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The Sample Complexity of Level Set Approximation

Francgois Bachoc
University Paul Sabatier
Institut de Mathématiques de Toulouse

Abstract

We study the problem of approximating
the level set of an unknown function by
sequentially querying its values. We in-
troduce a family of algorithms called Bi-
sect and Approximate through which we
reduce the level set approximation prob-
lem to a local function approximation prob-
lem. We then show how this approach leads
to rate-optimal sample complexity guaran-
tees for Holder functions, and we investi-
gate how such rates improve when addi-
tional smoothness or other structural as-
sumptions hold true.

1 INTRODUCTION

Let f:[0,1]% — R be any function. For a € R, we
consider the problem of finding the level set

{f=a)E{zc . f(x) =a}.

Setting: Sequential Black-Box Evaluation.
We study the case in which f is black-box, i.e., ex-
cept for some a prior: knowledge on its smoothness,
we can only access f by sequentially querying its val-
ues at a sequence 1, Ta, ... € [0, 1]¢ of points of our
choice (Online Protocol [M). At every round n > 1,
the query point x,, can be chosen as a deterministic
function of the values f(x1),..., f(zn_1) observed
so far. At the end of round n, the learner outputs a
subset S, of [0,1]? with the goal of approximating
the level set {f = a}.

The problem of identifying the level set {f = a} of a
black-box function arises often in practice. In partic-
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Online Protocol 1: Deterministic Scheme
forn=1,2,...do
pick the next query point x,, € [0, 1]¢
observe the value f(x,)
output an approximating set S,, C [0, 1]¢

ular, this problem is closely related to excursion set
estimation (also called failure domain estimation),
where the goal is to estimate {f > a}[] Level-
set identification and failure domain estimation are
relevant to the field of computer experiments and
uncertainty quantification, where f(x) provides the
output of a complex computer model for some in-
put parameter x (Sacks et all, [1989; [Santner et all,
2003). Typical fields of applications are nuclear
engineering (Chevalier et all, [2014), coastal flood-
ing (Azzimonti et all, 2020) and network systems
(Ranjan et all, [2008). Level set identification is
also relevant when f(z) corresponds to natural data
(Rahimi et all, [2004; |(Galland et al.; 2004). In many
such situations, f is so complex that it is considered
black-box.

A typical example of a real use-case of interest
is the Bombardier research aircraft configuration
(Priem et all, 12020). Here, geometry parameters
of an aircraft wing can be selected. Any choice
of these parameters yields a corresponding maxi-
mum take-off weight output, which is obtained by
a costly computational fluid dynamics simulation.
From the setting of[Priem et al! (2020), one could for
instance tackle the problem of estimating the set of
all z € [0,1]*, where x corresponds to the variables
wing span, wing leading edge sweep, wing break loca-
tion and wingtip chord (see Table 3 in [Priem et all
2020), for which f(x) = a for some prescribed value
a > 0 of the maximum take-off weight. Furthermore,

! As it will become apparent later, our techniques for
estimating level sets can be adapted for sub/superlevel
set approximation straightforwardly, whilst retaining the
same sample complexity guarantees (see Footnote M.



by setting more or less input parameters as active or
inactive in Table 3 in [Priem et all (2020), a series of
level set estimation problems can be obtained, from
dimension 1 to dimension 18.

Learning Goal. There exist several ways to com-
pare the estimators S,, and the level set {f = a}.
A first possibility is to use metrics or pseudomet-
rics p(A, B) between sets A, B C [0,1]¢, such as the
Hausdorff distance or the volume of the symmetric
difference (e.g., [Tsybakov [1997). However a small
value of p(Sy,, {f = a}) does not imply that S,, con-
tains the whole set {f = a}, nor—in the case of the
volume of the symmetric difference—that f(z) =~ a
for all « € S,,. In practice, we might fail to identify
all critical states of a given system, or raise unnec-
essary false alarms.

In this paper, we therefore consider an alternative
(new) way of quantifying our performance. For any
accuracy € > 0, denote by

{If —al <e}

the inflated level set at scale e. We will focus on

algorithms whose outputs S,, are e-approximations
of {f = a}, as defined below.

Definition 1 (s-approximation of a level set). We
say that aset S C [0, 1]¢ is an e-approzimation of the
level set {f = a} if and only if it contains {f = a}
while consisting only of points at which f is at most
e-away from a, i.e.,

{f=a}CSC{|f—al<e}.

d:ef{me [0,1]¢: |f(x) —a| <&}

(1)

The main mathematical problem we address is that
of determining the sample complexity of level set ap-
proximation, that is, the minimum number of eval-
uations of f after which S,, is an e-approximation
of {f = a} (see Section [A] of the Supplementary
Material for a formal definition). We are interested
in algorithms with rate-optimal worst-case sample
complexity over classical function classes, as well
as (slightly) improved sample complexity bounds in
more favorable cases.

Main Contributions and Outline of the Paper.

e We define a new learning goal for level set ap-
proximation (see above and Section [A] of the
Supplementary Material) similar in spirit to
that of |(Gotovos et al) (2013).

e In Section [2] we briefly discuss the inherent
hardness of the level set approximation problem
(Theorem[I]) and the role played by smoothness
or structural assumptions on f.
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e In Section [B] we design a family of algorithms
called Bisect and Approrimate through which
we reduce the level set approximation problem
to a local function approximation problem.

e In Sections M and [ we instantiate Bisect and
Approximate to the cases of Holder or gradient-
Holder functions. We derive upper and lower
bounds showing that the sample complexity for
level set approximation is of the order of 1/ gd/p
in the worst-case, where 8 € (0,2] is a smooth-
ness parameter.

e In Section 5.2l we also show that Bisect and Ap-
proximate algorithms adapt to more favorable
functions f by featuring a slightly improved
sample complexity in such cases.

Some lemmas and proofs are deferred to the Supple-
mentary Material.

Related Works. Sequential learning (sometimes
referred to as sequential design of experiments)
for level set and sublevel set identification is an
active field of research. Many algorithms are based
on Gaussian process priors over the black box
function f (Ranjan et all, 2008; [Vazquez and Bect,
2009; [Picheny et ali, 12010; [Bect et all, [2012;
Chevalier et al), 12014; |Ginsbourger et all, 2014;
Wang et all, 12016; Bect et all, 12017; |Gotovos et al.,
2013). In contrast with this large number of
algorithms, few theoretical guarantees exist on
the consistency or rate of convergence. Moreover,
the majority of these guarantees are probabilistic.
This means that consistency results state that
an error goes to zero almost surely with respect
to the Gaussian process prior measure over the
unknown function f, and that the rates of con-
vergence hold in probability, with respect to the
same prior measure. In this probabilistic setting,
Bect et all (2019) provide a consistency result for
a class of methods called Stepwise Uncertainty
Reduction.  |Gotovos et all (2013) provide rates
of convergence, with noisy observations and for a
classification-based loss function.

The loss function of |Gotovos et all (2013), given for
sublevel set estimation, is similar in spirit to the no-
tion of e-approximation studied here for level set ap-
proximation, since we both aim at making decisions
that are approximately correct for all x in the input
space. The main difference is that |Gotovos et all
(2013) assume that f is a realization of a Gaussian
process and thus provide guarantees that are prob-
abilistic, while we prove deterministic bounds (for a
fixed function). On the other hand, they consider
noisy observations, while we assume f can be eval-



uated perfectly.

A related problem studied in statistics is density
level set estimation, in which the superlevel set
of a density f is estimated by looking at i.i.d.
draws of random variables with density f. For
this problem, several different performance mea-
sures are considered, such as the Hausdorff distance
(Cadre et all, 2013; ISingh et all, 2009; [Tsybakow,
1997) or a measure of the symmetric difference
(Cadrd, 12006; Rigollet and Vert, 2009; [Tsybakow,
1997).

When the function f is convex, our problem is also
related to that of approximating a convex compact
body with a simpler set (e.g., a polytope) in Haus-
dorff distance. This has been studied extensively
in convex geometry and several sequential and non-
sequential algorithms have been proposed (see, e.g.,
the two surveys [Kamenev 2019; (Gruber 1993 and
references therein).

The closest connections with our work are within
the bandit optimization literature. More precisely,
our Bisect and Approximate algorithm and its anal-
ysis are inspired from the branch-and-bound algo-
rithm of [Locatelli and Carpentien (2018, Appendix
A.2) and from the earlier methods of [Perevozchikov
(1990), Bubeck et all (2011, HOO algorithm), and
Munos et all (2014, DOO algorithm). All these al-
gorithms address the problem of finding a global ex-
tremum of f, while we are interested in finding level
sets. However the idea of using a 2%-ary tree to con-
struct refined partitions of the input domain, and se-
quential methods to select which branch to explore
next, are key in this paper.

There are also algorithmic connections with the non-
parametric statistics literature. In particular, the
idea of locally approximating a target function has
been used many times for different purposes (e.g.,
Gyorfi et all[2002; [Tsybakowv 2009).

Additional Notation. We denote the set of all
positive integers {1,2,...} by N*. For all x € R, we
denote by [x] (resp., |x|) the ceiling (resp., floor)
function at x, i.e., the smallest (resp., largest) inte-
ger larger (resp., smaller) or equal to z. Finally, for
two sets A and B, we write A C B to say that A is
included in B (possibly with equality).

2 INHERENT HARDNESS

In this section we show that level sets are typically
(d — 1)-dimensional, and discuss the consequences
of this fact in terms of the inherent hardness of the

3

level set approximation problem.

We evaluate the dimension through the growth rate
of packing numbers, one of the classical ways to mea-
sure the size of a set. In the case of the unit hyper-
cube and the sup-norm, recall that packing numbers
are defined as follows.

Definition 2 (Packing number). For all r > 0, the
r-packing number N(E,r) of a subset E of [0, 1]¢
(with respect to the sup-norm [|-|| ) is the largest
number of r-separated points contained in FE, i.e.,

N(E,r) = sup{k e N*:

dxy,...,x € E, H;élnsz —zjll >} (2)
177

if F is nonempty, zero otherwise.

The next theorem indicates that, with the excep-
tions of sets of minimizers or maximizers, e-packing
numbers of level sets {f = a} of continuous func-
tions f are at least (d — 1)-dimensional. This result
is very natural since {f = a} is the solution set of
one equation with d unknowns.

Theorem 1. Let f: [0,1]7 — R be a non-constant
continuous function, and a € R be any level such
that mingepo 14 f() < a < maxge(oq)a f(x). Then,
there exists k > 0 such that, for all € > 0,

N{f=a}, ¢ Zﬁadlq .

We restate and prove this result in the Supplemen-
tary Material (Theorem [6 Section [F21)).

We note an important difference with the global op-
timization problem. Indeed, the set of global max-
imizers (or minimizers) of a function f is typically
finite and thus 0-dimensional. This implies that, de-
pending on the shape of f around a global optimum,
global optimization algorithms feature a sample
complexity ranging roughly between log(1/e) and
(1/¢)? (see, e.g., [Perevozchikov [1990; Munos et al.
2014).

In our case, by Theorem [I] level sets are large, so
that we can expect the sample complexity to depend
heavily on the input dimension d. This is however
not the end of the story. Indeed, as in nonpara-
metric statistics (e.g., IGyorfi et al) 2002; [Tsvbakow
2009) or in convex optimization (e.g., Nesterov2004;
Boyd and Vandenberghe 2004; [Bubeck 2015), ad-
ditional smoothness or structural assumptions like
convexity of f play a role in the hardness of the
level set approximation problem. Since this prob-
lem is important in practice, designing algorithms



that best exploit such additional assumptions is an
important question. This is what we address in this

paper.
3 BA ALGORITHMS & ANALYSIS

In this section, we introduce and analyze a family
of algorithms designed for the problem of approxi-
mating the level set of an unknown function. They
are based on an iterative refinement of the domain
[0,1]%, as made precise in the following definition.

Definition 3 (Bisection of a family of hypercubes).
Let C be a family of n hypercubes included in [0, 1]¢.
We say that bisect(C) is the bisection of C if it con-
tains exactly the 2% n hypercubes obtained by sub-
dividing each C' = [a1,b1] X ---[aq,bq] € C into
the 2¢ equally-sized smaller hypercubes of the form
C" = I, x- - -x I with I; being either [a;, (a;+b;)/2]
or [(CLJ' =+ bj)/2, bj] .

Our algorithm is of the branch-and-bound type, sim-
ilarly to other bandit algorithms for global optimiza-
tion such as that of [Locatelli and Carpentien (2018,
Appendix A.2) and earlier methods (Perevozchikov,
1990; Bubeck et all, [2011); IMunos et all; 2014).

Our Bisect and Approximate algorithms@ (BA, Al-
gorithm [2]) maintain, at all iterations 7, a collection
C; of hypercubes on which the target function f is
determined to take values close to the target level a.
A BA algorithm takes as input the level a, a com-
mon number of queries k (to be performed in each
hypercube at all iterations), and a pair of tolerance
parameters b, 3 > 0, related to the smoothness of f
and the approximation power of the approximators
used by the algorithm. At the beginning of each iter-
ation 7, the collection of hypercubes C;_; determined
at the end of the last iteration is bisected (line [,
so that all new hypercubes have diameter 27¢ (in
the sup-norm). Then, the values of the target func-
tion f at k points of each newly created hypercube
are queried (lines [[HY). The output set S, after n
queries to f is a subset of the union of all hyper-
cubes in C;_1, i.e., the collection of all hypercubes
determined during to the latest completed iteration.

2We refer to Bisect and Approximate algorithms in
the plural form because different BA algorithms can be
defined with the same input, depending on which rules
are used to pick points at line [7l and approximators at
line[I0l E.g., BAH (Section[]) only looks at the center of
each hypercube and uses constant approximators, while
BAG (Section []) queries the value of f at all vertices
of each hypercube and builds higher-order polynomial
approximators.

© 0 N o oA~ W
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The precise definition of S,, depends on the approxi-
mators used during the last completed iteration and
the two tolerance parameters b, 8 (lines [@ and IZI)E
After all k values of f are queried from a hypercube
(', this information is used to determine a local ap-
proximator g¢v of f (line[I0). Finally, the collection
of hypercubes C; is updated using g¢- as a proxy for
f (line[II) for all hypercubes C”. In this step, all hy-
percubes C' in which the proxy g¢- is too far from
the target level a are discarded, where the tightness
of the rejection rule increases with the passing of
the iterations ¢ and it is further regulated by the
two tolerance parameters b, 3.

Algorithm 2: Bisect and Approximate (BA)

input: level a € R, queries k € N*, tol. b, >0
init: D+ [0,1]¢, Co < {D},gp =a, n+ 0
for iteration i =1,2,... do
S(i)+ U{xzeC:|gc(x)—al <b27A0-D}
CeCi—y
C! « bisect(Ci—1)
for each hypercube C’ € C! do
for j=1,...,k do
update n < n+1
pick a query point x,, € C’
observe f(x,)
output S,  S(i)
pick a local approximator gcv: C' — R
Ci+{C' eCl:3wel, |go(x)—al<b27P}

Our analysis of BA algorithms (Theorem [2)) hinges
on the accuracy of the approximators g¢or selected at
line [0l as formalized in the following definition.

Definition 4 (Accurate approximation). Let b, 8 >
0 and C C [0,1]¢. We say that a function g: C — R
is a (b, B)-accurate approzimation of another func-
tion f:[0,1] — R (on C) if the distance (in the
sup-norm on C') between f and g can be controlled
with the diameter (in the sup-norm) of C' as

B
sup |z~ yll., )

sup|g(@) — f(@)| < b (
xzecC xz,ycC

We now present one of our main results, which states
that BA algorithms run with accurate approxima-
tions of the target function return e-approximations

of the target level set after a number of queries that
depends on the packing number (Definition [2]) of the

3Notably, the output set S(i) at iteration i can be
represented succinctly and testing if @ € S(i) can be
done efficiently in all our BA instances in Sections [,



inflated level set at decreasing scales[

Theorem 2. Consider a Bisect and Approzimate
algorithm (Algorithm[3) run with input a,k,b, 3. Let
f:[0,1]¢ = R be an arbitrary function with level set
{f = a} # @. Assume that the approzimators g
selected at line[Il are (b, 8)-accurate approximations
of f (Definition [§). Fiz any accuracy € > 0, let

i(e) == [(1/8) logy(29/e)|, and define n(e) b

i(e)—1

4dkzélir{17./\/({|f—a| <2271}, 52*1') . (3)
1=0

Then, for all n > n(e), the output S, returned after
the n-th query is an e-approzimation of {f = a}.

The expression (3] can be simplified by taking 6 = 1
and increasing the leading multiplicative constant.
However, in the following sections we will see how
to upper bound this quantity with simpler functions
of 1/e, for which the limit can be computed exactly.

Proof. Fix any n > n(e). We begin by proving that

{f=a} C5n. (4)

Recall that S,, = UCecL,l{m eC: ’gc(m) - a’ <
b2~ A=} (line @), where ¢ = «(n) is the iteration
during which the n-th value of f is queried. To prove
@), we will show the stronger result: for all ¢ > 0,

{r=ayc J{zelloc@—a <277}, ()

CcecC;

i.e., that the level set {f = a} is always included in
the output set, not only after iteration ¢(n) — 1 has
been completed. We do so by induction. If i = 0,
then {f = a} C [0,1] = {x € [0,1]? : |[a—a| <
b2790% which is the union in (§) by definition of
D =[0,1]% Cy = {D} and gp = a in the initial-
ization of Algorithm Assume now that the in-
clusion holds for some ¢ — 1: we will show that it
keeps holding for the next iteration ¢ € N*. Indeed,
fix any z € {f = a}. By induction, z belongs to
some hypercube C € C;_1. Since C! = bisect(C;—1)
(line B]), by definition of bisection (Definition B]) we
have that UC/ec; C" = Ucee,_, €5 which in turns
implies that there exists a hypercube C, € C/ such

“Note that our BA algorithm can be used for estimat-
ing a sublevel set {f < a} by simply dropping the abso-
lute values in lines[2 and [[T]of Algorithm[2l As the reader
might realize, the same proof techniques would apply
with the corresponding (straightforward) changes. An
analogous argument applies to superlevel sets {f > a}.

Letting > et ai =0 for any m > 0 and all a; € R.
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that z € CL. We show now that this C7, also be-
longs to C;, i.e., that it is not discarded during the
update of the algorithm at line [[Il Indeed, since
gcy, is a (b, B)-accurate approximation of f on CJ
(by assumption) and the diameter (in the sup-norm)
of C is sup, yeor lz -yl = 27% we have that
lgc,(z) — a| = |ger(2) — f(z)] < b27P" This
gives both that z € C, € C; (by definition of C;
at line [[I]) and, consequently, that z € UCeCi{m €
C :|ge(x) — a| < b27P%}, which clinches the proof
of @) and in turn yields ().

We now show the validity of the second inclusion

(6)

As above, let ¢« = ¢(n) be the iteration during which
the n-th value of f is queried by the algorithm. Fix
any z € S,. We will prove that z € {|f —a| < ¢}
or, restated equivalently, that |f(z) — a| < e. By
definition of S,, = UCecl,fl{m €C: |go(m) —a| <
b2 A=D1} (line [, since z € Sy, then there exists
C, € C,_1 such that z € C, and }gcz(z) — a| <
b2-80=1)_ Moreover, since C, € C,_; C C'_, has
diameter sup,, yec, [l =yl =277V (in the sup-
norm) and the approximator gc, is a (b, B)-accurate

approximation of f on C, (by assumption), we have
that |f(2) — gc, (2)] < b2~ A= Thus

Sn§{|f—a|§a}.

|£(2)—a| <|£(2)—ge. (2)] +]gc. (2)—a] <262776D

and the right-hand side would be smaller than ¢ —
proving (B)— if either ¢ > 2b (trivially), or in case
e € (0,2b), if we could guarantee that the itera-
tion ¢ = ¢(n) during which the n-th value of f is
queried satisfies © — 1 > [(1/8) logy(2v/<)] i(e).
In other words, assuming without loss of general-
ity that e € (0,2b) (so that i(¢) > 1) and recalling
that n > n(e), in order to prove (@) we only need to
check that the i(e)-th iteration is guaranteed to be
concluded after at most n(e) queries, where n(e) is
defined in terms of packing numbers in [B). To see
this, note that the total number of values of f that
the algorithm queries by the end of iteration i(e)
is 310 k(Cl] = 2k SI5ICa] = 20k TG TC,
To conclude the proof, it is now sufficient to show
that for all iterations ¢ > 0, the number of hyper-
cubes maintained by the algorithm can be upper
bounded by

Cil < 2% tim N({|f —al < 26277}, 5277) . (7)

Fix an arbitrary § € (0,1). If ¢ = 0, then |Co| =
1 < N({If —a| < 2b},0) by the definitions of



Co {[0,1]¢} (initialization of Algorithm ) and
§-packing number (Definition ) of {|f —a| < 2b}
(which is non-empty because it contains {f = a}).
Fix any iteration ¢ € N*. By definition of C; (line[Tl),
for all hypercubes C' € C; there exists a point xo € C
such that |go(xc) — a| < b277%. Hence, for each hy-
percube C' € C; there exists one of its points ¢ € C
such that |f(x¢) — a| can be upper bounded by

f(xc) — go(me)| + lgo(ze) —al <2627F7, (8)

where, recalling that all hypercubes in C; have di-
ameter 27% (in the sup-norm), the bound on the
term |f(xzc) — go(xc)| is a consequence of go be-
ing a (b, B)-accurate approximation of f on C.

Now we claim that the family of hypercubes C; can
be partitioned into 2¢ subfamilies C;(1),...,C;(2%)
with the property that all distinct hypercubes C' #
C’ belonging to the same family C;(k) are strictly
(6 27%)-separated (in the sup-norm), i.e., that for all
ke {1,...,2% and all C,C" € Ci(k), C # C', we
have infmecyyec/Hm - yHoo > 6270

We defer the proof of this claim to Section
of the Supplementary Material (for an insightful
picture, see Figure [I] in the same section). As-
sume for now that it is true and fix an arbi-
trary k € {1,...,2%}. Then, for all C € C;(k),
there exists & such that (8) holds. Therefore, we
determined the existence of ‘Ci(k)’-many (627)-
separated points that are all included in {|f — a| <
2b275i}. By definition of (5 27i)—packing number
of {|f—al < 2b277} (ie., the largest cardinal-
ity of a set of (6 2’i)—separated points included in
{If —al < 2b275"} —Definition (), this implies
that |C;(k)| < N({|f —al <2b27F}, §277). Re-
calling that C;(1),...,Ci(2%) is a partition of C;, we
then obtain

2d
ci] = Y leiw)] < 2N ({11 - al < 26277}, 627)
k=1

which, after taking the infimum over § € (0,1)

and by the monotonicity of the packing number
r = N(E,r) (for any E C [0,1]%), yields

_ : d _ —Bi —i

|Ci| Séel%f:l)<2 N({|f al < 26277}, 62 ))
_od 71; _ —Bi —i
=2 lim N({If —al <2627}, §27) .

This gives ([l) and concludes the proof. O

By looking at the end of the proof of the previous
result, one could see that the exponential term 4¢ in

w I O A W N
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our bound (@) could be lowered to 2¢ under the as-
sumption that at any iteration i, Algorithm 2] picks
at least one xc: € C' for each C' € C! such that
|lzc; — ey = 27" for all distinct C7,C5 € Ci.
Notably this property is enjoyed by all our BA in-
stances in Sections 4]

4 HOLDER FUNCTIONS

In this section, we focus on Holder functions, and
we present a BA instance that is rate-optimal for
determining their level sets.

Definition 5 (Holder function). Let ¢ > 0, v €
(0,1], and E C [0,1]%. We say that a function
f: E— Ris (¢,7y)-Hélder (with respect to the sup-
norm [|.) if |£(z) — F(w)] < cllz — |, for al
x,y € L.

Our BA instance for Holder functions (BAH, Algo-
rithm [3)) runs AlgorithmRlwith k =1,b=¢, 8 =1.
The local approximators gor are constant and equal
to the value f(ccr) at the center ¢ of C’. In par-
ticular, the output set S, is now the entire union of
all hypercubes determined in the latest completed
iteration.

Algorithm 3: BA for Hélder Functions (BAH)

input: level a € R, tol. ¢ > 0, v € (0,1]
init: D« [0,1]¢,Co < {D}, n <0
for iteration i =1,2,... do
S(l) - UCGCi—l c
let C] < bisect(Ci—1)
for each hypercube C' € C; do
update n < n +1
pick the center cc: of C as the next x,
observe f(x,)
output S, «+ S(7)
C; {Cl S CZI : |f(CC/) - CL| < 027’”-}

The next result shows that the optimal worst-case
sample complexity of the level set approximation of
Holder functions is of order 1/e%/7, and it is attained
by BAH (Algorithm [3).

Theorem 3. Let a € R,e > 0,7 € (0,1], and
f:00,1]7 — R be any (c,v)-Hélder function with
level set {f = a} # @. Fiz any accuracy € > 0.
Then, there exists k1 > 0 (independent of €) such
that, for all n > Hl/ad/'y, the output S, returned by
BAH after the n-th query is an e-approximation of

{f =a}.

Moreover, there exists ko (independent of €) such
that no deterministic algorithm can guarantee to out-



put an e-approzimation of the level set {f = a}
for all (c,~v)-Holder functions f, querying less than
Ko /¥ of their values.

The proof is deferred to Section[D]in the Supplemen-
tary Material. The upper bound is an application of
Theorem 21 The lower bound is proven by showing
that no algorithm can distinguish between the func-
tion f = 0 and a function that is non-zero only on a
small ball, on which it attains the value 2. We use a
classical construction with bump functions that ap-
pears, e.g., in Theorem 3.2 of |(Gyorfi et all (2002) for
nonparametric regression lower bounds.

We remark that the rate in the previous result is the
same as that of a naive uniform grid filling of the
space with step-size of order €!/7. While this rate
cannot be improved in the worst case, the leading
constant of our sequential algorithm may be better
if a large fraction of the input space can be rejected
quickly. More importantly, we will see in Section
that (slightly) better rates can be attained by BA al-
gorithms if the inflated level sets of the target func-
tion f are smaller (as it happeuns, e.g., if f is convex
with proper level set {f = a}).

In the following section, we will also investigate if
and to what extent higher smoothness helps. To
this end, we will switch our focus to differentiable
functions with Holder gradients.

5 V-HOLDER FUNCTIONS: BAG
ALGORITHM & ANALYSIS

In this section, we focus on differentiable functions
with Holder gradients, and we present a BA instance
that is rate-optimal for determining their level sets.

Definition 6 (Gradient-Holder /Lipschitz function).
Let ¢; > 0, y1 € (0,1], and E C [0,1]¢. We say
that a function f: E — Ris (c1,v1)-gradient-Hélder
(with respect to ||-|| ) if it is the restrictiond (to E)
of a continuously differentiable function defined on
R? such that |V f(z) -V f(y)|| < e1lle—yl|2 for
all z,y € E. If vy = 1, we say that f is ¢i-gradient-
Lipschitz.

The next lemma introduces the polynomial approx-
imators that will be used by our BA instance and it
shows that they are (c1d,1 + 71 )-accurate approxi-
mations of f on all hypercubes.

Lemma 1 (BAG approximators). Let f: C' — R be
a (c1,7)-gradient-Hélder function, for some ¢; >
5They are defined as restrictions of continuously dif-

ferentiable functions in order to have simply and well-
defined gradients on the boundary of their domains.
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0 and v; € (0,1]. Let C' C [0,1]¢ be a hypercube
with diameter £ € (0,1] and set of vertices V', i.e.,
C' = H;lzl[uj,uj + 4], for some u := (u1,...,uq) €
[0,1—£)%, and V' = Hj:l{uj’ uj +£}. The function

heo: C'=R d
e Y f) [ po, (), (9)
eV’ j=1

where

oty = (1-

Lj

—uj Tj— Uy
7 ) ]Ivj:uj + i I[’Uj =uj+l,

interpolates the 2% pairs {(v, f(v))}vev, and it sat-
isfies

sup |her () — f(@)| < crd €47

xzeC’

The technical proof of the previous lemma is deferred
to Section [E] of the Supplementary Material.

Our Bisect and Approximate instance for gradient-
Holder functions (BAG) runs Algorithm [ with & =
2¢ b = cyd, and B = 1+ ~;. The local approximator
her (defined in (@) are computed by querying the
values of f at all vertices of C’. Note that line
of Algorithm M can be carried out efficiently since it
is sufficient to check the condition on ’hc/(:v) — a’
at the vertices z of C'[1 Also, note that the output
set .Sy, is the union over hypercubes of pre-images of
segments from the polynomial functions in ().

5.1 Worst-Case Sample Complexity

The next result shows that the optimal worst-case
sample complexity of the level set approximation
of gradient-Holder functions is of order 1/e%/(1+1),
and it is attained by BAG (Algorithm H).

Theorem 4. Let a € R,¢; > 0,71 € (0,1], and
f:10,1]¢ = R be any (c1,71)-gradient-Hélder func-
tion with level set {f = a} # @. Fiz any accuracy
e > 0. Then, there exists k1 > 0 (independent of
e) such that, for all n > ri/e¥ M) the output

"Indeed, only three cases can occur. We set p =
cld27(1+“)i. Case 1: if one of the vertices a satisfies
|hc/(w) — a! < p, then the condition is checked. Case 2:
if the values hor (@) at the vertices are all strictly be-
low a — p or all strictly above a + p, then it is also the
case for all & € C’, since hg/(x) is a convex combina-
tion of all values at the vertices; so the condition is not
checked. Case 3: if there are two vertices  and y such
that her(z) < a—p and her (y) > a+ p, then there exists
z € ¢’ such that ’hc/(z) — a’ < p by continuity of her
on C'; so the condition is checked.
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Algorithm 4: BA for V-Holder f (BAG)
input: level a € R, tol. ¢; >0, 1 € (0,1]
init: D < [0,1]¢,Cy « {D}, hp =a, n < 0
for iteration i =1,2,... do
S(i) + UCeCifl{w eC: ‘hc(w) — a‘ <
c1d 2~ A+r)(i=1)
C! < Dbisect(C;—1)
for each hypercube C' € C do
let V' C C’ be the set of vertices of C’
for each vertex v € V' do
update n <—n+1
pick vertex v € V' as the next x,
observe f(x,)
output S, < S(7)
interpolate the 2¢ pairs { (v, f(v))}
with her: C' — R given by (@)
update C; < {C’ € C| : there exists « €
C’ such that |her(z) — a| < cpd2- ()i}

veV’

Sy returned by BAG after the n-th query is an &-
approzimation of {f = a}.

Moreover, there exists ko > 0 (independent of ¢)
such that no deterministic algorithm can guarantee
to output an e-approximation of the level set { f = a}
for all (c1,v1)-gradient-Hélder functions f, querying
less than ko /e¥ T1) of their values.

The proof proceeds similarly to that of Theorem [3
It is deferred to Section [E] of the Supplementary Ma-
terial.

Similarly to Section[d] the rate in the previous result
could also be achieved by choosing query points on a
regular grid with step-size of order £'/(1+7)_ How-
ever, our sequential algorithm features an improved
sample complexity outside of a worst-case scenario,
as shown in the following section.

5.2 Adaptivity to Smaller d*

Our general result (Theorem [2) suggests that the
sample complexity can be controlled whenever there
exists d* > 0 such that
.
vr € (0,1), N({|f—a| <r}, r) < C*(%) :
for some C* > 0. We call such a d* a NLS dimen-
sion of {f = a}. Note that such a d* always exists
and d* < d by {|f—a| < r} C [0,1]%. However
d* > d — 1 by Theorem [ for non-degenerate level
sets of continuous functions (for more details, see
Section [[L1] in the Supplementary Material). The
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definition of NLS dimension leads to the following
result.

Corollary 1. Let a € R,¢q > 0,71 € (0,1], and
f:[0,1]* = R be any (c1,71)-gradient-Hélder func-
tion with level set {f = a} # @. Let d* € [d —1,d]
be a NLS dimension of {f = a}. Fiz any accu-
racy € > 0. Then, for all n > m(e), the output
S, returned by BAG after the n-th query is an -
approzimation of {f = a}, where

1 A
Kl+5210g2<m) Zfd :O,

1
ed*/(1+m)

m(e) :=

k(d*) ifd* >0,
for K1, k2, k(d*) > 0 independent of e, that depend
exponentially on d, where = = max{z,0}.

We remark that d* = d — 1 can be achieved by well-
behaved functions. This is typically the case when
f is convex or (as a corollary) if it consists of finitely
many convex componentsﬁ This non-trivial claim is
proved in Section [[.2]of the Supplementary Material
for convex functions with a proper level sef]. The
following result, combined with this fact and Corol-
lary [0l shows that BAG is rate-optimal for deter-
mining proper level sets of convex gradient-Lipschitz
functions.

Theorem 5. Fiz any level a € R and an arbitrary
accuracy € > 0. No deterministic algorithm A can
guarantee to output an e-approximation of any A-
proper level set {f = a} of an arbitrary convez c¢;-
gradient-Lipschitz functions f with ¢ > 3 and A €
(0,1/4], querying less than r/e4=1/2 of their values,
where k > 0 is a constant independent of .

We give a complete proof of this result in Section [F.3]
of the Supplementary Material.

6 CONCLUSION

We studied the problem of determining e-approxi-
mations of the level set of a target function f by only
querying its values. After discussing the inherent
hardness of the problem (Theorem [), we designed
the class of BA algorithms for which we proved the-
oretical guarantees under the assumption that accu-
rate local approximations of f can be computed by
only looking at its values (Theorem [I).

8More precisely, if for some a’ > a, we have that the
sublevel {f < a'} is a disjoint union of a finite number
of convex sets on which f is convex.

°{f = a} is A-proper for some A > 0 if we have
minge(g,1jd fl®)+A<a< mingesp0,1]4 f(x).



This provides a general method to reduce our level
set approximation problem to a local approximation
problem, decoupled from the original one.

Such an approach leads to rate-optimal worst-case
sample complexity guarantees for the case of Holder
and gradient-Holder functions (Theorems [3] H). At
the same time, we show that in some cases our BA al-
gorithms adapt to a natural structural property of f,
namely small NLS dimension (Corollary[) including
convexity (Theorem [B and preceding discussion).

Future Work. Compared to the best achievable
rate 1/e%/7 for (¢,v)-Holder functions, we show that
BA algorithms converge at a faster 1/e%/(1+7) rate
if fis (c1,v1)-gradient-Holder. This points at an in-
teresting line of research: the study of general Holder
spaces in which the target function is £ times contin-
uously differentiable and the k-th partial derivatives
are (ck,vk)-Holder, for some k € N*, ¢, > 0, and
vk € (0,1]. We conjecture that a suitable choice of
approximators for our BA algorithms would lead to a
rate-optimal sample complexity of order 1/ g/ (k+k)
for this class of functions, making optimal solutions
for this problem sample-efficient. Another possi-
ble line of research is the design of algorithms that
adapt to the smoothness of f when the latter is un-
known, similarly to global bandit optimization (e.g.,
Grill et all 12015; Bartlett et all 2019). We leave
these interesting directions open for future work.
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The Sample Complexity of Level Set Approximation:
Supplementary Materials

Francois Bachoc Tommaso R. Cesari Sébastien Gerchinovitz

A SAMPLE COMPLEXITY: FORMAL DEFINITIONS

We provide formal definitions for the notions of deterministic algorithm, sample complexity, and rate-optimal
algorithm.

We first precisely define deterministic algorithms that query values of functions sequentially and rely only on
this information to build approximations of their level sets (sketched in Online Protocol[dl). The behavior of
any such algorithm is completely determined by a pair (p, 1), where ¢ = (p, )nen+ is a sequence of functions
©n: R?™1 — [0, 1]¢ mapping the n — 1 previously observed values f(z1),..., f(2,_1) to the next query point
T, and ¥ = (¢¥p)nen+ is a sequence of functions 9, : R” — {subsets of [0, 1]d} mapping the n currently
known values f(x1),..., f(x,) to an approximation S,, of the target level set.

We can now define the notion of sample complexity, which corresponds to the smallest number of queries after
which the outputs S,, of an algorithm are all e-approximations of the level set {f = a} (recall Definition [
in the Introduction).

Definition 7 (Sample complexity). For all functions f: [0,1]¢ — R, all levels a € R, any deterministic

algorithm A, and any accuracy € > 0, we denote by n(f, A,¢,a) the smallest number of queries to f that A
needs in order for its output sets S,, to be e-approximations of the level set {f = a} for all n > n(f, 4, ¢, a),
i.e.,

n(f, A e,a) :=inf{n’ € N*:¥n > n’, S, is an e-approximation of {f =a}} . (10)

We refer to n(f, A,¢,a) as the sample complezxity of A (for the e-approximation of {f = a}).

We can now define rate-optimal algorithms rigorously. At a high-level, they output the tightest (up to
constants) approximations of level sets that can possibly be achieved by deterministic algorithms.

Definition 8 (Rate-optimal algorithm). For any level a € R and some given family F of real-valued functions
defined on [0,1]%, we say that a deterministic algorithm A is rate-optimal (for level a and family F) if, in
the worst-case, it needs the same number of queries (up to constants) of the best deterministic algorithm
in order to output approximations of level sets within any given accuracy, i.e., if there exists a constant
k= k(a,F) > 1, depending only on a and F, such that, for all £ > 0,

supn(f,A,e,a) <k inf supn(f, 4’ e,a), (11)
fer A'€A feF

where A denotes the set of all deterministic algorithms.

B USEFUL INEQUALITIES ABOUT PACKING AND COVERING
NUMBERS

For all r > 0, the r-covering number M(E,r) of a bounded subset E of R? (with respect to the sup-norm
[|I|.) is the smallest cardinality of an r-covering of E, i.e.,

M(E,r) :=min(k € N*: 3zq,...,z € REVx e B, Jie{l,....k}, |z — x|l < r)

if F is nonempty, zero otherwise.



Covering numbers and packing numbers (2)) are closely related. In particular, the following well-known
inequalities hold (see, e.g., [Wainwright| 2019, Lemmas 5.5 and 5.7, with permuted notation of M and N)

Lemma 2. For any subset E of [0,1]¢ and any real number r > 0,
N(E,2r) < M(E,r) < N(E,7) . (12)

Furthermore, for all § > 0 and allr > 0, if B(6) = {x € R : ||lz| <6},
5 d
M(B(8),7) < (1 +2;]Ir<5> : (13)

We now state a known lemma about packing numbers at different scales.

Lemma 3. For any subset E of [0,1]¢ and any real numbers 1,79 > 0,
r d
N(E,m) < (1 + 4%HT2>T1) x N(B,rs) .

Proof. We can assume without loss of generality that E is nonempty and that r1 < ry. Then,

N(E,r) < M(E,11/2) (by (12))
< M(E,r3) x M(B(r2),11/2) (see below)
< N(E,r3) x M(B(r3),11/2) (by ([@2))

d
< N(E,rg) x (1+4T—:2) . (by ([@3))

The second inequality is obtained by building the r;/2-covering of E in two steps. First, we cover E with
balls of radius ro. Second, we cover each ball of the first cover with balls of radius r1 /2. O

The next lemma upper bounds the packing number of the unit hypercube in the sup-norm, at all scales r.

Lemma 4. For any positive real number v > 0, the r-packing number of the unit cube in the sup-norm
satisfies
1 d
0,14, 7)< (|=|+1]) .
Kot = (2] +1)

Proof. Since the diameter (in the sup-norm |-||.) of the unit hypercube is 1, if » > 1, then the packing
number is N ([0,1]4, r) =1 < (|V/r] + 1)%. Consider now the case r < 1. Let p:=1— [/r]r € [0,7) and G

be the set of r-equispaced points {#/2, #/2+ 7, pf2+2r, ..., p/2+ Ll/rjr}d. Note that each point in [0,1]¢
is at most (7/2)-away from a point in G (in the sup-norm), i.e., G is an (7/2)-covering of [0, 1]¢. We can thus
use ([I2) in Lemma 2 at scale 7/2 so see that N([0,1]%, 7) < M([0,1]%, 7/2) < |G| = ([/r] + l)d. O

The next lemma upper bounds the r-packing number (in the sup-norm) of an inflated level set at scale r.

Lemma 5. For any function f: [0,1]¢ = R and all scales v € (0,1),

r

N({If—al <r}, T) < 2¢ (1>d

0The definition of r-covering number of a subset A of R? implied by (Wainwright,, 2019, Definition 5.1) is slightly

stronger than the one used in our paper, because elements 1, ...,z of r-covers belong to A rather than just R?.
Even if we do not need it for our analysis, Inequality (I3]) holds also in this stronger sense.
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Figure 1: Constructing the partition when d = 2. In orange, the original enumeration Ag. In yellow, the
family C;(1).

Proof. Let f:[0,1]% — R be an arbitrary function and r € (0,1) any scale. By the monotonicity of the
packing number (E C F implies N'(E,r) < N'(E,r) by definition of packing number —Definition 2]) and the
previous lemma (Lemma M), we get

N({1f =al < v} r) < N(01)% 1) < (%+1)dg (Lrl)dgzd(l)d.

r T r

C MISSING PROOFS OF SECTION 3

We now provide the missing proof of a claim we made in the proof of Theorem

Claim 1. Under the assumptions of Theorem[2, let 6 € (0,1) and i € N*. Then, the family of hypercubes C;
maintained by Algorithm [@ can be partitioned into 2¢ subfamilies C;(1),...,C;(2%) with the property that for
all k € {1,...,2% and all C,C" € Ci(k), C # C', we have infgec yecr |z —yl|, > 627"

Proof. We build our partition by induction. For a two-dimensional picture, see Figure[ll Denote the elements
of the standard basis of R? by e1,...,e4. For any & € [0,1]? and all E C [0,1]%, we denote by E + x the
Minkowski sum {y +x:xeFE } Let E be the collection of all the hypercubes obtained by partitioning

[0,1]¢ with a standard uniform grid with step size 27, i.e., E := {[O, 2774 + 22:1 rk2 ey 1 ry, ..., T €
{0,1,...,2" — 1} }.

Consider the family Ay containing the hypercube [0,27¢] and all other hypercubes of E adjacent to it;
formally, Ag := {[0, 2714 ¢ ZZ:1 k27 ep i r1,.. ., 7a €0, 1}} Assign to each of the 2¢ hypercubes in A
a distinct number between 1 and 2¢. Fix any k € {0,...,d — 1}. For each hypercube C € Ay, proceeding
in the positive direction of the xy1 axis, assign the same number as C to every other hypercube in E;
formally, assign the same number as C' to all hypercubes in {C + 2727 ey : 7 € {1,...271 — 1}}.
Denote by Agy1 the collection of all hypercubes that have been assigned a number so far. By construction,
Ay coincides with the whole E and consists of 2¢ distinct subfamilies of hypercubes, each containing only
hypercubes that have been assigned the same number. For any number k& € {1,...,29}, we denote by C;(k)
the subfamily of all hypercubes numbered with k. Fix any k € {1,...,2?}. By construction, each C € C;(k)
contains no adjacent hypercubes. Thus, the smallest distance between two distinct hypercubes C,C" € C;(k)
is infrecyeor ||z — Yyl > 27" > 027" for all § € (0, 1). O

D MISSING PROOFS OF SECTION {4

In this section, we prove Theorem [3 of Section @l The proof is divided into two parts: one for the upper
bound, one for the lower bound. Each time, we restate the corresponding result to ease readability.



D.1 Upper Bound

Proposition 1 (Theorem B upper bound). Consider the BAH algorithm run with input a,c,y. Let
f:[0,1]% = R be an arbitrary (c,v)-Hélder function with level set {f = a} # @. Fiz any accuracy € > 0.
Then, for all

e where Kk := (27/d8'y 2c)d/’y ,
5

the output Sy, returned after the n-th query is an e-approximation of {f = a}.

Proof. The proof is a simple application of Theorem [2] with (b, 3) = (¢,). Since we are assuming that the
level set {f = a} is nonempty, we only need to check that for all iterations ¢ and all hypercubes C” € C;, the
constant approximator gor = f(ccr) is a (¢,7y)-accurate approximation of f on C’. For any iteration ¢ and
all hypercubes C’ € C/, we have that

sup |ger(z) — f(=)| = sup |f(ccr) — f(®)] <2777,
xcC’ xcC’

by definition of g¢r, the (c,v)-Holderness of f, and the fact that the diameter of all hypercubes C’ € C! (in
the sup-norm) is 27%. Thus, Theorem 2] implies that for all n > n(e), the output S, returned after the n-th
query is an e-approximation of {f = a} where n(¢) is
i(e)—1
44 li ( _al < 2e2770) 52”) 14
3 Jim M({17 al < 2027) (14)

and i(g) := [(1/y)logy(2¢/e)]. If € > 2¢, than the sum in (4] ranges from 0 to a negative value, thus n(s) =0
by definition of sum over an empty set and the result is true with x = 0. Assume then that ¢ < 2¢ so that
the sum in (I4) is not trivially zero. Upper-bounding, for any ¢ € (0,1) and all ¢ > 0,

) ) () .
N({If = al <2627, 5277) S N(1)%, 6277) < (2/6+1)" < (2/0)" 2%
(for completeness, we include a proof of the known upper bound (t) in Section [Bl Lemmal[d) and recognizing
the geometric sum below, we can conclude that

[(1/~) logy (2¢/<)] -1

n(e) < 8¢ Z (2d)i

=0
L 201 loms (2e/2)] _
N 2d — 1
d((1/) log, (2¢/2)+1) 1
d - —281(20)47 .
2d — (2 /2) gd/’Y

D.2 Lower Bound

In this section, we prove our lower bound on the worst-case sample complexity of Holder functions. We
begin by stating a simple known lemma on bump functions. Bump functions are a standard tool to build
lower bounds in nonparametric regression (see, e.g., (Gyorfi et all, 2002, Theorem 3.2), whose construction
we also adapt for our following result and Proposition Hl).

Lemma 6. Fiz any amplitude o > 0, a step-size n € (0,1/4], let Z := {0,2n, ..., [/2n|2n}¢ C [0,1]¢, and fir
an arbitrary z = (z1,...,2q4) € Z. Consider the bump functions

fiR—1[0,1] famz: RESR

—x2 ) d
T N(x) = eXp(ﬁ) fre(=11) T fanz(x) = aHf(Lj ;ZJ) )
j=1

0 otherwise ,



Then f is 3-Lipschitz and fa - satisfies:

1. fan,= 15 infinitely differentiable;

2. famz(@) €10,0) for all x € R\ {2}, and fon-(2) = a;

3. A famu > 0N {fanu >0} =@ for any two distinct w1, us € Z;

4. e =yl <2n for all ,y in the closure {fo.n = > 0} of {fan,z> 0} and all z € Z.

The proof is a straightforward verification and it is therefore omitted. We now prove our worst-case lower
bound for Hélder functions.

Proposition 2 (Theorem [ lower bound). Fiz any level a € R, any two Hélder constants ¢ > 0, v € (0, 1],
and an arbitrary accuracy € € (0, ¢/(3d27)). Let n < k/e¥" be a positive integer, where r := (¢/124)¥/7. For
each deterministic algorithm A there is a (¢c,v)-Hoélder function f such that, if A queries n values of f, then
its output set Sy, is not an e-approximation of {f = a}. This implies in particular that (recall Definition[7),

. S 1
19‘f51;pn(f,A,5,a) > K/gd/'}’ ,

where the inf is over all deterministic algorithms A and the sup is over all (c,~)-Holder functions f.

Note that the leading constant £ = (¢/124)%7 in our lower bound decreases quickly with the dimension d.
Though we keep our focus on sample complexity rates, there are ways to improve the multiplicative constants
appearing in our lower bounds. For instance, in the proof below, a larger constant s := (/4 (¢/2)'/7)? can
be obtained by replacing bump functions with spike functions @ — [2¢ — ¢z — 2|1 ] " where z [z]T =
max{z,0} denotes the positive part of z. We choose to use bump functions instead because they are
well-suited for any smoothness (e.g., in Section [E22] we will apply the same argument to gradient-Holder
functions).

Proof. The following construction is a standard way to prove lower bounds on sample complexity (for a
similar example, see |Gyorfi et all 2002, Theorem 3.2). Consider the set of bump functions {f.}.cz, where
Z and f, := fa,- are defined as in Lemma B for o := 2¢ and some 7 € (0, /4] to be selected later. Fix
an arbitrary v = (u1,...,uq) € Z. We show now that f,, is (¢,7)-Holder, for a suitable choice of 7. For all
@,y in the closure {fy, > 0} of {f, > 0}, Lemma [ gives

d
_ U — U - 6ed
[Ful) - ( M) F(ET)| <y g - B < By,
n =~ n
65d _ 6ed _ 6ed2' =7
= gy~ yilL < ) e — gl = e e~y
n n n

where the first inequality follows by applying d times the elementary consequence of the triangular inequality
|g1(z1)g2(22) — 91(y1)92(y2)| < maX{Hgll\oo, 1920l } (91 (1) — g1 (y1)| + |g2(22) —92(y2)|)7 which holds
for any two bounded functions g;: E C R — R (d; € N*,i € {1,2}). If 2’y ¢ {fu > 0}, then
fu(@ —O—fu( "), hence |fu(x') — fu(y')| = 0. Flnally,lf:nE{fu>0}buty gé{fu>0} let y be the
umqu 1 point in the intersection of the segment [z, y’] and the boundary 8{fu > O} of {fu> 0} since fo,
vanishes at the boundary of {f, > 0}, then fu(y) = fu(y’), therefore |fu(x) — fu(¥')] = |fu(@) — fu(y)]

and we can reapply the argument above for x,y now both in {f,, > 0}, Obtaining

6ed2t—" 6ed2'—
[Ful@) = Fuly))] = |fule) ~ fulw)] < = lle — 9l < =l v/l

where the last inequality follows by ||z —y| . < [l& — y'[|,, and the monotonocity of x +— 27 on [0, 00).
Thus, selecting 7 = (6ed2'~7/c)'/7 so that 6ed2'~7 /Y = ¢, we obtain that f is (c,)-Holder for all z € Z.

"' More precisely, f. is the restriction of fa,, to [0,1]%.
12This follows from two simple observations. First, since fo, is continuous, the set {fu > 0} is open, hence =
belongs to its interior. Second, {f. > 0} is (the interior of) a hypercube, therefore it is convex.



Moreover, by definition of Z (Lemma[6) and &, we have that

d d d
1 1 1 c \4v 1 1
=241 > (&) = (— 2t ) (YT
121 bn * J - <2n> <2(65d21'¥/c)1/’7> (12d) cdr e

Recall that the sets {f,, > 0} and {f,, > 0} are disjoint for distinct z1,z2 € Z (Lemma/[). Thus, consider
an arbitrary deterministic algorithm and assume that only n < x/ £4/7 values are queried. By construction,
there exists at least a z € P such that, if the algorithm is run for the level set {f = 0} of the constant
function f = 0, no points are queried inside {f, > 0} (and being f constant, the algorithm always observes 0
as feedback for the n evaluations). Being deterministic, if the algorithm is run for the level set {f, = 0} of f»
it will also query no points inside {f, > 0}, observing only zeros for all the n evaluations. Since either way,
only zeros are observed, using again the fact that the algorithm is deterministic, it returns the same output
set S, in both cases. This set cannot be simultaneously an e-approximation of both {f = 0} and {f, = 0}.
Indeed, for the first set we have that {f = 0} = [0,1]¢ = {f < €}. Thus, if S, is an e-approximation of
{f = 0} it has to satisfy {f = 0} C S,, C {f < e}, which in turn gives S, = [0,1]%. On the other hand,
maxge( 14 f=(x) = 2¢, which implies that {f. < e} is properly included in [0,1]%. Hence, if S,, = [0,1]
were also an e-approximation of {f, = 0}, we would have that [0,1]¢ = S,, C {f. < e} # [0, 1]¢, which yields
a contradiction. This concludes the proof of the first claim. The second claim follows directly from the first
part and Definition [7 O

E MISSING PROOFS OF SECTION

In this section, we present all missing proofs of our results in Section[dl We restate them to ease readability.

E.1 Upper Bound

Lemma (Lemmalll). Let f: C' — R be a (c1,7)-gradient-Hélder function, for some ¢1 > 0 and y1 € (0,1].
Let C" C [0,1]? be a hypercube with diameter £ € (0,1] and set of vertices V', i.e., C' = H;l:l[uj,uj + 4], for
some u = (u1,...,uq) € [0,1— 0%, and V' = H?:1{Uja uj +L}. The function

hc/l C'—=R d
T — Zf(v)Hp'U](IJ)v
veV’ j=1

where

Tj— Uj T;— U
pvj(xj):: <1_ Jﬂ J>]I'Uj—uj+ Jg Jij:uj+lv

interpolates the 2% pairs { (v, f(v))} and it satisfies

veV’

sup |her(x) — f(a})| <cpd

xzcC’

Proof. Up to applying the translation x — x + u, we can (and do) assume without loss of generality that
u = 0. The hypercube and its set of vertices then become C’ = [0,¢]¢ and V' = {0, ¢}¢ respectively. To
verify that hc interpolates the 2¢ pairs {(v,f(v))} note that by definition of hgr, for any vertex

we V' ={0,0}%, we have

veV”?

d d
hor(w) = > f(0) [] po,(w) = > F@) [] Luy=v, = f(w).
j=1

veV’ veV/’ j=1

To prove the inequality, for all k € {0, ..., d}, let (Pg) be the property: if an & € C’ has at most k components
which are not in {0, ¢}, then it holds that ’hc/(m) - f(:c)‘ < 1k Y. To show that ’hc/(m) - f(:c)‘ <
c1d 171 for all z € C’ (therefore concluding the proof) we then only need to check that the property (Py) is



true. We do so by induction. If k = 0, then (P) follows by h¢ being an approximator for {(v, f('v))}vev,.
Assume now that (Py) holds for k € {0,...,d—1}. To prove (Py+1), fix an arbitrary @ := (21,...,24) € C’,
assume that k41 components of  are not in {0, £} and let ¢ € {1,...,d} be any one of them (i.e., z; € (0,¢)).
Consider the two univariate functions

h;: [0,4] = R

t— ho(x1, oy @im1, b, Tig1, -+, Td)
fi: [0,4] = R

t= f(@r, . X1, 6 i1, e, )

Being h; linear (by definition of hev), we get

(-
hi(a;) = ; hi (0) +

7ihi(e) . (15)

Being f; continuous on [0,¢] and derivable on (0,¢) (by our assumptions on f), the mean value theorem
applied to f; on [0, z;] and [0, £] respectively yields the existence of & € (0, ;) and & € (0, ) such that

filws) = fi(0) + fi(&1) 2 (16)
fil) = fi(0) + fi(&2) £ - (17)
Putting everything together, we get that
|her () — f(z)| = |hia:) — fil@i)]
(by definition of h; and f;). By (1) and (4], the right-hand side is equal to

é—{Ei

—hil0) + hi0) = 1:(0) = fi(6n)

3

which by the triangular inequality is at most

0+ nute) - 10) - 2, IO SO IO g
By (), this is equal to

’E—xi x;

2 00) = 0) + 5 (0u(6) = 10) | + o i) - St

Finally, using again the triangular inequality, we can further upper bound with

£ — L xT; , ,
¢ (h:(0) = fZ(O))‘ +7 (Ri(6) - fl(z))‘ "’\‘T/i_/ ’fi (&) - f; (51)‘ <ei(k+ 1)t
<ciketm <cp ke <t <c16M

where on the last line, we applied property (Pj) to the first two terms and we upper bounded the last one
leveraging the (c1,v1)-Holderness of the gradients of f. This proves (P11) and concludes the proof. O

Proposition 3 (Theorem @ upper bound). Consider the BAG algorithm (Algorithm [4) run with input
a,c1,71- Let f:[0,1]% = R be an arbitrary (c1,v1)-gradient-Hélder function with level set {f = a} # @. Fix
any accuracy € > 0. Then, for all

1

n> K i w27 e g)

the output Sy, returned after the n-th query is an e-approximation of {f = a}.



Proof. We proceed as in the proof of Theorem Bl Theorem [2] implies that for all n > n(e), where i(e) :=
[(1/(71)) logy (219/e) ] and n(e) is

i(e)—1

Y Jlirili./\/({|f—a| < 2c1d2’(1+71)i},52’i) ,
1=0

the output S,, returned after the n-th query is an e-approximation of {f = a}. If € > 2¢1d, than the sum in
the definition of n(e) ranges from 0 to a negative value, thus n(e) = 0 by definition of sum over an empty
set and the result is true with k = 0. Assume then that € < 2¢;d so that such sum is not trivially zero.
Upper-bounding, for any ¢ € (0,1) and all ¢ > 0,

N({1f —al < 2a2- 0507 597) < W (0,1]%, 527) € (25 +1)" < (2/5)" 2"

(for completeness, we include a proof of the known upper bound () in Section [Bl Lemma [) and recognizing
the geometric sum below, we can conclude that

[(1/(+71)) logy (2e14/e)] =1

n(e) < 16 3 (249’
1=0
| 2((1/1)) logy (2e14/2) 1)

20— (¥'/2)

1
o qpd d/tm) =
=216 (2c1d) " gd/(14+m)

<16

E.2 Lower Bound

We conclude the section by proving a matching lower bound. Similarly to Proposition Bl we adapt some
already known techniques from nonparametric regression (see, e.g., |(Gyorfi et all2002, Theorem 3.2).

Proposition 4 (Theorem E lower bound). Fizx any level a € R, any two Holder constants ¢; > 0, 71 €
(0,1], and any accuracy € € (0, ¢;/(132d23%)). Let n < r/e?/1+1) be a positive integer, where k :=

(01/(528d))d/(1+’“). For each deterministic algorithm A there is a (c1,v1)-gradient-Holder function f such
that, if A queries n values of f, then its output set Sy, is not an e-approzimation of {f = a}. This implies
in particular that (recall Definition[7),

. 1
1%f31}p“(f7Aa5aa) 2 Hm )

where the inf is over all deterministic algorithms A and the sup is over all (c1,v1)-gradient-Hoélder func-
tions f.

As we pointed out after Proposition 2] the leading constant k = (cl/(528d))d/(l+%) in our lower bound is
small, and could likely be improved using smoothness-specific perturbations of the zero function, instead of
the more universal bump functions.

Proof. The following construction is a standard way to prove lower bounds on sample complexity (for a
similar example, see |Gyorfi et all 2002, Theorem 3.2). Consider the set of bump functions {f,}.cz, where
Z and f, := fan,~ are defined as in Lemma B[ for o := 2= and some 7 € (0, /4] to be selected later. Fix
an arbitrary w = (u1,...,uq) € Z. We show now that f,, is (¢1,71)-gradient-Holder, for a suitable choice of
7. This is sufficient to prove the result, following the same argument as in the proof of Proposition 2l Note

3 More precisely, f» is the restriction of fa,, to [0,1]%.



first that for all 4 € {1,...,d} and any = € [0,1]%, denoting by 9; the partial derivative with respect to the

i-th variable,
d
2e 5 (T —u; ~(T; —uj
(o) = 7 (B [T7(2 ).
Ui Ui i1 Ui
i

Hence, using the fact that f is 3-Lipschitz (Lemma [B)) and 22-gradient-Lipschitz (the latter can be done by
checking that Hf””oo <22), foralli € {1,...,d} and any =,y € [0, 1]¢, we get

Li — Ui Yi — U

n n

132ed
<

yaz-fu@)—aifu(y)!s% 22 e =yl (18)

d
+3Z
j=1

J#i

Tj Ui YUy
7 7

where the first inequality follows by applying d times the elementary consequence of the triangular inequality
|91(1)g2(22) — 91(y1)g2(y2)| < max{llg1ll . lg2llc } (l91(21) — g1(y1) + |g2(2) — g2(y»)I), which holds for
any two bounded functions g;: F; CR% — R (d; € N*,i € {1,2}), and then using the Lipschitzness of f and
f'. Similarly to Proposition [ to prove that f,, is (c1,71)-gradient-Holder, we only need to check that the
gradient of fy, is (c1,71)-Holder on the closure { f,, > 0} of {fi, > 0}. For all ¢,y € {f., > 0}, Equation (I8)
and Lemma [f yield

132¢d 132:d .
[V fu(x) = Viu(y)| < o lz -yl = THfB —ylloo "l =yl
132ed _ 132ed2t—m
< 7 @)z -yl = Wﬂw—yﬂg :

Therefore, selecting n = (132ed2'~7 /c;)/(147) 5o that 132ed2'~71/n'*" = ¢, we obtain that f, is
(c1,71)-Holder for all z € Z. Moreover, by definition of Z and &, we have that

g5 (L) 1 I = T 1
121 = 2n) — \2(132ed21 =71 /¢y )1/ (Hm) _(528d) ed/() — ed/)

Thus, proceeding as in the proof of Proposition [2] no deterministic algorithm can output a set that is an

e-approximation of the level set {f = 0} = [0,1]¢ of the constant function f = 0 and simultaneously an
g-approximation of the level set {f, = 0} of all bump functions f, (z € Z), without querying at least one
value in each one of the |Z| > x/e%/(1T71) disjoint sets {f. > 0} (2 € Z) when applied to f = 0. O

F THE BENEFITS OF ADDITIONAL STRUCTURAL ASSUMPTIONS

In this section, we present some examples showing how our general results can be applied to yield (slightly)
improved sample complexity bounds when f satisfies additional structural assumptions, such as convexity.

F.1 NLS Dimension

In order to derive more readable bounds on the number of queries needed to return approximations of level
sets, we now introduce a quantity that measures the difficulty of finding such approximations.

Definition 9 (NLS dimension). Fix any level @ € R and a function f: [0,1]¢ — R. We say that d* € [0, d]
is a NLS (or Near-Level-Set) dimension of the level set {f = a} if there exists C* > 0 such that (recalling
Definition Pl—packing number)

Vr € (0,1), N({|f—a| < r}, 7“) < C*(l)d.* (19)

r



Ba(y, p)

H,N Bd(ya P)

f=a)
H,N Bd(a:, p)
Bd(wv p)

Figure 2: The “dimension” of the level set is at least the same as that of hyperplanes H, and H,.

NLS dimensions are a natural generalization of the well-known concept of near-optimality dimension, from
the field of non-convex optimization (see, e.g., (Bouttier et all, 2020, Section 2.3 and following discussion in
Appendix B)). The idea behind Inequality (I9) is that inflated level sets at, say, scale r € (0,1), are hard to
pinpoint if their complement {|f —al > r} is large. Since for any increasing sequence r := 1o <711 <719 < ...,
the set {| f—al > T} of points at which f is more than r-away from a can be decomposed into a union
of “layers” {ro <|f-qa] < 7"1}, {rl <|f-qa < 7"2}, {TQ <|f-qa] < rg},..., and each of these layers
{rs,1 <|f—al < ’I”S} is by definition included in {|f —a| < rs}, by controlling the size of each of these
{|f —a| < rs} we can control the size of {|f —a| > r}. Therefore, by controlling how large the inflated
level sets {|f —a| < r} can be at all scales r € (0,1), the parameters C* and d* quantify the difficulty of the
level set approximation problem. In contrast, scales r > 1 are not informative since in this case the packing
number in ([I9) is always 1. To see this, simply note that if » > 1, no more than 1 strictly r-separated point
can be packed in {|f — a| < r}, which is included in [0, 1], that has diameter 1 (in the sup-norm).

The dimension d of the domain is always a NLS dimension of any function f: [0,1]¢ — R (with C* = 2%; we
add a proof of this claim in Section [B] Lemma[5]). Hence, it is sufficient to consider NLS dimensions d* < d,
as we do in our Definition @l While (as we will see in Section [F2]) d* is in general strictly smaller than d,
bounds expressed in terms of a NLS dimension should only be considered slight refinements of worst-case
bounds expressed in terms of d. Indeed, the following result shows that, with the exceptions of sets of
minimizers and maximizers, level sets {f = a} of continuous functions f have NLS dimension at least d — 1.

Theorem 6 (Theorem[). Let f: [0,1]% — R be a non-constant continuous function, and a € R be any level
such that mingep1y¢ f(x) < a < maxgep,1y¢ f(x). Then, there exists C* > 0 such that, for all r > 0,

N({f =a}, 1) c*(l)dl |

r

Proof. For all dy € N*, z € R% and p > 0, we denote by By, (z, p) the closed dy-dimensional Euclidean ball
{x e R% : ||z — z||, < p} with center z and radius p. Since a is neither the maximum nor the minimum of f
and f is continuous, then the two sets {f < a} and {f > a} are non-empty and open. Therefore, we claim that
there exist two points « € {f < a}, y € {f > a}, and a radius p > 0, such that By(z,p) C {f <a} N (0,1)4
and Bqy(y,p) C {f > a} N (0,1)¢ (Figure @). To see this, note that if f were identically equal to a on (0, 1)<,
then, by continuity, f would be identically equal to @ on the whole [0, 1]¢, contradicting the assumption that
it is non-constant. Hence there exists an & € (0,1)¢ such that f(z) # a. Assume that f(z) < a (for the
opposite case, proceed analogously). Then, being {f < a} N (0,1)? open, there exists a radius p; > 0 such
that By(z,p1) C {f < a} N (0,1)% Now, if f were lower than or equal to a on (0,1)?, then, by continuity,
f would be lower than or equal to a on the whole [0,1]% (and so would be its maximum), contradicting
the assumption that a < max(f). Hence, there exists an y € (0,1)? such that f(y) > a. Then, being
{f > a} N (0,1)% open, there exists a radius p2 > 0 such that By(y,p2) C {f > a} N (0,1)¢. The claim is
therefore proven by letting p := min(p1, p2).



Now, for all r > p/\/a, we have

and the result is proven with C* = (p/\/a) L

Fix now an arbitrary r € (O, p/\/ﬁ) Consider the line £ := {(1 —tx+ty:te R} passing through @ and y
and the two hyperplanes H, and H, orthogonal to £ and passing through = and y respectively. We denote,
for each z € R? and E C R%, the Minkowski sum {z +u : u € E} of {2} and E by z + E. Note that, by
construction, (y — @) + (Hg N By(w, p)) = Hy N By(y, p), and there is a rigid transformation 7': R — R?
that maps Hy N Ba(x,p) into the (d — 1)-dimensional Euclidean ball B4_1(0,p) = {z € R4 : ||z[|, < p}
of R?~! (where, with a slight abuse of notation, we identify from here on out R?~! with the subspace
{(zl, sy 2q) ERY: 24 = O} of R?). By the symmetry of the Euclidean balls, for all z’ € (Hm NBy(x, p)) and
p' > 0, the transformed through the rigid transformation T of the intersection Bq(2',p') N (Hg N Ba(x, p))
of an arbitrary d-dimensional Euclidean ball By(z', p') centered at Hy N By(x, p) and Hy N By(x, p) itself
is simply the intersection By_1(2”,p") N B4—1(0, p) between the ball B;_1(0, p) and a (d — 1)-dimensional
ball By_1(z", p') with some center z” € By_1(0, p) and the same radius p’ of B4(z', p"). We recall that for
any dimension dy € N*, norm ||-|| on R%, scale 79 > 0, and non-empty subset Eg of R%, a set P C Ej is an
ro-packing of Fy in R% with respect to ||-|| if each two distinct points 21, 2z € P satisfy ||z; — z2|| > 70, and
a set C C Ej is an ro-covering of Ey in R% with respect to ||-|| if for all z € Ey there exists ¢ € C such that
|z — c|| < ro; we denote by Ny, .| (Eo, 7o) the largest cardinality of an ro-packing of Ey in R% with respect
to |||, and by Mg, |.;|(Eo, o) the smallest cardinality of an ro-covering of Ey in R% with respect to [|-||. By
the previous observation, then, for all ro > 0, a set is an ro-packing (resp., covering) of Hy N By(x, p) in R?
with respect to the d-dimensional Euclidean norm if and only if its transformed under T is an rg-packing
(resp., covering) of By_1(0, p) in R4~ with respect to the (d — 1)-dimensional Euclidean norm. Hence

Nd,|\-||2 (Ifm N By(z, p), \/ET)
= Na-1,11, (Ba-1(0, p), Vdr)

d—1
> Mac |, (Bi-1(0,p), Vdr) > (\/%) )

where the first inequality follows from the fact that each packing that is maximal with respect to the inclusion
is also a covering, and the second one is a known lower bound on the number of balls with the same radius
that are needed to cover a ball with a bigger radius, expressed in terms of a ratio of volumes (see, e.g.,

Wainwright, 2019, Lemma 5.7)). Thus, we determined a (v/dr)-packing P of Hy N By(x, p) in R% with
( g b g P
d—1

respect to the d-dimensional Euclidean norm consisting of C*(1/r)4~1 points, where again C* := (p/\/E)
For all p € P, consider the segment [p,p + y — ]. By construction, all these segments are parallel, with
an endpoint in Hy N Bg(xz,p) C {f < a} and the other in Hy N By(y,p) C {f > a}. Thus, the d-
dimensional Euclidean distance between any two points belonging to distinct segments is at least equal to
the minimum distance between the corresponding lines, which is strictly greater than v/dr by construction.
By the continuity of f, then, for each p € P there exists a p, belonging to the segment [p,p + y — x] such
that f(p,) = a which, together with the previous remark, implies that the family P, := Upe p P, obtained
this way is a (\/Er)—packing of {f = a} in R? with respect to the d-dimensional Euclidean norm. Since the
two norms |||, and [|-||, on R? satisfy ||-||.. > ||-[l,/V/d, then P, is also an r-packing of {f = a} in R?
with respect to the sup-norm ||-||_, therefore its cardinality |P,| = C*(1/r)?~! is smaller than or equal to
the largest cardinality N'({f = a},r) of an r-packing of {f = a} with respect to the sup-norm ||-|| .. This
concludes the proof. o

We remark that our definition in Equation (I9) could be refined by considering variable d*(r) and C*(r) at
different scales r. This would take into account that at different scales, the inflated level sets could have
smaller size. Notably, our general result (Theorem [2)) would naturally adapt to this finer definition as they



are stated in terms of packing numbers at decreasing scales. For the sake of clarity, in this work we will stick
to our worst-case definition of NLS dimension and we begin by showing how Theorem [l has an immediate
corollary in terms of d*. Note that in the following results, our BA instances are oblivious to the NLS
dimension. Also, recall from the comment before Theorem [(] that typical level sets have NLS dimension
d*>d-1.

Corollary 2 (of Theorem [2l). Consider a Bisect and Approxzimate algorithm (Algorithm[3) run with input
a,k,b,B. Let f:[0,1]¢ = R be an arbitrary function with level set {f = a} # @ and let d* € [0,d] be a NLS
dimension of {f = a} (Definition[d). Assume that the approximators gcw (defined at line [I0) are (b, B)-
accurate approzimations of f (Definition[})), with § > 1. Fiz any accuracy € > 0. Then, for all n > m(e),
the output S, returned after the n-th query is an e-approzimation of {f = a}, where

1 +
log, [ —— fd* =0,
me) = H1+f€210g2(51/5) if

Ii(d*)m Zf d*>0 5

for k1, k2, k(d*) > 0 independent of €, that depend exponentially on the dimension d, where T = max{xz,0}
for all x € R.

Proof. Since all the conditions of Theorem 2] are met by assumption, we have that for all n > n(e), the
output S,, returned after the n-th query is an e-approximation of {f = a}, where n(e) is

i(e)—1

Atk Y7 dim N({If —al < 20277}, 5277) (20)
=0 T

and i(e) := [(1/8)logy(2/)]. If € > 2b, than the sum in the definition of n(e) ranges from 0 to a negative
value, thus n(e) = 0 by definition of sum over an empty set and the result is true with k1 = ko = k(d*) = 0.
Assume then that € < 2b so that such sum is not trivially zero. Being g > 1, we can further upper bound

n(e) by o
i(e)—1

ey Z; Jim N ({If —al <2027}, 6277).

By Lemma [B] the packing number is at most
2% d , .
(1 +4% H2b>5) N({|f —a <2277}, 2b2‘1) .

Taking the limit for § — 17, the first term becomes (1 + 8b szzl)d, while our NLS assumption ([9]) implies
that the packing number is smaller than, or equal to

d
1
lapa-i>1 +C” <2b 2—i> Iopa—i<1 (21)

A direct computation shows that the sum over ¢ of the first term in (2] is

i(e)—1
Z Lopo-i>1 < logy(4b) Iop>1 - (22)
i=0
For the sum over i of second term in (ZII), we upper bound the indicator function Iy,y-i.q with 1 for all
and study separately the two cases d* = 0 and d* > 0. If d* = 0, then, by definition of i(e),

i(e)—1

Z (2d*)i =i(e) < log2<€1%) + log, (2 (2b)1/6) .

=0



Hence, the result follows by defining the additive and multiplicative terms x; and ko, respectively, by
K’k (logy (4b) Igp>1 + C* logy (2 (26)1/8)) and 'k %, where &’ := (4 + 32 b]IgbZl)d.
If on the other hand, d* > 0, recognizing the geometric sum below, we have, by definition of i(g)

i(e)—1 ii (2d*)i(€) 1 2d* (Zb)d*/ﬁ 1

d*
; (2 ) - 2d* _ 1 = 2d* 1 gd*/B "

Thus, if 20 < 1 or if simultaneously 20 > 1 and € < 1/(10g2(4b))6/d* —so that the term logy(4b) Igp>1 in
(@2) can be upper bounded by 1/?/#Iy,>;— the result follows by defining x(d*) as
24" (20)%" /P
2d* — 1

*

C
(4 + 32 bﬂzbzl)d k W <H2b>1 +

Finally, we consider the case in which 2b > 1 and € > 1/ (log2(4b))6/ d*. In this simpler instance, we upper
bound n(e) as in the proofs of Theorems Bl and @ Look back at Equation 20). Upper-bounding, for any
§€(0,1) and all i > 0,

—~

N ({If = al < 26277}, 5277) <N ([0,1]7, §277) 2 (2175 +1)" < (/a2

(for completeness, we include a proof of the known upper bound () in Section [Bl Lemma [) and recognizing
the geometric sum below, we have

[/ toga (/) -1
n(e) < 8k Z (24

=0
4 20BN 1 200/ g4
- 24 — 1 - 24 — (2)2)
1
—_9gd d/p
=28%k(20)"" 75 .

Finally, using the assumption € > 1/(10g2(4b))6/d*, we can upper bound the term 1/¢%/# with

1 (1 (d—d")/8 4
cd/B ~ \ ¢ cd* /B

B/d* (d-d")/B 1
< ((1og2 (4b)) ) 7
(d—d*y/a* 1
= (10g2 (4b)) gd*/B 9

(d—d*)/d*

and the results follows after defining the constant r(d*) :=28%k (2b)%/# (log,(4b)) O

The previous result has the following immediate consequence for BAG algorithms. Recall from the comment
before Theorem [6] that typical level sets have NLS dimension d* > d — 1.
Corollary (Corollary [l). Consider the BAG algorithm (Algorithm []) run with input a,c1,71. Let
f:10,1]% = R be an arbitrary (c1,v1)-gradient-Hélder function with level set {f = a} # @ and let d* € [0, d]
be a NLS dimension of {f = a} (Definition[d). Fix any accuracy € > 0. Then, for all n > m(e), the output
Sy returned after the n-th query is an e-approzimation of {f = a}, where

1 -
K1 +:‘€210g2(m> ’Lfd :O,

1
ed*/(1+71)

m(e) =
K(d*) if d* >0,

for k1, ke, k(d*) > 0 independent of e, that depend exponentially on the dimension d.



Proof. The result follows immediately from Corollary Bl and Lemma [l O

The two previous corollaries suggest a general method for solving the level set approximation problem for
a given class F, obtaining bounds that are slightly more refined than the worst-case ones that we saw in
Sections @] and First, determine a family of approximators that accurately approximate the functions
in F. Second, obtain for the resulting choice of BA algorithm a sample complexity bound in terms of
packing numbers of inflated level sets (as in Theorem [2). Third, find a NLS dimension of an arbitrary
f € F. Importantly, both steps one and three of this process are decoupled from the task of determining
approximations of level sets, and as such, they can be investigated independently. For step two, we can
simply plug in Theorem

In the next section, we will discuss the notable convex case, in which the estimation of the NLS dimension
is non-trivial. As it turns out, this also leads to a rate-optimal sample complexity for BA algorithms.

F.2 Upper Bound for Convex gradient-Ho6lder Functions

In this section we show a non trivial application of the theory presented so far. We will prove that our BAG
algorithm is rate-optimal for approximating the level set of convex gradient-Lipschitz functions.

For the sake of simplicity, we will focus on the approximation of what we call proper level sets (Definition [IQ
below). Informally, a level set is proper if it is non-empty, bounded away from the set of minimizers (where

the problem collapses into a simpler, standard minimization problem) and it is not cropped by the boundary
of [0,1]%.

Definition 10 (Proper level sets). Fix any level a € R, a function f: [0,1]¢ — R, and a margin A > 0. We
say that {f = a} is a A-proper level set (for f), if {f =a} # @ and

. Aca< mi |
Lin fle)+A<a< Lo f(x)

where we denoted by 90, 1] the boundary of [0,1]%. When we need not explicitly refer to the margin A, we
simply say that {f = a} is a proper level set.

In this section, we present an upper bound on the number of samples that our BAG algorithm needs in order
to guarantee that its output is an approximation of the target level set of a convex gradient-Ho6lder function.
As we discussed in Section [F] now that we established a method on how to get these types of results, we only
need to determine a NLS dimension d* (Definition [9)) of the level set of an arbitrary convex gradient-Holder
function. The following results shows that d* = d — 1.

Proposition 5. Fiz any level a € R, two Holder constants ¢ > 0,7 € (0,1], and an arbitrary convez (c,7)-
Hélder function f:[0,1]% — R with proper level set {f = a}. Then, there exists a constant C* > 0 such
that

N
Vre(O,l),N({|f—a|§r}, r)ﬁC*(—) :

r

Proof. Let A > 0 be a margin such that {f = a} is A-proper. Fix any r € (0,1). If r > A/2, we can simply
apply Lemma [5lin Section [Bl and use the lower bound on r to obtain

N({|f—a| <r}, r) <2 (%)dg 2(1: <%>dl.

Hence, without loss of generality, we can (and do) assume that r € (0,A/2). In the following, we denote
by 84! the (d — 1)-dimensional unit sphere {& € R? : |[x||, < 1} with respect to the Euclidean norm
I/, Let * be a minimizer of f. Note that, being {f = a} a proper level set (Definition [I0]), we have
that f(2*) < a < mingepjoje f(x) , therefore 2* belongs to the interior (0,1)% of [0,1]%. Now, for each
z € 8?71, let p, be the unique element of 9[0, 1]¢ such that (p, —x*)/||p, — Tm |, = 2 (Figure3) and define




Figure 3: In black, the unit hypercube [0, 1]d; in red, the unit sphere centered at the minimizer *; in
magenta, the level set {f = a}.

the convex univariate function
f1 [0l = p.llo] = R
t— flx*+tz).
Being {f = a} a proper level set, for all z € S%~!, the function f, satisfies

. B . .
Join @) =f0)<a< min (@) < f(l2" ~pll) -

Thus, for each z € S, by the convexity and continuity of f,, there exists a unique value t, €
[0, lz* — p.|l,] such that f.(tz) = a (Figure B), which we use to define the following function on the
unit sphere

s: ST SR
zr s(z)i=t,.

In words, t, is the distance between the minimizer x* and the level set {f = a} in the direction of z. We
show now that s is Lipschitz with respect to the geodesic distance # on S~ i.e., that there exists a constant
¢ > 0 such that, for all z;,zp € S,

|s(z1) — s(z2)| < €0(z1,22) ,

where 0(z1,z2) = arccos (<Z1,Z2>) is the angle between the two unit vectors zi, z2. Fix two arbitrary
21,22 € 8471 with geodesic distance 8 := 0(z1, z2) € (0, 7. If § > 7/6, we have

|s(z1) — s(z2)| < 6\/3.

0 -7
Assume now that § < w/6. Consider the two-dimensional plane containing the triangle with vertices x*,
vy = &* + $(z1)2z1 and vy := x* + s(22)z2 (note that the three points are not aligned). Let v be the

orthogonal projection of &* on the line containing v, and vy. Assume first that v belongs to the segment
[v1,v2] (Figure @ left). Then, the function

Gvy vy R — [07 +OO)

2
t = Goy 0, (t) = ‘ r* — (1:1 + t(vg — vl))H2

has its unique minimum at some ¢t* € [0,1]. For all t € R, we have

gor.0a(8) = (1= D)(w1 = @) + t(vz — 2]
= (1 —1t)%s(z1)% + t?s(z2)? + 2t(1 — t)s(21)s(22) cos()
=1*(s(z1)” + s(z2)* — 2s(21)s(22) cos(6)) + t(25(z1)s(22) cos(0) — 25(21)?) + s(21)* .
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Figure 4: In the left (resp., right) picture, v belongs (resp., does not belong) to the segment [v1, va].

The derivative of this function is given, for all t € R, by
G 0y (1) = 2t(s(21)? + s(22)% — 2s(21)s(22) cos(0)) + (2s(z1)s(z2) cos(8) — 25(21)?) .

Hence we have
0< = 25(z1)% — 2s(21)s(22) cos()

- 2(s(21)? + s(22)? — 2s(21)s(22) cos(8))

Since the above denominator is strictly positive, we obtain

25(z1)% > 2s(z1)s(z2) cos(f) ,
thus, being s(z1) and s(z2) also strictly positive,

s(z2) — s(z1)

cos(f) <1— 5(22)

and in turn, since s(z) < V/d for all z € S,
s(z2) — s(z1) < \/3(1 — cos()) .
Being 6 > 0, we have 1 — cos(f) < 6 and thus

s(z2) ; s(z1) < Vv .

Swapping the roles of v; and vy (i.e., considering the function g, »,) we obtain similarly

s(z1) ; s(z2) < N

Hence, when v belongs to the segment [v1, v3], we obtained

‘S(Zl);S(ZQ)’ S \/E

Consider now the last case where v does not belong to the segment [vy,vs] (Figure ] right). Without loss
of generality, we can (and do) assume that s(z2) > s(2z1), and thus that v is closer to vy than to ve. By
convexity of f on the line containing v; and v2, we have f(v) > a. Using the fact that the level set {f = a}

is A-proper and the (¢, y)-Holderness of f, we get

A<a-— rr[lin]df(w) < fw) = f(x") <cllv—z*||] <cljv—a";,
xz€[0,1

which in turn implies

lv—a*|, > (é>l/7 : (23)

c
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Figure 5: The isosceles triangle z1,0, z2.

Let ¢ be the angle between &* — v; and vs — v;. Applying the sine rule to the triangle &*, v1, v2, we obtain

sin(6) sin(¢)

o1 —wvall,  s(z2)

and thus (2) sin(0)
. s(z2)sin
sin(¢) = —————= . (24)
[v1 — 2|,
Let ¢’ = m — ¢ be the angle between * — v; and v — v;. Note that the angle between * — v and v; — v
is /2, being v the orthogonal projection of &* on the line containing v; and ve. Hence, applying the sine
rule to the triangle *, v, v we obtain

and thus
[v — ||, = s(21)sin(¢) . (25)

From (23), (28], and (24)), we obtain

s(z1)s(z2) sin(8) . (A)l/v'

[vi — vall, o

The triangle inequality yields
s(21) — stz2)] = [[[or =2, o2 &[] < |01 ~2) — (@2 — @), = s ~ w2l

and thus
c

|s(21) — s(25)| < (Z)lhdsm(o) < (%)1Md9 ,

where we used again s(z) < d'/? for any z € S, Putting everything together, we have shown that

M < max(S\/a, (%)Uvd) =1, (26)

for all § € (0, 7], i.e., that s is ¢-Lipschitz on S9~! with respect to the geodesic distance.

Consider now a covering of S?~! with respect to the geodesic distance, with radius Br, where 3 € (0, 1] will
be selected later. This is a set of points 21, ..., 2, € S¥~! such that the union of all the balls (with respect to
the geodesic distance ) with radius 8r centered at these points contains the whole S%~!. We show now how
such a covering can be taken using order of 1/r?~! points. Fix any two distinct 21,22 € S~ with geodesic
distance 6(z1,z2) € (0,7/2] and consider the isosceles triangle z1,0, z2 with angles Z(z102z2) = 6(21, z2)
and Z(0z221) = Z(22210) = (7 — 0(21,22)) /2 = ©/2 — 0(21, 22) /2 (Figure[). The sine rule yields

21— z2fl, 1
sin(0(z1,22))  cos(6(z1,22)/2)




or, equivalently stated,

sin(0(z1, z2))
cos(0(z1,22)/2)
Using the fact that sin(z) > (2/7)z, for all z € [0,7/2], the equality above gives

|21 — 22|, =

. 2
|21 — 22|y > sin(6(z1,22)) > = 0(z1,z2) .

Therefore, if x < 7/2, each ball with center ¢ radius (2/7)p with respect to the Euclidean distance is
included in the corresponding ball with center ¢ and radius p with respect to the geodesic distance. Thus,
being r < 1 < 7/2, in order to cover S¥~! with balls with radius Br with respect to the geodesic distance,
it is enough to cover S¢~! with balls with radius (2/7)3r with respect to the Euclidean distance. Moreover,
since for any two points z,y € d[—1, 1]¢ on the boundary of the hypercube [—1,1]¢, their Euclidean distance
|z — yl|, is larger than the Euclidean distance ||z /|||, — y/||y|\2H2 between their projections on the unit
sphere, and since any point in the unit sphere can be reached this way, in order to cover the unit sphere
with balls with radius (2/7)8r with respect to the Euclidean distance it is sufficient to cover the boundary
0[—1,1]% of [~1,1]¢ with balls with radius (2/7)8r with respect to the Euclidean distance. This is easy
to do, as each one of the 2d faces {[—1,1] x ... x [-1,1] x {=1,1} x [-1,1] x ... x [=1,1]} of 9[-1,1]¢
can be covered with the same number of balls of radius (2/7)5r with respect to the (d — 1)-dimensional
Euclidean distance that cover the hypercube [—1,1]¢~!. This can be done, e.g., by taking a uniform grid of
(2/m)Br-spaced points. Projecting these points onto S?~! gives a covering 21, ..., z, of S~ with respect
to the geodesic distance, with radius Or, and with a number of points n that is at most

T d—1 T d—1 3 d—1 1 d—1
”§2d<14%1> Szd(“%) SM(E”) <ﬁ_) | (27)

Fix this covering 21, ..., z,. Fix also an arbitrary « € {|f — a| < r|}. Note that, being r < A/2 and {f = a}
a A-proper level set, then the minimizer &* cannot belong to the set {|f —a|l < r|}, hence x # x*. Let
z = (w—x*)/||x — =*||,. Similarly as before, define for all t € [0, | — =*|,], the function f.(t) := f(z*+1z).
Then f is convex, f2(0) = f(z*), f2(s(2)) = a and |fo(|& — x*|,) —a| < 7. If fo(]|@ —x*|,) < a, by
convexity, we have s(z) > [l — x*||,, hence

a—r— f(z*) <fz(|‘-’13—-’13*”2)—fz(0) <a—fz(|\:c—cc*||2) < r

& —axll, = Jz-z,-0 7 s(z)-fle-z*l, T s(z) - [z—2,

and recalling that » < A/2 so that a —r — f(z*) > A/2 > 0, we have

. vd Vd
s(z) — |z — x|, < (— @) < 2K T,

where we used ||z — 2 [l, < Vd. If fo(||z — z*[|,) > a, proceed similarly. By convexity of f, we have
5(z) < ||z — x|y If s(z) = ||z — *]|,, then trivially ||z —x*||, — s(z) =0 < (2\/E/A)r. If on the other
hand, s(z) < || — x*||,, using the convexity of f, once again, we get

a—fz(0)<fz(|\ic—ic*||2) —a< r

s(z) =0 7 [le —ar]ly; —s(2z) Tz -2, - s(2)

and using a — f(z*) > A > 0 and s(z) < Vd, yields

e (£)- ()

|s(z) = [l& — z*|,| < (2%) r. (28)

Thus we proved that



Furthermore, there exists i € {1,...,n} such the geodesic distance of z; and z is smaller than or equal to
Br. Therefore we have, from (28], and the ¢-Lipschitzness of the function r with respect to the geodesic

distance,
Vd

|5(20) = llz = 2*[l,] < |s(2i) = s(2)| + [s(2) = & = @*]l,| < (€8)r + <2K> r

Hence, with v > 0 to be chosen later, there exists
x; =ax* + s(zi)z + kyrz;
with k& € Z such that v
0B+ 22
k| < BiA
and with
i —a*l, = |z —a*|,| <77 (29)

This is obtained by covering the segment [—£fr — 2rd*/? /A, (Br + 2rd*/? /A] with points with equidistance
~r. Then, we obtain

Iz — @il < llz — il

= | @+l —2*ll, 2) - (@ + o} - @7, =)

‘ 2

= [l — 2"y 2 — |2 — 2*], 2,
= [l = @ (= = =)

= (25 = "l = [l — @*ll) 2 |

< |llz —2* ||, — llz} —a*[l,| + Vdllz - 2],

< (W—F\/Eﬁ)r,

d—1 d—1 2vd
¢ 2vd
n < 2d(§7r) (i) (1_,_2[3_'—7&)
2 pr g

points, we have obtained a covering of {|f —a| < r} with radius (”y + \/Eﬁ)r with respect to the sup-norm
[l.o- Choosing 8 := 1/(4V/d) and v := 1/4 so that that (v + v/dB) < 1/2, we therefore determined a
covering of {|f — a| < r} with radius r/2 with respect to the sup-norm consisting of n’ elements. Thus, n’
is greater than or equal to the smallest cardinality M({|f —a| < r}, r/2) of a covering of {|f —a| < T}

with radius r/2 with respect to the sup-norm. For a known result relating pickings and coverings (we recall
it in (I2), Section [B]), we have

M({|f—a|§7°}a 7“/2> ZN({|f—a|§r}, r),

which concludes the proof. o

from (29)). Hence, with

Theorem 7. Consider the BAG algorithm (Algorithm[J]) run with input a,c1,vi. Let f:[0,1]7 — R be an
arbitrary convez (c1,7v1)-gradient-Holder function with proper level set {f = a}. Fix any accuracy ¢ > 0.

Then, for all
1

R @070+ m)

the output S, returned after the n-th query is an e-approzimation of {f = a}, where k > 0 is a constant
independent of € that depends exponentially on the dimension d.

n >

Proof. Being f the restriction of a differentiable function defined on on an open set containing [0,1]%, it is
Lipschitz on the compact [0, 1]%. Thus we can apply Proposition [l to get a NLS dimension d* = d — 1 for f.
The result then follows directly from Corollary [l O



F.3 Rate-optimal Sample Complexity for Convex Gradient-Lipschitz Functions

Theorem [7] applied to the special case of gradient-Lipschitz functions, states that the BAG algorithm (Al-
gorithm [4)) needs order of 1/ e@=1/2 queries to reliably output an e-approximation of a gradient-Lipschitz
function. The following theorem shows that this rate cannot be improved, i.e., that BAG is rate-optimal
(Definition ) for determining proper level sets of gradient-Lipschitz functions.

Theorem 8. Fiz any level a € R and an arbitrary accuracy € > 0. No deterministic algorithm A can
guarantee to output an e-approximation of any A-proper level set {f = a} of an arbitrary convex c1-gradient-
Lipschitz functions f with ¢c; > 3 and A € (0,1/4], querying less than x/e(4=1/2 of their values, where Kk > 0
is a constant independent of €. This implies in particular that (recall Definition[7),

1
. > L
1&fst}p n(f,Ae,a) >k @7
where the inf is over all deterministic algorithms A and the sup is over all ci-gradient-Lipschitz functions f
with A-proper level set {f = a}, with ¢; > 3 and A € (0, Y/4].

Proof. We will prove the equivalent statement that no algorithm can output a (x'e)-approximation of any
A-proper level set {f = a} of an arbitrary c¢;-gradient-Lipschitz functions f with ¢; > 3 and A € (0,1/4],
querying less than 1/ £(@=1)/2 of their values, where ' > 0 is a constant independent of .

Let 0:= (1/2,...,1/2) € [0,1]%, 01 := (Y2 + Y(d)'/2,. .., /24 /(44)"/?) € (0,1)%, and
fo: [0,1] - R

1
x — fo(x) 52@‘1*’”“""”3-

Then fo is the restriction to [0,1]¢ of the differentiable function & — a —  + ||z — ng defined on R%, and
it satisfies, for all x,y € [0, 1]¢

[Vfo(@) = Vho(y)]|, = [|2(x —0) —2(y — o),
=2z -yl (30)

i.e., it is 2-gradient-Lipschitz. Moreover, fp has minimum equal to a — /4 at o and satisfies fo(01) = a. Also,
the minimum of fy over 9[0,1]? is equal to a + (1/2)% — 1/4 = a. Hence {fy = a} is a A-proper level set,
with A = 1/4.

Consider an arbitrary deterministic algorithm A applied to the level set {fo = a} of fy and assume that only
n < l/a(d_l)/2 values are queried before outputting a set .S,,.

Let S be the Euclidean sphere with center o and radius ||o — 01|, = 1/2 (Figure[@). Note that {fo =a} = S.
For any constant x; > 0 and each point xy in S, consider the convex cone having origin o, and with
intersection with S equal to the geodesic ball on S with center ¢ and radius s1e'/2. Then we can choose
1 (small enough) and x( such that this cone does not contain any points of fy queried by the algorithm.
Fix such a k1. If S,, does not contain @ then, since fo(x¢) = a, we have shown that {fo = a} € Sp, and
the result follows.

Assume now that ¢y € S,. We will define a function f;: [0, 1]d — R such that the sum fy + f1 is convex
and 3-gradient-Lipschitz, the level set {fo + f1 = a} is A-proper, and the algorithm applied to the level set
{fo+ f1 = a} of fo + f1 does not return a (x'e)-approximation of {fo + f1 = a}. The idea is to carefully
design a function f; that is non-zero only on the cone that has not been explored by the algorithm. This way,
we can make fo+ f1 a perturbation of f; that is not far enough from fj so that the algorithm can distinguish
the two, but it is different enough so that no (x’¢)-approximation of { fo = a} can be a (k’¢)-approximation
of {fo+ f1 = a}. The subtle part is that by construction, such an f; is not convex, but the sum fy + f1 has
to retain the convexity of fo.
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Figure 6: The blue circle is the level set S; the geodesic ball on S with center @y and radius x1c'/? is the
arc in magenta and the corresponding cone is in red.
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We begin by defining three non-negative auxiliary functions ¢y, g2, ¢3: [0,1] — R, for all ¢ € [0, 1]¢, by

t if t € [0, /4]
G1(t) == Ya— (t—1/a) ift € [1/a,3/4] ,
—Va+ (t—3/a) ift € [3/a,1]

fo dz [ ¢1(u)du, and ¢3(t) := ¢2(1 — t). We remark that ¢ is twice differentiable with second
derlvatlve ¢1. We see that $2(0) = 0, ¢5(0) = 0 and ¢5(0) = 0. We see that ¢} is strictly positive on
[0,1]. Hence, k2 := ¢2(1) > 0. We also see that ¢5(1) = 0 and ¢5(1) = 0. Then ¢3 is twice differentiable
and non-negative on [0,1] and satisfies ¢5(0) = 0, ¢5(1) = 0, ¢5(0) = 0, ¢5(1) = 0, ¢3(0) = K2 > 0 and
¢3(1) =0
We write B(z,r) for the closed Euclidean ball with center & and radius r intersected with [0, 1]%. We define
the function f;: [0,1]¢ — R, for all = € [0, 1], by

||Cc—:1}0||2 . 1/2
Be ¢3 (W if x € B(xo, k3e'/?)

0 otherwise ,

fl(:v) =

with k3,8 > 0 to be selected later. We can find x3 > 0 small enough such that B(x, 5351/2) is included in
the cone discussed above (recall Figure[d]). Fix such a k3. Then, fo and fo+ fi differ only on this cone which
is not explored by the algorithm. As a consequence, the algorithm applied to fo + f1 returns the same set
Sp, which contains @q. Since fo(xo) + f1(zo) = a + Peka, the proof will be completed (letting k' := Sra/2)
once we show that we can select 8 > 0, independently of €, such that fy+ fi is a convex 3-gradient-Lipschitz
function with A-proper level set {fo + f1 = a}, where A = 1/a.

Because of the above discussed inclusion of the ball in the cone, we have fi(0) = 0. Hence

min (fo(z) + f1(x)) §f0(0)+f1(0):a—%§@: min fo(z) < min (fo(x) + fi(x)) ,

z€[0,1]¢ x€o[0,1]4 xc9[0,1]4

which proves that the level set {fo + f1 = a} is A-proper, with A = 1/4.
By definition of fi, its gradient is, for = € [0, 1]¢,

— 1 r—x
oo oy (=0l .
fl(m) ﬂ5¢3< 5351/2 5381/2 va — wOHQ

if x € B(xo, k3e'/?), 0 otherwise. We remark that in the above formula, by convention, V f; (xo) = 0, which



follows from the properties of ¢3. Next, we observe that V f; satisfies

[V 1(w) = Vi(v)], IV 1(w) = V()
sSup < sup ,
u,ve(0,1]¢ ”u—'U”Q w,vEB(z0,r3e'/?) ||’LL—’UH2
u#v uFv

Indeed, for w,v ¢ B(wxg,k3e'/?) the gradient difference is zero while for u € B(xo,k3c'/?) and v ¢
B(xg, k3e'/?) the gradient difference is equal to the difference between the gradient at w and the gradi-
ent at the intersection of the segment [u, v] and the boundary dB(xq, k3¢'/?). Hence,

[V/i(u) = VAi(v)|,

sup
w,ve(0,1]¢ H’LL - ’UH2
uFv
ﬁ&‘ / ||U—.’130||2 1 u — X9 ’ H’U—.’I}0||2 1 UV — X
= sup _ b3 1/2 1/2 _ — ¢3 1/2 1/2 J|ay —
w e B(wo rsel/?) lu— ], Ko€ k3el/? ||lu — o], KoE k3el /2 ||lv — xo|y |5
u#v
(11lly) iy = @5 (Iloll,) MW
= sup
u,v€B(0,1) Ju— v,
u#v

Letting f1: B(0,1) — R be defined for all ¢t € B(0,1), by fi(x) = o3 (||lz]l,), we obtain

[Vhtw -via@l, @&l - VA,

sup <
u,v€[0,1]? lw =], u,v€B(0,1) lu—v],
uFv uFAv

Since fl is a fixed twice differentiable function which does not depend on e, we can choose 8 > 0 small
enough, independently of ¢, such that

oy I¥8@ -vA@I, _ 1
w,ve(0,1]¢ H’LL—’UH2 \/_
uFv
This implies that, for all u,v € [0, 1],
1
|VAi(u) = V()| <[[VA) = VA@)|, < —=llu -2, <[u-v], . (31)

Vd
Thus, the two bounds (B0) and @) yield

IV (fo+ fi) () = V(fo+ f1)(v)]

sup x < 3.
u,v€[0,1]¢ [u— vl
u#v

Therefore, fo + f1 is 3-gradient-Lipschitz. Finally, we have
(V(fo + f)(w) = V(fo+ 1)), =)

1n
u,ve[0,1]¢ lu— vl
uF#v
Vio(u) = Vfo(v), = Vfi(u) = Vfi(v), =
u,vel0,1]¢ ”u_sz u,vel0,1)7 ”u_v”z \/—
uFv utv

Hence fo+ f1 is 1-strongly convex and thus it is convex. In conclusion, we have eventually selected a constant
B > 0, independent of €, such that fo + f1 is a convex 3-gradient-Lipschitz function with A-proper level set
{fo+ f1 = a}, but S, is not a (k’e)-approximation of {fy + f1 = a}. This concludes the proof. O



We conclude this section by remarking the analogy between the problem of approximating the level set of
a convex function and that of determining an approximation of a convex body in Hausdorff distance. The
latter problem has been studied extensively in convex geometry. Notably, while the scope of the and the
techniques used in this field differ from ours, the sample complexity results for the two problems are similar.
For an overview of these results, we refer the reader to the two surveys (Kamenev, 2019; |Gruber, 1993).
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