\

Computing sets from all infinite subsets

Noam Greenberg, Matthew Harrison-Trainor, Ludovic Patey, Dan Turetsky

» To cite this version:

Noam Greenberg, Matthew Harrison-Trainor, Ludovic Patey, Dan Turetsky. Computing sets from all
infinite subsets. Transactions of the American Mathematical Society, 2021, 374 (11), pp.8131-8160.
10.1090/tran/8468 . hal-02992972

HAL Id: hal-02992972
https://hal.science/hal-02992972
Submitted on 6 Nov 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02992972
https://hal.archives-ouvertes.fr

COMPUTING SETS FROM ALL INFINITE SUBSETS

NOAM GREENBERG, MATTHEW HARRISON-TRAINOR, LUDOVIC PATEY,
AND DAN TURETSKY

ABSTRACT. A set is introreducible if it can be computed by every infinite
subset of itself. Such a set can be thought of as coding information very
robustly. We investigate introreducible sets and related notions. Our two
main results are that the collection of introreducible sets is H}—complete, SO
that there is no simple characterization of the introreducible sets; and that
every introenumerable set has an introreducible subset.

1. INTRODUCTION

What information can be coded into all infinite subsets of some set of natural
numbers? In one extreme, Soare [Soa69] constructed a set which is computable from
none of its coinfinite subsets. In the other extreme, an infinite' set is introreducible
if it is computable from all of its infinite subsets. In some sense, introreducibility
captures a property of having redundant information content.

Introreducible sets were introduced by Dekker and Myhill [DM58] as a property
of retraceable sets, but have perhaps surpassed the latter in importance. The
simplest example of introreducible sets are the Dekker sets: given a set A of natural
numbers, view A as an infinite binary sequence (with A(i) = 1 < i € A), and
form the set Dek(A) of all initial segments of this binary sequence. From A one
can compute Dek(A) and vice versa, so that A =1 Dek(A). Moreover, given any
infinite subset B of Dek(A), B may be missing certain initial segments of A, but
nevertheless it contains arbitrarily long initial segments of A. So from B we can
still recover A and hence Dek(A). Thus Dek(A) is introreducible; and every Turing
degree contains an introreducible set.

A second simple example of introreducible sets arises from self-moduli. If g: w —
w is an increasing self-modulus—meaning that every f dominating g computes g—
then the range of ¢ is introreducible. The simplest example of such a g is the
settling time of a computably enumerable set A. Such a set A has a computable
approximation (Ag)se, and the settling time function is g(n) = s for the least stage
s such that the computable approximation to A has settled on the first n numbers:
As o= A |,. That is, if some ¢ < n is going to enter A, it must have done so by
stage g(n). Given g we can compute A, and vice versa; moreover, given any other
function f that dominates g, f can compute A (and hence g), because to compute
A |, we can run the approximation Ag I, up to stage f(n) = g(n). So g is an
increasing self-modulus. Now let B be the range of g. Since g is increasing, the
nth element of B is g(n). B is introreducible because given any infinite subset C
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IThe definition is vacuously satisfied when applied to finite sets, so we restrict our attention to
infinite sets, sometimes without otherwise mentioning the fact, when talking about introreducible
sets and related notions.
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of B, the nth element of C' is greater than the nth element g(n) of B, and so the
principal function f(n) of C' (where f(n) is the nth element of C') dominates g(n);
this f computes g and B.

Perhaps the key question is: What makes a set introreducible? Are all introre-
ducible sets built by some combination of the two methods we just described?

Introreducible sets were studied in detail by Jockusch [Joc68], who introduced the
notion of uniformly introreducible sets: infinite sets which are computable from each
of their infinite subsets via a single reduction procedure. Lachlan (see [Joc68]) con-
structed an example of an introreducible set which is not uniformly introreducible.
Jockusch showed that in several ways, the uniform notion is more tractable. For
example, he showed that if a set and its complement are both uniformly introre-
ducible, then it is computable; in contrast, he was only able to show that if a set
and its complement are introreducible, then it is A}. Solovay [Sol78] improved this
bound to Al. It was only much later when Seetapun and Slaman [SS95] showed, us-
ing Seetapin’s results on Ramsey’s theorem together with an argument of Jockusch,
that if a set and its complement are both introreducible, then it is computable.

Jockusch left open a number of other questions about introreducible sets, but
since Seetapun and Slaman’s work, the study of introreducible sets has been some-
what dormant. Recently there has been great interest in a number of related
concepts which involve computing with all of the subsets of a given set, and so it
seems an appropriate time for introreducible sets to make a return. We answer
several key questions that were left open for the fifty years since [Joc68].

This paper has two main themes. First, can we give a simple characterization
of introreducible sets? Perhaps we can show that every uniformly introreducible
set can be constructed as some combination of initial segments and self-moduli.
Jockusch asked whether the collection of (uniformly) introreducible sets is IIi-
complete, which would give a strong negative answer. In this paper we give an
answer to Jockusch’s question by showing that the collection of (uniformly) in-
troreducible sets is indeed IT}-complete. In doing so, we introduce new ways of
constructing introreducible sets which offer much more flexibility than the two
methods described above; in essence, our proofs show that in general, one must
understand introreducibility via ordinals and paths through trees.

The second line of enquiry considers strengthening introreducibility properties by
passing to subsets. For example, we can ask whether every infinite introreducible
set has an infinite uniformly introreducible subset. This kind of question arises
from Jockusch’s investigation of the related notion of introenumerable sets, namely
infinite sets which are c.e. relative to each of their infinite subsets. Every c.e. set
has a computable subset, and so if A is uniformly introenumerable, then we can
imagine that from the subsets of A we could somehow compute some fixed subset
of A. Thus, Jockusch asked whether every infinite uniformly introenumerable set
has an infinite uniformly introreducible subset. We answer this question in the
affirmative.

Introreducibility is related in spirit to the Ramsey-type problems which have
been at the forefront of recent reverse mathematics. Problems such as Ramsey’s
theorem or the pigeonhole principle have the property that any infinite subset of a
solution is itself a solution, and a key step in their analysis has been to look at what
can be computed by every solution. (Indeed, introreducibility can be thought of
as similar to a one-sided version of the pigeonhole principle.) Indeed as mentioned
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above Seetapun and Slaman’s [SS95] that an introreducible and co-introreducible
set is computable was from Seetapun’s work on Ramsey’s theorem, namely that
one can find solutions to Ramsey’s theorem which avoid computing a particular
set. More recently, what can be computed from all subsets of a given set played a
key role in Monin and Patey’s completion of the last step in the 40-year old program
of the computability-theoretic analysis of Ramsey’s theorem [MP19], namely the
separation of SRT3 from RT3.

Introreducibility is not the only approach to studying information redundancy.
Another recent strand of work has been on coarse and generic computability, e.g.
[JS12, Tgul3, Ast15, HIMS16, JS17, Hir20], where for example a set A is generically
reducible to a set B if there is a Turing functional ® that given any density-1
partial oracle for B (i.e., an oracle that does not always answer, but when it does
answer it gives the correct answer), computes A on a subset of density one, and is
always correct when it answers. The set A must be coded redundantly in B, as the
computation has to work no matter which parts of the oracle B we lose access to.

Introreducible sets (usually the Dekker set) have also proved useful in construc-
tions, most famously in the work of Slaman and Woodin on definability in the
Turing degrees [SW86] but also e.g. in [FRSM19]. These are not deep applications
of the theory of introreducible sets, but they show that introreducibility is a natural
and useful notion.

1.1. Binary relations. Introreducibility was defined as a property of a single set,
but our investigations lead us to consider the following notions between two infinite
sets.

Definition 1.1. Let B be an infinite set.

(a) A set A is introcomputable from a set B if every infinite subset of B com-
putes A. We write A <. B.

(b) A set A uniformly introcomputable from B if there is a fixed Turing reduc-
tion (functional) ® such that for every infinite S € B we have ®(S5) = A.
We write A <% B.

Thus, a set A is introreducible if it is self-introcomputable, that is, if A <L A4;
similarly, it is uniformly introreducible if A <% A. In some ways, it appears that
these binary relations are more fundamental, certainly more tractable, than the
reflexive notions of introreducibility. For example, we will show that uniformity
can be achieved by passing to a subset:

Theorem 1.2. If A <l B, then there is some infinite C € B such that A <4 C.

On the other hand, we still do not know whether every introreducible set has a
uniformly introreducible subset; the issue is that when A = B is introcomputable,
by passing to a set C < A = B, we are changing both the set we are trying to
compute and the set doing the computing at the same time.

Definition 1.1 can be extended to binary relations other than Turing reducibil-
ity. For example, for enumerability, we write A <!, B if A is c.e. relative to
every infinite subset of B, and A <", B if a single enumeration procedure enu-
merates A from every infinite subset of B. Considering the question of improving

introenumerability to introreducibility, we show:
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Theorem 1.3.

(a) There are sets A and B such that A <%, B, but there is no infinite C < B
such that A <. C.

(b) There are sets A and B such that A <%, B, but there is no infinite C < A
such that C' <&, B.

We were thus surprised to obtain our first main result, namely:

Theorem 1.4. If A <Y, A and A is infinite then there is some infinite B < A

such that B <% B. That is, every uniformly introenumerable set has a uniformly
introreducible subset.

En route to proving this result, we show certain limitations of Theorem 1.3(a):

Theorem 1.5. Suppose that A <! _ B, and that either

Sc.e.
(a) wf =wsk, or
(b) A is introenumerable.
Then there is some infinite C < B such that A <4 C.

Finally, we turn to completeness. We show:

Theorem 1.6. Uniformly, given a linear ordering L, we can construct a set A,
co-c.e. in L, such that:

o If L is well-founded, then A is uniformly introreducible; and
o If L is ill-founded, then A is not introreducible.

Immediately, this shows that the collection of introreducible sets is II}-complete
(for sets of reals) under Borel reductions, witnessed by a Baire class 1 function; the
same holds for the collection of uniformly introreducible sets. As mentioned above,
this answers one of Jockusch’s questions from [Joc68]. Restricted to the computable
realm, Theorem 1.6 shows that the collection of 1Y indices for (uniformly) introre-
ducible co-c.e. sets is II}-complete, under many-one reducibility. Indeed, using
Soare’s notation (see [Soa87]), it shows that the pair (N, U) is (X1, II})-m-complete,
where N is the collection of I1{ indices of co-c.e. sets which are not introreducible,
and U is the set of I1{ indices of co-c.e. uniformly introreducible sets. Informally,
what this result means is that there is no characterization of the introreducible or
uniformly introreducible sets that is simpler than the naive definition: the simplest
way to decide whether a set is introreducible is to check whether it is computable
from all of its infinite subsets.

The paper is organised as follows. In Section 2, we fix notation, establish basic
properties of the relations we investigate, and prove some lemmas that are useful
later on. The rest of the paper is organised by technique. In Section 3 we use
Cohen and Mathias forcing, to prove, for example, Theorem 1.2 and related results,
as well as answer another question of Jockusch’s: we show that an introreducible
set cannot be co-hyperimmune. In Section 4 we prove Theorem 1.6. This proof
involves a technique for building introreducible sets which is also used in the proof
of Theorem 1.3(b); we therefore provide that proof in the same section. Finally, in
Section 5 we prove Theorems 1.4 and 1.5. The proof of Theorem 1.3(a) is relatively
short but is unrelated to other proofs, and so we place it in Section 2.

As mentioned above, we regard the following as the main question which is left
open:
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Question 1.7. Does every infinite introreducible set have an infinite uniformly
introreducible subset? Does every infinite introenumerable set have an infinite uni-
formly introenumerable subset?

Related is the question of whether every introenumerable set has an introre-
ducible subset. Of course a positive answer to the second part of Question 1.7
implies a positive answer to this question.

2. BaAsics

2.1. Notation. Our notation is fairly standard. Following Ramsey theory (and
set theory in general), for a set A, we let [A]“ denote the collection of all infinite
subsets of A, while we let [A]<* denote the collection of all finite subsets of A.
For the most part, unless otherwise noted most of the sets that appear are infinite.
For a Turing functional ® and a set X, we write ®(X) to denote the set computed
from X using ®; we write ®(X,n) to denote the output of the procedure ® on
input n with oracle X. If f, g € w* then we write f > ¢ if f(n) = g(n) for all n. If
few and 0 € w=¥ then we write 0 < f if o(n) < f(n) for all n < |o|. For any
infinite set A, p4 is the principal function of A: the increasing enumeration of A.

2.2. Enumeration reducibility. For any binary relation r on [w]“, we write A <!,
B if ArC holds for every C' € [B]¥. If there is a countable family C of partial
functions which determines r — meaning that ArB if and only if there is some
® € C such that ®(B) = A — then we write A <% B if there is some ® € C
such that A = ®(C) for all C € [B]¥. We have already seen this notation with r
being either Turing reducibility, or the relation “c.e. in”. We apply it to one more
reducibility, namely, enumeration reducibility [FR59]. Recall that A <. B if there is
a procedure which outputs positive information about A using positive information
about B. Formally, if there is a c.e. collection ¥ of pairs of finite sets such that
A=U(B)=U{F: GE<B) (E,F)e ¥}. We call U an enumeration reduction
or an enumeration functional. Then A <! B if A is enumeration reducible to every
C e [B]¥, and A <Y B if there is an enumeration reduction ¥ such that A = ¥(C)
for all C' € [B]~.
The interest in these relations stems from the following:

Proposition 2.1. For infinite sets A and B, we have A <Y B if and only if
A< B.

c.e.

To avoid confusion, we will call procedures which enumerate a set using both
positive and negative information from the oracle relative c.e. operators.’

Proof. One direction is immediate: every enumeration reduction can be turned
into a relative c.e. operator (which ignores negative information). Suppose that
A <Y, B via a relative c.e. operator ©. Define an enumeration reduction ¥ by
forgetting the negative information: for a finite set F', enumerate a number n in
U(F) if there is some axiom in © which enumerates n using an initial segment o
of an oracle, and F is the finite set {k : o(k) = 1}. To see that this works, it is
clear that for any subset C € [B]* we have A € ¥(C'). On the other hand, suppose

that n € ¥(C), given by some F € C which comes from an axiom (o,n) in ©. It

2Forma11y, these are c.e. sets of pairs (o,z) € 2<% x w; for such a set © and 7 € 25“, we let
O(7) be the set of z € w for which there is some o < 7 such that (o,z) € ©.
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is possible that o is not an initial segment of C, but it is an initial segment of an
infinite subset D of C, and A = ©(D), whence n € A. O

The transitivity of <., in contrast with the relation “c.e. in”, means that it is of-
ten easier to work with the relation <" rather than <%, . Note that Proposition 2.1
implies that A <% B if and only if there is a functional which computes A from all
of B’s infinite subsets using only positive information; this is because A <% B if
and only if A@ A <% B.

Sc.e.

2.3. Subsets of hyperarithmetic sets. The following is the binary-relation ver-
sion of Jockusch’s result (from [Joc68]) that every hyperarithmetic set has a uni-
formly introreducible subset.

Lemma 2.2. Suppose that A <% B and B € A{(A). Then there is some C € [B]“
such that C <% C.

The proof gives C € Af(A).

Proof. Let a < w{* be an A-computable ordinal such that B <t A The set
A(®) has a uniform self-modulus relative to A: there is a function f =p A and a
functional ® such that for every g > f, ®(A,g) = A, Let C < B be the subset
whose principal function is pp o f, that is, the collection of f(n)™ elements of B
(for n € w). Then C <t A®). Any infinite D < C can uniformly compute A,
and its principal function majorizes f, and so using ®, D can (uniformly) compute
A and hence C. O

2.4. Proof of Theorem 1.3(a). Toward proving Theorem 1.3(a), we first observe
a positive-sided version of Solovay’s result [Sol78] that the hyperarithmetic sets are
those sets with uniform moduli. The following proposition says that a set is IT} if
and only if it has a uniform c.e. modulus (which is a function f as in (1) below).

Proposition 2.3. The following are equivalent for a set A € w:

(1) There is a function f € w* and a relative c.e. operator © such that for all

g=f,0(g9) =A.
(2) A is IO}

Proof. (2) = (1): As A is I1}, there is a uniformly computable sequence (T, )new
of trees in Baire space such that T,, is well-founded if and only if n € A. For each
n ¢ A, fix a path f, € [T,]. Let

f@) = 3 fule—n).
n¢gA
n<x
We claim that f is a uniform c.e. modulus for A, i.e., as required for (1).

Given g = f, let C,, = {h € w* : Vz[h(z) < g(z + n)]}. Then for each ill-
founded T, fn(z) < f(z +n) < g(z + n), so f, € C,. Further, C, is effectively
compact relative to g. Son € A if and only if [T},] = & if and only if [T,,] nC,, = O,
and the latter is a ¥{(g) question. Finally, this process is uniform, so f is a uniform
c.e. modulus for A.

(1) < (2): Suppose there is some f and a relative c.e. operator © such that
A =0(g) for all g > f. Then the following is a II} description of A:

zedo (Vhew)3oew)(o=h) & (ze0())]
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If x € A, then for any h, fix a g with ¢ > h and g > f. Then A = O(g) by
assumption, and so there is some o < g with € ©(0), and thus = satisfies the
righthand side.

If x satisfies the righthand side, then in particular it satisfies it for h = f. Pick
a witnessing o, and extend it to a function g = f. Then z € O(c) € O(g) = A. O

The proof of Theorem 1.3(a) relies on the notion of computable encodability
investigated by Solovay [Sol78]. A set A is computably encodable if every infinite set
has a subset which computes A. Every hyperarithmetic set A has a modulus, which
implies that it is computably encodable (given any set, thin it to a subset sufficiently
sparse so that its principal function majorizes the modulus of A). Solovay showed
that the computably encodable sets are precisely the hyperarithmetic ones.

Proof of Theorem 1.3(a). Fix any IT} set A which is not Al (for example Kleene’s O).
Then by Proposition 2.3, there is a function f € w* and a relative c.e. operator ©
such that A = O(g) for every g > f. Since A ¢ Al, as mentioned, it is not com-
putably encodable: there is a set D € [w]“ such that for every B € [D]¥, B %7 A.
Let B € [D]“ be such that pg > f. Then A <" B, but A €t B, so certainly
A i B. O

Note that in light of Theorem 1.5(a), it is not surprising that the sets A and B
produced are quite complicated.

3. FORCING METHODS

3.1. Cohen subsets of an infinite set. Let A be an infinite set. We let P4 be
the collection of all Cohen conditions o € 2<“ which are characteristic functions of
finite subsets of A, ordered by extension. For our notation, it will be convenient to
identify finite nonempty sets with finite binary strings as follows: a set F'is identified
with its characteristic function of length max F' + 1. Thus, for finite sets E and F,
we write E < F if F is an end-extension of E: E € F and min(F\E) > max E.
The collection of all Cohen conditions which correspond to finite subsets of A is
dense in P4.

It is clear that since A is infinite, a sufficiently generic filter gives (a characteristic
function of) an infinite subset G of A.

Transitivity of introreduction relations. 1t is clear that the relations <. and <4
are transitive; indeed if A <t B and B <t C then A <& C, and the same holds
for <4. Proposition 2.1 implies that the relation <%, is transitive as well. The

relation “c.e. in” is not transitive; nonetheless, we can prove:

Theorem 3.1. The relation <. . is transitive.

Sc.e.

Proof. Suppose that A <!, B <!, C. Since every generic G c B enumerates A,
there is a condition o € Pp and a relative c.e. operator © such that o |- O(G) = A.

This means:
e For every n € A there is some 7 € Pg extending o such that n € O(7); and
e For every 7 extending o, O(7) € A.
Let X be a subset of C. Then B is c.e. in X. Of course this means that the
collection of finite subsets of B is X-c.e. We can then enumerate A using X as

follows:
A=|J{6(F) : Fe[B]™ & o < F}. 0
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The following generalises [Joc68, Theorem 5.3] (which also uses a finite extension
argument):

Corollary 3.2. If A<l B and B <., C then A<\ C.

c.e.

Proof. As mentioned above, A <. X if and only if A® A <!, X. O
Suppose that B <. . C but that A <. C. The proof of Theorem 3.1 shows that

Sc.e.
for no Turing functional ® is there a condition o € P which forces that ®(G) = A.
Computably in A@ B’ we can then construct an infinite G ¢ B which for every ®,
either some o < G forces that ®(G) is partial, or forces some disagreement between
®(G) and A. Thus, if B <, C but A £ C then there is some G < B infinite

with G <t A® B’ such that A £t G. By taking A = B = C, we obtain:

Theorem 3.3. If A is introenumerable, then A is introreducible if and only if A
is computable from all of its infinite subsets which are AS(A).

A quick examination of the proof of Theorem 3.1 also shows that we can add
uniformity: if A <! _ B and B <" C then A <% (.

Sc.e. Sc.e. Sc.e.

Hyperimmunity. Jockusch asks at the end of [Joc68] whether an introreducible set
can have a hyperimmune complement. We show it cannot. The following argument
is a straightforward modification of [HJKH™' 08, Proposition 4.4].

Proposition 3.4. Suppose that C is noncomputable and that A is co-hyperimmune.
Then there is an infinite subset G € A which does not compute C.

Proof. We will show that a G sufficiently generic for P4 does not compute C. Sup-
pose, for a contradiction, that this is not the case. Then there is a functional ® and
a finite set £ < A which (thought of as an element of P4) forces that ®(G) = C.
First, we observe that for every k there is a pair (Fp, Fy) of finite sets satisfy-
ing: (i) For some n we have ®(E u Fy,n)|= 0 and ®(F u F1,n) = 1; and (i)
min(Fy u F) > k,max E. Otherwise, if k¥ > max F is sufficiently large so that no
such pair (Fp, F1) exists, then we can compute C' by outputting ®(F u F,n) for
finite sets F' with min F' > k. Now, since A is hyperimmune, we see that there is
some pair (Fy, F) satisfying (i) with Fy u Fy; < A. Thus, both Fu Fy and Eu F}
are conditions in P4, both extending E. But then one of F U Fy and F U F; forces
that ®(G) # C, a contradiction. O

By letting A = C (and noting that hyperimmune sets cannot be computable),
we obtain:

Corollary 3.5. An introreducible set cannot be co-hyperimmune.

3.2. Global Mathias forcing. The conditions of Mathias forcing are pairs (F, X)
where F is finite, X is infinite, and max F < min X. A condition (F, X) extends a
condition (E,Y)if X €Y and E € F ¢ FuY. In computability, the reservoirs X
are often restricted to some countable collection of sets, such as the low sets, or
sets in a Turing ideal. Here, however, we use the unrestricted version, allowing all
possible reservoirs.

Recall that a condition (F, X) forces some statement ¢(G) if the statement holds
for every sufficiently generic G compatible with (F, X) (where G is compatible with
(F,X)if F€ Gc FuX). Wesay that a condition (F, X) strongly forces ¢(G) if
the statement holds for every infinite set G compatible with (F, X).
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The main combinatorial tool used is the Galvin-Prikry theorem [GP73] which
states that Borel subsets of [w]“ are Ramsey, namely: they or their complements
contain [A]¥ for some infinite set A. This gives the strong Prikry property of
Mathias forcing:

Proposition 3.6. If (F,X) is a Mathias condition and U < [w]* is Borel, then
there is an infinite set Y < X such that the condition (F,Y) strongly decides the
statement G € U.

Proof. The set {Z € [X]¥ : F'u Z € U} has the Ramsey property (relative to the
space [X]%). O

Uniformization. Mathias forcing helps uniformise introcomputations and enumer-
ations.

Proposition 3.7. If A <!, B then there is some C € [B]¥ such that A <Y, C.

c.e. Sc.e.

Note that again by considering A @ A, Theorem 1.2 follows.

Proof. The Mathias condition (¢, B) strongly forces that A is c.e. in G, where G
denotes the generic. Thus, there is some relative c.e. operator © and a condition
(F, X) extending (&, B) (so X < B) which forces that ©(G) = A. By the strong
Prikry property (Proposition 3.6), by shrinking X we may assume that (F,X)
strongly forces that ©(G) = A. Then A <", X: the map Z — O(F u Z) sends all

c.e.

infinite subsets of X to A. O

We note that there is nothing special about Turing, indeed the proof applies to
any reducibility defined by a countable collection of partial Borel functions.

Sets without introreducible subsets. Much of our focus is on finding introreducible
subsets, but Mathias forcing also allows us to construct sets without introreducible
subsets.

Proposition 3.8. Fvery infinite set has an infinite subset B satisfying: for all
C,De[B]¥, C 4 D.

Proof. We claim that a sufficiently Mathias generic G has the desired property; it is
important to note that meeting only countably many dense sets suffices. (To get G
to be a subset of a given set A, we can start with the condition (&, A).) Let ® be
a Turing functional. Given any condition (F, X), we will find an extension which
strongly forces that for all C, D € [G]“, there is some Z € [D]“ such that ®(Z) # C,
and so that ® does not witness that C' <% D.

For each n > max F let U, = {Z € [X]¥ : ®(Z,n)|=0}. There are two cases.
First, suppose that for some n > max F' there is some Y € [X]% such that [Y]¥ n
Uy, = . Then (F,Y\{n}) is the desired extension, as in fact for all G compatible
with (F,Y\{n}), for all C,D € [G]* we have ®(D) # C. Otherwise, we claim
that (F, X) itself is as required: suppose that G is compatible with (F, X), and let
C,D € [G]¥. Let n € C be greater than max F. Then D\F, which is an infinite
subset of X, has an infinite subset Z in U, and so ®(Z) # C. O

Corollary 3.9. Fvery infinite set has an infinite subset B satisfying: for all C, D €
[B]*, C <k D. In particular, every infinite set has an infinite subset B which has
no introreducible subset.
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Proof. Theorem 1.2 implies that the set B given by Proposition 3.8 is as required.
O

Soare [Soa69] constructed a set without a subset of strictly higher degree. In fact,
his construction gives an infinite set B satisfying: for all C, D € [B]¥, if C <t D
then C' ©* D. This implies Corollary 3.9. We added a proof, since it is simpler than
Soare’s; indeed, the proof of Proposition 3.8 does not even use the Galvin-Prikry
theorem.

3.3. Mathias and Spector-Gandy. We describe a variant of restricted (count-
able) Mathias forcing which is also related to Spector-Gandy forcing (forcing with
nonempty ¥} classes). The idea of modifying Mathias forcing to allow a collection
of possible reservoirs was used by Liu in his separation of Ramsey’s theorem for
pairs from weak Konig’s lemma [Liul2], and later also in [Liul5, Pat17]. Let S be
the following notion of forcing;:

e Conditions are pairs (F,C), where F is finite and C < [(max F,©0)]“ is
nonempty, ¥1, and closed downwards under <: for all X € C, [X]¥ < C.
e A condition (F,D) extends a condition (F,C) if E extends F', and for all
XeD, X v (E\F)eC.
If (E,D) <s (F,C) then D < C. Note that (E,D) <s (F,C) if and only if E
extends F' and for all X € D there is some Y € C such that (E,X) <y (F,Y),
where M is Mathias forcing.

If G c S is a sufficiently generic filter, then we let
G[G] = | J{F : (3¢) (F,C) e G},

It is not difficult to see that G is infinite: for any condition (F,C) we can take any
n > max F such that n € X for some X € C; then (F u {n}, D) is an extension of
(F,C), where D ={Y < (n,©) : Y u {n}eC}.

We say that a set Z is compatible with a condition (F,C) if Z extends F' and
Z\F € C. We say that a condition (F,C) strongly forces a statement ¢(G) if ¢(Z)
holds for every infinite set Z which is compatible with it. The following lemma says
that if a condition strongly forces a statement then it forces that statement.

Lemma 3.10. Every condition forces that G is compatible with it.

The argument is similar to the argument that a generic filter for Spector-Gandy
forcing determines a generic real, that is, that the intersection of all the 31 sets in
the filter is nonempty. We give the proof for completeness of presentation.

Proof. For any class A < [w]® let A= = |y 4[X]* be the downward closure of A
in [w]“. If A is X} then so is A=.

Let (F,C) be a condition; let T' be a computable tree defining a closed subset
[T] < 2¢ x w* such that C = p[T]. For (o,7) € T let T, . be the subtree of T
consisting of all pairs compatible with (o, 7), and let Cy » = p[Ty,-].

For a finite set E extending F, let o be the string (of length 1 + max FE)
corresponding to the set E\F. We show:

(#): The collection of conditions (E,D) <s (F,C) for which there is some 7 such
that (op,7) € T and (E, D) <s (F, (Coy,-)=) is dense below (F,C).
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To see this, let (E, D) extend (F,C). Extension in S implies that D = (C n [o5]<)7,
where [0 ]< is the clopen subset of Cantor space determined by the string . Now
Cnloe]® =U{Cop.r : (0g,T) €T}, and so

D (JCorr : (0m1)eT)) = i(Conr)? : (0m,7) €T},

so there is some 7 such that (og,7) € T and D n (Cpp,-)= is nonempty; it follows
that the condition (E,D n (Cy,,-)=) extends both (E,D) and (F, (Cpp.r)=).

To prove the lemma, we need to show that if G is sufficiently generic then G[G]
is compatible with every condition in G. Let (F,C) be a condition, and let G be
a sufficiently generic filter containing (F,C); let G = G[G]. Let T be as above.
By recursion, we build a strictly increasing sequence (og,79) < (01,71) < -+ of
pairs in 7" such that | J, 0; = G\F and for all i, (F, (Cy, r,)=) € G. We start with
o9 = 7o being the empty string. Suppose that we have already chosen (o;,7;)
as required. By (x) applied to the condition (F,(Cy, -,)=) (and the tree Ty, r,),
since G is sufficiently generic, we find some (E, D) € G with max E > |o;| extending
(F,(Cop,r)=) for some 7 such that (og,7) € Ty, r,. Thus, 7 > 74, so we choose
(0i41,Tit1) = (0, T), noting that oy < G\F as (E,D) € G. Letting f = |J, 7, we
see that (G\F, f) € [T], whence G\F € C, as required. O

Suppose that A <. . B. The collection of sets C' € [B]* witnessing Proposi-
tion 3.7 is TI1(A), and since such a set was obtained by forcing with unrestricted
conditions, the argument does not give any reasonable bound on the complexity of

such C. Below, we will apply a basis theorem to the following stronger result.

Theorem 3.11. If A <l B then there is a nonempty %1(B) class of sets C € [B]¥

Sc.e.

satisfying A <4, C.

Sc.e.

Proof. We use SE, the notion of forcing discussed above relativised to B: the
conditions (F,C) allow C to be X}(B) rather than merely 1.

The condition (¢, [B]¥) forces that G € B, and so forces that A is c.e. in G.
Therefore there is a condition (F,C) extending (&, [B]*) which for some relative
c.e. operator @, forces that &(G) = A.

For every n, let

U, ={Z€2¥ :ne A > ned(Z)}.

Claim 3.11.1. For every n, there isno Y € C such that the condition (F,Y") strongly
forces (in Mathias forcing) that G ¢ U,,.

Proof. Suppose, for a contradiction, that the claim fails for some n and Y.

There are two cases. First, suppose that n ¢ A. Then (F,Y) strongly forces
(again in Mathias forcing) that n € ®(G). Let E be an initial segment of Y
extending F' such that n € ®(F). Then

(E,{Z < (max E,®) : Zu (E\F)€eC(C})

is a condition in S® which extends (F,C) and strongly forces (in S?) that ®(G) # A;
it therefore forces ®(G) # A, contradicting the assumption that (F,C) forces the
opposite.

Next, suppose that n € A. So (F,Y) strongly forces that n ¢ ®(G). Then
D={ZeC: VEe[Z]™¥)n¢ d(F U E)}
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is ©1(B) and so (F,D) is a condition in S? extending (F,C) and strongly forcing
that ®(G) # A, which again is impossible. O

By the strong Prikry property of Mathias forcing, for every X € C and each n
there is some Y € [X]“ such that (F,Y) strongly forces (with respect to Mathias
forcing) that G € U,,. Tterating, starting with any X € C obtain a sequence X
Yoo Y1 oY, o« with (F,Y,) strongly forcing that G € U,,, and also ensure that
minY,,, > minY,. Let X = {minY,, : n € w}; then X e [X]¢ and is an element
of the class & of sets Z € C satisfying: for all n, for every finite E — Z which omits
the first n elements of Z, if n € ®(F U E) then n € A. This class is X{(B) (A is
c.e. in B, so is Al(B)).

We claim that for every C € £ we have A <", C. Indeed, £ is downward closed,
and we exhibit a uniform procedure for enumerating A from any C' € £. For all C,
let ©(C') be the collection of n such that for some finite £ — C omitting the first n
elements of C, n € ®(F u E). Then for all C € £ we have A = ©(C). The fact
that C' € £ implies that ©(C) € A. In the other direction, given n € A, let X be
the set obtained from C' by removing the first n elements. Then X € C, so there
is some Y € [X]¥ such that (F,Y) strongly forces that n € ®(G); in particular,
ne ®(F uY), so some finite subset E of Y will witness that n € ©(C). O

As usual, we conclude:

Corollary 3.12. If A <l B then there is a nonempty 31 (B) class of sets C € [B]”
satisfying A <% C.

Below we will use the following;:

Corollary 3.13. If A <. . B then there is some C € [B]* such that A <%, C
and w¢ < wP.

The proof is a simple application of the Gandy basis theorem [Gan60], which
in relativised form says that every nonempty ¥1(B) class contains a set C' with
wlB®C = wB. Note that wf > wi! since A is c.e. in B.

4. COMPLETENESS

In this section we prove Theorem 1.6. The argument is elaborate, and so we
approach it gradually: we prove two weaker theorems with proofs of increasing
complexity, each introducing another element of the final proof. Before we do this,
though, we use the basic technique to prove Theorem 1.3(b).

4.1. Flexibility in constructing introreducible sets. In the proof of Theo-
rem 1.3(b), we need to construct sets A and B with A <", B but C «% B for all
infinite C = A. By Proposition 2.1, this is equivalent to A <% B. We do this by
fixing in advance the enumeration functional ® witnessing A < B. This functional
is defined to be “maximally flexible”: no matter how we have already determined A
and B so far, we can extend them with freedom to behave with respect to ® as we

wish.
Proof of Theorem 1.5(b). As discussed, we build sets A and B such that A <" B
but that C & B for all C € [A]“.

To define the enumeration functional ®, we fix a sequence (X;);e,, of uniformly
computable sets satisfying the following;:
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e For every finite £ < w, the set

ﬂ )(z M ﬂ(W\Xz)

icE i¢E
is infinite.
For example, we can choose X; to be the collection of numbers divisible by the
(i + 1)*" prime number.

We then define ¢ as follows: the axioms of ® say that for all 4, the singleton
subsets of X; suffice to enumerate i. That is, for all Z, i € ®(Z) if and only if
Z N Xz' #* @

Now, to get sets A and B such that A <" B via ®, it suffices to ensure, for all i,
that:

(a) if i ¢ A then Bn X; = &J; and
(b) if i € A then B c* X;.

We obtain such A and B by forcing with finite conditions: a pair (o, 7) determines
initial segments of A and B; it is admissible if it does not violate (a); and to
ensure (b), for all ¢ which ¢ ensures are in A, all future additions to B beyond 7
must be in X;. We then also construct a Cohen subset D of B and ensure that no
infinite subset of A is computable from both B and D.

Of course, we can construct all of these in one go, so the notion of forcing we
describe adds all sets at once. For strings 0,7 € 2<%, we use o < 7 to denote string
extension, but we also use the strings to denote the finite sets they determine: we
write i € o if i < |o| and o(i) = 1; we write o < 7 if for all ¢, i € o implies ¢ € T,
and so on.

The forcing notion P consists of triples (o, 7, p) € (2<¥)3 satisfying:

(i) foralli¢ o, 7 n X; = &;

(ii) pc 7.
If p = (0,7,p) is a condition then we write 0? = o, 77 = 7, and p? = p. A
condition g extends a condition p if:

(i) 0P < 0%, 7P < 7%, and pP < p?; and

(ii) for all i € o, 79\7P c Xj.
Observe that this is indeed a partial ordering. A sufficiently generic filter G de-
termines the sets A[G] = (J{o? : pe G}, B[G] = J{r? : pe G} and D[G] =
U{p” : peG}.

First, observe that the empty condition forces that A is infinite; for every condi-
tion p, (6P°1, 7P, pP) is an extension of p. The empty condition also forces that B
and D are infinite: for every condition p, the “freeness” property of the sets X; al-
lows us to choose some k > |7P| in X; for all i € oP but outside X; for all other i’s,
and so (0P, 7P U {k}, p? U {k}) is an extension of p. Further, note that for every
condition p and every k, (o?°0F, 7P°0F, pP) is an extension of p.

As explained above, the empty condition forces that A < B via ®. Now, given
two Turing functionals ¥ and I', we show that the empty condition forces that it
is not the case that U(B) = I'(D) are total and equal an infinite subset of A.

To see this, let p be any condition; we may assume that p forces that:

(i) ¥(B) is total and infinite; and
(ii) I'(D) is total and a subset of A.
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By (i), there is some ¢ > |oP| and a condition ¢ <p p such that ¥(79,7) |= 1.
Let k > |79),4; as mentioned, (¢?"0%, 7P"0%, pP) is a condition extending p, and so
by (ii), we can find an extension r of that condition such that I'(p", %)} = 0, noting
that ¢ ¢ o”.

Because 7" n [|7P|,|7Y]) = &, we can take a string 7* > 77 such that 7* =
710 7", It follows that p” € 7*. We also let 0* be a string extending o? satisfying
o* =0%0u0". Then (c*,7*, p") is a condition, extends p, and forces that U (B, ) #
I'(D,i). O

4.2. A first completeness result. We turn to the proof of Theorem 1.6. We
show the following:

Proposition 4.1. Uniformly, given a linear ordering L, we can construct a set A
which is T19(L), such that:

o If L is well-founded, then A is uniformly introreducible relative to L: there
is a functional ® such that for every infinite Z < A, ®(Z, L) = A.
o If L is ill-founded, then A is not introreducible relative to L.

This suffices:

Proof of Theorem 1.6, given Proposition /4.1. Given a linear ordering L, let A be
the set given by Proposition 4.1. Also, uniformly obtain a uniformly introreducible
set R Turing equivalent to £ (for example, a Dekker set — the set of finite initial
segments of some real coding £). Let m: w — R be an L-computable bijection; let
B = rn[A].

If £ is ill-founded, then there is some infinite S < A such that A €1t S & L;
then 7[S] is an infinite subset of B which does not compute B (even relative to £).
On the other hand, if £ is well-founded, then given an infinite S € B, we can first
uniformly compute R, and so £, and then with £ compute 7—1[S], then A, and
then B. (]

As we build toward the proof of Proposition 4.1, we will first give a proof of a
weaker completeness result, introducing important ingredients of the proof. For the
rest of the section, to avoid excessive notation, we assume that the linear ordering £
is computable; the argument fully rleativises.

Proposition 4.2. Given a computable, infinite linear ordering L we can effectively
obtain a AY set A which is uniformly introreducible if and only if L is well-founded.

Thus, the set of AJ-indices for introreducible sets is II}-complete (with m-
reductions).

Proof. We may assume that the universe of £ is w, but we denote elements of £
with lowercase Greek letters.
We start with uniformly computable sets (Xg)ges and (Yr)pefu)<e satisfying:

(i) (Xp)pgec forms a partition of w, and so does (Yr) pefu]<«;
(ii) For every S € L and F € [w]=¥, Xg n Y is infinite.

For z € w we let 7(x) be the unique § such that z € Xg (we think of r(z) as a
“rank” of x). We write z <, y if r(z) < r(y), and = <, y if r(z) < r(y). We then
define the functional ® as follows:
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e For a set Z and n € w, if there are z,y € Z such that n < z < y and
z <, y, then we set ®(Z,n) = F(n), where F' is the unique finite set such
that y € Yp.

We will build a AY set A such that if £ is well-founded then A <% A by ®. The
first thing to notice is that ® only uses positive information from its oracle. This is
not surprising, as Proposition 2.1 implies that A <% B if and only if A@ A <Y B.
The second thing to notice is that there are many sets Z on which ® is inconsistent:
for some n we have ®(Z,n) = 0 and ®(Z,n) = 1. In building A, we will need to
ensure that ®(A) is consistent (and so ®(Z) is consistent for all Z < A). Thirdly,
we note that given a finite set F we can compute the partial (possibly multivalued)
function ®(FE); we have dom ®(E) c max E by the requirement that a convergence
of ®(E,n) can only be given by elements x,y € E with n < x < y.

We use a notion of forcing P = P,: the conditions in P are finite sets £ which
are self-consistent with respect to ®, meaning that ®(F) is consistent (uni-valued)
and agrees with F: for all n, if ®(E,n)| then ®(E,n) = E(n). The conditions
in P are ordered by end-extension. This notion of forcing is computable. It is not
empty: any singleton is an element of P, because ®({z},n)t for all x and n.

The freeness property of the sets Xz and Yr implies:

Claim 4.2.1. f E€ P and y > max E is in Yg then E U {y} € P.

Proof. Let E and y satisfy the assumption. Let n € w and suppose that ®(E u
{y},n)|=4; we need to show that i = (F u {y})(n). Let w,z € E u {y} cause the
convergence ®(F U {y},n)|=1i w,ze FEu{yl,n<w <z, w<, zand z € Yy
for some finite set H such that H(n) = i. Now w < max F, so n < max F, so
E(n) = (Eu{y})(n). If z € E then ®(E,n)|= ¢ and must equal E(n), as E € P.
Otherwise z = y and so H = E. O

Let A = A[G] be the subset of w given by a filter G which is 1-generic for P
(meets or avoids each c.e. subset of P). Such A can be chosen to be AY, uniformly
in £. Since every Y is infinite, Claim 4.2.1 implies that A is infinite. Also, for all
W < A and all n, if (W, n)| then (W, n) = A(n).

If £ is well-founded, then ®(Z) is total for all Z € [A]“. For let Z € [A]“.
The increasing enumeration of Z (or any of its tails) cannot be strictly decreasing
for <., so there are arbitrarily large x < y in Z such that x <, y. Such = and y
guarantee that ®(Z,n)| for all n < x.

Suppose that £ is ill-founded. Fix some infinite £-decreasing sequence {(f3;);.. -
The freeness property of the sets Xz and Yg, together with the 1-genericity of G
and Claim 4.2.1, imply that for every 8 € £, An X is infinite. Thus, we can choose
a sequence xo < 1 < --- of elements of A such that x; € Xg,. Let Z = {x; : i € w}.
The point of course is that for 2,y € Z with < y we have x >, y and so {x,y}
does not give a ®-computation; indeed, ®(Z) is defined on no input.

To show that A €% A we need to consider functionals other than ®. Suppose,
for a contradiction, that for some functional ¥ we have U(Y) = A for all Y € [A]~.
Consider the c.e. set

Dy = {FeP: (3n) U(F,n)l+ F(n)}.

If F € Dy nG then as F' < A we get U(A) # A. On the other hand, we show that
every condition in G is extended by some condition in Dy, which will contradict the
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1-genericity of G. Let E € G; let y = min(Z\FE) (note that Z\FE = Z n (max E, )
since Z € Aand E < A). Let Y = FuZ\{y}. AsY < A, by the assumption on U,
U(Y,y)l= A(y) = 1. There is therefore some finite F' < Y such that U(F,y)|= 1.
Since £ < Y we may assume that £ < F. Since y ¢ Y we have U(F,y) # F(y).
So F is the desired extension of E in Dy, once we show that F' € P. Let n € w, and
suppose that ®(F,n)|, using a pair w,z € F with w < z and w <, 2. Then w € E,
son <max E, so as F' c A we have ®(F,n) = A(n) = E(n) = F(n) as required.
We remark that the proof does not show that if £ is ill-founded then for every
functional ¥, G n Dy is nonempty. After all, that would show that A £t A.
That Dy is dense along G was proved only under the assumption that ¥ witnesses
that A <J! A. O

4.3. Removing uniformity. To obtain the desired proposition, we need to im-
prove the proof above in the following ways:

(1) Make A co-c.e. rather than AY; and
(2) Ensure that if £ is ill-founded, then A £, A rather than only 4 €% A.

We now explain how to do the second.

Proposition 4.3. Given a computable, infinite linear ordering L we can uniformly
obtain AY set A such that:

o if L is well-founded then A is uniformly introreducible;
o if L is ill-founded then A is not introreducible.

Proof. We extend the technique of the previous proof. Given £, we will use the
same sets X3 and Y and use them to define the same functional ®. We again let [P
denote the collection of finite sets F such that ®(FE) is consistent with F, ordered
by end-extension. The set A will again be 1-generic for P.

This time, if £ is ill-founded, we need to find a single set Z € [A]* which does
not compute A. Recall that for x € w, r(z) is the unique S such that x € X. The
set Z will again be {xg < z1 < 22 < ---} where xg >, x1 >, T2 >, -+, and so will
be defined using some infinite decreasing sequence (3;) from L. Because we will
need to ensure that ¥(Z) # A, this time we will need greater control in the choice
of the sequence (3;) and the set Z. Indeed, to actively diagonalise, we will need
to work with initial segments of Z during the construction of A. This is difficult,
because any (3;) may be very complicated, certainly out of the grasp of . What
we do with ¥’ is to construct a tree of possible choices for initial segments of Z for
any possible initial segment of (5;).

Another new ingredient is a use of an overspill argument to show that certain
conditions exist. For that, we will need the well-founded part of £ to not be
hyperarithmetical. This is standard: given £, we can replace it by the linear
ordering obtained by the Kleene-Brouwer ordering of the tree of double descending
sequences, the tree of pairs (o, 7) where |o| = |7], o is a descending sequence in L,
and 7 is a descending sequence in some fixed Harrison linear ordering (a computable
ill-founded linear ordering with no hyperarithmetic descending sequences). If £ is
well-founded then the tree of double descending sequences is well-founded; if £ is
ill-founded then the tree is ill-founded but any path gives an infinite descending
sequence in the Harrison linear ordering and so cannot be hyperarithmetic.

We extend the notion of forcing P to be a 2-step iteration that starts with P and
then adds a tree of subsets of the generic for P. Combined, we define the notion of
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forcing Q as follows. The conditions are pairs (E, ), where E € P, and ¢ is a finite
partial function satisfying:

(i) dom ¢ is a subtree of w=* consisting of descending sequences in L.
(ii) For every o = (B1,2,...,Pky € domp, ¢(o) is a finite set F < E, F =
{z1 <29 <+ <wy} with r(z;) = g; for i =1,2,... k.
(iii) For o0 < 7 in dom ¢, ¢(7) is an end-extension of p(o).
The ordering on Q is given by extension in both coordinates: (F,) extends (E, ¢)
if E < F, dom e < dom1 and ¥ dom ¢ = ¢. This notion of forcing is computable.

Let G < Q be a 1-generic filter (computable from ¢f'). We define A = A[G] =
U{E : B¢) (E,¢)eG}and f = f[G] =U{y : 3E) (E,¢) € G}. Both A and f
are A9, and A is 1-generic for P; it is therefore infinite. Similarly, dom f is the
tree T, of all finite descending sequences in £. We give the details. For every
o € Ty we show that the collection of conditions (F, ) € Q such that o € dom is
dense in Q, and then appeal to the 1-genericity of G. We prove this by induction
on |o|. Let o € Tz such that o = 0~ "(8). By induction, let (F,¢) € Q such that
o~ € domp. Choose some y € X3 nYg with y > max F, y > maxrangep(c™);
then E U {y} € P (Claim 4.2.1). Define ¢ by extending ¢ to be defined on o, letting
¥(o) = ¢p(07) u{y}. Then the condition (Eu {y}, ) is an extension of (£, ¢) in Q.

If £ is well-founded, then as in the previous proof, ® shows that A <% A.
Suppose then that £ is ill-founded. Let S < T, be the subtree of ¢ € T, which
are entirely contained in the ill-founded part of £. We take an infinite descending
sequence (f;) in £ which is sufficiently generic for the partial ordering S. Of
course, this partial ordering is complicated (may have degree O, the complete IT1
set) and (53;) will need a Turing jump or two beyond that. We let Z = Z[(53;)] =
U{f(o) : ¢ <(B;)}. This is an infinite subset of A. We will show that Z *1 A.

Fixing a Turing functional ¥, we need to show that U(Z) # A. We show that
IFs ¥(Z) # A, and appeal to the genericity of (5;). Let

D={reS: ¥(f(r)) L A},

where ¥(F) L A if U(F,n)|# A(n) for some n. Let 0 € S and suppose that o
forces in S that U(Z) is total; we find an extension of ¢ in D. Let

E={(F,0)eQ: 3redomb) 7eS & 7>0 & V(O(7)) L F}.
We will show that G n € # . This suffices: if (F,0) € G n &, witnessed by T,

then 7 is an extension of ¢ in D.
Claim 4.3.1. £ is dense along G.

Proof. Let (E,p) € G; we find an extension of (E,p) in €. Let 8 > o(0) =
maxrangeo (we may assume that £ has no last element). Since G is 1-generic,
by extending (and by Claim 4.2.1), we may assume that there is some y > max E
in X such that £ u {y} < A.

Since o s “¥(Z) is total”, there is some 7 > o in S such that ¥(f(r),y)]. If
U(f(1),y) = 0 then G & is nonempty. Suppose, then, that ¥(f(7),y) = A(y) = 1.

Let F = Eu f(7). Note that 3 ¢ range T (as 5 > 0(0) = 7(0) and 7 is descending
inL)soyé¢ f(r);soyé¢ F. Also, since E < Aand f(r)c A, E<F.

We first argue that F' € P. Let n such that ®(F,n)|= 4; let z,w € F generate
this computation, so again w < z, w <, z. Since F' ¢ A, we have i = A(n). For
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any s,t € f(7) we have s <t — s >, t, so we cannot have w,z € f(7). Hence
n < w < max F; since E < A and E < F, we have A(n) = E(n) = F(n).

Hence F extends E in P. Now define 0 extending ¢ by setting 0(p) = f(p) for all
p < 7. Note that 0 indeed extends ¢ as f extends ¢. To show that (E,0) € Q (and
so extends (F,p)) it suffices to check that for all p € dom#6, f(p) € F. If p < 7
then this is by the definition of F. If p € dom ¢, then as (E,¢) is a condition, we
have f(p) c EC F.

Finally, since y ¢ F and ¥(0(7),y) = 1, it is seen that (F,0) € £, and so is the
required extension. (Il

The set £ is very complicated (as its definition refers to S, and so to the ill-
founded part of £), so we cannot directly appeal to the 1-genericity of G and
density of £ along G to show that G n £ is nonempty. We use overspill to overcome
this problem. For any 8 € L, let

Es={(F,0)eQ: Aredomb) 7 >0 & ¥(§(r)) L F & minranger > (}.

If 8 is well-founded (is in the well-founded part of £), then £ < &3, and so by
Claim 4.3.1, £ is dense along G. Each set &g is computable, and so for well-
founded 5 we have G n E3 # . The property “€g n G # J” is an arithmetic
property of 5. Since the well-founded part of £ is not even hyperarithmetic, it must
be the case that for some ill-founded 3, £5 "G # . But for ill-founded 8 we have
&g < &, which ends the proof. a

4.4. A priority argument. As discussed, to prove Proposition 4.1, we now need
to show how to make A co-c.e. rather than merely AY. We cannot expect to obtain A
from a 1-generic filter for PP since 1-generics do not compute noncomputable c.e.
sets. However, we don’t need the full power of 1-genericity to push through the
preceding proof. We carefully list the specific dense sets that we aim to meet, and
using a priority argument, we construct a just sufficiently generic set A which can
be made co-c.e.

Proof of Theorem 1.6. Building on the previous proofs, we use all of the ingredients:
the sets Xz and Yr, the functional ®, and the partial orderings P, Q and S. We
perform a finite-injury priority argument to build G (and hence A and f). There
are two types of requirements:

P,: For every o € T, (the tree of finite £-descending sequences), ensure that o €
dom f.
Qo.5,w: For every nonempty o € Ty, 8 € £ and Turing functional ¥, let

Eopuw={(F,0)eQ: 3redomb) 7 >0 & ¥(0(r)) L F & minranger > f}.

The requirement aims to make G N £, g v nonempty.

We computably order all requirements in order-type w. We let R, denote the e
requirement on our list. The stronger requirements are those which appear earlier
on the list. We index objects associated with a requirement by its location on the
list. For example, if R, is the requirement P, then we write 0. = 0. For brevity,
if R, is a @Q-requirement then we write &, for &, g.,w,. We make sure to order
our requirements so that for every e, if R, is a P-requirement and |o.| > 2 then
there is some k < e such that Ry, is a P-requirement and oy, = (0.)~ (the sequence
obtained from o, by removing the last entry).
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During the construction, at any stage s, a P-requirement may be either waiting
or satisfied; whereas a (Q-requirement may be either waiting, ready or satisfied.

At each stage s we will define a sequence po s 2@ P1,s =Q P2,s 20 *** 2Q Prm(s),s
for some m(s) € w; we will write pe s = (Ee s, e s). At stage s we let

As = Em(s),s ) (maxEm(s))s, OO)
We ensure that the following holds during the construction at every stage s:
(a) If R, is not waiting at stage s then p.i1 ¢ is defined (i.e., e < m(s)).
(b) If R, is a P-requirement and pe41 s is defined, then o, € dom ey 5.
At stage s, a requirement R. requires attention if it is either waiting, or if it
is a @Q-requirement which is ready, and there is some condition ¢ = (F.,0) € &,
extending p. ¢ which is discovered by stage s and such that F' < A,.

Here is the construction: we start with n(0) = 0 and pgo being the empty
condition (so Ag = w). At stage s, let R. be the strongest requirement which
requires attention at that stage. There is such a requirement since all but finitely
many requirements are waiting at stage s. Note that e < m(s), so pe s is defined.
We set m(s + 1) = e+ 1. For k < e we let py 511 = pg,s, and the status of Ry at
stage s + 1 is the same as its status at stage s. We define E. 1 511 and set R.’s
new status as follows.

(i) Suppose that R, is a P-requirement. If o, € dom ¢, s then we set pey1 541 =
Pim(s),s- Otherwise, write o, = 7™y with v € L (recall that o, is nonempty).
Choose some y > max Ey,(5),s in X, nYg, .. Weset Eey1501 = Ee s U{y}.
We define @cy1,541 extending g, s by setting pei1,5+1(0) = @e.s(7) U {y}.
We set R, to be satisfied at stage s + 1.

(ii) Suppose that R. is a Q-requirement, and that R, is waiting at stage s.
Choose some y > max E,,(,),s with y € X, nYg, _ for somey > maxrangeoe.
We set Det1.s+1 = (Fe s U{y}, pe.s). We declare R, to be ready at stage s+1.

(iii) Suppose that R. is a Q-requirement, and that R. is ready at stage s. Let
g = (F,0) witness that R, requires attention at stage s. By adding an
element to F', we may assume that max F' > max F,(s) s Set pey1,s+1 = ¢,
and declare R, to be satisfied at stage s + 1.

Finally, for all k > e, we set Ry to be waiting. This completes the description of
the construction.

In beginning the verification, we check that the construction can be performed
as described. It is not difficult to verify, by induction on the stages, that (a) and (b)
above hold at every stage. We also observe that whenever defined, it is indeed the
case that p. s € Q. For this, we mostly use Claim 4.2.1, to check that E.y1 541 € P
(where R, receives attention at stage s). In case that R, is a P-requirement and
oe ¢ dom ¢, ¢, note that by our ordering of the requirements, and by (b), 7 = 0.~
is indeed in dom g, . Also, e s(7) S Ee s and y > max F,,(,) , = max E s so
©Yet1,5+1(0¢) is of the required form.

Next, we observe that for all s, As41 S Ag. Mainly, this is because max Fy, 11y 541 =
max Fp, () s Also, in (i) and (ii), if Epy(s11),641 # Em(s),s, then we have E, o1y 511 =
Eey1,s11 = Ee s U {y} where y > max E,,(5) s (soy € As) and E s € Epy(s),s © As.
In (iii) the instructions require Eei1 541 € As.

The construction is finite injury; every requirement is eventually either perma-
nently satisfied, or is permanently ready but never later satisfied. For every e,
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the sequence (pe,s)sew stabilizes, and we denote the stable value by p. = (E., @.).
We have pet1 <g pe. We let G be the filter generated by the sequence (p.), i.e.,
G ={qeQ: (Je) g =g pe}. Welet A = A[G] and f = f[G] defined as in the
previous construction. We have 4 = (), As.

Since A is obtained from a filter of P, for every Z < A and every n such that
®(Z,n)| we have ®(Z,n) = A(n).

By the instruction, and the fact that every requirement is injured only finitely
many times, we see that every P-requirement is met. Hence dom f = T,. This
also implies that A is infinite: For every v € L, there are infinitely many sequences
o € T whose last element is v, and so in fact A n X, is infinite.

If £ is well-founded, then the argument from the proof of Proposition 4.2 shows
that A <% A via ®. Suppose that £ is ill-founded. We define S as in the pre-
vious proof, choose a sufficiently generic (8;) through S, and let Z = Z[(53;)] =
U{f(0) : o < (5o}

Let ¥ be a functional, let o € S which forces that ¥(Z) is total. As in the
previous proof, we find an extension 7 of ¢ in S such that ¥(f(7)) L A.

Claim 4.3.2. For every well-founded 8 € L, G n &, g,v is nonempty.

Proof. Fix such 3, and let e be such that R. = Q. 3,w. Suppose, for a contradiction,
that GNn & = .

Let s be the last stage at which R, is waiting and receives attention. If R, receives
attention after stage s then it chooses pei1,s4+1 € Ee; since it is not later initialised
(set back to a waiting state by some stronger Ry ), we have pey1 = Pet1,s+1. Hence,
our assumption for contradiction implies that R. does not receive attention after
stage s. We will show that R, requires attention after stage s; this will contradict
the fact that R, is not initialised after stage s.

For all t > s we have p.; = pe (so Ecy = E. < A). At stage s we define
Eei1,5+1 = Ee s v {y} for some y. Since o |-s “U(Z) is total”, there is some 7 € S
extending o such that U(f(7),y)|. As in the previous proof, note that y was chosen
so that y ¢ f(7) as it is >, z for all z € f(7).

Since R, does not receive attention after stage s, for all t > s we have pey1+ =
De+1, 50 y € A. Let k > e be sufficiently large so that 7 € dom . If U(f(7),y) =
then py € &; hence, by our assumption for contradiction, we have U(f(7),y) =
Ay) = 1.

We again let F = E, U f(7). Then F < A, so F < A; for all t. Again define
by extending . by setting 6(p) = f(p) for all p < 7. Then the argument proving
Claim 4.3.1 shows that (F,0) € Q, extends p., and is an element of £.. At a large
enough stage t > s we discover this condition, and as F' < A;, we see that R,
requires attention at stage t, which leads to the desired contradiction. (Il

We end the proof as above: since the well-founded part of £ is not hyperarith-
metic, G intersects £3 for some ill-founded 3, which gives the desired extension
of o in S; the genericity of (8;) yields ¥(Z) # A. This completes the proof of
Proposition 4.1, and so of Theorem 1.6. O

5. OBTAINING INTROREDUCIBLE SUBSETS

In this section we find introreducible subsets of given introenumerable sets. We
will start with a proof of Theorem 1.5(a), and then elaborate on its technique.
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5.1. When all ordinals are computable. Suppose that A <% B, via some
enumeration functional ®. How can we tell if a given n is in A7 Consider the
tree of finite subsets F of B which do not enumerate n using ®, ordered by end-
extension. If n € A then this subtree must be well-founded, and so every subset has
an ordinal rank. Otherwise, it is the full infinitely-splitting tree of all finite subsets
of B. In the next proposition, we show that if the ordinal ranks are all computable,
then with the aid of a sufficiently fast-growing function and a subset of B, we can
use this to compute whether n is in A or not.

Proposition 5.1. Suppose that A <Y B and wP = w$. Then there is some
C € [B]* which is A}(B) and such that A <4 C.

Using this proposition we can prove Theorem 1.5, which weakens the hypothesis
A <% B to the non-uniform A < B: if A <! B and wP = ws¥, then there is an
infinite C' < B such that A <% C.

Proof of Theorem 1.5(a), given Proposition 5.1. Suppose that A <!, B and w? =
w$k. By Corollary 3.13, find some D € [B]* with wf < wf (so wP = wsk) and
A <Y, D. By Proposition 2.1, A <! D. Now apply Proposition 5.1 to A and D.

O

This proposition also implies that if A is uniformly introenumerable and w{* =
w$k, then A has a uniformly introcomputable subset. For if A is uniformly introenu-
merable, then by Proposition 2.1, A <% A; apply Proposition 5.1 to A and A to get
some C € [A]“ such that A <% C and C € A}(A); now apply Lemma 2.2. To get
Theorem 1.4, we will follow this argument, but will need to replace the assumption
wB = Wk in Proposition 5.1 with the assumption that A is introenumerable, which

will take some work.

Proof of Proposition 5.1. Suppose that A <% B via an enumeration functional ®.
By a standard time-trick, we assume that the map E — ®(FE) (for finite sets E)
is computable (if at a late stage s we see that n € ®(F), we instead enumerate n
with use all the extensions of E' which have elements greater than s).

We introduce notation for the rank of a finite subset of E that will be modified
later in the paper. For n € w, E € [B]=* and ordinal o we define the relation
A(n; E) = a by recursion on «.. For all n and E we have A\(n; E)) = 0. Suppose that
a=1.

e \(n;E)=1ifn¢ O(E).
e For a > 1, A(n; E) = « if for all § < « there is some y € B, y > max F
such that A\(n; E U {y}) = 8.
We then let A(n; E) = a if A(n; E) = o but A(n; E) 2 a+ 1; if A(n; E) > o for
every ordinal «, then we write A(n; F) = oo.

To unpack: A(n; E) = 0 if and only if n € ®(E); A(n; E) = S+ 1 if and only if for
every y € B greater than max E we have A\(n; E U {y}) < 8 but for some such y we
have A(n; Eu{y}) = 5; for a limit ordinal v, A(n; E') = v if and only if for all y € B,
y > max E we have A(n; E v {y}) <y but {A(n; E U {y}) : ye B,y > max E} is
unbounded in a.

We presented this inductive definition, because it is the one that will be modified
later; however we can also formalise this as a tree rank. For each n (thought of as
either an element of A or its compliment), let T;, be a subtree of the tree of finite
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subsets E of B, ordered by end-extension, with the leaves of T, being the minimal
sets E (again under end-extension) satisfying n € ®(E). If E € T,, (in particular,
if n ¢ ®(FE) or E is a leaf of T,,) then A(n; E) is the rank of F on the tree Tj,.
Using the fact that ® witnesses that A <" B, it follows that T;, is well-founded
if and only if n € A. For completeness, we give an argument using the inductive
definition.

In fact, we observe that for all n, n € A if and only if A(n; &) < o if and only
if for all E € [B]=%, A(n; E) < 0. If n ¢ A then by induction on « we show that
for all E € [B]<¥, A(n; E) > «a; the main step is showing this for o = 1, which
follows from n ¢ ®(B). In the other direction, suppose that A(n; E) = oo for some
E € [B]=¥; then there is some y > max FE in B such that A(n; E u {y}) = 0, as
B\F is a set and not a proper class. Repeating, we build an infinite set Z such
that n ¢ ®(Z) (as A(n; F)) = 0 > 0 for all F' < Z) which shows that n ¢ A.

Since A is c.e. in B, we have A € Al(B), in particular w{!®? = B = sk,

For every n € A, A(n; J) < w§* as it is the tree rank of the tree T),, which is
B-computable. Moreover, the set {\(n; &) : n € A} is bounded below wsk. To see
this, let T4 be the tree which is the disjoint sum of the trees T, for n € A (add a
root below the roots of all of these trees); the tree T4 is B’-computable, and so its
rank is B-computable. We fix some computable ordinal ¢ such that for all n € A,
A(n; &) < 9.

Further, we fix some computable presentation of § + 1 which is notation-like,
and identify every ordinal 5 < § with the natural number coding this ordinal in
our computable presentation. Notation-like means: (i) The set of limit v < ¢ is
computable; (ii) The successor function on § is computable. This implies that the
function taking a successor ordinal 8 < § to its predecessor is also computable,
and that for every limit v < ¢ we can (uniformly) compute a cofinal w-sequence
~v[0] < ~[1] < -+ in 7. For successor ordinals v < § let y[k] = v — 1 for all k.

We observe that after fixing the presentation of 6, the function \ is Al(B); this
is because this is the ranking function for the tree T'4.

We say that a function f: w — w is a deficiency function if:

e For every nonzero v < 0, n€ A and E € [B]<¥,
A(n; B) <y = A(n; E) <7[f(v,n, E)].

Since A is Al(B), there is a A (B) deficiency function. Further (and this is the main
point), any function majorising a deficiency function is itself a deficiency function.
Now we choose some C' € [B]¥ such that pc (the principal function of C) is a
deficiency function; since there is a Al(B) deficiency function, we can choose C to
be Al(B). We show that A <% C. Indeed, we show that if D € [B]* and pp is a

w

deficiency function, then A <t D uniformly; this holds for every D € [C]“.

Fix such D. Given n € w, by recursion on i = 0,1,... we compute a decreasing
sequence of ordinals Sy > 31 > --- as follows:
e Bo=94;

e if 8; > 0 then B;11 = Bi[pp(Bi,n, Diy1)], where D; consists of the first 4
elements of D.
This sequence must of course halt at some j such that 3; = 0. We claim that
ne A < ne ®D,), which shows how to compute A from D (recall that we
assumed that the relation n € ®(E) is computable rather than merely c.e.).
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Certainly, if n ¢ A then n ¢ ®(D) so n ¢ ®(D,). Suppose, then, that n € A.
We want to show that n € ®(D;), equivalently, that A(n; D;) = 0. By induction on
i < j we show that A(n; D;) < ;.

For i = 0, by choice of §, we have A(n; Dg) = A(n; &) < § = fo.

For the induction step, suppose that ¢ < j and that A(n; D;) < §;. We note that
D;41 is a proper extension of D;, and so A(n; D;11) < A(n; D;), so A(n; Dit1) <
B;. Now since pp is a deficiency function, A\(n; D;y1) < §; implies A(n; D;41) <
Bilpp (Bism, Diy1)] = Bi+1. This ends the proof. O

5.2. The general case. As we discussed, we want to prove Proposition 5.1, but
remove the assumption that wf = wk. By Theorem 1.3(a), this cannot always
be done. It is instructive to think about what part of the proof of Proposition 5.1
fails without the assumption. What was special about the ordinal § was that it
is computable, rather than merely B-computable. This was implicitly used in the
computation process we described using a sufficiently sparse set D € [B]“: it has
access to our computable copy of §. Since there is no reason to assume that D
computes B, we may have wP’ < w?; but even if wP > wP and § is D-computable,
different subsets D of B may not be able to agree on a single copy of §. The notion of
deficiency function was highly dependent on the choice of cofinal sequences (5[k]),
and so of our copy of 4.

Instead of the impossible, we will prove:

Proposition 5.2. Suppose that A <% B. Then there are X € [A]* and Y € [B]*
such that X <¥'Y. Further, we can choose X,Y € A{(B).

Let us explain why this suffices. The proposition implies:

Proposition 5.3. Suppose that A is introenumerable and that A < B . Then
there is some C € [B]* such that C € A{(B) and A <% C.

Note that this implies Theorem 1.5(b); we use the same argument proving The-
orem 1.5(a) from Proposition 5.1, except that we do not need the full power of
Corollary 3.13; Proposition 3.7 suffices.

Proof of Proposition 5.3, assuming Proposition 5.2. By Proposition 5.2, let X €
[A]“ and Y € [B]“ such that X <% Y and such that X,Y € Aj(B). Since A
is introenumerable, it is c.e. in X. Let g be the modulus function for some X-
computable enumeration of A; so A is computable uniformly given X, and any
function majorising g. Note that g <t X’ and so it is A}(B). Now let C € [Y]* suf-
ficiently sparse so that pc = g; since g,Y € Al(B), we can choose such C € A}(B).
Since X <% O, given a subset of C' we can compute both X and a function ma-
jorising g, and so compute A. (Il

We indicated above how this implies our main theorem, but for neatness, let us
state the proof. Recall that Theorem 1.4 says that every uniformly introenumerable
set has an infinite uniformly introreducible subset.

Proof of Theorem 1.4, assuming Proposition 5.2. Let A be uniformly introenumer-
able. By Proposition 2.1, A <% A. Apply Proposition 5.3 to A and A to get some
B € [A]¥ such that A <% B and B € A}(A); now apply Lemma 2.2 to get a
uniformly introcomputable subset of A. O
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Let us now briefly explain how we can modify the proof of Proposition 5.1 into a
proof of Proposition 5.2. We give up on trying to obtain a common copy of §, but
we still want to devise a decision procedure which resembles the one we gave in the
proof of Proposition 5.1. Given a very sparse set D € [B]“ and n, suppose that we
have some other m which we know is in A, and suppose that further, we know that
A(n; &) is either oo or less than A(m; ). Again let D; be the first ¢ elements of D.
We could then try to perform a comparison. The desirable situation is that if pp
grows sufficiently fast, then it will help us compute a sequence Fy < Fy < Fy < -+
of finite subsets of D such that for all 4, if n € A then A(n; D;) < A(m; F;). Then we
could keep going until we find some j such that m € ®(F;), which must eventually
happen as m € A; and then n € A if and only if n € ®(D;).

What this seems to require is a monotonicity of rank with 1-step extensions: if
FcD,yze Dand maxF <y < z, then A(m; F u {y}) < A\(m; F v {z}). In
general, there is no reason to believe that this is the case, and so we will need to first
thin B out sufficiently to get a subset for which this is the case. The process would
appear simple: if this fails, throw z out, assuming we chose y with A(m; F' U {y})
sufficiently large so that we’re not forced to throw out too many elements like z.
However, this single step now affects A(m; E) even for some E < F, so we need to
be careful about this winnowing process. The way to do it is rank-by-rank, rather
than say from the root of the tree upwards.

In turn, what this implies is that this process of winnowing must be transfinite.
Which introduces a whole new complication: why would we be left with an infinite
set at a limit stage of the process? After all, it is very easy to devise a decreasing
sequence By D By D By © -+ with B, = ﬂk B, = . However we can always find
an infinite set B, ©* By for all k. The fact that our sequence of subsets ignores
finite differences, implies that we need to modify our ranking function as well, so
that it too ignores finite differences.

Those are some of the main ideas; we now give the proof.

Proof of Proposition 5.2. We start with sets A and B satisfying A <" B, via some
enumeration functional ®. As above, we assume that the relation n € ®(F) is
computable.

For sets Z € [B]¥, n € w and E € [B]<%, we define a rank A} (n; E) by defining
by recursion on ordinals a the relation A% (n; E) > o
e \y(n;E) =0 for all n and FE.
o \o(n;E)>1if n¢ O(E).
e For a > 1, Ay (n; E) > « if for all § < a there are infinitely many y € Z
such that A% (n; E L {y}) = 5.
As above, AL (n; E) = aif X (n; E) = aobut Ay (n; E) # o+ 15 if AL (n; E) > « for
all o then we write A% (n; E) = oo0. Note that we do not require £ < Z to define
Ay (n; E), only E c B.

Claim 5.3.1. For all n and all Z € [B]“, n e A if and only if A} (n; &) < .

Proof. Similar to the argument above. If n ¢ A then by induction on «a we see
that for all Z, n and E we have A% (n; E) > o. We use the fact that Z is infinite.
If A% (n; E) = oo then we inductively build an infinite subset of B which does not
enumerate n, so n ¢ A.

For the second direction, we can alternatively show that A} (n; E) < A(n; E),
where the latter was defined in the previous proof: by induction on «, we show
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that if A% (n;E) > a then A(n;E) > «. This clearly holds for o = 0,1, as the
conditions for these do not involve Z; For a@ > 1, we use the fact that an infinite set
contains an element y > max E. It follows that if A% (n; E') = oo then A(n; E) = o
and so n ¢ A. O

The fact that A% (n; E) < A(n; E) shows that
{\y(n;E) : Z€e[B]*,ne A & E€[B]~*}

is bounded below w?. We fix some 6* < wf which bounds all of these ordinals,

and for computation purposes, we fix some B-computable copy of §*. The modified
rank can be computed hyperarithmetically in B:

Claim 5.3.2. For all Z € [B]“, the relations A% (n; E) > « are uniformly computable
from (Z @ B)**2) and so the function (n, E) — \j(n; E) is A} (Z @ B).

‘We also need:

Claim 5.3.3. If Z,W € [B]¥ and W <* Z then for all n and E € [B]=“, A}, (n; E) <
Ay (n; E).

In particular, if Z =* W then A% (n; E) = Aj,(n; E) for all n and E € [B]=“.

Proof. By induction on a we show that Ajj,(n; E) > « implies A} (n; E) > «. The
case a = 1 does not depend on W or Z. For a > 1, assuming the claim holds for
all 8 < a, if Ajj,(n; ) = « then for all 8 < « there are infinitely many y € W such
that A\j, (n; E U {y}) = f; all but finitely many of these y’s are in Z as well, and by
induction, A% (n; E U {y}) = B for these y’s; so A5 (n; E) > a. O

Given Z € [B]*, when passing to a subset Z of Z, the ranks A% (n; E) might go
down. This would cause an issue where we shrink Z to dominate a given function,
but in shrinking Z we change the ranking and so we also change the function we want
to dominate; we might thus be perpetually chasing our tail. We now introduce the
main tool we use, which is a property of such as set Z, called being rank-minimal,
which implies that the ranks do not decrease when passing to subsets.

e We say that Z € [B]¥ is rank-minimal if for every n, E € [B]< and «, if
A% (n; E) = a then for all § < «, for all but finitely many y € Z we have
Az E v fy}) = 8.

An equivalent condition is: for all n € A and E € [B]<¥,

N (1 E) = lig (A (0 B 0 {y}) + 1) .

Our first task is the construction of a rank-minimal subset of B. As indicated
above, such a set will be approximated from above by a transfinite process. We
therefore need the following finer concept: For any ordinal 7, we say that Z € [B]¥
is rank-minimal up to «y if for all @ <+, for every n and E € [B]<¥, if A} (n; E) > «
then for all 8 < a, for all but finitely many y € Z we have X5 (n; E L {y}) = .

Claim 5.3.4. Let v be an ordinal. If Z € [B]“ is rank-minimal up to v then for
all W e [B]“ such that W <* Z, for all & < #, for all n and all F € [B]<¥,
Ay (n; E) = a if and only if A3 (n; E) = a.
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Proof. By Claim 5.3.3, for all n and E € [B]=¥ we have X\jj,(n; E) < A} (n; E).
So by induction on a < v we show that for all n and E, if A% (n; E) > « then
Ay (n; E) = a. As above, for @ = 0 and o = 1 the definition of A% (n; E) > « is
independent of X. For a > 1, take any n and E and suppose that A} (n; E) > a.
Let 8 < a. Since Z is rank-minimal up to «, for all but finitely many y € Z we
have A% (n; E U {y}) > f8; by induction, for all such y in W, Ajj, (n; E U {y}) = B.
Thus Ajy, (n; E) > «, as required. O

It follows that if Z is rank-minimal up to +, then every W c* Z in [B]“ is also
rank-minimal up to 7. Also note that the choice of §* bounding A} (n; &) for all
n € A implies that Z € [B]“ is rank-minimal if and only if it is rank-minimal up
to 9*.

We can now dispense with the existence proof.
Claim 5.3.5. There is a rank-minimal set R € [B]* which is A}(B).

Proof. We define a sequence (R,),<s which is decreasing by <* (a < v implies
R, 2* R,) such that each R, is rank-minimal up to . We can start with Ry = B,
since every infinite subset of B is rank-minimal up to 1. At the end we let R = Rgx;
as we just discussed, it being rank-minimal up to 6* implies that it is rank-minimal.

We first consider the limit case. Suppose that =y is a limit ordinal and that R,
has been defined for all a < . Since v is countable, we can choose some infinite
R, such that R, <* R, for all & < ~v: fix a cofinal w-sequence (y[i]) in v and let
A={ap<ay <...} whereay € ﬂisk A,i1- The condition R, €* R,, for all a <
ensures that R, is rank-minimal up to : for all @ < ~, the fact that R, <* R,
implies that R, is rank-minimal up to o. But rank-minimality up to a level is a
continuous notion. Let n € w and E € [B]=* and suppose that A}, (n; E) > 7. Let
B < ~. Then )\EW (n; E) = B+ 1, and so the condition )\j‘%W (n; E v {y}) = B for
almost all y € R, holds because R, is rank-minimal up to 8 + 1.

We next consider the successor case. Suppose that 2, has been constructed; we
find Ry41 <* Ry, which is rank-minimal up to v + 1. To do this, list all the pairs
(n,E) € w x [B]<% satisfying Ak, (05 E) > v+ 1. We define a decreasing sequence
of sets R, = Cy 2 C; 2 Cy 2 -+ as follows: given Cy, let (n, E) be the k" pair
on our list.

o If A\, (n; E) = v + 1, then we let Cy1 be the (infinite) set of y € C such
that A, (n; B U {y}) = 7.
e Otherwise, let Cy11 = Cy.

We then choose R1 &* Cy, for all k (we can also get R,1 € R, rather than just
R, 11 ©* R, if we want, but this is unimportant). Let us check that R4 is indeed
rank-minimal up to v + 1. Since R,41 =* R, we know that it is rank-minimal up
to 7. Let n € w and E € [B]“ such that /\j‘%wl(n;E) > v+ 1. By Claim 5.3.3,
Ak, (n; E) = v + 1 as well, and so the pair (n, E) was considered at some step k.
Since R,41 €% Ck, we have A, (n;E) = v + 1; so for all y € Cyy1 (and so for
almost all y € R, 11), A§, (n; E' U {y}) = ~. Since R, is rank-minimal up to v and
Cr € Ry, C} is also rank-minimal up to v, and so by Claim 5.3.4, for almost all
Y€ Ry1, AL (m E u{y}) =1, as required.
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It remains to show that the sequence (R,),<s* can be chosen so that the entire
sequence is A}(B) (and so certainly R = Rsx is A}(B)). We can calculate a B-
computable sequence of ordinals (e,),<s+ such that for all v < 6*, R, <t B,
uniformly in . For limit 7, we can let £, = sup, ., £q; this is because uniformly
in v, we can B-computably choose a cofinal w-sequence (v[k]) in v; uniformly in ,
B©y) computes B+ and so R, [x) and the construction of R, =* R, for all k
can proceed computably from the sequence (R, [x])kew- For the successor case, if e
has been determined, then we can find €41 as the limit of an increasing sequence
(&) k<w With B&x) computing C}; we need an extra 2£; + 4 jumps to compute the
relations Af, (n; E) = y+1and A§, (n; Eu{y}) > v, and then a couple more jumps
to know which case we are in.

Alternatively, we can avoid the precise calculations of these ordinals by work-
ing in the admissible set L5 [B], and performing a recursive construction in that

structure; all steps are easily seen to be Aj-definable in that structure. ([

Henceforth, we fix a rank-minimal set R € [B]* which is Af(B); for all n and E
we let \*(n; E) = A} (n; E). It is the case that we will only consider Z € [R]“, so
X (n; E) = X (n; E) for all such Z, but this will not be important; this property
of rank-minimal sets is only used in their construction. Rather, we will use the
property of R stated in the definition of rank-minimality.

We no longer have a fixed presentation of the ordinals we are dealing with, so we
cannot have a deficiency function as defined before. Instead, the following functions
play a similar role: We say that a function f: w — w is a comparative deficiency
function (for R) if:

(i) For all n € A and F € [B]<%, if A*(n; E') > 0 then for all y > f(n,E) in R
we have A*(n; E U {y}) < X\*(n; E).
(ii) For all n,m € A and all E, F € [B]<¥, if A*(n; E) < A*(m; F') then for all
y = f(n,E;m,F) in R we have \*(n; E) < A*(m; F v {y}).
The definition of rank-minimality ensures that comparative deficiency functions
exist. Further, since the ranking function \* is A}(B@® R) = Al(B), there is a
Al(B) comparative deficiency function. Every function majorising a comparative
deficiency function is also a comparative deficiency function.

We are almost ready to prove the proposition.

Claim 5.3.6. There are sets X,Y € Al(B), X € [A]* and Y € [R]¥ such that:

(a) py is a comparative deficiency function; and

(b) uniformly in Z € [Y]¥ we can compute a function fz: w — w such that:
e For all n, fz(n) € A;
e For all n, n € X if and only if A\*(n; &) < A\*(fz(n); &).

Proof. There are two cases, depending on the patterns in the set {\*(n; &) : n e A}.

In the first case, for every n € A, for almost all m € A, A*(n; &) < A\*(m; &).
In that case we let X = A and Y € [R]“ sufficiently sparse so that py is a com-
parative deficiency function, and so that for all n € A, for all m > py(n) in A,
M (n; &) < N(m; F). We can choose Y € Al(B) since R € Al(B), there is a
Al(B) comparative deficiency function, and the relation \*(n; &) < A*(m; &) for
n,m € A is Al(B). Given Z € [Y]¥, the function fz(n) is computed as follows:
since A <MY, with oracle Z we enumerate A until we find some m € A greater
than pz(n), and set fz(n) = m.
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If the first case fails, there is some n* € A such that for infinitely many n € A
we have A*(n; @) < A*(n*; ). We let X = {ne A : XN (n; ) < \*(n*; &)}
Again X € A}(B) as the ranking function is Al(B). We let the function fz be the
constant function with value n*. We let Y € [R]“ be sufficiently sparse so that py
is a comparative density function. O

We can now prove the proposition. We claim that sets X and Y as given by
Claim 5.3.6 are as required: it remains to show that X <}'Y.

Let Z € [Y]“, and let n € w. To decide whether n € X, with oracle Z, we
perform the following procedure. Let m = fz(n). We define two sequences gy <
1 <@gz <---and rg <7y <rg <--- recursively; we let E; = {¢; : j < i} and
Fi:{’/‘j j<Z} (SOE():FO:@).

At step i = 0, given E; and Fj,

e First we choose ¢; € Z greater than pz(n, E;) and pz(m, Fj;n, E;).

e Then we choose r; € Z greater than pz(m, F;) and pz(n, E;y1;m, F}).
The process halts at the least j such that m € ®(F}). There will be such a j because
otherwise, F' = | J; Fj is an infinite subset of B with m ¢ ®(F), however m € A.
Now we verify that

neX < ne(I)(Ej).

First, suppose that n € X; we show that n € ®(E;). We prove by induction on i <
J that A*(n; E;) < A*(m; F}); this suffices, as we would get A*(n; Ej) < A*(m; F}) =
0. The case ¢ = 0 is given by the properties of X and m = fz(n) as specified
by Claim 5.3.6. For the inductive step, let ¢ < j and suppose that A\*(n; E;) <
X¥(m; Fy). If X*(n; E;) = 0 then certainly A*(n; Ej11) = 0 < A*(m; Fiy1) (and in
fact, n € ®(E;) so n € ®(E;) which is what we really want to prove). Suppose that
M*(n; E;) > 0. Since ¢; > py(n, E;) is an element of R, we have \*(n; E;11) <
A*(n; E;) and so A*(n; Ej41) < A*(m; Fj). Since r; > py (n, Eip1;m, F;), we have
A¥(n; Eir1) < AN¥(mj; Fy41) as required.

Next, suppose that n ¢ X; we show that n ¢ ®(E;). If n ¢ A this is clear, so
we may assume that n € A. We show that \*(n; E;) > 0. By induction on i < j
we show that A\*(n; E;) > X*(m; F;); then we will have A\*(n; E;) > X*(m; F;) = 0.
Again for ¢ = 0 this is by the choice of X and m = fz(n). Suppose that i < j and
A*(n; E;) > M*(m; F;). Since ¢; > py (m, Fy;n, E;) and is an element of R, we have
A*(n; Eiy1) = A*(m; F;). Since @ < j, the minimality of j implies A\*(m; F;) > 0,
and so since r; > py(m, F;) we have A\*(m; Fi11) < A*(m; F;) < A*(n; Eij41), as
required.

This completes the proof of Proposition 5.2. We remark that the computation
process just described can be simplified in the first case of Claim 5.3.6, because
that case gives X = A; we only need to require that ¢; > py(n,F;) and r; >
py (n, Eix1;m, F;). In that case we get A < Y, that is, Proposition 5.3 (and so
Theorem 1.5) holds for A and B without the assumption that A is introenumerable.
That assumption is only used when we are at the second case of Claim 5.3.6, when

X # A. Theorem 1.3(a) shows that this case does happen. O
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