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TURNPIKE IN LIPSCHITZ-NONLINEAR OPTIMAL CONTROL

CARLOS ESTEVE-YAGUE, BORJAN GESHKOVSKI, DARIO PIGHIN,
AND ENRIQUE ZUAZUA

ABSTRACT. We present a new proof of the turnpike property for nonlinear optimal
control problems, when the running target is a steady control-state pair of the un-
derlying system. Our strategy combines the construction of quasi-turnpike controls
via controllability, and a bootstrap argument, and does not rely on analyzing the op-
timality system or linearization techniques. This in turn allows us to address several
optimal control problems for finite-dimensional, control-affine systems with globally
Lipschitz (possibly nonsmooth) nonlinearities, without any smallness conditions on
the initial data or the running target. These results are motivated by applications
in machine learning through deep residual neural networks, which may be fit within
our setting. We show that our methodology is applicable to controlled PDEs as well,
such as the semilinear wave and heat equation with a globally Lipschitz nonlinearity,
once again without any smallness assumptions.
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1. INTRODUCTION

1.1. Motivation. The turnpike property reflects the fact that, for suitable optimal
control problems set in a sufficiently large time horizon, any optimal solution thereof
remains, during most of the time, close to the optimal solution of a corresponding “static”
optimal control problem. This optimal static solution is referred to as the turnpike —
the name stems from the idea that a turnpike is the fastest route between two points
which are far apart, even if it is not the most direct route. In many cases, the turnpike
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property is described by an exponential estimate — for instance, the optimal trajectory
yr(t) is O (e‘“t + e_”(T_t))—close to the optimal static solution 7, for ¢ € [0, T] and for
some p > 0.

1.1.1. Background. The prevalent (but not exclusive) argument for proving exponen-
tial turnpike results relies on a thorough analysis of the optimality system provided by
the Pontryagin Maximum Principle. In the context of linear quadratic optimal control
problems, under appropriate controllability or stabilizability conditions, turnpike is es-
tablished via properties of the optimality system characterizing the optimal controls and
states through the coupling with the adjoint system (|39, 20]). In the case of nonlinear
dynamics, this argument thus requires nonlinearities which are continuously differen-
tiable. A linearization argument is used — the linear study and a fixed point argument
provide nonlinear results under smallness assumptions on the initial data and the target
(40, 46]). The smallness conditions on the initial data can be removed in some specific
cases ([36]), but to the best of our knowledge, the assumptions on the running target
have not been as of yet (albeit, they may be removed under restrictive assumptions,
such as strict dissipativity, uniqueness of minimizers and C? regular nonlinearities —
see [44]). This is due to the lack of tools for showing that the linearized optimality sys-
tem corresponds to a linear-quadratic control problem satisfying the turnpike property,
when the running target of the original nonlinear control problem is large.

1.1.2. A question raised by machine learning. There has been an ever-increasing need,
brought by applications in machine learning via residual neural networks (ResNets,
[11, 12, 24]), of turnpike results for nonlinear optimal control problems without smallness
conditions on the initial data or the running target, and for systems with globally
Lipschitz-continuous but possibly nonsmooth nonlinearities.

In (supervised) machine learning, one looks for a map which interpolates a dataset

(00} R xh

and which gives accurate predictions on unknown points = € R% ([29]). Such a task
may (in many cases) be accomplished by solving

inf ‘Px (@)
u= (wbELQOT]Rdu)Z/ ’ y

x; solves (1.2)

T
dt+/0 ()| dt, (1.1)

where P : R% — R% is a given surjective map (possibly nonlinear, see Section 8), and
the constraint is given by the continuous-time residual neural network?

xi(t) = o(w(t)xi(t) +b(t)) in (0,T) (12)
with w(t) € R%>*d and b(t) € R% designate the controls (thus d,, = d2 + d,), whereas

o € Lip(R) with ¢(0) = 0 is a scalar nonlinear function, defined componentwise in (1.2).
The most frequently used nonlinearities in practice are rectifiers: o(x) = max{ax,z}

1 Also referred to as a neural ODE [7].
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for a € [0,1), and sigmoids: o(x) = tanh(z). The order of the nonlinearity ¢ and the
affine map within may be permuted to obtain a driftless control-affine system

{Xi(t) = w(t)o(xi(t)) + b(t)

FIGURE 1. Binary classification task. One aims to separate the data
{:Jc(i)}ie{l o C R3 (top left) with respect to their color (y®) = =£1 for
red, blue),b}; using the flow of (1.3), found by minimizing (1.1). We plot
the trajectories x(t) := {x;(t)}ieq1,. ny of (1.3) for t < 2 (top right),
t <5 (mid left), and in time 7" =5 (mid right). We see stabilization for
the projections, for the controls to 0, and hence also for the trajectories

x;(0) = 2.

in (0,7)

to some points X; € P~ ({y?}), which are steady states (bottom).
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Combinations and variants of (1.2) and (1.3) may also be used ([30]). Optimizing u
over n > 1 different initial data establishes robustness, so that the neural networks
(1.2) and (1.3) may correctly perform future predictions on unknown points (Figure 5).

One notes a feature specific to the dynamics f(x;,u) in (1.2) and (1.3) for fixed i:
any constant vector in R% is a steady state with control u = (w,b) = 0. Whence, the
solutions to the optimal steady problem

inf Z H Px; — ’)

(u,x;)ER%u x RYw

f(xl,u) 0

with f(x;,u) as in (1.2) or (1.3), are precisely given by (0,%;), where X; € P~1 ({y(’)})
fori e {1,...,n} (the preimage of P might not be a singleton if d,, # d,). In Figure 1, we
see that not only the projections Px;(t), but also the optimal trajectories x;(t) stabilize
to such points: X; € P! ({y(i)}), for i € {1,...,n}, which are, as said above, steady
states of the underlying system without control (i.e. with 0 control). Existing turnpike
results do not immediately apply to explain this artifact, as discussed in Section 1.1.1,
due to the use of nonsmooth nonlinearities and the lack of smallness assumptions on
the targets, which would be unrealistic. This motivates the setting of our study (even
for more general dynamics), namely, the consideration running targets which are steady
states of the underlying dynamics without control (see (1.4) below).

+ Jul?

1.1.3. Interpretation. The practical interest of this stabilization property is regarding
the approximation capacity of ResNets, which are the forward Euler discretization of
(1.2) and (1.3) with fixed time-step At = T/n,. Here ny is the number of layers, and when
ny > 1, one is said to be doing deep learning. As /At is fixed, exponential decay would
provide a quantitative estimate of the number of layers needed to fit the data, whilst
keeping the controls small (thus possibly ensuring generalization). Such an estimate
would actually indicate that the time horizon (or number of layers) ought not be big
at all so that the approximation error (the first term in (1.1)) reaches 0 with controls
of small amplitude. In other words, any layers beyond a certain stopping time 7™ can
be dropped? from the optimization scheme. In our numerical experiment (see Section 8
for detail and further illustrations), we use 7' = 5 and At = 1/2, and stability occurs
beyond T™ ~ 2.

1.2. Our contributions. To answer this need, and motivated by problems as those
above, in this work we provide a different perspective on the turnpike property in the
context of nonlinear dynamics, and we bring forth the following contributions.

e In Section 2, we consider optimal control problems consisting of minimizing®
T

T
Jr(u) == $y(T)) + /O ly(t) — 712 dt + /0 lu(t) - a? dt (1.4)

2It should to be said that a sharp and applicable conclusion would depend on the "complexity" of
the dataset, as well as the number n of datapoints, which we do not specifically take into account.
But an exponential decay estimate would give a rough idea on how to design methods for numerically
estimating the stopping time 7. We refer the reader to [12, 13, 16, 18, 19] for further detail. Similar
conclusions have been drawn in the context of L'(0,T;R%) control penalties in [48].

3While not precisely the same as considering (1.1) for d, # d, and a non-invertible map P, we
believe that this setting is a first step towards a complete understanding of (1.1). See Section 9 for a
discussion.
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subject to ¥ = f(y,u), where f is of control-affine form. Under the assumption
that the running target (u,7) is a steady control-state pair, namely f(y,u) = 0,
and that the system is controllable with an estimate on the cost (see Assump-
tion 1), in Theorem 2.1 we prove the exponential turnpike property described
above. The main novelty lies in the fact that the nonlinearity f is only assumed
to be globally Lipschitz continuous, and the result comes without any small-
ness conditions on the initial data or the specific running target. In this case,
existing results such as those presented in [46] do not apply, as they require
smallness assumptions and C?>-nonlinearities.

Moreover, whenever the functional to be minimized does not contain a final-
time cost (such as ¢(y(T")) in Jr above), we can prove (see Corollary 2.1 below)
that the exponential arc near the final time ¢t = T" disappears, thus entailing an
exponential stabilization property for the optimal state to the running target.

e In Section 3, the finite-dimensional results are extended to analogue optimal
control problems for underlying PDE dynamics. This is illustrated in Theo-
rem 3.1, Corollary 3.1 and Theorem 3.2 in the context of the semilinear wave
and heat equation with globally Lipschitz-only nonlinearity, once again under
the assumption that the running target is a steady control-state pair. We make
no smallness assumptions neither on it, nor on the initial data, thus covering
some cases where results from |21, 36, 40, 54| are not applicable.

1.3. Outline. The paper is organized as follows. Section 2 contains statements of
our main results in the setting of finite-dimensional, control-affine systems (namely
Theorem 2.1, and Corollary 2.1, Corollary 2.2). We also provide a sketch of our new,
purely nonlinear strategy in Section 2.2.1. Section 3 states the extensions of the finite-
dimensional results to the setting of the semilinear wave and heat equation (Theorem 3.1
and Theorem 3.2 respectively). Section 4 provides some preliminary, but key lemmas,
mainly to ensure appropriate L§® bounds for the discrepancy between a trajectory y(t)
and the target steady state y. Section 5 provides our proofs of the main results in
the finite-dimensional case, namely Theorem 2.1 and Corollary 2.2. Section 6 provides
our proof of Theorem 3.1, namely the main result for the semilinear wave equation,
which is a straightforward adaptation of the arguments in the finite-dimensional case.
Section 7 presents our proof of Theorem 3.2, namely the main result for the semilinear
heat equation. The same proof applies to Corollary 2.1. Section 9 concludes the
paper with a selection of open problems.

1.4. Notation. We denote by || - || the standard euclidean norm, and N := {1,2,...}.
We denote by Lip(R) the set of functions f : R — R which are globally Lipschitz
continuous.

2. FINITE-DIMENSIONAL SYSTEMS

2.1. Setup. Let d > 1 and m > 1. We will consider differential control systems where
the state y(t) lives in R? and the control input w(t) in R™. Given T > 0, we focus on
control-affine systems, namely canonical nonlinear systems

¥ =flyu) in (0,7) (2.1)
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with a nonlinearity f of the form
Fly,w) = foy) + > uif;(y) for (y,u) € R x R™, (2:2)
j=1

where the vector fields fo, ..., fm € Lip(R%R?) are only assumed to be globally Lips-
chitz continuous. This formulation includes (1.3) — see Remark 6 for possible extensions
o (1.2). For any given initial datum ° € R? and control input v € L*(0, T; R™), system
(2.1), with f as in (2.2), admits a unique solution y € C°([0,T];RY) with y(0) = y°.
This can be shown by means of a fixed point theorem and the Gronwall inequality
applied to the integral formulation

t
y(t) =1y° +/0 fy(s),u(s))ds.

Given 30 € R, we will investigate the behavior when 7" > 1 of global minimizers
ur € L*(0,T;R™) to nonnegative functionals of the form
T

T
hmo:¢@@»+A M@—yW&+AW@Wd, (2.3)

and of the corresponding solutions y7 to (2.1) with y7(0) = 3°. Here, ¢ € C°(R%R,)
is a given final cost, while 7 € R is a given running target which we select as an
uncontrolled steady state of the nonlinear dynamics, namely

fo(y) = 0. (2.4)
We provide further comments on the specific choice of the running target just below, in
Remark 1. Due to the coercivity of Jp and the explicit form of f in (2.2), the existence
of a minimizer of Jp follows from the direct method in the calculus of variations.

Due to the presence of the state tracking term in the definition of Jr, which regulates
the state over the entire time interval [0, T, the turnpike property is expected to hold:
over long time horizons, the optimal control-state pair (up,yr) should be "near" the
optimal steady control-state pair (us,ys), namely a solution to the problem

inf ly = 3l1% + [lul®. (2.5)
(y,u) ERIxR™
subject to  f(y,u)=0
Now note that, due to the assumption (2.4) on the running target 7, and the form of
the nonlinearity f in (2.2), it can be seen that (us,ys) = (0,7) designates the unique
optimal stationary solution, namely the unique solution to (2.5).

Remark 1 (Controlled steady states). The choice of the running target y in (2.4) is
tailored to our proof strategy and the choice of the functional Jp in (2.3). The key
feature our methodology requires is that the Lagrangian £(u,y) = ||y —9||*> + |ju — u|?
equals zero when evaluated at the optimal steady state. In fact, we could more generally
consider the functional

T

T
hﬂO=¢@@D+A mw—mwa+é|mw—uW&

where (,7) € R™ x RY is chosen so that f(7,1) =0 (with f as in (2.2)), as discussed
in the introduction. The results presented below could then readily be adapted to this
case (by additionally changing (2.9) and Assumption 1 to an L?-bound of up — ). We
have taken w = 0 for presentational simplicity.
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In the context of nonlinear optimal control, such turnpike results have been shown in
[46] (see also [44]) for C%-regular nonlinearities f. This order of regularity is required
due to the proof strategy, which relies on linearizing the optimality system given by the
Pontryagin Maximum Principle. As a consequence, the results in [46] are also local, in
the sense that smallness conditions are assumed on the initial data and target in view
of applying a fixed point argument. In this work, we take a further step and obtain
global results for globally Lipschitz nonlinearities.

2.2. Main results. Controllability plays a key role in the context of turnpike. Hence,
before proceeding, we state the following assumption.

Assumption 1 (Controllability & cost estimate). We will assume that (2.1) is con-
trollable in some time Ty > 0, meaning that there exists some time Ty > 0 such that
for any y°,y* € R?, there exists a control u € L*(0,Ty; R™) such that the corresponding
solution y € C°([0, Tp]; RY) to (2.1) with y(0) = y° satisfies y(Ty) = y'.

We will moreover assume that there exists a radius r > 0 and a constant C(Tp) > 0
such that

inf full o < C(T0) [[v° - 7 (2.6)
such that
y(0)=y°,y(To)=y
and
i{}f ||U”L2(0,T0;Rm) < O(Th) Hyl -y } ) (2.7)
such that

y(0)=7, y(To)=y"
hold for any y°,y' € {x € R : ||z —g|| < r}, where y € R? is fized as in (2.4).

We discuss the feasibility of this assumption later on, in Remark 3. Note that this is
not a smallness assumption — it merely stipulates that, inside some ball centered at 7,
the cost of controlling from 3° to 7 and from 7 to y' can be estimated by means of the
distance of 4% and y' to 7. We may now state our first main result.

Theorem 2.1 (Turnpike). Assume that fo, ..., frm € Lip(R% RY) in (2.2), and assume
that (2.1) is controllable in some time Ty > 0 in the sense of Assumption 1. Let y° € RY
be given, and let j € R? be as in (2.4). Then there exists a time T* > 0, and constants
C > 0 and pn > 0, all depending on Ty, y°, 7, such that for any T > T*, any global
minimizer ur € L*(0, T;R™) to Jr defined in (2.3) and corresponding optimal state yr
solution to (2.1) with yr(0) = y° satisfy

lyr(t) =3ll < € (7 4 e T0) (2.8)

for allt € [0,T], and
lurllL20,rmmy < C. (2.9)

We sketch the idea of the proof (which may be found in Section 5.2) in Section 2.2.1
below. The rate p > 0 appearing in (2.8) depends on the datum y" due to the mul-
tiplicative form of the control, but is uniform with respect to y° when the control is
additive, namely, when f1, ..., f;, are nonzero constants. This is due to the form of
the constant provided by Grénwall inequality-based arguments (e.g. in Lemma 4.1 and
Lemma 5.2). We delay a discussion of the specific form of the constants to Section 2.3.

Remark 2 (On (2.9)). An exponential estimate for the optimal control ur is a hallmark
of turnpike results obtained by analyzing the optimality system. Therein, the optimal
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control can be characterized explicitly via the adjoint state, which, much like the optimal
state, fulfills an exponential estimate. Since in this work we do not use the optimality
system, we do not have as much information on ur(t) as we have on yr(t) —y. The
latter quantity, in addition to being penalized by Jr, may be further estimated by using
the system dynamics. In the context of driftless systems, we show that up(t) too decays
exponentially in Corollary 2.2, by using the homogeneity of the system with respect to
the control.

Before proceeding with further remarks, which we postpone to Section 2.3, let us state a
couple of important corollaries of Theorem 2.1. Firstly, when one considers an optimal
control problem for Jpr without a final cost for the endpoint y(7), namely taking ¢ = 0
in (2.3), Theorem 2.1 can in fact be improved to an exponential stabilization estimate
to the running target 7.

Corollary 2.1 (Stabilization). Suppose that ¢ = 0 in (2.3). Under the assumptions of
Theorem 2.1, there exists a time T* > 0, and constants C' > 0 and p > 0, all depending
on Ty,3°, 7y, such that for any T > T*, any global minimizer ur € L?(0,T;R™) to Jr
defined in (2.3) and corresponding optimal state yr solution to (2.1) with yr(0) = 3°
satisfy (2.9) as well as

lyr(t) — 7l < Cewt (2.10)
for all t € [0,T].

Strictly speaking, we see Corollary 2.1 as a consequence of the strategy of proof of
Theorem 2.1, rather than a direct corollary of the statement. Corollary 2.1 may be
proven independently of Theorem 2.1 by a simple adaptation of the proof strategy
presented in Section 2.2.1, so we omit the proof. This adaptation is transparent in
the proof of Theorem 3.2, for which we provide greater detail, albeit for more specific
dynamics (the semilinear heat equation).

On another hand, when the underlying dynamics (2.1) are of driftless control affine
form (namely, fo = 0 in (2.2)), we can obtain an exponential decay for the optimal
controls as well. Note that in this case, any § € R? is an admissible running target for
Jr, since f(7,0) = 0 for any 7 € R%.

Corollary 2.2 (Control decay). Suppose that fo = 0 in (2.2) and ¢ = 0 in (2.3).
Under the assumptions of Theorem 2.1, there exists a time T™ > 0, and constants C > 0
and i > 0, all depending on Ty, y°, 5, such that for any T > T*, any global minimizer
ur € L%(0,T;R™) to Jr defined in (2.3) and corresponding optimal state yr solution
to (2.1) with yr(0) = y° satisfy (2.10) as well as

|ur(t)]| < Ce (2.11)
for a.e. t €[0,T].
Corollary 2.1 and Corollary 2.2 are in particular applicable for the continuous time
analog (1.3) of ResNets (see Remark 6 for (1.2)). The proof of Corollary 2.2 (see

Section 5.3) will follow by firstly using a specific suboptimal control (constructed using
the time-scaling specific to driftless systems) to estimate Jp(ur) and obtain

1 t+h ) t+h )
3] lur@Ras< [ jur) —al?as

for A small enough, an estimate which, chained with Corollary 2.1 and the Lebesgue
differentiation theorem, will suffice to conclude.
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2.2.1. Sketch of the proof of Theorem 2.1. The proof of Theorem 2.1 may be found in
Section 5.2. It roughly follows the following scheme (see Figure 2).

e Uniform bound of Jr(ur). In Lemma 5.1 we show that there exists a con-
stant Cy > 0 independent of T’ (but depending on 3°,7, f, $) such that

Jr(ur) < Cy (2.12)

holds for all 7" > 0. As 7 is a steady state, (2.12) can be shown easily. Indeed,
using controllability (without the estimates on the cost) one finds a control
u' such that the solution y' to (2.1) on [0,Tp] satisfies yf(Ty) = 7. Setting
ut™X(t) == uT(t)l[OyTo] (t) for t € [0,T1], one sees that y*"(t) =7 for t € [Ty, T,

whence Jr(u®*) = Jg, (ul), and using the inequality Jr(ur) < Jr(u?™) yields
(2.12).

e L bound of y(t) —y. In Lemma 4.1, we show that

sup Iy(t) =3l < C(10) =7 + Iy = Flzzo s + lullzoram)  (213)

te[0,T

holds for some constant C' > 0 depending on T solely through [lu| z2(o 7;rm), in
a continuous and increasing manner. The estimate holds for any, not necessarily
optimal u. The globally Lipschitz assumption on the dynamics in (2.1) is used
precisely for this estimate. Combined with (2.12), estimate (2.13) yields

sup |lyr(t) = gl|* + Jr(ur) < CF (2.14)
te[0,T]

for some constant C; > 0 independent of T (but depending on 4°, 7, f, ¢).

e Turnpike away from the middle of [0,7]. Estimate (2.14) yields turnpike
for t € [0,7 +To] U [T — (7 + Tp),T], where 7 > 0 is a degree of freedom,
independent of T', to be chosen later on, while Ty is the controllability time for
(2.1). Indeed, for t € [0, 7 + Tp), from (2.14) one sees that

lyr(t) = 7l < Chet" e < CyetHTo) (e—“t + e—MT—t))

holds for all g > 0, with C; > 0 as in (2.14) (thus independent of T, 7). A
similar computation can be repeated for t € [T — (7 + Tp),T]. At this point,
one already notes that 71" needs to be chosen sufficiently large, namely,

T > 2(1 + Tp). (2.15)

Actually, T* := 2(7 + Tp) in Theorem 2.1.

e Turnpike in the middle of [0,7]. To obtain the exponential estimate for
t € [r+To, T — (74 Tp)], it is critical to choose 7 > 0 large enough. The clue
is to first prove that there exists some constant C, > 0 independent of both T’
and 7 such that

C* "
sup yr(t) —y|| < ( > 2.16
te[nt,T—nT] H ( ) H \/’7— ( )

holds for all integers 1 < n < 1(% —Tp). See Figure 2 for a graphical depiction.
T
L_

T

By virtue of (2.15) we have X( To) > 1, and this upper bound on n will
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become clear in the next step. Suppose that (2.16) does indeed hold. Then

from (2.16)
lyr () — 7l < exp <—nlog‘ <Cf >) (2.17)

holds for all t € [n7, T —n7] and n as above. Choosing 7 > C?, which up to this
point was arbitrary, yields the positivity of the logarithm appearing in (2.17):

N
=1 > 0.
o :=log ( .
Now fix t € [t + Tp, T — (7 + Tp)]. We look to choose the integer n = n(t) as
to have ¢ € [n(t)r, T —n(t)r] as well as 1 < n(t) < 1(Z —Tp), so that estimate
(2.17) also holds for t fixed as just before. After some elementary computations,

one can see that for both these conditions to hold, it is necessary and sufficient
for n(t) to be such that

t T—1t
1 <n(t) < d 1 <n(t) <

nt) < 7 an (1)

This leads us to set

Sr+Ty
) = min{ L—‘iTOJ ’ {TTJF_TfoJ }

With ¢ fixed as above, and n(t) set as such, one sees that (2.17) holds. Namely,

we have

lyr () — ¥l < exp (—n(t)o). (2.18)
But furthermore, one of either

t T—t

n(t)>T+TO—1 or n(t)2T+TO—
holds by definition of n(t), and so
t T—1

exp (—n(t)o) < exp(o) <exp (7_ T U> + exp <T T 0)> . (2.19)

Since t € [T+ Ty, T — (T + Tp)] was arbitrary, chaining (2.18) and (2.19) leads
us to the desired turnpike inequality in [7 + Tp, T — (7 + 1p)]:

lyr(t) —g|| < e (e—ut + e—y(T-t))7

o log (g—f)

T +Tg o T+ TO
Thus, the proof would be complete once (2.16) is shown to hold.

where

> 0.

f=

e Proving (2.16) by induction. To show (2.16), one performs an induction
over 1 < n < %(% — Tp). The upper bound on n appears so that there are
always a couple of disjoint intervals of length T within every interval of the
form [n7,T — n7]. Let us sketch the proof of the initialization stage n = 1.
Arguing by contradiction (see Lemma 5.3), one can first find 7 € [0,7) and
Ty € (T — 7,T] such that

Lem.5.3 [|yr — Yl r2(0,mrey 214 C4

lyr(m;) =9l < G S 7 (2.20)
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T+ Th T*(T+To)

FIGURE 2. The strategy is inspired by the shape of t s e~t 4 ¢~ (T~
on [0, T], which attains its minimum at ¢ = % Over successively smaller
intervals of the form [n7, T —n7], with 1 < n < 2(Z —Tp), one sees that
the upper bound in (2.16), which is uniform in 7', decreases exponentially
and captures the double-arc exponential of |lyr(t) — y|| (dotted) more

accurately.

This allows us to recover the desired factor of an inverse of 7. Then, restricting
up to the subinterval |11, 73], one sees that it is a solution to

inf / ly(t) — 7|2 dt + / u(®)]|2 dt. (2.21)

u€L?(r1,m2;R™) 1 .,-1
y:f(yvu) in (7_177—2)

y(m1)=yr (1)

y(r2)=yr(72)
Just as in the first step of the proof, we look to estimate the functional min-
imized in (2.21), but this time, not only uniformly in T, 71, 72, rather also in
terms of the distance of y7(7;) to y. More specifically, we show that there exists
some constant C(r) > 0 independent of T, 7y, 72,7 (but depending on r, Ty, f)
such that

lyr(®) = 7l < C) (lyr(r) = 7 + lyr(r2) - 7 (2.22)

holds for all ¢ € [y, 72|. To this end, we invoke Lemma 4.1, and thus it suffices
to bound the functional in (2.21) by means of the right-hand-side in (2.22).
To achieve this, since 79 — 71 > 2Tp, we may first control starting from y7(71)
at time t = 7 to ¥ in time ¢ = 7 4+ Ty; we stay at y by switching off the
control until time ¢ = 75 — Tp, from which we control to yr(72) in time t = 9.
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By chaining this strategy into one single control* u®™, we note that u®"* is

precisely bounded by the right-hand-side in (2.22) via Assumption 1 (we are
in the desired ball by selecting 7 > C7/r2 in (2.20)), while the state tracking
term can subsequently be covered by the Gronwall inequality. Estimate (2.22)
combined with (2.20) leads to

lor(0) -7 < 2220

for all ¢ € [y, 7], and thus also for all ¢ € [7,7 — 7]. This is precisely (2.16)
for n = 1. The above argument can then be repeated by induction on smaller
intervals [n7,T — n7] to obtain (2.16) in the general case.

2.3. Discussion. Several pertinent remarks are in order.

Remark 3 (On Assumption 1). o In the driftless case (fo = 0 in (2.2)), the
Chow-Rashevskii theorem (|8, Chapter 3, Section 3.3|), characterized by iter-
ated Lie brackets, is a necessary and sufficient condition for the global exact
controllability of systems with smooth vector fields. But general necessary and
sufficient conditions which ensure the exact controllability of control-affine sys-
tems are not known to our knowledge — see |8, Chapter 3|. This is mainly due
to the drift term fo, which affects the geometry of the problem and may pose
obstructions to the controllability in arbitrary time — see |3| for a survey on
these issues. We do insist however, that we merely require controllability in a
possibly large time Ty, and not necessarily in any arbitrarily small time.

o While we suppose that the underlying system is controllable for arbitrarily large
data, through (2.6) — (2.7) we solely assume that the cost is proportionate to
the distance from the chosen steady state y in some, possibly arbitrarily small
ball around this steady state. As the estimates (2.6) — (2.7) are more commonly
encountered in the linear systems setting y = Ay + Bu, they thus also hold for
semilinear systems where controllability is obtained by perturbation arguments.
In such contexts, it is well-known (see e.g. |53, Remark 2.2|) that the minimal
L?-norm control u satisfies

lulz20.zumemy < CCT0) (11811 + [l

for some C(Ty) > 0. This makes Assumption 1 entirely plausible in the settings
mentioned above. Indeed, we consider z :=y—7, then either 2° =0 (ify° =7)
or 21 =0 (if y' =7). The control u steering y from y° to y' in time T would
then be the same as the one steering z from either 0 to y* — 7 or from y° — 7
to 0 in time T, and the above estimate would yield the desired assumption.

o While there exist necessary and sufficient conditions for ensuring the exact
controllability of driftless systems: y(t) = 377" u;j(t)f;(y(t)), we cannot en-
sure the validity of estimates (2.6) — (2.7) in the underactuated regime, namely
when m < d. This is due to the so-called ball-box theorem in sub-Riemannian
geometry (|1]), for smooth vector fields fi,..., fm. This theorem states the
following. Suppose that the wvector fields fi,..., fm satisfy the Hérmander
condition, namely that the iterated Lie brackets of these vector fields at any

4Guch controls are referred to as quasi-turnpike controls, since they (and their associated trajectories)
look like rough approximations of exact turnpikes (see Figure 4).
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point span RY. Denote A'(z) := span{fi(z),..., fm(z)} for z € R, and
AR = AL L [AF AN for k> 1. Then by virtue of the Hormander condi-
tion, there exists some k > 1 such that A*(x) = R? for all x. Furthermore,
by the ball-boz theorem, for y° close enough to y*, an estimate of the form
90 — v'l| < dsr(@%y") < |lv® — y'||'/* holds, where dsr(y°,y') is the sub-
Riemannian distance of y° to y', equal (modulo a scalar multiple depending
on Ty) to the inf defined in (2.6) — (2.7). Herein, one sees that if m > d, it
may happen to find at least d among m vector fields which are linearly indepen-
dent, thus ensuring that k = 1, as desired; this is quite simply impossible when
m < d. This exact constraint is also encountered in |12, Theorem 5.1|, where
the estimates (2.6) — (2.7) are shown to hold for m > d in the driftless setting.
In view of this, generalizing the assumptions (2.6) — (2.7) to fractional powers
of the upper bounds appearing therein is an important open problem. Further
clarity regarding this issue is also needed for general control-affine systems be-
yond semilinear systems, namely those for which linearization techniques might
not apply. We refer to |25, 41| for developments in this direction.

Remark 4 (On the time 7). Reading the sketch of proof, one notes that T* = 2(To+7),
where Ty is the controllability time, and T > 0 is chosen sufficiently large. Reading even
further, one sees that T needs to be at least larger than Ct/r?, where the constant Cy > 0
appears in (2.12) and (2.14). The latter constant is independent of T and r, but does
depend on Ty (and the data 3°,7) through the map

T — €(Tp) = i%f (HUHL?(O,TO;R’”) + ly —?HL2(0,TO;Rd)) .

y(0)=y°

y(To)=y
Actually, due to the innate Gronwall-based argument in Lemma 4.1, C1 will roughly
be of the form C1 = €(Ty) exp(€(Ty)). If the system is controllable in any time, the
cost €(Ty) typically explodes as Ty “\ 0, and is bounded for Ty > 1 (all relative to the
distance of y° to y). Therefore, according to our strategy, T* should increase at least
linearly with Ty > 1, and should explode with €(Ty) when Ty N\, 0. This discussion
also indicates the dependence of T with respect to the radius r of the ball in which the
estimates of Assumption 1 hold.

Remark 5 (On the constants C' and p). Once again, by reading the sketch of proof,
one can see that the constants C' > 0 and p > 0 appearing in the turnpike estimate (2.8)
are explicit (albeit rather compound). Per the sketch and (5.33), u > 0 is given by

log (%) log (—1670:1)
b=—"1 - 1,

where Co = Co(r,Ty) > 0 is the constant appearing in (2.22); more specifically, the

2 212
constant stemming from Lemma 5.2. Moreover, T > 16C% + % 1s arbitrary but
fized (as seen in (5.18), where Cy is the same as in Remark 4). On the other hand, per

(5.34), the constant C' > 0 appearing in (2.8) takes the form

C:= maX{Cl, S\é?;max{l, g;}}
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Remark 6 (On the nonlinearity). With little modifications, Theorem 2.1 and Corol-
lary 2.1 also apply to system (2.1) with nonlinearities f of the form

Fly,u) =" fi(uzy) for (y,u) € R x R™ (2.23)
=1

where the vector fields f1, ..., fm € Lip(R% R?) are additionally assumed to be positively
homogeneous of degree 1. Such nonlinearities are motivated by (1.2). Due to the homo-
geneity of the vector fields in (2.23), the corresponding optimal steady states coincide
with those of the driftless case, namely (us,ys) = (0,7) for any 7 € RE.

3. INFINITE-DIMENSIONAL SYSTEMS

We illustrate the flexibility of the finite-dimensional arguments and adapt them to the
semilinear wave and heat equation. As a matter of fact, the only difference between
the finite and infinite dimensional setting is in the proof of uniform control and state
bounds by means of quasi-turnpike controls. The specific proof of turnpike is identical
in both cases. We distinguish the case of the wave and heat equation because of the
validity of the PDE analog of Assumption 1, as made more precise below.

3.1. Semilinear wave equation. Let 7 > 0 and let @ C R? be a bounded and (at
least C?) regular domain. We will be interested in control systems of the form

Oy —Ay+ fly) =ul, in (0,7)x 9
y=0 on (0,T) x 9 (3.1)
(Y, 09) =0 =y’ in Q.

Here f € Lip(R), w C Q is open (with geometric assumptions given in (3.5)), whereas
yY = (y?, yg) is a given initial datum. It is well-known, by fixed-point arguments, that
for any initial data y = (¢9,49) € H() x L*(Q) and for any v € L*((0,T) x w),
there exists a unique finite-energy solution y € C°([0, T]; H3(22)) N C*([0, T]; L?(2)) to
(3.1). As in the finite-dimensional case, we will address the behavior when 7' > 1 of
global minimizers ur € L2((0,T) x w) to nonnegative functionals of the form

T T T
() = o) + [ 100 Tyt + [ 10Oyt [ a0l
(3.2)
and of the corresponding solution yz to (3.1). Here ¢ : L?(2) — R, is a given continu-
ous functional, while 7 € H& (Q) is a running target which we select as an uncontrolled
steady state of (3.1), namely we assume that 7 is some solution® to

{—Ay+f(y) =0 inQ

y =0 on 0N. (33)

We henceforth moreover assume that f, {2 are such that a solution to (3.3) exists. This
can be ensured in a variety of different cases, including, for instance (see [6, 32| for
further results):

S5There is no need for the solution of (3.3) to be unique.
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e If f(0) = 0, then clearly 7 = 0 is one solution. But if moreover there exist
p € (1,00) for d=1,2o0rpe (1,d+2/d72), o < A1(f2) and 6 > 2 such that

C(1+s?) for all s € R

/ f(¢)d¢ < —5 for [s] < 1
0<—9/Osf(é‘)d§<—s/0 FOde forls| > 1

then a nontrivial solution 7 € HE(Q), ¥ # 0 also exists. We refer to [6, Theorem
2.5.6]. This fact is a consequence of the mountain pass theorem. Here \;(12)
denotes the first eigenvalue of the Dirichlet Laplacian —A.

e When d = 1 and Q = (—R, R), then both necessary and sufficient conditions
on f can be provided ensuring the existence of nontrivial solutions — see [6,
Theorem 1.2.3].

The case of a controlled steady state (namely adding w1, in (3.3)) may also be consid-
ered, under the condition that the functional Jr is modified appropriately as discussed in
Remark 1. The existence of minimizers to Jr again follows by the direct method in the
calculus of variations. We note that, since 7 is fixed as above, the pair (us,ys) = (0,7)
is the unique solution to the steady optimal control problem

inf ly =Tl ) + Il 22

(y,u)EH&(Q)XL%w)
y solves (3.4)

where the steady equation is

{—Ay—l—f(y) =ul, in Q

y =0 on Of). (34)

This is because the functional in the expression above attains its minimum, equal to 0,
precisely at (0,7), a pair which satisfies the constraint provided by the elliptic equation.
Before proceeding, we need to define the appropriate geometric setup for ensuring the
exact controllability of (3.1) when d > 2. For any fixed z, € R?\ Q, we define

[(zo) :=={z € 0Q: (x — x,) - v(x) > 0}

where v(z) denotes the outward unit normal at = € 9Q. The set I'(z,) coincides with
the subset of the boundary arising usually in the context of the multiplier method [31].
We will suppose that for some § > 0 and z, € R%\ Q,

w=05T(x5)) N, (3.5)

where Os(T'(z0)) := {z € R? : ||z —2/|| < for some &' € I'(zo)}. It is known that,
under these geometric assumptions on w, and since f € Lip(R), the wave equation (3.1)
is exactly controllable in any time T > Ty (w, 2), where
Tiin(w, Q) = 2max ||z — zo||. (3.6)
TS
(See |14, 51, 52], and also the introduction of [26] for an ample survey of controllability

results for semilinear wave equations.) We may now state our main result in the context
of the wave equation.
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Theorem 3.1 (Turnpike). Suppose that f € Lip(R) and f(0) = 0. Lety € HZ(Q) be
any solution to (3.3). Let ¢ € L(L*(Q);R,), and suppose that w is as in (3.5). Then
for any y° € HL(Q) x L2(Y), there exists a time T* > Typin(w, Q), and constants C > 0
and p > 0, such that for any T > T*, any global minimizer ur € L*((0,T) X w) to Jr
defined in (3.2) and corresponding optimal state yp solution to (3.1) satisfy

() = Ty + 10 () 2y < C (€74 4+ e7#T0)

for allt €10,T], and
lurll 20,1y xw) < C-
Moreover, ji > 0 is independent of y°.

The proof of turnpike (see Section 6) is identical to the finite-dimensional case. Some
technical adaptations are however needed for obtaining the bounds through quasi-
turnpike controls, wherein one uses the Duhamel formula for mild solutions in view
of applying an integral Gronwall inequality-based argument, in the spirit of the ODE
setting. The assumption f(0) = 0 is of technical nature, and is clarified in Remark 10.

Remark 7 (On the choice of Jr). We note that in existing turnpike results for the
wave equation, e.g. |23, 45, 54|, a slightly weaker functional is sometimes considered.
For instance, in [54] for the linear wave equation, only the L*(0,T; HE(Q))-norm of
y — 7 is penalized, and not the L?((0,T) x Q)-norm of Oy, yet turnpike is shown to
hold for the full state (y,0y). This is justified by the equipartition of energy property,
which states that, along a given time interval [0,T)], the energy concentrated on the y
component in HY(Q) and on the dyy component in L%(Q) is comparably the same up
to a compact remainder term. We choose to work with a functional penalizing the full
state of the system due to the specificity of our proof strategy.

Similarly to the finite-dimensional case, when ¢ = 0 in (3.2), the strategy for proving
Theorem 3.1 can be slightly tweaked to obtain an exponential stabilization property for
the optimal states.

Corollary 3.1 (Stabilization). Suppose that ¢ = 0 in Jp defined in (3.2). Under the
assumptions of Theorem 3.1, there exists a time T* > Tyin(w, ), and constants C' > 0
and p > 0, such that for any T > T*, any global minimizer ur € L*((0,T) x w) to Jr
defined in (3.2) and corresponding optimal state yr solution to (3.1) satisfy
lyr(8) = Fll 73 (@) + 10eyr ()l 2y < Ce™
for allt € [0,T] and
lurll 20,1y xw) < C-

Moreover, ji > 0 is independent of y°.
3.2. Semilinear heat equation. To complete our presentation, we will also discuss
control systems of the form

Oy — Ay + fly) =ul, in (0,T)x

y=0 on (0,7) x 00 (3.7)

y|t=0 = yO in Q7
were f € Lip(R), w C Q is any open, non-empty subset, whereas yY is a given initial
datum. It is well-known that for any given T > 0, y° € L?(Q2) and u € L?((0,T) x w),
there exists a unique globally-defined solution y € C°([0, T]; L*(Q)) N L2(0, T; H}(2))
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to (3.7). We will again study global minimizers ur € L?((0,T) x w) to nonnegative
functionals of the form

T T
Trta) = [ 1) =yt + [ ol (3.8)

and the corresponding solution y7 to (3.7) in the regime 7' > 1. Once again, 7 € L?(Q)
is a running target which we select as an uncontrolled steady state, namely a solution to
(3.3). The existence of minimizers to Jr defined in (3.8) follows by the direct method
in the calculus of variations.

Theorem 3.2 (Stabilization).  Suppose that f € Lip(R) and Q C R? are such that
(3.3) admits at least one solution, and let y € H(Q)) be any such solution. Then for
any y° € L2%(Q), there exist constants C,u > 0 (depending solely on f,w) such that
for any T > 0, any global minimizer ur € L?((0,T) X w) of Jr defined in (3.8) and
corresponding optimal state yr solution to (3.7) satisfy

lyr(t) = Gl 20y < Ce™ [|y° =7 120

for allt €10,T), and
lur |l 22 (0.1 xw) < C ||3° — @Hm(ﬂ) '

We refer to Section 7 for the proof. We consider the heat equation, in addition to
the wave equation, because of the validity (or rather, the partial lack thereof) of the
PDE analog of Assumption 1. The heat equation is exactly controllable to controlled
trajectories, namely solutions y to (3.7) for given controls u. Instead of an estimate
such as (2.7), one has

=@l 2 0.1y ey < C(TO) [|5° = TO)| 12

for minimal L?-norm controls u steering y to 7 in time Tp (see [38, Lemma 8.3] and the
references therein). Such an estimate does not suffice for applying our methodology, as
we clearly need to estimate the minimal L? norm control by means of the distance of
the initial data to the target. Nonetheless, we illustrate that the stabilization result can
be shown independently of the turnpike result. Indeed, the proof closely follows that of
Theorem 2.1, with the exception that we only need to perform the bootstrap forward
in time, whence we do not require that the system is controllable to anything else but
a steady state. The constants C' > 0 and p > 0 are actually explicit (see (7.15), (7.16))
precisely due to the global validity of this estimate (i.e. (7.1)); the factor ||y° — || also
appears because of this and due to the absence of a final cost ¢.

The semilinear heat equation is a commonly used benchmark for nonlinear turnpike
results, thus this example serves to compare with existing results. For instance, while we
assume that the running targets are steady states, we make no smallness assumptions
on the targets or on the initial data, unlike |21, 40]. Furthermore, since we do not use
(or thus linearize) the optimality system, we may work with solely globally Lipschitz
nonlinearities, in which case the techniques of [21, 36, 40] do not apply.

Remark 8 (On the nonlinearity). The assumption that f is globally Lipschitz in (3.1)
and (3.7) could perhaps be relazed to a locally Lipschitz f (for which blow-up is avoided
and controllability is ensured — for instance, f(y) = y3), under the condition that one
can show a uniform L*((0,T) x Q)-estimate of yr with respect to T > 0. Arguments
of this sort in the context of turnpike can be found in [36] under smallness assump-
tions on the target. We refer to the end of Section 9.1 for a discussion of a (possibly
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technical) impediment encountered in applying our methodology to the cubic heat equa-
tion. In addition to the controllability properties it entails for (3.1) — (3.7) as blow-up is
avoided,we use the Lipschitz character of f in the estimates in Lemma 6.1, Lemma 6.2
and Lemma 7.1.

4. PRELIMINARY RESULTS

We begin by presenting a couple of simple but important lemmas, containing bounds of
the quantity ||y(¢) — 7| for both the nonlinear ODE and PDE setting, solely by means
of ||y — 7| and the tracking terms appearing in the functional J7. These bounds would
thus imply that bounding the functional Jr uniformly in T" would entail a bound for
the desired quantity ||y(t) —y||. Let us begin with the ODE estimate.

Lemma 4.1. Let T > 0, and let j € RY be as in (2.4). For any u € L*(0,T;R™) and
Y0 € RY, let y € C°([0, T); RY) be the solution to (2.1) with y(0) = y°. Then there exist
constants C1 = C1(f,5) > 0 and Cy = Ca(f) independent of T' such that

sup [ly(t) =yl <C (Hyo - ?H + [Jull L2 0,7mmy + [ly — §||L2(0,T;Rd)>
te[0,7
holds, where
C:=Cexp (CQHUH[}(O’T;]Rm)).

As insinuated by the form of the constant in the estimate, the proof follows a Gronwall
inequality-based argument. However, as this constant depends on T only through the
L? norm of the control u, we present the proof for the sake of clarity.

Proof of Lemma 4.1. Let us first suppose that ¢ € [0,1]. By integrating the equation
satisfied by y on [0, ¢], namely writing

y(t)—yzy“—y+/ folw) + 3 uif(y) | ar
0 s
:yg—y+/0 (foly) = fo(@)) dT+/O j;“j(fj(y)_fj(y)> dr

t m
+ /0 ;Ujfj(y) dr,

we see that, by using the fact that fo,..., fm € Lip(R% R?) and the Cauchy-Schwarz
inequality for the sums,

ly(®) =7l < |° =7 + C() / (14 () ly(r) = 7l dr + C1(,7) / Ju(r)l| dr

holds for some constant C;(f,y) > 0 independent of 7". Here and henceforth, C(f) > 0
designates the largest among the Lipschitz constants of all fy,..., fin. Now applying
the Cauchy-Schwarz inequality for the last term, the fact that ¢ < 1, and the Gronwall
inequality, in conjunction to the estimate just above, lead us to

t
ly(®) =7l < Caexp C(f)\/1+ /0 luar | (l° =7l + Nl 2ozzm ) -
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for some Cy(f,7) > 0, from which, using \/2? +y? < x + y for x,y > 0, the desired
statement readily follows. Now suppose that ¢ € (1,7]. We begin by showing that for
any such t, there exists a t* € (¢t — 1,¢] such that

ly(®) = 9l < lly = ¥llz20,7r9)- (4.1)
To this end, we argue by contradiction. Suppose that

ly(#) =¥l > lly = Yll20,7,r9)
for all t* € (t — 1,¢]. Then

T t
Iy = 7122 07,20 = /0 ly(t) — 72 dt > / () =TI A7 > lly = T o
which is a contradiction. Thus (4.1) holds. Consequently, we know that there exists

t* € (t — 1,t] such that (4.1) holds. By integrating the equation satisfied by y in [t*,¢],
namely writing

y(t) 7= y(t) — 7+ / folw) + 3 wifi(y) | ar
t =

=y(t) =7+ [ (o)~ foa) dr+ /z:u] (550~ 15m)) ar
+ [ > i)

we see that, by using the Lipschitz character of fy,..., fin and the Cauchy-Schwarz
inequality for the sums,

Iyt =31 < lo(e") =71+ C() [ (1+ 1)) ) =l dr+Ca(£.3) [ (o)l ar

Now applying the Cauchy-Schwarz inequality for the last term, the fact that t —¢* < 1,
(4.1), and the Gronwall inequality, in conjunction to the estimate just above, we obtain

t
ly(2) = ll < Caexp Cs(f)\/l + . [u(r)||? d7 (Hy*?IILz(o,T;Rd) + ”uHLZ(O,T;Rm)> )

for some Co(f,7) > 0 and C3(f) > 0, from which, using \/2? + 2 < z +y for z,y > 0,
the desired statement readily follows. d

Remark 9. Let us make two brief observations.
e We note that in the case where the running target is (u,y) with f(y,u) = 0 and
u # 0, and thus we minimize Jr defined in (1.4), we argue as above to obtain
a bound of the form

sup ly(®) ~ 7l < C ([o° =7l + llu = 2o rimem) + Iy = Tl 2oz )

t€[0,T]

with C' ~ exp (|lu — a||L2(07T;Rm)). Obtaining a dependence of the constant C
with respect to ||u—| 2o r;rm) Tather than just ||ull L2 rrmy is important, as
by using the functional and optimality arguments, we will be able to obtain a
uniform bound with respect to T of the former, which does not necessarily entail
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a bound on the latter. The argument for deducing such a bound is identical to
the proof of Lemma 4.1 — assume that m = 1 for notational simplicity, and
observe that, since fo(y) +ufi1(y) =0,

t

y(t)—7 =y(t) —7 + / (folw) — fo()) ds + / (w—1) (f1(y) — 1(7)) ds

+ [ n@as+ [ ahe) - ne) ds

One may then proceed as before.

o [t may readily be seen that if the control is of additive rather than multiplicative
form, i.e. if f1,..., fin are nonzero constants, then the constant appearing in
the estimate provided by Lemma 4.1 will not depend on the time horizon T .

We state and prove an analogous result for the semilinear heat equation (3.7).
Lemma 4.2. Let T > 0 be given, and let y be as in (3.3). For any u € L*((0,T) x w)
and y° € L?(Q), let y € C°([0,T); L*(Q)) N L2(0,T; HL(2)) be the unique weak solution
to (3.7). Then there exists a constant C' = C(f) > 0 independent of T' such that

ly(®) = Tz < € (18 = llpagey + Nl + Iy = Tlzzomy<e) )
holds for all t € [0, T).
The proof is almost identical to the ODE case, but we sketch it for the sake of clarity.

Proof of Lemma 4.2. The proof closely follows that of Lemma 4.1. We first note that
by uniqueness, y — g can be shown (see [2]) to coincide with the unique mild solution to
Oz —Az+ f(z+7y) — f(y) =ul, in (0,T)xQ
z2=0 on (0,7) x 09

zlimo =y" -7 in Q

which is given by the Duhamel /variation by constants formula:

y(t) —g =20 —7) + /0 % u(s) 1, ds — /0 A (fly) — @) s, (42)

where {etA} +~0 denotes the heat semigroup on L?(f2) generated by the Dirichlet Lapla-
cian —A : H2(Q) N H}(Q) — L*(Q). Of course, (4.2) is interpreted as an identity in
L?(2). We may thus proceed and use (4.2) throughout. First suppose that 0 < ¢ < 1.

Using the well-known decay Het < e M <1 of the heat semigroup, where

A

HL(L?(Q))
A1(2) > 0 denotes the first eigenvalue of —A, and the Lipschitz character of f, we find
using (4.2) that

t
1900 = T2y < [ 0 =D |y + | 2060
# [ e (st - s@)|

t
< =3l iy + [ Il ds

ds
L2 (w)

L2(Q)

t
LG /0 ly(t) — Bl 2 ds.
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where Cy = Cy(f) > 0 is the Lipschitz constant of f. Ast < 1, we may use the Cauchy-
Schwarz and Grénwall inequalities to conclude. Now suppose that ¢ € (1,7]. Arguing
as in the proof of Lemma 4.1, we know that there exists a t* € (¢t — 1, ] such that

ly(t*) = Fll2) < 1y = YllL2(0,1)x0) (4.3)
holds. By writing the Duhamel formula for y — 7 in [t*,¢], namely writing

yuww/=aA@aw—yw+/e“ﬁAM$u@s—A}#ﬂm(ﬂw—f@0ds

*

t

we see just as before that

ly(t) = Tl 2oy < I9) — Tl ‘/m o @+%/wy Gl ds

where Cy = Cy(f) > 0 is the Lipschitz constant of f. Using the fact that t* —¢ < 1
and (4.3), we may, as before, apply the Cauchy-Schwarz and Gronwall inequalities to
conclude. O

We finally show the analog estimate for the semilinear wave equation, which is, after
defining the proper functional setup, identical to the proof of Lemma 4.2.

Lemma 4.3. Let T > 0 be given, and let y be as in (3.3). For any u € L*((0,T) X w)
and y° = (4f,13) € Hg(2) x L*(Q), let y € CO([0,T}); Hy(2)) N C*([0,T}; L*(Q)) be
the unique weak solution to (3.1). Then there exists a constant C = C(f,Q) > 0

independent of T such that
ly(®) = llg1 ) + 10y (@)l L2) < C< o2 — ?HHl + Hy2HL2 + [[ull L2 (0,1 xw)

+ 11y = Yllz20,mm1 ) + ”atyHL2((O,T)><Q)>
holds for all t € [0,T].
Proof of Lemma 4.3. Once (3.1) is written as a first order evolution equation in an

appropriate Hilbert space X, the proof is identical to that of Lemma 4.2. Define the
energy space X := H{(Q) x L*(Q), and consider the closed, densely-defined operator

A 0

where D(A) = H?(Q) N H}(2). The operator A is skew-adjoint and thus generates
a strongly continuous semigroup {etA} 4o 1 X by virtue of the Stone-Lumer-Phillips
theorem (see e.g. |47, Theorem 3.8.6]). We now denote

A

Analog arguments to those in Lemma 4.2 lead us to deduce that

—y =¢ -y t elt=9) 0 s
03 =609+ [ g1 s+ ] 69

for t > 0 is the unique mild solution to the equation satisfied by the perturbation
y —¥. Of course, (4.4) is interpreted as an identity in X. By virtue of the conservative
character of the semigroup, namely HetAgHX = ||g||x for all t > 0 and g € X, we see
that one may apply precisely the same arguments as in the proof of Lemma 4.2, this

A [0 Id} , D(A) = D(A) x HL(Q),



22 CARLOS ESTEVE-YAGUE, BORJAN GESHKOVSKI, DARIO PIGHIN, AND ENRIQUE ZUAZUA

time to the integral formulation (4.4) in X (with an intermediate application of the
Poincaré inequality after using the Lipschitz character of f) to conclude. O

5. PROOF OF THEOREM 2.1

In this section, we present the proof of Theorem 2.1, Corollary 2.1 and Corollary 2.2.
The proof of Theorem 2.1 requires a couple of preliminary results. In particular, we will,
by means of a quasi-turnpike control strategy, provide bounds — uniform with respect
to the time horizon T—- of the tracking terms appearing in the definition (2.3) of the
functional Jp for the optimal control-state pairs (ur, yr).

5.1. Quasi-turnpike lemmas. Both of the following results are heavily based on the
specific choice of target 7 as a steady state of the nonlinear system without control, and
on the Lipschitz character of the nonlinear terms. We begin with the following lemma.

Lemma 5.1. Let y° € R? be given, and assume that system (2.1) is controllable in
some time Ty > 0. Let T > 0 be fized, and let up € L*(0,T;R™) be a global minimizer
of Jr defined in (2.3), with yr denoting the associated solution to (2.1) with yr(0) = 3°.
Then, there exists a constant C = C(f, ¢, To,75,4°) > 0 independent of T > 0 such that

lurlp20,7mm) + Y7 = Ull L2 700y + lyr (1) =7l < € (5.1)
holds for all t € [0,T].

<

0 To T 0 To T

FiGURE 3. Proof of Lemma 5.1. The first two terms appearing
in (5.1) also appear in the functional Jr(ur). We construct a quasi-
turnpike control 4" (red), for which the corresponding state y*"* (blue)
coincides with iy over (Tp,T"). In this way, as Jr(ur) < Jp(u*™), and
Jr(u*™) is independent of 7', we can conclude. The estimate of the
third term then follows from Lemma 4.1.

Proof of Lemma 5.1. Case 1). We begin by considering the case T' > Ty. Using the
controllability assumption, we know that there exists a control uf € L?(0, Ty; R™) such
that the corresponding solution y! to

it =1 (yfuf) in (0,T5)
y'(0) =y’
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satisfies yT(Ty) = 7. Now set
-i- .
u'(t in (0, Tq
uaux(t) — ( ) . ( 0)
0 in (7o, T)

and let ¥ be the corresponding solution to (2.1) with y™(0) = y". Clearly y**™*(t) =y
for t € [Ty, T]. Hence, using ¢ > 0 and Jr(ur) < Jp(u*™), we see that

2 J+|

As the right-hand side in the above inequality is clearly independent of T', and depends
solely on the L2(0,Tp) cost of controlling from ° to ¥ in time Ty, we conclude the proof
by applying Lemma 4.1 after noting the uniform boundedness of ||url| £2(0,T;Rm) With
respect to T > 0.

2
112 2 _ _
lyr — ?JHLz(o,T;Rd) + HUTHLQ(QT;RW) < oY) + HyT - y’ L2(0.TpRm)

+
L2(0,To;RY)

Case 2). Now suppose that T < Tp. In this case, we use ¢ > 0 and the optimality
inequality Jr(ur) < Jr(ug,) with the effect of obtaining

12 2 —2 2
lyr = Yl 7200, rme) T lurl 200 2m) < @ (Y1 (T) + llyzy — Ull200,mra) + lumsllz2 0 7mm)

Now yr, € C°([0, Tp); R?) is uniformly bounded with respect to T° € [0,7p], whence,
using the continuity of ¢, as well as T' < Tp, we may conclude that

2 2
lyr = Y7200, rme) + lurllz20rmm) < C
for some C' > 0 independent of T'. We may use Lemma 4.1 to conclude. O

We will now focus on an auxiliary control problem with fized endpoints. Namely, given
0<n<m<T,and y™,y™ € ]Rd, this problem consists in minimizing the nonnegative

functional
T2

L%dw:/ﬂMﬂﬂN&+/|WW%t (5.2)

1 T1
over all u € U,q, where y € C%([r1, 72]; R?) denotes the unique solution to

{ZJ = f(y,u) in (11,72)

y(n) =y™ (53)

and

Uad = {U € L?(r1,m;R™): y(72) = ZUTQ}-
The following lemma is of key importance in what follows. It ensures that the optimal
controls (for J;, ,) and trajectories are in fact bounded by means of the distance of the

starting point y™ and endpoint y™ from the running target 3. This estimate will be
the cornerstone of the bootstrap argument performed in the proof of Theorem 2.1.

Lemma 5.2. Letj € RY be as in (2.4), and assume that system (2.1) is controllable
in some time Ty > 0 in the sense of Assumption 1. Let r > 0 be the radius provided by
Assumption 1, let 0 < 71 < 79 < T be fized such that o — 1 = 2Ty, and let y™,y™ € R4
be such that
ly™ =gl <r

for i = 1,2. Suppose ur € Uyq is a global minimizer to J;, ;, defined in (5.2), with
yr denoting the associated solution to (5.3) with yr(m) = y™. Then, there exists a
constant C = C(f,To,y,r) > 0 independent of T, 11,79 > 0 such that

2 —12 —112 —112 —112
Iz 2 ey + 19 = G132y ety + Ny (®) =1 < © (g™ = 3% + ly™ =91
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holds for all t € [T, T2]. Moreover, the map r — C(f,Ty,y,r) is non-decreasing as a
function from Ry to R.

The key idea of the proof of Lemma 5.2 lies in the construction of a quasi-turnpike
control (steering the corresponding trajectory from y™ to y™ in time 7o — 71, whilst
remaining at y over an interval of length 7 — 71 — 2Tp; see the figure just below) in
view of estimating each individual addend of J-, 5, (ur), which is the minimal value of
the functional J;, ,. This construction will yield the desired result.

v a2 > f1..Pa

\ | | |
EETEE Y. v
sePae < o@)ly™ =gl e ! ym k . 00 0 \

1

T+ Ty =Ty 2 1 T+ Ty =Ty 2

FIGURE 4. Proof of Lemma 5.2. The first two terms appearing in the
estimate implied by Lemma 5.2 also appear in the functional J-, -, (ur).
We construct a quasi-turnpike control u®™* (red), for which the corre-
sponding state y*** (blue) coincides with 7 over (11 + Ty, 72 — Tp). In
this way, as Jr, r, (ur) < Jry (@), and J;,, 7, (u¥™) is independent of
T, 71,7, we can conclude. The estimate of the third term follows from
Lemma 4.1.

Proof of Lemma 5.2. Using the controllability assumption, we know the following.

e There exists a control ul € L2(ry, 7 + Ty; R™) satisfying

a <o) Iy ~ 7, 6.4

2
L2 (7,1 +To;R™)

for some C(Tp) > 0 independent of y™, 71, and which is such that the corre-
sponding solution y' to

gl=f (yT,UT> in (11,71 + 7o)

T1

(5.5)
yi(m) =y

satisfies yf (71 + Ty) = 7. By integrating (5.5), and using the Lipschitz charac-
ter of fo,..., fm, the Gronwall inequality, the Cauchy-Schwarz inequality, and
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(5.4), we see that

o < o (i oty 1) 20 (ol )
<Gy + lly™ =7l + 1) exp (Co ly™ ~ 3l )

<l ll+7+1) exp (Crr)

< 02( 7|+ + 1) exp (Cy’) (5.6)

for some Cy = Co(f, To) >0, Cy = Cl(f, To) >0, Cy = CQ(f, To) > 0, and
for every t € (71,71 + Tp). Then, by integrating (5.5) once again, and using
fo(g) = 0, the Cauchy-Schwarz inequality and (5.6), we moreover see that

vt -7 < v -7l + /Tt i | | as+ /

t
T1

t
e /
L2(11,m1+To;R™) (/) 71

for some C5(f,Tp,r,7) > 0, with C(f) > 0 being the Lipschitz constant of the
vector fields f;. Finally, applying the Grénwall inequality to (5.7) and using
(5.4), we deduce that

lvi0) =7 < crexo () ™ ~ 31 (5.8)

for some Cy4(f,To,y,7) > 0 independent of 7,7 and 7 > 0, and for every
t € (11,71 +Tp). Note that in view of (5.6), both C3 and Cy are non-decreasing
with respect to the parameter r > 0.

‘f(?ﬂ) —f(?)” ds

< ly™ =3l + G ||u|

‘y*(s) —@H ds  (5.7)

e There exists a control u* € L?(ry, 7y 4+ Tp; R™) satisfying
e <) 7 - v P (59)
L2(7'17T1+T0;Rm) = 0 ’ '

and which is such that the corresponding solution 3 to
= L. ;
Y —f(y ,U) in (71,71 + 1o
( ) (5.10)
yi(r) =7

satisfies y* (11 + Tp) = y™. By integrating (5.10), and using the Lipschitz
character of fy, ..., fm, the Gronwall inequality, the Cauchy-Schwarz inequality
and (5.9), we see that

o] < 05 (114 s * 1) 2 (0519 )

< Co( 17l + 17—yl + 1) exp (Co 17 — 511
< CG< 7l + 7 + 1) exp (Cﬁr) (5.11)

for some C5(f) > 0 and Cs(f,Tp) > 0, and for every ¢t € (11,71 + Tp). Then,
by integrating (5.10) once again, and using fo(y) = 0, the Cauchy-Schwarz
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inequality and (5.11), we moreover see that

t m t
- u:t S ; S
|sico yH</nj21\ | [non]as+ [

t
e /
L2(11,m1+To;R™) (f) m

for some Cr(f,To,r,7) > 0, with C(f) > 0 being the Lipschitz constant of the
vector fields f;. Finally, applying the Grénwall inequality to (5.12) and using
(5.9), we deduce that

|y -7 < Csexp (C(HT) Iy™ — 31 (5.13)

for some Cs(f,Tv,y,r) > 0 independent of T, 7,72 > 0, and for every ¢t €
(11,71 + Tp). Note that in view of (5.6), both C7 and Cg are non-decreasing
with respect to the parameter r > 0.

1(s") - F@)|| as

<ol

v (s) —@H ds (5.12)

Now set
UT(t) in (7’1,T1+T0)
u™™(t) == 0 in (71 + To, 72 — Tp)
ut (t—(r2—7m—To)) in(r—To,72),
and let y*"™* be the corresponding solution to (5.3). By construction, we have
v () =yl (t) in [, 71 + To),
and thus
Yy =7 in 11+ To, 2 — To), (5.14)

whereas we also have y*™*(1y) = y™, whence u*™ € U,q. We now evaluate J;, r, at
u?™, which by virtue of a simple change of variable as well as (5.14), (5.4), (5.8), (5.9)
and (5.13), leads us to

J’n,'rz (uaux) = HUT ‘

[

L2(7'17’7'1+T();Rm) LQ(Tl,Tl—‘y-T();Rm)
71470 2 T14+T0 )
e[ e e [T v o e
T1 T1

<Co(Ilg =™+ 5~ v™II”) (5.15)

where Cy = Cyo(f,y,To,r) > 0 is independent of T, 71,75 > 0, and is non-decreasing
with respect to r. Hence up € Uy,q is uniformly bounded with respect to T, 7,1 > 0,
as in view of (5.15) we have

—n2 2
lyr — ?JHL2(71,72;Rd) + ||UTHL2(71772;]RM) < Jrm (ur) < Jry iy (™)

<Co(Ilg =y 1>+ 5 - y™I ).

An application of Lemma 4.1 combined with the uniform boundedness of ||ur|| 2 (7, 7,:rm)
with respect to T', 7o, 71 > 0 suffices to conclude.

Before proceeding with the proof of Theorem 2.1, we will need the following key lemma.
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Lemma 5.3. Let X be a Banach space, T > 0 and f € C°([0,T); X). For any T < %,
there exist t1 € [0,7) and to € (T — 7,T] such that

1 £l 2 0,7:3)

\/,7_

£t x < fori=1,2.

P’)”OO? 0] Lemma 5.3. Denote
||f”L2 0,75,X
,,7(7—) : ( ).

\ﬁ
We argue by contradiction. Assume that either
lf ()| x > n(T) for all t € [0, 7)
or
If)|lx > n(T) for all t € (T — 7,T].

hold. Then we have

T T T
[ ir@izaes [Cisoldes [ 1roRa> m
0 0 T—1
Hence
2 1 T 2 2
n(r)” <~ ; 1 (@)% dt = ()7,
which yields a contradiction. This concludes the proof. O

5.2. Proof of Theorem 2.1. We are now in a position to prove our first main result.

Proof of Theorem 2.1. We begin by noting that (2.9) follows from Lemma 5.1. We thus
concentrate on proving (2.8), and we split the proof in two parts. Before proceeding,
let us first note that by Lemma 5.1, there exists a constant C7 > 0, depending only on
£, T0,7,4°, ¢, such that

sup |lyr(t) =9l + llyr = Yllr20rre) < C1 (5.16)

te[0,T]

holds for any T" > 0 and pair (ug,yr) which is optimal for (2.3). Let » > 0 be the
radius provided by Assumption 1. By Lemma 5.2, we also know that there exists a
constant Co > 0, depending only on r, f, Ty, 7y, such that whenever T' > 27y, for any
11,72 € [0,7T] such that 7 — 7 > 2Ty and

lyr (i) =yl <,

the estimate

sup lyr() =3 + lor = Flizn umey < Calor(m) =3l + lr(r) = 31) - .17
te|T1,m2

holds for any pair (ur,yr) which is optimal for (5.2). Now fix

C?2  402C?
T>16Cy + —+ + —2,
T T

(5.18)
and let
T>2(1r+4+1Ty):=T"

be fixed. Let (ur,yr) thus be an optimal pair for (2.3) with 7" as such. The choice of
the buffer time 7 will become clear in what follows.
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Part 1. We note that for ¢ € [0,7 + Tp] and ¢t € [T — (7 + Tp), T], the desired estimate
(2.8) can be obtained without too much difficulty, as the length of both time intervals
is independent of T'. Indeed, by (5.16), for any pu > 0 we have

lyr(t) — 7| < Cret e wt
for t € [0, 7 + Tp), and
lyr(t) —7g|| < CeMT—t) e=i(T=1)
< Cyer+T0) (e—ut n e—u(T—t)) (5.20)
fort € [T — (7 + 1), T].

Part 2. We now aim to show that (2.8) holds for t € [t + Ty, T — (7 + Tp)]. To this
end, we proceed in three steps.

Step 1): Preparation. Since T < %, by Lemma 5.3 there exist a couple of time instances
71 € [0,7) and 7 € (T' — 7,7 such that

lyr =Yl L2(0,7;r9) (526) (&%

i) — Yl < < . 5.21
lyz(7:) =¥l NG NG (5.21)
Note that, by virtue of the choice of 7 in (5.18), we have that % < r and thus

lyr (i) =yl <r (5.22)

also holds. We shall now restrict our analysis onto [r1, 7], and extrapolate onto the
subset [7,T —7]. First note that ur|;, -, is a global minimizerS of .J,, ., defined in (5.2)
with fixed endpoints y™ = yr(71) and y™ = yr(m2), and thus clearly yr|(,, -, solves
(5.3). As

To—T1 21T — 21 2 2T),
in view of (5.22), we may use (5.17) to find that

lyr(®) =31l < Co(lyr(m) =l + llyr(r2) - 7 (5.23)

holds for all t € [y, 2. Setting
K :=max< 1 —CI
’ ’ 02 ’

and applying (5.21) to inequality (5.23), we deduce that
2010y

lyr(t) =gl < 7 (5.24)
< ’;455 (5.25)

holds for all ¢ € [r,72]. As 71 < 7 and T'— 7 < 79, estimates (5.24) and (5.25) clearly
hold for all ¢t € [7,T — 7].

Step 2): Bootstrap. Inequality (5.25) motivates performing a bootstrap — we will show
that for any n € N satisfying
1 /T
n< — |- — TO ’
T\ 2

6This can be shown by contradiction.
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one has N
k (4C5
swp o) -7 < 5 (22 (5.26)
te[nT,T—nT] 2 \/’7—
The choice of n is done as to guarantee that T — 2n7 > 2T, in view of a repeated
application of Lemma 5.2 (namely (5.17)). Note that (5.24), combined with the choice
of 7 in (5.18), also implies that

lyr(t) =gl <7 (5.27)
for all t € [7,T — 7]. To prove (5.26), we proceed by induction. The case n = 1 clearly
holds by (5.25). Thus, assume that (5.26) holds — we aim to show that (5.26) holds at
step n + 1. To this end, suppose that

n+1<1<T—To)-
T\ 2

This is equivalent to T — 2n7 — 2Ty > 27 (and recall that 7 > 0 is fixed), and it also
clearly implies that
T —2n1

5
Since T'—2n7 > 2Ty, as in Step 1, it can be shown that ur |}, 17— is a global minimizer
of Jpr1—nr defined in (5.2). Taking these facts into account, and noting that (5.27)
holds”, we can apply Lemma 5.3 on [n7,T — n7] (noting (5.28)), and Lemma 5.2 with
71 = n7 and 75 = T —n7, to deduce that there exist a couple of times t; € [n7,(n+1)7)
and ta € (T — (n+ 1)7,T — n7] such that

(5.28)

T X

_ My =¥l 2 r—nrima C: _ _
lyr(ts) =7l < T < 2 () =3l + e (T = ) 3] ).
We now use the induction hypothesis (5.26) in the above inequality to obtain
_ Cy [(4C2\"
t) =7l < h—= [ =2 5.29
o) -7l < n 2 (272 (5.29)

Now since

to — 11 >T—2(n—|—1)7'> 2T0,
and since ur|[, 4,] is a global minimizer of J;, ¢, defined in (5.2), combining Lemma 5.28
and (5.29) we are led to deduce that

lyr(® =7l < Ca(llyr(t) = 7l + lyr(t2) — 7))
4C3 (4C3\"
< [ACs (403 (5.30)
2 7 \vr
for t € [t1,t2]. Since t; < (n+ 1)7 and T — (n + 1)7 < to, estimate (5.30) clearly also
holds for ¢t € [(n+ 1)7,T — (n + 1)7]. Identity (5.26) is thus proven.

Step 3): Conclusion. We now look to use (5.26) as to conclude the proof. Suppose that
te[r+To, T — (1 +Tp)]. We set

n(t) := min{ {TITOJ : L‘TJr_onJ }’

"Note that nt > 7 and T — nt < T — 7, so (5.27) also holds for ¢ € [n7, T — n7], hence Lemma 5.2
is applicable.
8May be applied once again since (5.27) holds for t = ¢, > 7 and t = to < T — 7.
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where |z] denotes the integer part of z € R. Clearly n(¢) > 1 and
n(t)r <t <T —n(t)T.
Moreover, since z +—> @ is non-decreasing,

T T2 To) — 2T T T —21; 1 /T
n(t) < :7(7—1— 0) L L_o1).
2(r+Ty) 21 2(r+Tp) 27 T T

2
We may then apply (5.26) to obtain

K (4C2 n(t)
-7l <z | —= . 5.31
o) -7l < 5 (252 (5.31)
By virtue of the choice of 7 in (5.18), we see that
4C3
—= < L
VT
Moreover, since either
t T—-1
t) > ~1 t) > 1,
n(t) T+ Tp o n(t) T+ Tp

—~

we may rewrite (5.31) to obtain

_ K VT
o) =71 < exp (~n(oytox (25 )
log <ﬁ> log <ﬁ)
K /T ac2 1c2
<oV e/ N oy | | 532
2302 \ "\ "7y, )T\ Ty, o)) 632
Looking at (5.32), we see that estimate (2.8) thus holds for all t € [+ Ty, T — (7 + Tp)],
with
RA/T
C:=—5>0,
8C32
and
s (322)

By virtue of (5.19), (5.20) and (5.32), we deduce that (2.8) holds for all ¢ € [0, T, with
T :=2(1 + Tp),

KT
C := max {C]_, 86’22} > 0, (534)
and p > 0 as in (5.33). This concludes the proof. O

5.3. Proof of Corollary 2.2. We finish this section with the proof of Corollary 2.2,
which stipulates an exponential decay of optimal controls in the context of driftless
control-affine systems, namely (2.1) with a nonlinearity of the form

fly,u) = Zujfj(y) for (y,u) € RY x R™, (5.35)
j=1

We recall that fi,..., fm € Lip(R% R%). We begin with the following result.
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Lemma 5.4. Suppose Ty > 0, y° € RY and ur, € L%(0,To; R™) are all given. Let
yr, € C°([0, Ty]; RY) be the unique solution to

{yTo = f(yTovuTo) in (07 TO)

1 (0) = 1 (5.36)

with f as in (5.35). Let T > 0, and define

up(t) := %UTO <t€9> for t€ 0,77,
and
To
yr(t) == yr, (tT> for t€0,T].

Then yr € CO([0,T);RY) is the unique solution to (2.1) with yr(0) = y° and control
.

This sort of time-scaling in the context of driftless control affine systems is commonly
used — a canonical example is the proof of the Chow-Rashevskii theorem (|8, Chapter
3, Section 3.3|). We provide the short proof for completeness.

Proof of Lemma 5.4. Using the fact that yr, is the solution to (7.8) and the change of
variable T = sTlO, we see that

yr(t) = yr, (ﬂ?) =y’ + /OtTTO flymy (8),ur, (s)) ds
o [ Bl ) ()
=+ [ F ) a

It follows that yr solves (2.1) with y7(0) = y°, and we conclude by uniqueness. O

Proof of Corollary 2.2. Fix any t € [0,T) and 0 < h < 1 so that ¢+ 2h € [0, 7], and set

ur(s) for s € [0, 1]

u?™(s) == %UT <t 42 ; t> for s € (t,t + 2h)]
ur(s — h) for s € (t+ 2h,T].
By Lemma 5.4, the state y*"*, solution to (2.1) associated to u*"* is precisely
yr(s) for s € [0, 1]
Y™™ (s) =< yr <t + 5275) for s € (t,t+ 2h]

yr(s —h) for s € (t+ 2h,T].
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X

By means of simple changes of variables, and using the suboptimality of u®*"*, we can
readily see that
T 2 T 2
Jr (ur) < Jr () = /0 u=(s) 2 ds + /0 ly(s) — 7112 ds
T—h 9 1 t+h 9
— [P as =5 [ fur (s)1* as
0 t
T—h 9 t+h 5
" /0 loro) =9+ [ e (s) ~ 3l ds
t
T ) 1 t+h 9
< [lur@F ds= 5 [ ur ) as
0 t
T 5 t+h 5
" /0 e -5+ [ o) -l ds. 637
t

From (5.37), one sees that

1

t+h 9 t+h 5
5[ Mer@IFds< [ ) -9l ds (539)
t t

We combine (5.38) with (2.11) to deduce that

1 t+h 9 t+h 9 t+h
1 / Jur(s)]? ds < 2 / lyr(s) —7l° ds < 2 / e ds
h, hl, n,

20 t+h
< -
hJe
= 2Ce 2, (5.39)
By the Lebesgue differentiation theorem, using (5.39) we deduce that

e 2 dg

1 t+h %
for@ll = fim (5 [ lure)P as) < 2067,
t
for a.e. t € (0,T), as desired. This concludes the proof. O

6. PROOF OF THEOREM 3.1

In this section, we provide details of the proof of Theorem 3.1. The proof of Corollary 3.1
follows by repeating the proof of Corollary 2.1 in the appropriate functional setting, so
we omit it.

Proof of Theorem 3.1. Once (3.1) is written as a first order evolution equation set in
X = H}(Q) x L?(Q2) (see the proof of Lemma 4.3 for this setup), the only noticeable
difference in the proof of Theorem 3.1 with respect to the proof of Theorem 2.1 are the
specific "quasi-turnpike" lemmas one applies in the preparation (Lemma 6.1 in Part 1
& Step 1 of Part 2) and bootstrap (Lemma 6.2 in Step 2). So one simply repeats the
proof of Theorem 2.1 whilst applying Lemma 6.1, Lemma 6.2 and Lemma 5.3 with X
as above. Whence, the proof follows from these two lemmas, stated and proven just
below. O

Lemma 6.1. Let y° = (19,99) € H(Q) x L3(Q) be given. Let T > 0 be fized, and let
ur € L2((0,T) x w) be a global minimizer to Jp defined in (3.2), with yr denoting the
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associated solution to (3.1). Then, there exists a constant C = C(f, ¢,w, 2, 7,y%) > 0
independent of T > 0 such that

Jr(ur) + |lyr(t) — ?H?{&(Q) +18yr ()72 < C
holds for all t € [0,T].

Proof of Lemma 6.1. The proof follows the lines of that of Lemma 5.1, simply adapted
to the PDE setting. Fix Ty := Tiin(w, Q) + 1 where Thin(w,2) > 0 is the minimal
controllability time for the semilinear wave equation, defined in (3.6).

Case 1). We begin by considering the case T' > Ty. By controllability, we know that
exists some control uf € L2((0,7Tp) x w) such that the corresponding solution y! to

Ryt — Ayt + f(yH) =41, in (0,Tp) x Q
yT =0 on (0,Tp) x 00
(", 0" i=0 =" in Q.
satisfies yf(Tp) = 7 and 9! (Tp) = 0 (in L2(Q), and thus a.e.). Now set
W) {um) in (0,7))
0 in (7o, T)
and let ¥y be the corresponding solution to (3.1). Clearly
y*"™ () =7y and Oy (t) =0 for t € [To,T].

Combining this fact with Jp(ur) < Jp(u®™), we see that

2 2

Jr(ur) < ¢(¥) + HyT - @’

|

]

+ Ha’fy ;«O,To)xw) '

L2(0,To; HL () L2((0,To) %) +

As the right-hand side in the above inequality is clearly independent of T, we conclude
by applying Lemma 4.3.

Case 2). Now suppose that 7' < Tp. We use Jr(ur) < Jr(ug,) to obtain
Jr(ur) < ¢ (yn (1)) + llyn, — ?H%Q(O,T;HDI(Q)) + 10:y1 17201y w00y + 14z 172 (0.7 00

Now yr, € C°([0,To); L2(R2)) is bounded uniformly with respect to T € [0, Tp]. Hence,
using the fact that ¢ € £(L?(Q);Ry) and T < Tp, we deduce that

Jr(ur) < C (6.1)
for some C' > 0 independent of 7. Combining (6.1) with Lemma 4.3 allows us to
conclude. O

Since (3.1) is a Lipschitz perturbation of an exactly controllable linear system, the
following claim holds.

Claim 6.1 (Cost estimate). Let Ty > Tiin(w,2), where Thin(w, Q) > 0 is defined in
(3.6). There exists r > 0 and C' = C(Tp,w, f) > 0 such that

inf ull72 (01 %) < C <Hy? _QH?{&(Q) + H?/gui%m) ,
such that
(4,019)lt=0=Yy"°

. .and -
(:019) lt=1,=(7,0)
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and

. 2 1 —2 1112
inf lull 20,y xw) < C <Hy1 - yHHol(Q) + Hy2HL2(Q)) ,
such that
(4,0ty) |t=0=(,0)
and
(4,009)le=Ty =y"

hold for any y° = (y?,yg) and y* (yl,y2 such that

pore{[a]mo vz 2]

where y solves (3.1) and y € HY(Q) is fized as in (3.3).

<roe,
HI(Q)xL2(Q)

Remark 10 (Regarding Claim 6.1). Let us provide more detail regarding Claim 6.1,
following [51, 52|, and also the proofs of [50, Theorem 2.1] and [14, Theorem 2.2]. For
showing the controllability of the semilinear wave equation, one typically proceeds by
considering

9ty — Ay + g(Qy = £(0) Z'nQX(OT)

where ¢ € L*((0,T) x Q) is given, and g(s) = £-10) for s € R is bounded and
continuous. It can be shown that the above system is controllable in time T > T (w, Q)
with continuous dependence of the minimal L?-norm control with respect to the data
and f(0). The result is transferred to the semilinear system by Schauder’s fized point
theorem. To have precisely the same estimates as in Claim 6.1, namely, to remove
the dependence of the minimal L?-norm control with respect to f(0), we assume that

7(0) =0,

As in the finite-dimensional case, the second "quasi-turnpike" result is one for an
auxiliary control problem with fixed endpoints. For 0 < 71 < 7 < T and given
Y,y € HL(Q) x L%(Q2), this auxiliary problem consists in minimizing the nonnega-

tive functional
T2

T2 T2
T () = / () = T2 dt + / 1020 + / Ju®)|22, At (6.2)

T1 71 1

over all u € Upq, where y € CO([r1, 72]; H} () N CY([1, 72]; L?(£2)) denotes the unique
solution to
0Py — Ay+ f(y) =ul, in (1, 7) xQ

y=0 on (11,72) X 90 (6.3)
(yv aty)|t=7'1 = yTl in Q.
and where

Usa i= {u € L2((11,72) x ): (4, D)limrs =¥™ }.

We recall that f € Lip(R). We now state and prove the wave equation analog of
Lemma 5.2, which we recall, is the cornerstone of the bootstrap argument in our turnpike
proof.

Lemma 6.2. Fiz Ty > Tyin(w, ). Suppose T >0 and 0 < 11 < 172 < T are fized such
that 7o — 1 = 21y. Let r > 0 be as in Claim 6.1, and let y™,y™ be such that

e {2l =)
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for i = 1,2. Let up € U,q be a global minimizer to J;, 7, defined in (6.2), with yr

denoting the associated solution to (6.3). Then, there exists C = C(f,Tp,Q,w) > 0
independent of T', 1,19, y"¢, 1, such that

12
Tryma (ur) + lyr () = Gl ) + 106y (D720
—(12 112 T —112 9|12
<C <HZ/I1 - yHH&(Q) + Hy21HL2(Q) + Iy — yHL2(Q) + Hy22HL2(Q)>
holds for all t € [T1,T2].
Proof of Lemma 6.2. The proof follows the lines of that of Lemma 5.2, with some slight
technical differences. We provide details for the sake of completeness. For notational
purposes, it will be significantly simpler to operate in the canonical first order system

framework presented in the proof of Lemma 4.3. For the same reason, we will also drop
the subscripts of T. We set X := H}(Q) x L*(9), and we denote

il sl

We also recall the definition of the skew-adjoint operator

A [& I(‘” , D(A) = D(A) x HL(Q),

where D(A) = H2(Q) N H} (). Then the desired estimate simply writes as

—2 —2 =112
I (W) + Iy (®) =71 < € (Iy™ =515 + Iy =71 )

for all ¢ € [y, 72]. We proceed similarly as in the proof of Lemma 5.2. Using Claim 6.1,
we know the following.

e There exists a control ul € L2((r1, 71 + Tp) x w) satisfying

(o < Golly™ - ¥l - (6.4)

2
L2((11,m1+To) xw)

for some Cy = Cy(Tp,w, f) > 0, and such that the corresponding solution

.|.
T = y to
Y [@?ﬂ]

815)’]L - Aer + |:f(:21-):| = |:u1-(:)lw:| in (T17 T+ TO)

Ve, = y™

satisfies yf(71 + Tp) = ¥ in X. By writing the Duhamel formula for y' — ¥,
and using the conservative character of {etA} >0 I X, the Cauchy-Schwarz
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inequality, the Lipschitz character of f and the Poincaré inequality, we see that

t
= tA( T _ = (t—s)A 0
HY (1) YHX <l ™ =3l + /T1 ¢ [u*(s)lw}

L g sl
<ly™ =¥y + Vo fu']

t
C(f,9) / yi(s

with C'(f, ) > 0 depending solely on the Poincaré constant and the Lipschitz
constant of f. Applying the Gronwall inequality to (6.5) and using (6.4), we
deduce that

[v'®) -] < crem (s, m) Iy - Fl1x (6.6)

holds for some Ci(f,Tp,w) > 0 independent of T, 71,70 > 0, and for every
t e (7’1,7’1 +T0).
e There exists a control ut € L2((r1, 71 + Tp) x w) satisfying

2
]

L2 ((7’1 ,T1 +T0) ><w)

ds

‘ X

L2 Tl,Tl—‘y-To)XoJ)

—ﬂ&d& (6.5)

<G|y -y % (6.7)

i
and which is such that the corresponding solution y* = [ 8yyi]
t

0 0 .
Oyt — Ayt + [f(yi)] - [uilw } in (r1,71 + 7o)
yi’t:’rl - y

satisfies yt(m; + Tp) = y™ in X. Arguing just as above, we see that

. t
ror=sle< [ wen |, o L1 lown sonll,
\/EH i‘LQ ((71,714+T0) xw) e /Tt Yi(S)

with C'(f, ) > 0 depending solely on the Poincaré constant and the Lipschitz
constant of f. Applying the Gronwall inequality to (6.8) and using (6.7), we
deduce that

[v'® -3, < oo clr.9m) Iy -7l (6.9)

holds for some Co(f,Tp,w) > 0 independent of T,7i,7 > 0, and for every
t e (7’1,7’1 +T0).

—ﬂhd& (6.8)

Now set
ul(t) in (11,71 + 7o)
u?™(t) =<0 in (71 +To, 72 — Tp)
ut(t— (=11 —Tp)) in (12 — To,72),
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and let y" [(;ﬁ:’;{] be the corresponding solution to (6.3). By construction, we
have

Yy (t) =y (t) in [, 7 + Ty,
and thus

y*™(t) =y in [1y + To, 72 — Tol, (6.10)

Whereas we also have y*™¥(m) = y™, whence u™™ € U,q. We now evaluate J;, -, at
™, which by virtue of a simple change of variable as well as (6.10), (6.4), (6.6), (6.7)
and (6.9), leads us to

T (™) = o] + o
i 2(“’ L2 71,7-1+T0)><w L2 (Tl,T1+To)><UJ)
T1+To ; T1+T0 ; 2
+/ v () —yH dt+/ ‘y (t)—yH dt
T1 X T1 X
<G(IF -y 5 +15-y1% ) (6.11)

where Cs(f, Ty, 2, w) > 0 is independent of T, 71,72 > 0. By virtue of the optimality of
u and (6.11), we have

T () < Try iy () < G5 (15 =y 1% + 1y = y™1% ).

An application of Lemma 4.3 suffices to conclude. U

7. PROOF OF THEOREM 3.2

For the semilinear heat equation, we can adapt the proof strategy of Theorem 2.1 to
directly prove the stabilization result stipulated by Theorem 3.2. We provide details
of the proof, as it is not an immediate application of that of Theorem 2.1. We recall
that since f € Lip(R), as presented in [38, Lemma 8.3] (and the references therein),
given any Ty > 0, y° € L*(Q) and § € H}(2) solution to (3.3), there exists a control
u € L?((0,Tp) x w) such that the unique solution y to (3.7) satisfies y(7Tp) = ¥, and

HUHLQ((O,T())XLU) < C(T()vwv f) HyO - EHLQ(Q) (7'1)

for some C(Tp,w, f) > 0 (the dependence on f is through the Lipschitz constant which
is an upper bound for the potential appearing in the associated linear problem). Indeed,
we may consider z := y — g, and the control u steering z to 0 in time T is the same as
that steering y to ¥ in time T". But then, ||u|z2(01)xw) < C(To,w; f)[[2(0)||£2(q) from
the linear system and a fixed-point argument. Let T' > 0 and 0 < 7 < T be fixed, and
suppose y™ € L?(1) is given. Consider

T

T
Tnarla) = [l = T3y dt+ [ @) e, dt (7.2)

1 1
where y solves
Oy —Ay+ fly) =ul, in (7,T) xQ
y=0 on (11,T) x 09 (7.3)
Yli=r, = y™ in Q.
We will only need the following lemma, which is similar to Lemma 6.2. In fact, the
blueprint of the proof below is contained therein.
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Lemma 7.1. Let T > 0 and 71 > 0 be given such that T > 11, and let y™ € L*(2). Let
ur € L*((11,T) x w) be any global minimizer to Jr, v defined in (7.2), with yr denoting
the corresponding solution to (7.3). Then, there exists a constant C = C(f,w) > 0
independent of T, > 0 and y™ such that

Jnir(ur) + lyr(®) = Ty < C Iy - T2
holds for all t € [11,T).
Proof of Lemma 7.1. Case 1). Let us first suppose that T' > 71 + 1. By controllability

to the steady state ¥ (see the discussion around (7.1)), we know that exists a control
ut € L2((1, 7 + 1) x w) satisfying

]

Pty S OV Tl (7.4)

for some C; = C}(w, f) > 0 and such that the corresponding solution 3 to
oyt — Ayt + f(y") = w1y, in (r, 71 +1) x Q
yi =0 on (11,71 +1) x 90
ylli—o = 3° in Q.

satisfies (71 + 1) = 7. Arguing as in the proof of Lemma 4.2, we see that

lvi -7

<y -9 f
@ ly y||L2(Q)+Hu

+C(f)/t

T1

L2 L2((m1,m1+1) xw)

y'(s) —?) Loy (7.5)

for t € (r1, 71 + 1), with C(f) > 0 being the Lipschitz constant of f. Applying the
Gronwall inequality to (7.5) and using (7.4), we deduce that

o) — 5 n_g
v =], < oo €N 1™ ~Tlp200) (7.6)
for some Co(f,w) > 0 independent of T', 7y, and for every ¢t € (11,71 + 1). Now set

() = uT(t) in (1,7 +1)
o in (nn+1,7)

and let y*"™* be the corresponding solution to (3.7). Clearly
Yyt =7y for t € [ + 1,T).

Hence, using J;, r(ur) < Jr, 7(u®), (7.6) and (7.4), we see that

2 2
Jr r(ur) <

[l
)

f—*\
’y Y L2((m1,m1+1)xQ L2((r1,m14+1) Xw)

< Cslly™ = 7l720)
for some C3(f,w) > 0 independent of 7,73 > 0. Applying Lemma 4.2 suffices to
conclude.

Case 2). Now suppose that 71 < T < 71+ 1. We may then use the optimality inequality
Jrr(ur) < Jor(ur41), as well as Jo 7(ur+1) < Jr r+1(tr+1), and since by the
previous step, we know that

Trymi1(Ur 1) < Cs lly™ =l 720 »



TURNPIKE IN LIPSCHITZ-NONLINEAR OPTIMAL CONTROL 39

where C3 = C3(f,w) > 0 is independent of T', 71, we deduce
T (ur) < Cs g™ = Fla(qy - (7.7)
We may conclude by combining (7.7) with Lemma 4.2. O

Proof of Theorem 3.2. The proof is of the same spirit? as that of Theorem 2.1, the only
difference being the fact that we only need to bootstrap forward in time due to the lack
of final cost, which renders the proof significantly less technical. The control estimate
follows from Lemma 7.1. We thus concentrate solely on estimating the state. Let Ty > 0
be arbitrary, and fix

7> Cf

where C1 = C1(f,w) > 0 is the (square root of the) constant appearing in Lemma 7.1.
We note that if T < 27 + Tp, then the desired estimate clearly follows by arguing as in
previous proofs. We thus suppose that

T>27+ 1o

is fixed. First note that for ¢ € [0, 7 + Ty, just as in Part 1 of the proof of Theorem 2.1,
the desired estimate can easily be obtained for such ¢ since the length of the time interval
is independent of T'. Hence, we will solely concentrate on the case t € [1 + Ty, T]. To
this end, we will mimic the steps done in the proof of Theorem 2.1.

Step 1). Preparation. Since 27 < T and thus 7 < %, by Lemma 5.3 there exists a
71 € [0,7) such that

_ lyr =Yl 201 %0 C _
lyr(m) = Tl 20 < Vv At PR ()

where we used Lemma 7.1 for the second estimate. The control ur|(,, 7] can be shown
to minimize J;, r with initial data y™ = yr (1) for (7.3), to which clearly the solution
is yr|[r, 77- So by Lemma 7.1 and (7.8),
Ct 1,0
lyr(t) = Yllz2() < Cillyr(m) = Yll2) < NG |y" — yHLz(Q) (7.9)

holds for all ¢t € [ry,T]. Since 7y < 7, (7.9) also holds for all ¢ € [, T].
Step 2). Bootstrap. We bootstrap (7.9) and prove that for any n € N satisfying

T
nx -—,
2T
the estimate
o e -7z < (L) =7l (7.10)
te[nT,T] \/F

9Actually7 as already commented below the statement of Corollary 2.1, the proof presented below
also roughly applies to show Corollary 2.1, where one also would need to account for the constants
which should also depend on the radius r > 0. In fact, just as for the heat equation, one could first
adapt Lemma 5.2 to a functional of the form (7.2); an adaptation which would hold for initial data in
a ball of radius r > 0 around 7, and then use the global estimate of Lemma 5.1 and argue as in the
beginning of the proof of Theorem 2.1 to fit within this ball, where one bootstraps forward in time only
(namely, over intervals of the form [n7,T7).
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holds. We proceed by induction. The case n = 1 holds by (7.9). Thus assume that
(7.10) holds at some stage n € N and suppose that

+1< T
n < —.
2T

This clearly implies that

T —2nT1
5

The control UT‘[W,T] can again be shown to be a global minimizer of J,,r. We can

thus apply Lemma 7.1 with 71 = n7, and Lemma 5.3 (noting (7.11)) on [n7,T — n7],

to deduce that there exists ¢; € [n7, (n + 1)7) such that

(7.11)

T <

_ HyT - yHL2 nt,T) X Ch _
lyr(t1) = T2y < T2 < lyr(nr) = Tilzegey.
We may apply the induction hypothesis (7.10) to deduce
_ Cl 012 " 0 —
HyT(tl) - y||L2(Q) < W <\ﬁ Hy - yHLQ(Q) . (7'12)

Since ur|y, 17 is a global minimizer of Ji, 7, we can apply Lemma 7.1 and use (7.12) to
deduce that

_ _ C (CEN" 1o -
lyr(t) = ¥llz2) < Cillyr(tr) — vllz2@) < 7 (ﬁ) |y" — Z/HLz(Q) (7.13)
holds for all t € [t1,T]. Clearly, as t; < (n+1)7, (7.13) also holds for all t € [(n+1)7,T.
This concludes the induction proof, and so (7.10) does indeed hold.
Step 3). Conclusion. We now use (7.10) to conclude the proof. Suppose t € [7+Tp, T
is arbitrary and fixed. Set n(t) := [ﬁJ Clearly n(t) > 1, t > n(t)r and n(t) < L
due to the choice of Ty. We may then apply (7.10) to find that

AR
o) =Tz < (2 15° = Fl g (7.14)
Now since 7 > C{ and n(t) > ﬁ — 1, we can see from (7.14) that

_ T _
lr6) ~ Ty < 0 (61108 (5 ) ) 14° = 320
1

<£ log<\c/§>t ‘

NS ex —
C% P T+T0

0 —
ly" — yHL2(Q)
The desired estimate thus holds for all ¢ € [T 4+ Tp, T], with
o8 (g) 0 7.15
W= (7.15)

and

C = ‘/—5 > 0. (7.16)
Cl

This concludes the proof. O
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8. NUMERICS

We briefly comment on the setting of the numerical experiment shown in Figure 1. We
make use of the neural ODE (1.3) with o = tanh, and discretize with an explicit mid-
point rule with At = 1/2. The operator P : R® — [~1,1] appearing in (1.1) is defined as
Pz = hardtanh(p;z + p2), through the nonlinear thresholding operator hardtanh(z) =
Liss13(2) +215e(-1,1)(2) + 1gs<13(2), and the parameters p; € R**? and py € R? which
are randomly sampled!'® from a normal distribution. We use n = 2400 points for train-
ing, and 600 points for testing (see Figure 5). We originally consider a dataset of points
in R, but we embed them in R3 by adding a 0 to each point. This is to avoid the inter-
section of trajectories in R?, which takes place due to uniqueness ([9]). This is why we
actually plot the predictor as a map R? — [~1,1] in Figure 5. The code for reproducing
all figures is available at https://github.com/borjanG/dynamical.systems.

Generalization outside training data

1.00
O  train
O test 0.75
0.50
0.25
g 0.00
—0.25
—0.50
—0.75
—1.00
Zy

FIGURE 5. We see that the trained predictor, plotted on [—2,2]%, has
generalized the shape of the dataset, as desired.

4 4 4
2 2 2
0 0 0
-2 -2 -2
—4 —4 —4

FiGURE 6. To further corroborate the graph showing the decay of op-
timal controls ||u(t)]| in Figure 1, where u(t) = (w(t),b(t)), we display
the values of the matrix w(t) € R3*3 in times t € {0.67,1.33,5} (left to
right).

10As a byproduct of the Johnson-Lindenstrauss lemma ([43, Lemma 23.4]), such random projections
are of low distortion with respect to the Euclidean distance, in the sense that distances between points
are nearly preserved after projecting.
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9. CONCLUDING REMARKS AND OUTLOOK

We have presented a new methodology for proving the turnpike property for nonlinear
optimal control problems set in large time horizons, under the assumption that the
running target is a steady control-state pair, and that the system is controllable with a
local estimate on the cost. These assumptions allow us to bypass necessary optimality
conditions and a study of the adjoint system, and rather relies on calculus of variations—
based arguments. More precisely, we have concluded that

e The exponential turnpike property holds for optimal state trajectories of op-
timal control problems for nonlinear finite and infinite-dimensional dynamics,
whenever the cost functional is coercive with respect to the distance of the
state to the target steady state. The nonlinearity may be assumed to be only
globally Lipschitz continuous (and thus possibly nonsmooth). The result holds
without any smallness assumptions on the initial data.

e The last exponential arc (near ¢ = T') can be removed whenever the optimal
control problem is considered without a final time cost, and thus entails an
exponential stabilization estimate for the optimal state trajectory.

The motivation behind the consideration of steady state running targets in (2.3) was the
link with machine learning applications, namely problem (1.1) (although, we saw that
our results also apply to many contexts which arise naturally in mechanics). While we
see a turnpike phenomenon in the numerical simulations of (1.1), our analysis done for
(2.3) strictly applies to (1.1) only when d, = d,, and P is the identity. On another hand,
since P is surjective, we can see (2.3) as a relaxed version of (1.1), in which case, we
select the running targets in the functional (2.3) as X; € P! ({y(i) }) forie{1,...,n},
which are steady states of the underlying system with 0 control (as are all constants,
actually). The numerical simulations in Figure 1 are all the more curious because of the
fact that 1). we see the stabilization of the full state, while we solely penalize projections
of it, and 2). the projection x — Px is actually not coercive with respect to = (see
Section 8). For problems manifesting a lack of observability of certain components of
the state in the tracking term, the turnpike property for the observed components and
the full controls has been shown in [37], in the setting of linear systems. Should such a
property also hold for (1.1), then the stability of the full state seen in Figure 1 can be
explained through the decay of the optimal controls to 0 and the specific form of the
dynamics. One could envision a fusion of our strategy with Loyasewicz-type inequalities
to provide theoretical guarantees, but this remains an open problem.

9.1. Outlook. Let us conclude with a select list of additional open problems.

e Necessity of assuming that 7y is a steady state. The assumption that
the running target 7 in (2.3) is a steady state of the dynamics allows us to
easily obtain quasi-turnpike controls allowing us to obtain the key estimates in
Lemma 5.1 and Lemma 5.2 (resp. Lemma 6.1, Lemma 6.2, Lemma 7.1 in the
PDE setting). The case of controlled steady states 3§ associated to a presecribed
control w can readily be addressed by penalizing v — @ over [0,7] instead of
solely u as noted in Remark 1. But we were unable to see if this is a necessary
assumption in the nonlinear context in the absence of smallness conditions on
the target, and whether the controlled steady state case can be covered by
solely penalizing u. These questions merit in-depth investigation.
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e Weakening Assumption 1. An important hypothesis we made throughout is
Assumption 1, which required that, at least for data y°, y" in the vicinity of the
free steady state 7, the minimal L?-norm control steering the system from y° to
7 may be estimated by Hyo — @{ , and similarly for that from 7 to y'. This is a
hallmark of linear control systems, which is also expected for nonlinear systems
for which controllability results are obtained by linearization or perturbation
methods and a fixed-point argument. But in the general context of control-
affine systems, such an assumption may appear restrictive, even-though it is
local. It is thus of interest to see how the results and methodology can be
pertained whilst weakening Assumption 1.

e Turnpike with state or control constraints. A problem which has not been
extensively covered in the literature is the turnpike property with positivity (or
box) constraints on either the state or the control. Slightly weaker integral
turnpike results under such constraints have been obtained in [33| by means of
quantitative inequalities. Such a study would complement the already existent
nonlinear controllability under constraints theory — a topic covered in several
recent works, see e.g. [28, 35, 38, 42| and the references therein.

e More general control systems. We have considered homogeneous Dirich-
let boundary conditions in (3.1) and (3.7) merely to avoid additional technical
details. The proofs of Theorem 3.1 (resp. Theorem 3.2) only require that the
underlying dynamics are exactly controllable (resp. controllable to a steady
state), thus, the same results hold with Neumann boundary conditions. Sim-
ilarly, variable coefficients and lower order terms may be considered, as long
as these coeflicients are time-independent, as we are using a Duhamel formula
along with a semigroup representation of the solution, and this semigroup ought
to be uniformly bounded for all times.

In fact, we have chosen the wave and heat equation for the sake of presen-
tation, but the respective results could possibly be extended to a more general
scenario of exactly controllable semilinear systems with similar assumptions,
e.g. dispersive equations (Schrodinger, Korteweg-de Vries), coupled systems,
and so on.

The (apparent) necessity of a Duhamel formula may however be an impedi-
ment to the extension of our results to the context of quasilinear systems such
as the porous medium equation (see [15] and the references therein). Similarly,
boundary control systems may pose technical difficulties, since they require for
the introduction of admissible control operators (a general functional frame-
work for lifting the trace on the boundary — see [47, Chapter 4]) to be written
in a canonical first order form, and consequently, to admit a Duhamel formula
representation for the solution. The particular issue for boundary control sys-
tems is that there is no guarantee that the inferred control operator would be
bounded with respect to T', which is of paramount importance to our strategy.
We leave these extensions open to future studies.

e Bilinear control systems. It would also be of interest to establish the turn-
pike property for bilinear control systems. This would be the somewhat true
analog of the control-affine systems presented herein, and under suitable as-
sumptions on the nonlinearity, one could expect that our methodology applies
to such cases as well. We have not addressed such systems for the simplicity of
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presentation and due to the controllability assumptions we make, as the con-
trollability theory for bilinear problems is not complete (albeit, see [4, 5, 10, 34]
for recent developments). Notwithstanding, our results should be applicable to
a system of the form (see [4])

Ory — Oy = u(t) f(y) in (0,T) x (0,m)
d.y(t,0) = Opy(t,m) =0 in (0,7)

Yli—o = 1" in (0,7)
where w is a scalar control and f is an appropriate nonlinearity (see [4] for suffi-
cient conditions for ensuring controllability, and globally Lipschitz for applying
our methodology).

e More general nonlinearities. Finally, it would be of interest to investi-
gate problems where our methodology does not immediately apply, such as the
paradigmatic example of the cubic heat equation. This problem consists in
seeing whether one may prove Theorem 3.2 (with the estimate on ur changed
by an estimate of up — @) for minimizers ur of

T T
It i= [yt =alP e+ [ e
0 0

where yr is the unique solution to

oy — Ay +vy>=ul, in(0,T)xQ

y’t:O — yo in Qv
and y € H}(Q) is a controlled steady state associated to some u € L?(w) (the
case u = 0 is somewhat trivial due to the inherent stabilization to 7 = 0). Let
us elaborate on a possible technical impediment in the direct application of our
strategy. Clearly, for Theorem 3.2 to hold in this case, it would suffice to prove
Lemma 7.1 for f(s) = s> (while replacing the estimate of ur by an estimate of
ur—1). To this end, first of all, for any u € L?((0,T) xw), using the variational

formulation and standard arguments including the Cauchy-Schwarz, Young and
Poincaré inequalities, one can find

a4 / y(t, o) de < e / lu(t, 2)|? de
dt Jqo w

for a.e. t € [0,T], where € > %Q), whereas y solves (9.1), and thus

Iwlloogo.mzacey < C1(€) (Iullz2omye + 8] 2y ) - (9.2)

Following the proof of Lemma 4.2 for f(s) = s and using (9.2), we may find

_ 0 - _ _
1) = Fll 2y < € (19° = ll oy + 1 = ll 2oy + 19 = Flizoimyen)
where now
C ~ exp (||lull 2((0,1)xw)) -
It is precisely at this point where the issue appears, since simply by using the
form of the functional, we are not in a position to prove that |lu|lz2(07)xw)
is uniformly bounded with respect to 7', but rather only |lu — %l|r2((0,7)xw)-
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Should this be possible, then one can expect our methodology to apply to the
cubic heat equation as well, but as things stand, turnpike without smallness
conditions in this case remains open.

Further examples worth analyzing include the heat equation with a con-
vective nonlinearity f(y, Vy), even in one space dimension (e.g. the Burgers
equation); along these lines we refer to [49] for a local turnpike result for the
2d Navier-Stokes system. Similar questions can be asked for the semilinear
wave equation, where the nonlinearity is sometimes only assumed to be super-
linear (see 27| for a subcritical optimal control study) — our methodology a
priori applies if the nonlinearity is either truncated by some cut-off, or if one
manages to prove uniform estimates of [|y7 ||z ((0,7)x0) With respect to T'. Fur-
ther nonlinear problems which could be investigated include hyperbolic systems
(see [22] for a related study) or free boundary problems (see [17] for a control
perspective).
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