
ponents by capacitors.

The structure of the axial flow (x direction) is quite sim-
ple with only two inductors associated with the inertia νL
and νR. The inductor Πy (in the upper branch) accounts
for inertia of the transverse flow (y direction). The gyrator
and the two capacitors (and their associated transformers)
forms a capacitive quadripole which can be interpreted as
a kind of ”2D thermodynamic spring” that couples both
axial and transverse flows.

4.2 Simplifying the structure

The structure of this quadripole seems pretty complicated.
This appears to result from the choice of variables (ρ, V )
to account for compression. This is due to the intensive
nature of the volumetric mass density.

In classical thermodynamics, a given system can be de-
scribed by a set of extensive variables, in this case: the
number of moles N ; the volume occupied by the gas V .
The pressure (with a minus sign) is thus defined as the par-
tial derivative of the internal energy w.r.t. V .

In our case we wanted to remain close to classical
acoustical variables and chose to use the intensive variable
ρ “ m{V which encodes both information about mass and
geometry. This information redundancy between ρ and V
is responsible for the rather complicated structure of the
circuit 8.

− m
Πy

vwΠy

m

− ṁΠy

m

∂mH = −ψtot

ṁ

ν̇L

qL

ν̇R

qR

∂hH = SwP
ḣ

Π̇y

vw

ψL ψR

Fw

Figure 9: (Equivalent and to be compared with circuit
shown on figure 8) - Equivalent electrical circuit: potential
is analogous to total specific enthalpy; current is analogous
to mass flow rate; X “ rνL νR Πy hms

ᵀ; color scheme re-
mains identical as in Fig. 8.

To simplify the structure, we performed a variable
change between from the set of compression variable
pρ, V q to pm,hq (full port Hamiltonian formulation in Ap-
pendix 9.2). The corresponding equivalent circuit is shown
in Fig. 9,

Overall, the structure is much simpler 2 as we elimi-
nated all transformers and loops within the circuit. It also
allows for a better physical interpretation. We cut the cir-
cuit in half as if the gyrator was the ground. The com-
ponents below the gyrator model the behaviour of a com-
pressible flow through a rigid pipe (constant volume). The
ones above the gyrator model the behaviour of a gas in a
closed piston (constant mass). Both phenomenon are cou-
pled with a gyrator so that the full system accounts for
mass and volume variation.

4.3 Comparison with the lumped parameter model

In this section we compare our model with the lumped pa-
rameter model of Maeda [6]. More precisely we compare
the underlying structure of both model using their associ-
ated equivalent electrical circuits.

The model of Maeda is build from the linear acoustics
hypothesis. The quasi-staticity hypothesis is assumed so
that the wall can move freely. Therefore the analogy is
different from our fluid mechanical model: current denotes
the flow rate; voltage denotes the acoustical pressure. Its
equivalent electrical circuit is depicted on Fig. 10.

We now compare this model to ours. For the both of
them, the axial flow is represented by two inductors. The
rest of the circuit is connected between these two inertial
components. Both circuits exhibit the same ”T-shaped”

2 which is also visible in the interconnection matrix, now only includ-
ing 0 and `{ ´ 1, see Eq. (11).
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Figure 10: Equivalent electrical circuit of Maeda [6]: cur-
rent is flow rate; voltage is the acoustical pressure; to be
compared with the circuit shown on Fig. 9

structure.
These are the only similarities. Our model has an induc-

tor associated with the transverse flow. The fluid’s com-
pliance is described by a set of components that accounts
for both mass and volume change. Moreover the contribu-
tion of the moving wall, the fluid’s transverse mass and the
fluid’s compliance are in series. These caracteristics are
absent in the model of Maeda.

In his model, Maeda adds a simple loss model that ac-
counts for viscous losses (resistance of a laminar flow in a
cylindrical duct) represented by the two resistances Rf in
the axial branch. It allows the wall to get very close to the
bottom one without the fluid accelerating in a non-physical
manner. We wish to add a similar dissipation mechanism
in our model as it will extend its capacities and realism.

5. DISCUSSION

5.1 Capacities of the model

Our model consistently describes the balanced exchange
of power at the moving wall. Despite its fluid mechanics
point of view, it uses a description that is close to acoustics.
It is a relatively simple non linear model with only five
components and a gyrator. Its pH formulation ensures the
power balance for any movement of the wall.

5.2 Future improvements

As we mentioned earlier, our model lacks a flow dissipa-
tion component. It is not necessary for vowel configura-
tions, but remains critical when a tract is almost closed,
which is the case for stop consonants. Without such a dis-
sipation, the fluid accelerates in a non-physical manner. To
address this we wish to add the same kind of resistance
model as the one of Maeda (see end of subsection 4.3).

A more ambitious improvement is to model the scenario
where the tract is completely closed (h “ 0, m “ 0).
This can be achieved with switching pHs (see ref. [10])
of constraints. For a certain value of h, the system will
switch between two different states: open tract and closed

tract. This changes the tract’s model but also those of the
contiguous tract. This could be critical for the modelling
of stop consonants.

6. SUMMARY

In this paper we derived a FSI model from [9] that ac-
counts for linear fluctuations of the volumetric mass den-
sity. Therefore it describes both the FSI behaviour (e.g.
matter convection) as well as the acoustical one. With
numerical experiments and a tailored passive numerical
scheme, we showed that the model indeed is able to repro-
duce these behaviours. Finally we established equivalent
electrical circuits which helped better understand the struc-
ture of the model and compare it with the one of Maeda [6].
We then discussed the future possible improvement to fur-
ther extend the capacities of the model.
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9. APPENDIX

9.1 Values of the parameters used in the numerical
experiments

Symbol Value S.I. Unit
P0 101.325 ¨ 103 kg ¨m´1 ¨ s´2

γ 1.4
ρ0 1.225 kg ¨m´3

`1 0.0425 m
`2 0.0425 m
`total 0.175 m

k1 845 N ¨m´1

r1 0.8 kg ¨ s´2

k2 845 N ¨m´1

r2 0.8 kg ¨ s´2

Sray 0.064 m2

Zray ρc0{Sray kg ¨m´2 ¨ s´1

Table 2: 2 tracts configuration parameters

9.2 Simplifying the structure: computation details

First, we express the gyrator structure as a matrix/vector
multiplication.

w “

ˆ

w1

w2

˙

“

ˆ

vw
qL ´ qR

˙

zpwq “

ˆ

z1

z2

˙

“

ˆ

0 ´Πy{m
Πy{m 0

˙

looooooooomooooooooon

Gz

w
(12)

Because of the skew symmetry of Gz , the power dissi-
pated by the interconnection is zero: wᵀzpwq “ Pdiss “ 0.

We choose to express the compression part of the sys-
tem as a function of the mass of fluid m and the height of
the tract h such as:

ρ “
m

Swh
; V “ Swh (13)

Under these two changes, the system becomes:

X “
“

XL XR Πy h m
‰ᵀ

(14a)

HpXq “
1

2

m

`20

`

ν2
L ` ν

2
R ´ νLνR

˘

`
3Π2

y

2m

`
P0Swh0

γ ´ 1

«

ˆ

m

m0

˙γ ˆ
h0

h

˙γ´1

´ γ
m

m0

ff

(14b)

∇H “
“

qL qR vw 〈P 〉Ω Sw ψ
‰ᵀ

(14c)

The algebraic-differential formulation is shown in Eq. (11).


