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Abstract

We give a general theory on well-posedness and time asymptot-
ics for growth fragmentation equations. These linear kinetic (integro-
differential) equations arise in the modeling of various physical or bi-
ological phenomena involving concentration of agregates which expe-
rience both growth and fragmentation. We prove first generation of
Co-semigroups (V (1)), governing them for unbounded total fragmen-
tation rate and fragmentation kernel b(.,.) such that [ xb(z,y)dz =
y—n(y)y (0 < n(y) <1 expresses the mass loss) and continuous growth
rate r(.) such that [ %dT = +00. This is done in three natural func-
tional spaces L' (R, u(dz)) (u(dx) = dx, zdw or (1 + z)dx) which
correspond respectively to finite number of agregates, finite mass or
finite mass and number of agregates. The mass loss or death assump-
tions are needed only in the vicinity of points where the total fragmen-
tation rate gets infinite. The analysis relies on unbounded perturbation
theory peculiar to positive semigroups in L' spaces. Secondly, we show
when the resolvent of the generator is compact and the semigroup has
a spectral gap, i.e. Tess(V(t)) < ro(V(t)) (ress is the essential spectral
radius), and an asynchronous exponential growth. The analysis relies
on weak compactness tools and Frobenius theory of positive operators.
A systematic functional analytic construction is provided.
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1 Introduction

This paper provides a general theory on well-posedness (in the sense of Cp-
semigroups) and time asymptotics of growth-fragmentation equations

@ t) + o (r(2)u(z, 1) + (a(z) + d(z))u(z,t)

+oo
- / a()b(e, y)uly, dy, u(z,0) = up(x), ©t>0 (1)



with measurable nonnegative fragmentation kernel b(., .) and positive growth
rate r(.) satisfying the general structural assumptions

/Oy zb(z,y)dz =y (1 -n(y)), 0<n(y)<1(y=0) (2)
b(z,y) >0if0<z<y (3)

* 1
r(.) € C(0,+00), /0 @dT = +00; (4)

while the total fragmentation rate a(.) and the death (or degradation) rate
d(.) are measurable nonnegative and

B:=a+dec L.(0,400). (5)

Among the physical examples of growth rates we can find in the literature,
note for instance the typical ones

r(z)=1 orr(z)=x, (z>0). (6)

The kinetic equations arise in the modeling of various physical or bi-
ological phenomena involving concentration of agregates which experience
both growth and fragmentation. Typical biological examples are provided
by phytoplankton dynamics [1][2] or by prions dynamics [15]; we refer to [16]
and references therein for a lot of contexts where these equations arise; see
also the monographs [20][5][34] for more information. The unknown u(x,t)
represents the concentration at time ¢ of “agregates” with mass x > 0 while
b(z,y) (z < y) describes the distribution of mass = agregates, called daugh-
ter agregates, spawned by the fragmentation of a mass y agregates. The
local mass conservation in the fragmentation process corresponds to

1

y
/ xb(z,y)dr =1
YJo

i.e. to n(.) = 0. In this case, we say that the kernel b(.,.) is conservative.

Most of the literature is concerned with conservative fragmentation kernels.
On the other hand

n(.) #0 (7)

amounts to saying that a mass loss takes place in the fragmentation process,
ie.

1 (v
/ xb(z,y)dr < 1
YJo



where
1 )
mwzl—yAaM%wm (s)

quantifies this mass loss ([3] Chapter 9).

Notice that these fragmentation kernels contain for example homoge-
neous kernels
x

1
b, y) = Zl/h(y) with /0 h(z)dz < 1 (9)

(for some h € L% ((0,1);zdz)) since

where

n=1- /01 zh(z)dz.

More generally, for any conservative fragmentation kernel /b\(x, y) and

0 < ((x,y) <1, (10)
the kernel R
b(x,y) = ((x,y)b(z,y) (11)
satisfies with
1 (v ~
mw—yﬁxu—aawwmwm. (12)

Conversely, any fragmentation kernel b(., .) satisfying is of the form
with

! yw x z and b(z :b(x,y)

We have thus a full description of the fragmentation kernels considered in
this paper by means of conservative kernels.
We point out that for a given concentration u(.,.),

+o0 +o0o
/ u(z,t)xdr and / u(zx, t)dz
0 0

are respectively the total mass and the total number of agregates at time
t > 0. Thus, three natural functional spaces are of particular interest: the
"finite mass" space



Xy = L' (Ry; wdx) with norm |||y, ,

the "finite agregates number" space
Xo := LY(R,; dz) with norm 1l x,
and the "finite mass and agregates number" space
Xo1 := L*(Ry; (1+ x)dz) with norm M x4 -

Because of their physical relevance and for the sake of completeness, we
consider the growth-fragmentation equations in each of the functional spaces
above and for the different types of divergence (see below). The
technical details (and assumptions) may vary a bit from one context to
another but overall the general mathematical arguments are similar.

We recall that semigroup generation for growth (i.e. transport) equations

0

" o

is known in various functional settings and under various assumptions on

the growth rate r (see e.g. [5][7][8] for a resolvent approach via Hille-Yosida

theory). The first object of this paper is well-posedness of in the sense of

Cy-semigroups. To this end, we give first a direct and systematic construc-

tion of explicit growth semigroups (U (%))~ governing with continuous

growth rates r(.) in the functional spaces above under "optimal" (i.e. suf-

ficient and "necessary") assumptions. We consider then the fragmentation
operator

(z,t) + (r(x)u(x,t)) + B(x)u(x,t) =0 (13)

+o0o
B:peD(T) - / a(u)b(, ) () dy (14)

(T is the generator of (U(t));~q) as a perturbation and show a generation
of a Cp-semigroup (V(¢));~o by 7'+ B with domain

D(T + B) = D(T) (15)

under suitable assumptions depending on the functional space we consider.
To this end, we use a perturbation theorem peculiar to positive Cp-semigroups
in L!-spaces by W. Desch [13]:

Theorem 1 ([13]; see also [36] or [23] Chapter 8) Let (U(t))s~q be a posi-
tive Co-semigroup with generator T on some L'(u)-space and let

B:ge D(T)C L'(u) — L'()



be continuous on D(T) (endowed with the graph norm) and positive (i.e.
B:D(T)N L. (n) — LY (w)). Then

T+ B:D(T)C L*u) — L' ()
generates a positive Co-semigroup on L'(u) if and only if

lim 7, (B (A — T)*l) <1.
Based on a systematic use of weak compactness arguments, the second
object of this paper is to analyze, in each of the above functional spaces and
for different types of divergence (see below), the existence of a

spectral gap
Tess(V (1)) < 1o (V(1)) (16)

(ress and 1, refer respectively to the essential spectral radius and the spectral
radius) or equivalently
Wess(V) <w(V)

where wess(V) and w(V') denote respectively the essential type and the type
of (V(t))y>q, (see e.g. [23] Chapter 2). This property is related to stability
of essential type under suitable perturbations, (see below). Note that the
expression "spectral gap" is widely used in the mathematical literature but
has not always a univocal meaning; we use it here in the sense above. The
combination of with some irreducibility condition implies the so-called
asynchronous exponential growth of (V' (t)),~,

He_’\tV(t) - PH — 0@ (17)

(for some € > 0) where P is a one-dimensional spectral projection relative
to the leading isolated algebraically simple dominant eigenvalue A (Malthus
parameter) of the generator, (see e.g. [37]). More precisely

Po= ([ eommtonin)) u

where p(dx) = dx, zdzx or (1 4+ z) dz (depending on the choice of Xy, X; or
Xo,1), u is the nonnegative eigenfunction associated to the leading isolated
eigenvalue A of the generator and u, is the dual nonnegative eigenfunction
(associated to the leading isolated eigenvalue \) with a normalization

+0o0
/ w(x)ug(x)pu(de) = 1.
0

6



We point out that the existence of such Perron eigenelements is a conse-
quence of the spectral gap (16]).

The existence of Perron eigenvectors, regardless of the occurence of a
spectral gap, and their asymptotic stability in weighted L! spaces (the
weight being the dual eigenvector) rely on different tools and have been the
subject of rich works in the last decade. Without pretense to completeness,
we refer e.g. to [I8][15][21][16][22][7][8][9][L0] where some results combine
relative entropy techniques; see also [11] for a probabilistic approach. We
refer to the introductions of [22][16][8][I0] for a comprehensive review of
the existing tools and results. In particular, we point out that asymptotic
stability need not be uniform with respect to initial data and, at least in
suitable weighted spaces, we cannot expect the existence of a spectral gap
for bounded total fragmentation rates a(.) even if Perron eigenvectors can
exist [7]. (We do not comment here on the case of bounded state spaces
which goes back to the pioneer paper [14]; see [4] and references therein for
more recent works in this direction.)

Our paper is rather in the same spirit as [8]. The latter deals with
asynchronous exponential growth under the divergence below in
higher moment spaces

LYRy; (14 2)%dz) (o> o) (18)

for a suitable threshold a, > 1 (see also [22][10]). We deal here with the
asynchronous exponential growth in the natural spaces Xy, X1, Xo,1
under the general divergence but at the expense of the additional as-
sumption
n(.) #0ord(.)#0 (19)

(mass loss or death) which does not occur in the literature on the subject.

Assumption (@ opens new mathematical perspectives and allows a sys-
tematic functional analytic construction which is the object of this paper.
This general theory is based on few structural assumptions only. Besides
the main results on spectral gaps, many preliminary results of independent
interest are also given and the role of unboundedness of total fragmentation
rates a(.) is fully highlighted.

Our construction, inspired by recent contributions to other structured
models [29][30][31], relies on three key mathematical ingredients:

(i) The weak compactness tools, for absorption semigroups in L! spaces,
introduced in [2§].

(ii) The convex (weak) compactness property of the strong operator
topology in Banach spaces [35] (see also [24] for an elementary proof in
L'(v) spaces).



(#3) Strict comparison of spectral radii in Frobenius theory [19].

Among linear kinetic equations, growth-fragmentation equations present
a very particular trait: the state-variable is one-dimensional. This gives
them a local regularizing effect that does not exist in usual kinetic theory,
e.g. in neutron transport, where the transport part has no local regularizing
effect and the perturbation (the collision operator) is non-local with respect
to another (velocity) v-variable; this second state variable has a regulariz-
ing (local compactness) effect with respect to space z-variable and induces
the stability of the essential type [25][26]. On the other hand, for growth-
fragmentation equations, the compactness results (i.e. the key point behind
the spectral gap property) are consequences of the local regularizing effect
we alluded to and of the confining role of singular absorptions [28], hence the
key role, in our construction, of unboundedness of total fragmentation rates
a(.). We point out that is needed only in the vicinity of points where
a(.) gets infinite. Finally, we note that for bounded total fragmentation
rates, no spectral gap can exist in the weighted spaces

LYRy; (14+2)%dz) (a< 1), (20)

see [7]; we conjecture that we cannot expect spectral gaps in X7, Xo or Xo1
if the total fragmentation rate is bounded.

Our paper is organized as follows:

We provide first an explicit construction of growth Cpy-semigroups gov-
erning by the method of characteristics. Two different growth Cp-
semigroups occur according as

/01 7,(17_)d7 = +00, /100 T(lT)dT = +o00 (21)
N /01 r(lf)dT < +00, /100 r(lT)dT =40 (22)

to cover e.g. the examples @ (For the sake of simplicity, we ignore the
case fol TIT)dT = 400, floo %dT < +400.) Note that 1’ is complemented
by a boundary condition, see below. Our main results in the spaces X
and Xy 1 under Assumption are the following:

A transport Cy-semigroup (U (%)), governing exists in X (resp.
in Xo,1) and is given by

0X (y,t)

B(p)
U f = e Ixwo xm % f(X(y,1)) 3y



(X (y,t) is defined by fX (wt) 7 Lodr =t) provided that

r(z) (2)

r
o :=sup —= < +00 (resp. sup — < +OO); (23)
>0 < z2>1 Z

(7)

(see Proposition [L1{ and Proposition . In addition, the assumptions

are "necessary" to a generation theory, (see Proposition |§| and Remark .

Note that under , the generation theory in X1 needs no condition on

the growth rate at the origin. Note also that the Cy-semigroup (Up(t)),~

corresponding to 5 = 0 is not contractive, (see Remarks [5 I and [2 . -
We also "compute" the spectral bound

s(T) :=sup{Rev; v € o(T)}

of its generator T'; (see Proposition |13| and Proposition . We recall that
s(T) coincides with the type of (U(t)),~q; (this is a general property of
positive semigroups in Lebesgue spaces, see e.g. [38]). The resolvent of T is
given by

=D W) = g [[F T e (er > )

in both spaces X; and X 1; (see Proposition 12| and Proposition . Note
the domination

Ut) <Up(t) (t>0)and A=T) ' < (A=To)™* (A > s(Tp))

where Tp is the generator of (Uy(t)),~,. We show the pointwise a priori
estimate in X3

‘()\—To)_lf}(y) < (feX1) (A>a)

1
yr(y)
(see Lemma

In Xo1, 1f we replace the natural condition sup,- ( ) < 400 by the
stronger one

C :=sup —— T(Z) < 400, (24)
2>0 1+

we show the pointwise a priori estimate in Xg 1

1

(A =To) " | (w m”f“xm (

feXo1) A>0),



(see Lemma . Note that by domination, the pointwise estimates above
are inherited by (A — 7)1
We show that T" has a smoothing effect in Xy for A > «

—+o00 —+o00
/ (A—T)f| (9) ydy</ F)ydy (f € X1).
0 0

(see Lemma |14])).
In Xo 1, 1f we replace the natural condition sup,; ( ) < 400 by the
stronger one , we show the smoothing effect for A > C

+o0 +oo
/ (A= T)" | () B) (1 + y)dy < / F@) A+ y)dy (f € Xoo).
0 0

(see Lemma [35). The above estimates, combined to the general theory [28]
on compactness properties in L' spaces induced by the confining effect of
singular absorptions, show that if the sublevel sets of 3

Qe={z>0;8(z) <c} (c>0)

are "thin near zero and near infinity relatively to 7" in the sense

/+Oo loo(n) p 4o (c > 0) (25)
0 7(7)

where 1q, is the indicator function of Q. (note that ) ¢ Ll(O +00)) then

T is resolvent compact in both spaces X; and X 1, i.e. (A— T)~! is compact
in X; and Xo 1; (see Theorem [20{and Theorem . This occurs for instance
if
lim B(y) =400, lim fB(y) = +oo.
y—-+oo

y—04

Note that if Q has finite Lebesgue measure then |[| oo 1”5(;) dr < 400 pro-

vided that ( y € LP(1,+00) for some p > 1.

One shows that the fragmentation operator B given par is T-
bounded in X7 and

<lim sup 1= 77((3/))’

lim ||[B(A—T)
aly)—too 1+ 30y

-1
N qug

in particular, by W. Desch’s perturbation theorem (Theorem ,

T+B:D(T)C X, — X

10



generates a positive Cop-semigroup (V' (t)),~, on X1 provided that

) 1-—
v:=1lim sup 7253))

<1; (26)
a(y)—+oo 1+ aly)

(Sef%f Theorem . Note that is satisfied e.g. if lim infa(y)_)jLoo % =0
or i

lim inf 7n(y)>0. (27)
a(y)—+oo

This explains why we need mass loss or death assumptions and why these
are needed only in the vicinity of points where a(.) gets infinite. We note
that for homogeneous kernels (@, the condition amounts to

1
/ zh(z)dz < 1.
0
More generally, in the case , the condition holds if

lim sup ((z,y) <1,
a(y)—-+oo

(see Remark [18)).

Under ,
T+B:D(T) CcXi1—-X;

is resolvent compact provided that T': D(T) — X is; (see Corollary .
We build a Cy-semigroup (V(t)) g OO0 X1 such that
t=>

U< VE)<V(E) (t>0).

By using the convex (weak) compactness property of the strong operator
topology [35][24] (see below), we show that <T7(t)) . and (V(t)),~, have
> >

the same essential type

wess(‘/}) = Wess(v)-

The resolvent compactness of their generators and the strict comparison
results of spectral radii of positive compact operators in domination contexts
[19] imply the strict comparison of the types

w(V) < w(V)

11



and consequently (V'(t)),~, has a spectral gap and exhibits the asyn-
chronous exponential growth in X provided that the support of a(.) is
not bounded; (see Theorem [23)).

The analysis in X1 is similar but needs a different assumption. Indeed,
one shows that the fragmentation operator is T-bounded in Xo 1 and

lim [|BO = T)" 1y, < lim  sup [(y —n(y)y) + n(y)]

(y)
provided that
Yy
n(y) := / b(x,y)dz,
0
(the expected number of daughter agregates spawned by a mother agregates

of mass y) is such that
n(y)
sup

y>0 1+ Yy
By appealing again to W. Desch’s perturbation theorem,

< +00.

T+ B : D(T) C XO,l — X[]’l
generates a positive Co-semigroup (V'(¢));>q on Xo,1 provided that

lim  sup [(y = n(y)y) + n(y)]
a(y)—+oo (1 +1y) (1 + %)

<1; (28)

(see Theorem . As previously, mass loss or death are needed only in the
vicinity of points where a(.) gets infinite. Note that

= n()y) + nlw)] 19T ] (1= nw)

- d
(1+y)(1+% +1)  1+%9

SO occurs provided that

n(y)
lim sup —[y ’ Uin(y))} -t
a(y)——+oo (y + 1)

In particular, if v < 1 (i.e. under the generation criterion in X;) and if
a(.) is unbounded at zero and at infinity only, then (28) (i.e. the generation
criterion in Xo 1) occurs provided that

max < lim su 7n(y) im su 7n(y) -1
{1 A=) yafooyu—n@))}“ ’

12



(see Corollary [39)). This is the case e.g. if 5(.) = 0 and

max {lim supn(y), 1 +1lim sup n(y)} <1+1lim inf &

y—0 y——+oo Y a(y)—>+oo a(y)

U
~—

or if d(.) = 0 and

max{limsupn(y), 1+ lim sup n(y)}

y—o (1 =n(y)) y—+oo Y (1 = 1(y))
—1
< <1 — lim a(y)iEeroon(y)) . (29)

We note that for homogeneous kernels @D,
Y1 1
nly) = / LB yde = / h(2)dz
oYy Yy 0
and the condition amounts to

1
/ h(z)dz < 1.
0
More generally, in the case , the condition holds if (¥, < 1 and
lim sup n(y) < % and lim sup n(y) < ( COO)QCOO
y=0 ps y—+oo Y (¢%)

where n(y) = foyg(m,y)dx and

(=lim inf ((z,v)and (I =lim sup ((z,v), (30)
a(y)——+oo a(y)—+oo

(see Proposition [41)).
Under Assumption ,

T+ B:D(T) C Xo1 — Xo, is resolvent compact

provided that T' : D(T) — Xo, is; (see Corollary . As previously, we
deduce that (V(t)),5, has a spectral gap and exhibits the asynchro-
nous exponential growth in Xo,1 provided that the support of a(.) is
not bounded; (see Theorem . We conjecture that in Xq 1, the results

r(z)

hold under the natural assumption sup,.; —* < +oo instead of , (see

z
Remark .

13



Let us describe now very briefly the situation under Assumption ;
(see Section |3 for the different statements). First of all, we cannot expect
a generation theory in X; under , (see Remark . A growth Cp-
semigroup (U(t));>( governing with boundary condition

iig%) r(z)u(z,t) =0 (31)

exists in the space Xo 1 and is given by

_ry  B® 0X(y,t
ey o0 B ED

r(T)

U(t)f = X{foy

(X (y,t) is defined by fX (i) 7 L i dr =1t for fo o o dr > t) provided that

is satlsﬁed This sufﬁcnent condlmon for a genera‘mon theory in Xo 1 under
is "partly necessary", (see Remark |5 . The mathematical analysis is
the same as in the previous case in Xo 1. The only different result is
that the resolvent compactness of 1" holds once the sublevel sets of 3

Qe={z>0;8(z)<c} (¢>0)

are "thin near infinity relatively to r" in the sense

/%O 1QC(T)dT < +oo (e¢>0),
1 r(7)

e.g. if limy .4 B(y) = 4+00; (no condition at y = 0 is needed). In particu-
lar, (V(t));>o has a spectral gap and exhibits the asynchronous exponential
growth (17)) in X1 provided that the support of a(.) is not bounded; (see

Theorem .
Section[d]is devoted to the "finite agregates number" space

Xo = LY(R,; dx)

under Assumption (22); (a similar construction could also be done under
Assumption ) For simplicity, we restrict ourselves to

d(.) =0.
A growth Cp-semigroup (U(t)),~, governing with boundary condition
32)

exists in the space Xy and is given by (32) but without any further
condition on the growth rate r(.). As in Xy or Xo 1, its generator 1" satisfies

14



a smoothing effect and the pointwise estimate and its resolvent is compact
if the sublevel sets of a(.) are "thin near infinity relatively to r", e.g. if
lim a(y) = +oc;
y—+oo
(see Theorem . We show also that the fragmentation operator is
T-bounded in Xy and

<lim sup n(y)

lim ||B(A=T
a(y)—+oo

-1
Jim ) eex)

provided that
n() = /y bz, )dz € L0, +o0).
In particular, by W. Desch’s f)erturbation theorem again,
T+B:D(T)C Xo— Xo
generates a positive Co-semigroup (V'(¢)),>o on Xo provided that

lim sup n(y) <1; (33)
a(y)—+oo
(see Theorem. Note that cannot hold for conservative fragmentation
kernels, hence the necessity of the mass loss condition. In particular, for
homogeneous kernels @), it amounts to fol h(z)dz < 1. More generally, in
the case , the condition is satisfied if
1

lim  sup 7(y) < —,
a(y)—-+o0 Coo

(see Remark [70)).
We show that (V(t)),~, has a spectral gap and exhibits the asynchro-

nous exponential growth in X provided that the support of a(.) is not
bounded; (see Theorem [71)). If a(.) is unbounded at zero or at infinity only,
then expresses a smallness condition on n(.) at zero or at infinity.

As far as we know, our results are new and appear here for the first
time. The role of mass loss or death assumptions appears in the spaces
X = X1, Xp or Xp,1 at two key places : In the proof that

T+B:D(T)— X (34)

is a generator via W. Desch’s perturbation theorem and (consequently) in
the fact that the resolvent compactness of 7" implies the resolvent compact-
ness of T'4+ B. A priori, we can overcome the first point. Indeed, if we

15



consider for instance the space Xi, by adapting honesty theory (see e.g.
[27]), without mass loss or death assumptions (i.e. n(.) = d(.) = 0),
need not be a generator but there exists a unique extension

T DT+ B

of 1} which generates a positive Cy-semigroup (V(t))t>0 in X;. Unfortu-
nately, even in the honest case (i.e. Tp =T + B), if T+ B is not closed,
a priori we cannot infer that T is resolvent compact when T is. This is
the main obstruction to build a general theory of asynchronous exponential
growth in X; without mass loss or death conditions. The same observation
can also be made for the other spaces.

In [8], under Assumption (22)), where no mass loss or death condition
is assumed and where Tp = 7'+ B (and a priori Tg # T + B), the asyn-
chronous exponential growth is not obtained in the natural space Xo 1 but
in higher moment spaces ([8] Theorem 1.2). We note that a general
construction similar to the present one holds without mass loss or death
assumptions provided the growth-fragmentation equations are considered in
higher moment spaces

LYRy; (1+2)%dx), LY(Ry; z%dz) (o> ay)

for a suitable threshold «, > 1 depending on the functional space [32]; (this
is due to the fact that W. Desch’s perturbation theorem can apply in higher
moment spaces without resorting to mass loss or death assumptions [6]).
This strongly suggests the conjecture that we cannot expect the asynchro-
nous exponential growth in X1, Xo or Xo,1 without mass loss or death
assumptions.

2 The first construction

We deal first with the case

1 1 1
/0 malr = 400 and /1 de = 400 (35)

and start with:
Proposition 2 Let be satisfied. The partial differential equation

gu(x t) + 9
’ ox

5 [r(x)u(z,t)] =0, (z,t>0)

16



with initial condition u(x,0) = f(x) has a unique solution given by

r(X(y, 1)) f(X(y, 1))

ulan ) = "(v)
where X (y,t) > 0 is defined by
Y 1
/X =t >0 (36)

Proof. We solve

0 0
au(:z:,t) + E [r(z)u(z,t)] =0

with intial data u(x,0) = f(x) by the method of characteristics. Making
the change

r(x)u(z,t) = (x,t)

this amounts to solving

r(lmgtgo(x,t) + (5&: [o(z,t)] = 0; ©(x,0) =r(z)f(x).

We introduce the characteristic equations

at 1 dz

ds  r(z(s)) ds !

with "initial" conditions

z(0) ==z, t(0) =0 (z>0)

Thus
s+x 1
[0,+00) 35 — 7(s+ z)u(s + x,/ ﬁdT) is constant
. r(r
and then
s+x 1
r(s+ z)u(s + x,/ $d7) =r(z)u(z,0) =r(z)f(z) Vs> 0.
- T

17



For t > 0 and y > 0 given, we set

stz 1
/ ——dr=t, s+r =y
z 7(7)

ie. [Y %dr = t. Since z € [0,y] — [7 TlT)dT is (a continuous function)
strictly decreasing from +oco to 0, then we denote by X (y,t) the unique
z € (0,y) such that ff L_dr = t. Thus r(y)u(y,t) = r(X(y,t)) f(X(y,1))

r(7)
which ends the proof. m

2.1 Theory in the space X;

Within assumption , we first develop a general theory on well-posedness
and spectral analysis in the "finite mass" space

X := LY(Ry; zdx).

2.1.1 An unperturbed semigroup (Up(t))i>0
We put now the solution given in Proposition [2]in the functional space Xj.

Let
r(X(y, 1) f(X(y, 1))
r(y)

(Uo(t)f) (y) =
where X (y,t) (t > 0) is defined by (36).

Theorem 3 Let be satisfied. Then

Uo()f) (y) = f(X(y,t))a‘Xa(ggj’t)

and (Up(t))i=0 is a positive Cy-semigroup on the space X1 if and only if
Sup,~q y(fc’t) < +oo Vt =0 and

[0,400) >t — 81;13 y(i’ 2 is locally bounded (37)
where y(x,t) is defined by
y(z,t) 1
/x =t (> 0) (38)
If
o= 21;18 7“(22) < +o0 (39)

then is satisfied; more precisely v@t) < pat

T —

18



Proof. Let us check that Up(t) is a bounded operator on X;. Note that
shows that (for ¢ > 0 fixed) X (y,t) is strictly increasing in y and tends to 0
as y — 0 (because X(y,t) <y). Note that

(0,+00) 3y — X(y,t) € (0,400)

is continuous. Since (for ¢ > 0 fixed)

Ul(y, z) Z:/yr(lT)dT—t

is of class C! in (y, z) with

oU(y,z) B 1
0z r(2)

then the implicit function theorem shows that X (y,t) is a C! function in
y € (0,+00) so that differentiating in y € (0, +00)

I 1 0X (y,t) _0
r(y) r(X(y,t)) Oy
- OX(y.t) _ r(X(y.1))
Jy 7(y)
and
@%@fﬂw=aﬂX@JD&%Zw;ye(&+W>
Thus

+o0 +00
m«m&:A h@ﬁW@:A vm@wﬂ?%MWy

Note that f)y((y 9 %dv‘ = t shows that limy_ ;o X (y,t) = +oc. The change
of variable z = X (y,t) gives

+o0
M@w&—é (@) y(z, t)de

where y(z,t) is the unique y > z such that z = X (y,t), see (38). Thus

+oo T
[, D)l x, :/O y(@ ) |f(2)| zdx

T
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and f(.) — wu(.,t) defines a bounded linear operator on X; if and only if
y

SUP,~0 (fc’t) < +o00. Hence

r(X(y, 1) f(X(y, 1))

Uo(t): X1 3 f —

is bounded with

||U0(t)||c(xl) = Sup
>0

and then [0,400) 3>t — Up(t) € L(X7) is locally bounded if and only if

t
[0,+00) >t — sup y(@,1)
x>0 T

is. It follows (see e.g. [12]) that (Up(t))¢>0 is exponentially bounded. In
this case, to show that (Up(t))s>0 is strongly continuous on X it suffices to
check that

Uo(t)f — f in LY(Ry; xzdx) ast — 0

on a dense subspace of L'(Ry; xdx), e.g. for f continuous with compact
support in (0, +00). Note that shows that X (y,t) — y as t — 0 uni-
formly on compact sets of (0,+00). Let the support of f be included in a
set [c, c_l] with 0 < ¢ < 1. Since

X(gvt) — g and X(2¢71,t) = 2ctast — 0

there exists t. > 0 such that

X(g,t) <e, X2 ht) >t

once t < t. and consequently, for ¢ < t.,
c
X(y,t) <eVy < X X(y,t) >c vy >2ct
because y — X (y,t) is strictly increasing. Hence

%@ﬁ:@mma;u@a%ﬂm,t<%

Since X (y,t) — y as t — 0 uniformly on [$,2¢7Y], r(X(y,¢))f(X(y,t)) is

uniformly bounded in y € [g, 20_1] as t — 0 and % is integrable on [c 20_1]

57
w0 r(X(y,6) £(X (3,1))
r(y)

— f in Ll([g,%*l} , dz)

20



as t — 0 by the dominated convergence theorem. In particular Uy(t)f — f
in L'(Ry; xzdz) as t — 0.
It follows from that

r(z) <az ¥z >0. (40)
We differentiate in ¢ to obtain

Oy(z,1)
ot

=r(y(x,t)) VE>0 (41)

t t
y(z,t) = :L'+/O r(y(z,s))ds < $+/0 ay(z, s)ds.

Gronwall’s lemma gives y(z,t) < ze* so [|u(.,t)|lx, < e 0+°° | f(x)| zdx and
finally [Uo(t)llz(x,) < €. m
Summarising;:

Corollary 4 Let (35)(39) be satisfied. Let X (y,t) be defined by (36). Then

r(X(y,1)f(X(y,1))
(y)

0X (y,t)

= fX ) =5, —

(Uo().f) (y) :=

defines a Co-semigroup (Uo(t))e=0 on X1 such that ||[Uo(t)llz(x,) < e where
r(z)

Q= SUp,~q—, -

Remark 5 Note that the fact that x < y(z,t) (for t > 0) implies that
sup, (z7y(z,t)) > 1 and then 100()|l gxyy > 1 fort >0, d.e. (Uo(t))izo is
not contractive.

We strongly suspect that the sufficient condition for is actually
necessary. Indeed, we have:

Proposition 6 Let be satisfied. If
r(z) r(z)

lim —% = +o00 or lim —= = 400
z—0 Zz z—+oo 2

then sup,~ @ = +o00. where y(x,t) is defined by (@) In particular, the
generation theory in Xy fails.
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Proof. We have f;”(x’t) T(lT) dr =t so the change of variable 7 = s gives

y(z,t) 1
z s

—ds=t (t>0).

1 r(xs) s

Arguing by contradiction, suppose that C' := sup,- @ < +00. Then

C
1
0<t§/ P52 ds (x> 0). (42)
1 r(xs)s
If lim, 400 @ = 400 then lim, 4~ ﬁ = 0 and consequently, for any

sequence (zp),, such that ,, — 400 there exists a positive constant C such
that .

Tps 1 < g
r(xps)s ~ s

(se(1,0))

for n large enough. Since -Z2::1l — 0 (n — oo) (s € (1,0)) then the

r(Tns) s
dominated convergence theorem implies

C
1
/ T5 Zds — 0
1 r(xs)s

which contradicts . We argue similarly if lim,_,o ) — 4o, m

z

2.1.2 On the generator of (Uy(t))i>0

We identify now the resolvent of the generator.

Proposition 7 Let (35)(39) be satisfied. Let Ty be the generator of (Up(t))i=0
i X1. Then

)t _ L[,

where s(Ty) is the spectral bound of To

_ [y A

@ T(s)dsf(m)da:, Re A > s(Tp)

Proof. We recall that the spectral bound of T is nothing but the type of
(Uo(t))0, see e.g. [33]. Note first that

(()\ _ TO)—lf) (y) — /+oo e—)\tr(X(y7t))f(X(y7t)>dt (Re)\ > S(TO))
0 r(y)
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Note that shows that ¢ € (0,400) — x := X (y, 1) is strictly decreasing
from y to 0. Differentiating in t we get

B 1 0X(y,t) 1
r(X(y,t)) ot

so the change of variable © = X (y, t) gives
dx = —r(X(y,t))dt

and

e e—/\tT(X(y7 t))f(X(yv t)) _ 1 Y e—)\X_l(y,z) 2)dx
| () =) | fle)d

where X_;(y, z) is the inverse of t — x = X (y,t). Observe that this inverse

is nothing but
1
T —1= —/ ——dr
y (1)

(V= To) ' f) () = (1y) /0 TN T ()

SO

and this ends the proof. m

Remark 8 [t is possible to characterize Ty

a(rf)
dy

EXl}, Toz—ag;/f)

D(Tp) = {f € Xy;

where % is the derivative (in the sense of distributions on (0,4+00)) of

the locally integrable function rf on (0,400); see [3].
We characterize the spectral bound of Tj.

Proposition 9 We assume that (@) are satisfied. The spectral bound
of To (or equivalently the type of (Up(t))i=0) is given by

s(Tp) = lim i [su (mly(x,t))} :igg%m [sgp (a:ly(m,t))] >0

t——+o00 T t

where y(x,t) is defined by @)
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Proof. In the proof of Theorem 106l 2(x,) = SUPes0 Y@ and the

xT
type of (Up(t))i=0 is given by limy o 1 1In 100l z(x,) - ™
We give now a key pointwise estimate in X7.

Lemma 10 Let (@) be satisfied. Let A\ > a. Then
1

0= W) < o, (G ex)
Proof. Since r(x) < ax then
O-T ] < o [T o) da
_ T(ly) /Oy %eﬂff 0| ()| 2da.

On the other hand, if A > a then 2 — 1 > 0 and

Loafrtar _ Lodmen _ lgmps _lze
X X X xyE
A1 A_q
To Ya 1
- X S X = - (VSU S y)
so that
- Tyt f| < /wumnumslnﬂu,

yr(y) Jo yr(y)

This ends the proof. m

2.1.3 A first perturbed semigroup (U(¢)):>0
Arguing as previously, we solve

0

“u il

ot ox

by the method of characteristics and get

(z,t) + [r(x)u(z,t)] + B(z)u(z,t) =0, u(z,0) = f(x)

e IXwn TP (X (g, 1) (X (4, 1))

r(y)

u(y,t) =
where X (y, t) is defined by (36).
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Proposition 11 Let (@) be satisfied. Let X (y,t) be defined by (@ Then
e 22 (X(5, ) f(X(5,1)

r(p)
)

(y
— e*f)%’(y,t)[:;]))dpf(X(y’ ))aX(yat)

U)f

<

S fé')) PU() f

defines a positive Cy-semigroup (U(t))e=0 on Xi.

Proposition 12 Let (35)(39) be satisfied. Let T be the generator of (U(t))so-

Then
(A= T)_lf) (y) = 7“(1y) /Oye 12 S ar " f(z)dz.

for Re A > s(T'), where s(T') is the spectral bound of T.

Proof. We note that for Re A > s(T')

-1 _ +ooe_/\t€7f)y(yyt 80 gp (X (y, 1)) (X (y, 1))
(-1 | wo 5 FEa—

where X (y,t) is defined by . Arguing as in the proof of Proposition m
the change of variable x = X (y,t) gives

- _ LY o e SR R L
(=D @) = [N e Y e = [ T @)

and ends the proof. =
We study the spectral bound of 7'

Proposition 13 Let (@) be satisfied. The spectral bound of T is given

by
y(z,t) z
s(T) = Jim sup [(—t—l/ f((;’))dp> 4 <ln y<x’ t>>] .

In particular

v@t) g(
e p)
s(T) < tl_n)zgo ;I;f(;t /x () dp + s(Tp).

Ifa fpﬁ(( >0 (e.g. ifinfB3 > 0) then

s(T) < (1— @) s(Th).
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Proof. We have

400 y »
U fllx, = / ¢ xwo %dpf(X(y’t))ﬁX(y,t)
0

dy
The change of variable z = X (y,t) (i.e. fmy(x’t) T(lT) dr =t) gives

+oo (@.t) B(p) +oo (@.) B()
Ui)f = e Ie Tz)dpfxym,tdx: e I Tg)dpmfxwdx
o 0

ydy.

X
and o
_ rul@t) B(p) 4 ylx,t

Ut —sup (e /- 7(p) p’> )

10O D%( 2
Hence

_ ry(z,t) B(p) t _ (z,t) B(p) t
I ([U@x,) = In (sup < 12 r<;3dpy<%>>> — supln (( Jre0 28y y(, >>)
x>0 X >0 T

— (<[ 2]+ (w2
i (= [ ) s (1 220)

y(z,t)
= —inf @dp + sup <ln y(a:,t)) .
>0 /, r(p) >0 T

This ends the first claim.
Note that if inf 8 > 0 then & := inf 8®) 0 since sup ") « 400, Thus

IN

() P
y(z,t) y(z,t)
1P x P x
and
—~ y(ﬂﬂ,t) y(w,t)
In <||U(t)||£(X1)> < sup (—aln . +1In .
= (1—a) sup <1n y(:v,t))
>0 €
~ ylz,t ~
= =@ (sup ") — (- a)m (00, )
implies

s(1) = tim (U] pxy) < A=) lim ¢ n (1000l gx, )

and ends the proof. m
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2.1.4 A smoothing effect of the perturbed resolvent

We give now another key estimate in Xj.

Lemma 14 Let (@@ be satisfied. Let A > a. Then

+o0 Yoo
L lo=nrn wlswdy < [ 10wl (7 x).

Proof. We note first that

1
e_Af;J T(‘F)dT < e_gfzy %dT = e_éln(%) = (
SO

+oo
/0 (= T)1f) )| Bw)wdy

/+OO B(y)y </y ¢ r(lT)dT - %dp |f ()] dm) dy
0 7(y) 0

“+o00

IN

_ /0”"(36 [ G BRI ) |£(0)] o
_ /0+°°</;°°(z)2—1 S S v f((;/)) >|f(x)|xdm
< /0+°° </;°°e : «mdpﬁ((g))dy) | F(2)) 2de

On the other hand

T e Bly) e
[ - /

( J:

:|y N

)

<1

=T

whence
+oo +o0
/ (A=T)""F) (v)] By ydyS/ ()| zdz
0 0

and we are done. ®
Remark 15 One can deduce from Lemma[T]] that

D(T) ={f e D(Tv); Bf € X1}, Tf= Tof —Bf.
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2.1.5 On the full perturbed semigroup (V(¢)):>0

We give now a second perturbation theorem in Xj.

Theorem 16 Let (@) be satisfied. Then the fragmentation operator
1s T-bounded in X1 and
(1 —n(y))

lim HB()\—T)AHL( <lim sup

A——+o00 Xl) M )
+ a(y)—=Foo 1+ 203

In particular,

T+B:D(T) CcXi—-X;
generates a positive semigroup (V(t))i=0 in X1 if

1—
lim  sup % < 1. (43)
a(y)—+oo 1+ TZ)

Proof. We observe that

Bely, < [ ([ etz et dy) oo
= [T atw) ([ i) otwlay
= [T 6= el dy

_ /O " ) (0~ nlw) lolw)] vy

HB()‘_T)ilfH)ﬁ
“+o0o
_ / a(y) (1= 1(»)) (A= 7)1 |]) ydy
- /{ < }a(y) (L =n() (A =T)7"|f]) ydy
a(y) (1 — A=T)" dy.
+ /{} () (1= n()) (A = 1)1 |£]) yely
We have

/{ L, A=) (=) )y < e =D,
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and

s}
—~~
<
~

[a—

|

3
—~~

<
~
S~—
—~
~—~
>

|

S
S~—

L
=
—
<

U
<

On the other hand, according to Lemma [14] for A > o

+00 t+o0
/ (= T)Lf) ()] (ale) + d(x)) wde < / (@) ada
0 0

whence
_ _ (1 —n(y)
IBO =T gy < ¢l = 1)+ sp L0
(X1) L(X1) d(y)
{a>c} 1+ aly)
e (1 - n(y))
. _ — Ny
lim [|[B(A—1T)7* < sup (Ve > 0).
Fnally ( W)
. _ . -y
lim ||B(A—1T)™* <lim sup -——~=
A—too | HL(XI) a(y)—+oo 1+ ZEZ%

and this ends the proof by invoking W. Desch’s theorem (i.e. Theorem
since T generates a positive semigroup (U(t))¢>0. ®

Remark 17 The well posedness via W. Desch’s theorem depends on the
existence of an amount of mass loss or death in the system. For instance

18 satisfied if
d(y)

d=0and lim inf 7n(y)>0o0orn=0and lim inf > 0.

a(y)—+o0 a(y)—-+o0 a(y)

Remark 18 For homogeneous kernels @), lim inf, () 400 M(y) > 0 amounts
to fol zh(z)dz < 1. More generally, in the case ,

lim inf n(y) >1-C5
a(y)—+oo
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where

(L =lm sup ((z,y):= lim sup C(z,y)
aly)—+oo M=+ {(2.0); a(y)>m}

and liminf ), oo n(y) > 0 holds if ¢, < 1.

2.1.6 Compactness results in X;

Let
Qe={z>0;8(x)<c} (c>0)

be the sublevel sets of 5.

Definition 19 If fol Tlf)dT = 400 we say that the sublevel sets of B are

thin near zero relatively to v (thin near zero for short) if

/1 719"<T)d7 < 400 (e¢>0)
0

r(7)
where 1, is the indicator function of Q.. In particular, if lim,_o 8(y) = +oo
then the sublevel sets of B are automatically thin near zero.
Similarly, if floo r(lT) dr = +00 we say that the sublevel sets of B are thin
near infinity relatively to r (thin near infinity for short) if

/oo o) oo (e>0).
1 7(7)

In particular, if limy,_, o B(y) = +oo then the sublevel sets of B are auto-
matically thin near infinity.

The confining role of singular absorption potentials in compactness prop-
erties of (perturbed) positive contraction semigroups in abstract L' spaces
has been systematically analyzed in [28]. Note that growth-semigroups are
not contractive and we provide here a direct analysis adapted to them.

Theorem 20 Let @ be satisfied. If

the sublevel sets of B are thin near zero and infinity (44)

then T is resolvent compact on X7.
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Proof. Let A > a and f in the unit ball of X1, i.e.

+o00
/ |f(x)|zde < 1.
0

According to Lemma

/+°°y(<A T)7'f) (z)| B(z)wde < 1.
0

Let ¢ > 0 and € > 0 be arbitrary. We have
>
/ [(A=D)""f) (z)| B(z)zds = / Lig<c} (A= T)_lf) ()| B(z)zds

+ [ 14| (A= 1)71) @) Bloada

SO
1

sup /0 Lig>c} |(()\ - T)_lf) (2)| zdz < e

1711, <1

On the other hand, according to Lemma

[(A=D)71f) ()] <

uniformly in || f]|y, <1 so

. 1 : 1
1 )~ < 1 — = 1 —
/ p<er (A =T)7F) (@)] Blz)wdz < e /0 8<e) gy P =€ /0 o<e iy ®

and

€ 1 e 1
sup / }(()\ — T)_lf) (a:)’ xdx < - + C/o 1{5<c}%d:p

1], <1 Jo

can be made arbitrarily small by choosing first ¢ large enough and then ¢
small enough.
Similarly,

+o00 +oo
12 /_1 [(A=T)7"F) @)] Bla xdw:/_l Ligeey [(A=T)7f) ()] B(z)xda

+o00 4
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S0
+o0 1
sup / Ligsey [(A=T)7f) ()| 2dx < =
Wl <1 Jer = 3 @) ¢

We have also

/+OO 1{5<c} }( AN=T) 1f ’ﬁ Yrdr < c/+oo 1{[3@}71 zdr = C/+00 1{B<C}71 dx
o1 o1 xr(z) o1 r(x)
and
sup /E }(()\ — T)*lf) (x)‘ xdx < E + c/6 1{5<C}—1 dx
Ifllx, <170 ¢ 0 r(z)

can be made arbitrarily small by choosing first ¢ large enough and then ¢
small enough. Finally, the uniform estimate

(A =T ) @)] < —— (>0 (|fllx, <1)

xr(z)

gives a uniform domination by (W(x)l ) € X3

leey [(A=T)71) (2)] < UAllx, <1
SO
{1 (e !(()\ )" 1f)‘ s I fllx, < 1} is relatively weakly compact.

Finally, {(A —T)~f; 1fllx, < 1} is as close to a relatively weakly compact
set as we want and consequently is weakly compact. Hence (A — T)~! is
weakly compact operator and consequently (see [28] Lemma 14) (A —T)~!
is compact. =

We can state:

Corollary 21 Let @ be satisfied. Then

T+B:D(T)C X1 — X
s resolvent compact in X1.

Proof. Theorem |16 implies Z}LOS(B()\ —T)71) € £(X1) and

+o00o
A=T-B)'=QA-T)") (B(A-
§=0
so Theorem [20] ends the proof. m
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2.1.7 Spectral gap of the full semigroup (V(t));>0 in X;
We start with:

Lemma 22 Let (@) be satisfied. We assume that the support of a(.)
is not bounded. Then (A —T — B)~! is positivity improving, i.e.

A=T—-=B)"1f>0 a.e.

for any nontrivial nonnegative f € X1, or equivalently (V(t))i>o is irre-
ducible in X;.

Proof. Note that
+oo
A-T-B)'f = A=-T)"" ) [BO-17)']"f
n=0

> (A-1)7" io [BOA-T)7" f

" et [ e B ()
7(y) Jo .
Note also that
BOA-T)"'f
+oo 1 Y oy v B(p) 4
= [T tapaten [ [ e R i) dy

+o0 +oo
_/o U <1>1{x<y}a< Yo, y)e M e r@””dy} f(z)da

+oo too 1 y 1 B() 4
_ M2 s - LY e
_ /0 [ / alybta e e dy} f(@)d

and

tee AV Lgr _ [vE®

[ sty A gy s 0 > 0
PO

so that B(A —T)"'f > 0 a.e. for any nontrivial nonnegative f. It follows

that
—+o00

Y BO-T)"f >0ae.

n=1
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and consequently

(A — 7‘1§: "f>0ae.

for any nontrivial nonnegative f. This ends the proof. m
We are now ready to show the main result of Subsection 2.1}

Theorem 23 We assume that (@) are satisfied and that the
support of a(.) is not bounded. Then (V(t))i=0 has a spectral gap in X1, i.e.

'ress(v(t)) < TU(V(t))7
and satisfies the asynchronous exponential growth.

Proof. Let
k(xa y) = 1{x<y}a(y)b(x7 y)
be the kernel of B. Let

k(z,y) == k(z,y) A 1

and
ke(,y) == k(x,y)p(z)p(y)

where p € C(0, +00) has a compact support in (0, +oc) and 0 < p(z) < 1.
Note that k(z,y) > k.(x,y) and

I{J(CC,y) = (k(xvy)_gc(x’y))_{'gc(x?y)
= K(2,y) + ke(,y)

where E(m,y) = k(z,y) — ke(z,y). Let B be the integral operator with
kernel k.(x,y) and B be the integral operator with kernel k(:c y). Since
k(z,y) < k(z,y) then

HE(A—T)*HE(M <||BA-1)" <1

IHL(Xl)

f(lr A large enough so T + B : D(T) — X, generates a positive semigroup
(V(t))e=0. Note that (V (t))i0 is generated by

(T+§) +B
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where B is a bounded operator on X1. Actually the kernel of B is compactly
supported in (0, +00) x (0, +0c0) and bounded and consequently B is a weakly
compact operator on Xi. On the other hand

VU%:V@M+AHﬂt—®BV@Ms

and, by the convex (weak) compactness property of the strong operator
topology (see [35] or [24]), the strong integral (not a Bochner integral)

t
/mvu—ngwms
0
defined just strongly, i.e. by
t o~ —_—
X12¢p— / V(t —s)BV(s)pds € X1,
0

is a weakly compact operator. It follows that V(¢) and V(£) have the same
essential spectrum [I7] and therefore

TessaA/(t)) = Tess(V(t)) (t>0) (45)

or, equivalently, the identity of their essential types

~

wess(v) = wess(v)‘
On the other hand V() < V (t)
A—T-B)'<A-T-B)"

and R
A-T-B)'#0\-T-B)"!
because B # 0. Since, by Lemma (A —T — B)~! is positivity improving
(and thus irreducible) and compact (by Corollary then
%“A—T—Erﬂ<n4@—T—Brﬂ

see [19]. Moreover

Ty ()\—T—E)*l} = )\—5(1T+§) and ry (A =T — B)™'] =

1
A—s(T + B)
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(see e.g. [33]) whence s(T + B) < s(T + B). This implies in particular that
s(T'+ B) > —o0.

Note that the type of a positive semigroup on L' coincides with the spectral
bound of its generator so that

ro(V(1)) = TR < TR — 1 (v (1)),
Since ress(V(£)) < 7o(V (£)) then (5] gives ress(V()) < ro(V(¢)) ie. (V(£))e=0
has a spectral gap. Finally, the asynchronous exponential growth follows
from the irreducibility of (V' (¢))t>0.

Remark 24 Note that if the sublevel sets of a(.) are thin at infinity then
the support of a(.) is not bounded.
2.2 Theory in the space X,

Within assumption , we develop now a general theory on well-posedness
and spectral analysis in the "finite mass and number of agregates" space

Xo1:=L' (R, (1+2)dzx).

2.2.1 First generation result in X

We put now the solution given in Proposition |Z| in the functional space X 1.

Theorem 25 Let be satisfied and X (y,t) be given by (36). Then

T(X(y7ti)(£§X(y7t)) _ f(X(y’t))(?X(yJ)

y
defines a stongly contiuous semigroup (Up(t))i=0 on Xo,1 if and only if

o) f) (y) =

1+ y(z,t)
_— Vt>0 46
S Tre T o
and .
[0,4+00) 2 ¢t — sup 14yt is locally bounded (47)
e>0 L+
where y(x,0) = x and y(x,t) is defined fort >0 by (@ If
Q= sup r(z) < 400 (48)
z2>1 <

then is satisfied.
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Proof. We have

+00 +oo
06O, = [ latr0l 0+ ndy= [ 100 PR 14y

By the change of variable x = X (y,t), we have

+oo
00, = [ @0+ y(e ) do

/+°° 1+ y(x,t)
0

2 @) (Lt 2)de

so Up(t) is a bounded operator on Xg ; if and only if holds; in this case,

1+ y(z,t)

142 (49)

100l £(x0.0) = sup

This shows the first claim. Note that under , fg(m’t) T(lT) dr =t implies

that lim, o y(z,t) = 0 uniformly in ¢t bounded so

1 t
hmmzl (t > 0)
z—0 14z

uniformly in ¢ bounded. In particular holds if and only if

ililfw <400 (t=0)
and
[0,4+00) 3t — sup Lyt is locally bounded
e>1 1+
or equivalently if
supM <400 (t=0)

z>1 X

and

is locally bounded.

t
[0,4+00) 5t — sup y(z,t)
z>1 T

It follows from that

y(x,t) =2 +/0 r(y(z,s))ds.
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Since y(z,t) > x then gives
r(y(z, s)) < ony(e,s) (z=1)

S0
t
vot) <o+ [ oy @21
0
and Gronwall’s lemma gives sup, @ < e“! The strong continuity at
the origin can be dealt with as in the space X;. =

Remark 26 By arguing as in Proposition[f] one can check that if

lim @ = 400
z—+o00 Z

then sup,-q @

fails.

= 400 and consequently the generation theory in Xo1

Remark 27 We observe that in contrast to the Xi-generation theory, we
need no assumption on the growth rate function at the origin. The fact that
y(z,t) > 2 and {49) show that (Ug(t))i=0 is not contractive in Xo 1.

2.2.2 On the generator of (Uy(t))i>0 in Xo

As in X1, the resolvent of the generator Tj in Xg; is characterized by:

Proposition 28 Let (35)(48) be satisfied. Let Ty be the generator of (Up(t))i=0
in Xo,1. Then

-1 L yeffrksds x)dx e s
(=T 1) @) = w5 [ e " p(apde, Rea > s(m)

where s(Ty) is the spectral bound of Ty. Moreover,

a(rf)
dy

a(rf)
Jy

D(Ty) = {f € Xo,1; € Xo,l} , To=—

where % is the derivative (in the sense of distributions on (0,400)) of

the locally integrable function rf on (0,400).

By using we get:
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Proposition 29 Let (@ be satisfied. The spectral bound of Ty (or equiva-
lently the type of (Up(t))i=0) in Xoa is given by

~ . 1 1 , T . 1 1 Jt
S(TO) = hm — 11’1 Sup M — lnf — 111 Sup M 2 0
t=+oo >0 14z >0 e 1+

where y(x,t) is defined by (38).

We can recover the previous pointwise estimate but under an assumption
stronger than (48)).

182 < +00 then

Lemma 30 Let be satisfied. If C' := sup, g

v
(1+y)r(y)

Proof. Since r(z) < C(z+1) (Vz > 0) then

[\ =To) " f| (y) < 1fllxe, > (f € Xox), (A>C).

1o
r(z) ~ z+1

and

A [Y L Ay _1 A
e Affr 'r(T)dT S 676 fz mdﬁr = ei6

). (50)

It follows that

‘()\—To)*lf(y)} < 1/y6_>‘fgr(17—)dr|f($)|dx
0

r(y)
v x A
< o [[EED Wl
B <1+;>r<y>/oy(§:>é‘lf<m>|<1+w>dw
1 +o00
= (1+y)r(y)/o [f(@)] (1 +2)dx

because ”;Tﬂ <1 and % — 1> 0. This ends the proof. m

Remark 31 (Open question) We suspect that a similar statement should
hold under the general assumption @)
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2.2.3 A first perturbed semigroup in Xg;

As previously in X; we have:

Proposition 32 Let @(@ be satisfied. Let X (y,t) be defined by @
Then

S M apr (X (y, 1) (X (y, 1)
URyf : =e 'Xwnr® @)
_ fX(yt) B(p) 00X

M (X (y,1)) (y’”—e P 50y, 6)f

defines a positive Cy-semigroup (U(t))i=0 on Xo 1.
and

Proposition 33 Let (35)(48) be satisfied. LetT be the generator of (U(t))s=0
in Xo,1. Then

Yy y 1 y B(T

(=17 = o [T O @)
_ T
= r(y)/o @ " f(z)dx.

for Re A > s(T'), where s(T) is the spectral bound of T.
Arguing as in Proposition [I3] we get:

Proposition 34 Let @) be satisfied. The spectral bound of T' in Xo 1 is
given by

_ _y V@D B(p) i T+y(,t)
S(T) = Jim sup K_t l/x r(p) dp) o (ln 1+:z:>] '

In particular

y(z,t) B(p)
~ < _ T . -1 —~ .
S(T) < tlingo ;2% t /x r(p) dp + 5(To)

If 6= inf RS0 5 0 (e.g. if inf B> 0) then

AT) < (1-@)3(Tp).
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2.2.4 A smoothing effect of the perturbed resolvent in X

As in X1, we show now a smoothing effect in X1 but we have to replace
the natural assumption by a stronger one.

Lemma 35 Let be satisfied. If C' := sup,-g ;sz < +o0o then, for
A>C,

+00 +oo
[T 1= ) 0860 0+ vy < [ 16010+ (7€ Xan).

Proof. By using we have for A > C

/(:Oo (A =T)711) ()] By) (1 +y) dy

< [T ([ st ) o)
(e o)
_ /;oo(/x (“’y”ii)* 1,0 f((i)) )\f(x)\(1+x)dx
<

/O+oo </$+o<> - Jr f<p>dpf((li‘//))dy> ()] (1 + ) do

where we have used in the last step that % <1 and % — 1> 0. We already

know that

+ + =+
/ ooe—fff(‘;’fdpﬁ(y)dy:_/ °°d< — [ X8 ap )dy:_[e—ffféﬁidpr T
. r(y) « Ay =t
whence

+oo +oo
[ 1e-nnlsm s [ e 0+
0 0

and we are done. m

Remark 36 (Open question) We suspect that a similar smoothing effect
should hold under (@

Remark 37 One can deduce from Lemma[39 that

D(T)={f € D(Tv); Bf € Xopa}, Tf= Tof - B/
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2.2.5 The full perturbed semigroup in Xy

We give now a second perturbation theorem in Xg ;.

Theorem 38 Let (@ be satisfied. We assume that
y
n(w) = [ blay)ds

is such that C := SUPy~0 %y; < 400. Then the fragmentation operator
is T'-bounded in Xo 1 and

Jim [[BO-T)7 g,

<lim sup .
a(y)—+oo (14 1y) <1 + d(y)>

In particular, if

lm sup [(y —n(y)y) +d:;()y)]

<1 (51)
a(y)—+oo (1 + y) (1 + a(y)

then
T+ B:D(T) C Xo1— Xon

generates a positive semigroup (V(t))i=0 in Xo1.

Proof. We have
Belxg, < [ ([ atwben) etwldy) 1+ o)ds
= [Tt ([ @+ el

= /;oo a(y) [(y — n(y)y) + n(y)] le(y)| dy

/*“’ a(y) [(y — n(y)y) + n(y)]
0 I+y

le(y) (1 +y)dy

SO

1BO=1)" 1|y,

_ a(y) [(y —n(y)y) + n(y)] .
B /{a<c} 1—|—y ‘(()\ T) lf)‘(1+y)dy

+/ a(y) [(y = n(y)y) +n(y)]
{a>c}

T (- 1) )] 1+ ).
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Note that

a(y) [(y — n(y)y) + n(y)] -
/{a<c} 1+y (A =T)7f)[ (1 +y) dy

< ¢ (1 + 5) (X — T)_lfoo,l

while

a(y) [(y —n(y)y) + n(y)] B
/{a>c} 1+y ’(()‘_T) 1f)‘(1+y)dy

/ a(y) [(y — n(y)y) +n(y)]
{a>c} d

(1+y) (aly) + (a(y) +d() (A=T)""|f]) (L+y)dy

| e .
/0 (a(y) +d)) (A —T)1f]) (1 + ) dy

+o0
) | iwiasa

< sup -
{a>c} (1 + y) (

(Lemma [35] is used in the last step) so

. R - [(y — n(y)y) +n(y)]
10 =) gy < o (1 IO =) eyt i = (1+23)

for arbitrary ¢ > 0 and consequently
<lim  sup [(y = n(y)y) + n(y)]

a(y)—+oo (14 y) (1 + %)

Jim IBO =T 2x00)

which ends the proof by invoking W. Desch’s theorem (i.e. Theorem . ]
Let us check Assumption ([51).

Corollary 39 We assume that a(.) € L3S

loc

v:=1lim sup 7(1 — n(y))
a)—too 1+ 24

(0,4+00) and

< 1.

Then Assumption 1s satisfied in the following cases:
(i) a(.) is unbounded at zero and at infinity and

. n(y) o su n(y) .
max{hmii%u—n(y))’l“ yafooya—n@))}“ - 62
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(ii) a(.) is unbounded at zero only and

n(y) -1

lim sup <7

y—0 (1 - W(y))
(iii) a(.) is unbounded at infinity only and

n(y) -1

1+ lim sup <7

y—too ¥ (1 = n(y))
Proof. Note that

= n(y) +nly)] _ Y+ ey (L= n(y)
(1+y)<1+%) +1) 1424y

(v)
so that is satisfied if

lim sup ——— 2L <AL
a(y)—+oo (y + 1)
This ends the proof since
n(y)
lim sup )] M0 = lim sup )
y—0 (Y+1) y—0 (1 =n(y))

and W)

R =) n(y)

lim sup ———— % — 14+ 1lim sup ————.
y—too  (¥+1) y—too Y (1 = 1(y))

|

Remark 40 As noted in the Introduction, for homogeneous fragmentation
kernels (@), the above conditions are satisfied if fol h(z)dz < 1.

Let us give more general examples.

Proposition 41 Let the fragmentation kernel be given by . Let a(.) be
unbounded at zero and at infinity only. Then holds if (I, < 1 and

limsup n(y) < % and lim sup n(y) < ( Coo)2<oo'
NG ST

where n(y) = foyg(x,y)d:v and (., ¢ are given by @)
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Proof. Note that

1 nly) = ; /0 "o, u)b(z, y)de

S0)
1 v -
1—1lim inf 7n(y) <lim sup / x((z, y)b(z,y)dr < ¢
a(y)—-+oo a(y)—+oo Y Jo
and
1 (v ~
1—1lim sup n(y)>lim inf / x((z,y)b(z,y)dr > (.
a(y)—-+oo a(y)—+oo Y Jo
Since .
1—lim inf > (¢h)!
( a(y)%oon(y)) > (¢&)
and
. n(y) : n(y) }
max < limsup ——~—, 1 +lim sup —————
{ y—0 (1 —=n(y)) y—too ¥ (1 =1(y))
+ o +
< max {lim sup Coori(y), 1+ 1lim sup Coo“_(y)}
y—0 (s y—+o0o Yoo

then holds if

+ + o 1
max{goolimsupﬁ(y), 14+ 2=21lim sup n(y)} <
[e's) y—0 o) y—+oo Y Coo

which is equivalent to ¢, < 1 and

(e8]

- . A 1- (%) ¢
hm;g}())n(y) < (C;)Z and hmyilﬂ)oo ngly) - ( (C;))Q |

2.2.6 Compactness results in Xy

By replacing the natural assumption by a stronger one, we can show:

Theorem 42 Let be satisfied. If C' := sup,~g % < 400 then T
is resolvent compact on Xo 1.
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Proof. Let A > C and f be in the unit ball of Xq 1, i.e.

400
/0 @) (L4 2)de < 1.

According to Lemma

/+oo}((A T) ') (2)| B(z) (1 + z) dz < 1.
0

Let ¢ > 0 and € > 0 be arbitrary. We have

1 > /+OO|((A T)7f) ()| B(x) (1 + ) dz =

—1

+oo
/ 1{ﬁ<c}}()\ T ) ‘ﬁ 1+$)dl‘

-1

+o0
+/ 1{3>C}} )\ T) 1f |B (1+2x)dx

-1

SO

[a—

+oo
sup / Lg>c} |(()\7T)_1f) (m)‘ (1+z)dx < -
1£llx, , <177

On the other hand, according to Lemma

(‘3

_ _ 1
’(A—T) 1f| < }()\_TO) 1f| < +2)r(@) HfHXOJ

SO

+oo 1 +00 1{5<c}
/ Ligeey |(A=T)7"f) (=)] B(2) 1+:1:)d3:§c/ dx
5_1

e 1 T(x)
and then
+00 1 +o0o 1 B
sup / ‘(()\—T)_lf)(x)‘(1+x)dx§—i—c/ 8=} 1,
1fllxg, <1 ¢ Jer 1(2)

can be made arbitrarily small by choosing first ¢ large enough and then ¢
small enough.
Similarly, we have

Uz [ HO-)) @5 01+ ) da
= [ e IO =1)71) @)] ) 1+ ) do

-l-/ 1{5>C}‘ )\ T) lf) }ﬂ (1+x)dx
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SO

[

su 51 o A—T) L) ()| (1 +2)de < -
Ifx(f:Sl/o 2o [(A=1)7f) @] (A +2)de <

As previously

€1
/1{6<c}|(>\ T)'f) (= ()| B(=) 1+x)d:r<c/ B<} 1

o (@)

SO

‘ °1 <c
sup /0‘(()\—T)1f)(m)‘(1+x)dw§i+c/o o<} 4,

1110 , <1 r(z)

can be made arbitrarily small by choosing first ¢ large enough and then ¢
small enough.
On (5, 5*1) we have the uniform domination

H(@)

}()‘—T)_lf‘ < ‘()\—TO)_If‘ < m

€ Xox (Ifllx,, <1)

so the restriction of the set {}()\ -T) ] I llx,, < 1} to the set (g,e71)
is is relatively weakly compact on X 1. Finally

{O0=D)7F 1, <1}

is as close to a relatively weakly compact set as we want and consequently
is weakly compact. This shows that (A — T')~! is weakly compact operator
and consequently (see [28] Lemma 14) (A — T)~! is compact. m

As in Corollary [21] we have:

Corollary 43 Let be satisfied. If C := sup,~ 1(Z) < 400 then
T+ B:D(T) C Xo1— Xon

is resolvent compact.

2.2.7 Spectral gap of the full semigroup (V(t));>0 in Xo

The same arguments as in the proof of Lemma [22] give:
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Lemma 44 Let (35)(48) be satisfied. We assume that the support of af(.)
is not bounded. Then (A —T — B)™! is positivity improving, i.e.

A=T—-B)"'f>0 a.e.

for any nontrivial nonnegative f € Xo 1, or equivalently (V(t))i=o is irre-
ducible in Xo 1.

Arguing as in the proof of Theorem [23| we get the main result of Sub-
section

Theorem 45 Let be satisfied. If sup,-q ;Sf; < 400 and the

support of a(.) is not bounded then (V(t))i=0 has a spectral gap in Xo1, i.e.
ress(v(t)) < TO'(V(LL))?
and satisfies the asynchronous exponential growth.

Remark 46 (Open questions) Following Remarks and we suspect
that the d@ent statements of this subsection should hold under As-

sumption instead of sup,~q IS’_Z; < +00.

3 The second construction

We consider now the case

| S |
——d7T < +00 and / ——d7T = +00. 53
e e (53)

It turns out that we cannot expect a generation theory in the space X; =
L' (R4, xdx), see Remark 51 below. So we restrict ourselves to the "finite
mass and number of agregates" space

Xog = L' Ry, (1+a)dz).
We start with:

Proposition 47 Let be satisfied. Then the partial differential equation

Qu(m t)+ 9
ot Ox

with initial condition u(x,0) = f(z) and boundary condition

[r(z)u(z,t)] =0, (z,t>0)

lim r(y)u(y,t) =0 (¢t >0)
y—0
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has a unique solution given by

(X (y,t) f(X(y,t) if Y 1 dr>¢
u<y,t>={ Jo

r(y) r(7)

=0if [§ Ldr <t

where X (y,t) (t > 0) is defined by

Proof. We solve

with intial data

and boundary condition

lim r(z)u(z,t) =0 (¢t > 0)

x—0

by the method of characteristics. This amounts to solving

7@ ) + 5o lp(@ )] =05 ¢(z,0) = r(z)f(2).

We introduce the characteristic equations

d_
ds  r(z(s))’ ds

with "initial" conditions

Thus

s+x

[0,400) 3 s — (s + x)u(s + x,/ dr) is constant

. ()
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and then

S+ 1

r(s+ z)u(s + :13,/ dr) =r(x)u(z,0) =r(x)f(z) Vs=0.

. (0

For ¢t > 0 and y > 0 given, we set

s+x 1
/ dr=t, s+x=y
2 7(7)

ie. [Y-Lidr =t. Since [/ %d’i‘ < 400 let yo(t) > 0 be defined by

r(7)
/yo(t) 1 p (5)
——dr =t. o4
0 (1)

Hence there exists a unique X (y,t) < y such that

/ L=t s ). (55)

X(y,t) T(T)

We denote by X (y,.) the continuous function which gives x € (0,y) from ¢
(given y > 0). Thus, for y > yo(t)

r(y)u(y,t) = r(X(y, 1)) f(X(y,1))

ie.
r(X(y, 1) f(X(y, ¢
u(y,t) = (X, 8) 7 X »(y>mﬁ»
r(y)
On the other hand, for y < yo(¢)
v o1
/ dr < t.
o 7(7)
We introduce the characteristic equations
dt 1 d
— X =1

ds  r(z(s))’ ds

with "initial" conditions

ie. x(s)=sand



Note the constancy of

r(s)u(s, T + /0 ) r(lT)dT) (5> 0)

amounts to

dr) (y > 0) is constant

et + [ (1)

i.e. (formally)

r(y)u(y,t + /Oy T(lT)dT) = r(0)u(0,T) =0

Thus vy 1
ryuy,t+/ ——dr)=0 Yy >0,¢t >0
Wt + [

Thus for any ¢ > 0 and y > 0 such that

[
—dr <t
o 7(7)

we can choose t > 0 such that

namely

_ vy o1
t :t—/ ——dr.
o 7(7)

Finally, u(y,t) = 0 if [ T(lT) dr <t. m

3.1 Theory in the space X

As previously, we develop a general theory on well-posedness and spectral
analysis.

3.1.1 The first generation result

Theorem 48 Let be satisfied. Let X (y,t) be defined by (55). Then

r(X(y, 1) f(X(y,1))
r(y)

UO(t)f = X{foy 1 d7'>t}

r(T)
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defines a positive Co-semigroup on Xo1 if and only if

1+ y(z,t)
0,+00) >t —_— 56
0, +00) 5% = sup —= (56)
is locally bounded where y(x,t) is defined by (@) This occurs if
r(z) <C(z+1) (Vz>0); (57)

in this case

1+y(x,t) <eCt (:L'>0)
x+1 = '

Proof. Let us check that Up(t) is a bounded operator on Xg 1. Note that
fOI' f[]y 17_) dr >t (le if Yy > yo(t)) we have

/y Loy (59)

X(y,t) T(T)

which shows that (for ¢ > 0 fized) X (y, t) is strictly increasing in y and tends
to 0 as y — yo(t). Note that

(yo(t), +o0) 3y — X(y,1) € (0, +-00)

is continuous. By arguing as previously we show that

I 1 0X (y,t)

r(y)  r(X(y,t) Oy

and
O(01) () = FCt) Dy € (un(e) +00)
Thus
+o0 +00 0X
00 s = [ 1000 W) iy = [ 150 2 1)y
0 yo()
and the change of variable z = X (y,t) gives
+oo
00, = [ @I+ gl )ds
0
where y(z,t) is the unique y > = such that z = X (y,t) i.e.
y(zt) 1
/x =t (59)
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Since
T +y(x,t)

0D |£(@) (1 + ) do

wwvmm:A

then Up(t) is a bounded linear operator in Xo if and only if

1 t
sup LY@
>0 1+

In such a case

B 1+ y(z,t)
HUO(t)”[,(XO,l) - ili%) 1+

and
[0, -l-OO) S5t — Uo(t) € ﬁ(XoJ)

is locally bounded if and only if

1+ y(z,t)
0,+0) 3t —sup ————=

is. It follows (see e.g. [12]) that (Up(t))i=0 is exponentially bounded. As
previously, to show that (Up(t))e=0 is strongly continuous on X it suffices
to check that

U(t)f — f in L*(Ry; (1+xz)dz)ast—0

on a dense subspace of L'(Ry; (14 x)dz), e.g. for f continuous with
compact support in (0, +o00). Note that for any compact set [c, c_l]

[
——dr >t
o 7(7)

for ¢t small enough uniformly in y € [c, c_l] SO
0X (y,t _
O01) 0) = FCX ) P e fere
for ¢ small enough. In particular
/y 1 d t Vye[c cil]
T = ,
X(y,t) T(T)

and
r(X(y,4))f(X(y, 1))

r(y)
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for ¢ small enough. We note that X(y,t) — y as t — 0 for any y > 0 and
uniformly in y € [%, 20_1]. Hence

r(X(y, 1) f(X(y,1))
(y)

Uo(t)f = — fly) (t—0)

and, by the dominated convergence theorem, Uy (t)f — fin L*(Ry; (1 + ) dx)
as t — 0. It follows from that

y(z,t)
ot

=r(y(z,t)) Vt>0.
so, using ,

ylz,t) == —i—/o r(y(x,s))ds < x —i—/o C(y(xz,s)+1)ds

and .
y(x,t) +1 §x+1+/ C(y(x,s)+1)ds.
0

Gronwall’s lemma gives y(z,t)+1 < (z + 1) e“t. Finally nyiﬁt) < et (x>
0) and [[Uo(t)]l¢(x,,y < <. m

Remark 49 The proof above shows that (Up(t))t=0 is not contractive in
X071,

Remark 50 As in Remark on checks that if lim,_ ;oo @ = 400 then
the generation theory fails. Hence the sufficient condition 18 partly nec-
essary. The necessity of boundedness of the growth rate at the origin is
unclear.

Remark 51 Note that |Up(t) fl|x, = 0+00 y(i’t) |f(x)| zdx so that the bound-
edness of Up(t) on X1 amounts to

t
sup y(@,t) < 00. (60)
>0 X

But and (59) imply that lim,_y(z,t) = yo(t) > 0 (¢t > 0) so that (60)

1s violated and we cannot expect a generation theory in X1 under assumption

6z}
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3.1.2 On the generator of (Uy(t))i>0

We identify now the resolvent of the generator.
Proposition 52 Let be satisfied. Let Ty be the generator of (Up(t))t=0-
Then

(A=To) ' f) (y) = 7"(1y) /Oy e Je 7‘?3>d8f(x)da7, Re A\ > s(Tp)

where s(Tp) is the spectral bound of Tp

Proof. We know that
r(X(y, 1) f(X(y, 1))

UO(t)f = X{foy rlr)d7'>t} ’I“(y)
+oo r
(A=To)"' ) (v) = /0 e”\tx{fdy Lt (X(y’ti)(g)(X(y’t))dt
-/ Bt (X ) (X))
0 r(y)

Note that for any fixed y > 0 and ¢t < [ %d’i‘ we have f)y((y 9 ﬁdT =t
and

1 0X(y,t)

X ot -

One sees that

te (0,/0yr(17)d7')—>:v::X(y,t)

is strictly decreasing from y to 0 so the change of variable t — x = X (y, t)
gives

X

I 7mar (XD FX @) o [ e [@)
/0 ‘ r(y) dt_/o ’ @d

where X_(y,z) is the inverse of ¢ — x = X(y,t). This inverse is nothing

but x — t = fT(lT)dT SO

(= To) ' f) () = jy) /0 TN A f ()

and this ends the proof. m
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Remark 53 Note that Xo1 C L'(Ry; dx). We can check that

a(rf)
dy

a(rf)
Jy

D(Tp) = {f € Xo,1; € Xo,1, i{%r(y)f(y) = 0} , To=—

where B(Tf) is the derivative (in the sens of distributions on (0,+00)) of the

functwn rf € LY(Ry; dz). Note thatrf € WHYH(RY) so that limy o 7(y) f(y)
exists.

The same proof as in Lemma 30| gives a pointwise estimate in Xq 1.

Lemma 54 Let be satisfied. Let A\ > C. Then

(A =To) " f| (y 1fllx,, (f € Xo,)-

1+y) (y)

3.1.3 The first perturbed semigroup

We build now a second explicit Cy-semigroup by the method of characteris-
tics. We solve

0 0
au(w,t) + 2 [r(z)u(x,t)] + B(x)u(z,t) =0

with boundary condition lim;_o7(z)u(x,t) = 0 and intial data u(z,0) =
f(z). By arguing as in subsection we show that the solution is given by

o0 gpr(X(y, 1) f(X(y, 1) _
(y)

_ B(p)
U(t)f:x{foy ) th} X v e IXwn mﬁ)deO(t)f

r(7)

(X (y, 1) is given by ) and defines a Co-semigroup (U(?)),>q on Xo,1 while
the resolvent of its generator is given by:

Proposition 55 Let be satisfied. The resolvent of the generator
T of (U(1));>g in Xo, is given by

== [ e

Remark 56 We can "compute” the spectral bound of Ty and T in Xo1 as
in Proposition [29 and Proposition [34)

The same proof as in Lemma [35| gives a smoothing effect in X ;.
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Lemma 57 Let be satisfied. Let A > C. Then

“+oo

+oo
| HO=Dn wlse a+ndes [ 1010+ (7 € Xon),
Remark 58 One can deduce from Lemma[57 that
D(T) ={f € D(Tv); Bf € Xoq}, Tf= Tof -8/

3.1.4 The second perturbed semigroup

The proof of the following theorem relying on W. Desch’s perturbation the-
orem is identical to that of Theorem B8l

Theorem 59 Let be satisfied. We assume that
y
(o) = [ bag)da

is such that sup,~g % < 4o00. Then the fragmentation operator 18

T-bounded in Xo1 and

lim |[B(A—T

<lim sup
A—400

aw—teo (1+y) (1+28)

)71H£(X0,1)

In particular, if

lim  sup [(y —n(y)y) + n()y)]

a(y)—+oo (14 1y) (1 + %

< 1. (61)

s9

then
T+ B: D(T) C XO,l — XO,l

generates a positive semigroup (V (t))i=0 in Xo,1.

Remark 60 We can state results similar to those given in Proposition [{1]

3.1.5 Compactness results in Xy

We are ready to show:

o7



Theorem 61 Let be satisfied. Let the sublevel sets of B be thin at
nfinity in the sense that

+o0 1
{B<c}
dr <400 (¢>0 62
| (> 0) (62

(e.g. let limy 4o B(x) = +00 ). Then T is resolvent compact on X .

Proof. Let A > C and f be in the unit ball of Xq;, i.e.

+oo
/ |f(x)| (1 +z)dx < 1.
0
According to Lemma [57]
/m}((A T)7'f) (z)| B(z) (1 + ) dz < 1.
0

Let ¢ > 0 and € > 0 be arbitrary. We have

+oo
1 z/ [(A=T)71f) (2)| B(z) (1 + z) da

—1

+o00
= [ e (= 1)717) @) @) (14 2) de

+oo
—1—/1 1{B>c}‘()‘ T ) |B 1+$)dl’

SO

[a—

+oo
w1 (O =T @] (14w <

£y, <1 e

On the other hand, according to Lemma

(‘s

1

’O\ - T)71f| < }()\ - T0)71f| < A+2)r@) HfHXm

SO

+oo1 (A =T)7'f) (2)| Bz) (1 + 2) da < " L,
j {B<c} x)dr <c x

-1 1 r(x)

and then

sup /+OO ‘(()‘_T)_lf) (ﬁ)} (1+x)de < i+0/+oo 1{ﬁ<c}d$

I£ll5<1Je=1 1 7(7)

o8



can be made arbitrarily small by choosing first ¢ large enough and then ¢
small enough.
On the other hand on (O, 5*1) we have the uniform domination

L1y ()

A=T)"'f| < 0+ 2)r@) € Xog (Ifllx, <1)

because L

/1 r\x
dw < Q.
( )

Finally {()\ —T) 5 fllx,, < 1} is as close to a relatively weakly com-

pact set as we want and consequently is weakly compact so (A — T)~! is
weakly compact operator and consequently (see [28] Lemma 14) (A — T)~*
is compact. m

As in Corollary [43] we have:

Corollary 62 Let (53)(57)(61)(62) be satisfied. Then T+B : D(T) — Xo1

1s resolvent compact.

3.1.6 Spectral gap of the full semigroup (V(t));>0 in Xo

The same arguments as in Lemma [22] give:

Lemma 63 Let be satisfied. We assume that the support of
a(.) is not bounded. Then (A — T — B)~! is positivity improving, i.e.

A=T-B)'f>0ae

for any nontrivial nonnegative f € Xo 1, or equivalently (V(t))i=o is irre-
ducible i Xo .

The same arguments as in Theorem 23] give the main result of Section

Bl

Theorem 64 Let @ be satisfied. We assume that the support
of a(.) is not bounded. Then (V (t))i=0 has a spectral gap in Xo 1, i.e.

Tess(V(t)) < TU(V(t))a

and satisfies the asynchronous exponential growth.
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4 Theory in the space X

This last section is devoted to growth-fragmentation equations in the "finite
agregates number" space

Xo:= L' (R, dz)
under . For simplicity, we restrict ourselves to the case
d(.) =0.

By resuming the proof of Theorem 48| (the sublinearity condition is no
longer necessary here) one sees that

00X (y,t)

(%@ﬂ@Z{ﬂXmmM%;i;@®ﬁw)

SO

+o00o +o0
n%@m%=A @a(0)) )y = [ uuwwn”ﬁ”@

yo(t)

and the change of variable x = X (y,t) gives

+oo
00, = [ 1@l de =111,
Hence we have:
Theorem 65 Let be satisfied. Let X (y,t) be defined by (55). Then
r(X(y,t X(y,t
0 = o D0

) dT>t} fr(y)

defines a stochastic Cy-semigroup (Up(t))i=0 on Xo.
As previously, we show that

_f)y((y,t) %dpr(XCya t))f(X(y7 t)) — e_ f)?é(y,t) %deO(t)f

o) dT>t}e (y)

(X (y,t) is given by ) defines a contraction Co-semigroup (U(t));>o on
Xo and the resolvent of its generator T is given by

A=T)"' f= T(ly) /O Y IR () da, (63)

We have a smoothing effect in Xj.

U(t)f = X{foy
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Lemma 66 Let be satisfied. Then

+00 +0oo
[ 10=-n @l < [ @)l (€ Xo), 0> 0)
0 0

Proof. One sees that for A > 0

— 1)) ()] aly)dy

\o\{i
8
>

“+00 Yy a
S ([ e e B ) ) ay
0 r(y) 0
+o0 +o0 a
_ / (/ aw) - r<1f>dfe—ff$dpdy) | ()] d
0 x T(y)
“+o00 —+o00 a(p) “+o0
< [T TS wla < [ @)
0 x 7"(3/) 0
since
+o0 a +o0 a a =+00
/ aly) - =24 dy__/ ( ~ [ H2ap )dy:_[ ffrézid] <1
. )" . dy —
[ |

A trivial consequence of is the pointwise estimate

_ 1 [t
-1l < s [ @l (Fexo. (>0 (64

By combining the above smoothing effect and and arguing as in the
proof of Theorem [61] we get.

Theorem 67 Let be satisfied. Let the sublevel sets of a be thin at
infinity in the sense that

/ T Mol g oo (63 0) (65)
1 7(z)

(e.g. let limy; 4o a(x) = 400 ). Then T is resolvent compact on X.
We give now the full generation result.

Theorem 68 Let be satisfied and let
Y
n(.):= / b(x,.)dx € L>(0,+00). (66)
0
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Then the fragmentation operator is T-bounded in Xy and

-1 .
/\Erfoo |BA=T) Hc ) < lim a(y?li}ioon(y)'

In particular, if

lim sup n(y) <1 (67)
a(y)—+oo

then
T+ B:D(T)C Xo— Xo

generates a positive semigroup (V (t))i=0 in Xo.

Proof. We note that

1Bellx, < /0+oo </ b(z,y) le(y )Idy> dz
- [ Taw (/ xwm)wwﬂ@
= /0+OO y)ldy

and
+oo
HBu—Trvm%=[; a(y)n(y) (A =T)7'1)| (w)dy
- A<}awmwuu—T>VH@My
+ / a(y)n(y) | (A = T)7"f)] (v)dy
{a>c}
Since

A<}MwmwKO—T)UH@MySthwWA—T)Wq%Nﬂ&O
and

+oo
-T)! sup n a _7\-1
Aw@“”“”““ )7 )| (w)dy s{®%<mA W) (A =1)71)| (w)dy

+oo
< wpmwA (@) de

{a>c}
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(the smoothing effect is used in the last step), then

HB()\ - T)AHL xo) =€ 7] oo H()\ - T)AHE x,) T Sup n(y) (c>0)
(Xo) (Xo) {a>c}
and
/\Brfoo |[BA=T) IHE(XO) < {ililz} n(y) (Ve > 0).

Finally, W. Desch’s theorem ends the proof. m

Remark 69 Note that n(y) > 1 for conservative fragmentation kernels.
This shows the key role of the mass loss assumption.

Remark 70 For homogeneous kernels (@ with mass loss, (@) amounts to
fo h(z)dz < 1. More generally, for a fragmentation kernel gwen by the

condition oLas v 1m su < 1w eren T Z.
dition (67) holds if ¢, i supq(y) oo (y) < 1 wh = [ bz, y)d

— 400

As previously, T' 4+ B is resolvent compact and, arguing as in the proof
of Theorem 23| we obtain the main result of Section

Theorem 71 Let @@@ be satisfied. We assume that the support
of a(.) is not bounded. Then (V(t))i=0 has a spectral gap in Xy, i.e.

ress(v(t» < T’U(V(t»,
and satisfies the asynchronous exponential growth in Xg.

Remark 72 We could build a similar theory in Xo under @ We leave
the details to the interested reader.
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