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Abstract

Proton computed tomography (CT) is an imaging modality investigated mainly in the
context of proton therapy as a complement to x-ray CT. It uses protons with high enough
energy to fully traverse the imaged object. Common prototype systems measure each pro-
ton’s position and direction upstream and downstream of the object as well as the energy loss
which can be converted into the water equivalent thickness. A reconstruction algorithm then
produces a map of the relative stopping power in the object. As an alternative to energy-loss
proton CT, it has been proposed to reconstruct a map of the object’s scattering power based
on the protons’ angular dispersion which can be estimated from the measured directions. As
in energy-loss proton CT, reconstruction should best be performed considering the non-linear
shape of proton trajectories due to multiple Coulomb scattering, but no algorithm to achieve
this is so far available in the literature.

In this work, we propose a filtered backprojection algorithm with distance-driven binning
to account for the protons’ most likely path. Furthermore, we present a systematic study of
scattering proton CT in terms of inherent noise and spatial resolution and study the artefacts
which arise from the physics of multiple Coulomb scattering. Our analysis is partly based
on analytical models and partly on Monte Carlo simulations.

Our results show that the proposed algorithm performs well in reconstructing relative
scattering power maps, i.e. scattering power relative to that of water. Spatial resolution is
improved by almost a factor of three compared to straight line projection and is comparable
to energy-loss proton CT. Image noise, on the other hand, is inherently much higher. For
example, in a water cylinder of 20 cm diameter, representative of a human head, noise in
the central image pixel is about 40 times higher in scattering proton CT than in energy-loss
proton CT. Relative scattering power in dense regions such as bone inserts is systematically
underestimated by a few percent, depending on beam energy and phantom geometry.
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1 INTRODUCTION

1 Introduction

The use of charged particles in medical imaging has been proposed long ago by Cormack
(1963) and Koehler (1968) and later by Cormack et al. (1976), Hanson et al. (1981), and Hanson
et al. (1982). While initially discarded in disfavour of x-ray computed tomography (CT), proton
CT has seen renewed interest more recently in the context of proton therapy. We refer to Schulte
et al. (2012), Poludniowski et al. (2015), and Johnson (2018) for recent reviews. Proton CT in its
common implementation directly provides a relative stopping power (RSP) image of the patient
– a quantity needed by treatment planning systems. This is expected to be an advantage over
the currently used x-ray planning CT images which need to be translated into relative stopping
power by means of an approximate conversion.

In this work, we focus on so-called “single tracking” or “list-mode” proton CT scanners,
i.e. systems which record the kinematic properties of individual protons. Typically, these systems
measure each proton’s position and direction upstream and downstream of the imaged object,
as well as some quantity indicative of the energy lost by the proton while traversing the object.
Independently of the detector hardware employed to achieve this, the reconstructed quantity is
the RSP. We will henceforth refer to this modality as energy-loss proton CT.

The reconstruction problem in proton CT is in principal similar to the one in x-ray CT in
that it involves line integrals across the imaged object. A peculiar trait of proton CT is that
proton trajectories are stochastic and not straight because protons undergo multiple Coulomb
scattering (MCS). This is commonly accounted for by estimating the most likely path (MLP) for
each proton and performing line integrals along the resulting curvilinear lines (Williams, 2004;
Schulte et al., 2008; Erdelyi, 2009; Collins-Fekete et al., 2016; Krah et al., 2019).

In addition to energy-loss proton CT, other contrast mechanisms have been proposed, which
exploit different types of interaction of protons with a medium. In particular, these are attenu-
ation and scattering proton CT. The former measures the reduction in proton fluence after an
object due to inelastic nuclear interactions and reconstructs a map of the nuclear attenuation
coefficient (Quiñones et al., 2016). The latter estimates the angular dispersion of protons due
to MCS in the object and reconstructs a parameter describing MCS, e.g. radiation length (Bopp
et al., 2013; Bopp et al., 2015; Taylor et al., 2016). An appealing practical aspect of scattering
proton CT is that the imaging system is simpler than in energy-loss proton CT: it only requires
tracking devices (to measure a proton’s direction upstream and downstream of the object), but
no detector to measure a proton’s residual energy. It has also been observed that scattering
proton CT might provide higher contrast images than energy-loss proton CT (Plautz et al.,
2014).

At the same time, there is currently very limited literature available about reconstruction
algorithms for scattering proton CT which use the MLP. Quiñones et al. (2016) present a filtered
backprojection reconstruction method for attenuation proton CT which incorporates the MLP via
distance driven binning, as initially proposed by Rit et al. (2013). Bopp et al. (2015) reconstruct
scattering proton CT images via iterative reconstruction yet without considering the MLP. Taylor
et al. (2016) have used a backprojection-then-filtration algorithm (Poludniowski et al., 2014), but
provide relatively few details. In this work, we present a distance-driven binning reconstruction
for scattering proton CT which takes into account the MLP.

Furthermore, we analyse systematically the potential performance of scattering proton CT
and compare it with the more common contrast mechanism , i.e. energy-loss proton CT, as well
as attenuation pCT. Such a study is, to our knowledge, also missing in the literature so far. In
particular, we investigate artefacts in scattering proton CT and their origin. We analyse the
intrinsic lower limits in terms of image noise and finally quantify the typical signal-to-noise ratio,
contrast-to-noise ratio, and spatial resolution achievable in scattering proton CT. We perform
our study partly based on analytical models and partly based on Monte Carlo simulations.
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2 MATERIALS AND METHODS

2 Materials and Methods

2.1 Rationale of scattering proton CT

The stochastic interaction of protons with the Coulomb field of nuclei in a medium results
in multiple deviations from the protons’ original direction. This phenomenon is referred to as
multiple Coulomb scattering (MCS) (Gottschalk, 2010). Let the proton beam be aligned with the
z-axis, then the quantities of interest are the angular deviations θx and θy as well as the lateral
deviation tx and ty in the two planes perpendicular to the beam axis, respectively. Henceforth,
we will drop the index x or y for simplicity and tacitly assume that angles are projected onto
one of the two transversal planes.

We denote with A ≡ 〈θ〉2 the variance of the angular distribution in some depth z and define
the scattering power as the rate of change of the angular variance with depth,

T (z) =
dA(z)

dz
⇔ A(z) =

∫ z

0
T (z′)dz′ +A0. (1)

This definition is in analogy to the (energy) stopping power dE(z)/dz. We will henceforth
consider A0 = 0, without loss of generality. The rational behind scattering proton CT is to
measure A or a related quantity and reconstruct the scattering power T of the traversed tissue.
It is important to note, however, that T is not a purely material specific local quantity, but
also depends on the proton energy E(z) at depth z which in turn depends on the initial energy
Ein and the type and amount of tissues upstream of z. In this work, we explore if and how a
scattering power map could be reconstructed using analytical reconstruction methods.

2.2 Relative scattering power

In this section, we present how analytical methods used in energy-loss pCT could be applied
to scattering pCT. To start off, we recall that the proton stopping power dE/dz depends on the
proton energy (Paganetti, 2012). In fact, this reciprocal dependency is what leads to the sharp
Bragg peak in depth dose profiles and what gives proton therapy its characteristic dosimetric
properties. However, the ratio of stopping powers in human tissue relative to that of water is
almost independent of energy (Arbor et al., 2015). It can therefore be considered a local tissue
property which upon integration along a projection line gives the water equivalent path length
making energy-loss pCT a well-defined tomographic problem. We will derive the tomographic
problem of scattering pCT based on the concept of relative scattering power.

In this section, we consider as spatial variable the depth z along a certain line of projection
under a certain projection angle, starting at z = 0 where the protons enter the object. We will
later generalize the variable z to account for the most likely path, but wish to keep notation as
simple as possible here.

We use the radiation length X0 to parametrize the degree of MCS in a medium, so that
the scattering power dA/dz = T (X0(z), E(z)) depends on the proton energy E(z) at z and on
the radiation length X0(z) (Gottschalk, 2010). The quantity X0(z) is purely local, i.e. it only
depends on the local tissue properties, while the term E(z) depends on the material traversed
by a proton before reaching z and therefore on the projection angle.

We observe that

f : z 7→ A(z) and (2)
g : z 7→ E(z) (3)

are always monotonous functions because the proton energy always decreases and the angular
dispersion always increases. Therefore, the mapping

h ≡ g ◦ f−1 (4)
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2.3 Image reconstruction along most likely paths 2 MATERIALS AND METHODS

is always bijective. In more practical terms, E = h(A) is the energy of an initially co-linear
proton beam in a medium at a depth where its angular dispersion is A. We can therefore define
the scattering power as a function of angular variance,

τ(X0(z), A(z)) ≡ T (X0(z), h(A(z))). (5)

We note that the function h is not unique becauseA(z) and E(z) depend on the composition of
the medium and the line of projection along which z is taken, unless the medium is homogeneous.
With hw the mapping in water, we define the scattering power in water as a function of A,

τw(A) ≡ T (X0,w, hw(A(z))) (6)

and the relative scattering power

δ(X0(z), A(z)) =
τ(X0(z), A(z))

τw(A)
. (7)

Combining equations 1 and 7, we obtain the integral expression

G(Aout) =

∫ Aout

0

1

τw(A)
dA =

∫ zout

0
δ(X0(z), A(z))dz. (8)

The left-hand side can be interpreted as the water equivalent scattering path length G, i.e. the
thickness of a block of water needed to generate the angular dispersion Aout. This is in analogy
to the water equivalent path length in energy-loss pCT. Reconstructing δ from G is a typical
tomography problem.

2.3 Image reconstruction along most likely paths

The true trajectory of a proton through the imaged object is unknown due to the stochastic
nature of multiple Coulomb scattering, but the most likely path (MLP) can be estimated using
well-established methods (Williams, 2004; Li et al., 2006; Schulte et al., 2008; Collins-Fekete
et al., 2017; Krah et al., 2019).

In particular, we assume a point source moving on a circular trajectory around the isocenter.
For a given source position, i.e. projection angle, we define the orthonormal basis vectors ~u,~v, ~w,
where ~w defines the source-to-isocenter direction and ~u and ~v represent the axes of the detector
plane. We denote the MLP of the i-th proton with ~Γi and describe it as function of the depth w
along ~w, i.e. ~Γi(w) · ~w = w, as do all MLP models.

In this notation, equation 8 formally becomes

G(Aout,i) =

∫ Aout,i

0

1

τw(A)
dA =

∫
~Γi

δ(~Γi(w))dw. (9)

It relates the relative scattering power integrated along the MLP of the i-th proton to the water
equivalent scattering thickness of the object along this MLP. It is worth noting a fundamental
difference here however: while in energy-loss pCT, an energy is measured for each proton, the
angular dispersion Aout can only be estimated from a set of proton histories. In practice, the
quantity G(Aout,i) is thus not available proton per proton, as the equation suggests, but only for
groups of protons. Estimation of Aout (and G(Aout)) occurs when binning the data, as we will
explain in the following.

We use the distance-driven binning technique initially proposed for energy-loss pCT (Rit
et al., 2013) and later adapted for attenuation pCT (Quiñones et al., 2016). The basic idea of
this method is to bin the measured data into a series of virtual projections at different distances
from the sources while accounting for the MLP. The subsequent filtered backprojection (FBP)
uses for each voxel the projection images which most appropriately matches the voxel’s position
in the image. In the following, we adapt the method to scattering pCT.

4



2.4 Dependence of relative scattering power on angular variance2 MATERIALS AND METHODS

First off, let j ∈ J ⊂ Z2 be a set of spatial indices corresponding to the binning grid of
a virtual projection and y ∈ R2 the spatial location in the projection plane. Then the pixel
indicator function h: R2 → R is defined as

hj(y) =

{
1 if y ∈ R2 is in pixel j,
0 otherwise.

(10)

The measured quantity of interest is the difference between the entrance and exit direction
of each proton, ∆θi = θouti − θini . We treat MCS in the two directions perpendicular to the beam
as independent statistical processes (Schulte et al., 2008) and use the average of the squared
difference of both projected angles, [(∆θui )2 + (∆θvi )2]/2, to estimate the variance attributed to
a pixel. The distance-driven variance Ãj(w) of the angular distribution of protons crossing pixel
j is defined as,

Ãj(w) =

∑
i∈I hj(ui(w), vi(w))[(∆θui )2 + (∆θvi )2]/2∑

i∈I hj(ui(w), vi(w))
, (11)

where we have used the fact that ∆θ = 0 on average. The tilde symbol indicates that Ã is only
an estimate of the variance A.

The distance-driven binned variances Ãj(w) are converted into scattering WEPL G through
an empirical lookup table. In particular, we ran a Monte Carlo simulation in GATE/Geant4 at
high statistics (106 primaries) of a perfectly collimated (θin = 0) pin-like proton beam impinging
onto boxes of water with varying thickness and recorded each proton’s exit angle. For each
thickness, we estimated the variance Aout = 〈θ2

out〉 and obtained the numerical relationship
GLUT(Aout) by interpolation. The distance-driven binned scattering WEPL is then

gj(w) = GLUT(Ãj(w)). (12)

A distance-driven projection gs
j(w) is computed for each source position s and the δ-map

is reconstructed using the same algorithm as in (Rit et al., 2013), i.e. using the FDK algo-
rithm (Feldkamp et al., 1984) adapted with a voxel-specific backprojection selecting the distance
w according to the distance between the voxel and the exit detector for each source position.

2.4 Dependence of relative scattering power on angular variance

To which extent the reconstructed δ-map reflects the material specific local properties (to
be specified further down) is related to how much δ(z,A(z)) depends on A. We recall that the
same kind of argument holds for energy-loss where the relative stopping power is approximately
independent of E (Arbor et al., 2015). To study this aspect, we analysed the relation δ(A)
numerically in different kinds of media. For computational simplicity, we relied on an analytical
model rather than recurring to full Monte Carlo simulations.

In particular, we used the analytical model of MCS proposed by Highland (1975) and modified
by Gottschalk et al. (1993) which accounts for the protons’ energy loss while traversing an object.
The variance A(z) of the angular distribution in some depth z in a homogeneous medium of
radiation length X0 is given by

A(z) ≡ 〈θ〉2(z) =

(
1 +

1

9
log10

z

X0

)2

Ω2
0

∫ z

0

1

p2(z′)v2(z′)

1

X0
dz′, (13)

with Ω0 = 14.1 MeV an empirical constant and p and v the protons’ momentum and velocity,
respectively. We note that several other analytical MCS models exist and refer to Gottschalk
(2010) for a review.
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Evaluating the term

1

p2(z)v2(z)
=

(E(z) + Ep)
2c2

(E(z) + 2Ep)2E2(z)
, (14)

with Ep the proton’s rest energy, requires the kinetic energy E(z) as a function of depth. This can
be readily obtained numerically from a simple Monte Carlo simulation of protons penetrating the
medium of interest or by numerically integrating tabulated stopping powers, e.g. from NIST’s
PSTAR database (Berger et al., 2005), in the continuous slowing down approximation.

The scattering power, i.e. the derivative of equation 13, contains two terms,

T (z) =
dA

dz
(z) =

(
1 +

1

9
log10

z

X0

)2

Ω2
0

1

p2(z)v2(z)

1

X0
(15)

+
2

9z

(
1 +

1

9
log10

z

X0

)
Ω2

0

∫ z

0

1

p2(z′)v2(z′)

1

X0
dz′

≈
(

1 +
1

9
log10

z

X0

)2

Ω2
0

1

p2(z)v2(z)

1

X0
. (16)

The second term stems from the chain rule applied to the logarithmic pre-factor and its magnitude
is on the order of 1-3% of the first term. We neglect it in the following.

The relationship τ(A) for a given medium can be constructed numerically by evaluating
equations 13 and 15 and linking T and A by interpolation via z. The relative scattering power
of the medium is δ(A) = τ(A)/τw(A).

At z = 0 (i.e. A = 0) in equation 15, the relative scattering power τ(0)/τw(0) = T (0)/Tw(0)
corresponds to the radiation length ratio X0,w/X0. This would also be true, if the energy-loss
in any medium were the same as in water and the energy-dependent terms 1/β2p2 cancelled
out (disregarding the logarithmic pre-factor). Therefore, we use the ratio X0,w/X0 as material
specific property to compare relative scattering powers δ with.

We use will the expressions presented in this section to analyse how much δ depends on A in
materials and beam energies of interest for scattering proton CT.

2.5 Statistical limitations in scattering proton CT

In this section, we derive an expression to quantify the inherent noise of a scattering pCT
image and compare it to energy loss pCT. We disregard noise and artefacts created by the
discretization of the reconstruction algorithm and concentrate on noise due to uncertainties in
the projections only. For simplicity, we consider a homogeneous water cylinder and the noise
at its centre. We tacitly assume that all expressions below are evaluated in the central pixel
jcentre of a projection plane at depth wcentre corresponding to the cylinder centre as Schulte et al.
(2005).

As part of the distance driven binning, we estimate the angular variance A from a finite
number of proton histories as Ã = (1/2N)

∑
i∈I [(∆θ

u
i )2 + (∆θvi )2] (see equation 11), where N

is the number of proton histories in a pixel. This estimate will be intrinsically uncertain even
if the angles ∆θ are measured with perfect accuracy. The standard error σ2

Ã
of the variance Ã

estimated from a finite sample of the distribution is

σ2
Ã

=
1

2N

(
µ4 −

2N − 3

2N − 1
A2

)
≈ 1

2N

([
3− 2N − 3

2N − 1

]
A2

)
, (17)

where µ4 is the fourth moment of the distribution of ∆θ and A its variance (Rao, 1973). The
normalisation factor is 1/2N instead of 1/N because it accounts for the fact that ∆θu and ∆θv

are both used and that they are independent measurements. As the true values of A2 and µ4 are
unknown, we estimate them from a high-statistics Monte Carlo simulation of protons penetrating
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2.5 Statistical limitations in scattering proton CT 2 MATERIALS AND METHODS

a water phantom. The simplified expression on the right-hand side is valid under the assumption
that the angles ∆θ are normally distributed (µ4 = 3A2). This is only approximately true because
of large angle electromagnetic scattering leading to non-Gaussian tails (Gottschalk, 2010) and
due to nuclear interactions present in measured data if their filtering is imperfect.

Following the work of Schulte et al. (2005) on the intrinsic noise in energy-loss pCT, we use
first-order error propagation to calculate the uncertainties of the scattering WEPL,

σ2
g = σ2

Ã

(
dG

dA

∣∣∣
A=Ãout

)2

=
σ2
Ã

τ2
w(Ãout)

, (18)

where we have used the fact that G is the primitive function of A by construction (see equation 9).
The effect of the ramp filter on the uncertainty σ2

g in the central pixel jcentre in the projections
can be described by a factor 1/12a2 (Gore et al., 1978) and reconstructing the image via FBP
involves halving the sum of the P projections distributed over the full 2π circle (in our case) in
constant angular increments ∆α = 2π/P , so that

σ2
δ =

1

2

P∑
p=1

1

12a2
σ2
g∆α

2 = σ2
g

π2

6a2P
, (19)

where we have used the fact that σ2
g is independent of the projection angle in cylindric objects.

Combining equations 17, 18, and 19, we obtain

σ2
δ =

1

2N

(
µ̃4 −

2N − 3

2N − 1
Ã2

out

)
1

τ2
w(Ãout)

π2

6a2P
. (20)

We wish to express this uncertainty as a function of dose to the centre of the cylinder along
the lines of Schulte et al. (2005). To this end, it is useful to introduce the proton fluence into
equation 20 above. Let Φin be the initial fluence of a proton beam impinging centrally onto the
cylinder, then the downstream fluence behind the cylinder centre and the fluence at the centre,
respectively, are

Φout = Φin exp (−2κr) (21)
Φcentre = Φin exp (−κr) , (22)

where r is the cylinder radius and κ the attenuation coefficient due to nuclear interactions.
Here, we approximate proton trajectories as straight lines disregarding MCS. The number N in
equation 20 refers to the number of protons crossing an area a × a in the object’s centre given
by the pixel side length and the slice thickness (we use cubic voxels) and exiting the object
downstream, so that

N

a2
= Φout = Φcentre exp (−κr) . (23)

Inserting equation 23 into equation 20 and letting (2N − 3)/(2N − 1) ≈ 1 (because N � 1),
we have

σ2
δ =

(
µ̃4 − Ã2

out

)
π2

τ2
w(Ãout)12Pa4Φcentre exp (−κr)

. (24)

The dose Dcentre accumulated at the cylinder centre during a full pCT scan is linked to the
fluence Φcentre by

Dcentre = PΦcentre

[
S(Ecentre) + κγEcentre

ρ

]
(25)
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2.6 Monte Carlo simulations 2 MATERIALS AND METHODS

where S(Ecentre) is the proton stopping power for the proton energy at the centre, ρ is the mass
density of the cylinder material and γ=0.65 is the fraction of energy transferred to secondary par-
ticles during nuclear interactions (Schulte et al., 2005). Substituting equation 25 into equation 24
yields the final expression:

σδ =
(µ̃4 − Ã2

out)
1/2

τw(Ãout)

[
π2 (S(Ecentre) + κγEcentre)

12a4 exp (−κr) ρDcentre

]1/2

. (26)

If the angles ∆θ are normally distributed, µ̃4 − Ã2
out = 2Ã2

out, and the equation above simplifies
accordingly.

For comparison, we state the analogous expression for the uncertainty of the reconstructed
relative electron density (proportional to RSP) in energy-loss pCT as derived in Schulte et al.
(2005) (here with an additional factor 2 in the denominator to account for halving opposite
projections along a full 360 degree acquisition trajectory):

σηe =
σEout

S(Eout)

[
π2 (S(Ecentre) + κγEcentre)

6a4 exp (−κr) ρDcentre

]1/2

(27)

In a water cylinder with 10 cm radius, Ecentre ≈ 151MeV for a 200MeV proton beam and
≈ 263MeV for a 300MeV proton beam. We use the same value κ = 0.01 cm−1 as Schulte et
al. (2005) which is inferred from proton on oxygen reactions (Malmer, 2001). At 151MeV, the
proton stopping power S(Ecentre) in water is about 5.4MeV cm2/g (Berger et al., 2005) and the
scattering power Tw is about 6.5× 10−5 cm−1. At 263MeV, the values are about 3.8MeV cm2/g
and 2.3× 10−5 cm−1, respectively.

2.6 Monte Carlo simulations

We performed Monte Carlo simulations using Geant4 (Agostinelli et al., 2003) version 10.01.p02
via GATE (Sarrut et al., 2014) to evaluate the various aspects of scattering proton CT described
in the preceding sections. We used the QGSP_BIC physics list, but retained only those pro-
tons for the reconstruction which had not undergone any nuclear interaction. Angular deflection
in our data is therefore purely caused by MCS. On experimental data, one would impose a
threshold-based filtering, commonly referred to as “3-sigma” cuts, to eliminate events with large
angular deviation which are likely to be associated with nuclear interactions (Schulte et al., 2008).
Furthermore, we set the proton step size limit to 1 mm throughout this study.

2.6.1 Phantoms

We used a homogeneous water cylinder with 20 cm diameter to study the noise properties
of scattering proton CT and a homogeneous aluminium cylinder of 5 cm diameter to illustrate
how the dependence of δ on A (see section 2.4) results in a cupping artefact. We selected
the Gammex 467 phantom (Sun Nuclear, Melbourne, USA) which has a diameter of 33 cm
and includes 17 cylindrical tissue equivalent inserts. Finally, we employed a cylindrical water
phantom with cylindrical aluminium inserts of 1.5 cm diameter arranged in a spiral around the
centre (see figure 8 in the Results section). All phantoms were implemented digitally in GATE
by specifying their material composition and dimensions.

For the part of our study based on analytical models, we used a 20 cm thick block of water
with a 2 cm thick slab of bone-like material (SB3 Gammex insert material) at variable depths.
This phantom was described analytically by its RSP and radiation length X0 as a function of
depth.
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2.7 Image quality metrics 2 MATERIALS AND METHODS

2.6.2 Simulation set-up

The simulation set-up consisted of a mono-energetic fan-beam proton source, the phantom at
isocentre, and two trackers (one upstream and one downstream of the phantom). The fan-beam
source was positioned 5 m upstream from isocentre and its dimensions at isocentre were adapted
to the phantom size: 267×5 mm2 for the water, aluminium, and spiral phantom, and 377×5 mm2

for the Gammex phantom, where the longer dimension corresponds to the transverse direction
and the shorter one to the direction of the rotation axis. The beam energy was either 200 MeV
or 300 MeV, as we will indicate in the Results section. The uniform source fluence was set to
yield a dose at the phantom centre of 50 mGy for an entire scan, except for the water cylinder
phantom where the dose varied as indicated in the Results section. The ideal trackers recorded
each proton’s position and direction and the down-stream trackers additionally registered each
proton’s energy for the energy-loss images. A total of 360 projections were acquired in angular
increments of 1 degree and binned into 1×1 mm2 pixels for the water, aluminium, and Gammex
phantom, and a finer 0.5×0.5 mm2 pixels for the spiral phantom which was used to assess spatial
resolution.

2.7 Image quality metrics

Spatial resolution Following Khellaf et al. (2020), we estimated the spatial resolution using
the spiral phantom described in section 2.6.1. In and around each aluminium insert, we collected
the pixel values together with their distance to the insert centre, r. This provided us with an
isotropically sampled radial edge spread function (ESF), as in Richard et al. (2012), to which we
fitted the following model based on the error function (erf):

ESF(r) =
a

2

[
1− erf

(
r −R√

2σ

)]
+ 1, (28)

with a, R, and σ fit parameters. The rationale of using the error function is that image blur
in proton CT is dominated by MCS which in turn is approximately Gaussian. As measure for
the spatial resolution (in line pairs per mm: lp/mm), we used the frequency f10% at which
the modular transfer function of the ESF decayed below 10% of its maximum value, which is
analytically related to σ,

f10% =

√
ln 10

2

1

πσ
. (29)

Noise We determined image noise as the variance of the central pixel value over 110 recon-
structed images of the cylindrical water phantom, each based on independently simulated Monte
Carlo data. We used this value as reference to compare equation 26 with.

Contrast-to-noise and signal-to-noise We calculated the contrast-to-noise ratio (CNR) and
signal-to-noise ratio (SNR) of the inserts in the Gammex phantom (see section 2.6.1). Specifically,
we defined a circular region-of-interest (ROI) of half the insert diameter and determined the CNR
and SNR as:

SNR =
µROI

σROI
(30)

CNR =
µROI − µwater

σROI
(31)

where µROI and σROI are the mean value and root-mean-square-error per ROI, and µwater the
mean value of the water-like base structure of the phantom.
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3 Results

3.1 Dependence of relative scattering power on A

We analysed the dependence of relative scattering power δ on angular variance A as explained
in section 2.4. Figure 1 condenses much of the relevant information: the upper four panels (a-d)
for a proton energy of 200 MeV and the lower four (e-h) for 300 MeV. The analysis was done in
homogeneous material descriptions corresponding to the different insert materials of the Gammex
phantom (colour-coded). The dash-dotted lines refer to liquid water.

Panels a and e show the angular variance A(z) of an initially co-linear pin-like proton beam
as a function of depth z and panels b and f the scattering power T (z). Notably, A(z) and T (z)
become very steep and non-linear towards the protons’ range. This obviously corresponds to
shallower depths at 200 MeV than at 300 MeV. Panels c and g show the scattering power τ(A)
strongly varies as a function of A. Panels d and h show the relative scattering power δ(A)
as a function of A. For materials with a density similar or inferior to water, this dependence
is relatively weak, while δ decreases considerably with increasing A for bone-like tissues (CB
and SB). For example, the relative scattering power of cortical bone (CB2_50) at a variance of
1.5× 10−3 rad2 (representative of 20 cm of water at 200MeV proton energy), is about 20% lower
than its X0,w/X0 ratio.

The left panel of figure 2 shows the reconstructed image of the aluminium cylinder and the
right panel depicts the radial profile of reconstructed values. There is a clear cupping artefact:
relative scattering power decreases towards the centre of the cylinder while it reaches about the
characteristic ratio of X0,w/X0 = 4.06 for aluminium near the edges. The fact that central pixels
are associated with comparatively large angular variances for which δ is more strongly underes-
timated explains this observation. We remark that the mass density of aluminium (2.7 g/cm3)
is about 1.5 times higher than in the most dense bone insert (SB3), making the cupping artefact
particularly pronounced.

Figure 3 shows the analytically calculated relative scattering power in a case where protons
traverse the water phantom with bone slab inserts (section 2.6.1) for a proton energy of 200MeV
and 300MeV. To this end, we made the radiation length in equations 13 and 15 a function of
depth, X0(z). The dashed coloured lines indicate the average value of δ in the slabs which are
systematically lower than the ratio X0,w/X0 (black dashed line). The presence of the slabs also
causes an underestimation of δ in the water subsequently traversed. At 200MeV, the degree of
underestimation varies considerably depending on the depth of the bone slab, while it is almost
independent of the insert depth at 300MeV.

3.2 Image quality: noise, SNR, CNR

As a figure of merit for the image noise, we calculated the expected precision of the re-
constructed relative scattering power in the central pixel of a water cylinder, as explained in
section 2.5 (equation 26). We compare the results with the relative stopping power precision in
energy-loss proton CT employing the formalism of Schulte et al. (2005) (our equation 27).

The left panel in figure 4 shows the precision as a function of cylinder diameter for a dose of
10mGy at the cylinder centre. The right panel depicts how relative scattering power precision
varies as the inverse square root of the dose. For comparison, we included the intrinsic noise in
attenuation proton CT in an otherwise identical setting, as derived in Quiñones et al. (2016).

Regardless of this, the most striking conclusion from our figure 4 is that the order of magnitude
in precision is vastly different in the two modalities (beware the two separate y-axes): relative
stopping power precision is about 1.6% for a 20 cm cylinder while it is about 50% in scattering
proton CT. This was also visually apparent in the Gammex and spiral phantom images in figures 6
and 8, respectively. The main reason for this is that estimating the variance of a distribution (in
scattering proton CT) is less certain than estimating the mean value (the mean residual energy
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Figure 1: Relationships between angular variance, scattering power, and relative scattering power
for 200MeV (upper group of panels) and 300 MeV (lower panels). Coloured lines refer to Gammex
insert materials; the black dash-dotted line always refers to water. Colored dashed lines in panels
d and h indicate the radiation length ratio X0,w/X0. All plots were generated analytically as
explained in section 2.4.
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Figure 2: Left: Reconstructed relative scattering power image of the aluminium cylinder phan-
tom. Right: Profile of relative scattering power as a function of distance from the cylinder centre.
The interesting detail is the cupping artefact, i.e. the decrease of reconstructed values towards
the centre.
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Figure 3: Relative scattering power as a function of depth in a 20 cm thick water phantom into
which a bone-like slab of 2 cm is inserted at different depths. Beam energies: 200 MeV (left) and
300 MeV (right).
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Figure 4: Left: Relative scattering/stopping power precision at the center of a water cylinder
as a function of its diameter for scattering and energy-loss proton CT, respectively. Beware of
separate y-axes. Right: Precision in a cylinder of 20 cm diameter as a function of dose at the
cylinder centre for scattering (equation 26), energy-loss (equation 27), and attenuation proton
CT (calculated as in Quiñones et al. (2016)).

in energy-loss proton CT). Specifically, the factor Ãout/τw in equation 26 is 20-40 times larger
than the factor σEout/S in equation 27.

Figure 5 shows the CNR (upper panel) and SNR (centre panel) of the Gammex phantom
inserts derived from the Monte Carlo simulated images shown in figure 6. The attenuation
proton CT image was reconstructed as described in (Quiñones et al., 2016). We have arranged
the values as a function of mass density to illustrate this dependence. For inserts with a mass
density close to that of the water-like support structure of the Gammex phantom (most abundant
in the human body), the CNR in scattering proton CT is below 0.5 and an order of magnitude
lower than the CNR in energy-loss proton CT. The SNR is 3-4 in scattering proton CT compared
to around 200 in energy-loss proton CT. Overall, both CNR and SNR are lower by a factor of
40-50 in scattering proton CT than in energy-loss proton CT. This is mainly due to the higher
noise in the former modality and not due to intrinsically different levels of contrast, which can
be seen by the following two observations: For a water cylinder of 33 cm diameter imaged with
a beam energy of 300 MeV at 50mGy dose at the centre, the δ-resolution is about 100% while
the RSP resolution is about 2.5% (values not shown in figure 4), i.e. a relative factor of 40. On
the other hand, the lower panel in figure 5 provides an indication of the intrinsic contrast in
each modality showing X0,w/X0 and RSP, respectively. They are essentially identical except for
bone-like densities where scattering proton CT promises 50% higher contrast.

3.3 Accuracy of relative scattering power δ

Figure 7 shows the accuracy of the reconstructed relative scattering power (red) compared
to the material specific ratio X0,w/X0 (black). The values were derived from the Monte Carlo
simulated images shown in figure 6 by averaging over 330 pixels around the centre of each insert.
The inserts are sorted according to their density. For bone-like inserts (IB3, B200, CB2_30,
CB2_50, SB3), the reconstructed value of δ underestimates the ratio X0,w/X0. Instead, for the
inserts AP6, BR_12, and BRN-SR2, the reconstructed δ overestimates X0,w/X0. This is in line
with the observations made earlier in section 3.1 regarding figure 1 where δ(A) decreased as
a function of A for bone-like materials and increased for some of the others. The upper right
panel in figure 8 shows the mean value of δ per insert (aluminium) in the spiral phantom as a
function of distance from the phantom centre. The ratio X0,w/X0 is increasingly underestimated
for inserts closer to the centre. This is expected because on average over all projections, the
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Figure 5: Upper and middle panels: CNR and SNR of the Gammex phantom inserts obtained
via Monte Carlo simulation. Data are presented as a function of the insert density. Lower panel:
Material specific radiation length ratio X0,w/X0 and RSP.
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Figure 7: Mean relative scattering power δ values of the Gammex phantom inserts extracted
from the reconstructed image shown in the centre panel in figure 6 (red dots). Red shaded areas
indicate the standard error of the mean value. Black lines indicate the material specific radiation
length ratio X0,w/X0.

variance A is larger for central inserts than for peripheral ones so that the discrepancy between
δ(A) and X0,w/X0 is larger.

3.4 Spatial resolution

The lower right panel in figure 8 shows the spatial resolution estimated from the spiral
phantom images as a function of distance to the phantom centre. The values were obtained
by fitting an error function to line profiles positioned radially around each insert as described
in section 2.7. An example profile is shown in the centre right panel. Error bars were derived
from the fit uncertainty. The plot compares scattering proton CT using distance-driven binning
reconstruction, straight line reconstruction, and energy-loss proton CT with distance driven
binning reconstruction.

Spatial resolution ranges from 0.7 lp/mm at the centre to 1.4 lp/mm near the edge. Incorpo-
rating the MLP improves spatial resolution by almost a factor 3. Spatial resolution in scattering
proton CT appears to be slightly inferior compared to energy-loss proton CT near the phantom
centre, although this difference could still be explained by the statistical uncertainty of the data.

4 Discussion

In this work, we investigated scattering proton CT reconstruction. Specifically, we introduced
the relative scattering power in analogy to the relative stopping power in energy-loss proton
CT and adapted a distance-driven filtered backprojection algorithm to scattering proton CT.
It is worth mentioning that there is some resemblance between our algorithm and the noise
reconstruction in Rädler et al. (2018).

Our results show that the reconstruction algorithm works well and incorporating the MLP in
the backprojection improves spatial resolution by almost a factor of three compared to straight
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Figure 8: Left column: Reconstructed images of the spiral phantom: scattering proton CT in
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line projection in the spiral phantom used in this work (figure 8). Spatial resolution was compa-
rable to that in energy-loss proton CT (figure 8).

The rationale of introducing relative scattering power was to obtain a quantity which does
not strongly vary as a function of angular variance. Our analysis based on tissue-like substitute
materials showed that this is approximately true for some materials similar to or less dense than
water. For denser bone-like materials, the relative scattering power decreases with increasing
angular variance by up to 20% in a 20 cm thick phantom at 200 MeV and up to about 10% at
300 MeV (figure 1). In objects denser than water, such as an aluminium cylinder, this leads
to a cupping artefact similar to beam hardening in conventional x-ray CT (figure 2). When
dense objects are inserted into an otherwise water-like phantom, the degree to which the relative
scattering power underestimates the material specific ratio X0,w/X0 of radiation lengths depends
on the depth of the inserts (figure 3).

In Monte Carlo simulated images of the Gammex phantom, the reconstructed relative scatter-
ing power in dense inserts was systematically lower than the characteristic radiation length ratio
X0,w/X0 and systematically higher in adipose, breast, and brain inserts (figure 7), consistent
with our theoretical analysis. The image of the spiral phantom showed that the reconstructed
relative scattering power underestimates the ratio X0,w/X0 (4.06 for aluminium) even more so
the deeper the inserts lie in the phantom. At the centre, the reconstructed value was about 20%
lower than the theoretical X0,w/X0 (see upper right panel in figure 8).

One way to correct for the under estimation in dense material would be to exploit its similarity
to beam hardening and adapt strategies typically used in x-ray CT. Another option is to rely
on iterative reconstruction and explicitly model the energy-dependence of MCS based on some
a priori knowledge, as proposed by Bopp et al. (2015). However, the MLP would need to be
incorporated into the forward projection matrix to achieve best possible spatial resolution, which
is probably more complicated in scattering proton CT than in energy-loss proton CT because
the angular variance needs to be estimated from several trajectories at some point during the
reconstruction.

We investigated the statistical properties of scattering proton CT and derived an expression
for the intrinsic relative scattering power precision (section 2.5). At equal dose, the noise in the
reconstructed scattering proton CT images was about 50 times higher than in the energy-loss
image, but about 10 times lower than in the nuclear attenuation image. As a consequence, the
SNR and CNR was 40-50 times lower in the reconstructed scattering image of the Gammex
phantom than in the energy-loss image. The interesting conclusion here is: scattering proton
CT promises to yield higher contrast at first sight because the ratio X0,w/X0 is larger for some
dense materials than their RSP. This has been pointed out e.g. by Plautz et al. (2014). The
true limiting factor in scattering proton CT, however, is the higher image noise so that SNR and
CNR turn out to be less favourable. The practical advantage of a scattering proton CT scanner
is that it does not require any device to measure proton residual energy, such as a calorimeter or
range telescope. This might be reason enough in some circumstances to accept the disadvantages
compared to energy-loss proton CT.

Helium or even heavier ions have been investigated as alternative particles for ion imaging
(Parodi, 2014), with the former hypothesised to be optimal in terms of spatial resolution of the
images (Collins-Fekete et al., 2016; Piersimoni et al., 2018). Studying these particles in the
context of scattering proton CT in detail was beyond the scope of our work, but we share a few
considerations here. The reason for potentially better spatial resolution in heavier ion CT is
that MLP estimation is less uncertain for the heavier ions than for protons because they suffer
less from MCS. If this is true for energy-loss CT, it will also be valid for scattering CT because
the distance driven binning method is the same in both cases. Regarding noise properties for
helium ions as an example, we refer to equation 26 and note that the prefactor containing the
ratio of variance and scattering power is about 30% smaller for helium ions of initially 800MeV
than for protons of initially 200MeV (equal range) behind a 20 cm water cylinder. At the same
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time, the stopping power at the cylinder centre (second factor in equation 26) is about a factor 4
larger for helium. The dose contribution due to nuclear interactions would require more detailed
considerations, but will not change the order of magnitude of the overall expression. Therefore,
we do not expect helium scattering CT to perform significantly better or worse than proton
scattering CT in terms of image noise. It is worth mentioning in this context that electrons
have also been explored for scattering CT imaging (Jansen et al., 2018), but due to their much
different mass and energy (order of GeV) we cannot immediately transfer our conclusions to that
case.

A limitation of our Monte Carlo simulations is that we applied perfect particle filtering by
removing all protons which underwent nuclear interactions in the phantom. In practice, such
events can only be filtered out to some extent, typically by applying cuts on the angular and
energy distributions (Schulte et al., 2008). As nuclear scattering is associated with large angle
scattering, it is likely that this will lead to some sort of systematic misestimation of the angular
variance and thus of the reconstructed relative scattering power. Investigating these aspects was
beyond the scope of this work.

Furthermore, our analysis of image noise concentrated on the intrinsic statistical limitations
of the modality and disregarded experimental uncertainties, in particular the tracking devices.
Their impact can be estimated as follows: According to equation 26, image noise is approximately
(within the Gaussian approximation of MCS) proportional to the variance of the deviation angles
∆θ. Compared to an ideal simulation, uncertainties in the measured entrance and exit angle
widen the distribution of deviation angles ∆θ and increase the effectively measured variance
by σ2

exp ≡ σ2
entry + σ2

exit, where σentry and σexit are the standard errors which quantify the
tracker uncertainty. Image noise will increase proportionally. Measurement uncertainties will
be important mainly in thin objects where the intrinsic angular variance due to MCS is small.
The expected uncertainty of the angle measurement can be estimated based on the tracker
geometry, material and the proton energy (Krah et al., 2018a). Using the Phase-II proton CT
scanner prototype reported in Sadrozinski et al. (2013) as example, we calculated that noise
in the scattering image of a water cylinder recorded at 200MeV would increase by 20% for a
cylinder diameter of 2 cm, but by less than 3% for a diameter of 10 cm or more. It is likely that
heterogeneous phantom geometry and composition will contribute to image noise, as has been
shown for energy-loss proton CT (Dickmann et al., 2019). The initial beam divergence does not
impact image noise because the reconstruction uses the differences between exit and entry angles.
Overall, the intrinsic image noise estimated in this work should be reasonably representative of
the noise in a real scattering proton CT image. In the energy-loss proton CT image of a 10-20 cm
thick phantom, on the other hand, contributions to image noise due to the beam’s initial energy
spread and the detection process are together of a similar magnitude as the intrinsic noise due
to energy straggling considered in this work (Dickmann et al., 2019).

The main reason for the development of energy-loss proton CT is that it can directly provide
an RSP map of a patient needed by proton therapy treatment planning systems (TPS). Scattering
proton CT as described in this work does not provide this quantity, but rather a map of the
material’s (relative) radiation length (X0,w/X0). At the same time, Monte Carlo TPS need
more information about the tissue properties as input to the underlying physics models than
RSP, e.g. elemental composition in Geant4 (Agostinelli et al., 2003) or directly radiation length
in Fred (Schiavi et al., 2017). These additional quantities can be obtained through tabulated
conversion from another quantity (Kanematsu et al., 2012). Alternatively, scattering proton CT
could be combined with energy-loss proton CT, or even with x-ray based CT (Vilches-Freixas et
al., 2018), to provide complementary information to the TPS. The accuracy of such a combined
direct measurement would have to be at least as good as the one associated with a model-
based conversion. Investigating implementation details and whether the inferior image quality
in scattering proton CT precludes its use in a clinical context was not the scope of this work.

We finally comment on the operating mode of the proton CT scanner: For both contrast
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mechanisms, operating a proton CT scanner in list-mode is demanding because the detection
hardware needs to be extremely fast to keep up with the particle fluence of a therapeutic acceler-
ator, even if operated at very low intensity (Johnson, 2018). As a technically simpler alternative,
“integrated-mode” approaches have been studied for energy-loss proton CT and among them
those where the imaged object is irradiated with pencil beams (Rescigno et al., 2015; Farace
et al., 2016; Bentefour et al., 2016; Krah et al., 2018b) and the detector records the mean energy
loss or residual range per pencil beam. In this sense, the averaging operation occurs physically
as part of the detection process while it is done numerically during distance driven binning in
list-mode operation. Indeed, Meyer et al. (2017) found comparable RSP accuracy with both
operation modes for carbon ion CT, but we would expect a similar assessment for protons. In-
tegrated mode scattering proton CT would require a detection device capable of measuring the
angular variance (or another suitable quantity) per pencil beam directly instead of estimating
it numerically during distance driven binning in list-mode. Whether new detector technology,
e.g. high density scintillating glass (Wilkinson et al., 2017), might be suitable for this purpose
and what accuracy is to be expected would require a dedicated study. Regardless of the contrast
mechanism, integrated-mode scanners provide lower spatial resolution than list-mode scanners
because reconstruction can only be performed along the average MLP of all particles in one beam
and not each proton’s MLP individually (Krah et al., 2018a).

5 Conclusions

In this work, we investigated a contrast mechanism of proton CT imaging which exploits the
effect of multiple Coulomb scattering of protons in the imaged object. We showed that analytical
reconstruction is possible by introducing a relative scattering power and developed a distance-
driven filtered backprojection reconstruction, based on an algorithm previously proposed for
energy-loss proton CT, which makes use of the most likely path concept. We found that the
properties of the relative scattering power can lead to an underestimation of relative scattering
power in image regions denser than water and to artefacts which are somewhat similar to beam
hardening in x-ray CT imaging. We showed that spatial resolution in scattering proton CT was
similar to energy-loss proton CT. Intrinsic noise was observed to be substantially higher than
in energy-loss proton CT (by a factor of 40-50 at the centre of a 20 cm water cylinder). Our
analysis revealed that signal-to-noise and contrast-to-noise is likewise worse than in energy-loss
by at least a factor of 40 despite the higher contrast in dense tissues, mainly because of the
higher noise. The practical advantage of scattering over energy-loss proton CT is that it only
needs tracker devices, but no energy sensitive detectors such as calorimeters. It could therefore
be interesting as a complementary modality in certain settings despite its inferior performance.
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