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Abstract— The limits on MEMS resonant sensor 

performance set by nonlinearity are often studied through a 
model of a Duffing resonator, with linear actuation. This model 
largely fails to capture the properties of MEMS resonant sensors 
with electrostatic gap-closing actuation. We have shown that a 
specific feature of such ubiquitous resonators is that their 
stability is strongly sensitive to the waveform used to drive them 
to resonance. In this paper, we conduct an analytical 
investigation of these phenomena and validate our theoretical 
results transient simulations. 

Keywords—resonant sensors, frequency stability, 
nonlinearity, electrostatic actuation. 

I. INTRODUCTION 

In many respects, nonlinearity limits the performance of 
resonant sensors. In the MEMS domain [1-5], this is often 
studied through a model of a weakly-nonlinear (Duffing) 
resonator, with linear actuation where actuation force ܨ௔௖௧ , 
which sets the resonator in motion, is proportional to the 
excitation voltage ௘ܸ௫௖  delivered by the electronic feedback 
loop. In that framework, the accuracy of a resonator depends 
on only two adjustable parameters: the amplitude ܸ and the 
phase ߶ of the 1st harmonic of ௘ܸ௫௖. When ߶ = 90°, which is 
nominal for drive efficiency, the best accuracy is obtained at 
a critical drive amplitude ௖ܸ௥௜௧  above which it degrades, 
through nonlinearity [1-2].  

The Duffing/linear actuation (DLA) model is handy and 
serves as the starting point for several inspiring studies. For 
example, in [4], the authors propose a passive temperature-
compensation scheme for comb-driven MEMS resonators. 
Their approach is to adjust ܸ  so that temperature-induced 
variations of ܳ and natural frequency ߱଴ compensate through 
the A-f effect [2], leaving ߶	  to the value of 90°. While 
temperature sensitivity is quantitatively reduced, the proposed 
nonlinear operation point results in poorer noise performance 
(ܸ > ௖ܸ௥௜௧ ). In [5], the authors use piezoelectrically-driven 
MEMS resonators to explore the various oscillation regimes 
predicted by the DLA model. They verify the existence of 
parametric evasion regimes, where oscillation frequency ߱ 
becomes insensitive to certain parametric fluctuations (e.g. 
fluctuations of the feedback phase), independently of quality 
factor. However, these correspond to ߶ ≠ 90° and can only 
be reached at the cost of reduced drive efficiency.  

While the DLA model applies to electrostatic comb drives 
and piezoelectric drives, it fails to capture the more complex 
properties of electrostatic gap-closing actuators. This fact is 
largely overlooked by most studies in the field, even though 
electrostatic gap-closing actuation is very commonplace. The 
studies conducted in [4-5] should then be reexamined in this 
framework. 

In this paper, we conduct a study of parametric evasion 
properties of MEMS oscillators using an electrostatic gap-
closing actuation (EGCA) scheme. This study is based on a 
simplified analytical model, using a first harmonic, slowly-
varying amplitude and phase approximation, as described in 
section II. It highlights that waveform-dependent feedback 
phase evasion, predicted by a quasistatic model in [6-7], is 
limited to the Leeson frequency bandwidth of the oscillator. 
Transient simulation is then used in section III to support this 
result and verify the validity of our first-harmonic 
approximation. Section IV presents some conclusions and 
perspectives. 

II. ANALYSIS 

A. Framework 
We consider a simplified model of a MEMS oscillator, 

consisting of a one-port MEMS resonator with nonlinear 
mechanical stiffness (e.g. nonlinearity resulting from stress-
stiffening) and a parallel-plate EGCA scheme, and of some 
idealized feedback electronics, through which a voltage can be 
applied to the resonator. This voltage is the sum of a DC bias ௕ܸ௜௔௦  and of a drive component ௗܸ௥௜௩௘ ≪ ௕ܸ௜௔௦ . This is 
represented in Fig. 1. The mechanical motion of the resonator 
is translated into an electrical signal through a transduction 
scheme, which is used to generate the drive component of the 
actuation voltage. ௗܸ௥௜௩௘  is then converted into a force through 
EGCA. The first harmonic of the driving force should be 
leading that of the mechanical motion of the resonator by 90° 
to maximize drive efficiency and operate at resonance. The 
dynamics of the oscillator are captured in the following 
nondimensional model 

 ቀ1 + ଶݔߛ − ఎሺଵି௫ሻమቁ ݔ + ௫ሶொ + ሷݔ = ଶఎሺଵି௫ሻమ  ሻ (1)ݐሺݒ

where ݔ  is the mechanical motion of the resonator (ݔ = 1 
means the resonator is in contact with the facing electrode), ݐ 
is time (nondimensionalized so that the natural period of the 
resonator is 2ݒ ,(ߨ ≪ 1 is the ratio of ௗܸ௥௜௩௘  to ௕ܸ௜௔௦, ܳ ≫ 1 
is the resonator quality factor, ߛ > 0 accounts for mechanical 
stiffening effects, ߟ > 0 is an electromechanical transduction 
coefficient (proportional to ௕ܸ௜௔௦ଶ ) and a dot represents 
differentiation with respect to ݐ. In what follows, we study the 
cases when the drive voltage consists either of short positive 
voltage pulses with duration ߬ ≪ -delivered on rising zero ,ߨ2
crossings of ݔ, or of negative pulses delivered on falling zero-
crossings of ݔ (Fig. 2). Because of the dependence on ݔ of the 
multiplicative coefficient on the right-hand side of (1), these 
two driving schemes have fundamentally different properties 
with respect to frequency stability. On the other hand, they are 
both immune to resonant pull-in [8-9] provided ܳ ≫ 1 and  



 
Fig. 1. Resonator with parallel-plate electrostatic gap-closing actuation. 

 

Fig. 2. Negative pulse drive (left) and positive pulse drive (right). ߟ ≪ 4/27 (this limiting value corresponds to static pull-in), 
meaning that they can be used to make the resonator oscillate 
at an arbitrary amplitude without risk. In what follows, we 
study the impact on frequency stability of fluctuations of the 
feedback phase ߜ߶ from the nominal 90° value. 

B. Slowly-varying first harmonic perturbation model 
Let us suppose ݔ = ሺܺ + ሻܺߜ sin൫ሺ߱ +  ܺߜ ൯, whereݐሻ߱ߜ

and ߱ߜ  are slowly-varying fluctuations of the steady-state 
amplitude ܺ ൏ 1  and frequency ߱ ≈ 1 . Harmonic balance 
lets us split the governing dynamics into quadrature and phase 
components, to which first-order perturbation can be applied. 
The steady-state solution is  

 ܺ = ܸܳߟ2 =  (2) ܨܳ

 ߱ = ට1 + ଷସ ଶܺߛ − ଶఎሺଵି௑మሻయమ ≈ 1 + ଵଶ ݃ሺܺሻ (3) 

where ܸ is the amplitude of the first harmonic of [6] ݒ, and ܨ 
that of the (nondimensional) driving force. The fluctuations ܺߜ and ߱ߜ are governed by 

ߜ  ሶܺ + ଵଶொ ܺߜ = േ(4) ߶ߜܺܨ 

߱ߜ  = ଵଶொ ߶ߜ + ଵଶ ݃ᇱሺܺሻ(5) ܺߜ 

where a prime denotes differentiation with respect to ܺ, and 
the sign on the right-hand side of (4) depends on the polarity 
of the pulses (+ corresponds to the negative pulse case). For 
better insight, (4) means that, in an EGCA oscillator with 
positive or negative pulse drive, amplitude responds as a first-
order lowpass system to phase fluctuations. This is as opposed 
to DLA oscillators, whose amplitude is independent of 
feedback phase (provided ߶ = 90°), or to EGCA oscillators 
with other driving waveforms. According to (5), these 
amplitude fluctuations are then transformed into frequency 
fluctuations through the second-term on the right-hand side, 
resulting from static nonlinearity. It is straightforward to 
simplify (4-5) into a single equation to obtain the transfer 
function governing the conversion of feedback phase 
fluctuations into frequency fluctuations: 

 ఋఠఋథ ൫݆߱థ൯ = ଵଶொ × ௝ఠഝା಴ሺ೉ሻమೂ௝ఠഝା భమೂ  (6) 

where ߱థ is the frequency of the feedback phase fluctuations 
and 

ሺܺሻܥ  = 1 േ 2ܳ݃ᇱሺܺሻܺଶ (7) 

C. Qualitative analysis 
In the case of resonators with no mechanical hardening 

ߛ) = 0ሻ, (7) becomes 

ሺܺሻܥ  = 1 ∓ ଷሺ1ܺܳߟ12 − ܺଶሻିఱమ (8) 

We see that ܥ ≈ 1 for small values of ܺ and monotonically 
goes to ∓∞ as ܺ goes to 1. This implies the existence of an 
optimal operating amplitude between ܺ = 0  and 1 , where ܥ = 0 , when negative pulses are used. At this amplitude, 
evasion from feedback phase fluctuations is achieved, in the 
sense that oscillation frequency is completely immune to 
quasistatic fluctuations of ߶. When mechanical hardening is 
also present, the same scenario prevails provided ߛ ൏ ߟ4 . 
Above this threshold, ݃ is increasing between 0 and  

 ௟ܺ௜௡ = ቆ1 − ቀସఎఊ ቁమఱቇభమ (9) 

decreasing between ௟ܺ௜௡  and 1 . Consequently, there are at 
least one, and up to two evasion points, between 0 and ௟ܺ௜௡ 
when positive pulses are used. When negative pulses are used, 
there is a single evasion point (between ௟ܺ௜௡ and 1).  

Regardless of nonlinearity, we also have the following 
properties. If ܥ = 0 for one of the waveforms, then ܥ = 2 for 
the other, meaning the sensitivity to quasistatic (߱థ ≈ 0 ) 
feedback phase fluctuations is twice as large as in the linear 
case. At the Leeson frequency (߱థ = 1/2ܳ), the sensitivity 
to feedback phase fluctuations is √2 ≈ 1.4 times smaller than 
in the linear case if ܥ = 0  (i.e. at an evasion point), and ඥ5/2 ≈ 1.6 times greater if ܥ = 2.  

 
Fig. 3. System-level implementation of negative pulse drive in Simulink. 

III. VALIDATION 

A. Simulation framework 
Transient simulations of (1) are performed with 
Matlab/Simulink. Feedback phase is modulated by 
harmonically varying, with frequency ߱థ , the cutoff 
frequency of a lowpass filter in the oscillator loop. Pulses of 
duration ߬ are generated on the zero-crossings of the output of 
this filter, nearly in phase with ݔ , by performing a logical 
comparison between the sign of this signal and that of a phase-



shifted version of this signal. ܸ is then set by changing the 
gain at the output of this chain, as shown in Fig. 3. For each 
simulation, we set the value of ܸ  and of ߱థ  and choose 
whether positive or negative pulses are used. Two sets of 
simulations are performed: one in which the resonator has a 
purely softening characteristic ( ߟ = 5 × 10ିଷ ߛ , = 0 ), 
another with a mixed softening-hardening characteristic (ߟ =5 × 10ିଷ ߛ , = ߟ8 ). The resonator’s ܳ  is 1000 . The 
instantaneous oscillation period can be precisely evaluated by 
calculating the simulation time elapsed between two 
successive zero-crossings of ݔ . Gear’s method (ode15s) is 
used as numerical solver; all parameters are set to their default 
values, except RelTol and AbsTol that are both set to 10ି଼.  

B. Results 
Simulation results are shown in Fig. 4, 5, 6, 7. For 

comparison, we have also plotted the results expected from the 
analytical formula (6) in the case ߱థ ≈ 0 and ߱థ = 1/2ܳ. 
We can see that the results behave as expected from the 
qualitative analysis and, on the whole, are in excellent 
quantitative agreement with the analytical model except in the 
case of negative pulses with mechanical hardening, for which 
the agreement is not as good. The reason why this simulation 
in particular should agree less with theory remains to be found. 

 
Fig. 4. Sensitivity to fluctuations of ߶  (normalized w.r.t. linear case). 
Negative pulses, ߛ = 0. 

 
Fig. 5. Sensitivity to fluctuations of ߶  (normalized w.r.t. linear case). 
Positive pulses, ߛ = 0. 

 
Fig. 6. Sensitivity to fluctuations of ߶  (normalized w.r.t. linear case). 
Negative pulses, ߛ =  .ߟ8

 
Fig. 7. Sensitivity to fluctuations of ߶  (normalized w.r.t. linear case). 
Positive pulses, ߛ =  .ߟ8

IV. CONCLUSION AND PERSPECTIVES 

With this paper, we have proposed and validated an 
extension of our previous work to non-quasistatic cases. Our 
analytical model was validated by transient simulations (in 
this work) and by experiments (in [10]). This shows that 
parametric evasion regimes may be reached in EGCA MEMS 
devices without sacrificing drive efficiency, by selecting a 
proper driving waveform. However, as pointed out in section 
II, parametric evasion comes at the cost of reduced amplitude 
stability, which may in fact turn to have a negative impact on 
oscillator noise, depending on practical design.  

From a more general perspective, in EGCA resonators, the 
amplitude and phase of all the harmonics of the driving 
waveform can be seen as so many design degrees of freedom, 
as opposed to DLA resonators where only the amplitude and 
phase of the first harmonic of the driving waveform matter. In 
particular, pulsed waveforms seem to hold a great deal of 
promise for EGCA resonators because of their evasion 
properties and their immunity to resonant pull-in, as well as 
having other practical advantages for all types of resonators, 
not covered in our system-level model. For example, 
subharmonic pulsed drive may be used to effectively cancel 
feedthrough [11], and also result in reduced switching losses 
and power [12].  
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