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Large deformations of soft elastic beads spinning at high angular velocity in a denser background
fluid are investigated theoretically, numerically, and experimentally using millimeter-size polyacry-
lamide hydrogel particles introduced in a spinning drop tensiometer. We determine the equilibrium
shapes of the beads from the competition between the centrifugal force and the restoring elastic and
surface forces. Considering the beads as neo-Hookean up to large deformations, we show that their
elastic modulus and surface energy constant can be simultaneously deduced from their equilibrium
shape. Also, our results provide further support to the scenario in which surface energy and surface
tension coincide for amorphous polymer gels.

PACS numbers:

I. INTRODUCTION

When subjected to external loads, elastic bodies
change their shape due to the interplay between the ap-
plied load and the restoring forces of the material the
body is made of [1, 2]. Below the elastic limit, these
are the bulk elastic forces following the material-specific
stress-strain relation, and the surface forces dictated by
the interfacial free energy that characterizes the inter-
action with the surrounding medium. Since the subtle
balance between these forces stays relevant even beyond
the elastic limit and determines, together with the on-
set of plastic events, the occurrence of material failure
and permanent deformation [3], bulk and surface stresses
turn out to drive the behavior of soft materials under
many circumstances [1–3]. For this reason understand-
ing the importance of these two contribution to material
response is of paramount importance.

The impact of interfacial stresses on the equilibrium
shape of elastic materials can be readily quantified by
the elasto-capillary length `, defined as the ratio of the
interfacial energy per unit area Γ to the shear modulus
G0 of the body under consideration. When ` is compa-
rable with or larger than other characteristic lengths of
the system [4–6] interfacial stresses must be taken into
account to compute stationary material shapes and to
predict possibly the onset of instabilities [7–9]. This is
the case for soft elastic samples with small geometric fea-
tures. For example, for a hydrogel with shear modulus
G0 ∼ 30 Pa and interfacial tension Γ ∼ 30 mN m−1, the
elasto-capillary length is ` = 1 mm. Therefore, the equi-
librium shapes of millimetric and submillimetric elastic

∗These three authors contributed equally
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particles must be necessarily affected by the interfacial
contribution to their total energy.

Despite of this general and well-grounded considera-
tion, many important questions concerning the interplay
between bulk and interfacial stresses [10, 11] and the very
nature of the latter in amorphous solids [12, 13] remain
unanswered. For a generic material immersed in a back-
ground medium interfacial energy is the energy required
to create a unit area of new surface by a division process,
whereas interfacial tension is the surface stress associated
with its deformation. For Newtonian liquids, interfacial
tension and interfacial energy are two strictly equal quan-
tities since, when a liquid interface is deformed, the dis-
tances between the molecules at the interface are not af-
fected by the imposed deformation as molecules can move
freely from the bulk to the the liquid boundaries. It is
generally not so for a solid. Since a solid surface consists
of a constant number of atoms, the work done to alter
the separation distance between atoms at their surface is
expected to depend on this distance itself [14–16]. As a
result, the work required to deform a material is not nec-
essarily the same as the thermodynamic work required to
create a new surface. For crystals the problem has been
solved [16, 17] since their surface free energy is a function
of the surface area itself and hence it is expected to be dif-
ferent from the surface tension. However, for amorphous
materials, like cross-linked elastomers, the issue remains
unresolved because the molecules have local mobility al-
lowing them, at least in principe, to show liquid-like be-
havior: the surface reforms in response to external stimuli
[18, 19]. While this liquid-like scenario has been recently
confirmed for Polydimethylsiloxane (PDMS) elastomers
[12], other experimental works pointed out that for spe-
cific soft gels [13, 20, 21] the interfacial energy does de-
pend on the surface area, or equivalently on the imposed
compressive strain parallel to the surface, and, as a con-
sequence, interfacial free energy and interfacial stress are
expected to differ [14, 20, 21].

Moreover, for most solid materials the accurate mea-
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sure of the interfacial energy is experimentally challeng-
ing, since the intimate coupling between the contribu-
tions of interfacial and bulk energies hampers the detec-
tions of effects solely due to interfacial stresses. For in-
stance instability thresholds [5, 22] and the shapes taken
by softened wedges [23–25] or ripple deformations [26] in-
volve the coupling between surface stress and bulk elas-
ticity through the elasto-capillary length, making impos-
sible to determine separately the two parameters (G0 and
Γ). Even if one of the two parameters, e.g. the shear
modulus, were determined elsewhere, a measurement re-
lying on a single experiment is of limited accuracy. To
solve this problem, indentation tests, standard rheome-
try or stretching tests, based on a gradual variation of an
external load could in principle be used. However, these
methods involve the presence of solid-solid contact forces
[27, 28] that typically affect the measurement and give
rise to issues like slip and edge fracture. Furthermore,
in the the case of ultrasoft gels the measurement of the
elastic modulus through these techniques is even more
troublesome since one would be confronted with issues
related to insufficient instrumental accuracy.

For these reasons, unveiling effects of surface energy in
soft solids remains arduous and it has not been possible
to converge to any conclusive result. This motivates
investigations of phenomena that originate from a
non-negligible contribution of interfacial free energy in
the absence of solid-solid contacts over a wide range of
strains, while, at the same time, engineering strategies
to fully decouple interfacial and bulk stresses would be
highly desirable.

In this paper, we tackle this challenging task and re-
port on a theoretical and numerical study of the deforma-
tion of soft neo-Hookean beads when they are immersed
and spun in a denser background fluid. Strikingly we
found that, if the interfacial energy of the beads does not
depend on their deformation, the elastic and the inter-
facial contributions determining the bead shape can be
decoupled when the strong deformation limit is reached,
namely when the ratio between the two principal axis
of the deformed particles is dmax/dmin & 2. To check
further the reliability of our results we have investigated
the deformation of soft polyacrylamide beads immersed
in a denser immiscible fluid and spun in the capillary of
a commercial spinning drop tensiometer (SDT).

Though an SDT is usually employed to measure low
liquid-liquid interfacial free energies [29–31], recently it
has been used also for purposes ranging from the study of
the relaxation dynamics of liquid drops [32] and the pres-
ence of an effective interfacial tension in miscible fluids
[32–34], to the characterization of the mechanical prop-
erties of thin elastic capsules [35] and viscoelastic prop-
erties of polymer melts [36, 37].

Unlike the aforementioned works, here we use an SDT
to investigate the equilibrium shapes of full elastic beads
with a radius of the order of one millimeter and shear
modulus of the order of 10 Pa [10], for which we expect

important elasto-capillary effects. When the SDT capil-
lary is spun around its axis at a prescribed angular ve-
locity, and once a steady state is reached, the beads spin
solidly with the background fluid and the capillary itself.
Since the surrounding fluid is denser than the bead, the
centrifugal forces center and stretch the bead on the axis
of rotation (Fig. 1).

In this geometry, the sample bead is entirely sur-
rounded by a liquid without any contact with other solid
bodies. This is an important benefit of this geometry as
the only interfacial free energy to be considered is the
solid-liquid one. In addition, the external load (i.e. the
centrifugal forces) can be finely tuned up to values gen-
erating large deformations (& 500%) of the bead.

R0
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w=0

ri ,G0

w>0

laR0

ro> ri

z

y

x

FIG. 1: Sketch of a spherical elastic bead immersed in a liquid
of higher mass density and deformed by centrifugal forcing.
(a) Initial configuration of the bead at rest (ω =0). (b) The
elastic bead is spun solidly (ω >0) with a denser fluid, both
being contained in a cylindrical capillary. Centrifugal forces
give rise to the reversible deformation of the bead and stabilize
its position on the capillary axis.

The remainder of this paper is organized as follows.
Assuming an interfacial energy independent from the de-
formation, the base equations governing the equilibrium
of a spinning elastic bead surrounded by a liquid spinning
at the same angular velocity are derived in Sec. II A.
These equations are first solved by assuming a homoge-
neous (biaxial) deformation of the bead (Sec. II B). It
is shown that, within this approximation, the effects on
the deformation due to the contributions of the inter-
facial free energy and bulk elasticity can be decoupled
at high centrifugal forcing. A full resolution of the base
equations is made in Sec. II C using the Finite Element
method, showing the limitation of the biaxial approxi-
mation for a quantitative analysis. Interestingly, the be-
haviour emerging from the approximation still holds, pro-
viding a way to access to both the elastic modulus and
the interfacial free energy constant of the beads. In Sec.
III we report on experiments carried out with a commer-
cial spinning drop tensiometer and soft polyacrylamide
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beads. A discussion of the main results and a comparison
with the expected values for G0 and Γ follows, pointing
out that soft polyacrylamide gel behavior is well capture
by the assumption of a constant and strain-independent
interfacial energy. Finally, in Sec. IV we make some con-
cluding remarks and summarize the key results of this
work.

II. THEORY

A. Equilibrium equations at finite strains

The non-linear equations governing the equilibrium
(steady) configuration of a rotating elastic sphere are de-
rived considering a positive constant interfacial energy
and an isotropic and incompressible neo-Hookean consti-
tutive law. The latter is known to describe well the me-
chanical properties of soft polyacrylamide gels for strains
up to several hundred percent [38–40].

Let us consider an elastic bead of radiusR0, shear mod-
ulus G0 and density ρi immersed in an infinite Newtonian
background fluid of density ρo > ρi. As the sphere is spun
at angular velocity ω around one diameter (aligned along
axis z), the bead deforms, stretching along the rotation
axis to minimize its rotational energy. In the co-rotating
frame the elastic force, the surface force and the centrifu-
gal force are conservative. The equilibrium can therefore
be derived from the condition that the total potential
energy is minimum. The position R of a material point
in the deformed configuration is given as a map R(r) in
terms of the position r in the undeformed configuration.
For an isotropic and incompressible neo-Hookean solid,
the strain energy density is:

Wel =
G0

2
tr
(
FT · F− 1

)
, (1)

where F = ∂R/∂r is the deformation gradient and 1 the
unit matrix. The equilibrium is governed by the mini-
mization of the free energy

E = ΓA+

∫

Ω0

WeldV0 +

∫

Ω0

1

2
∆ρω2R2dV0, (2)

where R is the radial distance from the z-axis in the
deformed configuration (R = R · R − R · ez), dV0 is a
volume element in the reference configuration, Ω0 is the
volume occupied by the bead, A is the area of the de-
formed boundary and ∆ρ = ρo − ρi is the mass density
contrast. It’s worth stressing that we assume Γ indepen-
dent of the deformation and the first term on the r.h.s
of Eq. 2, EΓ = ΓA, represents the total interfacial en-
ergy of the system. This assumption will be discussed
in the light of the results reported in Sec. III. The sec-
ond and the third terms are respectively the elastic and
the centrifugal energies [41], called later Eε and Eω. The
equilibrium is governed by the minimization of the free

energy, taking into account incompressibility of the elas-
tic material which amounts to impose that the Jacobian
of the transformation is equal to one:

detF = 1. (3)

B. Biaxial approximation

1. General equations within the biaxial approximation

To a first approximation, the problem is simplified by
assuming a homogeneous and biaxial deformation of the
bead. In the Cartesian coordinate system (x,y,z), the
applied centrifugal forcing gives rise to a prolate ellipsoid
with axes X = λbx, Y = λby and Z = λaz. The stretch
ratios λa and λb are two strictly positive constants with
λb < 1 and λa > 1. This is sketched in Fig. 1. Eq. 3
further imposes λaλ

2
b = 1. For a neo-Hookean material,

the strain energy density is Wel = 1
2G0(λ2

a+2λ2
b−3) and

the elastic energy defined in Eq. 2 reads:

Eε =
4

3
πR3

0

1

2
G0(λ2

a + 2λ2
b − 3). (4)

The total interfacial energy defined in Eq. 2, is:

EΓ = ΓA = Γ

(
2πλ2

bR
2
0 +

2πλaλbR
2
0

e
arcsin

√
λ2
a − λ2

b

λa

)
.

(5)
Finally the centrifugal energy, also defined in Eq. 2 is
given by:

Eω =
1

2

∫
∆ρ(x2 + y2)ω2dV0 =

4π

15
∆ρω2λ2

bR
5
0. (6)

Using volume conservation, Eqs. 4, 5 and 6 allow us
writing the total reduced energy density, defined as ε =
E/(G0V0) with V0 the volume of the bead, as:

ε =
α

5
λ−1
a +

1

2

(
λ2
a + 2λ−1

a − 3
)

+
3β

2

(
λ−1
a +

λ2
a√

λ3
a − 1

arcsin

√
λ3
a − 1

λ3
a

)
,

(7)

with

α =
∆ρR2

0ω
2

G0
(8)

and

β =
Γ

G0R0
(9)

being two characteristic dimensionless numbers. In par-
ticular, α is the Cauchy number and results from the
balance between inertia and elastic energy, while β is the
ratio of the elasto-capillary length to the bead radius.



4

For a given set (α, β), the equilibrium shape is given by
the minimization of ε with respect to λa, i.e. by the so-
lution of the nonlinear algebraic equation dε

dλa
= 0, which

can be obtained numerically. The deformation parame-
ter defined as the ratio of the length (dmax) to the width

(dmin) of the deformed shape, or equivalently λ
3/2
a , ob-

tained numerically by minimizing Eq. 7, is plotted in Fig.
2. Hereafter we derive the analytical expression for the

deformation parameter λ
3/2
a in the two limiting cases of

small and large deformations and we show that when the
latter are attained a simultaneous measurement of the
elastic modulus and the interfacial free energy is feasible.

β = 6
β = 4
β = 2
β = 0

√
α

d
m
a
x
/d

m
in

.

1614121086420

8

7

6

5

4

3

2

1

0

FIG. 2: Length-to-width ratio dmax/dmin of a deformed bead,
as a function of

√
α for different values of β (color coded).

Solid lines are predictions from the biaxial approximation
(minimization of Eq. 7). Asymptotes in the large α limit
(Eq. 14) are plotted with dashed lines. Filled circles are the
results of FE calculations discussed in Sec. II C.

2. Small deformation limit

Let us first elucidate the behavior of the stretch ra-
tio λa in the weak deformation limit, corresponding to
Cauchy numbers α� 1. In this case we can safely write
λa = 1+ ξ, with 0 < ξ � 1 and approximate the reduced
energy density as follows:

ε ' 1

5
α+ 3β − 1

5
ξα+ ξ2(

1

5
α+

3

2
+

6

5
β). (10)

Minimizing with respect to ξ brings to the following equi-
librium deformation with respect to the bead at rest:

λ3/2
a − 1 '

[
α

10 + 8β

]
. (11)

Eq. 11 cannot be used to determine separately G0 and

Γ from a single measurement of λ
3/2
a as a function of ω,

since the deformation cannot be expressed as the sum of
two (or more) terms each containing only α or β sepa-
rately.

3. Large deformation limit

For α� 1 and λa � 1, Eq. 7 can be approximated by
the algebraic sum of three terms:

ε ' 1

2
λ2
a +

3π

4
βλ1/2

a +
α

5
λ−1
a . (12)

The minimization with respect to λa brings to:

dmax/dmin = λ3/2
a =

1

2

[
−3

8
πβ +

√
9

64
π2β2 +

4

5
α

]
.

(13)
Further expanding Eq. 13 for α�1, we obtain:

dmax/dmin =

√
α

5
− 3

16
πβ. (14)

These asymptotes are plotted together with the complete
expressions of dmax/dmin in Fig. 2 for different values of
β. Note that due to the limited range of α, chosen accord-
ingly with experiments introduced in Sec. III, the differ-
ences between the complete expression and the asymp-
totes remain significant and increases for increasing val-
ues of β. Quite interestingly Eq. 14 decouples α and
β, i.e. the effects of elasticity and interfacial energy on
the bead deformation. In other words, for large centrifu-

gal forcing, the deformation parameter λ
3/2
a of a bead is

proportional to the rotation speed with a proportional-

ity constant equal to R0

√
∆ρ
G0

. R0 and ∆ρ being easily

known a priori, G0 can then be determined by consider-

ing the slope of λ
3/2
a versus ω; next, the evaluation of a

(virtual) intercept equal to − 3πΓ
16G0R0

brings to the mea-
surement of Γ.
G0 and Γ can then be recovered by considering the

large deformation limit with the biaxial approximation.
In the following, we show that the approximation is not
accurate enough to get precise values of these two quan-
tities. Notwithstanding this, the main result stays valid:
it is possible to determine both G0 and Γ by considering
the large deformation limit of a spinning bead.

C. Resolution using the Finite Element method

This section is devoted to the minimization of Eq. 2
with the incompressibility condition (Eq. 3), using the
Finite Element (FE) method.

We seek the displacement u = R−r by minimizing the
augmented energy (Eq. 2) with the constraint detF = 1.
This last condition is ensured by adding to Eq. 2 the
supplementary term

∫

Ω0

p (detF− 1) dV0, (15)

where p is a Lagrange multiplier to be computed to-
gether with u. Because the solution is expected to be
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axially symmetric, the displacement vector is expressed
in a cylindrical coordinate system as u = ur(r, z)er +
uz(r, z)ez. For this two-dimensional problem in terms of
r and z, the domain D we consider in the simulation is
a disk of radius R0 defined as r2 + z2 < R2

0.
The FE formulation, implemented numerically using

the FEniCS finite element library [42], is here based on
the research of the stationary points of the total energy
functional given by Eqs. 2 with Eq. 15. The displacement
vector u and the Lagrange multiplier p are discretized
using Lagrange FEs on a triangular mesh. The nonlinear
problem in the (u, p) variables is solved using a Newton
algorithm based on a direct parallel solver (MUMPS, [43])
by setting µ = 1, R0 = 1, Γ = β and ∆ρω2 = α.

Quasi-static simulations are computed by progressively
increasing the interfacial free energy β up to the desired
dimensionless value, then by progressively incrementing
the load parameter α, recording the displacement field
and the Lagrange multiplier, and reaching convergence
at each step. The equilibrium shape of the deformed
body are obtained for a large range of parameters α, β
(See Figs. 2 and 3).

1.2

1

0.8
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0
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(b) (c)
z

1
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FIG. 3: Maps of the reduced strain energy density Wel/G0

computed for β = 1 and different loads: α = 0 (a), α = 5
(b), α = 10 (c), α = 20 (d),α = 30 (e) and α = 50 (f). The
corresponding values of dmax/dmin are respectively equal to
1 (a), 1.3 (b), 1.6 (c), 2.0 (d), 2.4 (e), 3.0 (f). Unit-length
is chosen so that initial configuration (a) is a disk of radius
R0 = 1. By symmetry, a quarter of the system is enough
to completely characterize the deformed configurations of the
bead.

Fig. 3 shows that the strain energy density is inho-
mogeneous in the sample, whereas it was assumed to be
homogeneous within the biaxial in Sec. II B. In Fig. 2,
the values of dmax/dmin calculated from the FE method
and the biaxial approximation are compared. The biax-
ial approximation reproduces only qualitatively the de-
formation behaviour for small to moderate β (see Fig. 2
for β = 0, 2), converging quantitatively to the FE re-
sults only for larger values of β (e.g. β = 4, 6). Indeed,
the biaxial approximation considers only the average de-
formation in the material instead of considering the lo-

cal deformation, hence the observed discrepancies. This
said, even if a quantitative analysis requires the use of
the more precise FE calculation, the biaxial approxima-
tion provides a rigorous basis to understand bead defor-
mation and the role played by interfacial stresses when
elastic objects get deformed.

Inspired by the results obtained in the framework of
the biaxial approximation (Sec. II B), we focus on the
large deformation limit. Our simulations still suggest
that dmax/dmin behaves as

dmax/dmin ∼ a
√
α+ b (16)

in the large deformation limit for any tested value of β
(Fig. 4), where a and b are two fitting parameters. Inter-
estingly, the variations of b as a function of β are far more
pronounced than the variations of a, a result reminiscent
with what was obtained in Sec. II B (see Eq. 14). Let us

b
a

β

.

9876543210

0.4

0

-0.4

-0.8

-1.2

FEM (β = 1)

√
α

d
m
a
x
/d

m
in

.

dmax
dmin

= a
√
α + b

12840

6

4

2

0

FIG. 4: a(β) and b(β) resulting from the fits of the large
deformation limit of function a

√
α + b on dmax/dmin. The

range for the fits is dmax/dmin ∈ [2.5, 6], in accordance with
the domain explored in experiments detailed in Sec. III. Solid
lines result from fourth order polynomial fits for a(β) and
b(β) (see Table I). Inset: dmax/dmin calculated by the FE
simulations, as a function of

√
α for β = 1. dmax/dmin is well

approximated by the linear equation dmax/dmin = a
√
α + b

in the large deformations limit.

consider now experiments in which dmax/dmin has been
measured as a function of ω. In the regime of large defor-
mations, we expect from Eq. 16 the deformed shape of
the spinning bead to follow dmax/dmin ∼ Aω+B. This is
indeed observed for our polyacrylamide millimetric par-
ticles (see Fig. 7 and Sec. III for more details). Hence A
and B can be, in principle, experimentally determined.
In the other hand, we know from the results of the FE
simulations that:

dmax/dmin ∼ a(β)
√
α+ b(β) = a(β)

√
∆ρ

G0
R0ω + b(β).

(17)
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K1 K2 K3 K4

a(β) 0.4422 −0.02848 1.69× 10−3 −6.65× 10−5

b(β) 0.3327 −0.3467 3.12× 10−2 −1.23× 10−3

TABLE I: Coefficients Ki giving the best cubic polynomial fit
of a(β) and b(β) shown in Fig. 4 and discussed in the main
text.

By identifying A and B within equation 17, we obtain:

{
A = a(β)R0

√
∆ρ
G0

B = b(β).
(18)

The dependence of b on β being known from the FE solu-
tion, β can be determined. Then, from the first equation
in 18, one can determine G0 by performing a linear fit
of the experimental data (dmax/dmin versus ω) in the
large deformation limit, and finally, the interfacial free
energy can be calculated as Γ = βR0G0. Once more,
this shows that both the interfacial free energy Γ and
the shear modulus G0 of the bead can be extracted by
fitting the bead deformation as a function of ω. To eluci-
date better the validity of Eq. 16, dmax/dmin is plotted
as a function of a(β)

√
α + b(β) for different values of β

(Fig. 5). a(β) and b(β) have been determined by consid-
ering deformations dmax/dmin in the range [2.5, 6], ac-
cordingly with the domain explored in experiments dis-
cussed in Sec. III. Even if the asymptotic regime is never
strictly reached in this range for any β, the linear approx-
imation of dmax/dmin as function of

√
α remains very

good. To make our results readily exploitable for future
measurements, we have fitted separately a(β) and b(β)
with a cubic function, namely K1 +K2β+K3β

2 +K4β
3.

We report all values for the constant Ki in Table I and
the result of the fit is shown in Fig. 4. The collapse
of all curves in Fig. 5 confirms that the approximation
dmax/dmin ' a(β)

√
α+b(β) is relevant for dmax/dmin in

the experimental range [2, 6].
Finally it’s worth noting that in the case α� 1 (small

deformation limit), the expression obtained from the bi-
axial approximation seems to hold well in the framework
of the FE calculation (see inset of Fig. 5): all the defor-
mations calculated for different β-values via FE method
collapse on the bisector of the first quadrant when plotted
versus the deformation obtained under biaxial approxi-
mation (Eq. 11). Indeed, matching the effective local
deformation with the overall deformation of the bead is
here relevant, because the material behaviour can be lin-
earized within the limit of the small deformations.

III. EXPERIMENTS

A. Materials and Methods

Polyacrylamide beads are prepared by copolymeriza-
tion of acrylamide and N, N’methylenebisacrylamide in

β = 6
β = 4
β = 2
β = 1
β = 0

a(β)
√
α + b(β)

d
m
a
x
/d

m
in
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FIG. 5: dmax/dmin computed from the FE simulations, as a
function of a

√
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of β, in Fig. 4. Inset: dmax/dmin− 1 as a function of α/(10 +
8β).

the presence of Tetramethylenediamine (TEMED) and
sodium persulfate as initiators, in water. Prior to mixing
the constituents, all the solutions are saturated with ni-
trogen gas, to ensure the near insufficiency of oxygen. A
given volume of the liquid mixture, corresponding to the
radius of the bead, is transferred to an Eppendorf tube
filled with the fluorinated oil in which all beads are solidly
spun in our experiments. The aqueous droplets are small
enough so that interfacial free energy (' 33± 3 mN m−1

measured by SDT in absence of crosslinker) made them
spherical in oil. The polymerization and interchain
crosslinking stopped after approximately 2 hours. The
crosslinker and the acrylamide monomer concentrations
were fixed respectively to 0.00119 ± 0.0006 mol/l and
0.45±0.01 mol/l for all preparations. The same prepara-
tion protocol has been previously employed in our group
to synthesize beads in silicon oil with shear modulus rang-
ing from 13 Pa to 29 Pa [10]. Hence hereafter we will not
consider any crosslinker and/or monomer density varia-
tion in the beads, whose effects will be possibly investi-
gated in a future publication. Since we consider beads
characterized by low mass fractions of acrylamide, their
mass density can be considered equal to the density of
water at T = 25 ◦C, ρi = 0.997 g cm−3.

All experiments were performed with a Krüss spinning
drop tensiometer (SDT). Rates of rotation were accurate
to 1%. The outer liquid, Fomblin Y oil [linear formula
CF3O[-CF(CF3)CF2O-]x(-CF2O-)yCF3] of mass density
ρo = 1.9 g cm−3 was purchased from Sigma-Aldrich and
used without further purification at 25.0 ◦C. The tem-
perature of the setup was always set to 25.0± 0.5 ◦C and
kept constant using a flow of temperature-controlled air.

All beads were illuminated by a blue Light Emitting
Diode (LED) with a dominant emission wavelength of
469 nm. Measurements were performed using a cylin-
drical capillary with internal diameter 2Rc = 3.25 mm.
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Video recording has been performed by using a CCD
camera attached to the SDT with a field of view 6 mm×
4.5 mm and resolution 2.3 µm. Different tests were per-
formed with rotation rates ranging from 6000 rpm to
15000 rpm. For our beads/oil system the displacement of
the drop off the rotation axis due to buoyancy was smaller
than 7 µm for ω > 800 rad s−1, as calculated following
Ref. [44]. Such unavoidable deviation due to buoyancy
is therefore much smaller than the bead size and of the
same order of magnitude of the resolution of the camera
used for the visual inspection the equilibrium shapes of
the beads. The effect of buoyancy can thus be neglected
and the measured deformation for ω > 800 rad s−1 can be
considered as only originated from the balance between
the external forcing and the response of the material.

Being the refractive index of the background fluid
(nb = 1.299) close to that of water, the contrast in re-
fractive index with the beads was not sufficient to en-
sure good detection of the beads boundaries. Fluorescent
labelling was therefore needed to track the bead defor-
mation. Under the illumination of the blue LED light,
fluorescein-rich beads appear as bright green-yellow re-
gions, since the fluorescein adsorption and emission spec-
tra (in polar solvents) are peaked at λ ≈ 485 nm and
λ ≈ 511 nm [32, 45, 46], respectively.

FIG. 6: Snapshots of sample B1 (details are given in table II)
spinning with angular velocities 6000 rpm (a), 9000 rpm (b),
12000 rpm (c) and 15000 rpm (d). The observed deformation
is correctly captured by the one obtained minimizing the total
energy using the FE method (Sec. II C), whose result is rep-
resented by the white dash-dotted lines. The corresponding
values of the load are α = 27 (a), 60 (b), 107 (c) and 167 (d).
The global deformations dmax/dmin are 1.6 (a), 2.2 (b), 3.0
(c) and 3.9 (d).

Sample R0 A B β G0 Γ
mm s Pa mN/m

B1 0.73 2.99× 10−3 -0.75 4.9 7.1 25.6
±0.01 ±0.07× 10−3 ±0.09 ±0.6 ±0.3 ±4.4

B2 0.89 4.00× 10−3 -1.05 7.8 5.1 35.3
±0.01 ±0.01× 10−3 ±0.14 ±1.6 ±0.3 ±8.9

B3 0.89 2.11× 10−3 -0.042 1.2 27.8 28.9
±0.01 ±0.04× 10−3 ±0.050 ±0.2 ±1.0 ±5.0

B4 0.965 2.67× 10−3 -0.13 1.5 16.4 29.3
±0.010 ±0.04× 10−3 ±0.05 ±0.2 ±4.0 ±10.0

TABLE II: Data obtained from the analysis of the measure-
ments of dmax/dmin as a function of ω for the four tested
samples.

B. Analysis

Four beads (coded as B1, B2, B3, B4) have been tested
in the SDT in the large deformation limit (dmax/dmin >
2). Figure 6 shows one fluoresceinated bead (B1) under
different forcing (from 6000 rpm to 15000 rpm). For all
beads we have extracted the parameter A and B from the
relation dmax/dmin = Aω + B in the large deformation
regime (see Fig. 7), and then, G0 and Γ have been de-
duced following the procedure detailed in Sec. II C (see
Table II).
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FIG. 7: dmax/dmin as a function of ω for four polyacrylamide
beads with different radius R0 and/or different shear modulus
G0. Solid lines are the results of linear fit dmax/dmin = Aω+
B carried out for ω > 800 s−1 (see Table II).

To check further the validity of our approach for largely
deformed beads, we have rescaled our experimental data
with the same procedure already adopted for the theo-
retical values of dmax/dmin (Fig. 5). Figure 8 shows
all values of dmax/dmin obtained for different synthe-
sis of polyacrylamide beads in function of the rescaled
forcing Aω + B. All data collapse on the same master
curve, showing that the large deformation limit is indeed
reached in all cases.

The values of the interfacial free energy are found to be
similar from one bead to another one, with a weighted
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FIG. 8: dmax/dmin as a function of the rescaled angular ve-
locity, for polyacrylamide beads with different radius and/or
elastic modulus.

average of Γ = 28.1± 3.0 mN m−1 (See Table II). Er-
ror bars could be reduced by exploring larger values of
ω, which was not possible with our SDT. Interestingly,
these values of Γ are in agreement with the liquid-liquid
interfacial tension Γliq = 33± 3 mN m−1 measured via
SDT between the oil and a solution of non-crosslinked
polyacrylamide polymers at the same acrylamide molar
concentration of the beads. Hence, the interfacial free en-
ergy and interfacial tension of the beads are equal within
our experimental uncertainties.

As a final remark we stress that the polymerization
reaction used to synthesize the beads occurred into the
background fluorinated oil used successively in SDT ex-
periments. On the one hand, this ensures that the beads
are not subject to a possible contamination that may
arise from the synthesis in other immiscible media and
that may affect successively the measurement performed
in the SDT, notably the measured interfacial energy. On
the other hand this oil inevitably alters the polymeriza-
tion process, hence modifying the value of the gel mod-
ulus with respect to other similar synthesis already per-
formed in our group [10]. This deviation, which can be
significant for gels with low elastic modulus, is more pro-
nounced as the contact surface between the aqueous so-
lution and oil is larger. For this reason, we could not per-
form different types of synthesis like those carried out to
produce macroscopic polyacrylamide gels [10, 47] whose
modulus can be determined via other methods [10, 40].
This hampered a direct cross-check of the values obtained
for the shear modulus of our beads. Further research ac-
tivity is being carried on in our group to develop a syn-
thesis protocol enabling to crosscheck the measurement
of elastic moduli obtained via a SDT. Despite of that, the
values obtained with the SDT method seem relevant as
they are in excellent agreement with those found via im-
pact experiments [10] for similar polyacrylamide beads,
suggesting that the bead deformation method under cen-
trifugal forcing may serve as an ideal strategy to measure
accurately both the elastic moduli and the surface ener-

gies of soft elastic materials.

IV. CONCLUSIONS

Due to the interplay between bulk and surface forces
acting simultaneously, isolating the effects of the solid-
liquid interfacial free energy constant of a soft solid is
challenging. While for materials with large shear mod-
uli the contribution of interfacial stresses to deformation
can generally be safely neglected, the equilibrium shapes
and the stability of soft solids under external drives are
altered significantly by their ability to store and/or re-
lease interfacial energy. For such systems, measuring the
shear modulus is also a difficult task since standard rheo-
metric techniques are often confronted with experimental
issues, like wall slip, edge fracture and instrumental reso-
lution, hampering the accurate measurement of the ma-
terial moduli. For this reason, a robust method able to
measure unambiguously both the shear modulus and the
interfacial free energy is highly desirable. In this paper
we have shown that simultaneous measurements of the
shear modulus and the interfacial free energy of elastic
materials can be achieved without contact with a solid
surface by analysing the shape of spinning soft beads.
These measurements are based on a gradual variation of
the load, i.e. of the angular velocity of the bead. This
method requires the prior knowledge of the constitutive
equation of the material. Here, in particular, we have
investigated the case the isochoric neo-Hookean model,
valid for polyacrylamide gels. We have measured the
solid-liquid interfacial free energy for solid particles un-
dergoing large deformations, and we have shown that,
for these systems, the interfacial free energy is similar
to the liquid-liquid interfacial tension measured in ab-
sence of elastic bulk forces. Our results corroborate a
scenario where the deformation of soft amorphous poly-
mer materials under an external load can be described
considering one single interfacial free energy parameter
independent on the deformation. For materials following
another known constitutive law (like the Gent model [48]
or Mooney-Rivlin model [49]), the method described here
also applies provided that this elastic law is accounted for
in the simulations so that the functions a(β) and b(β) are
properly determined. We hope that our work motivates
further research both to improve and adapt SDT appa-
ratus to the measurement of the elastic modulus of soft
materials and to generalize our results to different elastic
and viscoelastic systems.
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