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Abstract

Density-dependent Markov chains form an important class of continuous-time Markov chains
in population dynamics. On any fixed time window [0,7], when the scale parameter K > 0 is
large such chains are well approximated by the solution of an ODE (the fluid limit), with Gaussian
fluctuations superimposed upon it. In this paper we quantify the period of time during which this
Gaussian approximation remains precise, uniformly on the trajectory, in the case where the fluid
limit converges to an exponentially stable equilibrium point. We provide a new coupling between
the density-dependent chain and the approximating Gaussian process, based on a construction
of Kurtz using the celebrated Komlés-Major-Tusnady theorem for random walks. We show that
under mild hypotheses the time 7T'(K) necessary for the strong approximation error to reach a
threshold e(K) <« 1 is at least of order exp(V Ke(K)), for some constant V' > 0. This notably
entails that the Gaussian approximation yields the correct asymptotics regarding the time scales
of moderate deviations. We also present applications to the Gaussian approximation of the logistic
birth-and-death process conditioned to survive, and to the estimation of a quantity modeling the
cost of an epidemic.

1 Introduction and main result

Density-dependent Markov chains are widely used, in ecology, biology, chemistry and epidemiology, to
model the evolution of populations. Let us cite [T}, [0, 22] for numerous examples, including stochastic
Lotka-Volterra models, chemical reaction networks and epidemic models. Such chains record the
abundances of a finite set of populations, in interaction with one another. They involve a scale
parameter K > 0, which can have different interpretations depending on the context (quantity of
resources, volume of reaction, or total size of the population). As shown by Kurtz [20], density-
dependent families (N K. K> O) satisfy a functional law of large numbers and a central limit theorem.
On a fixed time window [0, T], when K is large the trajectory of the process X% = NX /K called the
density, is well approximated by the solution of an ODE (the fluid limit), with Gaussian fluctuations
of order 1/ VK superimposed upon it. Since in a number of applications, notably in ecology and
evolution, the relevant periods of time are very long, we are led to the following question : on which
time scales T'(K) does the Gaussian approximation of the trajectories remain valid 7

To answer this question, we first construct a coupling between the density XX and its Gaussian
approximation, based on a construction of Kurtz [21I]. It relies on the possibility to represent density-
dependent Markov chains using time-changed Poisson processes, combined with the powerful strong
approximation theorem of Komlos, Major and Tusnady (KMT)[18, [19] for one-dimensional random
walks. This theorem entails the existence of a coupling between a Poisson process P and a Brownian
motion B, and constants a, b, c > 0 such that

P ( sup |P(t) —t— B(t)| > clog(T) + a:) < ae”t” (1)
0<t<T
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for all T'> 1 and « > 0 [I3} Chapter 7, Corollary 5.3]. Generalizations of the KMT result to inde-
pendent, nonidentically distributed, and multidimensional increments were obtained by Sakhanenko,
Einhmahl and Zaitsev, see [I5] for a review on the subject. More recently, KMT type results were ob-
tained in various weakly-dependent cases, with applications to mixing dynamical systems and ergodic
Markov chains, see [B] [I6l 24] and the references therein.

In our context, the chain XX is subject to a drift, given by the vector field of the limiting ODE.
We focus on the case where the limiting ODE admits an exponentially stable equilibrium point. This
is common in applications : let us mention coexistence equilibriums in competitive population models,
endemic equilibriums in epidemic models, and chemical equilibriums. In this situation, near the
equilibrium the drift tends to reduce the gap between XX and its strong (path-by-path) Gaussian
approximation. We show in our main result, Theorem [I.I} that it allows the Gaussian approximation
to remain precise for very large periods of time.

Let us set the framework precisely. Fix d € N*, and for all e € Z?\ {0}, let 8, be a non-negative
function defined on R?. For all K > 0, let NX be a Z%valued continous-time Markov chain, with
transition rate from n to m # n given by

qTIL(,'rn = Kﬂm-”(n/K) (2)

The family (N K. K> 0) is called a density-dependent family of Markov chains, associated to the
functions B, e € Z\ {0}. For the sake of concision, a given N¥ is called a density-dependent Markov
chain. We make the following assumptions :

e There exists a finite, non empty subset E of Z¢\ {0} such that 8, =0 for all e ¢ E.
e There exists an open subset % of R? such that, for all e € E:

— p. is differentiable on % and its gradient is locally Lispchitz;
— /e is locally Lipschitz on % .

e The lifetime of NX, i.e. the limit of the time of the i-th jump of N¥ as i goes to infinity, is
almost surely infinite.

These assumptions are satisfied in all the applications we have in mind. Note that if 3. is indeed C*,
a sufficient condition for its square root to be locally Lipschitz is that 8. does not vanish on %. The
last assumption is only made for mathematical comfort.

Let F: % — R? be the vector field defined by

F(z) = Be(x)e, (3)
ecE

and for all x € %, let y, be the maximal solution of the Cauchy problem

bz = F(pz)
{%(0) =z W

where ¢, denotes the time derivative of ¢,. The flow ¢ : (x,t) — @, (t) is of class C! on its domain
of definition, which is an open subset of % x R. Let us fix z = (21,...,24) € %, assume N¥(0) =
|Kz| = (|[K21],...,|Kzq4]) and set XX = NX/K. We have the following functional central limit
theorem [20]. For all T > 0 such that ¢, is defined on [0, 7], we have

K —
\/E(XI ©x) = U,

in the Skorokhod space D([0,T], R%), and U, satisfies, almost surely for all ¢ € [0, 7],

00 = [ Flontnts + 3 (/ t VBT T ) o

ecE



where W = (W, (t); e € E,t > 0) is a RP-valued standard Brownian motion, and F’(y) denotes the
Jacobian matrix of F' at y. Moreover, Kurtz showed that we can construct XX and U, on the same
probability space such that

P( sup HXf(t)—gox(t)—Uz(t)/\/EH >CTlog(K)/K> — 0, (5)

0<t<T K—+oco

where Cp is a constant which grows exponentially fast as T increases, due to the use of Grénwall
lemma (see [21], or [I3l Chapter 11, Section 3]). This suggests that with high probability the gap
between XX and its Gaussian approximation is negligible with respect to 1/ VK during a period of
time of order log(K). In the present paper, we show that with additional stability assumptions on
the limiting ODE, we can obtain much longer time scales. Starting from now, we make the following
assumption :

Assumption A. There exists x. € % such that F(x,) = 0 and all the eigenvalues of the Jacobian
F'(z,) have a negative real part.

This entails that x, is an exponentially stable equilibrium point of F', see e.g. [31, Corollary 3.27].
Let %. denote its basin of attraction, i.e. the set of all z € % such that ¢, (t) = x. as t — +oo. It is
an open subset of % .

Let us take # € %.. It is known that XX shows a metastable behaviour : the theory of large
deviations for dynamical systems perturbed with Poissonian noise [29, [6] predicts that XX stays in
a small neighbourhood of the equilibrium for a time which is exponentially large in K. Similarly,
the vector field F tends to bring the trajectories of the density XX and the Gaussian approximation
0r + Us/ VK closer together, keeping the gap small between them. In this paper we construct a
coupling between these two processes by essentially concatenating couplings like the one constructed
by Kurtz, on intervals of length one. Then, roughly speaking, reaching an error threshold £(K) can
be compared to a succession of independent trials of low probability of success.

Let us introduce some notation before stating our main result. We denote by pX the probability
distribution of XX on the Skorokhod space D(R,R?), and by v, the probability distribution of U,
on C(R4,RY). Given two probability spaces (E1, &1, p1) and (Eo, &, o), a coupling of (ju1, p2) is a
random element (X, X3) of (Ey x Ea, &) ® &) such that X, is distributed as p; and X» as uy. For
two functions f,g : RY — RY, we write f(K) < g(K), or f(K) = o(9(K)), if f(K)/g(K) — 0 as
K — +o00. We fix a compact subset 2 of %, containing x, in its interior.

Theorem 1.1. There exist constants C,V,a > 0 such that for every € : R} — R satisfying
alog(K)/K < e(K) < 1, the following holds. For all K large enough and for all x € 2, there
exists a coupling (XX, U,) of (uX,v,) such that for all T > 0,

P(ogggT |IXK(0) — () ~ Ua())/VE| > a(K)) < O(T + 1) exp (~VE=(K)).

With this coupling, the gap between the density and its Gaussian approximation remains smaller
than e(K) during a period of time of order exp(V Ke(K)). The main choices for e(K) and the corre-
sponding time scales are regrouped in the following table.

Precision ¢(K) | Crlog(K)/K | alog(K)/K | o(1/VK) K7 0<p<l/2
Time scale T KVe exp(o(VK)) exp(VK!~P)

The first column recalls the result obtained by Kurtz on a fixed time window in the general
case. We see in the second column that with Assumption A, a precision of order log(K)/K can be
achieved uniformly during polynomial time scales. The third colum shows that, roughly speaking,
the functional central limit theorem can be extended to any time scale of the form exp(o(vVK)).
Choosing K~ 1/? « e(K) < 1 yields interesting results too and enables to explore the whole range
of subexponential time scales. We cannot expect more, since exponential time scales are associated



to large deviations [6, 29], and the rate functions associated to the large deviations of XX — ¢, and
U./VK are different [14]. Note that the time scale exp(V Ke(K)) coincides with the time needed
for || XX — ¢, to reach a level of order 1/z(K) (see Lemma [3.8), which corresponds to moderate

deviations of XX — ¢, since VK < 1/e(K) < 1. We refer to [26] for a detailed study of moderate
deviations of density-dependent Markov chains.
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Figure 1: Simulation of the coupling (XX, ZX) given by Theorem where ZK .= X¥X + U, /VK,
for the logistic birth-and-death process (see Section . Here d =1, E = {—1,1}, f1(z) = 2z1,>0,
B-1(z) = (1 + z)1;>0, K = 100 and = = 0.5. The coupling is described in Section We use the
algorithm presented in [25] to generate ‘KMT couplings’ of Poisson processes and Brownian motions,

satisfying .

Of course, it is important to understand the large time behaviour of the process ¢, + U,/V K.
Actually, after a transitory period, it can be well approximated by a stationary process. Set S, =

ZeeE ﬂe(x*)eeT, and
E* = / eSF/(I*)S*SSFI(I*)Tds,
0

which is well defined since s + ||e*¥ (@) is exponentially decreasing. We can show that for all x € %,
U, (t) tjio A(0,%,) . (6)

Moreover, if we let W = (W, (t); e € E,t > 0) be a RF-valued standard Brownian motion and U, (0)
be distributed as .4 (0, X,) and independent of W, then the unique strong solution U, of the SDE

U.(t) = U.(0) + /0 F/(2.)U.(s)ds + 3 /Be(a) We(b)e

eckE



is a stationary process. Let us denote by v, its probability distribution on C (RJr,Rd)7 and set
p« = min{—Re(A); A € Sp(F’(z.))}, which is positive due to Assumption A. From Theorem we
can deduce the following corollary, which gives a simpler approximation for XX, valid after a transitory
period of order log(K).

Corollary 1.2. There exists C',V,a > 0 such that for every e : R% — R satisfying alog(K)/K <
e(K) < 1, the following holds. For all K large enough and for all x € 2, there exists a coupling
(XK, U.) of (u&,v.) such that for all T > (6/p.)log(K),

P< sup fo(s) - U*(s)/\/XH > 5(K)> < C'(T + 1) exp (-VEe(K)).
(6/p+) log(K)<t<T

Regarding marginal distributions of the density process, the Gaussian approximation remains valid
for much a much longer period of time. Indeed, XX stays in 2 with high probability for a period of time
that is exponentially large in K (time scale of large deviations). Combining this fact with Corollary
yields the following result. We denote by W, the Wasserstein distance on P(R?) associated to the
truncated distance c(z,y) = ||l — y|| A 1, i.e.

W.: PRY xPRY) — Ry
(b1, p12) = infrer(uy ) Jraxra €@ y)(dz, dy),

where TI(u1, u2) is the set of probability measures on R? x R¢ with first marginal pu; and second
marginal us.

Corollary 1.3. There exists V' > 0 such that for all x € 2,

WP (VK (XK@t)—z.)e-), #(0,8)] — O
oo B iy Vo [B VE (@ =) ) H 020

This paper contains a Section [2] which is devoted to various applications of our main result, and a
Section [3| which contains all the proofs.

Notation. Given a topological space Y, #(Y) stands for its Borel sigma-algebra, and P(Y)
stands for the set of probability measures on (Y, 2(Y)). If Z,Z’ are random elements of Y and
A € P(Y), the notation Z ~ Z' (resp. Z ~ X) means that Z and Z’ share the same distribution
(resp. that Z has distribution \). We use the notation ||-| both for the Euclidean norm on R? and
for the associated operator norm on the set My(R) of d x d real matrices. We denote by AT the
transpose of a matrix A. The notation « refers to the derivative of a function of time ¢ — wu(t). For
all z € R? and r > 0, B(z,r) (resp. B(x,r)) stands for the open (resp. closed) euclidean ball of
center z and radius r. Given a function f : Fy — F,, where E5 is some normed vector space, we
denote by | f||,, the supremum norm of f. If E; is a subset of R?, we let || f ||ip denote the quantity

sup {[|f () — f(@)l/lz = yll; 2,y € RY,z # y}. Finally, if S C Ey, then we write |[f] s == [fisll
and || fllpip s = [ fislvip-

2 Applications

We discuss some consequences of Theorem [I.I] In Section [2.I] we show that we can use the Gaussian
approximation to estimate the time scales of moderate deviations of XX —¢,. The next two subsections
are devoted to concrete examples of density-dependent Markov chains. In Section we consider the
logistic birth-and-death process, and we obtain Gaussian approximation estimates for the process
conditioned to survive, and for the associated quasi-stationary distribution. Then, in Section we
consider the stochastic SIRS epidemic model and we apply Theorem [I.1] to give a Gaussian estimation
of a quantity modeling the cost of the epidemic.



2.1 Moderate deviations

We know that the density Xﬁ stays close to the equilibrium point x, for a long time. In population
models it is useful to estimate precisely the time needed for deviations to occur (in particular, the
extinction of a population). In this section we consider deviations of order n(K), where K~/? <
n(K) < 1. They are called moderate deviations : K~'/2 is the natural scale of the fluctuations given
by the central limit theorem, while taking 1 constant would correspond to large deviations.

In what follows, we assume that S, € Sd++, where S’d++ denotes the set of symmetric, positive-
definite d x d real matrices. It entails that X, € S; . We denote by |||, the norm associated to a

matrix A € S;, defined by ||y|| , = v/yT Ay. For all § > 0, the process U’ := §U,,, satisfies the SDE

Us(t) = /t F'(2,)U%(s)ds + 6 ST/2 B(t),
0

where B is a d-dimensional Brownian motion and Si/ % denotes the symmetric square root of S,. Set
§(K) = 1/(VEn(K)). Then the process U°) is an approximation of n~* (K) (XX — z.), and its large
deviations are well described by the Freidlin-Wentzell theory. For all T' > 0, let I : C([0,T],R%) — R
be the Freidlin-Wentzell action associated to the family (U°; § > 0), defined by

%fOTH(a(s) - F’(x*)u(s))Hgfl ds if u(0) =0, u is absolutely continuous
Ip(u) = and u(s) — F'(xz.)u(s) € Im(o) a.e;
400 otherwise,

The associated quasipotential is explicit [I0, Proposition 2.3.6], for all y € R¢ we have
1
inf {I7(u); T > 0,u € C([0,T),RY), u(T) = y} = 2 [lyll5;-+.

For all y on the unit sphere of ||-||-1, the vector F”(z.)y points towards the interior of the ball. Indeed,
an integration by parts shows that ¥, solves the Lyapunov equation F'(z,)%, + X, F'(z.)T = —S,,
hence (F'(z,)y)" (2571y) = —(271y)TS,2 y < 0. Thus, Theorem 4.2 in Chapter 4 of [14] entails
that for all A > 0,

exp (52 (; - h)) < inf{t >0: HUJ(t)HE:l > 1} < exp (52 (; +h))] L (7)

Using Theorem [I.I] we can show that the Gaussian approximation yields the good asymptotics
for the moderate deviations of X . This was already noticed by Pardoux in [26] (and before that
by Barbour [4] under the assumption n(K) < K ~3/%) : the rate function associated to the moderate
deviations of XX coincides with I7. Let us stress that it is not the case for large deviations [6], 29].

P

Proposition 2.1. Let 7% = inf {t >0: HXf (t) — x*”z*l > n(K)}. For all h > 0,

exp <(; - h) KnQ(K)) <7 <exp ((; + h) KnQ(K)> 1 b (8

2.2 Logistic birth-and-death process conditioned to survival

P

~—

Consider the logistic birth-and-death process. It is a density-dependent Markov chain with d = 1,
E = {-1,1}, pfi(x) = prly>o for some p > 0, and f_1(x) = B_1(x) = x(¢ + x)1y>0 for some
0 < ¢ < p. We suppose N¥(0) € N. Then N¥ is a N-valued continuous-time Markov chain with
transition rates from n € N to m € N\ {n} given by

pn ifm=n+1 (birth)
Gnpm =3 n(g+n/K) ifm=n—1 (death). (9)
0 otherwise



This is a very classical model in population dynamics. The quadratic form of the death rate models
the competition between individuals. The scale paramater K > 0 is the inverse of the intensity of the
competition : it can be interpreted as an amount of resources available to the population. We refer to [3]
for the proof that the lifetime of N¥ is almost surely infinite. Note that the functions 3_; and /3, are of
class C*> and do not vanish on % = R, and the vector field F': R} 3 2 — fi(z)—B-1(z) = z(p—q—x)
admits z, = p — ¢ as an equilibrium point. Since p, := —F'(x,) = x, > 0, Assumption A is met, and
the basin of attraction of z, is %, = R’.. Moreover ¥, = p and the process U, satisfies

¢
U.(t) = Us(0) — x*/ U.(s)ds + /2pz. W (t)
0
where W is a real Brownian motion and U,(0) ~ .4 (0,p) is independent of W.

Almost surely, the process N¥ hits the absorbing point 0 in finite time (see e.g. [3]). Suppose that
we know that a population, whose size is well modeled by N¥, has survived for a long time. What can
we say about the present size of this population, and how it evolved in the past ? Such questions are
classical, and a vast literature exists about the large time behaviour of Markov processes conditioned
to non extinction, and the related notion of quasi-stationary distribution (see for instance the survey
[23] and the book [IT]).

Using Theorem (1.1} we show that one can strongly approximate the past trajectory with good
precision on large time scales by the trajectory of a stationary Gaussian process. For all ¢, T > 0,
we denote by %" the probability distribution of the process (Xf (t+ S))0<5<T conditional on the
event {XX(t+T) > 0}, where XX ~ pK and we denote by iX* the probability distribution of XX (t)
conditional on { XX (¢) > 0}.

Proposition 2.2. There exists constants C"', V" «,8 > 0 such that the following holds. For all
e: RY — RY satisfying alog(K)/K < e(K) < 1, for all K large enough, for all t > (6/x,)log(K),
all T >0 and all x € K~'N*, there exists a coupling (X, U,) of (ﬂf?t’T, 1/*), such that

P| sup ‘f((s) — Ty — U*(s)/\/l?‘ >e(K) | <C” (exp (—t> + (T +1)exp (—V”KE(K))) :
0<s<T Blog(K)

Note that it is important that the estimate be uniform in x when the initial size of the population
is not known. The scale 5log(K) corresponds to the time needed to ‘forget’ the initial starting point,
conditional on survival.

Let us mention an interesting consequence of this result. It is shown in [32] that for all K >
0, there exists a unique probability distribution v% on K~!IN* such that, if X%(0) ~ +%, then
P (XX(t)e | X% (t) >0) = 4¥ for all t > 0. Such a probability distribution is called a quasi-
stationary distribution (QSD). Moreover, the QSD satisfies, for all z € K~!N* and A ¢ K~ !N*,

~K;t K
FEE(A) > o),

In [7], Chazottes, Collet and Méléard use spectral methods to obtain sharp bounds on the total
variation distance between the distributions jif* and v%, and between v* and the discrete Gaussian

distribution ( K )2
1 n — x
USRI (_) 5o
Z(K) gl; Kp /K

where Z(K) is a normalization constant. More precisely, they show that

where dy stands for the total variation distance.

We can obtain an analogous result, with respect to the distance W, on P(R). We recall that
W, was defined in the introduction as the Wasserstein distance on P(R) associated to the truncated
distance c(z,y) = | — y| A 1. Using Proposition we obtain the following result.



Corollary 2.3. Let 7% be the rescaled quasistationary distribution defined by
FE(A) =K ({x>0:\/§(x—x*)€A}),
for all A € B(R). Then, we have
We (75,4 (0,p) = O (K~ 1og(K)) .

Note that this result is not optimal, as one could remove the logarithmic factor using . Its
interest lies in the trajectorial approach we used. We expect to generalize Corollary to a multidi-
mensional context, such as the one studied in [8] and [9].

2.3 SIRS model and cost of an epidemic

Consider the following epidemic model (SIRS). An infectious disease spreads in a population of indi-
viduals which can be either susceptible, infected, of recovered. We assume that the total size of the
population is constant equal to a large K € N, hence it is enough to record the amounts of suscep-
tibles and infected, denoted by NX and N respectively. We model the evolution of the epidemic by
assuming that the process N¥ = (NX(t), NX(t));>0 is a N?-valued continuous-time Markov chain,
such that the transition rate from n = (ng, n;) to m # n is given by

Ang(n;/K) ifm=(ns—1,n;+1) (infection)
K )omi if m = (ns,n; —1) (recovery)
n,m = (K —n; —ng) if m=(ns+1,n;) (loss of immunity) ’
0 otherwise

for some X,7v,0 > 0. The loss of immunity may arise if the pathogen mutates (one may have in
mind, for instance, the influenza virus). In other words, N¥ is a density-dependent Markov chain
with d = 2, E = {eins = (—1,1), erec = (0,—1),€10; = (1,0)}, and, for all (s,i) € R?, setting A =
{5,Z€R+Z+SS1},

anf(svz) :)‘SilA(Sai)a ﬁrec(sai) :’YilA(Sai)v ﬂloi(svi) :9(1_1_8) 1A(877;)7

with obvious notations. Their restrictions to the open set Z = A are C>® and positive. If we let
F= ﬁinfeinf + Brecerec + ﬂloieloia then for (57i) € %a we have

F(s,i) =(=Ast+0(1l—i—s), Asi—~1).
From now on, we assume that A > . Then, F' has a unique zero on %, given by

T = (S4,05) = <;Y\, m> .

The equilibrium point x, satisfies Assumption A. Indeed,

—0A+0)/(v+60) —(v+0)
(A —=7)/(v+0) 0

has a positive determinant and a negative trace. We call x, the endemic equilibrium : it corresponds
to a persistence of the disease in the population. Here, it is made possible by the supply of new
susceptibles due to the loss of immunity.

Say we want to estimate the cost of the epidemic for the population, on a time interval [0,¢]. A
simple model is to consider that the total cost is proportional to the sum, on all individuals, of the total
time during which they were infected. The cost per person of the epidemic on [0, ¢] is then proportional

to .
/ I (s)ds,
0

Fe.) =



where 1% = NX /K. To estimate this quantity, we can make use of the trajectorial Gaussian approxi-
mation given by Theorem To simplify, we suppose that N¥(0) = | Kz, ]. Set

O\ — 2 -1
Sy = 5in,f(1'*)6inf eﬂf + ﬂrec(x*)erec ezec =+ 5lm’(gj*)6loi elj;i = M 1 9 s

and let C,V,a > 0 be given by Theorem [I.1] We can assume that, on the same probability space as
NX | there is a continuous 2-dimensional process U, satisfying the SDE

U, (t) = /0 F'(2.)Us. (s)ds + S2/* B(t) (11)

where B is a 2-dimensional Brownian motion, such that the following holds. For every € : R} — R}
satisfying alog(K)/K < e(K) < 1, we have, for all K large enough and for all ¢ > 0 :

P(OiugtHNK(s)/K — Ty — Ur(s)/\/EH > 5(K)) <C(t+1)exp (-VKe(K)).

From this we can deduce a Gaussian approximation for the cost per person of the epidemic. Given
a family of (real-valued) random variables (A®; K >0) and a function f: R} — R, we write
AK = Op(f(K)) if for all § > 0, there exists M > 0 and K, > 0 such that P (|JAX| > M f(K)) <0
for all K > K. We denote by ") and y(® the first and second coordinates of a vector y € R? .

Proposition 2.4. Set

1/2
o= A(/\_Z;M) ((A—7)2+(v+9)()\+0))} .

For allt > 0, we have
/t I (s)ds = is t + oW (t) VK + (F'(z.)"'U..)® () /VE + /t (IK(S) —i - U® (s)/\/E) ds,
0 0
(12)

where W is a real Brownian motion. For all T: R — R such that 1 < T(K) < K? for somep > 1,
we have

/ o I5(s)ds = i, T(K) + o/T(K) /K A (0,1) + Op (1 IVE +T(K)log(K) /K) L (1)
0

The leading term i, T(K) is given by the deterministic approximation of I*. Note that in the regime
K/(log(K))? < T(K) < KP, the Gaussian term becomes negligible with respect to T(K)log(K)/K
and the approximation reduces to

T(K)
/0 % (s)ds = T(K) (is + Op (log(K)/K)) .

3 Proofs

3.1 Preliminaries
3.1.1 Limiting ODE

We first prove some basic consequences of Assumption A on the fluid limit ¢, and on solutions of the
ODE

) ="F (), (14)



for x € %,.. The ODE is the linearization of the limiting ODE, driven by the vector field F', along
the trajectory .. It is important for our purposes because XX is a random perturbation of ,. For
all s >0, let ¥,.(-,s): Ry — Mi(R) be the unique matrix solution of the Cauchy problem

oV, (t,
% = F'(¢.(t))W,(t,s), teRy
U, (s,8) = Ig.

This is a classical object known as the principal matrix solution of the ODE at time s. Given
r,s > 0, the functions ¢t — U, (¢,r) and ¢t — U, (¢, s)¥,(s,r) satisfy the same Cauchy problem at time
s, hence

U, (t, 1) = U,(t,s)W,(s,r) and W, (t,s) = T,(s,t)""
for all r,s,¢ > 0. Thus ¥, is also differentiable with respect to its second variable and we have

OV, (t, s)
ds

The following lemma gives classical bounds related to the exponential stability of x, (resp. 0) for
the limiting ODE (resp. its linearization). Recall that p. = min {—Re(A\); A € Sp(F’(x4))}.

= \I’m(tﬂ S)Fl((pz(s)) (15)

Lemma 3.1. i) There exists Ty > 1 such that, for allt >0 and x € D :

la () = || < Tre™t/2. (16)

ii) The set ¢ (R4 x ) is compact.
iii) There exists To > 1 such that, for allt > s> 0 and x € D :
| W, (¢, 8)|| < Dpe P==3)/2, (17)

Proof. Let us proveli)} Assumption A entails that there exist p >0, § > 0 and I'g > 1 such that, for
all z € B(z,,96) and all t > 0,
lz(t) = 2]l < Tollw — z]le™"".

Moreover, we can choose p to be any value in the open interval (0, p.) (see e.g. [31l Corollary 3.27]). We
take p = p, /2. Consider the function T': %, — R, defined by T'(x) = inf {t > 0: ||pz(t) — z.|| < d}.
By continuity of the flow ¢ with respect to the space variable, the function 7" is upper semi-continuous,
and consequently it is bounded from above on the compact 2. Let T > |7 o, define M =

sup { [z (t) — z.||; 2 € 2, 0 <t < T}, which is finite due to the continuity of ¢, and set
Ty = (M VIy6)er~T/2,

where p V g (resp. p A q) stands for the maximum (resp. the minimum) of p and ¢. Let z € &. There
exist 0 < s < T such that ¢, (s) € B(x.,d). For all 0 <t < s, holds by definition of I'y, and for
all t > s,

2 (t) = 2ol = [Py, () (t = 8) = wal| < Tpbe™ P+ 07912 <Tyem /2,

Let us prove Let (2, tn)nen be a sequence of elements of 2 x Ry. If (¢,) is not bounded,
there exists a subsequence t,,, — +o0, and itementails that ¢(2n,,tn,) —> . Otherwise, if
k—+oo k——+oo

(tn) is bounded, we can a extract subsequence (2, ,tn,) which converges to a limit (Z,¢) € 2 x Ry,

so that ¢(xn,,tn,) o o(Z,t). Hence, (2 x R) is relatively compact.
—+00

Now, we turn to The proof is very similar to [3I, Theorem 3.20]. Due to we 1may suppose
without loss of generality that & is positively invariant by the flow p. Let x € 2, s > 0, and set
Y :R; 3t U,(t,s). We have

Y = Fl(p,)Y = F'(@)Y + [F(p,) - F(2.)]Y,

10



thus, by variation of constants,

Y(t) = et=9F (@) 4 / t I @R (o (1)) — F'(2.)] Y (r)dr. (18)

S

Let C' > 1 be such that for all ¢ > 0, |[e!F (#+)|| < C'e=3+t/4, Recall that the gradient of the 3, are
locally Lipschitz, hence [[F'[|;;, 5, < oo. Set 2(t) = 30+ (1=5)/4||Y (t)||. Equation yields, for all
t>s,

t
(1) < C+C||F’||Lip’@111€_p*s/2/ S(r)dr.

Obviously there exists to > 0 such that C[|F'||;, ol1eP5/2 < p, /4. For all t > s > tq, Gronwall’s
lemma yields z(t) < Cer+(t=5)/4 hence

W, (t,5)|| < CeP-(t=9)/2, (19)

We end the proof by showing that the condition s > ¢y can be removed, if we change the constant C.
For tg >t > s > 0, Gronwall’s lemma entails |V, (¢, s)|| < etoll Mo, Finally, the case t > tg > s >0
can be reduced to the previous ones thanks to the relation ¥, (t,s) = U, (¢, to) ¥, (to, s). Hence, setting
'y = Cexp (t0(||F’||OO,@ + p+/2)), the inequality

19, (¢, 5)|] < Tpee (=2
holds for all t > s > 0. O
From now on, we make the following assumption. It entails no loss of generality due to item
Assumption. The compact 9 is positively invariant by the flow ¢, i.e. p(2 x Ry) = 2.

3.1.2 Perturbed linear ODE

We know from Lemma that the solutions of the linear ODE are killed exponentially fast. In
the following lemma, we consider a solution y of a perturbed version of the integral equation associated
to this ODE. We show that if one wants the norm of y to reach high values, then the pertubation
term must oscillate strongly enough, to be able to compensate the killing effect of the (non-perturbed)
ODE. This lemma is crucial for the proof of Theorem [I.1

Lemma 3.2. There exists I' > 1 such that for every x € & and every Borel measurable locally bounded
functions y, h : Ry — R? satisfying

t
v =00+ [ F(e@)uds+ 1D, 120, (20)
we have, for allt >0 :
sup [ly(s)| <T | lly(0)[| v sup ||a(s) —h(r)| |- (21)
0<s<t ?Ef?;\sgﬁf

Proof. Let 2 be a compact subset of %, which we may suppose positively invariant by ¢ due to
Lemma Let 2 € 2, and let y,h : Ry — R be Borel measurable locally bounded functions
satisfying (20]). For all ¢t > 0, we have

(v — h)(t) = y(0) + / F (o (3))u(5)ds.

11



By variation of constants, we can deduce from the above equation that

(y = h)(t) = W (t,0)y(0) + /O Uy (t,5)F' (p(s)) h(s)ds. (22)

Let us precise the argument. We have, for all t > 0, using ,

W, (0,8) = I — / W, (0,5)F (9 (5))ds. (23)

For all functions a1, A; : Ry — My(R) and as, Ay : Ry — R? such that ay,ay are locally integrable
and A;(t) = A;(0) + fot a;(s)ds, Fubini’s theorem yields

Ar(t)Aa(t) = A1(0)A5(0) + / (a1 (5)A2(s) + A1 (s)az(s)) ds.

Equation is obtained by applying this formula to 4; = ¥,(0,-) and Ay = y — h, before left-
multiplying by ¥, (¢,0). More generally, if we set, for each j € N,

hj(t) = h(t) = h(j) and ﬁj(f):hj(t)Jr/ Wy (t, s)F' (0x(s))hy(s)ds,

then the same argument yields, for all ¢t > j,

y(t) = Wa(t, j)y(d) + hy(t).
By induction on |t], we obtain

[t]
y(t) = \le(tv O)y(O) + Z \Ijz(tvj)ﬁjfl(j) + iLLtJ (t)
=1

The term iLLt 1(t) represents the contribution of the most recent increments of h to the value of y(t).
Lemma ?7? entails that the other terms, which represent contribution of increments of h that more
distant in the past, are killed exponentially fast. Letting I's > 1 be given by 7?7, we get

Lt]

ly®)]l < Tae™ T y(0)l| + Y Toe™ FCDhy 1 (j) + sup |7y (s)]
i=1 [t]<s<t

- Iy
< y(0)|| V max sup hi(s (1+*>.
<| Ol OSjSLtJjgsgtA(j+1)|| i )H) l—e %

Now, the definition of ﬁj implies that for all j € N and j <r <j+1,

sup ||hi(s)]| < sup [|hi(s)|| (1 +F2HF/||00,@)-
i<s<r i<s<r

Finally, we obtain

su s)|| <T 0)|| V max su h(s) — h(i .
OSSIS)tHy( | (Hy( )i 012 igsgmrziﬂ)u (s) ()H)
with r
r=(1+—2 _ (1 + || F’ ) .
< 1 —e’?) 2| ”009

12



3.1.3 Gaussian process

We show that the Gaussian processes U, and U, are well defined and satisfy the properties given in
the introduction.

Proposition 3.3. Let W = (W,(t); e € E,t > 0) be a R -valued Brownian motion, and let U, (0) ~
A (0,%,) be independent of W. For all x € 2, there exist unique strong solutions U, and U, to the
SDEs

w0 = [ Flo ds+z(/ VB GNA.() ) (24)

eclk

U.(t) = U.(0) + /O Fl(2)U.(s)ds + 3 /Bel@ ) We(b)e. (25)

ecE

Moreover, U,(t) = A (0,%,) as t = +00, and the process U, is stationary,i.e. Uy (t + ) ~ U, for all
t>0.

Proof. Let « € 2. Using It6’s lemma and the relation d¥,(¢,0)/dt = F'(p,(t)) ¥, (t,0), we see that
U, solves the SDE (24)) if and only if

Z/ Belpa ()W (0, s)e AW, (s)
eckE
almost surely for all ¢t > 0. Thus has a unique strong solution given by the formula
2/ Belpa (9)) U (£, 8)e AW (5).
eckE

A similar argument shows that has a unique strong solution given by

U,(t) = 'F @y, +Z/ VBe(a(5))et =) @) e dW, (s).

ecE
For all t > 0,
E(Um(t)Um(t)T) :/ <Z Be(pa(s ) W, (t,s)"ds
eclE
= / Tiu<ny Vot t —u) <Z Be t—u eT> U, (t,t —u)Tdu.
0 ecE

Using Lemma and the boundedness of the functions 8. on Z, we see that the norm of the above
integrand is dominated by u — Ce™P=" for some C' > 0. Let I'; and I'y be given by Lemma For

all t > u, yields

t
1Wa (8t =) — e () s/ Dl F' |l o Tre ™"/ Tadr < 207 T1D3(|F|| ., ge P~ 9/2,
t—u ?

Hence, as t — +00, we have W, (t,t — u) — e“F (=) Moreover @, (t — u) — x,, thus by dominated
convergence we obtain

E(Ux(t)Um(t)T) — 3.

t——+o0

Since U, is a centered Gaussian process, this implies U, (t) = A47(0,%,) as t — +o0.
Let us show that the process U, is stationary. Since it satisfies the SDE with constant coefficients
, it is Markovian, thus it is enough to show that all its marginals are distributed as .4 (0, %,). For

13



all ¢ > 0, the independence of U,(0) and U,, entails that U, () is a centered Gaussian random vector
with covariance matrix

t
E (U* (t)U* (t)T> _ etF’(a:*)Z*etF’(x*)T +/ e(t—s)F’(a:*)S*e(t—s)F’(ac*)TdS
0

00

— €tF/(w*)E*€tF/(z*)T + 3, _/ 6SF/(I*)S*€SF/($*)TCIS
t

::2*7

which ends the proof.

3.1.4 Chernoff bounds for Poisson process and Brownian motion

We give exponential bounds on the tail probabilities of the supremum norm of a compensated Poisson
Process (Lemma , and a Brownian stochastic integral (Lemma on a given time interval.
These results are not new and we provide the proofs here for the sake of completeness. We follow
the standard method which consists in optimizing over a one-parameter family of Chernoff bounds
obtained via Doob’s maximal inequality.

Lemma 3.4. Let P be a standard Poisson process. For all S, A > 0 such that A < 21og(2)S, we have

P < sup |P(s) — s| > A) < 2exp (f;) . (26)

0<s<S

Proof. Let P be the compensated process defined by P(t) = P(t) —t. Let S,A > 0 such that
A < 2log(2)S, and let £ > 0. We have

P < sup ’ﬁ(s)’ > A) <P ( sup EP() > egA) +P ( sup e—EP() > €£A> . (27)
0<s<S 0<s<S 0<s<S

Since P is a cadlag martingale (with respect to its canonical filtration), eSP and e~¢F are cadlag
submartingales and Doob’s maximal inequality yields

P | sup ’I:’ s ’ > A) < e A (E(efPO)) £ B (e 6P®)

(o2, [P0 (B(7) + B (7))
< A (68(657571) n eS(e*ergﬂ)) _

Let us choose ¢ = A/2S. By hypothesis, ¢ < log(2), hence e*¢ F ¢ — 1 < £2. Consequently,

. 2
> A) < 9e—EA+SE _ 2 exp (A) .

P( sup ‘15(5) -

0<s<S

O

We say that a filtration (:%;)o<i<co defined on probability space (€2, .#, P) satisfies the usual con-
ditions if it is complete, i.e. % contains the P-null sets of .%,, and right-continuous.

Lemma 3.5. Let B be a real Brownian motion with respect to a filtration (F;),<,<., Sotisfying the
usual conditions. Let A,S,p >0, and let R be a (F;)-progressive process such that, almost surely,

|R| < p almost everywhere on [0, S].

Then

P< sup /O " R(r)AB(r)

0<s<S

2
> A> < 2exp (‘2?&) . (28)
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Proof. We can proceed in a similar way as in the proof of Lemma Let M be the (#;)-martingale
defined by

M(t) = /0 R(s)dB(s).

For all £ > 0, we have

P (s, 001 2 0) 276 ((:01) 5 (-09)). =

The Doléans-Dade exponentials

2t
Erem(t) =exp <:|:§M(t) - %/ RQ(s)ds>
0
are positive local martingales as shown by Ito’s lemma, thus supermartingales. Consequently,
E (6*51”(5)) < e SP PR (L (S)) < 8502,
We conclude by plugging this inequality into and choosing ¢ = A/(Sp?). O

From Lemma [3.5 we can deduce an exponential bound on the probability of large oscillations of
Brownian motion.

Lemma 3.6. Let B be a real Brownian motion. For all S,T, A > 0, we have

T A?
P B(t) — B >Al <2|= - . 30
s (B~ B(s) > 4 < [S]exp( 1&9) (30)
li—s|<5

Proof. Let S,7, A > 0. It follows easily from the triangular inequality that

sup |B(t) — B(s)| <3 sup sup |B(kS +r)— B(kS)|.
0<at<T kE{0,...,[T/S] -1} 0<r<S
t—s|<

Since for all k € N the process (B(kS +r) — B(kS); r > 0) is a Brownian motion, we get

T
P s (B0 -B6)| 24| < [L]P( s 502 a).
0<s,t<T S 0<r<s
[t—s|<S
We conclude by applying Lemma [3.5] with R = 1. O

3.2 Proof of Theorem [1.1]

Let 7o > 0 be such that the compact 2’ := 2 + B(0,ry) is a subset of . Let I' > 1 be given by
Lemma [3:2] and set

Mo = 3l My = Bl grr Mo = el g s = 1 i gr Ms = VBl
ec

Note that M; and M; are finite due to the fact the 8. are C! on %, while M3 and M, are finite because
for each e € E the gradient of 8. and /8. are locally Lipschitz on % . We say that (B, P) is a KMT
coupling when B is a Brownian motion and P is a Poisson Process such that

P | sup |P(t) —t — B(t)| > clog(T) +u| < ae™®, (31)
0<t<T

for all T > 1 and w > 0, where a, b, ¢ are the constants appearing in (|1)).
Let us fix K > 0 and = € 2 for the rest of the proof. The first step is to construct the coupling
(XE,U,) of (4K, v,).
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Proposition 3.7. We can construct a probability space (Q,.F,P), equipped with

a) a filtration (F;)o<i<oo satisfying the usual conditions, a R¥ -valued (F;)-Brownian motion W =
(We(t); e € E,t >0), and a (F;)-adapted, d-dimensional continuous process Y, such that, P-
almost surely for allt <inf{s > 0:Y(s) ¢ 2'},

YxK(t)u;fJ+/otF( ds+z(/ JBe (VX () dw( ); (32)

ecEl

b) a family (Be;; e € E,j € N) of mutually independent real Brownian motions such that, for all
e € E, j € N, and P-almost surely for all j <t < (j+1)Ainf{s>0:Y(s) ¢ 2'},

VAW =YEG)+ [ POREDs+ B (K [ 0 e)as): (3)

J J

¢) a (%)-adapted, d-dimensional continuous process Uy, of probability distribution v,, solution of

vt = [ Flannuaons+ X ([ VEGTam e (34

eckE

d) a family (Pe,j; e € E,j € N) of mutually independent Poisson processes, such that for alle € E,
j €N, (Be,j, P.;) is a KMT coupling;

e) a d-dimensional cadlag process XX of probability distribution uX, such that for all j € N, P-
almost surely for all j <t <j+1,

XKt = XE() + % Z P, ; (K/j Be (XK (s)) ds) e. (35)

eck

Let us make some comments. This construction involves a diffusion Y., which admits the repre-
sentation , involving time-changed Brownian motions. The analogous representation of XK
involving time-changed Poisson processes, enables to use KMT couplings. The coupling between Y, X
and the Gaussian process ¢, + U, /VK is more straightforward : we use the same family of Brownian
motions W, to drive them both.

The coupling is based on the construction of Kurtz in [21], but here we use different KMT couplings
on each time interval [j,j + 1]. That way, gaps between the time changes of Poisson processes and
Brownian motion are suitably controlled, even for large ¢. This is crucial since we are interested in
large time scales.

Proof. Let x: R? — R be a continuous function with compact support such that X|2: = 1. The
functions yF and xf. are continuous and bounded, thus Theorem 2.2 in [I7, Chapter IV] yields
the existence of a probability space (Q,.%7,P) equipped with a filtration (%),.,«., satisfying the
usual conditions, a RF-valued (.%;)-Brownian motion W = (W, (t) ;e € E,t > 0), and a (.%;)-adapted,
d-dimensional cadlag process Y,X such that, P-almost surely for all ¢ > 0,

v =By /0<><F>< ds+2(/ OB (VX () i )

This equation implies almost surely for all ¢ <inf {s > 0:Y(s) ¢ 2}, using that xjo = 1.
Enlarging the filtered probability space, we may suppose that there exists mutually independent real

Brownian motions (Be,j jec B je N) and mutually independent random variables (V. ; ;e € E,j € N)
uniformly distributed on [0, 1], such that the sigma-fields o (V. ;;e € E,j € N), o (Be,j iec B je N)

and %, are mutually independent.
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Let us deal with@ Given Equation , what we need is to construct a family (B, ;; e € E,j € N)
of mutually independent real Brownian motions such that, for all e € ' and j € N, we have, almost
surely for all ¢t > 0,

B (K / t BV 6)as) = VE [ BV ()W) (36)

J

For all e € I and j € N, define the process M, ; by

Mej(t) A 1{]<€<]+1} K(Xﬁe)(YZK(S)>dWe(8)

It is a continuous (.%;)-local martingale starting from 0 with quadratic variation given by

(Me,j)(t) = /O Lj<scirny K (xBe) (Y (5))ds.

Moreover, (M. ;; e € E,j € N) is an orthogonal family, in the sense that (e,j) # (¢, ;) implies
(M j,Mer jo) = 0, where (-,-) denotes the quadratic covariation. For all uw > 0, define the (%)-
stopping tlme

Tej(u) =inf {t > 0: (M. ;)(t) > u},

and define the process B, ; by

B (u) _ Me,; (7—67]( )) ~ if u < <Me,j>(j+ 1)
! Moj(j+1)+Bej(u— (M j)(j+ 1)) ifu> (M )(j+1)

Then, (B j,e € E,j € N) is a family of mutually independent real Brownian motions, see Theorem
1.10in [27, Chapter V|. The fact that B, ; is a Brownian motion is essentially Dambis-Dubins-Schwarz’s
theorem, but we need B. ; to extend B, ; after time (M, ;)(j + 1), which is finite. As for the indepen-
dence of the B, ;, it comes from the orthogonality of the M, ;.

To conclude the proof of we still need to verify (36). Set 7.;(0) = 0and 7 (u) = limy—y v e, (V)
for all w > 0. The process (M, ;) is constant on [7, .(u), e j(u)] for all v > 0, almost surely,

e.J
hence this is also the case for M. ;. Moreover, almost surely for all j < t < j + 1, we have

te (1o ((Mej) (1)), 7e; ((Mej)(t))], thus
Mej(6) = Mo 703 (M) (1) | = Beg (Mo ) (1)

This entails almost surely for all t <inf {s > 0: Y/ (s) ¢ 2'}.

Now, let us turn to@ The definition of the P, ; should satisfy two constraints : (B, j, P. ;) should
be a KMT coupling, and the P, ; should form an independent family. In order to do that, We use the
Ve,; and Lemma which guarantees the existence of a measurable function G : C(Ry, Rd) x[0,1] —
D(R,,R%) such that, if B is a real Brownian motion, and V is uniformly distributed on (0,1) and
independent of B, then (B,G(B,V)) is a KMT coupling. Thus, we set P, j; = G(Be;, Ve ;), and @ is
satisfied.

Finally, let us define the process XX. For each y € 2 N K~1Z4, it follows from Theorem 4.1 in

[13, Chapter 6] that there exists a unique d-dimensional cadlag process (X;,j(t) t > 0) satisfying the

equation
X/ —y—i—ZPej(/ﬂe ds>e

eck

and we have X . ~ pl‘. What’s more, o(X
|Kz]|/K and, foralljeNandj<t<]+1

XK@ = (g, (8= J)-

C o(P.j; e € E). Now, define XX by XX(0) =

uj)
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It is not hard to prove by induction that o (Xf(t); 0<t< j) Co(Pi;ec E,0<i<j—1)and
that (XX (t); 0 <t < j)is a K~ 'Z%valued continuous-time Markov chain, with transition rate from
y to z # y equal to Qf,z = qu’Kz = KBk (2—y)(y). The key point is that conditional on XK (4), the
process (XX (t); j <t < j+1) is a continuous-time Markov chain with transition rates (q;{z) starting
from XX (j), and independent of o (XX (¢); 0 <t < j). Hence, XX ~ pf. O

In the rest of the proof, we generally write (X,Y,U) = (Xf YK Uz). The quantities we call
constants may only depend on the M;, rg, the constants a, b, c involved in , and the cardinal of E,
which we denote by |E|. When we say that an assertion holds ‘for K large enough’, we mean that
there exists Ko > 0, independent of x, such that the assertion is true if X' > Kj. For all (e,j) € ExN,
we denote by P. ; the compensated Poisson process associated to P j, defined by P, ;(t) = P. ;(t) —t.

The next step is to study the deviations of XX from the fluid limit ¢,. Taking K 172 <nK)<1
in the next proposition corresponds to moderate deviations of XX — ., while taking n constant
corresponds to large deviations.

Proposition 3.8. There exist constants Vo, no > 0 such that for all n: R} — R satisfying K12«
n(K) < no, we have, for K large enough and for allt >0 :

P (oiug XK (s) = pals)] > n(K)) <2|E|(t+ 1) exp (-VoKn*(K)). (37)

Proof. Set
o = (60 Ms) ™" A (121og(2)T MoM;) A 7.
Let n: R% — R be such that K~1/2 < n(K) < 7o, and set
7, = inf {t >0: | X(t) - p.(t)] > n(K)}.
Note that since 1y < ro, we have X(t) € 2’ almost surely for all t < 7,,. Using , we get, almost

surely for all ¢t > 0,
x(t) = Kl /tF(X(s))ds + 3 A
K 0 - J
0<5<|t]

where

EAG+H1)
A;(t) 1{t>j} ZP,J ( / ﬂe(X(s))ds> e.

eEE J
Recalling that

o (t) =z +/O F((px(s))ds,

we can write
X0 -0 = (FE =o )+ [ Ple) (X6 - pu)is+ 3 44D)0  39)
0 0<5<t]
tAG+1
Di(t) = 155 / [F(X(5)) = F(pals)) = F (2(5)) (X(5) = () | s

Let ¢ > 0. On the event {7, < t}, we have | X(t A1) = || X ()| > n(K) by right-continuity of
X, thus

{m <t} cC { sup || X (s) — @x(s)]| = n(K)}~

0<s<tATy,
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Now, consider Equation (38]): it shows that X — ¢, can be seen as a perturbation of a solution of the
linear ODE ¢ = F’(¢,)y. Thus, we can use the key Lemma which allows us to control X — ¢, in
terms of the A; and the D;. Since for all f: Ry — R% and T > 0,

sup s)— f(r)|l £3 max sup s)— (),
?SnjsT”f( )= f()l OSJSLTJjgsggquATHf( )= O
s—r|<1

and since ||| Kz|/K — z|| < Vd/K < n(K), we obtain, for K large enough,
sup || X (s) = wa(s)|| 2 n(K) p €4 max  sup [|(A; + D;)(s)|| = n(K)/(30) ;.
0<s<tATy, 0<ji<|¢] J<s<tATy
We recall that I" > 1 is given by Lemma Consequently, setting n’'(K) = n(K)/(3T),
P(r, <t)<(t+1) max P| sup [[(4;+ D;)(s)|| >7n'(K)|. (39)
0<5<|¢] J<s<tAT,

Let us bound the right handside of this inequality. For K large enough, for all 0 < j < |¢] and
Jj < s<tAT,, we have

SAG+1)
I [ FX) = Fort) — F(a) (X() = )

sA(j+1) 9
<[ X0 - e ar
J
< Msn(K)?
<7'(K)/2,
where we used that 61" M3ng < 1 for the last inequality. Hence yields, for K large enough,
P(r, <t)<(t+1) max P su A ()| >n'(K)/2 ).
(1) < (4 1) max (KK%H S = () )

Now, for all 0 < j < |t] and all j < s <t AT,, we have

ecE

sA(G+1)
max /j BE(X(T))dT < rgeaé(HﬁeHoog, < My,

thus

sup  ||4;(s)]| < K 'Mymax sup [P (s)]
j<s<tAT, e€l 0<s<K M,
Letting P denote a compensated Poisson process, we get
Plry <0< Bl 0P (s P> Ko () ) (10)

0<s<K M,

where 7" (K) = n/(K)/(2My) = n(K)/(6T'My). The inequality n(K) < no entails n”/(K) < 2log(2) M,
thus we can use Lemma which yields

K (K 2
P (7, <t) < 2|E|(t+ 1)exp (‘7311\(4)) .
1
This entails with Vy = (144F2M§M1)_1, hence the proposition is proved. O

Next, in Proposition [3.9] (resp. Proposition [3.10)), we obtain upper bounds on the probability that
|IX =Y (resp. ||Y — pr — U/VK]|) exceeds a level e(K). Once again, the idea of the proof is to see
the process as solution of a perturbed linear ODE and use Lemma [3.2]

19



Proposition 3.9. There exist constants C1,Vi,cq > 0, such that for every € : RY — R satisfying
ay log(K)/K < e(K) < 1, we have, for K large enough and for allt >0 :

P( sup HXf(s) - YwK(s)H > 5(K)> <Ci(t+1)exp (-1 Ke(K)). (41)

0<s<t
Proof. Let e, : R} — R be such that K ! < ¢(K) < 1 and K1/2 < n(K) < 1. Set
0. = inf {t >0: || X(t) - Y@ > E(K)} and 7, = inf {t >0 [|X () — pa(t)] > n(K)}.
The scale 1 will be specified later, as a function of e. Since e(K) + n(K) < 1, for K large enough

both Y'(t) and X (¢) belong to 2’ almost surely for all ¢ < 7, A g.. Thus, using equations and
(??), we obtain that almost surely for all ¢ < 7, A o,

X(t)—Y(t):/o F(0a(9) (X(s) = Y(s))ds+ S (H; +.J;+ L) (1), (42)

0<j<[t]

where

! ) EAG+1)
Hy(t) = 1{t2j}E Z (Pe,j - Be,j) <K/ Be (X(s))ds) e
eelE J

tA(j+1) tA(G+1)
B.; <K / ' /36(X<s>)ds>—Be7j (K / ' ﬁe(ns))dsﬂe

IAG+)
Li(t) = 1z / [F(X()) = F(Y(5)) = F'(12(5)) (X(5) = Y ()] .

1
I;(t) = Liziy 3¢ >
eckE

Let t > 0. We have

{o. <t} c{m<tiu{o. <t<m}

c{m <t}U{ sup || X(s) = Y(s)|| ZE(K)}.

0<s<tATyhAoe

Using Equation , we apply Lemma with X — Y playing the role of y and we get

0<s<tAT,No= 0<j<[tATy Ao | j<s<tAThAoe

{ sup || X (s) = Y(s)|| ZE(K)} C { max sup  ||(H; +1; + L;)(s)| 25’([()},
where ¢/(K) = e(K)/(3T). Hence, for K large enough we have

P(O’E<t)§P(Tn<t)+P< max sup  ||(H; + 1; + L;)(s)|| 25’(K))

0<5<[¢] J<s<tATyNoc

<(t+1
( ) 0<5<[¢] J<s<tAThAoe

2|E| exp (—VOKn2(K))+ max P ( sup ||(Hj+Ij—|—Lj)(5)|| 26'(K)>],

where V > 0 is given by Lemma Moreover, for K large enough, for all 0 < 5 < [¢]| and for all
j<s<tAT Ao,

sA(j+1)
s [ s [FOX0)+ (1= 0) - F e 0) ¥ ¢) - X0 ar

< M3 (n(K) +e(K)) e(K)
<e'(K)/3,
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hence

P (0. <t) <2|E|(t+1)exp (-VoKn*(K)) + (t+1) max P ( sup || H;(s)|| Zs’(K)/S)

0<5<t] J<s<tAT,Aoc

+(t+1) max P ( sup || L;(s)|| > 5’([()/3) : (43)

0<5<[¢] J<s<tAT,AOc

Let 0 < j < |t|. The term Hj is the error term due to the difference between the P, ; and the
B, ;, and we bound it thanks to the KMT estimate . We have

P ( sup || H;(s)|| = 6’(K)/3> <P <max sup

j<s<tAT, A0 e€E 0<u<KDM,

P.;(u) — Be (u)‘ > Ke”(K)) ,

where £”(K) = &'(K)/(3My) = £(K)/(9TMp). Let a,b,c > 0 be the constants involved in (BI)). If we
suppose e’ (K) > 2clog(K)/K, then

Ke"(K) > clog(K M) + (Ke"(K)/2 — clog(My)) ,
and the use of the KMT estimate yields, for K large enough :

(44)

P( sup Hj<s>||za<f<>/3>s|E|aexp<bcM1>exp( 5

J<s<tAT,Noc

bKe“(K)) '

Finally, let us bound the last term in , which comes from the difference between the time
changes of P, ; and B, ;. Recalling that My = maxeeEHﬁeHLip’@,, we have, for all j < s <t AT, Ao,

ecel

sA(3+1)
max (/ |Be(X (7)) = Be(Y(r))] dr) < Mae(K),

hence

j<s<tAT A0 e€E  0<r,s<KDM,

P ( sup  ||L;(s)]| > 8’(K)/3> <P | max sup |Be,j(s) — Be j(r)| > Ke"(K)
|s—r|<M>Ke(K)

We control the oscillations of Brownian motion thanks to Lemma [3.6] and we get, setting "/ (K) =
6”(K)/(162FMOM2) :

P <j<8<stl/l\l-)r, . ||I](3)H > 5/(K)/3> < 2|E| ’V]Wj\j(l[()-‘ exp (—KE/H(K)),

If we suppose £”'(K) > 2log(K)/K, then for K large enough [M; /(Mze(K))] < exp (Ke”(K)), thus

P ( sup | Li(s)|| > 5’(K)/3> < 2|E|exp (—KE/;(K)) . (45)

j<s<tATyAo-

Now, it is time to fix 7. We choose n = /2, which satisfies the condition K~/? < n(K) < 1, and set

b 1
= 9I'My (2¢ A (3241 Mo M- Ci=2|E|(2 beM Vi=|WA A .
o 0(2eA( oMz)), C1 =2|E[(2 +aexp (beMy)), Vi ( 0N IST My 29161“2M3M2)

We conclude by combining (43)), and (45). We obtain that if e(K) > alog(K)/K, then for K
large enough, for all ¢t > 0,

P (0. <t) < Cy(t+ 1) exp (Vi K=(K)).

Next proposition provides the last piece of the puzzle..
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Proposition 3.10. There exists a constant Vo > 0 such that for every € : R — RA satisfying
K~ < ¢(K) < 1, we have, for K large enough and for allt >0 :

P( sup
0<s<t
Proof. Let Z = ¢, + K~'/2U. Tt follows from and the definition of o, that

Z(t)er/OtF((pm(s))ds+/0tF’(<pz(s))(Z(s) ds+—z (/ v/ Be (9(5)) AW ( )

almost surely for all ¢ > 0. Using (32), we obtain that almost surely for all ¢t <inf {s > 0:Y(s) ¢ 2},

Y ()~ Z(t) = (LI;”J —:c) + / F'(po(9)) (Y(s) — Z(s))ds + Y (S, +T) (1),  (47)

0 0<j< |t

50 = L = 5 (/W“) (Ve —me«oz(s)))dwe(s)) s

tA(F+1)
Tjtzl{tzj}. F(Y(s)) — F(ez(s)) — F'(pz:(8))(Y(s) — (s S.
) [ [PO) = Plea®) = Fleae) (V(5) = ous) 4

Y (s) — pals) - Uz(s)/\/EH > e(K)) < (|E| + 1)(t + Dexp (- aKe(K)).  (46)

where

The term S; comes from the fact that the dispersion matrix appearing in the equation defining
U is \/Be(ps), which follows the deterministic trajectory ¢,, whereas the equation defining Y

involves 1/S3.(Y). As for the term T, it comes from the linearization of F' along ¢,.
Let £,7: R% — R* be such that K~! < e(K) and K~1/2 < n(K) < 1. Set

C=if{t>0:|Y(t)—Z(@)|| >e(K)} and 6, =inf{t >0:|Y(t) — @ (t)|| > n(K)}.
Let t > 0, we have
{C <t c{b, <tpu{( <t <6y}

c {0, < t}U{ sup ||Y(s) = Z(s)|| > 6([()}

0<s<tAb,

Since n(K) < 1, for K large enough we have 6, <inf{s > 0:Y(s) ¢ 2'} and thus (47) holds almost
surely for all t < 6,,. Applying Lemma@wmh Y Z playing the role of y, we get, for K large enough,

{ sup HY(s) - Z(s)” > E(K)} C { max sup H(Sj —|—Tj)(s)|| > sl(K)}

0<s<tA0, 0<j<[t] j<s<tnd,

where ¢'(K) = ¢(K)/(3l'). Hence,

P(C<t)<P (6, <)+ (t+1) max P< sup |sj<s>||zs/<f<>/2>

0<5<(t] J<s<tAO,
+(t+1) max P sup || T;(s)|| > €' (K)/2 ). (48)
0<5<|t] j<s<tAl,

We bound successively each term, before choosing an adequate 7. First, if we let Vy and V; be
given by Proposition [3.8] and Proposition [3.9] respectively, then for K large enough, we have

P, <0) < P s 1X() = (o)) > 0()/2) + P ( s 1X(6) = V(9] > 0() 2)

0<s<t 0<s<t
< (t+1) [2|E|exp (~VoKn*(K)/4) + Crexp (-V1 Kn(K)/2)]
< (2|E|+ 1)t + 1) exp (—VoKn?*(K)/4) . (49)
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Next, let us bound the second term of (48)). Let 0 < j < |t]. We have
sup [|S;(s)]| < K~Y2Mymax sup / R.(r)dW,(
J<s<tAb, el j<s<j+1

r) = (\/56(1/(7«)) — \/ﬁe(%(r))> <o,y

Since the /B, are My-Lipschitz on ', we have |R.(r)| < Myn(K) for all r # 6, , hence

/R YdW(

K€/2
<261 (s o

using Lemma for the last inequality. In addition, we have

where

max P su Si(s)|| > (K)/2| € max P [max sup
0<5<t] (j<s<f/\9,,|| J( )H ( )/ > = <"€E j<s<j+1

\Fg()>
2M

sup || T;(s)|| < Msn?(K).
J<s<EAD,

Let us choose 17 = /¢’/(2Ms3), which satisfies the condition K~/? <« n(K) < 1. Due to the above
inequality, the last term of the right handside of vanishes. If we set

Vo M3

Vo = A
> 24IMs " 12T MZM2’

then the bounds and yield, for K large enough and for all ¢ > 0,
P (G < 1) < (IE| +1)(t + 1) exp (~VaK=(K)).
which ends the proof of the proposition. O

We conclude the proof of Theorem [I.I] by combining Proposition [3.9] and Proposition [3.10} using
the triangular inequality : take a = 201, C = C1 +4|E|+ 1,V = (V1 A Va) /2. [ |

Let us mention that if we do not assume that the functions /B, are locally Lipschitz, we can prove
a theorem similar to Theorem with the following modifications : consider ¢ : R} — R such that
K—3/* <« ¢(K) <« 1, and replace exp(—VKe(K)) by exp(—VKe*/3(K)). Thus, in that context the
gap between XX and its Gaussian approximation remains smaller than &/ VK for a period of time of

order exp (\764/ S/ 3). The proof is the same except that in Proposition |3.10| we can only dominate

R, by the square root of (k). This result can be useful for instance if the trajectory of ¢, spends
time in a region where one of the functions . vanishes. However this is not the case in the models we
consider in Section [2] at least in the neighbourhood of the equilibrium point z,.

3.3 Proof of Corollary

We start by the following lemma, which shows that U, can be well approximated by U, after a period
of time of order log(K).

Lemma 3.11. Let W = (W,(t); e € E,t > 0) be a R¥-valued Brownian motion, let U, (0) ~ .4 (0, %)
be independent of W, and let (U, ; x € %.) and U, be defined as in Proposition , Then, for all K
large enough and all x € 9, we have :

P( sup  ||Us(t) = U(8)]| > 1/\/E> < exp (-K). (51)
£2(6/p.) log(K)
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Proof. Let z € 2, and let t; > 0. Set 1 = ¢, (t1). In what follows, when we say that an assertion
holds ‘for K large enough’, we mean that there exist Ky > 0, independent of z, such that the assertion
is true if K > Ky. Setting

AU(t) = U, (t) - U(#), (52)
A = [ (@) = F (o) U0 (53)
D(t) = Z (/0 |:\/ ﬂe(x*) -V 66 (@z(s)):| dWe(S)> €, (54)

eck

we have, almost surely for all t > 0,
t
AUty +t) = AU(t1) + / F'(¢z,(8))AU(t1 + s)ds + A(t1 +t) — A(t1) + D(t1 + t) — D(t1).
0
The application of Lemma with AU(t; 4 -) playing the role of y yields I" > 1 such that

sup||AU@)|| < T (HAU(tl)H V3sup sup [[(A+D)(t1+1t)— (A+ D)(ty —I—j)”) .
(2431 JENj<t<j+1

Let K > 1, and choose t; = t1(K) = (6/p.) log(K). We get

t>t1(K)

P ( sup ||AU(t)| > 1/@) <P (HAU(tl)H > 1/(21“@))

+> P ( sup [|A(ty +t) — Aty + )| > 1/(12r\/?)>

jeN J<t<g+1
+> P ( sup ||D(ty +t) — D(ty + 5)|| > 1/(12r\/?)> (55)
jen \St<iH

We bound each term of the right handside of this inequality. We start by the second term. Let
I, T’z be given by Lemma 3.1} Mo = 3. pllell, My = maxeep||Pelloc 90 Mo = maxeep|BellLip, - and
Mz = ||F"||4, - Let j € N. " We have

t1+j+1

csup [[A(t+t) — Al + )l < / | F'(22) = F'(02(8)) || || U« (2) || At
J<t<j+1 t1+j
< Mglye™ 7 (1) sup ||U*(t)H,

t1+j<t<t1+j+1

hence, recalling that ¢t; = (6/p.) log(K),

eI K5/2
P ( sup [[A(tr +1) — A(ts + )| = 1/(121“\/@) <P < sup [|U.(t)] = ) :
J<t<j+1 0<t<1 1217 M3
Now, Lemma [3.2] entails that for all § > 0,
t
P < sup ||U.(t)]| > 5) <P T [[|U.0)] V2 sup Z/ VBe(z)dWe(s)e| | =6
0<t<1 o<t<1ll S5 Jo
<P (oo = 3 ) + 18  sup B0 = 5.
r 0<t<1 2I' Mo/ M,
where B denotes a real Brownian motion. If the rank r of ¥, is not zero, then thre exists (G1,...,G,) ~

A (0,1,,) and (01, ...,0,) € R, such that |U.(0)]*> = 3, ..o, 02G? < Tr(S,) max; <<, G2, and thus
for all 6 > 0, T

P (|U.(0)] > 8) < rP (G2 > &/Tx(%.)) < 2rexp <_2T6(2)> | (56)
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If r = 0, then U, = 0 and this bound also holds, with the convention exp(—oco) = 0. Using Lemma
to bound the Brownian term we obtain that, for all 6 > 0,

52
P s U, >6) < (2 2|F — , 57
(ogtgl Ol = ) = (2r+2| ')eXp( 27 (Tr(S.) v4M3M1>) &7
which entails
eP+J K5
P < sup ||A(t;1 +¢t) — At +7)| > 1/(12FVK)) < (2r + 2|E|) exp < ) (58)
J<t<g+1 Cq

where Cy = 28803 M3 (Tr(2,) V 4MEM;y). Using that e”+7 > (1+ p.j), we get, for K large enough,

5

> P ( sup [|A(ty +t) — Aty + 4)I| > 1/(12&/?)) < (2r + 2|E|) exp (_fél) 26@ (_ KZJ)

J<t<j+1

JEN
< exp(—K)/3. (59)

Now, let us bound the second term of the right handside of . For all j € N, we have

P sw 1D+~ D+ = 1/020VE))

J<t<j+1
<P (jgglj?ﬂ /: (V@) - VBelea) dwea)] > 1/<1er0¢7<>>. (60)

Using that (v/u — v/0)° < |u — v|, we obtain that for all e € E,

ti+j+1 ,
/t (\/ﬂe(x*) - \/@(%(t))) At < MyT K357,

1+7J

Thus, Lemma [3.6] yields

P ( sup ||D(t1 +t)— D(t1 +35)|| > 1/(12F\/I7()> < 2|E|exp (— G (61)

JSt<j+1

where Cy = 28812T'y M M,, and therefore, for K large enough

> P ( sup ||D(ty +t) — D(ty + 7)|| > 1/(12NE)> < exp(—K)/3.

fon \ist<i+l

Finally, let us bound the first term of the right handside of . We have
t
AU(t) = AU(0) + / F'(¢x(s))AU(s)ds + A(t) + D(t),
0
thus, applying Itd’s lemma to ¥,.(0,¢)AU(¢) and left multiplying by ¥, (¢,0) after that yields

AU() = Wt 0)AVO) + [ Ws(0.9) (F/(@.) = ' (0(2))) U s)ds

+Z/ [Vﬁex* \/Be%p:v :| tS@dW()
eel
It follows from Lemma [3.1] that

| Wa(t1,0)AU(0)|| < ToK~
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and

ty
< Toe™ T ) NLT Re™5°
0

< 6p, 'T1ToMslog(K)K ™ sup ||U.(t)]|.
0<t<t;

/0 1 U, (t,s) (F'(ze) — F'(¢(s))) Us(s)ds

|U.(s)||ds

Using inequalities and , we obtain, for K large enough

(H\IJ (t1,0)AU(0)| > 1/( 6F\/>))<P<

P (] / " (18) (P (22) — F (a(5))) U (s)ds

P U Sl
< «(T)] =
= <oi?21” Ol > 557,705 log(K ))

Glog(K)—‘ ( p. K52 )
< |———"2|P| su U.(t)| >
= [ e Ogtg” ol 36IT1 L5 M; log(K)

< exp(—K)/9. (63)

d )

<P (e[ [VAET - Va)] et dW<>| )

and foralll1<i<dande€ FE,

ty
/ [W Be (s } J(t1, s)e)2ds < / MyTye %" (Dye % (19 ] 2ds
0 0

< Dy P2MEMotye™ 51,

5/2
O = 5 ) Sew-mp @)

and

- Gfi/f?>

Moreover,

Z/ [\/ﬁ \/Be (@a(s } L(t1, s)e dWe(

ecl

Thus, Lemma entails that we have, for K large enough,

<Z/ [\/BT \/T] o(t1, 8)e W, (s)

ecE
The bounds , and yield
P (HAU(tl)H > 1/(2NE)) < exp(—K)/3.

~ 6IVK

) <exp(~K)/9,  (64)

Plugging this into together with and , we obtain that, for K large enough, for all x € 2,

P < ( sup ||U*(t) - Um(t)H > 1/\/E> < eXp(_K)'

t>(6/p.) log(K)
O
Now, let us prove Corollary [[.2} Let C,V,a be given by Theorem and let € : R%, — R be

such that alog(K)/K < e(K) < 1. Let K > 0 be large enough, let z € 7, and let (XX, U,) be the
coupling given by Theorem [I.I] Using Lemma [3.11] we may suppose that there exists, on the same
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probability space as XX and U,, a process U, ~ v, satisfying if K is large enough (independently
of z). Set t(K) = (6/ps)log(K). Letting I'y > 1 be given by Lemma [3.1] we have

sup ||¢a(s) — x| < Ty~ FHE) <y K3, (65)
s>t(K)

Hence, for K large enough (indepentl) we have, for all T' > ¢(K),

H(E)<t<T

P< sup HXf(t)—x*—U*(t)/\/EH>5(K)>

<P< sup Hxﬂw—%(w—w(t)/ﬁu>s<K>—2/K>

t(K)<t<T

+P ( sup ||z (t) — 2| > 1/K> +P ( sup || UK (t) — U.(t)| > 1/\/?)
t(K)<t<T t(K)<t<T
<C(T+1)exp(—VKe(K)) + exp(—K).
using and Lemma for the last inequality. Using that ¢(K) <« 1, the corollary is proved with
C¢'=C+1.
3.4 Proof of Corollary

For all K > 0, x € R% and t > 0, let pf* denote the probability distribution of XX (¢), where
XK ~ K. Let C',V,a > 0 be given by Proposition and let t(K) = (6/ps)log(K). It follows
from Corollary that there exists Ky > 1 such that for all K > Ky and for all x € & there exists a
coupling (Xf, U*) of (uX,v,) such that,

P (|| X5 (1K) — 2. — UL (t(5)) | > alog(K)/K) < C'(1(K) + 1)K, (66)

For all K > Ky, we denote by & the probability distribution of the coupling (Xf (t(K)),U* (t(K)))

for x € 9, while we set 7& = Pt o (0,%.,) for x ¢ 2.

Now, for t > 2t(K) we get an upper bound on the probability that XX (¢t —¢(K)) ¢ 2 and combine
it with using the Markov property. Let r > 0 be such that 2 > B(xz.,r). Proposition yields
constants 79, Vo > 0 such that, setting 7o = 19 A (7/2), we have, for all K large enough, for all z € &
and for all ¢t > 0,

P ( suptHXf(s) — a(s)]| > 170) <2|E|(t+1)exp (-VoiigK) .

0<s<
In addition, it follows from Lemma [3.1] that
sup {[|pz(t) — z.||; € 2,t > t(K)} = O(K®).

Consequently, for K larger than some K; > Ky, for all z € 2 and t > 2t(K), we have

P ([ X5 (t = t(K)) — 2| > 7) <P ([ X5 (t = (K)) = @a(t = t(K))|| > 7o) ,
hence

P (XX (t— H(K)) ¢ 7) < 2B|(t — t(K) + 1) exp (— VoK) . (67)

Set V/ = Voiig/2. Let K > Ky, x € 9, t € [2t(K), eV/K} and define # € P (R% x R%) by

F= > PXF(t-tK)=y)r).
yeEK~1Z4
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The first marginal of 7 is u&* as a consequence of the Markov property of XX at time ¢ — t(K), while
the second marginal of 7 is 4(0,X,). Letting X,G : R? x R? — R? denote the first and second
canonical projections, and Ex the expectation with respect to 7, we have

E: [c (\/E(X fx*),G)} < alog(K)/VK + 7 <|\/I7((X —z,) - G| > alog(K)/\/E)
< alog(K)/VE + P (XE (1~ 1(K)) ¢ 9)
—|—sup7r5 (|\/E(X—JJ*) —G} > alog(K)/\/f?)

yew
< alog(K)/VK +2|E|(" K +1)e V'K 4 ¢'((K) + 1)KV,

using and for the last inequality. We conclude the proof using the definition of W, : for all
T €YD,

WP (VK (XE@t)—z,) ), (0,5, 0.
3.5 Proof of Proposition [2.1
Let 0 < h < 1. Set

t1(K) = exp ((; - h) (1- h)2K772(K)) and t2(K) = exp ((; + h) (1+ h)QKr]Q(K)> .

We have 1 < Kn*(K) < Kn(K), hence the coupling (XX, U,,) given by Theorem satisfies

P sup HXf(s)f:L'*fo*(s)/\/EH > hp(K)| — 0, (68)
0<s<ta(K) * =5 K—+00

using the equivalence of norms on R%. Now, entails

i <0§ss<utI:(K)HUI* (S)/\/EHE? > 1+ h)??(K)> K—>—+>oo 1, (69)
and
P <O<SS<1111)(K)HUm* ()/VE|ga > (1~ h)n(K)> P -

Combining , , with the triangular inequality yields

P
K—+o00

1 1
exp ((2 - h) (1- h)QKr]Q(K)) < Tf < exp ((2 + h) (1+ h)QKnQ(K)) ] — 1.
This holds for all A > 0, thus the proposition is proved.

3.6 Proof of Proposition

We start by showing that when we condition a process XX ~ uX to survive for a large time, then for
t much larger than log(K), XX(t) belongs to the compact [z, /4,3z,] with high probability, uniformly
in z.

First, we compare the logistic birth-and-death process with a supercritical branching process at the
neighbourhood of 0. Let .# be a Poisson point measure on Ri, of intensity the Lebesgue measure.
Let K > 0. For all n € N, we can construct a logistic birth-and-death process NX starting from n
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(with the transition rates defined in @[)), as the unique real-valued process, up to indinstiguishability,
satisfying

N (t) = ”+/]0 . (Luspie(s )y = LpNE (s )<usNE (s )(prat NE(s_)/K)y) A (ds, du)
X R

almost surely for all ¢ > 0. The unique process L solution of
L(t) =1 +/ (Lusprsony = LpL(so)<us@prare. 2)0-)}) A (ds, du)
}O,t] XR+

is a branching process starting from L(0) = 1, with transition rate from m to m + 1 given by
pm and transition rate from m to m — 1 given by (¢ + x./2)m. It is supercritical because p —
q— 2+/2 = x,/2 > 0. This coupling between N{ and L has the useful property that 7y < 77,
where 7y = inf {¢t > 0: Nf(¢) > Kz,/2} and 7, = inf {¢ > 0: L(t) > Kx,/2}. Indeed, setting o =
inf {¢t > 0: L(t) > N{(t)}, we see that on the event {o < oo}, it is necessary that L(o_) = Nf(o_)
and that a death happens at time o for N{* but not for L. Hence N¥(o_) > x./2, which entails
™~ < o, and 1, > TnN.

Now, it is a classical result that (e‘tz*/ L) ; t > 0) is a martingale which converges almost-surely,
when ¢ — 400, to a nonnegative random variable W such that E(W) = 1, see e.g.[2] Chapter III].
Hence, there exists 7 < 1 such that, for ¢ large enough,

P (720t < 1/2) <.
From this we deduce that, for K larger than some Kj > 0,
P (ry > 3log(K)/z.) < P (1, > 3log(K)/z)
<P (K-32L(3log(K)/w.) < 1/2)
< 1.

Moreover, we can see that for all n > 1, we have N (t) < NX(¢) almost surely for all t > 0. Hence,
the same inequality holds when we replace N by NX in the definition of 7.

Let us introduce the canonical real cadlag process X = (X (¢); t > 0), defined by X (¢)(w) = w(t) for
allw € D (R4, R), and set, forallh € Ry, 7,7 =inf {t > 0: X(¢t) > h}and 7, =inf{t > 0: X(¢) < h}.
The result we just obtained can be restated as follows : for K > Ky, for all z € K ~'N*,

uks (7’;;/2 > 3log(K)/x*) <.

When we condition a birth-and-death process to survive, we favour trajectories that go away from
zero. Setting t1(K) = 3log(K)/x., we have, for K > Ky, for all t > ¢;(K) and all z € K 'N*,

T (T:;;/Q < 1 (K), X(t) > 0) > g (T;:/Q < t(K), X(1) 5 +1t) > 0)
=t (7 p <40 0)) o e (X(2) > 0)
> i (7)o S0 (K)) il (X(1) > 0),
where the equality comes from the strong Markov property at time 7';* /2 Thus,
s (T;*/Q >4 (K)| X(t) > o) <.

Moreover, for allz € K ~'!N* forallt,T > 0, forall A € 2 (D ([0,t],R)) and for all B € # (D ([0, T],R)),
the Markov property entails that

i [ (X(5)gcper € AL (X(E+))geper € B X(+T) > 0]
= Y [(X()ocser € AX(W) =y| X(t+T) > 0|l [X(s)osocr € B X(T) > 0], (71)

yeK—1N*
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Let t; = t;(K) = ity (K) for all i € N. For K > K, for all i € N*, for all ¢t > ¢; and for all z € K ~'N*,
we get

uf[rj*ﬂ >t | X(t) >0]

= Z :u’x|:$/2>tl 1aX(ti71>:y‘X( >Oi|/’[/y|:w/2>t17
ye K —1IN*

X(t—ti 1) > 0}

<n Z Mz{$/2>tz 17X(ti71>:y‘X(T)>O]
ye K —1N*

=nuk { o >t | X () > 0},
hence, by induction,
ul |7 o > )| X (1) > 0] <o (72)
Let t, 7 >0, let K > Ky and let z € K~IN*. We have

ey (XE+T)>0]0 < X(t) < a./4)

= > pE (X () =y|0 < X(t) < 2./4) pk (X(T) > 0)
ye(0,z. /4)NK—1N*

< U{(Kx*/q/K (X(T) >0)
<pE (X(t+T)>0]X(t) > 2./4),

hence

py (X(E+T)>0[0<X(t) <a/4) <pl (X(E+T)>0|X(t)>0).
Given that {X (¢ 4+ T) > 0} C {X(¢) > 0}, this inequality is equivalent to

pE (X (1) <@ /4| X(E+T) > 0) < pk (X(t) < 2,/4]| X(t) >0). (73)
Now, the right handside satisfies
ul (X(1) < @/ X (1) > 0) < ¥ (71, > ] X (1) > 0)
+ uk (z 2 St X()<x*/4\X(t)>O)

uk (7o SHX () < w./4)

plt/t )] |
pk (1/2<t X(x/2+t)>0)

<
Sntt/tl(K)J ’ufKT*/QT/K ( T4 = t)’
Wf5ca. jo1x (X(t) > 0)

using ) for the first inequality and the strong Markov property at time 7' L2 for the last one. It
follows from Proposition [3.§ E 8| that there exists Vj > 0 such that for all K large enough, for all ¢ > 0,

sup ( sup [ X(s) — a(s) >x*/4) <A(t+ 1) exp (- VJK). (74)
Ty [4<z<3z, 0<s<t

Using that rx,, /21/K(8) > 2+/2 for all s > 0, this yields, for all K large enough and for all ¢ > 0,
e o /m (7 ( w4 S t) <A(t+1)exp (-ViK),
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hence

4t + 1) exp (-V{K)
KE(X(t) <a./4| X(#) > 0) < plt/t(K)] 0 .
we;‘i‘fN*“w( (t) <@ /4| X() > 0) <n T30+ Dexp (VIR

Set = 3/(x«|log(n)|). The above inequality yields, for all K large enough and for all t < SV K log(K)/2,

K —1 t ‘/O/K
sup 2 (X(t) <z./4|X(t) >0) < exp (— +exp|——"].
s (X() <a./4]X() >0) <7 Floe(®) 5

Moreover, as a consequence of , the left handside of this inequality is a non-increasing function of
t. Thus, for t > SVjKlog(K)/2, the left handside is less than the right handside evaluated at time
BVy K log(K)/2. Using (73), we obtain that for all K large enough, and for all ¢,7 > 0,

Now, we bound pX (X (t) > 3z, | X(t+T) > O). Let us set, for all n € IN*,

77711(: ﬁ +J/K

q

w:lﬁ

and denote by EX the expectation under pX. For all # € (2., +00) N K~N*, we have the following
explicit formulas for expectations of first passage times (see e.g. [2§]) :

B n)= > Y rETYIA

i=[2Kz,|+1n=t

Hence,

sup EF (7'2;*) = Z Z n(q +:Lz/-;<

—1 *
zEKTIN i=|2K 2, | +1 n=i
o0
1

SR S | e

n=|2Kz, |+1 i=2Kz,|+1 j=i

< Y o > (pfx)n_i

n=[2Kz,|+1 i=2Kz, |+1

o 1

<@ +p/$*)/ LS

2K, | /K W(q+u)

Let 0 =2(1+p/xz.) [

N =] +u) du, it is finite and for K large enough, Markov inequality yields

sup  pkf (T3, > 0) <1/2,
rEK~1N*

and then Markov property entails that for all ¢ > 0,

sup uff (7'2;* > t) < 2~ Lt/0]
reEK—1N*

Let K be large enough so that the above inequality holds, let z € K~'N* and let t > 0. We have

pX (X () > 3z,) < pk (15, > t) + pk (r,, <t,X(t) > 3z,)
<27 WOyl i (T, <),
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and thus, using (74)),
K 1-t/6 R
py (X(t) > 3x.) <2 +4(t+ 1) exp(—Vy K)

Now, let T' > 0. Since

W (X(E+T) > 0) > pf (7;*/2 < o0, X(7} )y +t+T) >0)

T x

=y (T;/g < OO) Wo. 2 /x (X(E+T) > 0)
>(1-n) 1 —-4t+T+1)exp(-VyK)),

we obtain

21710 L At + 1) exp(—V{ K)
K 0
X(t) >3z, | Xt+T)>0) < .
ven e (X(6) > 3. | X(t +T) > 0) Q-1 —4(t+T + 1) exp (—V/K))

Moreover, as consequence of , the left handside of the above inequality is a non-increasing function
of t. Setting to(K) = Vy0K/(21log(2)), we get, for all K large enough, ¢t > 0 and T < exp (V;K/2),

sup  ph (X(t) >3z, | X(t+T)>0) < sup ph (X (EAta(K)) >3z, | X (EAL(K)+T) > 0)
re K—IN* re K—1N*

<c (2*”" n exp(—vo’K/2)) : (76)

where C; = 5/(1 —n). Now we can combine and , and we obtain that for all K large enough,
t>0and T <exp(VyK/2),

K t Vo
IEIS(%EN* pn (X (t) ¢ [x2/4,32.] | X(t+T) > 0) < Cy (exp ( Blog(K)) + exp ( 5 K)) , (77)
where Co = C1 + 7! + 1.

Now that we control, uniformly in X (0), the probability that X (t) belongs to some fixed compact,
conditional on later survival, we use Corollary to build the desired couplings. Let C',V,a > 0
be given by the application of Corollary to 9 = [x./4,3z.]. Note that p, = —F'(z.) = z. and
(6/ps)1og(K) = 2t1(K). Let ¢ : R — R such that alog(K)/K < ¢(K) < 1. For K larger than
some Ky > 1, forall T > 0 and all y € [x,/4, 3z,], Corollary yields a coupling (Xf7 U*) of (uff, U*)
such that

P( s X (s) — o~ V() VE| > s<K>> < C'@0(K) + T+ 1) exp (- VEe(K)
2t1 (K)<s<2t1 (K)+T

< (T +1)exp (—(V/2)Ke(K)).

Enlarging the probability space, we may suppose that there exists a process Y independent of Xf and

distributed as fil "2 T The process (Z(s); 0 < s < 2¢1(K) + T) defined by

_ xK K
Z =Xy Lexr o r)+m)>0t T Yy Lx 20, (50)+1)=0}

is then also distributed as ﬁf;O’Qtl(KHT. It satisfies, for K large enough and any y € [x./4, 3z.],

K)<s<2t; (K)+T

P<2t ( sup HZ(s)—x*—U*(s)/\/}H >5(K)>

< (T +1)exp (—(V/2)Ke(K)) + P (XX (2t1(K) + T) = 0)
<(T+1)exp(—(V/2)Ke(K)) +4(2t1(K) + T + 1) exp (-Vy K)
<2(T+1)exp(—(V/2)Ke(K)). (78)
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Let us denote by T'[5" € P (D ([0,T],R) x C (R4, R)) the probability distribution of

(Z(2t1(K) + s)o<ssr, Us(261(K) + 5)s0).

For all K > Kg, t > 2t;(K), T >0, and x € K~ 'IN*, let us set

LRt = N pf (X (t—2t(K) =y | X(t+T)>0) T
yeEKIN*
As a consequence of (71)), its first marginal is g7, while its second marginal is v,. Let the pro-
cesses (f((s), 0<s<T) and (U(s); s> 0) be defined on the space D ([0,7],R) x C (R4+,R) by

X (s)(wi,ws) = wi(s) and U(s)(wy,ws) = wa(s). Combining and yields, for K large enough,
for all t > 2t1(K), v € K!N* and T < exp (V{K/2) /2,

f‘f;t’T< sup ‘X(s)x*ﬁ(s)/\/l?’>s(l()>

0<s<T
<p¥ (X(t—2t1(K)) € [2./4,32.] | X(t+T) > 0) + 2(T + 1) exp (—(V/2) Ke(K))

<Oy (eXp (—W) +exp (—‘;JK)) +2(T + 1) exp (—(V/2)Ke(K)).

Setting C""" = Cye5/(F*+) v 3, and using that exp (—VJK/2) < exp (—(V/2)Ke(K)) and that a proba-
bility is less than 1, we obtain that, for K large enough, for all t > 2t;(K), z € K~!N* and T > 0,

f‘f?t’T< sup ‘X(s) — T, — 0(5)/\/?‘ > 5(K)>

0<s<T

<c (exp <_5102(K)) 4 (T +1)exp (—(V/2)K5(K))> .

Since TEtT o X1 = It T and TE:#4T o U~! = 1, the proposition is proved.

3.7 Proof of Corollary

Let C", V" «a,8 > 0 be given by Proposition Let ¢ : R% — R be such that alog(K)/K <
e(K) < 1. Proposition entails that for K large enough, and for all ¢ > (6/x.)log(K), we can
construct a coupling (X, G) of (A, .47 (0,%,)) such that

_t
Blog(K)

Let T'53 be the probability distribution of (X' ,G). We may suppose that the underlying probability
space of (f( , G) is (R?, Z(R?),T'%*) and that X and G are respectively the first and second canonical
projections from R? to R. We know that the first marginal of I'55 converges weakly to v as t — 400,
while its second marginal is constant, hence (FK men e N) is tight in P(R?). Therefore there exists
an increasing integer sequence (n;; j € N) and 'K € P (Rz) such that

P (‘X g — G/\/E\ > 5(1()) <" (exp (— ) + exp (—V”Ke(K))) . (79)

r&m — 1k,
J—r+o0

The first marginal of I'® is 4% and its second marginal is .4 (0, X,). For every open subset & of R?
we have ' (€) < liminf;_,o, ['%i% (0), thus entails

K (‘X Cp— G/\/E‘ > £(K)) < C" exp (~V"K=(K)).
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Let Erx denote the expectation under I'*. For K large enough, we have
Erx [o (VE(X - 2,),G)] <7 (|VE (£ = 2.) - G| > VRe(K)) + VE=(K),
and this entails, by definition of W, and %,
W, (75, 4 (0,%,)) < C" exp (~V"Ke(K)) + VEe(K).
Given that e(K) > alog(K)/K, the second term of the above right handside is at best of order
o (\/17(/ log(K)). Choosing ¢(K) = (aV 1/(2V"))log(K)/K we obtain, for K large enough,

C"" + (a0 v 1/(2V")) log(K)

W (75,0 (0,2,)) < N

3.8 Proof of Proposition (2.4
The SDE (11) satisfied by U, yields, for all ¢ > 0,

[ v2eas= (@) 0.)? 0 - (@) s5) " o,

0

Then follows from the equality

/ -1 / 7 [0 _ 2
(0 1) F/(e) 8 (F(@)™) =

Let T: R% — R be such that 1 < T'(K) < K? for some p > 1. Theorem yields
P( sup \IK(S) —iy - U;?(S)NE‘ > (aVp/V) log(K)/K) — 0.
0<s<T(K) K—o0
Moreover, since U, (T(K)) converges in distribution as K — +oo, we have U,, (T(K)) = Op(1).

Hence, we obtain

T(K)
/ " I%(s)ds = i, T(K) + o/T(K) /K A (0,1) + Op (1/\/E + T(K) 1og(K)/K) :
0
which concludes the proof.

3.9 A coupling lemma

In what follows, % (0, 1) stands for the uniform distribution on the interval (0, 1).

Lemma 3.12. Let E; and Es be two complete separable metric spaces, let p be a probability distribution
on (Ey X By, B(E1) @ $B(E2)). Let uy denote the first marginal of . There exists a measurable
function G : Ey x (0,1) = Es such that if (X1,V) ~p1 @ %(0,1), then (X1,G(X1,V)) ~ pu.

Proof. We may suppose without loss of generality that F;, and Fs are Borel subsets of R, thanks
to the Borel isomorphism theorem (see e.g. Theorem 13.1.1 in [I2]). There exist a probability kernel
R: Ey x #(E3) — [0,1] such that = p1 ® R, i.e. p(Ax B) = [, p1(dz1)R(zy, B) for all A € B(Ey)
and B € #(E») (see e.g. Theorem 9.2.2 in [30]). Define Gy : E1 x (0,1) — R by

Go(z,v) =inf{y € R: R(z, (—o0,y]) > v}.
For all x € Fq1, v € (0,1) and a € R, we have

Go(z,v) <a < R(z,(—00,a]) > v.
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This entails that G is measurable and that Go(z, V) ~ R(x,-) for all x € Ey and V ~ %(0,1). Let
(X1,V) ~ w1 @ %(0,1), we have, for all A € #(E;) and B € B(E2) :

P(X, € A,Goy(X;,,V) e B) = /Aul(dm)/o dvlp(Go(z,v))

- [ ml@)R(a, B
= N(A x B)a

hence (X1, Go(X1,V)) ~ p. We have almost finished, except that we still need to modify the function
Gy to get a function G taking values in Es. But we know that (X1, Go(X1,V)) € Ey X Es a.s., thus if
we fix y € Fy and define G : By x (0,1) — E3 by G(z,v) = Go(z,v) if Go(x,v) € Ey and G(z,v) =y
otherwise, we have (X1,G(X1,V)) = (X1,Go(X1,V)) a.s., which ends the proof.
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