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Spin waves, the collective excitations of the magnetic order parameter, and magnons, the associated
quasiparticles, are envisioned as possible data carriers in future wave-based computing architectures. On
the road toward spin-wave computing, the development of a diodelike device capable of transmitting
spin waves in only one direction, thus allowing controlled signal routing, is an essential step. Here we
report on the design and experimental realization of a microstructured magnonic diode in a ferromagnetic
bilayer system. Effective unidirectional propagation of spin waves is achieved by taking advantage of
nonreciprocities produced by dynamic dipolar interactions in transversally magnetized media, which lack
symmetry about their horizontal midplane. More specifically, dipolar-induced nonreciprocities are used to
engineer the spin-wave dispersion relation of the bilayer system so that the group velocity is reduced to
very low values for one direction of propagation and not for the other, thus producing unidirectional slow
spin waves. Brillouin light scattering and propagating-spin-wave spectroscopy are used to demonstrate
the diodelike behavior of the device, the composition of which is first optimized through micromagnetic
simulations.

DOI: 10.1103/PhysRevApplied.14.024047

I. INTRODUCTION

The isolator, or wave diode, is an essential building
block in wave-computing architectures, which is necessary
to mitigate unwanted reflections and prevent signal back-
flow [1]. To act as a diode, that is, to transmit waves in
only one direction, and, more generally, to exhibit non-
reciprocity, a wave device operated in the linear regime
must break time-reversal (T) symmetry [2]. While break-
ing of T symmetry in photonic and electronic systems
requires complex time-dependent externally driven mod-
ulations, such as propagating refractive-index perturba-
tion [3] or staggered commutation [4], it happens readily
in gyrotropic systems, such as magnetically biased two-
dimensional electron gases [5] or plasmas [6], and it exists
intrinsically in ferromagnetic and ferrimagnetic materials,
which, in a bulk form, constitute the heart of standard
microwave isolators [7].

Magnetic materials host spin waves with typical fre-
quencies and wavelengths in the gigahertz-to–terahertz
and nanometer-to-micrometer ranges, respectively, which
are considered as possible carriers for wave computing or
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fast information processing in so-called magnonic circuits
[8]. To avoid power losses on signal conversion to the
electrical domain, an all-magnon approach [9], where full
data processing would be performed within the spin-wave
domain, would be highly desirable. In recent years, impor-
tant steps have been taken in this direction, which include
the experimental demonstration of a magnonic majority
gate [10] and the design of a magnonic half-adder [11].
Designs of magnonic diodes [12] and unidirectional spin-
wave emitters [13] relying on the chiral Dzyaloshinskii-
Moriya interaction for producing nonreciprocity have been
proposed theoretically but have not been realized yet. Very
recently, another type of unidirectional spin-wave emitter
was demonstrated experimentally [14], the working princi-
ple of which is based on the nonreciprocal magnetodipolar
coupling between a nanoscale grating made of hard fer-
romagnetic nanowires and a magnetically softer thin film.
In this scheme, somewhat similar to that of unidirectional
surface-plasmon launchers [15], the emitter (the grating)
plays an essential role in producing nonreciprocity.

Dipole-induced nonreciprocity is quite ubiquitous in
the Damon-Eshbach (DE) or magnetostatic-surface-wave
(MSSW) configuration, where the equilibrium magneti-
zation of a thin film lies in the plane and at a right
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angle to the direction of spin-wave propagation [16]. This
configuration is specific in that a dipolar coupling exists
between the two (in-plane and out-of-plane) components
of the dynamic magnetization [17], which happens to be
nonreciprocal. In the presence of top or bottom magnetic
asymmetry, this coupling does not average out to zero and
translates into counterpropagating surface waves with a
given wave number having different frequencies [18–22].
As demonstrated at the millimeter scale with relatively
thick films in which symmetry was broken either by addi-
tion of a nonmagnetic conductor to one side of the film
[23] or by use of a magnetic bilayer stack [24], one can
even reach an extreme situation in which, at some frequen-
cies, propagation is possible only in one direction. In the
situations described above, the effect can be described sim-
ply in terms of localized surface waves, as predicted in
the purely dipolar description of DE spin waves. When the
film thickness is reduced to the nanometer scale, however,
this description becomes incorrect as exchange interac-
tion starts to play a crucial role and spin-wave modes
lose their surface character. An adapted strategy to achieve
spin-wave unidirectionality then needs to be devised.

In the present work, we proceed further and achieve
unidirectional spin-wave propagation in an elementary,
translation-invariant, system consisting of an exchange-
coupled ferromagnetic bilayer, only several tens of
nanometers thick. We engineer the spin-wave dispersion
so as to bring the group velocity of spin waves traveling in
a particular direction to very low values, while keeping the
group velocity of counterpropagating waves large enough
to ensure that they travel over long distances. This nonre-
ciprocal slow-wave effect enables us to fabricate a nano-
magnonic diode out of a Co40Fe40B20/Ni80Fe20 bilayer
waveguide, which we characterize experimentally using
Brillouin light scattering (BLS) and propagating-spin-
wave spectroscopy (PSWS) [25]. Two types of numerical
simulations are used to support our experimental work. An
in-house-developed finite-difference method, which per-
forms a plane-spin-wave normal-mode analysis [26], and
which we refer to as “SWIIM,” is used to compute dis-
persion relations and to optimize the composition of the
investigated bilayer system before its fabrication. The
program mumax3 [27], on the other hand, is used to pro-
duce magnetization maps, mostly for illustration purposes.
Importantly, an analytical model is first presented as a min-
imal description of the specific chiral dipolar couplings on
which the working principle of the nanomagnonic diode
relies.

II. DESIGN PRINCIPLE AND THEORY

A. Design principle

The bilayer system that we consider has a total thick-
ness l of several tens of nanometers. For such a thickness,
the two lowest-frequency MSSW branches are close to

(a) (b)

(c) (d)

FIG. 1. (a) Dispersion relations for the two lowest-frequency
MSSW modes in a 38-nm-thick single layer with an exchange
constant of 15 pJ/m and a saturation magnetization of 1060 kA/m
submitted to a transverse applied magnetic field μ0H0 = 30 mT,
as obtained with our plane-wave normal-mode analysis code
[26]. The gray circles indicate mode anticrossings. (b)–(d) Same
as in (a) for Co-Fe-B/Py bilayers with (b) lCo-Fe-B = lPy = 19 nm,
(c) lCo-Fe-B = lPy = 17 nm, and (d) lCo-Fe-B = lPy = 25 nm. The
gray ellipses highlight regions where the group velocity of
MSSW mode 0 is small. All dispersion relations shown are
calculated with the SWIIM numerical method.

each other and hybridize, as revealed by the appearance
of mode anticrossings in their dispersion [see Fig. 1(a),
which shows the dispersion relation calculated with the
SWIIM numerical method]. This hybridization plays a cru-
cial role in obtaining plateaus in the dispersion, which are
characteristic of spin waves with vanishing group veloc-
ity. For a magnetically symmetric film, the hybridization
effect is similar for both positive and negative values of
the in-plane wave vector k [Fig. 1(a)]. In a bilayer film
made of two magnetic materials with different saturation
magnetization MS, in contrast, mode coupling is nonrecip-
rocal [Fig. 1(b)]: For one sign of k (positive here), modes
repel each other (much) more strongly than for the other
sign (see Ref. [28]). This asymmetry leads quite system-
atically to the existence of a rather wide k range where
the first MSSW mode is only weakly dispersive and group
velocity is low [gray shaded regions in Figs. 1(b)–1(d)],
while it remains large for counterpropagating waves with
the same frequency. For large thicknesses, mode repul-
sion can even lead to surface waves exhibiting an unusual
backward character (phase velocity vp = ω/k and group
velocity vg = ∂w/∂k with opposite signs); see the arrow
in Fig. 1(d). A similar backward inflection associated with
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the existence of a nonreciprocal magnetostatic interface
mode [29,30] was also predicted for magnetic bilayers in
the hypothetical pure-dipolar regime [31].

The nonreciprocal flattening of the dispersion relation
of MSSW modes in bilayers is quite generic. A priori,
it can be obtained with use of any two magnetic materi-
als with sufficiently different MS values [32]. Once these
are chosen, designing an optimal diode device amounts to
adjusting the composition of the bilayer (total thickness l
and/or individual thicknesses of the two layers lj , with j =
1, 2) so as to obtain a frequency plateau as flat as possible
[Figs. 1(b)–1(d)]. Numerical simulations show that this can
usually be achieved in many ways (not shown). With the
ferromagnetic alloys chosen for the present study, namely,
Co40Fe40B20 (abbreviated as Co-Fe-B) [MS,Co-Fe-B = 1270
kA/m, ACo-Fe-B = 17 pJ/m] and permalloy (Py) (MS,Py =
845 kA/m, APy = 12.8 pJ/m), lCo-Fe-B = lPy = 19 nm is a
good choice [Fig. 1(b)]. In Sec. III, we use a different
composition of the bilayer, namely, lCo-Fe-B = 20 nm and
lPy = 26 nm, which yields a slightly broader plateau.

B. Theoretical model

To describe the peculiar magnetization dynamics in a
bilayer film and to account for the occurrence of nonre-
ciprocal mode hybridization, we may resort to the theory
of dipole-exchange spin waves [33] and use a similar
analytical approach as previously developed to account
for frequency nonreciprocities of surface waves induced
by asymmetric surface anisotropies [21]. Here, for sim-
plicity, we make two strong assumptions: (i) first, we
take l1 = l2, which allows us to decompose the profile
of the saturation magnetization through the film thickness
MS(x) into the sum of a mean 〈MS〉 = (MS,1 + MS,2)/2
and an antisymmetric deviation 〈MS〉a(x), where a(x) =
β sgn x and β = (MS,1 − MS,2)/(MS,1 + MS,2) denotes the
contrast of saturation magnetization between the two
materials; (ii) second, we assume that the ratio of the
exchange constant to the saturation magnetization has a
constant value A1/MS,1 = A2/MS,2 = 〈A〉/〈MS〉 through-
out the film. In these conditions, the linearized Landau-
Lifshitz equation for plane spin waves of the form
m(x, z, t) = MS(x) n(x, z, t) = MS(x) η(x)ei(ωt−kz) can be
written as

iωη(x) = −γμ0H0η(x) × ŷ

+ γ
2〈A〉
〈MS〉

(
∂2

∂x2 − k2
)

η(x) × ŷ

+ γμ0〈MS〉
∫ l/2

−l/2

¯̄Gk(x − x′)[1 + a(x′)]

× (η(x′) × ŷ)dx′, (1)

where γ is the gyromagnetic ratio [34], μ0 is the vacuum
permeability, ŷ is a unit vector along the applied magnetic

x

FIG. 2. The bilayer system considered in the analytical model
in Sec. II B.

field H0 [Fig. 2], and ¯̄Gk is the magnetostatic Green’s func-
tion. Using as a vector basis the x and z components of
the first two unpinned exchange modes with homogeneous
(n = 0) and fully antisymmetric (n = 1) profiles of the
magnetization precession angle across the film thickness
[35], that is, the four-vector set {S0 x̂, S0 ẑ, S1 x̂, S1 ẑ} with
S0(x) = 1/

√
l and S1(x) = √

2/l sin(πx/l), we can rewrite
Eq. (1) in the form of an eigenvalue equation i� η̄ = ¯̄C η̄,
where � = ω/(γμ0〈MS〉) is a dimensionless frequency,
η̄ = (η0,x, η0,z, η1,x, η1,z)

T, and ¯̄C is a dynamic matrix [21].
As an opportunity to introduce useful notation, we first

discuss the case of a single layer with exchange constant
〈A〉 and saturation magnetization 〈MS〉 (β = 0). For such
an “unperturbed” system, ¯̄C is written as

¯̄C =
( ¯̄C00

¯̄C01¯̄C10
¯̄C11

)
=

⎛
⎜⎝

0 �0,z −iQ 0
−�0,x 0 0 iQ

iQ 0 0 �1,z
0 −iQ −�1,x 0

⎞
⎟⎠ ,

(2)

with

�0,x = 1 − P00 + h + 	2k2,

�0,z = P00 + h + 	2k2,

�1,x = 1 − P11 + h + 	2k2 + 	2π2

l2
,

�1,z = P11 + h + 	2k2 + 	2π2

l2
,

(3)

where 1 − P00 = (1 − e−|k|l)/(|k|l), P00, 1 − P11, and
P11 = k2l2/(π2 + k2l2){1 − [2k2l2/(π2 + k2l2)][(1 + e−|k|l)
/(|k|l)]} are k-dependent self-demagnetizing factors for
the S0x̂, S0ẑ, S1x̂, and S1ẑ basis components, respec-
tively, h = H0/〈MS〉 is a dimensionless applied mag-
netic field, and 	2 = 2〈A〉/(μ0〈MS〉2). The coupling
between the uniform and antisymmetric sets of basis
functions is described through the off-diagonal ¯̄C01 =
¯̄C∗

10 blocks, which involve the nonreciprocal mutual-
demagnetizing factor Q = √

2kl/(π2 + k2l2)(1 + e−|k|l).
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Solving for det( ¯̄C − i� ¯̄1) = 0, where ¯̄1 is the identity
matrix, we obtain the eigenfrequencies of the first two
hybrid MSSW modes in a single layer:

�2
0,1 = �2

00 + �2
11

2
− Q2

∓ 1
2

√(
�2

11 − �2
00

)2 + 4Q2

[
(P00 − P11)2 − 	4π4

l4

]
,

(4)

where �nn = √
�n,x�n,z (n = 0, 1) are the dimension-

less frequencies of the uncoupled uniform and antisym-
metric precession modes, η̄0 = (η0,x, η0,z, 0, 0)T and η̄1 =
(0, 0, η1,x, η1,z)

T, respectively. Noticeably, the frequencies
of the hybrid modes, �0 and �1, depend on Q2, mean-
ing that, although Q obeys Q(−k) = −Q(k), hybridization
does not effectively produce nonreciprocity [Fig. 1(a)]. The
basic reason for this is that hybridization implies an action
of mode η̄m on mode η̄n (e.g., under the influence of mode
η̄1, mode η̄0 acquires an antisymmetric component) as well
as a back-action of mode η̄n on mode η̄m, both of which are
proportional to the coupling factor Q.

With these considerations in mind, we are now ready to
consider the case of a magnetic bilayer. When β �= 0, the
diagonal elements in the ¯̄Cnn blocks and the off-diagonal
elements in the ¯̄Cn�=m blocks are no longer zero and the
dynamic matrix becomes (see Appendix A)

¯̄C(β) = ¯̄C(0) +

⎛
⎜⎝

−iP′
00 0 0 Q′

0 iP′
00 Q′ − I ′ 0

0 Q′ −iP′
11 0

Q′ − I ′ 0 0 iP′
11

⎞
⎟⎠ , (5)

where ¯̄C(0) is given by Eq. (2) and

P′
00 = 1

kl

[
sinh(|k|l) − 2 sinh

( |k|l
2

)]
β,

P′
11 = 2kl(

π2 + k2l2
)2

(
π − |k|le−|k|l/2)2

β,

I ′ = 2
√

2
π

β,

Q′ = 2
√

2
π2 + k2l2

[
π
(
1 − e−|k|l/2)

+k2l2
(

1
π

− 1 − e−|k|l

2|k|l
)]

β.

(6)

Not surprisingly, all newly nonzero matrix elements are
proportional to the contrast in saturation magnetization
β. The coefficients P′

nn describe the additional self-
demagnetizing effects produced by the magnetic asymme-
try on uncoupled modes η̄n (n = 0, 1). As revealed by the

imaginary character of the corresponding matrix elements
in the ¯̄Cnn blocks, these take the form of transverse dipole
fields, which oscillate with a phase difference of π/2 with
respect to the dynamic magnetization components creat-
ing them. The coefficients Q′ and I ′, on the other hand,
account for the additional mutual-demagnetizing effects
produced in the presence of magnetic asymmetry. They
describe how hybridization between the uniform and fully
antisymmetric modes is affected in a bilayer. The coeffi-
cient I ′, in particular, corresponds to the local part of the
dipole interaction, that is, the usual perpendicular-to-plane
demagnetizing effect (see Appendix A). It does not depend
on k and plays a similar role as a difference in magnetic
anisotropies in the top and bottom parts of the film [21].
Therefore, by analogy, we expect it to be responsible for
frequency nonreciprocity.

Solving for det[ ¯̄C(β) − i� ¯̄1] = 0 and keeping only
terms up to first order in β, we obtain the following disper-
sion relation for the two lowest-frequency MSSW modes
in a bilayer [36]:

(�2
0 − �2)(�2

1 − �2)

− 2Q�
[
(Q′ − I ′)(�1,z − �0,z)+ Q′(�1,x − �0,x)

] = 0.
(7)

Treating further QQ′ and QI ′ as small parameters, in a per-
turbative manner, we can obtain the eigenfrequencies of
these modes as

�0,1(β) = �0,1(0) ± 
�(β), (8)

where �0(0) and �1(0) are given by Eq. (4) and


�(β) = Q
�2

1(0) − �2
0(0)

[(I ′ − Q′)(�1,z − �0,z)

− Q′(�1,x − �0,x)]. (9)

The expression for 
� involves two products of dipolar
matrix elements, QQ′ and QI ′. In both of them, one term
(Q′ or I ′) is even in k and the other (Q) is odd. Then 
�

is odd in k and, since �0(0) and �1(0) are fully recipro-
cal, |2
�| is a measure of the frequency nonreciprocities
for the two hybrid MSSW modes. Noticeably, the nonre-
ciprocities of these hybrid modes have the same magnitude
but opposite signs. In both QQ′ and QI ′ products, also,
one term (Q′ or I ′) connects the same components (either
x or z) for the two uncoupled modes η̄n (n = 0, 1), while
the other term (Q) connects two different components (x
and z). These peculiar combinations allow indirect chiral
couplings (of dipolar origin) to develop between the two
components of each mode η̄n through hybridization with
mode η̄m �=n. In Figs. 3(a)–3(c), we illustrate this crucial
point in the simplest case of the η̄0 mode and of the QI ′
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FIG. 3. (a) Indirect QI ′ coupling between the in-plane and out-
of-plane components of uniform mode η̄0 through hybridization
with antisymmetric mode η̄1. Schematic representation of η̄0 for
positive k (solid arrows) and negative k (open arrows). (b) Illus-
tration of the I ′ coupling (β > 0). For a bilayer, the homogeneous
precession angle in η̄0 translates into an asymmetric distribution
of dynamic magnetization. The out-of-plane component of its
antisymmetric part (thin green arrows) generates additional mag-
netic charges and, in turn, an antisymmetric dipole field (thick
green arrows), which couples to the out-of-plane component of
η̄1. (c) Illustration of the Q coupling. The out-of-plane compo-
nent of η̄1 (thin yellow arrows) produces a symmetric in-plane
dipole field (thick yellow arrows), which couples to the in-plane
component of η̄0 in opposite ways depending on the sign of k
[compare the relative orientation of the thick horizontal arrows
in (a),(c)]. (d) Dispersion relations of the two lowest-frequency
MSSW modes in a bilayer with l1 + l2 = 34 nm, 〈MS〉 = 1000
kA/m, 〈A〉 = 15 pJ/m, and β = 0.1. Predictions of the analytical
model [Eqs. (8) and 9] and results of numerical simulations are
shown as solid and dotted lines, respectively.

product, which plays by far the most-important role among
the two products, as one may easily verify numerically.
Figure 3(d) compares predictions of the analytical model
described above [Eqs. (8) and (9)] with results from numer-
ical simulations in the case of a bilayer with l1 + l2 =
34 nm, 〈MS〉 = 1000 kA/m, 〈A〉 = 15 pJ/m, and β = 0.1.
Rather good agreement is observed, which confirms the

essential role played by the QQ′ and QI ′ chiral couplings
identified through the analytical modeling in producing
nonreciprocal mode repulsion. We note that these chi-
ral couplings bear some resemblance to those at play in
the unidirectional emission of spin waves by nanoscale
magnetic transducers [14,37]. Here, however, they are
not introduced through transduction (excitation/detection)
but they are an intrinsic property of the medium, which
supports spin-wave propagation.

III. EXPERIMENTAL RESULTS

A. Sample fabrication

The bilayer films used in the present work are deposited
on natively oxidized intrinsic Si(100) substrates by dc
magnetron sputtering from material targets with nominal
compositions of Co40Fe40B20 and Ni80Fe20. Deposition of
the magnetic stack is preceded by that of a 3-nm-thick Ta
seed layer to ensure low layer roughness and is followed
by that of a 3-nm-thick Au overlayer to protect the mag-
netic alloys against oxidation. For propagating-spin-wave-
spectroscopy and microfocused-Brillouin-light-scattering
experiments, devices are fabricated out of these films by
means of standard clean-room processes, involving laser
and electron-beam lithographies, as well as ion milling
[20,38]. These consist of 10-μm-wide magnonic waveg-
uides covered with a 120-nm-thick insulating layer of
silicon oxide and two pairs of emitting and receiving
microwave antennas made from a Ti(10 nm)/Al(90 nm)
stack placed above (see Sec. III C).

B. Nonreciprocal dispersion relations

The dispersion relations of thermally excited spin waves
in the Co40Fe40B20(20 nm)/Ni80Fe20(26 nm) bilayer sys-
tem are determined by wave-vector-resolved-Brillouin-
light-scattering experiments [39,40] performed on a plain
film. To evidence the nonreciprocal character of these dis-
persions, both Stokes and anti-Stokes peaks are recorded
for the two possible polarities of the applied magnetic field
in the MSSW configuration (H0 ⊥ k).

Figures 4(a)–4(c) shows BLS spectra obtained with
μ0H0 = +30 mT at different values of the in-plane wave
vector k. Four different peaks, two Stokes and two anti-
Stokes peaks, can be identified, which are related to the
first (red) and second (blue) MSSW branches. These peaks
are fitted to Lorentzian lines to extract their central fre-
quencies and thereby reconstruct the f (k) curves. The
dispersion relations obtained are found to be in very
good agreement with theoretical predictions [Fig. 4(d)].
As required to fulfill our ambition to build a magnonic
diode, a well-defined frequency plateau is present at about
12.5 GHz in the dispersion of MSSW mode 0, which corre-
sponds to the anti-Stokes peak with k-independent position
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FIG. 4. (a)–(c) BLS spectra recorded in the DE configuration (μ0H0 = 30 mT) on a Co40Fe40B20(20 nm)/Ni80Fe20(26 nm) bilayer
film (symbols) for three different values of the in-plane wave vector: (a) |k| = 8.1 rad/μm, (b) |k| = 11.8 rad/μm, and (c) |k| =
15.2 rad/μm. Lines are guides for the eye. (d) Dispersion relations of the two lowest-frequency MSSW modes deduced from BLS
data (open symbols) and comparison with predictions from numerical simulations (lines). Solid symbols correspond to data from a
complementary ferromagnetic resonance experiment. (e) Frequency nonreciprocities 
fn(k) = fn(−|k|) − fn(+|k|) of MSSW modes
0 and 1. As in (d), symbols and lines correspond to experimental and numerical data, respectively.

in Figs. 4(a)–4(c). Clear experimental evidence is then pro-
vided for the occurrence of nonreciprocal slow spin waves
in our system.

The anti-Stokes peak with highest frequency has a small
amplitude whatever the value of k [Figs. 4(a)–4(c)]. The
peak even becomes undetectable for wave-vector values
exceeding 17 rad/μm; hence the lack of some (blue)
data points in Figs. 4(d) and 4(e). This is attributed to
the fact that, as verified in numerical simulations (see
Appendix B), MSSW mode 1 has a very small ampli-
tude in the uppermost part of the bilayer film, whose
magneto-optic contribution dominates the BLS signal.
The frequency nonreciprocities of the two MSSW modes,

fn(k) = fn(−|k|) − fn(+|k|) (n = 0, 1), show very spe-
cific behaviors [Fig. 4(e)]. First, 
f0(k) and 
f1(k) are
almost equal in absolute value and opposite in sign, which
comes naturally in our analytical theory of the nonrecip-
rocal hybridization (Sec. II B). Second, these quantities do
not vary monotonously as a function of k. Instead, they
exhibit a local extremum followed by a change of sign at
about 5 rad/μm.

Following the same line of thought as used to explain
the nonintuitive localization of dipole-exchange MSSW

modes [17,20], this change of sign can be ascribed to
a transition between a regime dominated by exchange
across the film thickness, in the k → 0 limit, to a regime
where in-plane dipole fields gain importance, at larger k.
On hybridization, indeed, out-of-plane exchange interac-
tions and dipole interactions produce additional torques
that compete with each other and give terms with oppo-
site signs in the expression for 
� [Eq. (9)]. To better see
this, we may expand the elements of the dynamic matrix ¯̄C
[Eqs. (3) and (6)] in a Taylor series around kl = 0. Keeping
only terms up to second order in kl, we obtain


�(β) = 8kl
π3[�2

1(0) − �2
0(0)]

×
[
	2π2

l2
− |k|l

2

(
1 + 3

	2π2

l2

)]
β, (10)

where we identify the first term between the square brack-
ets (i.e., 	2π2/l2) as being of pure exchange origin and
the second one as being proportional to the k-dependent
self-demagnetizing factor P00(k) � |k|l/2, as arising from
dipole-dipole interactions. According to this expression, a
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change of sign of 
� is expected at the particular value
|k∗| = {(l/2)[3 + l2/(	π)2]}−1, which indeed amounts to
a few radians per micrometer for magnetic materials with
	 � 4 nm and thickness l in the 40–50-nm range. Such
a change of sign has also been predicted for films where
breaking of the top-bottom magnetic symmetry is not
obtained through a blockwise variation of MS, like here,
but rather by a grading of saturation magnetization across
the thickness [22]. In contrast, it has not been observed for
bilayers where the two magnetic materials, being separated
by a nonmagnetic spacer, are coupled only through long-
range dipole interactions [41,42]. This further demon-
strates the essential role played by short-range out-of-plane
exchange coupling in this phenomenon.

C. Magnonic diode behavior

1. Propagating-spin-wave spectroscopy

To clearly demonstrate the diodelike behavior of the
bilayer system studied, PSWS experiments are performed
on specially designed devices [Fig. 5(a)], each one contain-
ing a pair of 50-μm-long, 10-μm-wide bilayer waveguides
and two pairs of single-wire antennas connected in parallel.
A typical PSWS experiment is performed in the follow-
ing way: a vector network analyzer is connected to the
antennas to serve both as a generator and as a detector
for determining the complex mutual inductance Lij of the
two antennas pairs. On injection of a current with ade-
quate frequency f in the emitting antennas (index j ), these
couple inductively to the magnetization of the waveg-
uides and spin waves are excited. If those waves travel far
enough and reach the receiving antennas (index i) before
being fully damped, a microwave magnetic flux with fre-
quency f is picked up. The ratio of the measured flux to
the injected current defines the mutual inductance Lij of
interest [38,43]. In practice, to extract spin-wave-related
signals more accurately, relative measurements are sys-
tematically taken, wherein a background signal, which is
acquired at much-larger applied magnetic field so that no
spin-wave resonance occurs, is subtracted from the raw
data. The device layout chosen [Fig. 5(a)], in which spin
waves are traveling simultaneously along two magnetic
buses, ensures a good symmetry match with the ground-
signal-ground microwave probes used for connection to
the vector network analyzer. Importantly, the 200-nm-wide
single-wire antennas used here can couple inductively to
spin waves with a broad range of wave vectors, 0 ≤ |k| ≤
kmax, where kmax � 12 rad/μm. The distance between the
emitting and receiving antennas (D = 2 μm or 5 μm) is
adapted to the typical attenuation length expected for sur-
face spin waves with such k values in a Co40Fe40B20(20
nm)/Ni80Fe20(26 nm) bilayer.

Figure 5(b) shows the real part of the spin-wave-
induced change in mutual inductance 
Lij as a function
of frequency for a device with a relatively large distance

(a)

(b)

(c)

FIG. 5. Propagating-spin-wave spectroscopy. (a) False-color
scanning electron micrograph of a PSWS device with distance
D = 5 μm between the emitting and receiving antennas. G,
ground; S, signal. (b) Real part of the spin-wave-induced change
in mutual inductance 
Lij as a function of the excitation fre-
quency f (μ0H0 = 30 mT), for spin waves propagating from
antennas 1 to antennas 2 (k > 0, red squares) and vice versa
(k < 0, black circles) in the device in (a). (c) Upper limit (fmax,
blue circles) and lower limit (fmin, red squares) of the frequency
gap for rightward-propagating spin waves as a function of the
applied magnetic field, as deduced from PSWS data such as
shown in (b).

between the emitting and receiving antennas [D = 5 μm,
see Fig. 5(a)] submitted to a transverse in-plane magnetic
field μ0H0 = +30 mT. The two data sets presented cor-
respond to opposite directions of spin-wave propagation.
Comparing them, one immediately sees that the spin-wave
signal at 12.5 GHz ≤ f ≤ 14.5 GHz is vanishingly small
for k > 0 (red symbols), meaning that no spin waves travel
from the left antennas to the right antennas, whereas it
is comparatively large for k < 0 (black symbols) as spin
waves do propagate effectively from the right antennas to
the left antennas. This nonreciprocal behavior is, of course,
related to the presence of a plateau in the positive-k part of
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the dispersion relation of MSSW mode 0 [Fig. 4(d)], which
has two main consequences. First, rightward-propagating
spin waves with f � 12.5 GHz and 0 ≤ k ≤ kmax are
excited by the left antennas but, due to their very low
group velocity, they die out under the effect of magnetic
damping before reaching the receiving antennas. Second,
because of the large extension of the plateau, the group
velocity of MSSW mode 0 becomes sizable again only for
k values that lie far beyond the k range accessible with
the antennas used, meaning that rightward-propagating
MSSW-mode-0 spin waves with frequency well above
12.5 GHz are simply not produced. For f ≥ 14.5 GHz,
MSSW mode 1 eventually gets excited, and so a clear
spin-wave signal is transmitted again for both directions
of propagation. An effective forbidden gap with a width of
about 2 GHz is thus formed for rightward-propagating spin
waves [shaded zone in Fig. 5(b)]. In view of the possible
application of this phenomenon, it is worth mentioning that
the gap can naturally be shifted up and down in frequency
by adjustment of the amplitude of the applied magnetic
field. Tunability on the order of 50 MHz/mT is measured
experimentally over the 10–50-mT range [Fig. 5(c)].

Because the wave vector k is constrained to change
according to the dispersion relation k(f ), the phase delay
kD acquired by spin waves after propagation over the dis-
tance D varies continuously as the frequency f is swept.
This variation in phase delay translates into pronounced
oscillations of the recorded spin-wave signal [Fig. 5(b)].
As we describe below, this provides us with a way to
extract the wave-vector value corresponding to each driv-
ing frequency f . For that, one needs to record both the
real part and the imaginary part of the spin-wave-induced
change in mutual inductance over a large range of fre-
quencies [Fig. 6(a,c)] encompassing the ferromagnetic
resonance frequency (FMR), fFMR = f0(k = 0), which cor-
responds to the onset of the oscillations [44]. From such
data, the spin-wave wave vector can be determined as

k(f ) = ±φij (f ) − φ0

D
. (11)

In this expression, the ± sign accounts for the change of
sign of k on reversal of the direction of spin-wave propa-
gation [+ corresponding to spin waves traveling from the
left antennas (j = 1) to the right ones (i = 2)], φ0 = π/2
is the reference phase at fFMR, where 
Lij is purely imag-
inary (pure absorption), and, more importantly, φij (f ) =
arg[
Lij (f )] + 2nπ (with n an integer) is the spin-wave
phase, which must be unwrapped in a continuous manner,
starting from fFMR.

The open symbols in Fig. 6(b) show the dispersion
relation of MSSW mode 0 reconstructed by applying the
method described above [Eq. (11)] to 
Lij data recorded
between 5.8 and 14.5 GHz [45]. As expected, for k > 0,
the dispersion can be followed up to only approximately
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FIG. 6. Spin-wave propagation in a device with D = 2 μm.
(a),(c) Real and imaginary parts of 
Lij as a function of fre-
quency for k < 0 (a) and k > 0 (c). (b) Dispersion relations
of the lowest (open symbols) and second-lowest (solid sym-
bols) MSSW branches deduced from the experimental spin-wave
signals shown in (a),(c), and spin-wave spectral weight (color
map) as obtained from mumax3 micromagnetic simulations. See
the text for details. (d) Simulated cross-section map of the in-
plane component of the normalized dynamic magnetization, nz =
mz/MS , for an excitation frequency of 12.5 GHz. The lateral
extension of the single-wire antenna is indicated by the horizon-
tal brown bar and the insulating layer of silicon oxide is sketched
as a yellow layer (not to scale vertically). The alternating current
assumed in the antenna is 3 mA, which yields an in-plane mag-
netic field of about 3 mT at the top surface of the bilayer, directly
beneath the source.

+7 rad/μm, which corresponds to the lower edge of the
frequency plateau. In contrast, for k < 0, it can be fol-
lowed down to −12 rad/μm, thus confirming the ability
of our PSWS device to probe the expected wave-vector
range [−kmax, +kmax]. As support for our conclusions, Fig.
6(b) also displays in the background the “weighted” dis-
persion relation computed for a Co-Fe-B(20 nm)/Py(26
nm) bilayer with the mumax3 using space and time Fourier
transforms of in-plane magnetization traces obtained under
square-pulse excitation of 10-ps duration. The simulations,
which use elementary cell sizes hx = 0.5 nm, hy = 10 nm,
and hz = 4 nm and periodic boundary conditions in the
longitudinal (z) and transverse (y) in-plane directions [46],
include a realistic spatial distribution for the excitation
field produced by the antenna and account for magnetic
losses through Gilbert damping factors of 0.008 and 0.012
for Co-Fe-B and Py, respectively (see Sec. 2). Very good
agreement between the two kinds of data may be observed,
particularly regarding the asymmetric way in which the
amplitude of the transmitted spin-wave vanishes as f is
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increased. Figure 6(d) shows a cross-section map of the
dynamic magnetization as generated under continuous-
wave excitation at f = 12.5 GHz, which illustrates how
this nonreciprocity translates in real space: once the exci-
tation frequency enters the gap, the dynamic magnetization
profile becomes essentially evanescent on the right side of
the source as the far-field coupling of the antenna to the
magnetic precession vanishes. Noticeably, micromagnetic
simulations reveal a similar behavior in the “overshoot”
regime, where the dispersion of MSSW mode 0 contains
a region with backward character [Fig. 1(d)]: the lower-
frequency limit of the gap then corresponds to the local
maximum in the ω(k) curve of MSSW mode 0.

2. Microfocused Brillouin light scattering

To visualize directly the spatial decay of spin waves,
we perform microfocussed-BLS imaging [40] on a similar
device as used for PSWS [Fig. 5(a)]. In those experiments,
the spin-wave intensity is mapped next to an antenna while
microwave power (−5 dBm) is continuously injected into
it. In the DE configuration, switching the direction of the

equilibrium magnetization is equivalent to reversing the
wave vector k [20,47]. Then, instead of looking at both
sides of the source to image counterpropagating waves,
we concentrate on one side and record spin-wave inten-
sity maps for the two polarities of the transversally applied
magnetic field. Accordingly, the data obtained for H0 < 0
are mirrored horizontally in Figs. 7(a) and 7(c). The bene-
fit of this experimental strategy is that it allows us to probe
counterpropagating spin waves in the very same optical
conditions, thus avoiding artifacts related, for instance, to
differences in the surface state of the waveguide.

To support these observations, mumax3 simulations are
also performed for a finite, 50-μm-long, 10-μm-wide
bilayer strip. The expected BLS signal is calculated by
assuming that it is mostly related to the out-of-plane com-
ponent of the dynamic magnetization (mx) at the top sur-
face of the magnetic medium. As in the experiments, spin
waves are excited by an alternating magnetic field with
frequency f produced by a 100-nm-thick, 200-nm-wide
antenna located 120 nm above the spin-wave conduit. For
each magnetic cell (with size hx = 4 nm, hy = 40 nm, and
hz = 8 nm [48]), the time dependence of mx is recorded
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FIG. 7. (a)–(d) Experimental BLS-intensity maps for excitation frequencies of 11 GHz (a),(b) and 13 GHz (c),(d) and applied
magnetic fields μ0H0 = −30 mT (a),(c) and μ0H0 = +30 mT (b),(d) (logarithmic scale). The dashed lines indicate the position of the
waveguide edges. (e),(f) Computed BLS-intensity maps for f = 11 GHz (e) and f = 13 GHz (f), μ0H0 = 30 mT. The current assumed
in the antenna is 0.1 mA (linear regime). In each panel, the upper part shows raw data, whereas the lower part shows pixelated data
obtained by averaging raw data over 1.6 × 0.8 μm2 rectangular areas. See the text for further details. (g),(h) z profiles of the BLS
intensity integrated over the width of the waveguide as deduced from the maps in (a)–(d). Open and solid symbols correspond to
f = 11 GHz and f = 13 GHz, respectively. The lines are fits of the experimental data to the expression I(z) = I0 exp(−z/LD) + Inoise.
(i) Variation of the decay length of the spin-wave intensity, LD, with the excitation frequency f for spin waves propagating to the
right (H0 > 0, red) and to the left (H0 < 0, black). The symbols and the solid lines are data derived from experiments and simulations,
respectively. The horizontal dashed line indicates the smallest spin-wave wavelength compatible with the antenna design chosen.
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over a full period 1/f in the steady excitation regime
and analyzed to extract its maximum value m0,x. Finally,
normalized intensity maps are constructed, which show
|m0,x/ max(m0,x)|2, either with the full resolution of the
simulations [top panels in Figs. 7(e) and 7(f)] or with a
degraded resolution mimicking that of microfocused-BLS
images [bottom panels in Figs. 7(e) and 7(f)]. Overall,
good agreement is obtained between experimental and
computed images, assuming damping values of 0.008 and
0.012 for Co-Fe-B and Py, respectively [49]. Quite natu-
rally, on pixelation, sharp features, such as those related to
localized edge modes, tend to be washed out. However, for
f = 11 GHz, long oblique contrast arising from the inter-
ference between the fundamental and higher-order width
modes of the waveguide remains discernible [Figs. 7(a)
and 7(e)].

As expected, for frequencies in the range 6–12 GHz (i.e.,
below the frequency plateau), significant spin-wave inten-
sity is systematically detected up to distances of several
micrometers from the antenna [Figs. 7(a), 7(b), and 7(e)].
Although plateau-related spin-wave filtering is not yet
active, a difference in intensity may be observed between
the two directions of propagation. This is nothing but the
usual amplitude nonreciprocity of magnetostatic surface
waves, which follows from the fact that a transducer placed
on one side of a waveguide couples differently to coun-
terpropagating surface waves [50]. When the frequency
reaches 13 GHz (above the frequency plateau), on the other
hand, the spin-wave intensity remains relatively large for
one direction of propagation [Figs. 7(c) and 7(f)] but drops
abruptly for the opposite one [Figs. 7(d) and 7(f)]. On
the basis of the discussion above, we naturally attribute
this fast drop in intensity to the phenomenon of spin-wave
slowdown associated with the presence of a plateau in the
positive-k part of the dispersion relation of MSSW mode 0.

This phenomenon is best illustrated by extracting the
spin-wave decay length LD from the BLS data. For this,
one may simply average the spin-wave intensity over the
width of the waveguide (i.e., along y) so as to mitigate
finite-width effects [51], plot the integrated intensity as
a function of the space coordinate along the direction of
propagation, z, and fit this dependence to an exponen-
tial decay of the form I(z) = I0 exp(−z/LD) + Inoise [see
Figs. 7(g) and 7(h)]. Figure 7(i) shows the variation of
LD with f obtained by treating the experimental data and
the numerical data in this manner. A clear difference in
behavior may be observed depending on the sign of k.
For spin waves traveling to the left (k < 0, black circles
and black line), LD decreases steadily with increasing f .
For spin waves traveling to the right (k > 0, red squares
and red line), in contrast, this steady decay is interrupted
by a sudden drop in LD as f reaches the frequency of the
plateau, fp . Beyond fp , LD becomes smaller than the mini-
mum spin-wave wavelength 2π/kmax � 0.5 μm attainable
with our single-wire antenna. This reveals the evanescent

character of the magnetization dynamics induced when the
frequency falls into the effective gap, also evidenced in the
micromagnetic simulation in Fig. 6(d).

IV. CONCLUSION

In the present work, the concept of a spin-wave diode is
proposed that makes use of the particular dynamic dipolar
interactions in transversally magnetized media. The device
is made from a thin film consisting of two exchange-
coupled layers with different saturation magnetizations.
Our theoretical analysis reveals that, in such a film, chiral
dipolar couplings develop, which results in nonrecipro-
cal hybridization between close-lying spin-wave branches.
Using this phenomenon, we engineer carefully the disper-
sion of surface waves so as to reduce the group velocity of
waves traveling in a particular direction to a very low value
(slow waves), while maintaining a large value for those
propagating the other way. A comprehensive experimental
picture of the diode functioning is obtained by combining
propagating-spin-wave spectroscopy with Brillouin light
scattering in both reciprocal-space thermal mode and real-
space imaging mode: the magnetization dynamics excited
by a source of finite size take the form of genuinely prop-
agating waves in the forward direction of the diode and
reduce to evanescent waves in the reverse one. By design,
our spin-wave diode is quite versatile as its operational fre-
quency window can be adjusted by tuning the amplitude
of the applied magnetic field and its forward and reverse
directions can be interchanged by switching the polarity
of the field. Since our concept of spin-wave diode relies
on fully-built-in rather than transduction-related nonre-
ciprocity, it could contribute decisively to the advance
toward the all-magnon approach for computing [9]. As a
concluding remark, we point out that engineering of uni-
directionally slow spin waves could also prove useful in
more-general situations where long interaction times are
needed within a limited space; for instance, for promot-
ing nonreciprocal nonlinear coupling in the channel of a
magnonic transistor [52].
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APPENDIX A: ADDITIONAL DYNAMIC MATRIX
ELEMENTS FOR A BILAYER FILM

We derive analytical expressions for the additional
elements that appear in the dynamic matrix for magne-
tostatic surface waves on top–bottom disymmetrization
of the magnetic film through blockwise variations of
the saturation magnetization and exchange constant (see
Sec. II B). In the linearized Landau-Lifshitz equation [Eq.
(1)], the perturbation thus introduced is described by the
term

γμ0〈MS〉
∫ l/2

−l/2

¯̄Gk(x − x′)a(x′)[η(x′) × ŷ]dx′. (A1)

Therefore, the corrections to be added to the ¯̄C matrix are
four 2 × 2 blocks, each of which has the form

¯̄Anm =
(−Azx

nm −Azz
nm

Axx
nm Axz

nm

)
, (A2)

with

Aij
nm =

∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′Sn(x)G

ij
k (x − x′)a(x′)Sm(x′).

(A3)

Here indices n, m = 0, 1 refer to the uniform and anti-
symmetric basis functions introduced in Sec. II B and the
Gij

k ’s (i, j = x, z) are the four components of the tensorial
magnetostatic Green’s function, which read [33]

Gzz
k (s) = −|k|

2
e−|ks|,

Gxx
k (s) = −δ(s) − Gzz

k (s),

Gxz
k (s) = Gzx

k (s) = −i sgn(ks)Gzz
k (s),

(A4)

where δ(s) is Dirac’s δ function. Since the functions a(x),
Gxz

k (s), Gzx
k (s), and S1(x) are odd and Gxx

k (s), Gzz
k (s), and

S0(x) are even, half of these matrix elements are strictly nil:
Aii

nn = Ai�=j
n�=m = 0. Moreover, from Eqs. (A3) and (A4), it is

easy to see that one necessarily has Aij
nn = Aji

nn. Then, over-
all, only four independent quantities must be calculated:
Axz

00, Axz
11, Axx

01, and Azz
01.

We start with Axz
00 and Axz

11, which both involve Gxz
k .

According to Eqs. (A3) and (A4), Axz
00 can be written as

Axz
00 =

∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′S0(x)Gxz

k (x − x′)a(x′)S0(x′)

= i
β|k|
2l

∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′sgn[k(x − x′)]e−|k(x−x′)|sgn x′.

(A5)

After some long but straightforward algebra for dealing
with the absolute value and sign functions, we obtain

Axz
00 = iP′

00 = i
β

kl
[sinh(|k|l) − 2 sinh(|k|l/2)] . (A6)

Similarly, for Axz
11, we have

Axz
11 =

∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′S1(x)Gxz

k (x − x′)a(x′)S1(x′)

= i
β|k|

l

∫ l/2

−l/2
dx sin

(πx
l

)

×
∫ l/2

−l/2
dx′sgn[k(x − x′)]e−|k(x−x′)|sgn x′ sin

(
πx′

l

)
,

(A7)

from which we obtain

Axz
11 = iP′

11 = i
2βkl

π2 + k2l2
(
π − |k|le−|k|l/2) . (A8)

As made explicit in Eq. (A4), the xx component of the
tensorial Green’s function is composed of two terms, a
local term (δ function) corresponding to the usual, k-
independent out-of-plane demagnetizing field and a non-
local, k-dependent correction involving Gzz

k . Accordingly,
the matrix element Axx

01 may be decomposed as

Axx
01 = −I ′ + Q′, (A9)

with

I ′ =
∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′S0(x)δ(x − x′)a(x′)S1(x′)

= β
√

2
l

∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′δ(x − x′)sgn x′ sin

(
πx′

l

)

(A10)

and

Q′ =
∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′S0(x)Gzz

k (x − x′)a(x′)S1(x′)

= β|k|√
2l

∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′e−|k(x−x′)| sgn x′ sin

(
πx′

l

)
.

(A11)
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As before, the double integrations in Eqs. (A10) and (A11)
require only basic algebra and we obtain

I ′ = 2
√

2β

π
and

Q′ = 2
√

2β

π2 + k2l2

×
[
π
(
1 − e−|k|l/2)+ k2l2

(
1
π

− 1 − e−|k|l

2|k|l
)]

.

(A12)

Finally, for Azz
01, we simply have

Azz
01 =

∫ l/2

−l/2
dx
∫ l/2

−l/2
dx′S0(x)Gzz

k (x − x′)a(x′)S1(x′) = Q′.

(A13)

APPENDIX B: SPIN-WAVE MODAL PROFILES

We present examples of spin-wave eigenmodes [Fig. 8]
obtained as solutions for a Co-Fe-B(20 nm)/Py(26 nm)
bilayer using the SWIIM numerical method [26]. The mag-
netic parameters are the same as those used to calculate
the dispersion relation in Fig. 4(d) and the modal profiles
discussed here are those for |k| = 20 rad/μm. We start
by considering only |η|; that is, the norm of the variable
magnetization normalized to MS [Figs. 8(a) and 8(b)]. Two
important conclusions can be drawn from these data.

(a) First, the mode with lowest frequency, MSSW mode
0, has maximum amplitude at the top surface for both
directions of propagation [see the red lines in Figs. 8(a) and
8(b)]. This is different from the behavior of MSSW modes
in thicker films (l > 100 nm), where leftward-propagating
and rightward-propagating spin waves are confined near
opposite surfaces [17]. This clearly shows that one can-
not relate directly the frequency nonreciprocity that we
observe to a preferential localization of counterpropagat-
ing spin waves in the two different materials that constitute
the bilayer.

(b) Second, for k > 0, the second-lowest-frequency
mode, MSSW mode 1, always has a small amplitude near
the top surface of the film. This amplitude reaches virtu-
ally zero for k � +20 rad/μm [see the blue line in Fig.
8(a)]. This explains why the anti-Stokes peak correspond-
ing to MSSW mode 1 is globally much weaker than its
Stokes counterpart [Figs. 4(a)–4(c)] and why, as mentioned
in Sec. III A, it becomes hardly discernible for k in the
range 17–25 rad/μm.

If instead of looking at mode amplitudes, we now
consider the in-plane (ηz) and out-of plane (ηx) compo-
nents of the variable magnetization separately, as is done in
[Fig. 8(c)] for MSSW mode 0 with k < 0, the hybrid char-
acter of this mode appears very clearly: the modal profile

(a)

(b)

(c)

Co-Fe-B

R
e

Im

FIG. 8. Depth profiles of MSSW mode 0 and MSSW mode
1 in the Co-Fe-B(20 nm)/Py(26 nm) bilayer stack as computed
with the SWIIM numerical method (μ0H0 = +30 mT). (a),(b)
Amplitude of the dynamic magnetization normalized to MS ver-
sus vertical coordinate x for k = +20 rad/μm (a) and k =
−20 rad/μm (b). Red lines (blue lines) correspond to MSSW
mode 0 (MSSW mode 1). (c) In-plane (solid line) and out-of-
plane (dash-dotted line) components of the reduced dynamic
magnetization in MSSW mode 0 as a function of the vertical
coordinate x for k = −20 rad/μm.

contains both a uniform (S0-like) contribution and an anti-
symmetric (S1-like) contribution. Noticeably, the relative
weights of these contributions are not the same for the two
components, which translates into nodes located at differ-
ent depths for ηx and ηz. This justifies the need for using a
set of four vectors (as opposed to a set of only two vectors)
as a basis for the dynamic matrix model developed in Sec.
II B.
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