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TOEPLITZ BAND MATRICES WITH SMALL RANDOM PERTURBATIONS

JOHANNES SJOSTRAND AND MARTIN VOGEL

In memory of Hans Duistermaat

ABSTRACT. We study the spectra of NV x N Toeplitz band matrices perturbed by small complex
Gaussian random matrices, in the regime N > 1. We prove a probabilistic Weyl law, which
provides an precise asymptotic formula for the number of eigenvalues in certain domains, which
may depend on N, with probability sub-exponentially (in N) close to 1. We show that most
eigenvalues of the perturbed Toeplitz matrix are at a distance of at most O(N '), for all
e > 0, to the curve in the complex plane given by the symbol of the unperturbed Toeplitz

matrix.
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1. INTRODUCTION

The aim of this article is to study the eigenvalue distribution of N x N Toeplitz band matrices
subject to small random perturbations. In particular we are interested in obtaining a precise
asymptotic formula for the number of eigenvalues of the perturbed matrix in suitable domains
as N — oo.

There has been a great recent interest in this subject, in particular when the unperturbed
matrix is non-normal. For such matrices we do not have in general a good control over the
resolvent and its norm may be very large even far away from the spectrum. Consequently the
eigenvalues of such matrices may be very sensitive to small perturbations. This phenomenon is
sometimes called pseudospectral effect or spectral instability, see Section 2.3 for more details. In
view of this spectral instability it is very natural to study the distribution of the eigenvalues of
such non-normal matrices subjet to small random perturbations. In this article we focus on the
case when the unperturbed matrix is given by a Toeplitz matrix with a finite number of bands,
see (1.1).

In the recent work [GuWoZel4] the authors considered the case of a large Jordan block matrix
and showed that the empirical spectral measure, that is the eigenvalue counting measure, of the
Jordan block subject to a perturbation by a complex Gaussian matrix with a coupling constant
which is polynomially small in N (with minimal decay rate of order N=7, v > 1/2), converges
weakly in probability to the uniform measure on the unit circle

In [Wol6], using a replacement principle developed in [TaVuKrl0], it was shown that the
result of [GuWoZel4] holds for perturbations given by complex random matrices whose entries
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2 JOHANNES SJOSTRAND AND MARTIN VOGEL

are independent and identically distributed random complex random variables with expectation
0 and variance 1 and a coupling constant 6 = N7, with v > 2.

The result of [GuWoZel4] on Jordan block matrices was also generalised in [BaPaZel8a,
BaPaZel8b]. There the authors prove that the empirical spectral measure of finitely banded
Toeplitz matrices subject to a random perturbation converges in probability to the push forward
measure of the uniform measure on the unit circle under the the symbol of the unperturbed
matrix, see (1.3). See also Figure 1 for a numerical illustration. In [BaPaZel8a, BaPaZel8b],
they also proved that this convergence holds for not only for Gaussian perturbations but also
for a large class of random perturbations, which satisfy a certain anti-concentration condition
on the smallest singular value and a second moment condition on its entries.

In this work we follow the line of [Sj19, SjVol6], and consider perturbations with complex
Gaussian random matrices with coupling constants < N~4/C (with C > 0 sufficiently large)
allowed to be sub-exponentially small in N (and not only polynomially small as in previous
works), see (2.2). We prove a precise asymptotic formula for the number of eigenvalues in
certain domains, valid with probability close to one, see Theorem 2.1. Our results improve those
of previous works:

They provide more detailed information on the spectral distribution than just the con-
vergence of the empirical measure.

The domains in which we count the eigenvalues may be small and depend on N (see
Theorem 6.5) and this gives information about the local behaviour of the eigenvalues.

From Theorem 2.1 we infer the convergence of the empirical spectral measure, see Corollary 2.2.

1.1. Toeplitz band matrices. Let N+ > 0 be in IN, such that either Ny # 0 or N_ # 0, and
consider the operator

Ny
def :
(1.1) p(M) = > e, an_an_j1,...an, €C, axny #0,
j=—N_

acting on ¢2(Z), or more generally on functions v : Z — C, where

(1.2) (ru) (k) = u(k - 1),

defines the translation to the right by one unit. We shall work on Z, on an interval in Z and on
Z./MZ, for some N > M > 1. The symbol of 7 = exp(—iD,) is 1/¢, with ( = €. Therefore,
the symbol of the operator (1.1) is given by the meromorphic function
Ny
(1.3) Co¢mp1/)= Y a7,
j=—N_

We obtain a Toeplitz band matriz from the operator p(7) by restricting it to the finite dimen-
sional space CV. Indeed, we let N > 1 and identify CV with ¢2([1, N]), [1,N] = {1,2,.., N},
and also with (2 .(Z) (the space of all u € ¢2(Z) with support in [1, N]). Then, we consider

(1,N]
the N x N Toeplitz band matriz

def
(1.4) Py = 1,81 p(7) 11,8,
acting on CV ~ E%LN}(Z).
The translation operator 7 on £?(Z) is unitary, i.e. 7% = 77!, so one can easily see that p(7)

is a normal operator, meaning that it commutes with its adjoint. The Fourier transform shows
that the spectrum of p(7) (1.1) acting on ¢2(Z) is purely absolutely continuous and given by

(1.5) Spec(p(7)) = p(5h).

The restriction Py = p(7)|2qx) of p(7) to ?2(IN), is in general no longer normal, except for specific
choices of N, N_ and the coefficients a;. The essential spectrum of the Toeplitz operator P
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(1.1) is still given by p(S'). However, we gain additional pointspectrum in all loops of p(S*!)
with non-zero winding number, i.e.
(1.6) Spec(Py) = p(SY) U {z € C; ind,(s1y(2) # 0}.

Here, by a result of Krein [B6Si99, Theorem 1.15] (see also Proposition 3.11 below) the winding
number of p(S!) around the point z € p(S?) is related to the Fredholm index of Py — z:

(1.7) Ind(Pn — 2) = —indpg1y(2).
For every e > 0, the spectrum of the finite Toeplitz matrix Py (1.4) satisfies
(1.8) Spec(Py) C Spec(Pn) + D(0,¢)

for N > 0 sufficiently large, where D(z,r) denotes the open disc of radius r, centered at z.
The limit of Spec(Py) as N — oo is contained in a union of analytic arcs inside Spec(Py), see
[B6S199, Theorem 5.28]. This phenomenon can also be observed in the numerical simulations
presented in Figures 1, 2.

However, we will show that after a small random perturbation of Py, most of the eigenvalues
of the perturbed operator will be very close to the curve p(S?), see Figures 1, 2.

20

Figure 1. The pictures on the left hand side shows the spectrum of the Toeplitz matrix
Py, with N = 100, given by the symbol p(1/¢) = 2i¢~* + ¢? + {£¢® and the right hand
side shows the spectrum of a random perturbation Py, as in (1.9) below, with coupling
constant § = 10~ and dimension N = 1000. The red line shows the symbol curve

p(Sh).

1.2. Adding a small random perturbation. Let (M, A, IP) denote a probability space and

let Hy(CV*N || - |lus) denote the space of N x N complex valued matrices equipped with the
Hilbert-Schmidt norm. Consider the random matrix
def def

M 3w Qu = Qu(V) = (gjk(w))igjen € Hy
with Gaussian law
(Qu)«(dP) = 7~V e Il L(dQ),
where L denotes the Lebesgue measure on CV*N. We are interested in the spectrum of the
random perturbations of the matrix P{ = Py:

(1.9) Py P 1 5Q., 0<s< 1.

Notice that the entries g; ;(w) of @, are independent and identically distributed complex Gauss-
ian random variables with expectation 0, and variance 1.

We recall that the probability distribution of a complex Gaussian random variable o ~
Ne(0,1), defined on the probability space (M, A, P), is given by

ax(dP) = ﬂfle*‘o‘PL(da),
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where L(da) denotes the Lebesgue measure on C. If I denotes the expectation with respect to
the probability measure IP, then

Ela] =0, E[af] =1.

In this paper we consider the Gaussian case for the sake of simplicity. However, we believe that
our method can be adapted to the case of more general complex valued random matrices. The
main difficulty lies in showing that the logarithm of the determinant of a certain matrix valued
stochastic process is not too small with probability close to 1 (see Proposition 5.3 below).

2. MAIN RESULTS

We will provide precise eigenvalue asympotics for the eigenvalues of P]‘E, in certain domains
which show that most eigenvalues of Pj‘f] are close to the curve p(S') with probability sub-
exponentially (in N) close to 1, see Theorem 2.1 below. We also prove eigenvalue asymptotics in
thin N-dependent domains in scales up to order N~'*¢, for every ¢ > 0. This shows in particular
that for every € > 0, with probability sub-exponentially (in N) close to 1, most eigenvalues can
be found at a distance < O(N~1*¢) from p(S'), see Theorem 6.5 for the precise statement.

Our results also provide an upper bound on the number of eigenvalues of P]‘E, which remain
far from the curve p(S!). Finally, we will show that our results on the eigenvalue asymptotics
of P]‘f, imply the almost sure weak convergence of the empirical measure of eigenvalues of P]‘zf to
the uniform measure on p(S'), see Corollary 2.2. This corresponds to the leading term of our
asymptotic result.

2.1. Eigenvalue asymptotics in fixed smooth domains. Let (2 € C be an open simply
connected set with smooth boundary 0f2 which is independent of N. We suppose that

(21) 09 intersects p(S1) in at most finitely many points;

Q2) the points of intersection are non-degenerate, i.e.

(€22)
(2.1) dcp # 0 on p~1(8Q N p(S1));
(€23)

03) 09 intersects p(S!) transversally, in the following precise sense : for each zy € 9Q N p(S?!)
let v C p(SY), k = 1,...,n denote the mutually distinct segments of p(S') passing
through 2, i.e. each =y is given by the image of a small neighborhood in S* of a point in
p~1(20) NSt Then 7 and O intersect transversally at 2.

We then have the following result:
Theorem 2.1. Let p be as in (1.1), set M = N + N_ and let Py be as in (1.9). Let Q be

as above, satisfying conditions (21)—(Q3) and pick a g¢ €]0,1[. There exists a constant C' > 0,
such that, for N > 1 sufficiently large, if

e N4
2.2 CeNO/CM) 5 < 21
( ) € — — C )
then we have that
N
(2.3) #(Spec(P{) N Q) — / Ly(d&)‘ < O(Nlog N).
27 Jp=1(@np(s1))
with probability
(2.4) >1— O(log N) (e_N2 + (5_Me_%NSO> .

Let us give some remarks on this result. The e~ * term in the estimate (2.4) is an artifact
from the proof where we restrict to the event that ||Q|lus < C'N which occurs with probability
>1—e N see (2.6).

The factor N0 in the error estimate in (2.3) is a consequence of our aim to show that (2.3)
holds with probability which is sub-exponentially close to 1. However, it is clear from the proof,
see Proposition 5.3, that if we were to settle for a probability > 1 — N™F, for every x > 0, then
we can ameliorate the error estimate in (2.3) to O((log N)?).
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Figure 2. The pictures on the left hand side shows the spectrum of the Toeplitz matrix
Py, with N = 100, given by the symbol p(1/¢) = 2¢=3 — (72 +2i¢~! — 4¢% — 2i¢? and
the right hand side shows the spectrum of a random perturbation Ps, as in (1.9), with
coupling constant § = 1071* and N = 1000. The red line shows the symbol curve p(S*).

We provide a more detailed version of this result in Theorem 6.5 below. There, we present
a Weyl law in probability for the eigenvalues of P]‘if in thin N-dependent domains 2y with,
roughly speaking, a width > CN~'*, and whose boundary is uniformly Lipschitz. See Theorem
6.5 below for more details.

2.2. Convergence of the empirical measure and related results. Another way to see the
limiting behavior of the spectrum of Pg (1.9) is to study the limits of the empirical measure of
the eigenvalues of Pj{,, defined by

def 1
(2.5) INE >
)\ESpec(P]‘E,)

where the eigenvalues are counted including multiplicity and 6§y denotes the Dirac measure at
A € C. The Markov inequality implies that

(2.6) P[|Qulns < CN] > 1 —e ",
for C' > 0 large enough. The operator norm of Py (1.4) satisfies
PNl < [Pl oo (s1)-

If 5 < N~!, then the Borel-Cantelli Theorem shows that, almost surely, £y has compact support
for N > 0 sufficiently large.

From Theorem 2.1 we will deduce that, almost surely, £y converges weakly to the uniform
distribution on p(St).

Corollary 2.2. Let ¢y €]0,1], let p be as in (1.1) and write M = N, + N_. Then, there exists
a constant C > 0 such that if (2.2) holds,

—4

)

then, almost surely,
1

(27) éN — D« <L31> ) N — 0,
2w

weakly, where Lg1 denotes the Lebesque measure on S*.
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Our strategy to prove the precise eigenvalue asymptotics presented in Theorems 2.1 and 6.5
also provides an alternative proof of the above result via the convergence of the associated log-
arithmic potentials, see Section 7.

Similar results to Corollary 2.2 have been proven in a various settings. In the recent work
[BaPaZel8al, the authors consider a general sequence of deterministic complex N x N matrices
My perturbed by complex Gaussian random matrices @, = Qu(N), as in (1.9). They study
the empirical measure &y of the eigenvalues of My (= My + N77Qu, v > 1/2, defined as in
(2.5). The authors show that the Logarithmic potential L¢y(2), z € C, (see Section 7 below for
a definition) associated with &, asymptotically coincides with a deterministic function gn(z) in
probability at each point z, for which the number of singular values of (My — zId) smaller than
N=VH2408 0 < 6y = o(1) as N — oo, is of order o(N(log N)~1) as N — oco. Since the weak
convergence of the random measure £y can be deduced from the point wise convergence of the
Logarithmic potential L¢, (z) (see Section 7 below for details and references), this result shows
that studying the weak convergence of the empirical measure &5 can be reduced to deterministic
calculation involving only the unperturbed matrix M.

Moreover, in [BaPaZel8a, BaPaZel8b], the authors consider the special case of My being
given by a band Toeplitz matrix, i.e. My = Py with p as in (1.1). In this case they show
that the convergence (2.7) holds weakly in probability for a coupling constant 6 = N~7, with
~v > 1/2. Furthermore, they prove a version of this theorem for Toeplitz matrices with non-
constant coefficients in the bands, see [BaPaZel8a, Theorem 1.3, Theorem 4.1]. Their methods
are quite different from ours. They compute directly the log|det My — z| by relating it to
log | det Mn(z)|, where Mpy(z) is a truncation of My — z, where the smallest singular values
of My — z have been excluded. The level of truncation however depends on the strength of
the coupling constant and it necessitates a very detailed analysis of the small singular values of
My — z.

In the earlier work [GuWoZel4], the authors prove that the convergence (2.7) holds weakly
in probability for the Jordan bloc matrix Py with p(7) = 77! (1.1) and a perturbation given by
a complex Gaussian random matrix whose entries are independent complex Gaussian random
variables whose variances vanishes (not necessarily at the same speed) polynomially fast, with
minimal decay of order N~1/2+.

In [Wol6], using a replacement principle developed in [TaVuKrl0], it was shown that the
result of [GuWoZel4] holds for perturbations given by complex random matrices whose entries
are independent and identically distributed random complex random variables with expectation
0 and variance 1 and a coupling constant 6 = N7, with v > 2.

In [DaHa09], the authors showed that in the case of large Jordan block matrix p(7) = 771,
most eigenvalues of the perturbed matrix P]‘E, lie in the annulus

{z € C;(6N)Ne™@ < |2 < (6N)Y/NY,

for any fixed o > 0, with probability > 1 — O(N~2). Moreover, the authors show that there are

at most O(c~1log N) eigenvalues of P]‘E, outside this annulus, with probability > 1 — O(N~2).
A version of Theorem 2.1, concerning the special cases of large Jordan block matrices p(7) =

7! and large bi-diagonal matrices p(7) = at+br 1, a,b € C, have been proven in [Sj19, SjVo16].

2.3. Spectral instability. In general, the spectra of non-selfadjoint operators can be highly
unstable under small perturbations due to the lack of good control over the norm of the resolvent.
This phenomenon, sometimes referred to as pseudospectral effect or spectral instability, can
be observed in the case of non-normal Toeplitz matrices Py (1.4), as illustrated in Figures 1
and 2. To quantify the zone of spectral instability in the complex Plane, one defines the e-
pseudospectrum of a linear operator P acting on some complex Hilbert space H as follows: for
€ > 0 set

(2.8) Spec.(P) & {z € G;[|(P — 2)7Y| > e 71},
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The points z € C in the e-pseudospectrum of P are precisely the points z € C for whom there
exists a bounded linear operator () acting on H with ||Q|| < 1, such that z € Spec(P + ¢Q), see
[EmTr05, Da07] for a detailed exposition.

For the Toeplitz band matrices Py, we have that any fixed point in C\p(S!) with

(2.9) z ¢ {0,400} and =z # ap, when Ny or N_ =0,

which is contained in the pointspectrum of Py (1.6) is contained in the Ce~N/C_pseudospectrum

of Py. Recall from (1.6) that the pointspectrum of Py in C\p(S?) is given by the points z around
which the curve p(S') has a non-zero winding number indj(g1)(2) # 0. In fact, provided that
we avoid the special cases (2.9), we have that

e if ind,(g1)(2) < 0, then the Fredholm index of Py — z satisfies
Ind(Py — 2) = dimker(Py — 2) = —indpg1)(2);
o if ind,51)(2) > 0,
Ind(Py — 2) = — dimker(Py — 2)* = —ind,,s1)(2),

see Propositions 3.10 and 3.11. Moreover, these kernels are spanned by exponentially decaying
functions, see the discussion in Section 3.4. In the first case, restricting such a function u €
ker(Py — z) to the interval [1, N] yields an approximate solution to the equation (Py — z)u = 0,
sometimes called a quasimode. More precisely, setting e, = |1}, N]qull[L N]U, we get that

(Py — 2)ey = O(e™ N/,
Similarly, we get in the second case an e_ € ¢2([1, N]), |le—| = 1, with
(Py — z)*e_ = O(e~N/©),

These exponentially precise quasimodes show that any fixed z with ind,g1)(2) # 0 satisfying
(2.9), is contained in the Ce~N/C_pseudospectrum of Py.

On the other hand, for any compact set Q € C\p(S!), with z € Q satisfying (2.9) and
indp(51)(z) =0,

we have that that for N > 0 sufficiently large ||(Py — 2)7t|| = O(1) uniformly for z € Q, see
Proposition 3.13. Hence, outside the spectrum of Py (1.6) is a zone of spectral stability for Py.
This explains why the eigenvalues of P]‘i, can (with high probability) only be found in a small
neighborhood of the spectrum of Py.

However, only analysing the pseudospectrum does not yield any information on where the
eigenvalues of P]‘E, can be found. Theorem 2.1, shows that with probability very close to one, all
but O(N® log N) many eigenvalues of Py can be found close to the curve p(S'). Theorem 6.5
below shows that still probability very close to one, most eigenvalues of P]ff are at a distance of
< N~ for every e > 0, from p(S1), see (6.54) for the precise error estimate.

It would be interesting to perform a precise analysis of the boundary of the e-pseudospectrum
of Py to see whether the eigenvalues of P]‘Ef accumulate there, as in the case of small random
perturbations of semiclassical differential operators in [Vo16].

2.4. Outline of the proof. The overall strategy of the proof is based on a Grushin reduction.
In Section 4 we review the basic idea of such a reduction and we set up a Grushin problem Py
by considering the operator p(7) (1.1) on the discrete circle Z/NZ, N = N + N_ + Ny,

Py =p(r) : (A(Z/NZ) - (*(Z/NZ),

which can be used to describe the eigenvalues of the unperturbed operator Py. In Section 3 we
provide a general discussion of band Toeplitz matrices and their Fredholm properties. However,
for this paper only Sections 3.2 and 3.3 are of immediate importance as we discuss properties of
p(T) on Z/NZ.
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In Section 5, we will use the Grushin problem for the unperturbed operator Py to set up a
Grushin Problem Pjsv for the perturbed P]‘E,, resulting in an effective description of its eigenvalues

log det(PY — z) = log det P (z) + log det EL(z),

with probability > 1 — e N*. Here, E_,(2)% is an (N4 4+ N_) x (N, + N_) complex valued
matrix. Furthermore, the Grushin problem shows that we have a trivial upper bound on the
quantity log det E% +(2). In Section 5.3, we show that with probability very close to 1 we have
a quantitative lower bound on log det B +(2).

To obtain our main results on eigenvalue asympotics from this description we apply a general
estimate [Sj10] on the number of zeros of a holomorphic function u(z; N) of exponential growth.
We will recall this result in Section 6.1 below, see Theorem 6.2. Roughly speaking, if the available
information is

(i) an upper bound log|u(z; N)| < N¢(z), for z near the boundary 92 and ¢ a subharmonic
continuous function and

(ii) a lower bound log |u(z; N)| > N(¢(z)—¢j), with e; > 0, for finitely many points z; = 2;(N),
j=1,..., M(N), which are situated near the boundary of 0f2,

then the number of zeros of u in §2 is given by
N
#uOn® ~ 5 [ aoL2)
27 (¢}

asymptotically as N — +o00. In Section 6.2 we check that our effective description for log det(P]‘E,—
z) satisfies the required upper bound (i), and in Section 6.3, using Section 5.3, we check the
lower bound (ii).

In Section 6.4 we then use these bounds in combination with Theorem 6.2 to prove Theorem
2.1.

In Section 6.5 we provide a more general version of Theorem 2.1 for N-dependent domains.
Finally, in Section 7 we give two proofs of Corollary 2.2 via the method of logarithmic potentials.

Acknowledgments. The first author was supported by PRC CNRS/RFBR 2017-2019 No.1556
“Multi-dimensional semi-classical problems of Condensed Matter Physics and Quantum Dynam-
ics”. The second author was supported by the Erwin Schrodinger Fellowship J4039-N35, by the
National Science Foundation grant DMS-1500852 and by CNRS Momentum. We are grateful
to the Institut Mittag-Leffler for a stimulating environment.

3. A GENERAL DISCUSSION OF TOEPLITZ BAND MATRICES

Let z € C and recall (1.2). The exponential function u : Z 3 v — (¥, for ¢ € C\{0}, is a
solution to

(3.1) (p(1) = 2)u =0,
if and only if
(3.2) p(1/¢) =z =0.

Here, we assume that

(3.3) z ¢ {0, 00}

Suppose furthermore that

(3.4) z # ag, when N_ = 0.

Then (3.2) is equivalent to the following polynomial equation
Ni+N_

(3.5) Z an, ;¢ — 2¢N =0,

j=0
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This is a polynomial equation of degree N. + N_ (when N_ = 0 we have ag — z # 0 by (3.4)).
It has N_ + N roots, counted with their multiplicity.
If z ¢ p(S1), no root is in S*, and we let

(3.6) G- ,{,J,Cur be the roots in D(0,1)
and
(3.7) ¢;,---5G, be the roots in C\D(0, 1),

repeated according to their multiplicity. Notice that
(38) m++m_:N+—i—N_.

3.1. Remark on exponential solutions. Let z € C\({0}Up(S')). We strengthen assumption
(3.4) and assume that

(3.9) if Ny or N_ =0, then ag # 2.

Let (1,¢2, ..., Gn € C\ {0} be the distinct roots of the characteristic equation (3.2):
p(1/¢) = 2 = 0.

Let mult ({;) > 1 be the corresponding multiplicity so that

(3.10) > mult (¢) = Ny + N_.
1

Similarly to (3.6), (3.7), we let
(3.11) ¢ ... ,CTJ{M be the distinct roots in D(0,1) with multiplicities 1 < mult(gr) < 400,

and
(3.12)
(i y--s G5 be the distinct roots in C\D(0, 1) with multiplicities 1 < mult(¢;") < +oo,

so that m_ +m4 = m in (3.10). Notice also that

(3.13) > mult () = ma.
1

The functions
Z3 v for(v) = (C0)"(¢"), 0 <k <mult(¢) -1

are solutions to

(3.14) (p(1) —2) fere = 0,

for ( = (1, ..., (m- In fact, if ¢ is such a root, then for w close to ¢

(p(1) = 2)(@") = (p(1/w) = 2)w” = O((w — ¢)™"*))

and applying (wd,,)* with 0 < k& < mult (¢) — 1, and then putting w equal to ¢, we get (3.14).
More generally, let (1, ...,y € €\ {0} be distinct numbers and let 1 <m; < 0o, 1 < j < m.

Proposition 3.1. The functions fo; 6 + Z — €, 1 < j <m, 0 <k < m;—1 are linearly
independent. More precisely, if K C Z is an interval with #K = m1 + mo + ... + my,, then
fngle form a basis in (?(K).

Proof. We first prove the linear independence of f¢, x as functions on Z.
Lemma 3.2. Let (j, j = 1,...,J, be finitely many distinct elements of St. Ifaj € C, j =
1,...,J, and lim Zajg“]’»’ =0, then a; = 0.

v——+00
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Proof of Lemma 3.2. Write (; = €94, o; € R and let do; € D'(S') be the delta function centered
at 0j. Then we have
i (S -
where F~H(u)(v) = 5= [o1 u(x)e™dx. Let x € C*°(S'), x(0j,) =1, x(0j) =0, j # jo. Then
lim F! (ajoa%) (V)= lim F! (X 3 ajagj) ()

V—r+00 V—r+00
— 1 -1 -1 ) —
= VEI-EOOF (x)* F (Z a](SJj) (v) =0,
where * indicates the standard convolution on ¢?(Z). Hence, aj, = 0 for any jo=1,...,J. O
Now consider

m mjfl

S ado -z

j=1 k=0

and notice that
fep b = (€0)" (o=, = V"¢
Let S = {j;|(j| = max ]C5|}, M = max m; and write (; = e**%. Then we get
j i€

li —_— wo; _ )
Jum, 3 aia-ae =0

JES,

mj=M
Lemma 3.2 then implies that a;, = 0 when |¢;| = max;|¢;[ and k& = m; — 1 is maximal.
Repeating this procedure we get a;, = 0, 0 < k < m; — 1, j € S. Repeating the procedure
we finally get a; = 0 for all j, k and we have shown that f¢, x are independent as functions on Z.

Let

m
Qoo =[Jr=1/¢)™ =7 +arm™ "+t am, M=mi+- -+ M.
1
Then as in the case of p(7) — z, the functions f¢, x, 1 < j <m, 0 <k < mj; — 1 satisfy

Qoofej k= 0.

Assume that a linear combination u of these functions vanishes on the interval K of length
mi+ -+ my =m. Then Qou = 0 on Z, u = 0 on K, and we conclude that © = 0 on Z.
Hence f¢, x|k, 1 <j <m,0<k <m;— 1 are linearly independent. O
3.2. Operators on the line and circulant matrices. Let Sy aof Z/NZ, for N € N\{0}. In
applications we will replace N by N; + N_ + N. By convention we set Soo = Z.

Recall (1.1). We are interested in

(3.15) (p(1) = 2)u=v, u,v e *(Z).
Let Fu(é) =352 u(k)e ¢, so that F : (2(Z) — L*(S*, %) is unitary. We have
(3.16) (Fru)(§) = Y ulk—1)e™™ = e (Fu)(),

k=—o00

explaining why e~ = 1/ is the symbol of 7. Hence, application of F to (3.15) gives the
equivalent equation

(3.17) (p(e™@) —2)u =71, 4=Fu, v=JFuv.
Thus, Spec(p(7)) = p(S1) and if 2 ¢ p(S?), we can invert (3.17)
(3.15) ) = ——e— ()

ple %) — 2
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Applying (F10)(k) = 5= [ ™*u(£)dE, we get

(3.19) (p(1) — 2)7lv = Ky * v,
where

1 1 ike
(3.20) Koo(z;k) = oy /S1 o e s ~e dg.

In this formula, S! is identified with R/27Z. Introduce ¢ = € as the new integration variable,
so that dz = Cz.l—é. Then (3.20) becomes

1 1 d¢
(3.21) Koo(2:k) = 5 /S1 mck?’

where now S! is the boundary of the unit disk D(0,1) C C. Recall (3.11), (3.12) and write
m]i = mult((f). If £ > 1, we shrink the contour to 0 and get by the residue theorem

R R (e
=D gemi -1 p(1/¢) — =

my
Koo(z k) = lim
Do (my

_ZZ< ) (CHEL, bf e

7j=11=1

T
(3.22)

If £k < —1, we use (3.21), enlarge the contour to |(| = R, R — oo, and get

P WY (e LU
th 1 CTHC=¢)

pacies —Dtgemy =t p(1/¢) — =
(3.23) -
o= (E-1\,
:_ZZ< z )bj,l(gj) , b, eC.
j=11=1

Remark 3.3. When all roots of the polynomial (3.5) are simple, then we have by (3.6),(3.7),
(3.11), (3.11) as well as (3.22), (3.23) that

Z;n:ﬁ ag(pu/lg))i(iﬁr (C;r)k_l, if k>1,
(3.24) Koo(z3 k) = m_ I e
-2 -1 W(Cj ik < -1
J

Notice that Ko (z;k) decays exponentially as |k| — oo. Hence, we can solve (3.15) for
u, v € £,

If v € £2(Sy), then we can view v as an N-periodic function on Z and the solution u is
N-periodic and given by (3.19).

Let 2 C Z be a finite set of cardinal #{2 = N such that

(Q+iN)N(Q+EN) =0 for j #k

U Q+jN=2.
JEZ

Let N > Ny + N_ + 1. Still when u, v are N-periodic we make (3.19) more explicit

= Z Koo(z;v — p)v(p) = Z Z Koo(z3v — p)v(p)

(3.25) HEZ JEZ peQ+jN
—ZZK (z;v—p—jN)v ZKNZV— v(p),
JEZ pe HEQ
where
(3.26) Kn(zv—p ZK z;v—pu—jN)

JEZ
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and the series converges geometrically. We check that Ky (z;v + N) = Ky(z;v). Identifying
) ~ Sy, and defining

(3.27) Ps, = p(1) : £2(Sn) — £2(Sn),
we get

Proposition 3.4. If z ¢ p(S1), then z ¢ Spec(Ps,) and the resolvent (Ps, — z)~! is given by

(3.25) (Poy — =) o) = (Kn(2) + o)) = 3 Kn(z:v — wolp)
HESN
with
(3.29) Kn(zv)= > Keo(z7)
ver—1(v)

where ™ : 7 — SN is the natural projection.

N N
Rl

A consequence of (3.26) is the following: Choose Q = | when N is even and Q =

[—%, %[ when N is odd. Then,

(3.30) Kn(zv) = Koo(2:0) + O (e—%> . veq.

3.3. The spectrum of Ps,. Using the finite Fourier transform ¢*(Sy) — 2(Sy), with Sy =
2mik

{e ¥ ;k=0,...,N — 1}, it is easy to prove that
(3.31) Spec(Psy) = p(Sn).

In this section we study the spectrum of the normal operator Ps,, see (3.27) and (4.9) below,
in

(3.32) y=p(SHNQ
with Q as in Section 2.1.
3.3.1. A Weyl law for Ps,,. We present a Weyl law for the eigenvalues of Ps, , which we shall

use later on to count the eigenvalues of small perturbations of the operator Py (1.4).
Let v be as in (3.32). First notice that by (3.31)

(3.33) #{Spec(Psy) N} = #{Svnp~' (M)}
Since two consecutive points of Sy differ by an angle of 27 /N, we get that
~ N
(3.34) #{SnNp ()} = o= Lgi(df) + O(1),
27 Jp=1(v)

where the measure Lgi(df) in the integral denotes the Lebesgue measure on S'. Combining
(3.33), (3.34), we get

(3.35) #{Spec(Ps,) N~} = gr/ L @)+ o),
Py

3.3.2. Local eigenvalue spacing for Ps, . Let zy € p(S') be such that
(3.36) dp # 0 on p~!(20).

Proposition 3.5. Let p be as in (1.3) and let zg € p(S') be such that (3.36) holds. Then, there
exist a constant C > 0 and an open neighborhood U C C of zy, such that p~*(U) is the union
of finitely many disjoint open sets V; C C, i =1,..., M. Moreover, on each non-empty segment
v; = p(Vi N SY) we have that
1

. min z—w|l>——.

(3.57) zwep(Sg)mi | = CN
wH#z
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Proof of Proposition 3.5. Fori=1,..., M let {; € p~'(2) and notice that M < +o0. By (3.36)
and the implicit function theorem, there exist complex open neighborhoods U; of zy and V; of
¢; such that p : V; — U; is a diffeomorphism. Setting v; = p(S' NV;) C U; when S'NV; # 0,
we have that

(3.38) G = Gl = 120 = 20,
where E}I € §N NV; and z}, € p(§ﬁ) N7, for n € J; € IN, some index set which is non-empty for

N > 1 sufficiently large. Since M is finite, the claim follows by (3.31) and by taking U = ﬂf\il U;
and by potentially shrinking the segements ;. O

3.4. Restrictions to intervals. If K C Z is a finite set or an infinite interval, we identify

(3.39) P(K) ~ 0% def {u € *(Z); suppu C K}.

We define,

(3.40) P lgp(r): 63 — 03, and Pz = p(7).

In the following we assume (3.9). When K is an interval we define the length of K to be
= |K]|.

Proposition 3.6. Let K be an interval of length < Ny + N_. Any function u: K — C can be
extended to a solution u: Z — C to (p(1) — z)u = 0. The space of such extensions is affine of
dimension Ny + N_ — #K. In particular the extension is unique when Ny + N_ = #K.

Proof. If #K < Ny + N_, let K D K be an interval with #K = N, + N_. The extensions

@ : K — C form an affine space of dimension N + N_ — K, so it suffices to treat the case
#K =N, + N_.

Let K = [M,M + N4 + N_[ and write (p(1) — 2)u = 0, i.e.
(3.41) an,u(v —Ny)+---+(ap — 2)u(v) +---+a_n_u(v + N_) = 0.

For v = Ny + M, v+ N_ is the first point in Z\ K to the right of K and v+ N_—1,...,v—Ny
belong to K, so (3.41) defines u(v + N_) uniquely. Replacing v with v +1 = M + Ny + 1, we
get (M + N4 + N_ + 1) and by repeating the procedure we get u(M + Ny + N_ + pu) for all
p = 0.

For v =M + Ny — 1, we have v — Ny ¢ K while v — Ny +1,...,v+ N_ € K, and therefore
(3.41) determines u(M — 1) uniquely. Iterating the procedure, we get all values of w(M — u),
for p > 0. O

It follows that the space of solutions to (p(7) — z)u = 0 is of dimension N; + N_ = m4 +m_,
cf. (3.8). Recall (3.11), (3.12), (3.8), (3.9), (3.3) and (3.10). The space of exponential solutions,
spanned by the functions

(3.42) Z3ve VMG, for 1<y <y, 0<k <mult(CF) -1,

is also of dimension my + m_, since these functions form a linearly independent system by
Proposition 3.1. Hence, assuming (3.9), (3.3), they form a basis of the space of solutions w :
Z — C to (p(1) — z)u = 0. We conclude the following

Proposition 3.7. Suppose (3.9) and (3.3). Then, the general solution u : Z — C of (p(1) —
2)u =0 is of the form

.y mult C"') f_ mult(¢;)—1

(3'43) Z Z a;-kyk C+ vy Z Z j_,kyk(cj_)u’ afk e C.
7j=1 Jj=1

The subspace of solutions decaying at v — +0o0 is given by

(3.44) a;.Fk =0, forj=1,....mg, k=0,... ,mult(C;r) -1
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Remark 3.8. Enumerate all the roots of (3.5) as
{ct forj=1,....7
wj =

C] Fy forj—m++1 My +m_
so that (3.43) takes the form

m4+m—_ mult(w;)—1

(3.45) Z Z bj7kl/k(w]‘)y, bj,k; e C.

We then recover the fact that the followmg Van der Monde type determinant

(3.46) det(Ay,..., Aﬁur_;'_ﬁL)
is non-vanishing. Here, the block matrices Aj, j =1,...,m4 +m_, are given by
(347) A — (I/ w]) veK c (D|K|><mult(wj)

0<k<mult(w;)—1

where K is any interval of length |K| = my4 +m_.

We next look at Pg where K is the half-axis [A, +oo] or | — 00, A]. The two cases are similar
and we may assume by translation invariance that K = [0, +o0].
Let u : K — C have its support in [0, co[ and satisfy

(3.48) (p(1) — 2)u =0 1in [0, +0o0l.
More explicitly, by (1.1),

(3.49) Z a7 —z |u(v) =0, v=0,1,...

The left most equation for v =0 is

an,u(—=Ny) +an, —1u(l = Ny)+ -+ (ap — 2)u(0) +--- +a_ny_u(N_) = 0.

Here, u(—=Ny) = -+ = u(—1) = 0, when N} < 1. We know how to extend u|_y, ;o[ tO a
function u : Z — C, by solving (3.49) with u replaced by w for v = —1,—2,.... The equation
for v = —1 defines u(—N; — 1), the next one gives u(—Ny — 2) and so on. In this way we get a
solution u on Z of

(3.50) (p(1) — 2)u=0.

Consequently u has the form of the right hand side in (3.43). Now restrict the attention to

solutions u € €[0 +oo[( ) of (3.48). The corresponding extension w is of the form (3.43) with

ajp = 0, since it must decay to the right. Hence,
My mult(CL) 1

(3.51) => Z al (G
7=1

and by construction u(v) = u(v) =0 for v € [—N+, —1]. More explicitly, using (3.13), we have
+

a1,0
0=A4 : , A= (Af,. . AL ) e N
(3.52) ot +
M mult(Cr, )—1
mu + . ~
:(VO(C;_)Vw-- (") (C+) )-Ni<v<—1, forj=1,...,m4.

Notice that A is a rectangular generalized matrix of Van der Monde type, of size Ny X m.
Arguing as at the end of the proof of Proposition 3.1 and using (3.13), we see that A is of
maximal rank min(N;, my). Thus
o if N > m,, then
ker (P[O,+oo[ - Z) = 0.
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o If Ny <my, then
dim ker (P[O,+oo[ — z) =m4 — N4

For (P]—oo,o} — z) we have the corresponding statements with N, m4 replaced by N_,m_.

Lemma 3.9. Let z ¢ p(S'), then the operators (Po,400] — 2) : 22(]0, +o0[) — £%(]0, +o0|) and
(P_oo0] — 2) : £2(] — 00,0]) = £3(] — 00,0]) are Fredholm.

Proof. We give the proof for (Pjy o[ — 2), the one for (B_ o — 2) is similar.
Recall (3.19), and define for z ¢ p(S*)

E(2) = 19 400(P(T) — 2) " Lo to0.
Then,

(Po,400] — 2)E(2) = 1[g 100 + R(2)
and

E(2)(Po+oof = 2) = o400l + L(2)-
where R(z), L(z) are compact. Indeed, we have

R(Z) = _1[0,+oo[(p<7-) - 2)1]700,0[(17(7-> - Z)711[0,+oo['

By (1.1) we see that R(z) = 1jg v, [R(2), so R(z) is of finite rank and thus compact. Similarly,
we have

L(2) = =1 1oo((P(T) = 2) " L_ 00 0{(P(T) = 2) 1[0 40o]-
We notice that L(z) = L(2)1j n, is of finite rank, hence compact. O

Next, notice that by (3.2), (3.6), (3.7), p(7)* is similar to p(7) just with the roles of N, m4
and N_, m_ exchanged. More explicitly, by (1.1),

Ny N_
P =p(r ) =Y ar =) a
-N_ —N,

The analogue of (3.2) is p(w) —Z = 0, or equivalently p(w) — z = 0, since p(w) = p(w). In view
of (3.6), (3.7), we get the roots wj-c = 1/§ji. Remembering (3.40), we have

P;{ = IKTQ(T_l)lK

Therefore, the above statements remain valid with (p(7) — z) replaced by (p*(7)—%) and Ny, m4
exchanged with N_,m_.

By Lemma 3.9 we get that for z ¢ p(S?!)
dim ker (P[O,Jroo[ — z)* = dim coker (P[07+OO[ — z)
Hence, using (3.8) we conclude the following

Proposition 3.10. Assume that z ¢ {0, +oo} U p(S') and that (3.9) holds.
e If N\ > my, then
ker (P[O,Jroo[ —2)=0
and
dim coker (P[O’Jroo[ — z) =Ny —my;.
e If N. <my, then
coker (P[0,+OO[ — z) =0
and
dim ker (P[0,+oo[ — z) =m4 — N4

For (P_o 0] — 2) we have the corresponding statements with N, m replaced by N_,m_.
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It will be convenient to replace Py o[ with the unitarily equivalent operator Py, o[- More-
over, let us recall that the index of a Fredholm operator A is defined by

Ind A def dim ker A — dim coker A.

There is a very nice relation between the index of the Fredholm operator (Py, o[ —2) and the
winding number of the curve p(S!) around the point 2.

Proposition 3.11. Let z ¢ {0,400} Up(S') and suppose that (3.9) holds. Then (P, too[— %)
18 Fredholm of index
(3.53) Ind(Pn, 4oo] = 2) = M4 — Ny = —ind(g1)(2).

Proof. The first equality follows from Proposition 3.10 (see also (4.21), (4.25)). To see the second
equality, notice that

(3.54) — ind,(g1)(2 — log (1/n) — z)dn.

The integral on the right hand side is equal to the number of zeros minus the number of poles of
p(1/n) — z in D(0,1), where both are counted including multiplicity. This is equal to m4 — N
by (3.5), (3.6) and (3.7). O

Remark 3.12. This result has been obtained by M.G. Krein via a different method. See [B6Si99,
Chapter 1.5] for a detailed exposition.

27TZ 51

3.5. Zone of zero winding number. In this section we show that in regions in C, for which
the winding number of the curve p(S!) is zero, the norm of the resolvent of Py is controlled by
a constant. Hence, we can consider such regions to “spectrally stable” for Ppy.

Proposition 3.13. Let Q € C\({0}Up(St)) be a compact set and suppose that for every z € §
(3.9) holds and

(355) indp(sl)(z) = 0.

Then, there exists a constant C' > 0 such that for N > 0 sufficiently large and for any z € Q)
I(Py —2)7H < C.

Proof. By Propositions 3.11, 3.10 and by (3.55), we know that (P o[ —2) and (P_s n]—2) are

bijective on ¢? with uniformly bounded inverses when z € Q. By the Combes-Thomas argument

the same holds after conjugation with a factor €% if ¢ is Lipschitz of modulus < 1 and |¢] is

small enough.
Let

Qn(2) = 1N (Pt qroo — 2) vy + (Prmoo,n) — 2)” ivj241,8))-
Then, using the stability under exponential conjugation, it follows that

(Puny—2)Qn(2) =1+R, |R|| <O(1)e MO,

Hence, for N > 1 large enough, Py nj : £*([1, N]) — ¢*([1, N]) has a uniformly bounded right
inverse which is also a left inverse since F; yj is a finite square matrix. (Il

4. A GRUSHIN PROBLEM

We begin by giving a short refresher on Grushin problems. See [SjZw07] for a review. The
central idea is to set up an auxiliary problem of the form

P(z) R_\
<R+ R+> 'H].EBH——>H2@H+7

where P(z) is the operator under investigation and Ry, Ry _ are suitably chosen. We say that the
Grushin problem is well-posed if this matrix of operators is bijective. If dimH_ = dimH, < oo,

one typically writes B
(&) 7o) =20 =58
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The key observation goes back to the Shur complement formula or, equivalently, the Lyapunov-
Schmidt bifurcation method, i.e. the operator P(z) : H; — H2 is invertible if and only if the
finite dimensional matrix F_,(z) is invertible and when E__ (2) is invertible, we have

Pl (2) = E(z) — E4(2)EZL (2)B_(2).
E_(z) is sometimes called effective Hamiltonian.

4.1. A Grushin problem for the unperturbed operator. Let J C Z be a fixed interval of
length #J = N4 + N_. More precisely, we choose

(4.1) J=[-N_,N4|.

If M > N.+ N_ we view J as a segment of Sy, cf. the beginning of Section 3.2. More precisely
we define a segment [a,b] C Sy, a,b € Sy, to be the set of points in Sys that we get by picking
first a, then a+1 and so on until we reach b (mod MZ) with the last point b included. Similarly

we define [a, b], |a, b[, |a,b]. Recall that Sy = Z.
Suppose that

(4.2) N>Ny+N_+1.

When N is finite we decompose

(4.3) SN+N++N_ =JUlIp,
(4.4) Iy =[Ny, —N_ —1]

where Iy ~ [Ny, —N_ — 1+ Ny + N_ + N] = [Ny,Ny + N — 1] in Z. When N = oo, we
decompose

(4.5) Z.=Se = JU Iy,

(4.6) I =] —00,—N_ — 1] U [N, 0]
Since #1Iny = N, we can identify

(4.7) Py ~ Pr,

in view of (1.4), when N is finite, while P;__ is the direct sum

(4.8) Bco,-N_—1] © Piny 0] ~ B-00,0)  Plooo-

In both cases we identify
C(Snn_yn_) = C(In) @ £(J)

so that
def P, —z RN
(4.9) (Psy,y on —2) = Pn(2) = ( I}V?f Rf_(z)) LP(IN) ® () = C(Iy) ® ()
where
(4.10) Pry —z=17,(p(7) — 2)11y, RY =1;,p(7)1,,

RY =1,p(r)lry, RY_(2) =1;(p(7) — 2)1,.
Lemma 4.1. Rf is surjective and RY is injective.

Proof. Suppose that suppu C [-N_ — N4, —N_[C Iy. Then, supp RY¥u C [-N_,—N_ + N, [.
By fixing the values of u(—N_ —1),...,u(—Ny — N_) we can arrange so that RYu is equal to
any given function with support in [-N_, —N_ + N_]|.

Similarly, if suppu C [N4, Ny + N_[ then supp Ri\_]u C [-Ny — N_, N[ and a convenient
choice of such a u will produce any given function with support in [Ny — N_, Ny[. Since
J =[-N_,—N_ + N4 JUN, — N_,N,[ and [-N_ — Ny, —N_[, [Ny, Ny + N_[ are by (4.2)
disjoint subsets of I, we see that Rf is surjective.

For the same reason *(RY) = 1,'p(7)1;, is surjective and therefore RY is injective. O
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Recall (3.31). If z ¢ Spec(Ps), where N = N + N_ + N_, then Py(z) in (4.9) is bijective
and invertible with bounded inverse

(4.11) EN(Z):<§]§EE§ j%:(g)) P(In) @ 2(T) = 2(In) & £2(J).

We have
EN(Z) =17y (Psﬁ — Z)_lle, E_JX(Z) =1y (PSJV — Z)_l].J,
EN(2) =1;(Ps, —2) 'y, EY (2) = 1;(Ps, —2)"'1,.

If z ¢ p(S1), then this also holds for N = oco. We now recall Proposition 3.4 and (3.26) with N
replaced by N. On the level of matrices we get with m =75 : Z — S

(4.12)

EN(zvp)= > EX(xv,0), pen '(p), mvely,
ver—1(v)
(4.13) Ef(z;y,,u) = Z EX(zo,p), peld, vely,
ver—1(v)

EN(zv,p) = Z E*(z;v,m), ved ueln,

ier— (1)
and
(4.14) EN (zv,p) = (p(r) = 2) (v +iN,p) pve
JEZ

In these formulas we used that J is naturally defined both as a subset of S5 and of Z. We can con-

sider a similar non-canonical identification of Iy with Iy C Z given by [—M, —N_[U[Ny, —M +
N[, N =N + N_ + Ny, where we choose M so that ON < M < (1 — ©)N for some O €]0, 1],
with N > 1. Then, (4.13) has a more explicit form:

EN(Z;V,M):ZEOO(Z;V+jN,M), ,u,I/EfN,
JEZ
Ef(z;y,u):ZEf(z;V—i—jﬁ,u), Z/ETN,/LGJ,
JEZ
EN(ziv,p) =Y E®(zv,u+jN), veld pely,
JEZ
L(zvp) ZE ZI/—l-jN,,M), v, p € J.
JEZ

(4.15)

In particular, due to the exponential decay,
Eﬁrv(z;y,,u):Eio(z;v,,u)—k(?(e’%), vely, pel

(4.16) EN(z;v, 1) :Eio(z;u,,u)—l—O(e_%) . veld pely,
E],V+(z;1/,u):E3°+(z;1/,,u)+(’)(e*%>, v, € J.

We next look at some general properties of E~Y 1. We are mainly interested in the case N = +o0,
but the discussion holds for all N, so we drop the superscript N. From (P—z2)E;+R_E_, =0,
conclude that

(4.17) ker(E_s) 2% ker(P — 2).
From E_ R, + E_(P — z) = 0 we see that

(4.18) ker(P — z) 2% ker(E_,).
Also notice that since RLEFy + Ry _E_, =1, we have
(4.19) RyEy =1on ker(E_y).
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Similarly for E(P — z) + E4L Ry = 1, we have
(4.20) Ei R, =1on ker(P —z),
so (4.17), (4.18) are bijective and inverse to each other.
Let N = 400. From Proposition 3.10 we know that
(1) if Ny =my4, then N_ =m_, by (3.8), and
ker(Pr,, — z) = 0.

19

Since ker(£>°, ) = Ry ker(Pr, —z) we conclude that £, is injective and hence bijective.

(2) if Ny < my, then N_ > m_ and
u € ker(Pr, —z) <~ oo, -n-—1) =0,
u € ker(Pn, 4o — 2)-
Moreover,
dim ker(E®, (2)) = dimker(Pr,, — 2)
= dimker(Pn, 4oo[ — 2) = M4 — Ny

(3) if Ny > m4, then N_ < n_ and

(4.21)

u € ker(Pr, —2) < UliN ool =0,
u € ker(P_o _n_—1)] — 2)-

Moreover,
dimker(E> (2)) = dimker(Pr — 2)
=dimker(P_ _n__1—2) =m- — N_.
In all cases ker(E° (2)) = Ry ker(Pr,, — z).

Suppressing again the superscripts, we can describe by duality R(E_ )+ = ker(E* +)- In fact

by (4.10)
(4.22) R:_ = 1;p(7)" 11, *Ri =1y p(7)" 1,
R, _=1;(p(t)—2)"1;.
So
* (Pr—2)" fﬁ-)
4.23 P*(z) = * *
(423) @= (e

is obtained from (Psy, y ,y, —2)" in exactly the same way as P(z) from (
(4.9). The inverse is

. E(z)* E_(2)*
(424) E (Z) = (E.;,_(Z)* E_+(Z)*) )

and we get from N = +oo that ker(E;_(2)*) = (R-)*ker((Pr,, — 2)*).

PSN+N,+N+

For u € (%(Z) let Tw = u. In view of (1.1) we see that

(p(1) =2)" =T(p(r™!) = 2)T
as operators acting on ¢?(Z). By Proposition 3.10 we get
(1) if Ny = my4, then N_ =m_, by (3.8), and

ker ((Pr,, —2)*) = 0.

Since ker((E2°,.)*) = R* ker((Pr,, —2)*), we conclude that (E>°_)* is injective and hence

bijective.



20 JOHANNES SJOSTRAND AND MARTIN VOGEL

(2) if Ny <my4, then N_ > m_ and

) ulivy ool = 0,
u € ker ((PIOO z) ) g {u € ker ((P]foo,fN,—l] - z)*)

Moreover,
dimker (E%, (2)*) = dimker ((Pr, — 2)*)
= dim ker ((P]—oo,—N,—l] — z)*) =mg4 — Ny.
(3) if Ny > m4, then N_ < m_ and

* U))—oo,—N_—1] = 0,
4.25 u € ker ((Pr, — 2 = ’
(4.25) ((Pr ") {u € ker ((P[N+,+oo[ —2)%).

Moreover,
dimker (E>, (2)*) = dimker (P, — 2)")
= dimker ((Pn, joo[ — 2)") =m_ — N_.
4.2. Estimates on the singular values of E.. In this section we will give bounds on the

singular values of E., see (4.12). We will treat both the case when N > Ny 4+ N_ + 1. and the
limiting case when N = +o0o. First, notice that

(4.26) rank(EY) < |J| = N, + N_.
When N > N; + N_ + 1. and z ¢ Spec(Ps_ ), let

(4.27) 0< sy <o <5 = |[EY

denote the singular values of EY. When N = +oco and z ¢ p(S'), let

(4.28) 0< sy < < s0F = | BT

denote the singular values of E$°. Although we have not denoted it explicitly here, the singular
values (4.28), (4.28), depend on z. Recall (4.9) and notice that since the operator p(7) acting

on ?(S5) and on (*(Z) is normal, we have the trivial upper bounds

1 1
4.99 N+ < 00,+ < -
(429) 1= dist(z, Spec(Ps))’ L= dist(z, p(S1))

Lemma 4.2. Let N > 2(Ny + N_)+1 and let Q € C be a compact set. Then,
(1) there exists a constant C' > 0, such that for all z € Q\Spec(Ps)

1 N+ 1 ,
B e — 1, N.+N_.
C =% S @tz Spee(Bs))’ T T

In particular Eiv is injective and EY is surjective.
(2) there exists a constant C > 0, such that for all z € Q\p(S*)

1 1
O i =1,...,N N_.
c=% = dist(z, p(S1))’ J=hen e

In particular E° is injective and E° is surjective.

Remark 4.3. Notice that in both cases the lower bound on the singular values only depends on
the compact set Q) and is independent of N. This is due to the fact that the only moment in the
proof of Lemma 4.2 where we need that z ¢ Spec(Ps_) (respectively z ¢ p(S*) when N = +00)
is when we use that € (4.11)- the inverse of the Grushin problem P (4.9) - ewists, see (4.44)
below.
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Proof of Lemma 4.2. We begin with the case (1): The upper bounds follow from (4.29).

Let us now turn to the lower bounds. We begin by recalling the Grushin problem (4.9): for
z € Q\Spec(Ps ), the operator

(p(1) = 2) : £3(S5) — (Sg)
is bijective with bounded inverse En(z), see (4.11). Here, S5 ~ Z/NZ, N = N+ N, + N_.
Recall the notation introduced in the discussion after (4.1) where we write segments of S5 as
intervals modulo NZ. We write
Sﬁ =JUly
where J = [~N_, N[ is naturally defined both as a subset of S5 and of Z. For Iy we write
In = SN\J =[Ny, —N_—-1]C Sﬁ.

Moreover, we will use the notation a +.J = [a — N_,a + N, [, a € Sg.

Next, suppose that z €  and let

(4.30) (p(1) —2)u=v on Sg, with suppv C J.

Fix ay,a_ € S§\J, so that

(431) N+ + N_+1 < diStSﬁ(CL_A,_, N+ - 1) = diStSN(CL+, J) = O(].)
and

(4.32) Ny + N_ +1 <distg_(a—, —N_) = dists_(a_, J) = O(1).
Notice that

(433) (CLi+[—N7—N+,N++N7])ﬂJ:®.

By (4.30) we see that

0, on Sﬁ\[a_ — N_,a4 + N[,
v, on[a_ + Ny,ay — N_[,
4.34 —2)1 -
(4.34) (P(7) = 2)Lja_ay (v w_, ona_+J,
w4, onay +J,

where wy € 62(5’];,) and suppws C ay + J. Since suppv C J, we see by (4.31), (4.32) and
(4.34), that

(4.35) (p(r) = 2) Loy ju =0 +wy +u_,
and

(4.36) Jeosll < O asion,—n- v, (ol
Next, write

(4.37) N+ (p(1) - 2) g a (U= NV (v 4wy +w)
and

(4.38) ™ (p(1) = )1 g ju=7""(v+wy +w_).

We will use these two equations to estimate ||1jg v, [ul[, when N > 1, and [|[1_n_ ojul|, when
N_>1.

In view of (1.1), (3.9), we see that 7=+ (p(7) — 2) is upper triangular with a non-vanishing
constant entry at the diagonal. Since supp7 ™+ (v + wy +w_) C [a— — Ny — N_,ay[ and
supp 1,_ 4, (% C [a—,a[, we see that

(4.39) o0, ull <O Ljga,m M (0 +ws +wo )],
where the constant is uniform in z € ) and independent of N. Here,

1[07a+[7_7N+ (v+wy +w-) = 1[0,a+[TiN+w+ )
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so, by (4.39), (4.36),

||1[0,a+[ ’LL” S O(]‘)H]'a.;_+[*N+7N_,N++N_[ UH
which, using (4.31), implies
(4.40) 10,0, + vy +nyull < O Ny g+ NN ull-
Notice that when N, = 0 this holds trivially.

When N_ > 1, we use that 7= (p(7) — 2) is lower triangular with a non-vanishing constant
entry at the diagonal. In (4.38) we have that supp 7™~ (v+w, +w_) C [a_,a; + Ny + N_[ and
supp 1jq_ q, [ C [a—, a4 [. We therefore deduce that
(4.41) 1 opull < O o™ (v + wi +w-)|,
where the constant is uniform in z € 2 and independent of N. Since

1[a,,o[TN’ (v+wy +w-) = 1[a,,o[TN’ w—,
we obtain by (4.41), (4.36), (4.32) that
(4.42) 1L —venvoyopull < O vy Ny, —N_pull;
which holds trivially when N_ = 0.

Combining (4.40), (4.42) gives

(4.43) 1o~ ViV ay (NN Ul S O o (N Moy g+ (VN U]
Since v = (p(7) — z)u is supported in J, we have that
vl < O (vy Ny, vy Ny ull
<O e —(ve+Nyas (NN 6l

where the constant in the estimate is uniform in z €  and independent of N. Combining this
with (4.43) shows that

o]l < O Lo — (V4 Ny sap+ (N4 +N_ )T -
Now suppose that z € Q\Spec(Ps) and recall from (4.9), (4.11), that when u € (*(S5), we
have that
(4.44) u=En(2)v, withv =10y, vy € 2(J).
Hence, by (4.11), u = Eivv_F on Iy = Sg\J. Thus,

o]l < O o~ (v 4Ny aq + (VN0 B o4l
< O(W)|[1ry EYv4ll,
where the constant in the estimate is uniform in z € € and independent of N. This concludes
the proof for the singular values of Eﬂrv . The proof of the statement for EY follows exactly the
same lines using (EY)* instead of EY.

The proof of the statement in the case (2), when N = oo, is similar, using that So ~ Z
] - OO,N_[U[N_,N+[U[N+,+OO[.

O

5. A GRUSHIN PROBLEM FOR THE PERTURBED OPERATOR

Our aim is to study the following random perturbation of Py = P:

def
(5.1) PR = PR+ 6Qu,  Qu=(gjk(w)i<jk<n,
where 0 < § < 1 and ¢jx(w) are independent and identically distributed complex Gaussian
random variables, following the complex Gaussian law N¢(0,1). Here, 1 < N < oco. Consider

the space Hy & (CV*N |- lms) of N x N complex valued matrices equipped with the Hilbert-

Schmidt norm. We equip Hy with the probability measure

(5.2) pn(dQ) E 7=V e Il L(dQ),
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where L(dQ) denotes the Lebesgue measure on Hy. For C; > 0, let Q¢, v C Hy be the subset
where

(5.3) 1Qllns < C1N.
Markov’s inequality [Ka97, Lemma 3.1] implies that if C; > 0 is large enough,
(5.4) P [[|Qullis < C1N] = pun(Qeyn) = 1— eV,

5.1. A general discussion. We begin with a formal discussion of a Grushin problem for the
perturbed operator Ps. Recall from Section 4 that the Grushin problem for the unperturbed
operator is of the form

Po = (P(}%IZ fi) C(In) x () — L(In) x (),

We added a subscript 0 to indicate that we deal with the unperturbed operator. Suppose that
Py is bijective with inverse

E° EY
E = <E9 E9++> D P (In) x 2(T) — (Iy) x £2(J),

where we added a superscript 0 for the same reason. Supposing that
0

(5.5) [0QulI[E™] < 1,

we see by a Neumann series argument that

Pyt (F5 =2 BN pop oy s 2(1) — 2(1n) x (),
R, R,

is bijective and admits the inverse

g5 = <E§ Ei) . P(In) x 2(J) — (Iy) x £2(J),

ES B2
where
B} = (14 E°(6Qu.)) ' EY,
E° = E°(1+6QuE") 1,
(5.6) ( )

E? = E°(1+6QuE’) ™,
E°, = E°, — E°5Q.,(1+ E°(6Q.)) ' EY.

One obtains the following estimates

5 1£°] 5 [
(5.7) 1= 1 H5QwHH}§OH’ !Ein Si- 16Qu I E|”
55 o < VPR I5Qu )
L —[[0Qull[ Y]]
Differentiating the equation E9P% =1 with respect to ¢ yields
4 6 ) )
o 0" = —ENOPE" = - (55%;’25 56%Z§§> |

Integrating this relation from 0 to § yields

16Qu 1[I E°]®
(1= [0QullI E°]))?
Since P? is invertible and of finite rank, we know that
|95 In det P°| = [tr(E°05P0)|.

Letting || - ||+ denote the trace class norm, we get

10Qu 1128 [[11E°]|

5.9 E° — E° '
(5.9) | | < (1 — [16Qu || E°|)2

IES — B2 <

1E° 11 Qe
— [6QullIE°’

(5.10) 05 Indet P°| = [tr(QuE’)| < | Qullerl Bl < 1
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where [|Qullir < NY?||Qullus. Integration from 0 to & yields

(5.11) In | det £°| —ln]detc‘fo\‘ = lln\detP‘s\ —In|det PY|| < HEOH”(SQWH% .
1 — [[6Qu I £°]]
Sharpening the assumption (5.5) to
1
(5.12) 16QuIIIE] < 3,
we get
(5.13) 1B < 20 E°N, |1BL] < 2 BLI, (1B, — B || < 2 EL I E2|I16Qu -

By (5.8) we know that 0;E° , = —E% Q,ES. Therefore, using (5.7), (5.9) and (5.13) we get
105 B2 + ELQuES || < | E2QullI BS — EL|l + | QuEL IS — B2 ||

< 126 QulPIEX I ES 1 E°].
By integration from 0 to §, we conclude

(5.15) EY, =B, — E%(6Qu)ES + O(l6Qul*|EX [ ES I E°]).

(5.14)

5.2. A Grushin problem for the perturbed operator. Recall from (4.9) that
Pn(z) = (Ps, —2), N=N+N_+N,

and from (3.31) that its spectrum is equal to p(§ﬁ). Suppose that z ¢ Spec(Ps). Asin (4.11),
Pn(z) is invertible with bounded inverse En(z).

Suppose that
(5.16) dist(z, Spec(Ps)) > oN
for some fixed sufficiently large constant C' > 1 to be determined later on. Since the operator
Pn(z) is normal, it follows that
B 1
 dist(z, Spec(Ps))

(5.17) 1En(2)]]

In particular

(5.18) IEY ()1, IEY ()L IE ) 1BY (2)]] < dist(z SpleC(Psu)).

Suppose that
(5.19) 0<d< N2

Then, by (5.4), (5.18), (5.16), with probability > 1 — e~™”, the assumption (5.12) is satisfied.
Therefore, by the discussion in Section 5.1 we conclude

Proposition 5.1. With probability > 1 — exp(—N?) we have: Suppose (5.16), (5.19). Let
P (2) = Pn(z2) be as in (4.9) and let EY(2) = En(2) be as in (4.11). Then,

e ]3(S —Z RN
2 (2) def < In -
N RY  RY (

1s bijective with bounded inverse

z)> L (In) @ () = (1) @ ()

,0
£4() = (giiig; B ‘”) (1) & () C(In) & L),

Moreover,

2
ENS ENS ENS ENS < '
Y@ @I E LB N < s
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5.3. A lower bound on the determmant of the effective Hamiltonian. Suppose that
Q) € C is a compact set. Let EN be as in Proposmon 5.1. In this section we are 1nterested in
estimating the probability that log | det E_ ( )] < afor a € R and for some z € Q\p( &) which
may depend on N. To obtain this bound we will adapt the approach developed in [HaSJOS,
Section 9].

Set
(5.20) a = a(z N) € dist(z, p(55))-
Until further notice we suppose that
(5.21) o> le\m’ for some C' > 1,
where > 1 is fixed, and we strengthen assumption (5.19) to
(5.22) 0<d< N 'min(a, N7h).

Recall Proposition 5.1 and (5.6). We want to study the map

(5.23) Qon 2 Q Ei+(z,Q) =E°,(2) - 6E%(2 (Q + Z H"Q(E’(2)Q)" ) EY(z)
LR (2) — 6B (2)(Q + T(2,Q,6,N)EY(2)

where by (5.18), (5.3),
(5.24) Tl < o(‘“cof“) .

Next, recall (5.2), and notice that the measure py is invariant under the left and right action
of the group of unitary matrices U(N, C) on Hy, i.e. for any U,V € U(N, C), we have that

(5.25) ux(dUQV)) = un(dQ).

Furthermore, the left and right action of the group of unitary matrices U (N, C) leaves Qc,n in-
variant, see (5.3), and therefore also the probability (5.4). Thus, we may choose any orthonormal
bases (ONB) to represent the matrix Q € Hy. Let e1,...,enx and €1, ..., ex be two orthonormal
bases of CV and write

(5.26) Q= Z gijé€io€j, where g ;~ Nc(0,1) (iid).

ij=1
By Lemma 4.2 and (5.21), we have for a compact set 2 € C and for z € Q\p(gﬁ), the following
bound on the singular values of EY

1 1
(5.27) Cg] S&’ j=1,...,|J| =Ny +N_,

where the constant C' > 0 is uniform in z € €2 and independent of .

By the polar decomposition we write ES’r = S,.D, where S, : €Vl — €V is an isometry,
with S* S+ = 1 and S4S7% is the orthogonal projection C¥ — R(EY), and Dy : cl — ¢Vl is
selfadjoint with eigenvalues sf, ceey S\ng' Similarly,

(5.28) (E°=S8_D_, E°=D_5*,

where S_ : €/l — €V is an isometry, with S*S_ = 1 and S_S* is the orthogonal projection
CYN — R((E®)*), and D_ : €l — €Wl is selfadjoint with eigenvalues s, ...
From (5.42), we get

,S‘J‘.

E°, =E°, —6D_S*(Q+T)S.D;

(5.29)
= D_(E°, —§(S* QS + S*TS.)) Dy,
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where E9+ = D:1E9+Djrl. Moreover, set
(5.30) T =5TS,.

View Cl/| as a subspace of CV by considering that J C {1,..., N}. Let IIy : C¥ — €I be the
orthogonal projection and, whenever convenient, view Iy as the inclusion map Il : Ccl/l — N,
Let S; : €V — €Y be unitary with Si|gs = S and similarly for S_. Then,

(5.31) St =Sy,

where IIj is viewed as a map CI’l — CV. Similarly,

(5.32) S =8_T, S* =TS =TS~

Then,

(5.33) ES, =D_(E°, —6(IyQIly + T)) Dy, Q=S8*QS,.

Let §; € CV, with §;(i) = 1 if i = j and = 0 else, denote the standard ONB of CV. For
k=1,...,N set
o S0 @ s
in (5.26). Hence,
Q = 82QS: = (gjk)1<jh<n
where ¢j; ~ Ng(0,1) are independent and identically distributed complex Gaussian random

variables.
By (5.30), (5.31) and (5.32), we see that T(Q) = T (Q)Iy and that the map Hy > Q —

T(Q) € %U\ satisfies

R 2
(5:39) IF@us < 0 ).

where the estimate is uniform in Q € Q¢ n.

By (5.33)
B

(5:35) Qo 2 Qe det B2 (2,Q) = [ (sisy) det (B2, (2) - 6(11oQMy + T(Q)) )
k=1

Recall from (5.28) and from the discussion after (5.27) that s; (resp. s; ) denote the singular
values of EQ (resp. (E2)*).

The Cauchy inequalities and (5.34) imply that

«

-~ 0C1N
(5.36) HdQTHHN—ﬂ'lm < O( X ) )

uniformly for @ € Q¢, n. Technically, we can only apply the Cauchy inequalities in ||Q|/gs <
nC1N for some n €]0,1[. However, we have room for that if we start with a slightly large
parameter C7 > 0 to begin with and then restrict to a C1 > 0 such that (5.36) and (5.4) hold.

Next, we define the maps
k:HN DQoN — K(QoyN) CHy

5.37 —~
(537 Q— r(Q) L Q+TQ),

where we identify f(Q) with its image in Hx under the natural inclusion map H,; — Hn,
which has the left inverse

(5.38) Oo: Hy =My Q- Io(Q) =

= Iy QI
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Moreover, we define the map I : Hy D Qc,ny — Hy| by

(5.39) 1Y 1 0 .

In analogy with (5.2) we define the probability measure p; on H, ;| by

(5.40) 17(dQ) & 7= VPemlQllks 1,(d0)
We will estimate the probability

(5.41) N (log | det Ei+(z, Q)’<aand Q € chN) .

To begin, we strengthen (5.22) to

«
42 —_—.
(5.42) D<ok (GNP

By (5.36), (5.37), we see that « is injective, since for Q1,Q2 € Qc, N

1 o~
15(Q) — K(@Q)]| = @1 — Q2] /0 ldoT(tQ1 + (1 — Q)] - Q1 — Qs

> (1-0(" ) 1@ - @l

Define the restricted measure

(5.43) (Log, vin)(A) = pn(AN Qcyn), VA€ B(Hy),

where B(Hy) denotes the Borel o-algebra of Hy. In view of the discussion after (5.24), the
measure 1g. N is invariant under the change of orthonormal basis of Q¢, n. Thus, by (5.39),
(5.35), the probability in (5.41) is equal to

2
/]

(g, vin) [1og| [T (s s7) det (B2, (2) = 6(I6QTo + T(Q)) )| <a
k=1

o4 = (Log, yiN) [log ’det(é’lﬁl(@ - H(Q))‘2 < b]

=1L (1gg, yin) [log| det(0™ B2 () - Q)2 <],
where by (5.35), (5.27),

/]

b=a—2|J|logd —2 Zlog(s;“s;)
j=1

< a—2|J|logd +4|J|logC.

(5.45)

Continuing, we will estimate the measure IT,(1 Qcy NIt ~)- We begin by studying the Jacobian

of k, (5.37). By (5.36) and (5.42), we see that the differential of 7' is bounded with norm < 1.
Moreover, since the rank of doT is bounded by |J|?, it follows that ||dgT ¢ < |J|?||doT||. Thus,
by (5.36)

det 20— det (1+doT)

90
(5.46) =1+ O(|dgT )

_ 1+O<5CIN> |
«

where in the last line we used as well that |J| is a constant independent of N.
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Since « is a holomorphic map, it follows that

Ok

2
L(dn(Q)) = |det 75| L(dQ)

- <1 +0<5C;N>> L(dQ).

Next, we see by (5.37), (5.34), that for Q € Qcyn

15(@)Is — 1QNfs| = [x(@)llus — 1Qllns| (15(Q)]l1s + 1Qllns)
< [18(Q) = QlIns ([[x(Q)lns + |Q[1s)

-e(12) (2%

:O(W> <1,

Q

(5.47)

which implies that on Q¢ v
3
(5.48) o—lQlizs — (1 Lo <5(01N>>> IR @5
(6

(5.47), (5.48) imply that for any bounded continuous function ¢ € Cp(Hy; R4 ) with values in
RJM

/ ¢ he(Log, yiin) = /Q (k@) (dQ)

B (1 +O(W)> /chN ¢(H(Q))ef||m<Q>||%IsL(dﬁ7N(§2))

(0] 7T

Thus,

5(C1N)3
(5.49) m*(lgclNMN) = (1 + O<M>> Li(Qe, n)HN-

(07

This, together with (5.39), implies that for any ¢ € Cp(H|s; R+)

IL(1oq yun)(p) = /(w oIly) ks (1ge, y 1)

=(14+0 d(CN)® 0TIy Lu(ge,
<EHOE@§;7 ﬁo Qi
< " oo iy

< (1+0("MY) [ e@)mitae)

where in the last line we used that (Ilg),un = py. Hence, by (5.44) and a density argument,
we deduce that the probability in (5.41) is

(5.50) < (1 + O(W)) Ly [log | det(571E9+(z) ~ QN <b|.

The right hand side can be estimated by [HaSj08, Proposition 7.3].
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Proposition 5.2. Let N 5 M > 1, let uy be the Gaussian measure on Hyr defined in (5.2).
Then, there exist constants C,C" > 0 such that for any fixed (deterministic) matriz D € Hyy

par(log | det(D + Q)|* < b) < ppr(log | det Q)* < b)
< Cexp [—; <C’+ <M— ;) In M — 2M—b>} ,
when b < C' + (M—i—%)lnM—QM.

Combining, (5.50), (5.41), (5.44), (5.45) and (5.27) with Proposition 5.2, we deduce that there
exist constants C,C’ > 0 such that

pn({log | det B2, (2,Q)> < a} N Qcyw)

~ 1 1
§Cexp[—2<C’+<]J|—2>IH|J\—2\J—b)]

. 1/, 1
< Cexp —5 '+ ]J]—§ In|J| —2|J| —a+2|J|logé — 4|J|log C

when b < C' + (|J| + 3) In|J| — 2|J| and thus, by (5.45), when
1
aSC"+<|J!+2>ln|J|2|J|+2|J|log54|J|logC.

Here, the constants C ,C" only depend on J and the constant C is given by the lower bounds in
(5.27) which are uniform in z € Q. Setting

1
Co=C"+ <|J|+2> In|J|—2|J| —4|J|log C,
a = —t,

we conclude, by absorbing the factor e~ 3(Co=108 1) into the constant C , that
~ 1
(5.51) un ({log | det Ei+(z, Q> < -t} N Qe n) < Cexp [—Qt —|J|log 5]

when t > Cy — 2|J|log . Finally, since
P[A°Nn B] =P[B] — P[AN B],

where A€ denotes the complement of the measurable set A, we obtain, by combining (5.51)and
(5.4),

Proposition 5.3. Let k > 1, let 2 € C be a compact set, let C > 0 and let Cy > 0 be such that
(5.4) holds. Then, there exist constants Cy € R and Cy > 0, such that for any z € §, with

. ~ 1
oz N) = dist(= p(35)) = =

we have that
P [log |det B2 (2,Q)|* > —t and ||Q|lus < C1N| > 1 — e N —CysVlemt/2,
when
t > Cpy—2|J|logd

and

«
o .
0<ok (CIN)?
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6. COUNTING EIGENVALUES

In this section we count the eigenvalues of the perturbed operator
(6.1) P} = Py +6Qu,,

near the curve p(S?), see also (5.1). Recall from (4.7) that Py = Py, see also(4.9). Similarly,
we have P]‘E, = P}sN as in Proposition 5.1.

Until further notice, we will work in the restricted probability space where (5.3) holds (see
also (5.4)) and work under the assumptions that

o 1
2 - <
(6.2) O<6<<N3, oN =

for some sufficiently large constant C' > 0 to be determined later on, see also (5.16), (5.42). Here
a is as in (5.20).

a < 0(1),

Counting the number of eigenvalues of PI‘SN in some domain 2 € C is equivalent to counting the
number of zeros of the holomorphic function u(z; N) = det(PI‘SN —z) in Q. The Shur complement
formula and Proposition 5.1 imply that, away from Spec(Pgﬁ), PI‘SN — z is invertible if and only
if Eivf(z) is invertible, and that

(6.3) log | det(PIéN — 2)| = log | det P4 (2)| + log | det E]_Vf(z)\

6.1. Counting zeros of holomorphic functions of exponential growth. We recall Theo-
rem 1.1 in [Sj10], in a form somewhat adapted to our formalism:

1) Domains with associated Lipschitz weight. Let N > 1 be a large parameter, and let Q2 € C be
an open simply connected set with Lipschitz boundary w = 92 which may depend on N. More
precisely, we assume that 0 is Lipschitz with an associated Lipschitz weight r : w —]0, +o0],
which is a Lipschitz function of modulus < 1/2, in the following way :

There exists a constant Cy > 0 such that for every x € w there exist new affine coordinates
v = (y1,y2) of the form 3 = U(y — z), y € C ~ R? being the old coordinates, where U = U, is
orthogonal, such that the intersection of Q and the rectangle R, := {y € C;|y1| < r(z), 2| <
Cor(z)} takes the form

(6.4) {y € Ra; 42> fo(yn), 1] <r(a)},
where f;(y1) is Lipschitz on [—r(z),(x)], with Lipschitz modulus < C.

Remark 6.1. Notice that (6.4) remains valid if we shrink the weight function r.

2) Thickening of the boundary and choice of points. Define
Wy = U D(CL‘,’F(.’L’))
TEW

and let z? € w, j €Z/MZ, with M € IN which may depend on N, be distributed along the
boundary in the positively oriented sense such that

r(29) /4 < |20, — 27 < r(2))/2.

Theorem 6.2 (Theorem 1.1 in [Sj10]). Let Cp > 0 be as in 1) above. There exists a constant
C1 > 0, depending only on Cy, such that if z; € D(z?,r(z?)/@cl)) we have the following :

Let N > 1 and let ¢ be a continuous subharmonic function on @, with a distributional exten-
sion to QUW,, denoted by the same symbol. Then, there exists a constant Co > 0 such that if u
s a holomorphic function on QU @, satisfying

(6.5) log|u| < N¢ on w,,

(6.6) log lu(z)| > N(@(z) ). forj=1.....M,
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where €j > 0, then the number of zeros of u in ) satisfies

H0)00) - 5 n(0)

M

- lw — 2]
< CoN | p(@,) + Z £; —I-/ o ‘log
j=1 D( <])) (%)

p(dw)

Zjs 4Cq

Here p o A¢ € D'(QUD,) is a positive measure on @y so that p1(Q) and p(w,) are well-defined.

Moreover, the constant Co > 0 only depends on Cjy.
6.2. Upper bound on log|det(PI§N — 2)|. Recall from (3.31), that #(p(gﬁ)) = N where
N=N+N_+ Ny. Then, define the subharmonic function

(67 62 Lo M) L S dogla ],

Aep(Sg)

Applying (5.11), (5.18), (6.2) to (6.3) we can express the contribution from the perturbed
Grushin problem in (6.3) by the function ¢ and a small error term, i.e.

log | det(P},, — 2)| = log | det P, (2)| + O8] Qullir | V) + log | det EX(2)]

6.8 N5

In the last line we used that ||Qu]le: < NV2|Qul|us.

By (6.2), (5.4) we have that o= '§||Qu||rs < N72. Recall that the dimension of the matrix
E?_ is |J| = Ny + N_. Therefore, using (6.2), (5.18) and Proposition 5.1, we can bound (6.8)
from above and get

(6.9) log| det(P§, — 2)] < N <¢(z) +ON " logal) + O(N—5/2)) .
In conclusion, assuming (6.2), we have that
(6.10) log | det(P}SN —z)| < N¢(z;N)

with probability > 1 — e~V . Here,

(6.11) 9z N) L (2) + CEY

for some sufficiently large constant C' > 0.

6.3. Lower bound on log | det(P}SN — z)|. Fix a g9 €]0,1[. By (6.2) and Proposition 5.3 we
have for any zg, satisfying
i N) > ——
a(207 ) - CN7
that

(6.12) P [log|det E®(20,Q)]2 > —N* and ||Qlus < ClN] >1—e N 0ys e 3N,

for
Co Neo a(zp; N)
1 o oz V)
(6.13) eXp[2|J| 207 e

Thus, assuming (6.13) and combining (6.12), (6.8), (6.2) and (6.11), we get that ||Q|lus < C1 N
and

(6.14) log | det(P}, — z0)| > N (¥(z0; N) — CN=~1)
hold with probability
(6.15) >1—e N = cys e s N0

| <<
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6.4. Counting eigenvalues in a fixed smooth domain. Let 2 € C be an open simply
connected set with smooth boundary 92 which is independent of N. Moreover, suppose that
(©21)—(23) hold.

To estimate the number of zeros of det(Pr, — z), see (6.3), in 2, we will apply Theorem 6.2.
The boundary 9f2 is uniformly Lipschitz at scale

1 1
(6.16) r(z) < . (dist(x, p(Sh)) + N> , oz €N
which is Lipschitz of modulus < 1/2. Here, C' > 0 is chosen sufficiently large, and we will
potentially increase it later on.
Due to the singularities of ¢ at p(Sg), see (6.11), (6.7), we cannot in general assure that the
weight function ¢ (6.11) be continuous in

U D(x,r(x)).
z€oN

To remedy this problem we will consider two N-dependent perturbations of the boundary 02:
let 29 € p(S')NIQ and pass to new affine coordinates § € R? ~ C (as in Section 6.1) so that the
boundary 0f2 is given by the graph of the smooth function f,, near 0, with derivative bounded
by Cyp > 0. For ¢/ > 1 and N > 0 sufficiently large, the intersection of 92 with the rectangle

(6.17) Rey(N) &

takes the form

{y € C=R*% 5| <1/(C'N), |g2] < 2Co/(C'N)}

{y € C~R*% || < 1/(C'N), 52> f ()}
Here, y € C ~ R? denote the old coordinates and y € C ~ R? denote the new ones.
Next, define the continuous function X, supported in [—1,1] and of Lipschitz modulus 2, by

2w +1), —1<z<—1/2,
X(x) =141, |z| <1/2,
1-2(x—1/2), 1/2<z <1,

and set
| def )def Co

- oW (N

Moreover, we define for ny € [0,1]

7 (51) € @) £ nex(@).

Since f,, has Lipschitz modulus < Cy, if follows that f;i* has Lipschitz modulus < 3Cp/2, for
N > 0 sufficiently large.

By Proposition 3.5, it follows that the number of eigenvalues of Pg_ contained in R, (N) is
bounded by a constant depending only p, C’ and Cj. Since the are only finitely many points to
avoid, there exist ny € [0, 1] such that

(6.18) {y € R? = C;[i1| S 1/C'N, g2 = fI(51)} N (Spec(Psg) N Ry, (N)) = 0.

For C, (', C>0 large enough we can arrange that

(6.19) U D(y,r<y>>) " U DOLEN) A Rey (V) =0,
yeR? 8.t. (G0, f% () A€Spec(Ps )
|91/1<1/C'N

We perform these two deformations of 9 near every point zy € p(S1) N9, pick C > 0 in (6.16)
at least as large as the maximum over all constants C' so that (6.19) holds, and call the resulting
deformed sets

(6.20) Q4+ with boundary 0.
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Here, we always take the local deformation f," for Q, and f;, for 2_. Notice that since

%) < £ (1) < £ (), 1l < 1/(C'N),

we have
(6.21) Q, CcQcCO,

where we do not denote the N dependence explicitly.
By (6.19) , (1) and (€23), there exists a C' > 0 such that

1
) iQ > —
(6.22) dist | D(z,r(x)) )):Spec(Ps) | = N
€N+

which also determines the constant C' > 0 in (6.2). Next, choose points z?’i €0y, j€Z/MZ,
such that
0,+
(6.23) 00: C | D(2.ri/2), and ri/a < |2 — 20T <rf2,
JEZ/MZ

where r*

0,4+
j )-

= r(zj

Lemma 6.3. Let M be as in (6.23). Then,
M = O(log N).

We will postpone the proof of Lemma 6.3 to the end of this section and carry on with the
proof of our main result.

First, notice that (6.10) holds in [J}, D(29,r;) with probability > 1 — e N*. By (6.22), it
follows that the weight function ¢(z; N) (6.11) is continuous on |J,cgq, D(z,7(z)). Moreover,
by (6.22), we have that for any z; € D(z?, ri/2)

1
.24 s N)> ——
(6 ) O[(Z], ) - CN’
and so it follows that (6.14) holds with probability (6.15), assuming (6.13). Hence, using Lemma
6.3, we have that (6.14) holds for 29, ..., 2%, with probability
(6.25) >1— O(log N) (e*NQ + czcsflfle*%NfO) .

In view of (6.14), we can pick ¢; = CN°~1 in Theorem 6.2, so using Lemma 6.3, we get
(6.26)

#(Spec(P) N Q) — % A A¢(z)L(dz)

|w — 29

r(z?)

with probability (6.25), where we used as well that AY(z; N) = A¢(z), see (6.11). Moreover,
since A, log |z — w| = 27dy,, we have

log pldw) |

€N+ j=1 D 2w Ten

< O(N)| N°Llog N + U (z,7() +Z/< W)

(6.27) Aj == Qﬁﬂ S 6 inD(C).

AEp(gﬁ)
The integral in the first line is up to an error of order O(1) the number of eigenvalues of Pg
contained in Q N p(S'). Hence, by (6.7) and (3.35),

N N
(6.28) 3, A0 = o / oo L @) 4O
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By (6.22)
(6.29) u( U D(x,r(:g))) =0

€02
Similarly, the discs D(z;-), T(ZQ) /2) do not contain any eigenvalues of PS. Thus,

w — 27|
(6.30) Z / w0\ (108 gy~ | #ldw) =
<z e ) ( )

Finally, from (6.21), it follows that
(6.31) #(Spec(P) N Q) < #(Spec(Py) N Q) < #(Spec(P) NQ_).
Combining (6.26), (6.28), (6.29), (6.30) and (6.31) we get that

N
(6.32) ’# Spec(Py) N Q) — — Lg(d@)‘ < O(N*°logN).

2T Jp-1(@np(s")
with probability (6.25), provided (6.13) holds. This completes the proof of Theorem 2.1.

Proof of Lemma 6.3. 1. The perturbed boundaries 04 (6.20) coincide with 9 outside the
rectangles (6.17). Recall from (Q1) that there are only finitely many such rectangles. The
number of discs of radius r (6.23) needed to cover 024, as in (6.23), inside these rectangles is
by (6.16) of order

(6.33) o(1).

It remains to estimate the number of discs needed to cover 9€) outside these rectangles, which
differs from order of the number of discs needed to cover the unperturbed 92 by O(1). Hence,
it is sufficient to estimate the number of discs needed to cover 9.

2. Since Q is relatively compact and intersects with p(S') at most finitely many points,
we see that for any fixed constant C' > 1 the number of discs needed to cover 9Q N {z €
C; dist(z, p(S1)) > 1/C}, is of order

(6.34) o).

3. Tt remains to estimate the number of discs needed to cover 99 inside {z € C;dist(z, p(S')) <
1/C}. By assumption (21) and the fact that € is relatively compact we see that for any € > 0
there exists ¢ > 0 such that for any z € 99

6.35 dist(z,p(S')) <6 = i dist(z, z9) <
(6.35) ist(z,p(S")) e n o dis (z,20) <€

Hence, for any fixed C’ > 0, we have for C' > 0 sufficiently large

00N {z € Cidist(z,p(S") <1/Cyc |  D(z,1/C").
20€p(ST)NIN

By (21), may restrict our attention to one zg € 92 N p(S!) and
(6.36) B=00n{z € C;dist(z,p(S")) < 1/C} N D(z0,1/C").

For z,y € (8 let distg(z,y) denote the length of the curve in § with endpoints « and y. By the
transversality assumption (£23), we see that for C' > 0 sufficiently large

(6.37) distg(z, 20) = dist(z, p(S1)), x € B,
and
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4. Notice that Mg, the number of discs D(2?,r;/2) needed to cover 3, as in (6.23), increases
when decreasing the scale r (6.16). Using (6.37) and by possibly increasing C' > 0 in (6.16), we
shrink 7 to the new scale

1 1
(6.39) r(zr) = ol <dist5(x,zo) + N> , x€P,
denoted by the same letter. Set
(6.40) d; & distg(2), ), 1<j < M,

and let j; be the smallest index so that dj, > N~1. Notice that j; = O(1) and that dj, < N~1.
By (6.40), (6.38), (6.39) we have for j > j;

d; = distﬁ(z?, z?_l) + dist[g(z?_l, 20)
1
> 5IZ§] — 2| +dja
> (1 + C_l)djfl
> (1 + Cil)jijldju

where the constant C' > 0 changes from the second to the third line. Similarly

(6.41)

(6.42) d;j < (1+C)y ;.

Thus,

(6.43) 1+ CYMs=irg; < dyy, < (1+C)YMe=3nd;, .

Using that the length of 3 is < 1, we get that Mg =< log N and therefore, by (6.33), (6.34), that
M = O(log N). O

6.5. Counting eigenvalues in thin N-dependent domains. In Section 6.4 we saw that
most eigenvalues of P]‘i, lie “near” the curve p(S'). Now we want to give a quantitative estimate
on how close these eigenvalues are to the p(S'). For this purpose let Q € C be an open simply
connected set with smooth boundary 92 which is independent of N and satisfies (21)—(£23), as
in Section 2.1.

We consider an open simply connected N-dependent set Qy, with a unifromly Lipschitz

boundary 9§y, which coincides with © in small tube around p(S'). More precisely, let
(6.44) % <r<o(l), C>1,

and suppose that
(6.45) Qn N{z € C;dist(z,p(S")) < 7} = QN {z € C;dist(z, p(S")) < 7},

and that 0Qy is uniformly Lipschitz, as in Section 6.1, with weight function

(6.46) r(zx) f é (dist(a:,p(Sl)) + ]1[> . x €00y N{z e C;dist(z,p(S") < 1},
inside {2z € C;dist(z,p(S')) < 7} and with constant weight function

(6.47) r(z) ¥,z ey n{z e Cdist(z,p(SY)) > 7}

outside. Let

(6.48) UN)>0

be the length of dQy N {z € C;dist(z,p(S')) > 7}. To prove Theorem 6.5, we can follow the
proof of Theorem 2.1 in Section 6.4 with some modifications:

By (6.44) and (6.45), we may perform the same perturbations of 0Qy as for 0 in (6.17)—
(6.18) so that (6.21) and (6.22) hold for the perturbed sets

(6.49) Q7 with boundary 9Q5%.
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Next, choose points z?’i €Nt je Z./MZ, such that

0,% 0,£ 0,£
(6.50) 0%, C U D(z; ,Tj-[/Z), and 7“;-(/4 <l — 271 < rji/Z,
J€ZIMZ

+

where 7" = r(22F).

j
Lemma 6.4. Let M be as in (6.50). Then,

M = O({(N)T™1) + O(log(TN)).

Proof. Following the exact same lines of Step 1, 3 and 4 of the proof of Lemma 6.3, while keeping
in mind (6.46) and that by (6.44), (6.45) the length of 0Qy N {z € C;dist(z,p(S!)) < 7} is of
order < 7, we see that the number of discs needed to cover 9Qy N {z € C;dist(z, p(S*)) < 7} is
of order

(6.51) O(log(TN)).

By (6.48), (6.47) we have that we have that the number of discs needed to cover 9Qy N {z €
C; dist(z, p(S1)) > 7} is of order

(6.52) OU(N)T™1). O
Since (6.22) holds for 9Q7;, the weight function (z; N) (6.11) is continuous on
U D, r(2)),
x€dt

and that (6.10) holds in Ujj\il D(z?,rj) (6.50) with probability > 1 — e~™*. Moreover, since
(6.22) holds for 0%, we have that for any z; € D(z?, ri/2)
1
SN >
OZ(ZJ, ) = CN?
and it follows that (6.14) holds with probability (6.15), assuming (6.13). Hence, using Lemma
6.4, we have that (6.14) holds for 20, ..., 2%, with probability

(6.53) >1-O(M) <e_N2 + 025—|J|e—%N5°) :

In view of (6.14), we may set ¢; = CN°°~! in Theorem 6.2 and, by following the exact same
arguments as above, from (6.26) to (6.31), while keeping in mind Lemma 6.4, we obtain

Theorem 6.5. Let p be as in (1.1), set M = Ny + N_ and let P{ be as in (1.9). Let T be as in
(6.44) and let Qn € C be a relatively compact open simply connected set satisfying (6.45)—(6.48).
Pick a g9 €]0,1].

There exists a constant C > 0 such that for N > 1 sufficiently large, if (2.2) holds,

N4
—N%0/@2M) ~ 5 oV
Ce <5< o
then,
(6.54) #(Spec(PY) N Q) — ;]T/ L (dﬁ)’ < O(N®U(N)r~ 1 + N log(TN)).
p~1(QNp(S)
with probability
(6.55) >1— O(UN)T™! +log(TN)) (e—m n 025417\67%%) .

Remark 6.6. In the assumption 6.45 on QN we assumed that it coincides with an  with
smooth boundary, which is independent of N, inside a tube of radius T around p(S'). Therefore,
Assumption 6.45 implies that {((N) > 1/C > 0. However, the proof of Theorems 2.1 and 6.5
shows that we can allow Q0 to be N dependent as long as its boundary 02 remains uniformly
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Lipschitz in the sense discussed at the beginning of Section 6.1 and satisfies (21)—(23). Hence,
Theorem 6.5 holds as well for sets Qn, satisfying (6.44)-(6.47) with
C

(6.56) & SUW).

7. CONVERGENCE OF THE EMPIRICAL MEASURE

In this section we present the two proofs of Corollary 2.2. The first one, in Section 7.1, shows
that it is a consequence of Theorem 2.1. The second (alternative) proof in Sections Section 7.2,
Section 7.3, shows how one can obtain the result from our methods via analysing the convergence
of the associated logarithmic potentials, in perhaps a more direct way.

7.1. Proof of Corollary 2.2. Let 2 be a fixed domain as in Theorem 2.1 and choose a sequence
0 = dn satisfying (2.2). By the Borel-Cantelli lemma, we know that a.s. (almost surely)

(7.1) %#(U(Py) NQ) = vol (1) N SY), N = .

Let now 2 be a square of the form a1 < Rez < ag, by <Imz < by, ag—a1 = by —by > 0. Assume
that the corners a;j + iby do not belong to p(S'). Then the conditions (221)-(£23) make sense.
If they are fulfilled, then (7.1) holds a.s.. Indeed, let Qin, Qext be sets with smooth boundary
such that Qi C Q C Qext and coinciding with 2 away from a small neighborhood of the union
of the corners of Q. Then (7.1) holds a.s. for Qiy, and Qex, and the common limit in the right
hand side is (27) ~!vol (p~(22) N S'). Since
1 1
FHEE) N Qi) < S0 (FY) N Q)
we conclude that (7.1) holds a.s. for Q.

Write p(¢) = p1(¢) + ip2(¢) so that Pj| g are real analytic. Then for j =1,2:

1

< N#(U(P(SN) N Qext),

1) The set Cj of critical values of Pj| g1 is finite.

2) For j = 1,2 and for every a € R the equation p;(¢) = a has at most finitely many
solutions in S™.

Let € > 0. Then we can choose a,b € R (depending on €) such that a + Ze N C; = (),
b+ ZenN Cy = (). After a slight shift of b we can arrange so that we also have

(a4 Ze) +i(b+ Ze) Np(ST) = 0.

Then for each € > 0 we have a.s. that (7.1) holds for Q = Q ; for all j,k € Z. Here, we put
Qcjr=(a+[j,j+1e) +i(b+ [k, k +1[e[). Let €, > 0, v € IN be a decreasing sequence tending
to zero. Then a.s., (7.1) holds for all the €2, ;.

Let G be the set of all step functions of the form,

(72) w = Zgj:klﬂey,j7k7 g]vk € Q’
7.k
Then a.s. we have for every ¥ € G, that

(7.3) /ng(dz) N /wp* (;L51> (d2), N — oo

Let ¢ € C.(C;R). For every e > 0, we can find ¢ = ¢ € G, such that |¢ — | < e. &y and
p«((2m) "1 Lg1) are probability measures, so

‘ [ oevtn)— [vevta)

‘/Qf)p* (;TL51> (dz) — /?/fp* (217TL51> (dz)

<,

<e.
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It follows that a.s., we have for all ¢ € Cy(C),

hfvnjfop /¢§N(d2) —/aﬁp* (2177L51> (dz)| <
. 1
26+h]{[nj;10p /wSN(dZ) —/wp* <27TL51> (dz)] .

A's. the last limit is 0 for all ¥ € G, hence a.s. we have that for all ¢ > 0 and all ¢ € C.(C),

. 1
h]f,nj;lop ‘/ﬁbe(dZ) - /qbp* <27TL51) (dz)

In other words, a.s. we have

&g;/¢&@d=/@m<;}p)@%

< 2e.

for all ¢ € C.(C), so a.s.:
1
&M@4m<%O7N%w-
27
Notice that almost surely, supp &y is contained in a fixed compact set.

7.2. Logarithmic potential and weak convergence of measure. We begin by recalling
some basic facts concerning the weak convergence of measures. Let P(C) denote the space of
probability measures p on C, integrating the logarithm at infinity

(7.4) /log(l + |z|)pu(dz) < 4o0.

We define the logarithmic potential of u by

(7.5) Uu(2) o _ /log |z — z|p(dx).

Since Uy, € Ll (C, L(dz)), it follows that U,(z) < +o0 for Lebesgue almost every (a.e.) z € C.
One property of the logarithmic potential is that for a given sequence of probability measures
{tn}n € P(C), satisfying some suitable uniform integrability assumption, one has that almost
sure convergence of the associated logarithmic potentials Uy, (2) = U,(2), for some p € P(C),
implies the weak convergence p, — p.
There are various versions of the above observation known in the case of random measures, see
for instance [Ta02, Theorem 2.8.3] or [BoCal3]. In the following we describe a slightly modified

version of [Ta02, Theorem 2.8.3] for the reader’s convenience.

Theorem 7.1. Let K, K’ € C be open relatively compact sets with K C K', and let {ji, ynen €
P(C) be as sequence of random measures so that almost surely

(7.6) supp pn, C K for n sufficiently large.

Suppose that for a.e. z € K' almost surely

(7.7) Up,(2) = Uu(z), n— o0,

where p € P(C) is some probability measure with supp p C K. Then, almost surely,
(7.8) fn — 1, n— 00, weakly.

Proof. 1. Notice that the assumption that for a.e. z € K’ (7.7) holds almost surely is equivalent
to the statement that almost surely (7.7) holds for a.e. z € K'. To see this, consider the set
E={(z,w) € K' xQ;U,,(2) = Uy(z), as n — oo} C K’ x Q, where Q2 denotes the underlying
probability space. Applying the Tonelli theorem to 1ge lets us conclude the claim.

2. Since log| - —w| € L*(K’) uniformly for w € K’, it follows by the Minkowski integral
inequalities that, almost surely, U, ,U, € L?(K") uniformly. Let us remark here that although
1 depends on the random parameter w, we do not denote that explicitly.
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Combining this with (7.6) and step 1. above, we see that there exists an ' C Q with

P(Q) = 1, so that for each w € €' we have that

e (7.7) holds for a.e. z € K,

e there exists an ng > 1 such that supp u, C K for all n > ny,

e there exists a Cxr o/ > 0, depending only on K’ and ', such that |Uy, || z2(xr), Ul 2(x7y <

CK/,Q/ for any n > 1.

To show (7.8) for any w € €', it is enough to show that for any real-valued smooth function
¢ € C°(K';R) with support contained in K,

(7.9) pn(9) = (@), n—oo.

3. Let w € @, and set g2 (2) = min(|U,, (2) — U,(2)], M), z € K', for M > 0. The dominated
convergence theorem shows that gM — 0, as n — oo, in L'(K’) for any M > 0. Using the
L*(K) bound of Uy, and U, we see that

1927 = W = Ulllriien < [y, oy Un(2) = Uu(IL(GE2)
zeK
1/2
< V20K /UM_UMZM L(dz)
zeK
- \/ECK,L(KI)I/Q

M
Hence, for any w € €' we have that U,, — U, in L'(K'") as n — oo. Thus, almost surely
U, = Uy, in D'(K'), and so (7.9) holds almost surely, since AU, = —2mpuy,, AU, = —2mp in
D'(C). O

7.3. Proof of Corollary 2.2. Recall the definition of the empirical measure &y (2.5) and
(1.9). By (1.3), (1.4) and the Fourier transform F (3.16) we see that the operator norm of the
unperturbed operator P]% is satisfies

(7.10) IR < Hlpll poe (1)
Suppose (5.19), then by (5.4), (7.10) it follows that
(7.11) PR < lpl oo sty + 1

for N > 1 sufficiently large, with probability > 1 — e N . We deduce by a Borel-Cantelli
argument that almost surely

def def
(7.12) supp &y C D(0, [[pllpoosny + 1) = K C D(O, [|pll(s1) +2) = K’
for N sufficiently large. For p as in (1.3), define the probability measure
1
which has compact support,
(7.14) suppé = p(S') C K.

Here, %le denotes the normalized Lebesgue measure on S?.

To conclude Corollary 2.2 from Theorem 7.1 it remains to show that for almost every z € K’
we have that U, (z) — Ug(2) almost surely.

By (7.5) we see that for z ¢ Spec(P%)

1
(7.15) Ugy (2) = = log]| det(P% — z)|.

For any z € C the set ¥, = {Q € CV*N;det(Py + 6Q — z) = 0} has Lebesgue measure 0, since
CVN*N 5 Q v det(P§, — z) is analytic and not constantly 0. Thus ux(X,) = 0, where py is the
Gaussian measure given in (5.2), and for every z € C (7.15) holds almost surely (a.s.).
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Next, define the set
(7.16) By Y {z € C;dist(z,p(S")) < 1/(CN)}

and (5.19) we have that for every z € K'\En

1 _
(7.17) + log| det(Py — 2)| — ¢(2)| < O(6N*?) + N~ log| det EZ_ (2)]|.

with probability > 1 — e N, Using Proposition 5.1, we see that for every z € K'\Ey
(7.18) log | det E° , (z)| < O(log N).

with probability > 1 —e~N. Let g €]0, 1] be as in Corollary 2.2 and let &, €]0, 1] with gy < &1.
Then, by replacing &g in (6.12) with 1, we have that

(7.19) log | det % , (z)| > —N®!
with probability > 1 — N 025*|J|e_%N81, when
Co N* 4
— — <6 <« N
o Lur 2Jr] =

For z ¢ p(S') the function S! 3 ¢ + log|z — p(¢)| is continuous. Hence, by (6.7), (7.13), (7.5),
and a Riemann sum argument, we see that for

(7.20) |p(2) + Ug(2)] — 0, as N — oc.

For any z € K'\p(S') we have that = € K'\Ey for N > 1 suffciently large. Thus, by (7.15),
(7.17), (7.18), (7.19), and (7.20) we have for any z € K'\p(S*) and N > 1 sufficiently large that

(7.21) Uey (2) = Ue(2)] = o(1)

with probability > 1 — O(l)e‘éNEl(l_UWEO*EI), Here we also used (2.2). Since g9 < &1, we
conclude by the Borel-Cantelli theorem that for almost every z € K’

(7.22) Uey(2) — Ue(z), as N — oo, almost surely,
which by Theorem 7.1 concludes the proof of Corollary 2.2.
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