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Almost periodic solutions in distribution to affine stochastic
differential equations driven by a fractional Brownian motion
with Hurst parameter H > %

Tassadit AKEB* Nordine CHALLALI! Omar MELLAH?

Abstract

The few works devoted to the existence of almost periodicity (or almost automorphy) so-
lutions to stochastic differential equations driven by a fractional Brownian motion impose the
condition: the coefficient of fractional stochastic part is deterministic. In this work, without
this condition, by using the chaos decomposition approach and the representation of the frac-
tional Brownian motion in terms of a standard Brownian motion, we obtain the existence and
uniqueness of almost periodic solution in distribution to affine stochastic differential equation
driven by a fractional Brownian motion with Hurst parameter H > %

Keywords: Fractional Brownian motion, multiple stochastic integral, almost periodic solution,
chaos decomposition.

1 Introduction

Since the introduction of the theory of almost periodic functions by Harald Bohr [9, 10] in the
1920s, it has aroused great interest. In recent years, it has become one of the most attractive topics
in the qualitative theory of differential equations because of their significance and applications in
physics, mathematical biology, telecommunication net work, finance, control theory, and others
related fields. For more details on this theory, see for instance [2,4,15,24].

The extension of almost periodicity theory given by Bochner [7] for functions with values in
Polish spaces and especially in Banach spaces, allowed to generalize this theory for a wider class of
functions, in particular for the class of random functions (stochastic processes): almost periodicity
in p-mean, in probability, in distribution (one-distribution, finite distribution and infinite distri-
bution), almost periodicity of moments, ... . Some characterizations of almost periodic functions
with values in a Polish space, especially in probability measures space, are given in [3,28, 33].

It is well known that natural application of the concept of almost periodic random functions is
the study of stochastic differential equations, with almost periodic coefficients, driven by different
noises (standard Brownian motion, fractional Brownian motion, Lévy, etc.). During the last 30
years, the class of stochastic differential equations driven by standard Brownian motion, W =
{W,,t € R} is the most studied. The existence and uniqueness of almost periodic solution is carried
out by several authors, we quote among others: L. Arnold, C. Tudor, T. Morozan and G. Da Prato
(seee.g. [1,16,28]). All these authors deal with almost periodicity in distribution. O. Mellah and
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P. Raynaud De Fitte [27] show, by counterexamples, that the almost periodicity in p-mean is a
strong property for solutions of stochastic differential equations, which means the nonexistence
of almost periodic solution in p-mean in general. However in the class of stochastic differential
equations driven by fractional Brownian motion (fBm for short), until now, to our knowledge,
there are only few works dedicated to the study of existence and uniqueness of almost periodic
solutions. We can cite for example, P. Bezandry [5] has attempted to show the existence and
uniqueness of almost periodic solutions. Recently, F. Chen and X. Yang [12] show the existence
and uniqueness of almost automorphic (which is a generalization of almost periodicity) solutions
in distribution, F. Chen and X. Zhang [13] obtain the same result for another class of differential
equations: mean-field stochastic differential equations driven by fBm. Note that in all the works
cited above, the authors assume that the coefficient of fractional stochasctic part is deterministic.
In this work, without this condition, we will show the existence and uniqueness of almost periodic
solution to affine stochastic differential equations driven by fBm.

A fBm, with Hurst parameter H € (0,1), introduced by Kolmogorov [23] and studied by
Mandelbrot and Van Ness [26], is a centered Gaussian process B = {B(¢),+ € R} which has
stationary increments and with the covariance function

E(B" (18(5)) = R(t,) = 5 (57 + i~} 51"). m

notice that if H = % we recover the standard Brownian motion. For H # % the increments of
the fBm are no longer independent (i.e. they are positively correlated if H > %, and negatively
correlated if H < %). Furthermore, when H > % the fBm exhibits long-range dependence: at large
time lags, the dependence is so strong, which results the divergence of the series Y5 ; Ry (1,k).
Also the fBm is neither a Markov process nor a semimartingale, as result one cannot use the usual
It6 stochastic calculus, and alternate methods are required in order to define stochastic integrals
with respect to fBm. For this, several different ways of a defining stochastic integral with respect

to fBm, [j f (s)dB" (s), have been suggested:

e pathwise approach, using the results of Young [34], Ciesielski [14] and Z#hle [35]. In
general, in this case, the property E( f§ f(s)dB (s)) = 0 is not satisfied, we cite for example
Lin, SJ [25] and Gripenberg and Norros [22].

e Malliavin calculus approach, introduced by Decreusefond and Ustiinel [18], Carmona and
Coutin [11]. In this approach, the property E( ) f(s)dB" (s)) = 0 is satisfied, we see for
instance Duncan, Hu and Pasik-Duncan [21] (using Wick calculus), Pérez-Abreu and Tudor
[31] (using transfer principle), the two definitions given in these two papers are equivalent.
In some cases, this integral is called Skorohod integral with respect to fBm. It is well known
that on the case H = %, the Skorohod integral may be regarded as an extention of the It6
integral to integrands that are not necessarily adapted, see [19, Theorem 2.9].

We consider the following affine stochasctic differential equation:
dX (t) = (ao(s) — X (s))ds + (bo(s) +b(s)X (s))dB" (s), ()

where ag, by and b are almost periodic continuous real functions. The aim of this paper is to show
the existence and uniqueness of almost periodic solution in distribution to (2). For this, to facilitate
the understanding, we keep the same notations as in the work of Pérez-Abreu and Tudor [31]. To
remedy to the difficulties engender by the fact that integrand part is random function, the basic
tools we used in this paper are:

1. The representation of the fractional Brownian motion in terms of standard Brownian motion:

B (1) = /R K(t,5)dW, (3)
2



where K (t,s) is a non random fractional kernel. This equality is given in finite distribution
and it is shown in [18] and [26] that it holds in trajectorial sense with a fixed standard
Brownian motion.

2. The chaos expansion, where each term is given by the multiple fractional stochastic inte-
grals.

3. By using the representation (3) of fBm, we define multiple fractional stochastic integrals
in terms of the classical 1t6 multiple integrals of the standard Brownian motion. What will
allow us to recover the interesting properties of the Itd integral, as Itd isometry, change of
variable,... .

The organisation of this paper is as follows: in Section 2, we recall some basic definitions
related to fBm, almost periodcity and multiple fractional stochastic integrals. In Section 3, we
study the existence and uniqueness of almost periodic solution in one dimensional distribution to
affine fractional stochastic differential equation (2).

2 Notations and preliminaries

This section is dedicated to the different spaces involved in this work: space of almost periodic
functions, the space of integrands with respect to fBm, the sapce of multiple integrands with
respect to fBm. the last part of this section is devoted to the chaos expansion.

2.1 Space of almost periodic functions

Let (E,d) be a Polish space. A continuous function f : R — E is said to be almost periodic if for
each € > 0 there exists [(€) > 0 such that any interval of lenght I(€) contains at least a number T
for which

supd (f(r+7),f(1)) <e. (4)

teR
We denote by AP(R,E) the space of E-valued almost periodic functions.

This definition is not always easy to use in practice. The following theorem gives two characteri-
zations, due to Bochner, of the almost periodicity, which are usually used.

Theorem 2.1 ([8]) Let f: R — E be a continuous function. The following statements are equiv-
alent

1. fis almost periodic.

2. The set of translated functions { f (t +.); t € R} is totally bounded in the space of continuous
functions C(R;E) endowed with the topology of uniform convergence.

3. f satisfies Bochner’s double sequences criterion, that is, for every pair of sequences (o) C
R and (B},) C R, there are subsequences (o) C (o,) and (B,) C (B],) respectively with same
indexes such that, for every t € R, the limits

lim lim f(r+o, +Bm) and ’}gn ft+a,+Bn), (5)

n—300 M—$00

exist and are equal.

Remark 2.2 A striking property of Bochner’s double sequence criterion is that the limits in (5)
exist in any of the three modes of convergences: pointwise, uniform on compact intervals and
uniform on R. This criterion has thus the advantage that it allows to establish uniform convergence
by checking pointwise convergence.



2.1.1 Space of probability measures

We denote by Cp,(EE) the Banach space of continuous and bounded functions f : E — R endowed
with the uniform norm

[1flleo = suplf(x)],
xeE

Let f € Cp(E) we define:

HfHL—SUP{JMZX#y},

dr(x,y)

|flpr = max {[|f e, 1712}
and
BL(E) = {f € G (E); I/ ]lpL < o}
The space of all probability measures onto 6-Borel field of I, denoted by P(E) and endowed with
the metric: for u,v € P(E),

dpL(p,V) = sup
Il fllBL<1

Y

[ rdu=v)

which generates the weak topology on P(EE), is Polish space [20].

Almost periodcity in distribution

Let X = (X;):er be a stochasctic process defined on probability space (Q, 7, P) with values in R.
We say that X is stochastically continuous if for every s € R,

}gr}E|X(t) —X(s)|=0.
We denote by law(X)(#) the distribution of the random variable X (¢) : Q — R, which means
law(X (1)) € P(R). The following defintions are introduced by C. Tudor.

e A stochastically continuous process X is said to be almost periodic in one-dimensional
distributions if the function
R — 2P(R)
t — law(X(r))
is almost periodic.

e A stochastically continuous process X is said to be almost periodic in finite dimensional
distributions if foranyn > 1 and t| < t, < ... <t,, the function

R — P(R")
{t = law(X(t4+1),X(t+10),...X(1+1,))

is almost periodic.

e A stochastic process X with continuous trajectories is said to be almost periodic in distri-
bution (or in infinite dimentional distributions) if the function

R — 2P(CG(R,R))
{t = law(X(r+.))

is almost periodic (the space of continuous fonctions Cy(R,R) is endowed with the topology
of uniform convergence on compact sets).

A comparative study between different almost periodicity of stochastic process is given by C.
Tudor [33] and completed by F.Bedouhene et al. [3].

4



2.2 Integrand space

We fix a fBm {B"},cg with Hurst parameter H € (%, 1) defined on probability space (Q, F,P)
such that ¥ =o¢ (B{{ NS ]R). We denote by E the space of elementary (or step) functions defined
on real line by all functions of the form

f(l/l) = kan[uk,uk+1)(”)a Vu € R,
k=1

where f; € R. The integral on this space with respect to the fBm is defined by:
)= XA (B () B ) = [ 0B ),
which is a centred Gaussian random variable. The linear Gaussian space
{"(f); fe £}
is subset of

I(BP) = {X € L};(Q, F,P); s.t. 3(fu)uen CE, I7(f,) iX}

which is also a linear space of centred Gaussian random variables with variance: for every X €
J(BY),
var(X) = E(X?) = lim E(I" (£,)?) = lim var(I" (£,)).
n—oo n—yo0

If f is an element of equivalence class of sequences of elementary functions (f,),cn such that

2
() Lx(xe J(Bf)), then X can be defined as the integral of f with respect to the fBm:
X = / F(w)dB ().
R

For every X € J(B!), the existence of function (or integrand) f such that X = [, f(u)dB™ (u) is
assured according to the values of H:

1. In the case H = % (which means that B = W) the set of of all functions f forms the whole
Hilbert space L?(R) which is isometric to J(W).

2. In the case H # %, the problem is dealt by V. Pipiras and M.S. Taqqu [32, Proposition 2.1]:
for H € (0, %), the authors show the existence of functional space which is a Hilbert space
isometric to J(BH). However, for H € (%, 1), they show the existence of functional space
which is incomplete and isometric to subspace (strict) of J(B¥).

On the following, we will briefly give the idea of the construction of the integrand space,
we became interested only in the last case (H > %) (for more details see [32]). The following
representation of fBm will allow us to define the integrand space. But before, let’s recall the
definition of fractional integral.

For a function ¢ : R — R, we denote by I*(¢) the fractional integral, of order ot > 0, of ¢, which
is defined by:

(I*0)(s) = F(loc) /R o(u)(s—u)* 'du, seR (6)

1 o1
:m/Rq)(u)(u—s)+ du, s € R, @)
where
_fa ifa>0 nda. — —a ifa<0
4TV 0 ifa<o YTV 00 ifa>0

5



Remark 2.3 If ¢ € L7 (R), then /%) € L*(R) with oo = H — J (see e.g. [31, Theorem 2.3]).

The following representation holds in trajectorial sense.

Proposition 2.4 ( [29] Proposition 2.3) Let W be a standard Brownian motion and H € (%, 1).
Then the process B = (BH),cg, defined as

1 -4 -3
B = [ (=91 (9T Jaw ), ®

where

B —

« _1 ) 1
cH:</O (14572 —5"72) ds—l—ﬁ> :

is fBm of Hurst parameter H.

Remark 2.5 e The fractional kernel K can be expressed as a function of i *, more exactly,
we have

K(t,s) = o
H-1 3
:( CH )/Rl[oat)(”)(”_s)Jr “du
_ ”Zﬁﬁ—%(lm)(w,

where 1jo ) is interpreted as — 1}, o), if # <0

e Using the representation (8) of fBm, for every f € E, we have

B _T(H+3) 1
1) = [ Fw)a () = =2 [ (07 aw ).

(The last integral is the Wiener It integral with respect to the standard Brownian motion
W).

e Forevery f,g€ E,

l 2 1 1
B () = T2 [ )0 @) )as.

(cm)?

The space of integrands with respect to the fBm B, denoted L2 (R), is defined as follows:

L} (R) = {mf‘i (f) € LZ(R)} - {f; / ( / f(u)(u—S)il_gduyds < oo} ©)

Proposition 2.6 ( [32]Proposition 3.2) The space leq (R), defined in (9), is linear space with the
inner product

T(H+3)?
(cn)?

(.8 = LU @) s rge®. a0

The set of elementary functions ‘E is dense in L%I (R). The space L%,(R) is not complete



Remark 2.7 From the defintion of the inner product (10), the following isometry holds

152 1
_lw<,Hz(f),1H (&) 2®)-

N\

<f7g>H

We observe that the elements of the integrand space L% (IR) are not very explicitly defined. In

what follows, we will see an explicit form of the elements of L% (R).

Lemma 2.8 ( [22]Page 404) We have the following identity

(=3 [ =),

oo

where

([ 2HT(3-H) i
dn = <F(H+;);(2—2H)) ’

and
o(s,t) =HQ2H —1)|s—t]*72; s;t R,

Proposition 2.9 Let f : R — R be a function. Then f € L% (R) if and only if

f( )f(8)Q(t,5)dtds < oo.

Proof Let f € L%(IR). We have by Fubini Theorem and Lemma 2.8

L[ =9 aw’as= [ ([ 1) r—s’jzdr/f (=9 ar)ds
-/ //f =) R f0) )L arar ) ds
_// t)(/w(r—s)H He—s)H 2ds>drdt
: m J L 100 o)dran.
O

Remark 2.10 1. The space L2 (R) can be endowed with an another scalar product

ngR—// Q(r,t)drdt

\flirr = (f> fug

2. The operator 'y defined, from L% (R) to L2(R), by: for every f € L%(R),

with the associated norm

Cn()w) = dn (= 3) [ 0=l i = a0+ (" ) w)

is an isometry

3. The stochastic integral with respect to the fBm B is defined by:

/ F(s)dB" (s) / T (f)(s)dW (s) = I (T ().

1D

(12)

13)

(14)



4. The fractional kernel, which fits to the definition (14), still denoted by K, is given by:

1 1
Kir(t,) = duT(H+ ) (1" 11j0,) (5).

For more details, see [22]

5. The set

L ®)] = {7 R R [[ o) () (0) | drde < o=} 1s)
is a strict subspace (dense) of L%,(R), endowed with the norm
1AWl =< IfL\f 1 >n (16)

is Banach space. For more details on this space, see for instance [32].
Proposition 2.11 ( [32]) We have the following spaces inclusions:

L'(R)NIA(R) € L# (R) C |L4(R)| C L4(R).

2.3 Multiple integrand space

All results and definitions seen in the below subsection are naturally generalized to the case of
multiple integrals with respect to the fBm, but with some difference properties, as the Gaussian
property (multiple integral is not gaussian random variable in general). In this subsection we
will just recall the most important definitions and results for our work. For more details we refer
readers to the work of V. Pérez-Abreu and C. Tudor [31].

We denote by L% (RP) the class of all functions f € L?(R”) such that

P
/Rszq)(xj,yj) F @1 ) f O yp)| i - dxpddyy . dyy < oo,
j=1
with an inner product defined, for f,g € L% (RR”), by

P
<f7g>H,R1’ = \/]RZp Hq)('xjﬂyj)f(-x]w"7'xp)g(y17"'7yp)d'xl "‘dxpdyl "'dyp7 (17)
j=1

and the associated norm

3 me = (- /)i o (18)

The space (L%](IR{/’ )y (s ) Hva) is incomplete separable pre-Hilbert space. We have the inclusions
LA(RP)NLY(R?) C L (RP) C L}, (RP).

We denote by Li 7 (RP) the subspace of all symetric function f € L%(RP). Every function f €
L2, (RP) is symetrizable, we denote sym(f) its symetrization. In [31, Lemma 3.4], the following
inequality is proved:
[sym ()l re < 1flpmo - (19)
The operator
Ty Ly(RP) — L2(R),
defined, for every f € L%(RP), by

N
r}f)(f)(xl,...,x,,):[dH(H—Z)} /xl /p Hf(“’ ’tpg_Hdtl...dtp

5'):1 (tj —x;)

8



1\1” 1 oo oo f,y...,t
—[dHF<H+>} et A | SOst) gy,
2)1 TH =P I e T —xp)2

) (29

is an isometry (see [31, Lemma 3.4]).

1
We denote by 17 ( f) the multiple Wiener It6 integral of f € L?>(RP) with respect to the standard
Brownian motion W (for more details on multiple Wiener It6 integral see [30] and [19]), that is,

()= /Rpf(tl,...,tp)dW(tl)...dW(t,,). 20)

The following definition of the multiple integral with respect to the fBm B is one of the most
important tools in this work.

Iffe L%{(R" ) then we define the multiple fractional integral of order p with respect to the fBm BY
by

1) =13 (T ), @1)
that is

14(f) :/Rpf(tl,...,tp)dBH(t])...dBH(tp)

_ Rp(rg’)f)(zl,...,rp)dW(zl)...dW(;,,).

This definition is the same as that given in [21] and [17], for the proof see [31, Theorem 3.14].
Thus one can define the iterated integral

5y ::p!/t< y ftr,...,tp)aB" (t1)...dB" (t,). (22)

Notice that for p =0 and f = fy (constant), we set Ig’ (fo) = fo. For more details on multiple
integrals with respect to fBm see [6].
2.4 Chaos Expansion

We denote by L%, (Q, ¥, P) the space of all random variables F which has an orthogonal fractional
chaos decomposition of the form

+oo
F=E(F)+ Y 1,/ (fp), (23)
p=1
where f, € L} ;;(R”) and

—+oo
P Splire < oo (24)
p=1

Theorem 2.12 ( [31]) The chaos decomposition (23) is unique, which means:
Ly (@, F ,P) = &, 51 (L3 y(RY)), (25)

and the subspace L%,(Q, F,P) is total in L*(Q, F,P). Moreover, for every p > 1, the fractional
chaos of order p, Ilf (L%ﬁH(RP ) is not closed. In particular L% (Q, F ,P) is not closed and it is
strictly included in L*(Q, F , P).



2.4.1 Fractional anticipating integral

We denote by L? (Q, F,P L% (]R)) the space of all measurable processes with trajectories in Ba-
nach space (|L%(R)|,||.||s ) (defined in (15) and (16) and still denoted by L7, (R) ), such that for
every X € L? (Q, F,P,L}(R)), we have: fora.at € R, X(t) € L} (Q, T, P), i.e. for each p € N,
there exists f,(.,t) € L2 ;(RP) such that

—+o0
= Z I;I(fp(ﬁ))
p=0
with f, € L}, (RP*1) (¢ is considered here as variable) , for all p > 1 and

—+oo
Z p!prH%LRerl < oo,
p=1

We consider the operator

SCh'{ LI%J (Qvfap’LI%I(R)) - LZ('Q —{]: )
-

X = 8 (X) =X Il (sym(f,))

The domain of definition of this operator, denoted by D", is all processes X € L? (Q, F,PL% (]R))
such that the series

Z p+1 Sym fp

converges in L*(Q, F, P).

Proposition 2.13 ( [31][Proposition 3.35) 1. Assuming that the space L% (R) is endowed with
the norm |.|y g and X € DS Then

2 - 2
E<|X|H,R) = ZP! \f|H,Rp+1 .
1

2. The operator 8 : DS — L2(Q, F ,P) is closable.

The closure of the operator defined above is denoted again by 8. If the process X ) g € Dg’
then we define:

/ " X(s)dB (s) = SR(X 1) ).
3 Main result

In what follows, we fix a normalized fBm (B (t));cr (3 < H < 1 and (W(t));cr a standard Brown-
ian motion defined on the same stochastic basis (Q, F, (% )er,P) (i.e (B (t));cr and (W(¢))ier
generate the same filtration (% );cr). It is known that there exists the following representation
formula:

B (1) = /]R Ky (t,5)dW (s), where Ky (t,s) = dyT(H + %) (1? 2 n[o,,[) (s).

We consider the fractional affine equation

dX (t) = [ao(t) — X (t)]dt + [bo(t) +b(t)X (¢)]dB" (1), (26)

where, ag, bg,b : R — R are continuous functions. In the sequel we suppose that

10



1. The mappings ag, bg, b are almost periodic.
2. The functions

(1,5) R = g(t,5) 1= 1wy (s)e™ "o (s),

and
(t,5) ER? > h(t,s) := 11|y (s)e” " b(s)

are elements of L% (R?).

Theorem 3.1 Under the conditions (1) and (2), the equation (26) has a unique evolution solution
X e Df}‘, which can be expressed as follows:

x(z):/’ e )ag(s) ds+/ =9 [bo(s) + b(s)X (5)] dB" (), @7
and with the chaos decomposition
—+oo
=Y (), (28)
p=0
where
féz/t e ay(s)ds; (29)
fils) = 11} mt]( s)e” " [bo(s) +b(s) f3); (30)
FAGTN Zu] wr) (t)e” b)) i (7): p > 2. 31)

and fj (tj) denote the function of (p — 1) variables without the variable t;, more precisely:

Foltieotp) = Sym{Hfoo<t1<...<tp<z€_(t_tl)bo(tl)b(tz) b(ty)}

1
—l—p!ll]ooﬂp(tl,...,tp)b(tl)...b(tp)/

—oo

HA. N

e ag(s)ds. (32)

Furthermore X is almost periodic in one-dimensional distribution.

To prove this result, we use the following three lemmas. The first is obvious.

Lemma 3.2 The following two-variable function

t N
F(t,s) :/ / (p(r,u)ef(tﬂf(rﬂ))drdu

is bounded in R

Before introducing the two others lemmas, let us denote by:
M= max(s%p(b(t),s%p(bo(t)), m= s%p(ao(t)) and L = suzp(F(t,s). (33)
R
Lemma 3.3 Let (0,),¢cn be a real sequence, | : R — R a continuous bounded function such that
1) o (s)e "1(s) € L (R?).
If the sequence (I(.+ o) )nen converges uniformly to I*(.), then
1o (s)e U0 (s) € L} (R?)

11



Proof By dominated convergence theorem and Fatou lemma we get:

153 52
/ / L0(12,52) / / Q(t1,51)e” e 2|1 (1)1 (51) [ty ds  diad sy =
R —oo0 J —oo
153 )
//2(p(t2,sz) lgn/ / (p(t1,sl)e_(tz_”)e_(sz_s')|l(t1 + o)l (51 + o) |dtidsdtrdsy <
R n—e | o) oo
1+, 52 +00,
m//z@(tlst)/ / (P(l‘l,S1)ei(tﬁ(x”itl)67(S2+anisl)‘l(l‘])l(slﬂdl‘]dsldtzd.?z < oo,
R —o0 —o0

thus
1) o (s)e 0% (s) € L (R?).

[]

Lemma 3.4 The operator Sy : DS} — L*(Q, F , P), defined by: for every X € DI, we have
t
S(X) (1) :/ == qq(s ds+/ (=) [bo(s) + b(s)X (s) B (s); 1 € R
is well-defined. Moreover, if X € Dg‘ with the chaos decomposition
© jH
=) L (f), (34)
p=0

then X is a fixed point of Sy if and only if f, satisfy (29), (30) and (31).

Proof Firstly, let us show that the operator 3y is well-defined. Let X € Dg’, therefore, for each
p €N, there exist f,(.,1) € L} ;(R?) such that

~+oo
= Zlg(fp('at))v (35)
p=0
with f, € L (RPT1), for all p > 1 and

~+oo
Y Pl peer < oo (36)
p=1

We denote by (Y;) the image of (X;) by Sy, that is

Y(t):[ (-9 gy (s ds+/ 09 [bo(s) + b(s)X (s)|dB! (s), Vi € R, (37)

By replacing (35) in (37) we get

t
Y(1) = / e~ =ao(s)ds + 80 (Z1), Vi € R, (38)
where .
Z'(s) =Y. I/(g,(,5))
p=0
and

gh(s) = 1y ()¢~ [bo(s) +b(s) fols)]:
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g (8) 1= ey (8)e” () £, (,5), p> 1.

As X € DZ’, by and b are bounded (almost periodic), it is straightforward to show that, for every
teER, 7 € Dﬂ’ and thus

Z p+1 Sym gp
converges in L?(Q, F, P). Then, forevery t € R, Y (¢) € L*(Q, F, P) with the chaos decomposition:
Y(r) =Y I/ (hy),
where
hy := / ~=ag(s)ds;
= My (s)e™ ™ [bo(s) + b(s) fo(5)):
= 4,§:1h_m, e b)) £, ().

With the same arguments as used to prove that Z' € Dg’, we can also show that for every r € R,
the kernels /!, € L} SH (R” ).

Secondly, 1et X € D$ such that Sy (X)(¢) = X (¢) for every t € R. By identifying the kernels we
get identities (29)—(31).

Conversely, assume that fl’, satisfy (29), (30) and (31), it’s straightforward to cheek that X is a
fixed point of 3. ]

Proof of Theorem 3.1. Step I: existence and uniqueness of evolution in D%’. For the existence,

by using Lemma 3.4, it suffices to show that the process X defined in (28)-(32) is an element of
D$". Clearly, by using (19), (22) and Lemma 3.2, for every p € Nand t € R, we have € Li 7 (RP)
and

—+oco
Y U < oo,
p=1

which means that for every t € R, X(¢) € L%(Q, F,P). Let us show that f, € L% (RP*!) for every
p = 1. We denote by g, the multiple function

gp(tla e ,tp+]) = 11700<tl<m<[p<tp+l€_(tp+1_tl)b0(l1)b(t2) .. b(tp)

and by h,, the multiple function

HA. N

hp(th - stpst) = Wy ot tp)b(11) . B(8)) / e~ U179 go (s)ds.

—o0

Thanks to Lemma 3.2 and the condition (2), we can show that g,,,h, € L%I(RP“ ), therefore f, €
L%(RPH1) and

2 _
1ol ot < (p,)z(MzL)p "(llgll7 g2 +mlihllG ge), VP21,

thus

o0
Z p!prH%—LRpH < o0,
p=1

13



It remains to show that

Z p+1 sym fp

converges in L?(Q, F,P). For this purpose, it’s enough to show that

—+oo

Z(p+ 1)!Hf]7‘|%-[7Rp+l < +0°.
p=0

We have

4 _
(p+ DUl o1 < - 1),(M2L)” (gl ge +mllal ge), VP =1,

which gives the convergence in L*(Q, ¥ ,P) of the series
Z o1 (sym(fy))-

Thus X € D$". The unicity is deduced from the explicit form (32).
Step 2: almost periodicity. To prove that X is almost periodic in distribution, we use Bochner’s

double sequences criterion. Let (o) and (B,) be two sequences in R, we show that there are

subsequences (o,) C (at,) and (B,,) C (B],) with same indexes such that, for every ¢ € R, the limits

Jm Hm u(r+ 04 +Bp) - and Tm p(r+ 04 +Bn), (39)
exist and are equal, where u(z) := law(X)(z) is the distribution of X (7).

We have asssumed that the functions ag, by and b are almost peridiodic, then there are subse-
quences (a,) C (o) and (B,) C (B],) with same indexes such that

lgn 11_r)n ap(t+ 0o, +Bm) = hm ao(H—OLn—l—Bn) =:qy(t), (40)

h_r)n 11_r)n bo(t+ 0y +Bm) = hm bo(t+06n—|—[5n) =:by(1), 41)
and

lgn hgn b(t+0y,+Bm) = hm b(t—i—(xn +B,) =:b%(1), (42)

and these limits exist in any of the three modes of convergences: pointwise, uniform on compact
intervals and uniform on R. We now denote by (Y, ).en the sequence (o, + B, )nen. From step 1,
we can deduce that, for each fixed integer n,

()= [ anls st [ e olst )+ bls )X (5)]aB ()
is evolution solution of
dX"(t) = [ao(t +va) = X" ()]dt + [bo(t +¥a) +b(t + 1) X" (1)]dB" (1), (43)
with chaos decomposition

- £ ().

14



where

f;t;’n(fl yeeslp) = Sym{H—oo<t1<...<tp<t€7(t7tl)bO(fl +Yu)b(t2 +Yn) - - b(tp +Vn) }

1 IS WAVVAY S
+En]_wﬂp(z],...,zp)b(tl +yn)...b(t,,+yn)/ " e g (s +y,)ds.  (45)

—o0

Also from step 1 and Lemma 3.3, we deduce that

X*(t):/_ ds+/ ~09) (b3 (s) + b* (s)X* (5)] dB" (5)
is evolution solution of
dX* (1) = [ag(t) — X" (t)]dr + [bg(1) +b" (1) X" (¢)|dB" (1), (46)

with chaos decomposition
v H( ot v (D) [ ft
=Y L=k (FH ( p,*)>’ 47)
where

f;’*(ll, cotp) = sym{1l *°°<ll<...<lp<l‘e_(t_ll)b(>§([1)b*(tz) b (1)}
HA. N

1 )
~|—Ell},w,,}p(tl,...,tp)b*(tl)...b*(tp) / e~ =)ai (s)ds.  (48)

‘We have:
X(t+7,) = ZIH (f5rm) = 212( (F50m) ) (49)

The changes of variables, 6 =1+, and G =t;j+Y, forall j=1,p, transform

Z 12( (£ ™) )
to e
pZ_Oé (TP (). (50)

where 1
fg f’” / riv f’” Yty stp)dW (1) ...dW ()
and W,(t;) = W(tj +¥.) — W(Y») is a standard Brownian motion with the same distribution as
W(t)). 1 1
Let us show that, for each fixedr € R, I} (Fg’) ( f,t,")) converges in quadratic mean to 7} (Fg’) ( f,’,*)> .

Note that for p = 0 the process is deterministic and we get the convergence easily. Let M* =

max (M, sup(b};),sup(b*)). For p > 0, using the Itd isometry and the fact that the operator F;f) is

an isometry, we obtain

B () = ()| = e (2|

By replacing f,’,’" and f,’,’* with their explicit forms (45) and (48) respectively, we get

E

2
‘flt;n o fll;* ‘H,Rp :

L2(RP)

‘f;’n _flty’*}iLRp < 2!sym{1lfoo<z1<‘..<zp<ze_('_")bo(-l +Y)b(24+Yn) - -b(-p +'Yn)}
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—sym{1l —eacy, <...<zp<tef(t7'l)b(§(-l )b*(.2)-- 'b*('P>}’12LI,RP

1 AN A
+2|p'11]w’t]p(.l,...,.p)b(.l+yn)...b(.p+yn)/
1 * *
)b (1) b (.,,)/700
< 2p(11 +Iz+...[k+...+1p)

+2(p+ 1) (1 +da+ . Tt Tpi),

e " ag(s+vu)ds

AN
e gy (s)ds g

where Iy, b, ... I, ... I, are such that:

2

Iy = ‘sym{ﬂfeo<n<.‘.<zp<te_(t_'l)(bO('l +9) = b5(1)) b2+ %) 'b('p+%’)}‘H.RP

< suplbn(t-+) =630 Ly,

p!)?

2

L= )sym{ 11—m<n<...<t,,<t€7(t7'l)b(§(-l ) (b(.2 +Yn) — b*<-2))b(-3 +Yn)---b(p "H(n)}’H .-

((M*)ZL)p_l,

< sup |b(ty +v,) —b* (1)
< sup btz ) =0 ()1 s

Iy =

sym{11foo<n<.‘.<z1,<te_(’_‘1)b8(-1)b*(-z) b (k1) (b(-k +Yn) — b*(-k))b(-kﬂ +Yn) - b(p+Yn)} ’

HRP

< supb(ac-+ ) = b (1) ¢ (ML)

(p1)?
and
2
I, = |sym{1l —oo<z1<...<t,;<t€7(t7'l)b(§(-1)b*(-l) 2D (p (b<'1’ ) = b*('p»}‘H RP
Ssu b[+n7b*t 2 M*ZLP*I
up bty + ) =& (1) s (ML)
J1 =
1 AN A 2
‘p'ﬂ]w,t]l’(b(-l+Yn)_b*('1))b('2 —l—y,l)...b(.p—i-yn)/ e ag(s+va)ds
! —o0 H,RP
<sup|b(t; +vu) —b*(t1)|2 Lm22 ((M*)ZL)p_1,
R (p!)
Jo =
| AN A 2
b () (bt ) =B ()b )b t) [ e e (s 4 p)ds
! —oo H,RP

Lim?
(p!)?

< sup (i +) — b () ¢ (019°1)",

Je =
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AP 2

1 * * — s
o ) e ob*(1)...0 (.k,l)(b(.kﬂn)—b(.k))b(.m+y,,)...b(.,,+yn)/ e "ag(s+v,)ds
- HRr
< suplb(t -+ 1) — b ()P 2 (v*)2L)!
_S%P kT Yn k (p!)z
and
2

AN A

1 % * —(t—s *
Tpr1 = ‘p'u]mmb (1)...b (.p)[ e (ao(s +va) — ag(s))ds

oo

HRP
2 L(M¥)?
(p!)?

From (40)-(42) and the above inequalities, we deduce that

éOﬁ%ﬁﬂ)—éOﬁ%ﬁﬂﬂzzm

1 1
hence I, (F(Ff) ( f,t,’")) converges in quadratic mean to I, (Fg) ( f;,")) Using the previous inequal-

< suplao (s-+ 1) —a ) (L)’

Iim E
n—yoo

ities again, we get the convergence of X" () in quadratic mean to X *(¢) uniformly with respect to
t € R, which gives the convergence in distribution of X" (¢) to X*(¢). It remains to show that X" ()
and X (¢ +7,) have the same distribution for every ¢ € R. From the transfer principle given by (21),
we are able to define the Skorohod integral with respect to fBm (B (¢)) by Skorohod integral with
respect to standard Brownian motion (W(¢)) as follows:

X(t):/_te =) gy (s) ds+/ =) [by(s) +b(s)X (s)] dB" (s Zle,,

= b (000) = o Kok (') = 1 (0 5.0)
_/’ 19y (s) w+/ U (s)dW (s),

where (U’ (s))ser, for each t € R, is a process with chaos decomposition

0= L1k (F ).

If the integrand process (U’ (s))ser is adapted, we get the classical Itd integral and the change of
variable 6 = 5+, gives another It6 integral with respect to W,,(t), where W, (t) = W (t +v,) —
W () is standard Brownian motion with the same distribution as W (¢). From the independence of
the increments of standard Brownian motion, we deduce that the process X (z + 7, ) has the same
distribution as X" (¢). Thus it suffices to show that the solution X is an adapted process. First, let

1
us show that for every p € N, (I,% (Fg’) ( f;,))) is an adapted process. It is straightforward to show
that for p = 0 and p = 1, the processes are adapted. For p = 2, by using the iterated It integral,
we get:

(T2 (1) = [ T e () ( /_ T (e b (1)) (0)aW ()] ()W (1)

oo

+ [ ;r;P [e22m(.) 1 T (e () / ! e ag(s)ds) (0)dW (1)) | ()W (1),

oo —oo

where:
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2 g—(2=x1)p,
(1) (,~(2—1) _ 1 /2 e (x1)
I (e bo(.1))(t) =dy(H
a ol 1))( 1) =du 2) 0o (x —tl)(%_H)
since this process is deterministic and square mean integrable in | — oo, .5] x Q, we deduce
that the process obtained by It6 integral, [2 F;,l) (e=C2=Dbg(.1)) (t1)dW (1), is adapted and
we denote it by Y (.»).

S

dxy,

te—(t—xz) X X
) (el ) et - ) [ P,

. ) ~(1-x))
since Y (.) is adapted and the process [/ e b)Y (x2)
2 (XZ*IZ)(77H>

deduce that the process obtained by It6 integral, [*_ Fg) (e=1=2)b(2)Y (2)) (12)dW (1), is
adapted.

dx; belongs to L*(] —o0,t] x Q), we

Similarly we can show that the process

—o0 oo —o0

/ t rly) [ () ( /_ T (e p() / e ag(s)ds) (1)aW (1)) | ()W (12)

is adapted process. Thus (12% (r 2) (5))) is an adapted process. The proof for a general p follows
by induction as above.

The square mean convergence of chaos decomposition series implies that the solution X is adapted.
Thus, for every ¢ € R, the sequence X (¢ +,) converges in distribution to X*(¢), i.e.

lim p(t+ 0+ Ba) = 1 (1) = law (X" (1)),
n——+oo
By analogy we can prove that

lim lim p(r -+ O + Bu) = i (£).

m—y—+oeon—r+co

We have thus proved that X has almost periodic one-dimensional distributions. ]
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