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EQUIVARIANT COX RING

ANTOINE VEZIER

Abstract

We define the equivariant Cox ring of a normal variety with algebraic group action. We study
algebraic and geometric aspects of this object and show how it is related to the ordinary Cox ring. Then,
we specialize to the case of normal rational varieties of complexity one under the action of a connected
reductive group G. We show that the G-equivariant Cox ring is then a finitely generated integral normal
G-algebra. Under a mild additional condition, we give a presentation by generators and relations of
its subalgebra of U -invariants, where U is the unipotent part of a Borel subgroup of G. The ordinary
Cox ring is also finitely generated and canonically isomorphic to the U -equivariant Cox ring, so that it
inherits a canonical structure of U -algebra. Relying on a work of Hausen and Herppich, we prove that the
subalgebra of U -invariants of the Cox ring is a finitely generated Cox ring of a variety of complexity one
under the action of a torus. This yields in particular that this latter algebra is a complete intersection.

Characterizing the log terminality of singularities in a finitely generated Cox ring is an interesting
question, particularly since the work of Gongyo, Okawa, Sannai and Takagi characterizing varieties of
Fano type via singularities of Cox rings ([13]). We provide a criterion of combinatorial nature for the
Cox ring of an almost homogeneous G-variety of complexity one to have log terminal singularities.

Iteration of Cox rings has been introduced by Arzhantsev, Braun, Hausen and Wrobel in [1]. For
log terminal quasicones with a torus action of complexity one, they proved that the iteration sequence
is finite with a finitely generated factorial master Cox ring. We prove that the iteration sequence is
finite for equivariant and ordinary Cox rings of normal rational G-varieties of complexity one satisfying
a mild additional condition (e.g. complete varieties or almost homogeneous varieties). In the almost
homogeneous case, we prove that the equivariant and ordinary master Cox rings are finitely generated
and factorial.

1 Introduction
The Cox ring of a normal algebraic variety X, denoted Cox(X), is an important invariant that encodes

a lot of geometric information, see [2] for a comprehensive reference on this rich subject. It is the ring of
global sections of the Cox sheaf, which is, roughly speaking, the direct sum

RX :=
⊕

[F ]∈Cl(X) F

indexed by elements of the class group of X, i.e. the group of isomorphism classes of divisorial sheaves on X.
Under some additional assumptions, RX can be endowed with a structure of quasi-coherent Cl(X)-graded
OX -algebra, whence a structure of Cl(X)-graded ring on Cox(X). When RX is of finite type as an OX -
algebra, its relative spectrum X̂ is a normal algebraic variety over X called the characteristic space of X.
The characteristic space is endowed with an action of the diagonalizable algebraic group ΓCl(X) whose group
of characters is Cl(X), and the structural morphism X̂ → X is a good quotient for this action which induces
a ΓCl(X)-torsor on an open subvariety whose complement is of codimension > 2. Also, when the Cox ring is
a finitely generated k-algebra, its spectrum X̃ is called the total coordinate space of X, and the affinization
morphism X̂ → X̃ is a ΓCl(X)-equivariant open immersion whose image has a complement of codimension
> 2 in X̃. When X is smooth, the characteristic space is a ΓPic(X)-torsor over X called the universal torsor.

Given a variety with well defined Cox ring, it is a very challenging (and important) problem to find an
explicit presentation of this ring by generators and relations. When the variety has a lot of symmetries, one
can hope to answer this problem by taking advantage of this additional information. This can already be
seen in the case of toric varieties which is at the origin of the theory ([2, 2.2]). In this case, the Cox ring
is a polynomial k-algebra in the canonical sections associated to the prime divisors lying in the complement
of the torus. Hence, a toric variety admits a description as a quotient by a diagonalizable group of an open
subvariety in an ambient affine space. This provides a vast generalization of the classical construction of the
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projective space. Toric varieties belong to the wider class of spherical varieties, i.e. normal varieties endowed
with an action of a connected reductive group such that a Borel subgroup acts with a dense orbit. These are
exactly the varieties of complexity zero, that is, the minimal codimension of an orbit by a Borel subgroup
is zero. The Cox ring of a spherical variety is also finitely generated with a known explicit description.
However, this description is already much more complicated than in the case of toric varieties ([6]).

More generally, when X is endowed with an action of an algebraic group G, the general idea is to try
to keep track of the G-action in Cox(X) in order to obtain a graded G-algebra and use methods from
representation theory to approach its structure. Geometrically, this means lifting equivariantly the G-action
to the characteristic space. Unfortunately, such a lift does not exist in general, and even when it exists, it is
in general not unique and depends on a choice ([2, 4.2.3]). An alternative approach which has proven useful
([6, 4.2]) is to define an equivariant analogue of the Cox ring and to relate it to the usual Cox ring. Building
on Brion’s ideas in loc. cit., we give an intrinsic construction of the G-equivariant Cox sheaf. Roughly, this
is a direct sum

RGX :=
⊕

[F ]∈ClG(X) F

indexed by elements of the equivariant class group ClG(X), i.e. the group of isomorphism classes of G-
linearized divisorial sheaves on X. The main difficulty is then to endow this sheaf with a structure of quasi-
coherent ClG(X)-graded OX -algebra. This requires in particular to revisit the construction of the usual Cox
sheaf itself (Section 2.1), and to compare it with the classical construction [2, 1.4]. The G-equivariant Cox
ring, denoted CoxG(X), is the ring of global sections of RGX . When RGX is of finite type as an OX -algebra,
its relative spectrum X̂G is a normal G×ΓClG(X)-variety called the G-equivariant characteristic space of X.
When moreover CoxG(X) is a finitely generated k-algebra, its spectrum X̃G is a normal G×ΓClG(X)-variety
called the G-equivariant total coordinate space. These varieties sit in the diagram

X̂G X̃G

X ,

q

where the affinization morphism X̂G ↪−→ X̃G is a G × ΓClG(X)-equivariant open immersion whose image
has a complement of codimension > 2 in X̃G. Moreover, q is a G-equivariant good quotient of X̂G by
ΓClG(X) and induces a ΓClG(X)-torsor in codimension > 2. More generally, G-equivariant good quotients by
diagonalizable groups satisfying this last property are called G-equivariant diagonalizable almost principal
bundles. In Sections 2.4 to 2.7, we study these bundles and derive properties of X̂G and X̃G all along.

Assuming that G is connected, we establish a localization exact sequence involving the natural morphism
ClG(X)→ ClG(X0) associated to the restriction to a G-stable open subvariety X0 ⊂ X. This exact sequence
(obtained in Section 2.2) is the basic tool to relate CoxG(X) and CoxG(X0), a link which is established in
Section 2.8. As an application, we consider the case where X is almost homogeneous, that is, admits an
open G-orbit X0 ' G/H. The equivariant Cox ring of G/H always exists, and is the coordinate algebra
of a homogeneous space G/K which can be described explicitly (2.5.13). Still assuming that X is almost
homogeneous, there is a good quotient X̃G → Ank by G, where n is the number of G-stable prime divisors in
X (2.8.5), and the general fibers of this morphism are isomorphic to the equivariant total coordinate space
of the open orbit X0 (2.8.1). Furthermore, the open G × ΓClG(X)-orbit q−1(X0) is isomorphic to the fiber
bundle

G/K ×ΓĤ ΓClG(X) → Gnm
associated with the ΓĤ -torsor ΓClG(X) → Gnm (2.8.6). This description is useful for doing computations in
CoxG(X), because it can be embedded as a graded subalgebra of a coordinate algebra admitting an explicit
description.

Still assuming G connected, we uncover the link between CoxG(X) and Cox(X) in Section 2.9. It turns
out that we have a commutative diagram
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X̂G X̃G

X̂ X̃ ,

where horizontal arrows are affinization morphisms, and vertical arrows are finite morphisms. Moreover,
these finite morphisms are equivariant with respect to the morphism ΓCl(X) → ΓClG(X) dually defined by the
forgetful morphism ClG(X)→ Cl(X). When this last morphism is surjective (which can always be achieved
up to replacing G with a finite cover), the vertical arrows are closed immersions. In this case, we determine
explicitly the ideal of CoxG(X) defining the subvariety X̃ of X̃G.

Starting from Section 3.1, we specialize to the case of a normal variety X of complexity one under the
action of a connected reductive group G. We show that finite generation of CoxG(X) (resp. Cox(X)) is
equivalent to the rationality of X. Hence, assuming that X is a rational variety, CoxG(X) is a finitely
generated normal integral ClG(X)-graded k-algebra admitting G as a group of graded automorphisms.

A classical approach in invariant theory is to study the algebra of U -invariants CoxG(X)U where U is
the unipotent part of a Borel subgroup of G. Indeed, the algebras CoxG(X) and CoxG(X)U share many
properties, and the structure of this last algebra is more accessible. Under a mild additional condition, we
give in Section 3.2 a presentation by generators and relations of CoxG(X)U , which generalizes a result of
Ponomareva ([31, Thm 4]). When G is a torus T, we use the description of Cox(X) as a quotient of CoxT(X)
in order to obtain a presentation by generators and relations of Cox(X). This generalizes a result of Hausen
and Süss ([2, Thm 4.4.1.6]), and already demonstrates the power of equivariant Cox rings as a tool to study
usual Cox rings.

There is a canonical isomorphism between the U -equivariant Cox ring and the ordinary Cox ring, whence
a canonical structure of U -algebra on Cox(X). When X is spherical, it follows from [6, 4.2.3] and 2.9.3 that
Cox(X)U is a finitely generated polynomial k-algebra. When X is rational of complexity one, we show in
Section 3.3 that the k-algebra Cox(X)U is a finitely generated Cox ring of a normal variety of complexity
one under the action of a torus. To prove this property, we rely on a work of Hausen and Herppich ([2, 3.4.2
and 3.4.3]). This yields in particular that Cox(X)U is a complete intersection.

In Section 3.4, we turn to the singularities of the total coordinate space of an almost homogeneous G-
variety of complexity 6 1. It is well known that Cox rings are normal integral domains. However, they
can be quite singular in general. They are not necessarily Cohen-Macaulay although it has been recently
shown by Braun in [5] that they are 1-Gorenstein (i.e. the canonical sheaf over the total coordinate space
is invertible). Our goal is to provide a condition of combinatorial nature for the total coordinate space to
have log terminal singularities. This is an interesting question, for example a Q-factorial normal projective
variety X is of Fano type (i.e. there exists an effective Q-divisor ∆ such that −(KX + ∆) is ample and
the pair (X,∆) is Kawamata log terminal) if and only if its Cox ring is finitely generated with log terminal
singularities ([13, Thm 1.1]). It turns out that the total coordinate space of a spherical variety is always log
terminal (3.4.1). In complexity one, we obtain the following criterion (3.4.3)

Theorem. Let G be a connected reductive group, and X be an almost homogeneous G-variety of complexity
one with only constant invertible regular functions. Then,

X̃ has log terminal singularities ⇐⇒ Cox(X)U is a Platonic ring.

The above condition on Cox(X)U is of combinatorial nature, and has been introduced in [1]. It translates
into a condition on a geometric data attached to X (see 3.3.6, 3.3.7).

In Section 3.5, we study the iteration of Cox rings for normal rational varieties of complexity one. A
general remark is that there is no reason a priori for a total coordinate space X̃ to have a trivial class group.
Iteration of Cox rings roughly consists in studying the sequence of total coordinate spaces

...→ X̃(n) → X̃(n−1) → ...→ X̃(2) → X̃,

where X̃(n) denotes the total coordinate space of X̃(n−1). A basic question is whether this sequence is finite,
that is, there exists an integer n for which X̃(n) has either trivial class group, or a non-finitely generated
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Cox ring, or a Cox ring which is not well defined (i.e. O(X̃(n))∗ 6' k∗ and Cl(X̃(n)) has a non-trivial torsion
subgroup). If the sequence is finite, X is said to have finite iteration of Cox rings, and the last obtained Cox
ring is called the master Cox ring. This question has been studied in [1] and [20] for varieties of complexity
one under a torus action. Finite iteration of Cox rings is proved in this setting, though with possibly a
non-finitely generated master Cox ring. Further advances on this problem are works of Gagliardi in the
spherical case ([12]), and of Braun for Fano type varieties ([5]). In this direction we obtain (3.5.2):

Theorem. Let G be a connected reductive group, and X be a normal rational G-variety of complexity one
with only constant invertible regular functions. Suppose moreover that X is complete, or that X is almost
homogeneous. Then, X admits finite iteration of Cox rings with well defined iterated Cox rings. In the
almost homogeneous case, the master Cox ring is factorial and finitely generated.

To finish, we mention that many results in this text find applications in a further article ([33]) dedicated to
almost homogeneous SL2-threefolds, for which ordinary and equivariant Cox rings are canonically isomorphic.

Acknowledgments. I am very grateful to Michel Brion for his help, and a very careful reading of the
present work. I also thank Jürgen Hausen for interesting discussions during my stay in Tübingen, and Lukas
Braun for enlightening email exchanges on a preliminary version of this paper.

Conventions. Let k denote an algebraically closed base field of characteristic zero. This last assumption
is not necessary for the construction of the equivariant Cox ring, but it will simplify the exposition, and it
will be needed starting from Section 3.1.

In this text, we work in the category of algebraic schemes, that is, separated k-schemes of finite type.
Hence, a morphism (f, f ]) : X → Y of algebraic schemes is meant to be a k-morphism. A variety is an
integral algebraic scheme. Without further precision, a point of a variety is meant to be a closed point.
The sheaf of regular functions (or structure sheaf) on an algebraic scheme X is denoted OX . A subvariety
of a variety X is a locally closed subset equipped with its reduced scheme structure. The sheaf of units
associated to OX is denoted O∗X . The dual Hom(F ,OX) of a quasi-coherent OX -module F is denoted F∨.
The isomorphism class of an object A in a category is denoted [A].

In this text, an algebraic group G is an affine algebraic group scheme. The multiplication morphism is
denoted mG : G×G→ G, and the neutral element eG : Spec k → G.

The character group of an algebraic group G is denoted Ĝ. Given a finitely generated abelian group M ,
we let ΓM denote the diagonalizable (algebraic) group Spec(k[M ]) with character group M . Let ϕ : Γ1 → Γ2

be a morphism of diagonalizable groups, we let ϕ] denote the dual morphism between character groups.
Without further precision, the letter T denotes an arbitrary torus.

A G-algebra is a k-algebra with a structure of rational G-module such that G acts by automorphisms of
algebra.

An almost homogeneous variety is a normal variety on which a connected algebraic group acts with a
dense orbit.

A quasicone is an affine Gm-variety such that the orbit closures meet in a common point.
Let G be an algebraic group, X an algebraic G-scheme, and q : X → Y a G-invariant morphism. We

say that q is a G-torsor (or principal G-bundle) over Y if q is faithfully flat, and the natural morphism
G×X → X ×Y X is an isomorphism. As algebraic groups are smooth in characteristic zero, q is faithfully
flat if and only if it is smooth and surjective.

Let G be an algebraic group and X an affine algebraic G-scheme. If O(X)G is a finitely generated k-
algebra, then the affine algebraic scheme X//G := Spec(O(X)G) is called the categorical quotient of X by
G. It is the universal object in the category of G-invariant morphisms from X to affine algebraic schemes.

Our convention is that a reductive group is a linearly reductive group, that is, every finite dimensional
representation of such group is semisimple. In particular, a reductive group is not necessarily connected. Let
G be a reductive group and X an algebraic G-scheme. A good quotient of X by G is an affine G-invariant
morphism q : X → Y such that q] induces an isomorphism OY → (q∗OX)G. It is a universal object in the
category of G-invariant morphisms from X to algebraic schemes.
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For a normal variety X, the group of Weil divisors is denoted WDiv(X). Every Weil divisor defines a
coherent sheaf OX(D) whose non-zero sections over an open subset U are rational functions f ∈ k(X)∗ such
that div(f) +D defines an effective divisor on U .

The canonical sheaf ωX on a normal variety X is the pushforward on X of the sheaf of differental forms
of maximal degree on the smooth locus Xsm. It is a divisorial sheaf, and any Weil divisor KX such that
OX(KX) ' ωX is a canonical divisor. A Q-Gorenstein variety is a normal variety such that some non-zero
power of the canonical sheaf is invertible. If the canonical sheaf is invertible, the variety is said to be Q-
Gorenstein of index one, or simply 1-Gorenstein. A Gorenstein variety is a normal Cohen-Macaulay variety
whose canonical sheaf is invertible.

Let X be a normal variety. We say that X has rational singularities if there exists a proper birational
morphism

ϕ : Z → X,

where Z is a smooth variety (a resolution of singularities), and such that Riϕ∗OZ = 0, ∀i > 0. This last
property doesn’t depend on the choice of a resolution. We say that X has log terminal singularities if the
following conditions are satisfied:

• X is Q-Gorenstein.

• There is a resolution of singularities ϕ : Z → X such that

KZ = ϕ∗KX +
∑
αiEi, αi > −1,

where the sum runs over the exceptional divisors Ei of ϕ.

2 Equivariant Cox ring

2.1 Cox ring of a pointed variety
Considering spaces of sections of line bundles over a G-variety X, one doesn’t necessarily want to see

these as spaces of rational functions satisfying vanishing conditions with respect to some Cartier divisor on
X. A prominent example of this situation is given by spaces of sections of line bundles over a flag variety,
which naturally occur as simple G-submodules of the left regular representation. This motivates a definition
of the Cox ring which is quite different from the usual one in the litterature. In [2, 1.4.2.3], a canonical
construction for the Cox ring of a pointed normal variety is presented. We push this idea one step further
by considering rigidified sheaves at the base point ([10, 9.2.8]). This leads to an intrinsic construction of the
Cox ring which will be well suited for the construction of the equivariant analogue.

Definition 2.1.1. A pointed normal variety is a pair (X,x) consisting of a normal variety X, and a smooth
point x ∈ X.

Let (X,x
i
↪−→ X) be a pointed normal variety such that O(X)∗ ' k∗. It will be clear from the construction

below that this last hypothesis is required in order to equip the Cox ring of (X,x) with a canonical structure
of algebra. Typical examples of varieties satisfying this condition are normal complete varieties and almost
homogeneous varieties under a semisimple algebraic group. A divisorial sheaf on X is a coherent reflexive
OX -module of rank one. On a smooth variety, a divisorial sheaf is simply an invertible sheaf. Moreover,
every divisorial sheaf on X is isomorphic to the pushforward on X of an invertible sheaf on the smooth locus
Xsm ([18, 1.12]). Given two divisorial sheaves F1,F2, the double dual of their tensor product

F1 ? F2 := (F1 ⊗OX
F2)∨∨

is a divisorial sheaf. The operation ? is compatible with taking isomorphism classes and endows the set
Cl(X) of isomorphism classes of divisorial sheaves with a structure of abelian group called the class group,
the inverse map being [F ] 7→ [F∨]. The class group identifies with the group of Weil divisors modulo linear
equivalence through the natural isomorphism
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[D] 7→ [OX(D)] ([18, 2.8]).

By [18, 1.12] again, the pullback functor associated to the open immersion of the smoooth locus Xsm ↪−→ X
induces an isomorphism of Cl(X) with the Picard group of Xsm, denoted Pic(Xsm). In particular, the
smoothness of x yields an isomorphism of one dimensional k-vector spaces i∗F → k.

Definition 2.1.2. Let (X,x
i
↪−→ X) be a pointed normal variety. A rigidified divisorial sheaf is a pair (F , f)

where F is a divisorial sheaf on X, and f : i∗F → k is an isomorphism of k-vector spaces. The isomorphism
f is a rigidification of F . A morphism v : (F , f) → (G, g) of rigidified divisorial sheaves is an OX -module
morphism preserving the rigidification. Precisely, this means that the diagram

i∗F i∗G

k

f

i∗v

g
commutes.

The set E of isomorphism classes of rigidified divisorial sheaves carries a natural structure of abelian
group. Indeed, the double dual of the tensor product of two rigidified divisorial sheaves is naturally equipped
with a rigidification, and this operation is compatible with taking isomorphism classes. In fact, the next
proposition says that we can identify the groups E and Cl(X).

Proposition 2.1.3. [10, 9.2.9] The group morphism ρ : E → Cl(X), [(F , f)] 7→ [F ] is an isomorphism.

Also, an important feature of these rigidified divisorial sheaves is that they have no non-trivial automor-
phisms. Indeed, similarly as for an invertible sheaf, an automorphism of a divisorial sheaf F is defined by
a invertible regular function on X. Thus, Aut(F) ' k∗ by hypothesis, and it follows that the identity is
the only automorphism preserving the additional data of a rigidification. Hence, if an isomorphism exists
between two rigidified divisorial sheaves, it is unique. In particular, this allows us to canonically identify
sections over an open set U ⊂ X of rigidified divisorial sheaves in a given class [(F , f)] ∈ E. Formally, we
have for each open subset U ⊂ X an equivalence relation

s1 ∼U s2 ⇐⇒ s2 = v(U)(s1), where s1 ∈ F1(U), s2 ∈ F2(U), and v : (F1, f1)
'−→ (F2, f2).

This relation is compatible with the O(U)-module structure, and with the restrictions to open subsets.
Performing the quotients with respect to the various relations ∼U , we obtain a well-defined divisorial sheaf
Fx lying in the class [F ] ∈ Cl(X). Indeed, let’s denote θU the canonical projection associated to the
equivalence relation ∼U . Then the isomorphisms

F(U)→ Fx(U), s 7→ θU (s)

for the various open subsets induce an isomorphism of sheaves F '−→ Fx. In other words, for any element
[F ] ∈ Cl(X) we have constructed a canonical representative Fx, which we call the rigidified sheaf associated
to [F ].

Proposition 2.1.4. Let (X,x) a pointed normal variety such that O(X)∗ ' k∗. Then, the sheaf

RxX :=
⊕

[F ]∈Cl(X) Fx

has a natural structure of quasi-coherent Cl(X)-graded OX-algebra.

Proof. By construction, RxX is a Cl(X)-graded quasi-coherent OX -module. The multiplication between
homogeneous sections is defined by the natural morphism

Fx(U)⊗O(U) Gx(U)→ (Fx ? Gx)x(U)

for every open subset U ⊂ X. This multiplication endows RxX with a structure of quasi-coherent Cl(X)-
graded OX -algebra.
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Definition 2.1.5. [2, 1.6.1] With the assumptions of the last proposition, RxX is the Cox sheaf of the pointed
variety (X,x). The Cox ring Coxx(X) is the ring of global sections of RxX . When RxX is of finite type as an
OX -algebra, the relative spectrum X̂x of the Cox sheaf is the characteristic space of (X,x). When Coxx(X)
is a finitely generated k-algebra, its spectrum X̃x is the total coordinate space of (X,x). When no ambiguity
occurs, we often drop the reference to the base point in the notation.

Remark 2.1.6. It is customary to suppose that Cl(X) is finitely generated in the above definition. This is
justified by the hope to obtain a Cox sheaf of finite type. A sufficient condition is that the Cox ring be a
finitely generated k-algebra ([2, 1.6.1.1]). Normal varieties with finitely generated Cox ring are called Mori
Dream Spaces (MDS), due to their good behaviour with respect to Mori’s minimal model program ([22]).

Now we compare the construction above with the construction of the Cox sheaf of a pointed normal
variety as defined in [2, 1.4.2.3]. In particular, we produce an isomorphism of graded OX -algebras between
both constructions. We begin by recalling this last construction. Regard Cl(X) as the group of Weil divisors
on X modulo linear equivalence and suppose it is finitely generated. Consider the subgroup Kx ⊂WDiv(X)
whose elements are Weil divisors on X whose support doesn’t contain x. The restriction Kx → Cl(X) of
the natural projection is still surjective. Choose a finitely generated subgroup K ⊂ Kx which again projects
surjectively on Cl(X), and denote π : K → Cl(X) this projection. For each E ∈ kerπ, there exists by
assumption a unique fE ∈ k(X) defined on a neighborhood of x such that E = div(fE) and fE(x) = 1. This
allows to define a group morphism χ : kerπ → k(X)∗ such that div(χ(E)) = E, for all E ∈ kerπ. The Cox
sheaf of (X,x) is then defined as the quotient of the OX -algebra S :=

⊕
D∈K OX(D) by the sheaf of ideals

I generated by the elements (1−χ(E))E∈kerπ, where 1 and χ(E) are respectively global sections of OX and
OX(−E).

Now choose a Z-basis (D1, ..., Dr) of K and rational functions f1, ...fr such that fi(x) = 1 and Di|U =
div(fi)|U on a neighborhood U of x. These functions exist by hypothesis on K, and this choice amounts
to choosing rigidifications for the divisorial sheaves OX(Di), i = 1, ..., r. This induces rigidifications of the
divisorial sheaves OX(

∑
i niDi), (ni) ∈ Zr in the same way. We have a canonical surjective morphism of

graded OX -algebras

ϕ : S =
⊕

(ni)∈Zr OX(
∑
i niDi)→ RxX , s ∈ Γ(U,OX(

∑
i niDi)) 7→ θU (s)

such that the induced morphism between grading groups is π. Indeed, the equivalence relations ∼U between
sections of rigidified sheaves are compatible with the algebra structure on S. Notice that two homogeneous
sections s1, s2 over U have the same projection θU (s1) = θU (s2) if and only if there exists E ∈ kerπ such
that s2 = χ(E)s1. This implies that kerϕ = I, whence the sought isomorphism.

2.2 Equivariant class group
Let G an algebraic group, σ : G×X → X an action of G on a normal variety X, and pX : G×X → X

the second projection. Following [15, Exp. I, 6.5], a G-linearization of a quasi-coherent sheaf F on X is
an isomorphism Φ : σ∗F '−→ p∗XF verifying a certain cocycle condition. The geometric incarnation of F
is the vector fibration V(F) := SpecX(SymOX

(F)) over X ([16, II.1.7.8]). A G-linearization of F is then
equivalent to an action of G on V(F) that lifts the G-action on X and commutes with the natural Gm-action
on V(F). Because σ and pX are flat morphisms, the associated pullbacks of coherent sheaves commute with
the operation of taking duals ([16, III.12.3.5]). It follows that given two G-linearized divisorial sheaves F1

and F2 on X, there is a canonical G-linearization induced on F1?F2 and F∨1 . Also, there is an obvious notion
of isomorphism of G-linearized sheaves, and the operation ? is compatible with this notion. The induced
operation on the set of isomorphism classes of G-linearized divisorial sheaves on X yields an abelian group
structure. This defines the equivariant class group, denoted ClG(X). This group contains the equivariant
Picard group PicG(X), that is, the group of isomorphism classes of G-linearized invertible sheaves on X.

Proposition 2.2.1. Let j : X0 → X a G-equivariant open immersion whose image has a complement of
codimension > 2 in X. Then, the pullback functor j∗ on coherent sheaves induces isomorphisms
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Cl(X) ' Cl(X0) and ClG(X) ' ClG(X0).

In particular, we have isomorphisms

Cl(X) ' Pic(Xsm) and ClG(X) ' PicG(Xsm).

Proof. The isomorphism Cl(X) ' Cl(X0) is a direct consequence of [18, 1.12]. Furthermore, the pullback
functor j∗ on coherent sheaves induces a well defined morphism ClG(X)→ ClG(X0) because j is an equivari-
ant flat morphism between normal G-varieties. Also, we have an open immersion IdG× j : G×X0 → G×X
of normal varieties whose image has a complement of codimension > 2 in G × X. By [18, 1.12] again,
the pullback functor (IdG × j)∗ induces for each divisorial sheaf F on X a bijection between the set of
G-linearizations of F and the set of G-linearizations of j∗F . Thus, the morphism ClG(X) → ClG(X0) is
bijective.

Assuming from now that G is connected, we have the important exact sequence

0→ O(X)∗G → O(X)∗
χ−→ Ĝ

γ−→ ClG(X)
φ−→ Cl(X) (1)

relating the equivariant class group to the usual one through the forgetful morphism φ that "forgets" the
linearizations. This sequence is obtained from the analogous exact sequence for Pic(Xsm) ([7, 4.2.2]), by
means of the above isomorphisms and O(X)∗ ' O(Xsm)∗. The morphism γ maps a character λ ∈ Ĝ to
the associated G-linearization OX(λ) of the structure sheaf ([7, 4.1.7]), and χ maps an invertible regular
function f to its weight χf relative to the G-action ([7, 4.1.6]).

Remark 2.2.2. By [7, 5.2.1] and 2.2.1, the cokernel of φ has finite exponent bounded by the order of the
Picard group of G (which is finite, see [7, 5.1.3]). It follows that finite generation of ClG(X) implies finite
generation of Cl(X). By the above exact sequence, the converse is true.

On several occasions, we will have to suppose that the forgetful morphism is surjective. It is apparent
from the above that this condition is satisfied if we suppose that Pic(G) = 0. This latter assumption is
not a serious restriction as there exists a central isogeny G̃ → G of connected algebraic groups such that
Pic(G̃) = 0 ([28, 18.22]).

Consider a non-empty open subset X0
j
↪−→ X, and denote (Di)i=1,..,r the possibly empty family of prime

divisors lying in the complement. A very useful tool for the study of class groups of normal varieties is the
localization exact sequence

0→ O(X)∗ → O(X0)∗
div−−→

r⊕
i=1

ZDi
D 7→[D]−−−−−→ Cl(X)

j∗−→ Cl(X0)→ 0. (2)

Suppose that X0 is G-stable. Then, it is natural to look for an analogous exact sequence involving the
restriction morphism ClG(X)

j∗−→ ClG(X0). Again, we can suppose that X is smooth and consider (equivari-
ant) Picard groups instead of (equivariant) class groups. The main idea is then to use a construction from
Edidin and Graham in order to realize PicG(X) as the Picard group of a variety built from X in a natural
way. Following [9, Lemma 9], there exists a finite dimensional G-module E and a non-empty G-stable open
subset E0 ⊂ E whose complement in E is of codimension > 2, and such that we have a G-torsor E0 → E0/G.

Proposition 2.2.3. The associated fiber bundle f : E0 ×X → E0 ×G X exists in the category of varieties
and we have an isomorphism

Pic(E0 ×G X)
'−→ PicG(X)

obtained from the isomorphisms PicG(X)
p∗X−−→ PicG(E0 ×X) and Pic(E0 ×G X)

f∗−→ PicG(E0 ×X).
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Proof. That the associated fiber bundle f exists in the category of varieties is a consequence of a theorem

of Sumihiro ([7, 5.3.4]). The isomorphism PicG(X)
p∗X−−→ PicG(E0 ×X) follows from [9, Lemma 2], and the

isomorphism Pic(E0 ×G X)
f∗−→ PicG(E0 ×X) is a consequence of a descent result from Grothendieck ([7,

3.3.1]). Considering (p∗X)−1 ◦ f∗ yields the desired isomorphism.

Corollary 2.2.4. Let G a connected algebraic group, X a normal G-variety, X0
j
↪−→ X a non-empty G-

stable open subvariety, and (Di)i=1,..,r the family of prime divisors lying in the complement of X0. Then the
sequence

0→ O(X)∗G → O(X0)∗G
div−−→

r⊕
i=1

ZDi
D 7→[D]−−−−−→ ClG(X)

j∗−→ ClG(X0)→ 0 (3)

is exact.

Proof. Notice already that the arrow
⊕r

i=1 ZDi → ClG(X) is well-defined because each prime divisor Di is
G-invariant, hence the sheaves OX(Di) are canonically linearized. Again, we can replace X by its smooth
locus and consider (equivariant) Picard groups. Consider the diagram

0 O(E0 ×G X)∗ O(E0 ×G X0)∗
⊕r

i=1 Z(E0 ×G Di) Pic(E0 ×G X) Pic(E0 ×G X0) 0

0 O(X)∗G O(X0)∗G
⊕r

i=1 ZDi PicG(X) PicG(X0) 0

E0×GDi 7→Di

j∗

where the upper line is the exact sequence (2) applied to E0 ×G X0 ↪−→ E0 ×G X, and the bottom line is
the sequence (3). The fourth and fifth vertical arrows are isomorphisms as described in the last proposition,
and the first and second vertical arrows are defined as follow: notice that because f is a torsor, there is an
isomorphism f ] : OE0×GX → (f∗OE0×X)G, hence the ring morphism f ](E0 ×G X) induces an isomorphism
O(E0 ×G X)∗ ' O(E0 ×X)∗G. Also, because E0 has a complement in E of codimension > 2 and E is an
affine space, the projection pX : E0 ×X → X induces an isomorphism

p]X(X) : O(X)∗G → O(E0 ×X)∗G

between groups of G-invariant units. The first vertical arrow is then the isomorphism

(p]X(X))−1 ◦ f ](E0 ×G X).

The second vertical arrow is the isomorphism obtained the same way but replacing X by X0. The third arrow
is obviously an isomorphism between these two free abelian groups of rank r. The diagram is commutative
by construction, and the second arrow is exact because all vertical arrows are isomorphisms.

2.3 Construction of the equivariant Cox ring

Let G an algebraic group, σ : G × X → X an action of G on a pointed normal variety (X,x
i
↪−→ X)

such that O(X)∗G ' k∗, and pX : G × X → X the second projection. Natural examples of such varieties
are almost homogeneous varieties, and normal complete G-varieties. Below, we follow the lines of the
construction presented in Section 2.1, but considering G-linearized divisorial sheaves on X. In particular,
this will motivate the assumption O(X)∗G ' k∗.

Similarly as before, consider the category of rigidified G-linearized divisorial sheaves on X whose mor-
phisms preserve linearizations and rigidifications. Let EG be the set of isomorphism classes associated to
this category, which again carries a natural structure of abelian group.

Proposition 2.3.1. The group morphism ρ : EG → ClG(X), [(F , f)] 7→ [F ] is an isomorphism.
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Proof. We adapt the proof [10, 9.2.9] of Proposition 2.1.3. The map ρ obviously defines a surjective group
morphism. To check injectivity, consider an element [(F , f)] ∈ ker ρ. Then, there is an isomorphism of
G-linearized divisorial sheaves v : F → OX , where OX is endowed with the trivial linearization. Consider
the automorphism w := i∗v ◦ f−1 of k viewed as a k-vector space. Let ϕ→ Spec k the structural morphism
of X, the pullback ϕ∗w : OX → OX of w is the automorphism of OX (as a G-linearized sheaf) defined by
the multiplication by the constant function w(1k). By construction, we have (F , f) ' (OX , w−1) through v,
and (OX , Idk) ' (OX , w−1) through ϕ∗w. This proves [(F , f)] = [(OX , Idk)].

Given a G-linearized divisorial sheaf F on X, we have Aut(F) ' O(X)∗G. Because O(X)∗G ' k∗

by assumption, we can identify sections of rigidified G-linearized divisorial sheaves lying in a given class
[(F , f)] ∈ EG. Similarly as in 2.1, this identification is done using the equivalence relations ∼GU indexed by
open subsets U ⊂ X. This builds up a canonical representative Fx of the corresponding class [F ] ∈ ClG(X)
which we call the rigidified G-linearized sheaf associated to [F ].

Proposition 2.3.2. The sheaf

RG,xX :=
⊕

[F ]∈ClG(X) Fx

has a natural structure of quasi-coherent ClG(X)-graded OX-algebra. If this OX-algebra is of finite type, its
relative spectrum X̂G,x := SpecX(RG,xX ) is an algebraic scheme endowed with a G-action that commutes with
the natural ΓClG(X)-action, and that lifts the G-action on X.

Proof. By construction, RG,xX is a ClG(X)-graded quasi-coherent OX -module. The multiplication between
homogeneous sections is defined by the natural morphism

Fx(U)⊗O(U) Gx(U)→ (Fx ? Gx)x(U)

for every open subset U ⊂ X. This multiplication equips RG,xX with a structure of quasi-coherent ClG(X)-
graded OX -algebra.

Suppose that RG,xX is of finite type. Then, the relative spectrum X̂G,x is by definition an algebraic
scheme which comes with a morphism q : X̂G,x → X. Moreover, the grading group ClG(X) has to be finitely
generated, thus ΓClG(X) is a diagonalizable group having a natural action on X̂G,x. Now, consider the direct
sum

Φ :=
⊕

[F ]∈ClG(X) ΦFx

of the isomorphisms ΦFx : σ∗Fx → p∗XFx given by G-linearizations of the divisorial sheaves Fx. By
construction, Φ defines an isomorphism of ClG(X)-graded OG×X -algebra σ∗RG,x → p∗XRG,x. By virtue of
[16, II.1.5.5], we can identify the morphism SpecG×X(σ∗RG,x)→ G×X with the base change of q along the
morphism G × X σ−→ X. In the same way, we identify SpecG×X(p∗XRG,x) with G × X̂G,x as schemes over
G×X. Hence, we obtain a cartesian square

G× X̂G,x X̂G,x

G×X X .

� q

σ

The G-linearizations of the homogeneous components yield a cocycle condition for the isomorphism Φ, hence
a G-linearization of RG,x. It follows that the morphism G×X̂G,x → X̂G,x satisfies the associativity axiom of
a group action. By the diagram, this action lifts the G-action on the base X. Finally, this action commutes
with the ΓClG(X)-action because the automorphism of ClG(X) induced by Φ through its action on the grading
group is the identity.
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Definition 2.3.3. The equivariant Cox sheaf of (X,x) is the ClG(X)-graded OX -algebra RG,xX . The equiv-
ariant Cox ring CoxG,x(X) is the ring of global sections of RG,xX . When RG,xX is of finite type as an
OX -algebra, the relative spectrum X̂G,x over X of the Cox sheaf is the equivariant characteristic space of
(X,x). When CoxG,x(X) is a finitely generated k-algebra, its spectrum X̃G,x is the equivariant total co-
ordinate space of (X,x). When no ambiguity occurs, we often drop the reference to the base point in the
notation.

Remark 2.3.4. By the exact sequence (1) and 2.2.2, the equivariant Cox ring and the usual Cox ring are
canonically isomorphic if G is a semisimple and simply connected algebraic group.

2.4 Equivariant diagonalizable torsors
Let G be an algebraic group, Γ a diagonalizable group, and (X,x) a pointed normal G-variety.

Definition 2.4.1. A diagonalizable torsor is a torsor (or principal bundle) under a diagonalizable group.
Let Y be a G×Γ-variety, and q : Y → X a diagonalizable Γ-torsor. Then q is a G-equivariant diagonalizable
Γ-torsor over X if the morphism q is G-equivariant.

The G-equivariant diagonalizable Γ-torsors over X naturally form a category, taking for arrows the G×Γ-
equivariant morphisms over X. In this Section, we classify G-equivariant diagonalizable torsors over X up to
isomorphism, assuming X admits only constant invariant invertible regular functions. The next proposition
gives the general form of such a torsor. Recall that a torsor by an (affine) algebraic group is necessarily an
affine invariant morphism.

Proposition 2.4.2. Let Y be an algebraic Γ-scheme, and q : Y → X be a Γ-invariant affine morphism.
Then, Y is the relative spectrum over X of a quasi-coherent Γ̂-graded OX-algebra AG of finite type. Moreover,
q defines a G-equivariant Γ-torsor over X if and only if

1. ∀χ ∈ Γ̂, AGχ is a G-linearized invertible sheaf.

2. ∀χ, λ ∈ Γ̂, the natural morphism AGχ ⊗OX
AGλ → AGχ+λ is an isomorphism of G-linearized invertible

sheaves.

Proof. By [15, Exp. 8, 4.1], the morphism q is a Γ-torsor if and only if the homogeneous components of
AG are invertible sheaves and the natural morphisms AGχ ⊗OX

AGλ → AGχ+λ are isomorphisms of invertible
sheaves. Proceeding as in the proof of 2.3.2, we obtain that the conditions on G-linearizations are necessary
and sufficient to obtain a G-action on Y with the desired properties.

Denote H1
G(X,Γ) the set of isomorphism classes of G-equivariant Γ-torsor over X. The assignment

Γ 7→ H1
G(X,Γ)

naturally defines a functor from the category of diagonalizable groups to the category of pointed sets, where
origins are taken to be the classes of trivialG-equivariant diagonalizable torsors . Indeed, consider a morphism
of diagonalizable groups ϕ1 : Γ1 → Γ2, and define H1

G(X,ϕ1) as follows: Let q : Y → X a G-equivariant
Γ1-torsor over X, and Y ×Γ1 Γ2 the associated fiber bundle over X, where Γ1 acts on Γ2 via ϕ1. This fiber
bundle exists as a (normal) algebraic scheme ([7, 3.3.3]), and sits in the cartesian square

Y × Γ2 Y

Y ×Γ1 Γ2 X ,

pY

/Γ1 q

ψ

in which all arrows are G-equivariant. Moreover, ψ defines a Γ2-torsor as it pullbacks to the trivial torsor
along the faithfully flat morphism q. This construction is compatible with taking isomorphism classes, thus
it defines a map
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H1
G(X,ϕ1) : H1

G(X,Γ1)→ H1
G(X,Γ2).

Moreover, considering a second morphism ϕ2 : Γ2 → Γ3 of diagonalizable groups, we have

H1
G(X,ϕ2 ◦ ϕ1) = H1

G(X,ϕ2) ◦H1
G(X,ϕ1).

The next proposition says that the functor H1
G(X, .) is a group functor.

Proposition 2.4.3. Let Γ,Γ1,Γ2 be diagonalizable groups. We have a canonical bijection

H1
G(X,Γ1)×H1

G(X,Γ2)→ H1
G(X,Γ1 × Γ2), ([Y1], [Y2]) 7→ [Y1 ×X Y2],

where Γ1 × Γ2 acts on Y1 ×X Y2 componentwise. Moreover the canonical map

H1
G(X,Γ)×H1

G(X,Γ)→ H1
G(X,Γ× Γ)

H1
G(X,mΓ)−−−−−−−→ H1

G(X,Γ)

endow H1
G(X,Γ) with the structure of an abelian group for which the neutral element is the class of the trivial

G-equivariant Γ-torsor over X. Finally, considering a morphism of diagonalizable groups ϕ : Γ1 → Γ2, the
map H1

G(X,ϕ) is a group morphism.

Proof. The first map is well defined and has an inverse. Indeed, denote pi the two projections Γ1×Γ2 → Γi.
Then, the map which associates to a class [Y ] of G-equivariant Γ1 × Γ2-torsor over X, the pair

(H1
G(X, p1)([Y ]), H1

G(X, p2)([Y ]))

is the sought inverse. Hence, H1
G(X, .) commutes with finite products. As a consequence, this functor

sends groups to groups. But diagonalizable groups are group objects in their category, whence the claimed
structure of abelian group on H1

G(X,Γ). The last assertion is directly checked.

In order to determine the group H1
G(X,Γ), the last proposition allows to reduce to the situations where

Γ = Gm and Γ = µn. As a consequence of 2.4.2, we have an isomorphism

PicG(X)
'−→ H1

G(X,Gm), [L] 7→ [SpecX(
⊕
k∈Z
L⊗k)]. (4)

On the other hand, the exact sequence

1→ µn
i−→ Gm

t7→tn−−−→ Gm → 1

gives rise to an exact sequence of abstract groups

1→ O(X)∗/(O(X)∗)n → H1(X,µn)→ Pic(X)[n]→ 1,

where H1(X,µn) denotes the group of isomorphism classes of µn-torsors over X, and Pic(X)[n] denotes the
n-torsion subgroup of Pic(X) ([14, Exp. XI, 6.4]). It follows that a µn-torsor Y over X is defined by choosing
an n-torsion element [L] in Pic(X), an isomorphism f : L⊗n → OX , and setting

Y := SpecX
⊕n−1

i=0 L⊗i,

where the OX -algebra structure is defined by the choice of f . From this fact and 2.4.2, we deduce the exact
sequence

1→ O(X)∗G/(O(X)∗G)n → H1
G(X,µn)→ PicG(X)[n]→ 1.

Assuming O(X)∗G ' k∗, this exact sequence yields an isomorphism

PicG(X)[n]
'−→ H1

G(X,µn), [L] 7→ [SpecX(

n−1⊕
i=0

(L⊗i)x], (5)

where the algebra structure is given by the multiplication between sections of rigidified G-linearized invertible
sheaves. Using (4) and (5), we give a refined version of 2.4.2.
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Proposition 2.4.4. Suppose that O(X)∗G ' k∗, and fix an isomorphism Γ̂ ' Zr × Z/n1Z × ... × Z/nsZ.
Then a G-equivariant Γ-torsor Y over X is defined up to isomorphism by choosing

• a r-tuple ([L1], ..., [Lr]) ∈ PicG(X)× ...× PicG(X),

• a s-tuple ([Lr+1], ..., [Lr+s]) ∈ PicG(X)[n1]× ...× PicG(X)[ns],

and setting Y := SpecX AG,x where AG,x is the Γ̂-graded OX-algebra⊕
(ki)∈Zr×Z/n1Z×...×Z/nsZ (L⊗k1

1 )x ⊗ ...⊗ (L⊗kr+s

r+s )x,

the algebra structure being given by the multiplication between sections of rigidified G-linearized invertible
sheaves.

Corollary 2.4.5. Suppose that O(X)∗G ' k∗. Then, there is a natural isomorphism of abelian groups

H1
G(X,Γ) ' Hom(Γ̂,PicG(X)).

2.5 Equivariant almost principal bundles
Let G an algebraic group, Γ a diagonalizable group, and (X,x) a pointed normal G-variety. In [19, 0.4],

Hashimoto introduced the notion of an almost principal bundle under an algebraic group. We recall this
notion and define a G-equivariant analogue.

Definition 2.5.1. Let H an algebraic group, Y an algebraic H-scheme, and q : Y → X an H-invariant
morphism. We say that q is an almost principal H-bundle over X if there exists (H-stable) open subschemes
Y0 ⊂ Y , X0 ⊂ X whose respective complements are of codimension > 2 and such that q induces an H-torsor
Y0 → X0. If moreover, Y is a G×H-scheme and q is G-equivariant, we say that q is a G-equivariant almost
principal H-bundle over X.

Proposition 2.5.2. Let H an algebraic group, and q : Y → X a G-equivariant almost principal H-bundle.
Suppose that G is connected, and Y is a normal variety. Then there is a commutative diagram

ClG×H(Y ) ClH(Y )

ClG(X) Cl(X) ,

φ1

q∗

φ2

q∗

where vertical arrows are induced by the pullback q∗ of (equivariant) divisorial sheaves, and horizontal arrows
are given by forgetting linearizations. Moreover, vertical arrows are isomorphisms, with inverse morphisms
qH∗ explicitly given by

[F ] 7→ [(q∗F)H ].

Proof. Using 2.2.1, we can suppose that q is a H-torsor, that X,Y are smooth, and consider (equivariant)
Picard groups instead of (equivariant) class groups. Notice that because q is H-invariant and G-equivariant,
the two vertical arrows are well defined. Also, the commutativity of the diagram is directly checked. The
isomorphism q∗ : Pic(Y ) → PicH(X) is a consequence of a descent result from Grothendieck ([7, 3.3.1]).
Now, we show that the left vertical arrow is an isomorphism. Let L ∈ ker q∗, then we have that L ' OX as
invertible sheaves. Because of the exact sequence (1), we have L ' OX(λ) as G-linearized invertible sheaves,
for a certain character λ ∈ Ĝ. But as q∗OX(λ) ' OY (λ), it follows that λ = 0 which proves injectivity. For
surjectivity it suffices, by the exact sequence (1) again, to check that all the elements [OY (λ)] ∈ PicG×H(Y )
with λ ∈ Ĝ are reached by q∗. This is obvious as q∗OX(λ) ' OY (λ). The last claim is a direct consequence
of the fact that q is a torsor and that invertible sheaves are locally trivial.

In the framework of Cox rings, we consider almost principal bundles under diagonalizable groups. In
fact, we need a stronger notion in order to obtain a generalization of 2.4.4.
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Definition 2.5.3. A diagonalizable almost principal bundle over X is a good quotient q : Y → X of a
normal algebraic scheme Y by a diagonalizable group such that q is an almost principal bundle.

Proposition 2.5.4. Consider a G-equivariant diagonalizable almost principal Γ-bundle q : Y → X. Then,
Y is the relative spectrum over X of a Γ̂-graded quasi-coherent OX-algebra AG satisfying

• ∀χ ∈ Γ̂, AGχ is a G-linearized divisorial sheaf.

• ∀χ, λ ∈ Γ̂, the natural morphism AGχ ⊗OX
AGλ → AGχ+λ induces an isomorphism of G-linearized sheaves

over the smooth locus of X.

Conversely, given a quasi-coherent Γ̂-graded OX-algebra AG of finite type satisfying the two conditions above,
the relative spectrum over X of AG defines a G-equivariant diagonalizable almost principal Γ-bundle.

Proof. Because q is a good quotient by Γ, we have an isomorphism Y ' SpecX AG, where AG := q∗OY
is a Γ̂-graded quasi-coherent OX -algebra. By 2.4.2, the homogeneous components of AG define invertible
sheaves over the locus X0

i
↪−→ X where q is a torsor, and the natural morphisms AGχ ⊗OX

AGλ → AGχ+λ

induce isomorphisms of invertible sheaves over X0. Also, because Y is a normal algebraic scheme, we have
isomorphisms i∗i∗AGλ ' AGλ for each homogeneous component. It follows that

(AGλ )∨∨ ' i∗i∗(AGλ )∨∨ ' i∗((i∗AGλ )∨∨) ' i∗i∗AGλ ' AGλ ,

where the first isomorphism comes from the fact that (AGλ )∨∨ is reflexive ([18, 1.11]), the second holds
because the pullback by a flat morphism commutes with taking duals, and the third holds because i∗AGλ
is invertible, hence reflexive. Thus, the homogeneous components of AG are divisorial sheaves on X. Also,
we see that X0 can be taken to be the smooth locus of X. Indeed, the divisorial sheaves AGλ are invertible
over Xsm and the natural morphisms AGχ ⊗OX

AGλ → AGχ+λ induce isomorphisms of G-linearized invertible
sheaves over Xsm. Finally, the conditions on G-linearizations are necessary and sufficient to have a G-action
on Y with the desired properties.

Conversely, consider a quasi-coherent Γ̂-graded OX -algebra AG of finite type satisfying the two conditions
of the statement, and denote q : Y → X the affine morphism defined by its relative spectrum over X. By
2.4.2, the restriction of q to q−1(Xsm) defines a G-equivariant Γ-torsor over Xsm. This yields an isomorphism
OX ' A0, thus q is a good quotient. To prove that we have a G×Γ-action on Y such that q is G-equivariant,
we proceed exactly as in the proof of 2.3.2. Now, we show that Y is a normal algebraic scheme. For this, we
verify that AG is a sheaf of normal algebras, thus we can suppose that X is smooth. Then, q is smooth as
well because it is a torsor under a smooth algebraic group. As a consequence, the stalks of AG are regular
local rings, hence are integrally closed. It remains to prove that the complement of q−1(Xsm) in Y is of
complement > 2. Because q is affine, we can suppose that X and Y are affine. Also, as Y is normal, it is a
disjoint union Y = ∪ri=1Yi of normal affine varieties, and we have canonical isomorphisms

OY (q−1(Xsm)) '
r∏
i=1

OYi
(q−1(Xsm) ∩ Yi)

' AG(Xsm)

' AG(X)

' OY (Y )

'
r∏
i=1

OYi(Yi).

It follows from these isomorphisms and the next lemma that q−1(Xsm)∩Yi has a complement of codimension
> 2 in Yi, i = 1, ..., r. Hence, q−1(Xsm) has a complement of codimension > 2 in Y , and q is a G-equivariant
almost principal Γ-bundle over X.
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Lemma 2.5.5. Let X be an affine variety and Z ⊂ X a closed subvariety such that the restriction morphism
O(X)→ O(X \ Z) is an isomorphism. Then, Z is of codimension > 2 in X.

Proof. We consider the local cohomology groups Hi
Z(X,OX) associated with the stucture sheaf OX and the

closed subset Z ⊂ X. By [17, Ex. III.2.3], we have a long exact sequence of local cohomology

0→ H0
Z(X,OX)→ H0(X,OX)→ H0(X \ Z,OX)→ H1

Z(X,OX)→ H1(X,OX)→ ...

By our assumptions, the groups H0
Z(X,OX) and H1

Z(X,OX) are trivial. On the other hand, recall the
cohomological interpretation of the depth of an ideal I ⊂ O(X) (see [17, Ex. III.3.4]):

depthI(O(X)) > n ⇐⇒ Hi
V(I)(X,OX) = 0,∀i < n,

where V(I) denotes the zero set of I in X. Applying this to the ideal I defining Z, we obtain the result by
virtue of the inequalities

codimX(Z) > depthI(O(X)) > 2.

Remark 2.5.6. The proof of the last proposition shows that given a G-equivariant diagonalizable almost
principal Γ-bundle q : Y → X, the restriction q−1(Xsm) → Xsm is a G-equivariant Γ-torsor, and q−1(Xsm)
has a complement of codimension > 2 in Y .

Definition 2.5.7. Let q : Y → X be a G-equivariant diagonalizable almost principal Γ-bundle. Then, the
natural morphism

typeG(Y ) : Γ̂→ ClG(X), χ 7→ [(q∗OY )χ],

is called the G-equivariant type of Y . The morphism

type(Y ) := φ ◦ typeG(Y ) : Γ̂→ Cl(X),

where φ : ClG(X)→ Cl(X) is the forgetful morphism, is the type of Y .

Proposition 2.5.4 gives the general form of a G-equivariant diagonalizable almost principal Γ-bundle over
X. These objects naturally form a category, taking for arrows the G × Γ-equivariant morphisms over X.
Assume that O(X)∗G ' k∗, and let q : Y → X be a G-equivariant diagonalizable almost principal Γ-bundle.
Using 2.2.1, 2.4.4, and 2.5.4, we see that the G-equivariant type of Y determines its isomorphism class.
However, we don’t know a priori if conversely any morphism

Γ̂→ ClG(X)

defines a G-equivariant diagonalizable almost principal Γ-bundle over X. Indeed, such a morphism defines
a quasi-coherent Γ̂-graded OX -algebra AG satisfying the two conditions of 2.5.4, but it might not be of
finite type. The next proposition gives a sufficient condition to ensure that the algebra AG defined by
any morphism as above is of finite type. Moreover, its proof shows how to construct any G-equivariant
diagonalizable almost principal bundle over X from the equivariant characteristic space of (X,x).

Proposition 2.5.8. Suppose that O(X)∗G ' k∗, and that the equivariant Cox sheaf of (X,x) is of finite
type. Consider a quasi-coherent Γ̂-graded OX-algebra AG satisfying the two conditions of Proposition 2.5.4.
Then, AG is of finite type as an OX-algebra.

Proof. We are going to realize AG as a subalgebra of invariants by a diagonalizable group. Consider the
morphism of diagonalizable groups ϕ : ΓClG(X) → Γ dually defined by the morphism

typeG(Y ) : Γ̂→ ClG(X),

and the ΓClG(X) × Γ-action on X̂G × Γ defined on schematic points by (g, h1).(x, h2) := (g.x, ϕ(g)−1h1h2).
Then, we have a good quotient f : X̂G × Γ→ X by this action. Indeed, consider the morphisms
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X̂G × Γ
pX̂G−−−→ X̂G q1−→ X

where pX̂G is the projection, and q1 is the structural morphism of the equivariant characteristic space X̂G

over X. Both morphisms are good quotients, and the composition is a good quotient by ΓClG(X) × Γ,
hence f = q1 ◦ pX̂G . As a consequence of this factorization, f is in addition a G-equivariant diagonalizable
almost principal ΓClG(X) × Γ-bundle over X. Performing first the quotient by ΓClG(X), we obtain another
factorization

X̂G × Γ
q2−→ Y

q3−→ X

of f into G-equivariant diagonalizable almost principal bundles. The OX -algebra q3∗OY is obtained by
computing ΓClG(X)-invariants:

(f∗OX̂G×Γ)ΓClG(X) = (
⊕

(λ,[F ])∈Γ̂×ClG(X) Fxλ)ΓClG(X) =
⊕

λ∈Γ̂ Fxλ ,

where [Fλ] = typeG(Y )(λ), ∀λ ∈ Γ̂. Hence, we obtain

q3∗OY = AG,

which proves that this OX -algebra is of finite type.

Assume from now that O(X)∗G ' k∗, and that the equivariant Cox sheaf of (X,x) is of finite type. By
the last proposition and the above discussion, we obtain a one-to-one correspondence between G-equivariant
diagonalizable almost principal bundles over X and G-equivariant diagonalizable torsors over Xsm. This
yields in particular the

Proposition 2.5.9. Suppose that O(X)∗G ' k∗, that the equivariant Cox sheaf of (X,x) is of finite type,
and fix an isomorphism Γ̂ ' Zr×Z/n1Z× ...×Z/nsZ. Then a G-equivariant diagonalizable almost principal
Γ-bundle Y over X is defined up to isomorphism by choosing

• a r-tuple ([F1], ..., [Fr]) ∈ ClG(X)× ...× ClG(X),

• a s-tuple ([Fr+1], ..., [Fr+s]) ∈ ClG(X)[n1]× ...× ClG(X)[ns],

and setting Y := SpecX AG,x where AG,x is the Γ̂-graded OX-algebra⊕
(ki)∈Zr×Z/n1Z×...×Z/nsZ (F?k1

1 )x ? ... ? (F?kr+s

r+s )x.

Remark 2.5.10. With the assumptions of the last proposition, let Y = SpecX(AG,x) be a G-equivariant
diagonalizable almost principal Γ-bundle over X. There is a canonical morphism of graded OX -algebras

θG : AG,x =
⊕

λ∈Γ̂ Fxλ → RG,x

whose associated morphism between grading groups is typeG(Y ). Indeed, with the notation of Section
2.3, consider the projection θGU associated to the equivalence relation ∼GU for an open subset U ⊂ X. The
equivalence relations∼GU are compatible with the algebra structures onAG,x(U), and with restrictions to open
subsets. It follows that the family of projections (θGU )U⊂X defines a family of graded algebras morphisms
AG,x(U) → RG,xX (U). These morphisms define all together a morphism θG of graded OX -algebras, the
induced morphism between grading groups being typeG(Y ) by construction. This morphism corresponds to
an equivariant morphism

X̂G,x → Y

over X. In particular, the structural morphism of the G-equivariant characteristic space over X factors
through any G-equivariant diagonalizable almost principal bundle over X.

As a consequence of the last proposition, RG,xX doesn’t depend on the choice of the point x up to
isomorphism, so that we can speak of the the equivariant Cox sheaf of X (resp. the equivariant characteristic
space of X). In fact, we add some flexibility by introducing the following definition.
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Definition 2.5.11. A G-equivariant characteristic space over X is an algebraic scheme Z over X endowed
with an action of a diagonalizable group Γ such that there exists a pair (f, ϕ) consisting of

• an isomorphism f : Z → X̂G over X,

• an isomorphism ϕ : Γ→ ΓCl(X),

such that the square

Γ× Z Z

ΓCl(X) × X̂G X̂G

ϕ×f f

commutes, where the horizontal arrows denote the respective actions. A G-equivariant total coordinate space
of X is the affinization of a G-equivariant charateristic space. A G-equivariant Cox ring of X is the (graded)
coordinate ring of a G-equivariant total coordinate space.

Remark 2.5.12. Equivalently, a characteristic space over X is a G-equivariant diagonalizable almost prin-
cipal bundle over X whose G-equivariant type is an isomorphism onto ClG(X). Also, a G-equivariant Cox
ring of X is unique up to graded automorphism.

Example 2.5.13. Let G be a connected algebraic group, and G/H be a homogeneous space. Consider the
faithfully flat morphism ϕ : H → ΓĤ of algebraic groups induced by the inclusion k[Ĥ] ⊂ O(H). This yields
an exact sequence of algebraic groups

1→ K := kerϕ→ H
ϕ−→ ΓĤ → 1,

where the normal subgroup K of H is the intersection of characters of H. Hence H/K ' ΓĤ is the
diagonalizable group whose character group is Ĥ. It follows that we have a factorization

G
q1−→ G/K

q2−→ G/H

of the canonical projection π : G → G/H, and that q2 : G/K → G/H is a G-equivariant diagonalizable
ΓĤ -torsor.

On the other hand, there is a natural isomorphism Ĥ → PicG(G/H), λ 7→ [Lλ], where Lλ denotes the
G-linearized invertible sheaf of sections of the G-line bundle G ×λ A1 over G/H. Recall that for an open
subset V ⊂ G/H we have Lλ(V ) ' OG(π−1(V ))

(H)
λ . This yields the equalities

q2∗OG/K(V ) = OG/K(q−1
2 (V ))

= (q1∗OG(q−1
2 (V )))K

= OG(π−1(V ))K

=
⊕
λ∈Ĥ

OG(π−1(V ))
(H)
λ

'
⊕
λ∈Ĥ

Lλ(V ),

where the last equality follows from the fact that every H/K-module is a direct sum of eigenspaces. Thus,
we have obtained

q2∗OG/K =
⊕

λ∈Ĥ Lλ.

Hence, the G-equivariant type of G/K defines an isomorphism with PicG(G/H), whence G/K is a G-
equivariant characteristic space of G/H. When G is semisimple and simply connected, the equivariant Cox
sheaf is canonically isomorphic to the usual one, and we retrieve [2, Thm 4.5.1.8].
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2.6 Equivariant quotient presentations
When a normal variety X admits a Cox sheaf of finite type, then the characteristic space X̂ is naturally

a diagonalizable almost principal ΓCl(X)-bundle over X such that the regular invertible ΓCl(X)-homogeneous
functions are constant. This leads to the notion of a quotient presentation of X ([2, 4.2.1.1]). We recall this
notion and introduce a G-equivariant analogue.

Definition 2.6.1. Let Γ a diagonalizable group, and X a normal variety such that O(X)∗ ' k∗. Then, a
quotient presentation of X is a diagonalizable almost principal Γ-bundle q : Y → X such that the invertible
Γ-homogeneous regular functions on Y are constant.

Remark 2.6.2. In fact, the definition [2, 4.2.1.1] of a quotient presentation is different but equivalent to the
one given above. Indeed, a quotient presentation in loc. cit. is a normal variety Y together with a morphism
q : Y → X verifying

1. q is a good quotient by a diagonalizable group Γ.

2. The Γ-homogeneous invertible regular functions on Y are constant.

3. There exists a Γ-stable open Y0 ⊂ Y whose complement is of codimension > 2, and on which Γ acts
freely with closed orbits.

Suppose that q : Y → X verifies the above conditions, then q(Y0) is open with a complement of codimension
> 2 in X. Also, as Γ acts with closed orbits on Y0 and q is a good quotient, the fibers of q|Y0

: Y0 → q(Y0)
are orbits. Moreover, Y0 has the quotient topology with respect to q|Y0

. Indeed, consider an open subset of
the form q−1(V ), where V is a subset of q(Y0). Because q is a good quotient, we have that q(Y0 \ q−1(V )) =
q(Y0)\V is closed in q(Y0), thus V is open in q(Y0). It follows that q induces a geometric quotient Y0 → q(Y0).
Thus, it induces a Γ-torsor Y0 → q(Y0) because Γ acts freely on Y0 ([29, Chap. 0, 4.0.9]). Hence, q : Y → X
is a diagonalizable almost principal Γ-bundle with only constant Γ-homogeneous invertible regular functions.

Conversely, consider a diagonalizable almost principal Γ-bundle q : Y → X with only constant Γ-
homogeneous invertible regular functions. Then it satisfies all the conditions above by definition, except
that Y is not a priori a variety. However, this will be verified in Proposition 2.6.6 below.

Definition 2.6.3. Let Γ a diagonalizable group, and X a normal G-variety such that O(X)∗G ' k∗. Then,
a G-equivariant quotient presentation of X is a G-equivariant diagonalizable almost principal Γ-bundle
q : Y → X such that the invertible G-invariant Γ-homogeneous regular functions on Y are constant.

Proposition 2.6.4. Let Γ a diagonalizable group, X a normal G-variety such that O(X)∗G ' k∗, and
q : Y → X a G-equivariant diagonalizable almost principal Γ-bundle. Then q is a G-equivariant quotient
presentation if and only if the G-equivariant type of Y is injective.

Proof. Indeed, typeG(Y ) is injective if and only if its kernel is trivial. But this kernel contains a non-trivial
element if and only if q∗OY admits an homogeneous component isomorphic to OX endowed with the trivial
G-linearization. The latter means that this homogeneous component admits an invertible G-invariant global
section.

Let G an algebraic group, and (X,x) a pointed normal G-variety such that O(X)∗G ' k∗. We define
the category of quotient presentations of X by defining a morphism between two quotient presentations

qi : Yi
//Γi−−−→ X to be a pair (f, ϕ) consisting of

• a morphism f : Y1 → Y2 over X,

• a morphism ϕ : Γ1 → Γ2,

such that the square
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Γ1 × Y1 Y1

Γ2 × Y2 Y2

ϕ×f f

commutes, where the horizontal arrows denote the respective actions. By the preceding section, a G-
equivariant quotient presentation of X is defined up to isomorphism by a finitely generated subgroup of
ClG(X). Indeed, the injectivity of the G-equivariant type says that a quotient presentation is up to isomor-
phism the relative spectrum X̂G(M) of the M -graded OX -algebra (of finite type)

AG(M) :=
⊕

[F ]∈M Fx,

where M is a finitely generated subgroup of ClG(X). The following Proposition is a generalization of [2,
4.2.1.4].

Proposition 2.6.5. Suppose that the equivariant Cox sheaf of X is of finite type, and consider the category
of subgroups of ClG(X) with morphisms being the inclusions arrows. Then, the association M 7→ X̂G(M)
defines an essentially surjective contravariant functor to the category of G-equivariant quotient presentations
of X.

Proof. We have only to check the functoriality. Consider two finitely generated subgroups M ′ ⊂ M ⊂
ClG(X). This gives an exact sequence of diagonalizable groups

1→ ΓM/M ′ → ΓM → ΓM ′ → 1,

which translates into the factorization of the G-equivariant diagonalizable almost principal ΓM -bundle
X̂G(M)→ X in G-equivariant diagonalizable almost principal bundles

X̂G(M)
//ΓM/M′−−−−−−→ X̂G(M ′)

//ΓM′−−−−→ X.

The morphism X̂G(M)
//ΓM/M′−−−−−−→ X̂G(M ′) is equivariant with respect to the morphism ΓM → ΓM ′ , and with

respect to the G-action, whence the claim.

Proposition 2.6.6. Consider a G-equivariant quotient presentation q : Y → X of X. Then Y is a normal
variety.

Proof. Because Y is a normal algebraic scheme, it is a variety if and only if it is connected. This is verified
if and only if q∗OY is a sheaf of integral algebras, so that we can suppose that X (hence Y ) is smooth.
By the last proposition Y ' X̂G(M) for a finitely generated subgroup M ⊂ PicG(X) that we can suppose
non-trivial. To verify that Y is connected, we adapt the arguments from [4, 6.3]. Let Y1 ∪ ... ∪ Yr be the
decomposition of Y as a union of its connected components and suppose by contradiction that r > 1. These
components are transitively permuted by ΓM because X is connected. Also by ΓM -invariance, we have
q(Y1) = X. Let Γ be the stabilizer of Y1 in ΓM , which is by assumption a proper subgroup. We let

j : Γ ↪−→ ΓM

be the inclusion. Consider the ΓM -equivariant morphism ψ : Y → ΓM/Γ which maps a point y ∈ Y to the
element of ΓM/Γ corresponding to the connected component of Y containing y. It follows that we have a
cartesian square

Y1 × ΓM ΓM

Y ΓM/Γ ,

p2

/Γ π

ψ

where vertical arrows are Γ-torsors. Also, restricting q : Y → X to Y1 yields a Γ-torsor Y1 → X. Together
with the square above, we obtain a cartesian square
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Y1 × ΓM Y1

Y X ,

p1

/Γ /Γ

q

where all arrows are torsors. Proceeding as in the proof of 2.5.8, we obtain the equality

typeG(Y ) = typeG(Y1) ◦ j].

But typeG(Y ) is injective by assumption, thus j] is necessarily injective. Now j] is surjective, being the
restriction of characters. It follows that Γ = ΓM , a contradiction.

Corollary 2.6.7. The G-equivariant Cox ring is a normal integral ClG(X)-graded G-algebra.

Suppose that O(X)∗ ' k∗. We now give an insight in the structure of the group of units of CoxG(X).
As CoxG(X) is a ClG(X)-graded algebra, it is also interesting to consider the subgroup of units which
are homogeneous. For example, every unit is homogeneous if e.g. ClG(X) is torsion-free. Because of the
assumption O(X)∗ ' k∗ and the exact sequence (1), we have the Ĝ-graded k-subalgebra

AG(Ĝ) :=
⊕

λ∈Ĝ Γ(X,OX(λ)x)

of CoxG(X). The group of units of this algebra is obviously isomorphic to Ĝ × k∗ via the multiplication
map.

Proposition 2.6.8. Suppose that O(X)∗ ' k∗. Then

1. The group of homogeneous units of CoxG(X) is isomorphic to Ĝ× k∗ via the multiplication map.

2. If O(X) ' k, then every unit is homogeneous.

Proof. If a homogeneous component Fx of RGX admits an invertible global section f , then Fx is isomorphic
to OX as a divisorial sheaf. It follows that f ∈ AG(Ĝ), whence the first assertion. Now assume O(X) ' k
and let f ∈ CoxG(X)∗. Consider the Imφ-grading on CoxG(X) induced by the forgetful morphism φ. Then
proceeding as in [2, 1.5.2.5], we obtain that f is Imφ-homogeneous of degree zero. But the Imφ-homogeneous
component of degree zero is the Ĝ-graded k-subalgebra

⊕
λ∈Ĝ Γ(X,OX(λ)x) so we conclude as before.

2.7 Recognizing an equivariant characteristic space
Let G an algebraic group and (X,x) a pointed normal G-variety such that O(X)∗G ' k∗. Suppose

moreover that the G-equivariant Cox sheaf is of finite type. In this section, we give a criterion to recognize
a G-equivariant characteristic space Y → X, under some mild assumptions on X. As defined in Section
2.5, a G-equivariant characteristic space is characterized by its equivariant type being an isomorphism onto
ClG(X). The equivariant type of Y is injective if and only if Y is a G-equivariant quotient presentation of
X. We now look for an interpretation of the surjectivity. This turns out to be related to the factoriality of
the grading on O(Y ), we start by recalling this notion.

Definition 2.7.1. [2, 1.5.3] Let M be a finitely generated abelian group, and A be an M -graded integral
k-algebra.

• A non-zero non-invertible element f ∈ A is M -prime if it is homogeneous and (f | gh) with g, h
homogeneous implies f | g or f | h.

• A is factorially M -graded if every non-zero non-invertible homogeneous element f is a product of
M -primes.

• A normal ΓM -variety X is ΓM -factorial if every ΓM -invariant Weil divisor on X is principal.
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Let Γ a diagonalizable group, and Y a normal quasi-affine Γ-variety. By [2, 1.5.3.3], Y is Γ-factorial if
and only if O(Y ) is Γ̂-factorial. In the next proposition, we give further characterizations of Γ̂-factoriality.

Proposition 2.7.2. Let Γ a diagonalizable group, and q : Y → X a G-equivariant diagonalizable almost
principal Γ-bundle. The following assertions are equivalent

1. Y is Γ-factorial.

2. type(Y ) is surjective.

3. The morphism γ : Γ̂→ ClΓ(Y ), λ 7→ [OY (λ)] is surjective.

Moreover, if one of this conditions is satisfied, then Y is quasi-affine.

Proof. The assertions 2 and 3 are equivalent because of the lemma below. We suppose that the condition
1 is verified and show 2. For this, we can suppose that X is smooth, and that q is a Γ-torsor. With this
assumption, the pullback morphism q∗ : WDiv(X)→WDiv(Y ) induces an isomorphism onto the subgroup
WDiv(Y )Γ which consists of Γ-invariant Weil divisors on Y . By abuse of notation, we also denote qΓ

∗ the
inverse of this isomorphism. Let’s consider a Γ-homogeneous rational function f on Y , in other words
a rational section of a divisorial sheaf on X. Then, we have q∗(divX(f)) = div(f) and thus divX(f) =
qΓ
∗ (div(f)). By this last remark we can write explicitly

type(Y ) : Γ̂→ Pic(X), λ 7→ [OX(qΓ
∗ (div(f)))],

where f is an arbitrary Γ-homogeneous rational function of degree λ on Y . But this morphism is surjective
because every Weil divisor on X is the direct image by qΓ

∗ of a Γ-invariant Weil divisor on Y , which is
principal by hypothesis. Now we suppose 3 and show 1. Consider a Γ-invariant Weil divisor D on Y . The
divisorial sheaf OY (D) is naturally Γ-linearized. Thus, its class in Cl(Y ) is trivial by hypothesis. Hence, D is
the divisor of a rational function which is necessarily Γ-homogeneous. We have shown that Y is Γ-factorial.
It remains to show that Y is quasi-affine. As type(Y ) is surjective, we can cover X by affine open subsets
of the form Xf := X \ Supp(divX(f)), where f is a Γ-homogeneous regular function on Y . Indeed, the
complement in X of any affine open subvariety is the zero set of a global section of some divisorial sheaf.
Because of the surjectivity of type(Y ), this section can be viewed as a homogeneous element of O(Y ). It
follows that Y is covered by the affine open subsets Yf = q−1(Xf ), whence the claim by [16, II.5.1.2].

Lemma 2.7.3. Let Γ be a diagonalizable group, and q : Y → X a G-equivariant diagonalizable almost
principal Γ-bundle. Consider the morphism γ : Γ̂→ ClΓ(Y ), λ 7→ [OY (λ)]. Then, we have the identity

type(Y ) = qΓ
∗ ◦ γ,

where qΓ
∗ : ClΓ(Y )→ Cl(X) is the isomorphism provided by 2.5.2.

Proof. To prove this, we can suppose that X is smooth and consider (equivariant) Picard groups instead of
(equivariant) class groups. Now, for each character λ ∈ Γ̂, consider the cartesian square

Y ×Gm Y

Z := Y ×λ Gm X ,

p1

q

defined by the fiber bundle associated with Gm endowed with the Γ-action defined by λ. Then, Z → X
is a Gm-torsor which by construction corresponds to qΓ

∗ ◦ γ(λ) ∈ Pic(X). But this is also type(Y )(λ), by
definition of the type of Y .

Proposition 2.7.4. Suppose that CoxG(X) is a finitely generated k-algebra. Then, the affinization morphism
X̂G → X̃G is an open immersion and its image has a complement of codimension > 2 in X̃G.
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Proof. Using that the cokernel of type(X̂G) has finite exponent (2.2.2), and that Xf = Xfn for any power
of a homogeneous section f ∈ RX(X), we can proceed as in the end of the proof of 2.7.2 to show that X̂G

is quasi-affine. The claim on codimension is obtained by applying 2.5.5.

Theorem 2.7.5. Let G be a connected algebraic group with trivial Picard group, (X,x) be a pointed normal
G-variety with only constant invertible regular functions, Γ be a diagonalizable group, and q : Y → X be a
G-equivariant diagonalizable almost principal Γ-bundle. The conditions

1. The group of Γ-homogeneous invertible regular functions on Y is isomorphic to Ĝ× k∗.

2. Y is Γ-factorial.

are necessary and sufficient for Y to be a G-equivariant characteristic space of X.

Proof. Suppose that the above conditions are fulfilled. By the first one, q is a quotient presentation of X,
hence typeG(Y ) is injective. Moreover, with the assumptions of the statement the exact sequence (1) can be
written as

0→ Ĝ
γ−→ ClG(X)

φ−→ Cl(X)→ 0.

By the second condition, type(Y ) is surjective (2.7.2). Also, the degree zero part of O(Y ) with respect to
the induced Cl(X)-grading is

AG(M) :=
⊕

λ∈Ĝ Γ(X,OX(λ)x),

for a certain subgroupM of Ĝ. Proceeding as in the proof of 2.6.8, we obtain that the group of homogeneous
units of O(Y ) is isomorphic with M × k∗ via multiplication map. Hence, we have in fact M = Ĝ by the
first condition, so that Ĝ ' kerφ ⊂ Im(typeG(Y )). In view of the equality type(Y ) = φ ◦ typeG(Y ), we
obtain the surjectivity of typeG(Y ). Conversely, if Y → X is a G-equivariant characteristic space, then the
first condition is satisfied by 2.6.8. The second is also satisfied because typeG(Y ) and φ are surjective by
hypothesis (2.7.2).

2.8 Equivariant Cox ring of an open G-stable subvariety

Let G be a connected algebraic group, (X,x) a pointed normal G-variety, and X0
j
↪−→ X a G-stable open

subset containing x. Suppose moreover that OX(X0)∗G ' k∗, so that both equivariant Cox rings of X and
X0 are well-defined. Let (Di)i=1,..,n the possibly empty family of prime divisors lying in the complement
of X0, and (ri)i=1,..,n the associated family of respective canonical sections of the G-linearized divisorial
sheaves OX(Di)

x, i = 1, .., n.

Proposition 2.8.1. The k-subalgebra of CoxG(X) generated by r1, ..., rn is polynomial, and there is an
isomorphism of graded k-algebras

CoxG(X0) ' CoxG(X)/((ri − 1)16i6n),

where the right-hand side algebra is endowed with the ClG(X0)-grading induced by the surjective morphism
j∗ : ClG(X)→ ClG(X0). Moreover, (ri − 1)i=1,...,n is a regular sequence in CoxG(X).

Proof. With these assumptions, the exact sequence (3) becomes

0→
⊕n

i=1 ZDi
D 7→[D]−−−−−→ ClG(X)

j∗−→ ClG(X0)→ 0.

For all [G] ∈ ClG(X0), choose [F ] ∈ ClG(X) such that j∗([F ]) = [G]. By the above exact sequence, we can
write

RGX =
⊕

[G]∈ClG(X0)M[G], whereM[G] :=
⊕

(ni)∈Zn(F ⊗OX(
∑n
i=1 niDi))

x.
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Notice thatM[OX0
] is a Zn-graded OX -subalgebra of RGX . Because k[r1, ..., rn] is a Zn-graded k-subalgebra

of M[OX0
](X) spanned by elements of linearly independent degrees, it immediately follows that it is a

polynomial subalgebra of CoxG(X). Also, eachM[G](X) is a Zn-graded k[r1, ..., rn]-module, andM[G](X0)
is the localisation ofM[G](X) at the homogeneous element r1...rn. Indeed, up to removing a G-stable closed
subvariety of codimension > 2, we can suppose that X is smooth and X0 = X \ ∪ni=1Di. As the support of
the divisor of zeroes of r1...rn on X is ∪ni=1Di, we conclude by applying [16, I.9.3.1]. It follows that RGX(X0)
is the localization of CoxG(X) at the homogeneous element r1...rn.

We use the notation of 2.3 for the equivalence relations between sections over open subsets of X0 of
G-linearized divisorial sheaves on X0. Given two homogeneous sections s1, s2 ∈ RGX(X0), we have s1 ∼GX0

s2

if and only if both are Zn-homogeneous elements of some M[G](X0) and there exists a Laurent monomial
rα1
1 ..rαn

n such that s1 = s2r
α1
1 ..rαn

n . By Lemma 2.8.2, imposing the relations ri = 1 in RGX(X0) is the same
as passing to the quotient modulo ∼GX0

. Thus, we obtain an isomorphism

CoxG(X)[ 1
r1..rn

]/((ri − 1)16i6n) ' CoxG(X0),

which implies the isomorphism in the statement above.
To prove that the sequence ((ri − 1)i=1,...,n) is regular in CoxG(X), we first prove that each M[G](X0)

is a free k[r±1
1 , ..., r±1

n ]-module. An element t ∈ M[G](X0) decomposes uniquely as a sum of homogeneous
elements so that we can suppose t homogeneous, say of degree (di) ∈ Zn. The multiplication by rd1

1 ...rdnn
defines an isomorphism of k-vector spaces

Gx(X0)→ (G ⊗OX(
∑n
i=1 diDi))

x(X0).

Let (fi)i a k-basis of Gx(X0), then t decomposes uniquely as a linear combination t =
∑
i αir

d1 ...rdnfi,
whence the free module structure. Now, we claim that for j = 1, ..., n, there is an injective morphism of
k[r1, ..., rn]-modules

M[G](X)/((ri − 1)i=1,...,j) ↪−→M[G](X0)/((ri − 1)i=1,...,j).

For this, it suffices to apply Lemma 2.8.3 j times, considering for the kth step (1 6 k 6 j) the Z-grading
induced by the projection

Zn → Z, (d1, ..., dn) 7→ dk.

Now, the result follows from the claim, the fact thatM[G](X0) is a free k[r±1
1 , ..., r±1

n ]-module, and that the
sequence ((ri − 1)16i6n) is regular in k[r±1

1 , ..., r±1
n ].

Lemma 2.8.2. Let M a graded module over an algebra of Laurent polynomials k[t±1
1 , ..., t±1

n ] endowed with
the standard Zn-grading. For all x ∈M , the submodule generated by the family (td1

1 ...t
dn
n .x−x)(di)∈Zn equals

the submodule generated by the family (ti.x− x)16i6n.

Proof. This comes from the identities

titj .x− x = ti.(tj .x− x) + (ti.x− x) and t−1
i .x− x = (−t−1

i ).(ti.x− x).

Lemma 2.8.3. Let k[r] be a polynomial k-algebra with its standard Z-grading, andM a Z-graded k[r]-module
such that r is a non-zero divisor in M . Then, (r − 1)M [1/r] ∩M = (r − 1)M .

Proof. The localization morphism provides a graded injective morphism of Z-graded k[r]-module

M =
⊕

d∈ZMd ↪−→M [1/r] =
⊕

d∈Z(M [1/r])d.

It suffices to prove that for an element m ∈M [1/r] such that (r− 1)m ∈M , we have that m ∈M . Consider
the decomposition m = md + ...+md+l, l > 0 as a sum of homogeneous elements. Then, the decomposition
of (r − 1)m reads

(r − 1)m = rmd+l + (rmd+l−1 −md+l) + ...+ (rmd −md+1)−md.
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Necessarily, each term of this sum lies inM . It follows that md+i ∈M , i = 0, .., l by an immediate induction,
whence the result.

Corollary 2.8.4. There exists a smooth complete G-variety X ′ containing Xsm as a an open G-stable
variety. As a consequence, we have

CoxG(X) ' CoxG(X ′)/((ri − 1)i),

where the ri are the canonical sections in the G-linearized divisorial sheaves associated to the G-stable prime
divisors lying in X ′ \Xsm.

Proof. By a theorem of Sumihiro ([21, Thm. 3]), X can be embedded equivariantly as an open subvariety
of a normal complete G-variety X. Now, there is a G-equivariant resolution of singularities ϕ : X ′ → X,
that is, X ′ is a smooth G-variety and ϕ is a projective birational equivariant morphism that induces an
isomorphism over Xsm ([26, Proposition 3.9.1 and Theorem 3.36]). As we have CoxG(X) ' CoxG(Xsm), the
statement follows from 2.8.1.

Proposition 2.8.5. Suppose that X is almost homogeneous. Then the polynomial algebra k[r1, ..., rn] is the
subalgebra of invariants (CoxG(X))G.

Proof. Let f ∈ (CoxG(X))G that we can suppose homogeneous because G acts on homogeneous components.
Then divX(f) is a G-invariant effective divisor on X, hence is a positive linear combination of the Di. It
follows that f is the product of a monomial in the ri with a G-invariant homogeneous unit. However, a
G-invariant homogeneous unit is necessarily of trivial ClG(X)-degree, otherwise the multiplication by such
a section would provide an isomorphism of some non-trivial G-linearized divisorial sheaf with OX endowed
with the trivial G-linearization, a contradiction. We conclude, that f is a non-zero scalar multiple of a
monomial in the ri.

Suppose that X is almost homogeneous, let X0 ' G/H be the dense orbit, and consider the equivariant
characteristic space q : X̂G → X. In the corollary below, we describe the open subvariety q−1(X0). In order
to state it, we need some preliminary observations. Clearly, q−1(X0) is a homogeneous space for G×ΓClG(X)

since X0 is a homogeneous space for G and q induces is a ΓClG(X)-torsor over X0. Also, the last proposition
implies that we have a ΓClG(X)-equivariant good quotient π : X̃G → Ank . Finally, the exact sequence (3)
yields by duality an exact sequence of algebraic groups

1→ ΓĤ → ΓClG(X) → Gnm → 1,

whence a ΓĤ -torsor ΓClG(X) → Gnm.

Corollary 2.8.6. The good quotient π restricts to a ΓClG(X)-equivariant geometric quotient q−1(X0)→ Gnm.
Moreover, q−1(X0) is isomorphic as a G× ΓClG(X)-variety over Gnm to the associated fiber bundle

G/K ×ΓĤ ΓClG(X) → Gnm,

where G/K is the equivariant characteristic space of G/H (2.5.13).

Proof. The morphism π pulls back the standard coordinates of Ank to the ri, whence a ΓClG(X)-equivariant
restriction q−1(X0)→ Gnm. By virtue of 2.8.1 and 2.5.13, the fiber at (1, ..., 1) of this restriction is isomorphic
to G/K as a G×ΓĤ -variety. By ΓClG(X)-equivariance of π and surjectivity of the morphism ΓClG(X) → Gnm,
the same holds for any fiber of this restriction, whence a geometric quotient. By standard properties of
associated fiber bundles, q−1(X0) is isomorphic to G/K ×ΓĤ ΓClG(X) as a G×ΓClG(X)-variety over Gnm.

The inclusion k[Ĥ] ⊂ O(H) yields a morphism of algebraic groups H → ΓĤ . Composed with the injective
morphism ΓĤ → ΓClG(X) described above, we obtain a morphism ϕ : H → ΓClG(X). In the next proposition,
we view H as a subgroup of G× ΓClG(X) by identifying it with the image of the morphism h 7→ (h, ϕ(h)).
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Proposition 2.8.7. Let x̂ be a point in the fiber q−1(x), where x ∈ X0 is the point identified with H/H.
Then, H is the stabilizer of x̂ in G× ΓClG(X).

Proof. Let F1, ...,Fm be G-linearized divisorial sheaves on X whose classes generate the abelian group
ClG(X). Via restriction of this sheaves to X0 ' G/H, we obtain G-linearized invertible sheaves Lχ1

, ...,Lχm

corresponding to certain characters χi ∈ Ĥ ' PicG(G/H). Let Lχi be the G-linearized line bundle over
X0 corresponding to Lχi

, and view q−1(X0) as a subvariety of Lχ1
×X0

... ×X0
Lχm

. Obviously, the image
of the projection to G of StabG×ΓClG(X)

(x̂) has to be included in H. Then, consider an element (h, t) ∈
StabG×ΓClG(X)

(x̂) ⊂ H × ΓClG(X). We have h.x̂ = (χ1(h)x̂1, ..., χm(h)x̂m) = ϕ(h−1).x̂, which forces t =

ϕ(h).

2.9 Relation between the equivariant Cox ring and the usual Cox ring
Let G be a connected algebraic group acting on a pointed normal G-variety (X,x) such that O(X)∗ ' k∗,

so that both equivariant and usual Cox sheaves are well defined. In view of Remark 2.5.10, there exists a
canonical morphism of graded OX -algebras

θ : RG,xX → RxX ,

whose associated morphism between grading groups is ClG(X)
φ−→ Cl(X), this is the forgetful morphism.

On the other hand, Ĝ is a free Z-module of finite rank which acts by automorphisms of graded k-vector
space on RGX(U), for any open subset U ⊂ X. To see this, consider [F ] ∈ ClG(X), λ ∈ Ĝ, and notice that
(Fx ⊗OX(λ))x ' Fx as divisorial sheaves. Hence, for a section s ∈ Fx(U), we define the section

λ.s ∈ (Fx ⊗OX(λ))x(U)

to be the unique section that corresponds to s modulo ∼U . This assignment defines an action of k[Ĝ]
on RGX(U) that respects multiplication, so that we get a k[Ĝ]-algebra structure on RGX(U). In the next
propositions we make this structure more explicit, and study the forgetful morphism.

Proposition 2.9.1. The equivariant Cox ring is a free k[Ĝ]-module. More precisely, we have

CoxG(X) =
⊕

[F ]∈ImφM[F ],

where M[F ] :=
⊕

µ∈Ĝ(Fx ⊗O(µ))x(X) is Ĝ-graded and free of rank dimk(Fx(X)) over k[Ĝ].

Proof. The action of k[Ĝ] stabilizes the k-vector spaces M[F ]. With this action, they inherit a structure of
Ĝ-graded k[Ĝ]-module. Moreover the exact sequence (1) becomes

0→ Ĝ
γ−→ ClG(X)

φ−→ Cl(X),

which justifies the decomposition of CoxG(X) as the direct sum of the modules M[F ]. In order to check that
they are free, let’s consider [F ] ∈ ClG(X) and the k-vector space Fx(X). For any λ ∈ Ĝ, the multiplication
by λ defines an isomorphism of k-vector spaces with (F ⊗OX(λ))x(X), the inverse being the multiplication
by λ−1. By a simple verification as in the proof of 2.8.1, we obtain that M[F ] is freely generated over k[Ĝ]
by any k-basis of Fx(X).

Proposition 2.9.2. The forgetful morphism θ : RGX → RX is an integral extension of graded OX-algebras,
whose kernel is the sheaf of ideals generated by the family of global sections (1−λj .1)16j6n, where (λj)16j6n

is an arbitrary Z-basis of Ĝ, and 1 ∈ O(X) has trivial degree. Moreover, this family defines a regular sequence
in RGX(U) for any open subset U ⊂ X, and we have

Im θ(U) ' RGX(U)/(1|U − (λj .1)|U )16j6n.
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Proof. Let U ⊂ X be a non-empty open subset. Replacing X by U in the last proposition and considering the
action of k[Ĝ] on RGX(U), we see that the forgetful morphism corresponds to the quotient of RGX(U) by the
sub-k[Ĝ]-module spanned by (fF,i−λ.fF,i)[F ]∈Imφ,i,λ∈Ĝ, where (fF,i)i is a k-basis of Fx(U) for all [F ] ∈ Imφ.
Using Lemma 2.8.2, this submodule is spanned by the elements of the family (fF,i − λj .fF,i)[F ]∈Imφ,i,16j6n

where (λj)16j6n is an arbitrary Z-basis of Ĝ. Finally, we observe that this sub-k[Ĝ]-module is the ideal of
RGX(U) generated by (1|U − (λj .1)|U )16j6n where 1 ∈ O(X) has trivial degree.

The sequence (1|U − (λj .1)|U )16j6n is regular because the sequence (1− λj)16j6n is regular in k[Ĝ] and
RG,xX (U) is a free k[Ĝ]-module. Now, we show that an element f ∈ RxX(U) is integral over RG,xX (U). We
may assume this element homogeneous, say f ∈ Fx(U). Then we use the fact that a non-zero power of Fx is
linearizable (2.2.2). For the last assertion, we argue exactly as in [2, 1.4.3.5] to prove the isomorphism.

Corollary 2.9.3. Suppose that the Picard group of G is trivial, then

Cox(X) ' CoxG(X)/(1− λj .1)16j6n,

where (λj)16j6n is an arbitrary Z-basis of Ĝ, and 1 ∈ O(X) has trivial degree.

Proof. With this assumption, ClG(X)
φ−→ Cl(X) is surjective (2.2.2). It follows that θ is also surjective. We

conclude by applying the last proposition.

2.10 Pullback of equivariant characteristic spaces
In this section, we study the pullback of an equivariant characteristic space along an equivariant almost

principal bundle. Let G,H be algebraic groups with G connected, (X,x) a pointed normal G-variety, (Y, y)
a pointed normal G×H-variety, and π1 : Y → X a G-equivariant almost principal H-bundle. Suppose that
O(X)∗G ' O(Y )∗G×H ' k∗, and that X has a G-equivariant Cox sheaf of finite type. Then, we claim that
there is a cartesian square

Ŷ G×H X̂G

Y X,

π2

q2 q1

π1

where q1 is a G-equivariant characteristic space over X, q2 is a G×H-equivariant characteristic space over
Y , and the horizontal arrows are G-equivariant almost principal H-bundles. Indeed, because of 2.5.2 we can
write

RG×HY =
⊕

[F ]∈ClG(X)(π
∗
1F)y.

Thus, Ŷ G×H → Y is the pullback of X̂G → X along π1. As π2 induces a G-equivariant H-torsor over
q−1
1 (Xsm), it follows that π2 is a G-equivariant almost principal H-bundle. In fact, π2 corresponds to the
graded OX -algebra morphism

RGX =
⊕

[F ]∈ClG(X) Fx → π1∗RG×HY

defined by the natural morphisms Fx → π1∗π
∗
1Fx between homogeneous components. As Y admits a

G×H-equivariant Cox sheaf of finite type, it also admits a G-equivariant Cox sheaf of finite type when H
is connected and O(Y )∗G ' k∗ (2.9.2). When H = T is a torus, we can say more (see also [5, 2.2]):

Proposition 2.10.1. Suppose that H = T is a torus and that O(Y )∗G ' k∗. Then X̂G q1−→ X factors
through Y via the morphism π1, and this factorization realizes X̂G as the G-equivariant characteristic space
of Y .

Proof. In this situation, the exact sequence (1) reads
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0→ T̂→ ClG×T(Y )
φ−→ ClG(Y )→ 0,

and we have an isomorphism πT
1∗ : ClG×T(Y )→ ClG(X), [F ] 7→ [(π1∗F)T] (2.5.2). This allows us to write

RGX = q1∗OX̂G =
⊕

[G]∈ClG(Y )

⊕
λ∈T̂(π1∗(F ⊗OY

OY (λ))T)x,

where for each [G] ∈ ClG(Y ), we choose [F ] ∈ ClG×T(Y ) such that φ([F ]) = [G]. This yields a factorization
of q1 through the relative spectrum over X of the degree zero part of the graded algebra RGX with respect
to the induced ClG(Y )-grading. This degree zero part is⊕

λ∈T̂ π1∗(OY ⊗OY
OY (λ))T =

⊕
λ∈T̂(π1∗OY )

(T)
λ = π1∗OY .

Hence, the factorization is

X̂
ϕ−→ Y

π1−→ X,

where ϕ is a good quotient by ΓClG(Y ). In fact, because q1 is a G-equivariant almost principal ΓClG(X)-bundle,
the good quotient ϕ is a G-equivariant almost principal ΓClG(Y )-bundle. For every open subset V ⊂ X, we
have

ϕ∗OX̂(π−1
1 (V )) = q∗OX̂(V )

=
⊕

[G]∈ClG(Y )

⊕
λ∈T̂

(F ⊗OY
OY (λ))y(π−1

1 (V ))T

=
⊕

[G]∈ClG(Y )

⊕
λ∈T̂

Fy(π−1
1 (V ))

(T)
λ

=
⊕

[G]∈ClG(Y )

Fy(π−1
1 (V ))

'
⊕

[G]∈ClG(Y )

Gy(π−1
1 (V )).

As ϕ∗OX̂ is a quasi-coherent sheaf on Y , and π1 is affine, this shows that the G-equivariant type of X̂G

viewed as a G-equivariant almost principal ΓClG(Y )-bundle over Y is the identity of ClG(Y ).

3 Normal rational G-varieties of complexity one
Let G denote a connected reductive algebraic group, B a Borel subgroup, T a maximal torus in B, and

U the unipotent part of B. In this section, we begin by recalling basic facts on the geometry of normal
G-varieties of complexity one. Then, we obtain a necessary and sufficient condition for the (equivariant)
Cox ring to exist and be finitely generated. Then, we give a presentation by generators and relations of the
subalgebra of U -invariants of the equivariant Cox ring.

3.1 Generalities
Let (X,x) be a pointed normal G-variety. The complexity of the G-action on X is the minimal codi-

mension of a B-orbit. As any two Borel subgroups of G are conjugated, the complexity doesn’t depend on
the choice of B. Suppose that X is of complexity one. By a theorem of Rosenlicht ([32, 5.1]) there exists a
unique up to isomorphism smooth projective algebraic curve C whose field of rational functions is k(X)B .
Let’s consider the rational quotient

π : X 99K C
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by B given by the inclusion k(X)B ⊂ k(X). We show that this quotient admits a rational section. For this,
we use the local structure theorem of Brion, Luna and Vust ([8, Thm 1.4]). It is a very useful tool for the
study of varieties with group action. We present a variant of this theorem and a corollary, both due to Knop.

Theorem 3.1.1. [25, 1.2] Let G a connected reductive group, X a G-variety equipped with an ample G-
linearized invertible sheaf L, and s ∈ L(X)(B) a B-semi-invariant section. Let P the parabolic subgroup
stabilizer of s in P(L(X)), with Levi decomposition PuoL, T ⊂ L. Then the open subvariety Xs is P -stable,
and there exists a closed L-stable subvariety Z ⊂ Xs such that the morphism induced by the P -action

Pu × Z → Xs

is a P -equivariant isomorphism.

Corollary 3.1.2. [25, §2] Let G a connected reductive group, X a normal G-variety, and P (X) the smallest
stabilizer of a B-stable divisor in X, with Levi decomposition P (X)u oL(X), T ⊂ L(X). Then, there exists
an affine L(X)-stable subvariety Z such that X0 := P (X)Z is an open affine subvariety of X. The natural
morphism P (X)u × Z → X0 is an isomorphism and the derived subgroup of L(X) acts trivially on Z.

Let X0 ⊂ X be as in the corollary, and H be the kernel of the L(X) action on Z. Then T := L(X)/H
is a torus acting faithfully on Z. The local structure of Z for such an action is well known: up to replacing
Z by a smaller L(X)-stable subvariety, we have an L(X)-equivariant isomorphism Z ' T×C0, where L(X)
acts on T by left multiplication via the projection L(X)→ T, and C0 is an algebraic curve. We end up with
a P (X)-equivariant isomorphism

X0 ' P (X)u × T× C0,

which identifies π|X0
with the projection to C0, and yields the desired rational section.

Recall that the (equivariant) class group being finitely generated is a necessary condition for the (equiv-
ariant) Cox ring to be finitely generated (2.1.6). In fact, we show in the two next propositions that for
complexity one normal varieties, this is also sufficient.

Proposition 3.1.3. The (equivariant) class group of X is finitely generated if and only if X is a rational
variety.

Proof. By 2.2.2, the equivariant class group is finitely generated if and only if the class group is so. By the
localization sequence (2), Cl(X) is finitely generated if and only if Cl(X0) is so. But because P (X)u × T is
a rational variety with trivial class group, thus Cl(X0) is isomorphic to Cl(C0) via the pullback associated
with the projection to C0 ([7, 5.1.2]). By the localisation sequence again, we deduce that Cl(X) is finitely
generated if and only if Cl(C) is. This last condition is equivalent to C ' P1, which yields the statement.

Proposition 3.1.4. Suppose that X is a rational normal variety of complexity one satisfying O(X)∗G ' k∗.
Then CoxG(X) is finitely generated. If moreover O(X)∗ ' k∗, then Cox(X) is finitely generated.

Proof. Replacing X by its smooth locus doesn’t change the equivariant Cox ring, hence we can suppose X
smooth. With this assumption, the Cox sheaf is of finite type and the equivariant characteristic space exists
as a normal variety. Let’s embed ΓPicG(X) in a torus T by means of an injective morphism of diagonalizable
groups ϕ : ΓPicG(X) → T dually defined as follows: choose representatives (Li)i=1,..,n of elements in a
generating set of PicG(X) and consider the free Z-module Zn generated by these representatives. Then,
define ϕ] to be the natural surjective morphism

ϕ] : Zn → PicG(X), (d1, ..., dn) 7→ [L⊗d1
1 ⊗OX

...⊗OX
L⊗dnn ].

Let ΓPicG(X) act on T through ϕ, and consider the cartesian square

X̂G × T X̂G

Y := X̂G ×ΓPicG(X) T X ,

pX̂G

/ΓPicG(X) /ΓPicG(X)

ψ
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where ψ : Y → X is the G-equivariant T-torseur over X whose G-equivariant type is ϕ]. By 2.5.10, there is
a morphism of graded OX -algebras

θ : AG :=
⊕

(di)∈Zn(Lx1)⊗d1 ⊗OX
...⊗OX

(Lxn)⊗dn → RG,x

such that θ(U) is surjective for any open subvariety U ⊂ X. Hence, to prove that CoxG(X) is finitely
generated, we are reduced to prove that the algebra of regular functions on Y is so. Because Y is a G-
equivariant T-torsor over X, it is a smooth rational G×T-variety of complexity one. Then, a result of Knop
[24, Satz 1] says that O(Y ) is a finitely generated k-algebra. The second assertion is then an application of
2.9.2.

Remark 3.1.5. The second assertion in the last statement is [2, Thm 4.3.1.5]. Also, notice that almost
homogeneous varieties of complexity one are automatically rational. Indeed, we have in this situation a
natural injection k(C) → k(G) from which we see that C is unirational because G is a rational variety.
By Luröth’s theorem, one deduces that C is rational and hence so is X in view of the isomorphism after
Corollary 3.1.2. Moreover, we have O(X)∗G ' k∗ because G has an open orbit. As a consequence, the
equivariant Cox ring of X is well-defined and finitely generated.

Suppose that X is rational of complexity one and such that O(X)∗ ' k∗, so that Cox(X) is well defined
and finitely generated. Because U has trivial character group and Picard group, every divisorial sheaf on X
has a unique U -linearization, whence a canonical isomorphism

CoxU (X) ' Cox(X) (2.3.4).

We consider Cox(X) endowed with this canonical structure of Cl(X)-graded U -algebra.

Proposition 3.1.6. Suppose that Pic(G) = 0. Then, the k-algebra Cox(X)U is a finitely generated normal
domain, and there is an isomorphism of Cl(X)-graded k-algebra

Cox(X)U ' CoxG(X)U/(1− λj .1)16j6n,

where (λj)16j6n is an arbitrary Z-basis of Ĝ. From this isomorphism, Cox(X)U is endowed with a structure
of Cl(X)× T̂ -graded algebra.

Proof. The k-algebra Cox(X)U is a normal domain because Cox(X) is so. Moreover, 2.9.3 yields the iso-
morphism of the statement, whence the finite generation of Cox(X)U . The right hand side is naturally
Cl(X)× T̂ -graded, so is the left hand side by transport of structure.

Corollary 2.8.4 can be useful for instance if one is looking for a description CoxG(X) by generators
and relations. Indeed, reusing the notations of this result, X ′ is a smooth complete rational G-variety of
complexity one, and CoxG(X) is the quotient of (the finitely generated) CoxG(X ′) by a particularly simple
regular sequence. So one may rather look for a description of CoxG(X ′). This task might be easier thanks
to the following proposition (which is probably known but for which we could not find a reference).

Proposition 3.1.7. Suppose that X is a smooth complete rational G-variety of complexity one. Then, the
abelian groups Pic(X) and PicG(X) are free of finite rank.

Proof. By [21, Thm. 2] there is a G-equivariant projective birational morphism ϕ : X ′ → X, where X ′ is a
(projective) normal G-variety. This implies that the pullback morphism ϕ∗ : Pic(X)→ Pic(X ′) is injective.
Thus we can suppose that X is projective. Also, using the exact sequence (1), we are reduce to prove that
Pic(X) is free of finite rank. We look for a non-empty open subvariety U ⊂ X such that O(U)∗ ' k∗ and
Pic(U) = 0. By the exact sequence (2), finding such a subvariety U yields the result.

Choose a maximal torus T ⊂ G and a 1-parameter subgroup λ of T having the same fixed points in X
as T . By the next lemma, each G-orbit admit only finitely many fixed points. Because X is of complexity
one, it follows that the connected components (Ci)06i6r of the fixed points variety XT = Xλ are points or
curves. Also, the Bialynicki-Birula decomposition [28, Thm. 13.47] says that X is the disjoint union of the
subvarieties Xi, i = 0, ..., r such that for all x ∈ Xi, the limit limt→0 λ(t).x exists and lies in Ci. Moreover,
the maps
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fi : Xi → Ci, x 7→ limt→0 λ(t).x, i = 0, ..., r

are good quotients for the Gm-action. We can assume thatX0 is an open subvariety. If C0 is a curve, then it is
isomorphic to P1

k. Indeed, it is a projective normal curve which is rational because k(C0) ⊂ k(X). Consider
U := π−1(A1

k). Then U is affine and its coordinate algebra is Z>0-graded. Moreover, the homogeneous
component of degree zero is O(A1

k), whence O(U)∗ ' k∗. Let L be a Gm-linearized invertible sheaf on U . By
[3, Cor. 6.4], we have f∗i∗L ' L as invertible sheaves on U , where i denotes the closed immersion A1

k → U
and f is the restriction of f0 to U . Thus, L is trivial as an invertible sheaf. This implies that Pic(U) is
trivial since the forgetful morphism PicGm(U)→ Pic(U) is surjective. If C0 is a point, we let U := π−1(C0)
and one proves similarly as above that O(U)∗ ' k∗ and Pic(U) = 0.

Lemma 3.1.8. Consider an homogeneous space G/H, and a maximal torus T ⊂ G. Then there are only
finitely many T -fixed points in G/H.

Proof. We can suppose that T admit at least one fix point x. Choosing x as a base point, we have T ⊂ H.
Consider a T -fixed point gH in G/H. We have g−1Tg = h−1Th for a certain h ∈ H, because any two
maximal tori in H are conjugate by an element of H. But we can translate g by an element of H, and
consequently suppose that g ∈ NG(T ). Thus, NG(T ) acts transitively on the set of fixed points. The
stabilizer of x is the centralizer NH(T ), whence the finiteness of the set of fixed points.

3.2 The algebra CoxG(X)U

Let (X,x) be a pointed normal rational G-variety of complexity one such that O(X)∗G ' k∗. Suppose
that G has trivial Picard group. To study CoxG(X), it is classical in invariant theory to investigate the more
accessible structure of the algebra of U -invariant CoxG(X)U . By [32, D.5], 3.1.4, and 2.6.7, this subalgebra
is a finitely generated normal domain. We give a description by generators and relations of CoxG(X)U when
O(X)∗ ' k∗. This is a generalization of a previous result by Ponomareva ([31, Thm 4]).

Notice that CoxG(X)U is naturally ClG(X)× T̂ -graded, the homogeneous elements being global sections
of G-linearized divisorial sheaves whose divisors of zeroes are the B-stable effective divisors of X. To see this,
consider a B-invariant effective divisor D, and the divisorial sheaf OX(D)x endowed with a G-linearization
(such a linearization exists by assumption on Pic(G), see 2.2.2). We have to verify that the canonical section
associated to D spans a B-stable line in CoxG(X). As O(X)∗G ' k∗, every automorphism of OX(D)x

preserving the G-linearization is given by the multiplication of sections by a non-zero constant. It follows
that the canonical section associated with D is, up to multiplication by a non-zero constant, the unique
global section of this G-linearized divisorial sheaf whose divisor of zeroes is D. Hence, this section is a
B-eigenvector.

Consider the maximal open subvariety V ⊂ X on which the rational quotient π : X 99K P1
k by B defines

a morphism. By [16, II.7.3.6], the complement of V in X is of codimension > 2. Hence, there exists up to
isomorphism a unique divisorial sheaf F whose restriction to V is isomorphic to π∗|VOP1

k
(1). By hypothesis on

the Picard group of G, we endow the sheaf F with a G-linearization, and consider the rigidified G-linearized
divisorial sheaf Fx associated to F . After choosing homogeneous coordinates x, y on P1

k, the sections π
∗
|V (x)

and π∗|V (y) defining the morphism π|V uniquely extend to global sections a, b ∈ Fx(X) which are B-semi-
invariant of the same weight. The pullback of Weil divisors on P1

k is well-defined, this is just the usual
pullback of Cartier divisors

π∗ : WDiv(P1
k)→WDiv(X), p = [α : β] 7→ divX(βa− αb).

As in the preceding section, consider a P (X)-stable open affine subvariety X0 given by the local structure
theorem. The complement of X0 in X is a finite union of prime B-stable divisors. On the other hand, π|X0

is a geometric quotient by B whose schematic fibers are subvarieties of codimension one in X0. We deduce
that schematic fibers of π|V in general position define B-stable prime divisors of X by taking closure. These
divisors are nothing but the prime divisors in the image of π∗.
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Definition 3.2.1. [31, 3] The prime divisors in the image of π∗ are the parametric divisors. The finite set of
B-stable prime divisors that are not parametric is the set of exceptional divisors. For an exceptional divisor
E, the image of π|E is either dense or a point in P1

k. In this last case, the image point is called exceptional.

Notation 3.2.2. Let (xi)i∈I be the finite family of exceptional points with respective homogeneous coor-
dinates [αi : βi], i ∈ I. For all i ∈ I, let (Exi

j )j be the finite family of exceptional divisors sent to xi by
π. Also, let (Ek)k be the finite family of exceptional divisors dominating P1

k. Finally, equip O(Exi
j ) (resp.

O(Ek)) with arbitrary G-linearizations, let sij (resp. sk) denote the canonical sections associated with Exi
j

(resp. Ek) in the G-linearized sheaves O(Exi
j )x (resp. O(Ek)x), and let nij denote the (integral) coefficient

of Exi
j in the divisor π∗(xi).

Theorem 3.2.3. Suppose that O(X)∗ ' k∗. Then CoxG(X)U is generated as a k[Ĝ]-algebra by the elements
a, b, (sij)ij , (sk)k. The ideal of relations contains the following identities

βia− αib = λi
∏
j s
nij

ij ,

where for all i ∈ I, λi is a certain character of G. If moreover, the condition

(?) the common degree of the sections a, b is Z-torsion free in ClG(X)× T̂

is satisfied, then the above relations generate the whole ideal.

Proof. We first prove that the elements a, b, (sij)ij , (sk)k generate CoxG(X)U as a k[Ĝ]-algebra. The divisor
of zeroes of a ClG(X)× T̂ -homogeneous element s can be written as

divX(s) =
∑
ij pijE

xi
j +

∑
k pkEk +

∑
l qlDl,

where the Dl are B-stable parametric divisors. We infer that s is associated, by mean of an homogeneous
unit, with an element ∏

ij s
pij
ij

∏
k s

pk
k

∏
l(vla− ulb)ql ,

where [ul : vl] is a homogeneous coordinate of the point π(Dl) ∈ P1
k. By virtue of 2.6.8, it follows that the

elements a, b, (sij)ij , (sk)k generate CoxG(X)U as k[Ĝ]-algebra.
By the same arguments, we see that the relations of the statement hold. Now suppose that the common

degree of a, b is Z-torsion free. We show that these relations generate the whole ideal. For this, consider an
arbitrary relation

λ
∏
ij s

pij
ij

∏
k s

pk
k f(a, b) + µ

∏
ij s

qij
ij

∏
k s

qk
k g(a, b) + ... = 0,

where f, g... are Z-homogeneous polynomials in two indeterminates (by assumption on torsion-freeness of the
degree of a, b), and λ, µ, ... are characters of G. We claim that by substituting relations from the statement,
one can transform a sum

λ
∏
ij s

pij
ij

∏
k s

pk
k f(a, b) + µ

∏
ij s

qij
ij

∏
k s

qk
k g(a, b),

in an expression of the form ν
∏
ij s

rij
ij

∏
k s

rk
k h(a, b), where h is a Z-homogeneous polynomial in two in-

determinates, and ν ∈ Ĝ. Iterating this process, we obtain the trivial relation in a finite number of
steps which finishes the proof. We set A = λ

∏
ij s

pij
ij

∏
k s

pk
k f(a, b), and B = µ

∏
ij s

qij
ij

∏
k s

qk
k g(a, b), then

A/B ∈ k(X)B = k(a/b). Taking the divisor of zeroes of A/B, we obtain an equation of the form∑
ij pijE

xi
j +

∑
k pkEk + divX(fA(a, b)) =

∑
ij qijE

xi
j +

∑
k qkEk + divX(fB(a, b))

where fA and fB are Z-homogeneous polynomials in two indeterminates. We see right away that pk = qk
holds necessarily for all k, so that we can put in factor

∏
k s

pk
k in A + B. On the other hand, for each

exceptional point xi we get an equality∑
j(pij − qij)E

xi
j = divX(βia− αib)di , where [αi : βi] = xi.
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We deduce that pij − qij = dinij for all i, j. We can suppose that di > 0, so that pij > qij for all j. Hence
by using relations of the statement we write∏

j s
pij
ij =

∏
j s
qij
ij

∏
j s
pij−qij
ij = λ−dii (βia− αib)di

∏
j s
qij
ij .

This allows us to factor
∏
j s
qij
ij in A+ B. Doing this for each exceptional point, we see that the remaining

factor is an homogeneous expression of the form

λ′f ′(a, b) + µ′g′(a, b),

where λ′, µ′ ∈ Ĝ and f ′, g′ are Z-homogeneous polynomials in two indeterminates. We necessarily have
λ′ = µ′, and deg f ′ = deg g′, whence the sought reduction.

Proposition 3.2.4. The condition (?) is satisfied in the following situations

• X is smooth and complete,

• G = T is a torus and O(X)T ' k,

• X is almost homogeneous.

Proof. In the first situation, PicG(X) is free of finite rank (3.1.7). Consequently, it suffices to check that
the common PicG(X)-degree of a, b is non-trivial. This is verified because a, b are linearly independent and
O(X) ' k.

In the second situation, suppose that there exists an integer n > 1 that kills the common degree of a, b.
Then, consider a non-empty T-stable open subvariety X0 equivariantly isomorphic to the product T × Z,
where T acts on itself by left multiplication, and Z is an open subvariety of P1

k on which T acts trivially.
Restricting the homogeneous sections a, b to X0, we have{

a, b ∈
⊕

ClT(X)O(Z)[T̂]

an, bn ∈ k, of ClT(X)-degree zero

Hence, we necessarily have a, b ∈ k, in a certain ClT(X)-homogeneous component. This is a contradiction as
these two sections are linearly independent.

In the third situation, suppose again that there exists an integer n > 1 that kills the common degree of
a, b. Then we obtain an, bn ∈ O(X)B , hence an, bn ∈ O(X)G. As G is connected, CoxG(X)G is integrally
closed in CoxG(X), whence a, b ∈ CoxG(X)G. But the homogeneous components of this last algebra are one
dimensional k-vector spaces (2.8.5), and a, b are linearly independent, a contradiction.

Remark 3.2.5. In [2, Thm 4.4.1.6], Hausen and Süss give a presentation by generators and relations of the
Cox ring of a normal rational T-variety of complexity one satisfying O(X) ' k. In view of the preceding
proposition, Theorem 3.2.3 combined with 2.9.3 yields a similar presentation for the slightly more general
case of a normal rational T-variety of complexity one satisfying O(X)T ' k.

3.3 Cox(X)U as the Cox ring of a T -variety of complexity one
Let (X,x) a pointed normal rational G-variety of complexity one such that O(X)∗ ' k∗. Suppose

moreover that G has trivial Picard group, and that the condition (?) of 3.2.3 is satisfied, e.g. X is almost
homogeneous (3.2.4).

In [2, 3.4.2], are studied the finitely generated integral normal factorially graded k-algebras such that
the grading is effective, pointed, and of complexity one. Geometrically, these are the coordinate algebras
of normal affine varieties Z endowed with an effective action of a diagonalizable group Γ such that Z is
Γ-factorial, of complexity one under the action of Γ◦, and the invariant regular functions as well as the
invertible homogeneous regular functions on Z are constant. By [2, 4.4.2.3], an algebra satisfying these
conditions is up to graded isomorphism obtained by the
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Construction 3.3.1. [2, 3.4.2.1] Fix integers r ∈ Z>1, m ∈ Z>0, a sequence of integers n0, ..., nr ∈ Z>1,
and let n := n0 + ...+ nr. Consider as inputs

• A matrix A := [a0, ..., ar] with pairwise linearly independent column vectors a0, ..., ar ∈ k2.

• An r × (n + m) block matrix P0 = [L 0r,m], where L is an r × n matrix built from the ni-tuples
li := (li1, ..., lini

) ∈ Zni

>1, 0 6 i 6 r, called exponent vectors, as below

L =

−l0 l1 . . . 0
...

...
. . .

...
−l0 0 . . . lr


Now consider the polynomial algebra k[Tij , Sk], where 0 6 i 6 r, 1 6 j 6 ni, and 1 6 k 6 m. For every
0 6 i 6 r, define a monomial

T lii := T li1i1 ...T
lini
ini

,

whence the name "exponent vector". Denote I the set of triples (i1, i2, i3) with 0 6 i1 < i2 < i3 6 r, and
for all I ∈ I , consider the trinomial

gI := det

[
T
li1
i1

T
li2
i2

T
li3
i3

ai1 ai2 ai3

]
.

We introduce a grading on k[Tij , Sk] by the abelian group K0 := Zn+m/ Im(tP0), where tP0 is the transpose
of P0. Let Q0 : Zn+m → K0 be the projection, and set

deg Tij := Q0(eij), and degSk := Q0(ek),

where (eij , ek) is the standard basis of Zn+m. Finally consider the K0-graded k-algebra

R(A,P0) := k[Tij , Sk]/(gI)I∈I .

Proposition 3.3.2. The k-algebra Cox(X)U is isomorphic to an algebra R(A,P0) constructed as in 3.3.1.

Proof. Consider a presentation by generators and relations of Cox(X)U as provided by 3.2.3 and 3.1.6.
Suppose first that X admits at least two exceptional points. Consider the algebra R(A,P0) built from the
following input data

• m is the number of exceptional divisors in X dominating P1
k,

• a0, ..., ar are homogemeous coordinates on P1
k of the exceptional points, and we can suppose that these

coordinates are of the form [1 : 0], [0 : −1], [α2 : β2], ..., [αr : βr],

• the matrix A is [
1 0 α2 . . . αr
0 −1 β2 . . . βr

]
,

• for 0 6 i 6 r, set

li := (ni,j)j (notation of 3.2.3).

On the other hand, using the relations a =
∏
j s
n0j

0j , and b =
∏
j s
n1j

1j given by 3.2.3, we can remove a, b
from our generating set of Cox(X)U . We end up with the same number of generators as for the k-algebras
R(A,P0). The ideal of relations is generated by the following ones

αi
∏
j s
n0,j

0j − βi
∏
j s
n1,j

1j =
∏
j s
ni,j

ij , i = 2, ..., r.
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With regard to the algebra R(A,P0), we have the identities

g(i,j,l) = αjlg(i,j,k) − αijg(j,k,l) ([2, 3.4.2.4]),

where 0 6 i < j < k < l 6 r, and αij := det(ai, aj). From this, we infer that the trinomials g(0,1,i), 2 6 i 6 r
generate the ideal ((gI)I∈I ). But these trinomials are, up to the change of variables Tij 7→ sij , the trinomials
appearing in relations listed above for Cox(X)U . This finishes the proof in this case.

If X admits at most two exceptional points, then Cox(X)U is a polynomial algebra. In this case we use
almost the same input data for R(A,P0), except that we consider two column vectors a0, a1 ∈ k2 which are
homogeneous coordinates of two distinct points in P1

k that contain all the exceptional points, and for the ai
which are not exceptional, we set li := (1).

Corollary 3.3.3. The spectrum of Cox(X)U is a complete intersection.

Proof. By [2, 3.4.2.3], the spectrum of any algebra R(A,P0) constructed as in 3.3.1 is a complete intersection,
whence the result.

Corollary 3.3.4. The total coordinate space X̃ has only constant invertible functions.

Proof. An invertible function f ∈ Cox(X)∗ is U -invariant ([7, 4.1.6]). Thus, it is constant because any
algebra R(A,P0) has only constant invertible functions ([2, 3.4.2.3]).

Corollary 3.3.5. The k-algebra Cox(X)U is the Cox ring of a normal variety of complexity one under a
torus action.

Proof. Proceeding as in [1, Prop. 5.1], we construct a normal affine rational variety of complexity one under
a torus action, whose Cox ring is Cox(X)U .

Remark 3.3.6. Following the proof of 3.3.2, the input data to be used in Construction 3.3.1 in order to
obtain Cox(X)U can interpreted geometrically:

• m is the number of exceptional divisors in X dominating P1
k,

• a0, ..., ar are homogemeous coordinates on P1
k of the exceptional points x0, ..., xr.

• the exponent vectors are the vectors formed by the multiplicities of the exceptional divisors in the
pullbacks π∗(xi), i = 0, ..., r.

Remark 3.3.7. Consider the spectrum Ỹ of an algebra R(A,P0) viewed as the total coordinate space of a
normal rational variety Y of complexity one under a torus action. The geometries of Ỹ and Y highly depend
on the exponent vectors li, i = 0, ..., r, involved in the equations. In [1], the study of singularities on Y leads
to the following notion that will be used later: a ring R(A,P0) is a Platonic ring either if r 6 1, or if every
tuple (l0i0 , ..., lrir ) is Platonic, i.e. after ordering it decreasingly, the first triple is one of the Platonic triples

(5, 3, 2), (4, 3, 2), (3, 3, 2), (x, 2, 2), (x, y, 1), x > y > 1,

and the remaining integers of the tuple equal one.

3.4 Log terminality in the total coordinate space
Let G be a connected reductive group. In this section, we characterize the log terminality of singularities

in the total coordinate spaces of almost homogeneous G-varieties of complexity 6 1. One key ingredient is
a theorem of Braun ([5, Thm 3.1]) saying that a total coordinate space X̃ is always 1-Gorenstein . Thus,
applying [23, 6.2.12, 6.2.15] yields the equivalence

X̃ has log terminal singularities ⇐⇒ X̃ has rational singularities.
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Proposition 3.4.1. Let X be a spherical G-variety with only constant invertible regular functions. Then,
the total coordinate space X̃ has log terminal singularities.

Proof. The total coordinate space X̃ is a spherical variety under a connected reductive group G1 × Γ◦Cl(X),
where G1 is a finite cover of G (see [2, Thm 4.2.3.2]). As spherical varieties have rational singularities ([32,
Thm. 15.20]), this completes the proof.

Corollary 3.4.2. Let X be a Q-factorial projective spherical variety. Then X is of Fano type.

Proof. Apply [13, Thm 1.1] together with the last proposition.

Now, we consider the total coordinate space of an almost homogeneous G-variety of complexity one, and
prove the

Theorem 3.4.3. Let X be an almost homogeneous G-variety of complexity one with only constant invertible
regular functions. Then

X̃ has log terminal singularities ⇐⇒ Cox(X)U is a Platonic ring (see 3.3.7).

The Cox ring of X is well defined and finitely generated (3.1.5). Moreover, up to replacing G by a
finite cover, we can suppose that Pic(G) = 0, and that Cox(X) is endowed with a compatible structure of
Cl(X)-graded G-algebra (see [2, Thm. 4.2.3.2]). We choose a Borel subgroup B, a maximal torus T in B,
and denote by U the unipotent part of B.

Proving that a spherical variety has rational singularities usually relies on a reduction to the toric case.
Similarly we are going to reduce to the case of a normal variety of complexity one under a torus action, and
use the following result of Arzhantsev, Braun, Hausen and Wrobel:

Theorem 3.4.4. [1, Thm. 1] Let Ỹ be a normal affine Q-Gorenstein rational T-variety of complexity one
such that O(Ỹ )T ' k. Then Ỹ has log terminal singularities if and only if its Cox ring is Platonic.

Consider the categorical quotient Ỹ := Spec Cox(X)U of X̃ by U . By [32, Thm. D.5], Ỹ is a normal
variety. Moreover, it is of complexity one under the induced action of the torus T := T × Γ◦Cl(X). Indeed, X̃
is almost homogeneous of complexity one under G× Γ◦Cl(X).

Lemma 3.4.5. The variety Ỹ satisfies the assumptions of Theorem 3.4.4. Moreover, it is 1-Gorenstein.

Proof. As X̃ is almost homogeneous of complexity one under G × Γ◦Cl(X), it is a rational variety (3.1.5).
Then, we have

k(P1
k) ' k(X̃)B×Γ◦Cl(X) = k(X̃)U.T = Frac(Cox(X)U )T = k(Ỹ )T,

whence Ỹ is a rational variety (for a proof of the second equality, proceed similarly as in [32, D.7]). By
the result of Braun again, Ỹ is 1-Gorenstein because it can be viewed as a total coordinate space (3.3.5).
Finally, we verify that O(Ỹ )T ' k. We have identifications

O(Ỹ )T ' O(X̃)B×Γ◦Cl(X) ' O(X̃)G×Γ◦Cl(X) ' k[(ri)i]
Γ◦Cl(X) ,

where k[(ri)i] is a polynomial k-subalgebra in the canonical sections associated to the G-stable prime divisors
in X. Indeed, because X is almost homogeneous, a G-fixed homogeneous element in Cox(X) is the product
of a monomial in the ri with a homogeneous unit, and the homogeneous units are constant ([2, 1.5.2.5]). The
algebra k[(ri)i] is Cl(X)-graded, and any non-zero degree associated with a homogeneous element is torsion
free in Cl(X). It follows that

k[(ri)i]
Γ◦Cl(X) ' k[(ri)i]0 ' k.
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By [32, Thm D.5], X̃ has rational singularities if and only if Ỹ do so. Using Theorem 3.4.4 together with
the above lemma yields

X̃ has log terminal singularities ⇐⇒ Ỹ has log terminal singularities

⇐⇒ Cox(Ỹ ) is a Platonic ring.

To finish, we claim that

Cox(Ỹ ) is a Platonic ring ⇐⇒ Cox(X)U is a Platonic ring.

The algebra Cox(Ỹ ) is again of the form given by Construction 3.3.1, and the associated exponent vectors
have an explicit description in term of the ones associated with Cox(X)U (see [20, 2.7]). Using this descrip-
tion, the claim is verified by means of an easy case by case check. This finishes the proof of the Theorem
3.4.3.

3.5 Iteration of (equivariant) Cox rings
In [1], Arzhantsev, Braun, Hausen and Wrobel introduced the notion of iteration of Cox rings: Let Z be a

normal variety with finitely generated Cox ring. If the total coordinate space Z̃ has a non-trivial class group
and satisfies O(Z̃)∗ ' k∗, then it has a non-trivial well-defined Cox ring. If the latter is finitely generated,
we get a new total coordinate space Z̃(2), and so on. This iteration process yields a sequence of Cox rings
which stops if only if one of the following cases occurs at some step:

• we obtain a total coordinate space whose Cox ring is not well defined (i.e. there exists n > 0 such that
Cl(Z̃(n)) has a non-trivial torsion subgroup, and O(Z̃(n))∗ 6' k∗).

• we obtain a total coordinate space whose Cox ring is not finitely generated.

• we obtain a factorial total coordinate space (i.e. with trivial class group).

If we never fall in one of the cases above, Z is said to have infinite iteration of Cox rings. Otherwise, Z
is said to have finite iteration of Cox rings, and the last obtained Cox ring is the master Cox ring. Toric
varieties obviously admit finite iteration of Cox rings with a factorial master Cox ring in one step. More
generally, spherical varieties admit finite iteration of Cox rings with a factorial (finitely generated) master
Cox ring in at most two steps ([12, Thm 1.1]). In this section, we prove the finite iteration of Cox rings
in the complexity one case, assuming some technical condition (3.5.2). We use a similar approach as in [5],
namely we systematically decompose a diagonalizable torsor into a torsor by a torus followed by a torsor by
a finite diagonalizable group, and use the fact that characteristic spaces are preserved by torsors under tori
(2.10.1).

The above definitions have obvious analogues in the equivariant setting. We then speak of iteration of
equivariant Cox rings. For a variety X endowed with an action of an algebraic group G, we denote X̂G,(i) the
ith G-equivariant characteristic space (if it exists), and X̃G,(i) the ith G-equivariant total coordinate space.
The next theorem establishes the finiteness of iteration of equivariant Cox rings for almost homogeneous
varieties under a connected reductive algebraic group. This yields in particular the finiteness of iteration of
Cox rings for almost homogeneous varieties under a semisimple algebraic group (2.3.4).

Theorem 3.5.1. Let G be a connected reductive group and X be an almost homogeneous G-variety of
complexity one. Then X admits finite iteration of equivariant Cox rings. Moreover, each equivariant Cox ring
occuring in the sequence is the Cox ring of a complexity one almost homogeneous G-variety. In particular,
the equivariant master Cox ring is finitely generated and factorial.

Proof. We can suppose that X is a smooth G-variety, up to replacing it by its smooth locus. By 3.1.4 and
3.1.5, the G-equivariant characteristic space X̂G exists and q1 : X̂G → X is a G-equivariant ΓPicG(X)-torsor.
Consider the exact sequence of abelian groups
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0→ PicG(X)tor → PicG(X)→M → 0,

where PicG(X)tor denotes the torsion part of PicG(X). This defines a factorization

X̂G g1−→ X ′
f1−→ X

of q1 into G-equivariant diagonalizable torsors. In particular, g1 is a torsor under a torus, and f1 is a torsor
under a finite diagonalizable group. Denote H the stabilizer of a base point in the open G-orbit of X. Then
X is a normal G/H-embedding, and we denote D1, ..., Dr the G-stable prime divisors lying in X \ G/H.
Using the exact sequence (3) applied to the restriction PicG(X) → PicG(G/H), we infer that the group
PicG(X)tor embeds in PicG(G/H) ' Ĥ. Let H1 be the intersection of the kernels of the characters of H
corresponding to elements of PicG(X)tor. This is a normal subgroup of H, and PicG(X)tor ' Ĥ/H1 under
the above embedding. Then G/H1 → G/H is a diagonalizable torsor under the group H/H1, and G/H1

identifies with the G-open orbit in X ′. Because X ′ is an almost homogeneous G-variety of complexity one,
it has a well defined G-equivariant characteristic space. Proposition 2.8.5 guarantees that O(X̂G)∗G ' k∗,
thus we can apply 2.10.1 in order to obtain that X̂G has also a well defined G-equivariant characteristic
space which coincides with that of X ′. This construction can be iterated so that we obtain a commutative
diagram

... ... ... ...

G/H2 X ′(2) X̂G,(2) X̃G,(2)

G/H1 X ′ X̂G X̃G

G/H X

f3 q3

f2

g2

q2

f1

g1

q1

Moreover, as each Hi, i > 1 is necessarily of finite index in H, it follows that this construction gives rise to
a descending sequence (Hi)i>1 of subgroups of H, all of which containing the neutral component H◦. Thus,
this sequence is constant after a certain rank. As a consequence X admits finite iteration of equivariant Cox
rings with a finitely generated factorial equivariant master Cox ring.

Let G be a connected reductive algebraic group, and X be a normal rational G-variety of complexity one
satisfying the condition

(C) : X and each of its iterated characteristic spaces have only constant invertible functions.

By adapting the argument in the last proof, we show in Theorem 3.5.2 that X admits finite iteration of
Cox rings. The condition (C) guarantees that X has well defined iterated Cox rings, and is satisfied in the
following situations

• O(X) ' k (e.g. X is complete).

• X is a quasicone.

• O(X)∗ ' k∗, and X is almost homogeneous.

• G = T is a torus, O(X)∗ ' k∗, and O(X)T ' k.

Indeed, for the first two cases, apply [5, 4.4], and for the remaining cases, use repeatedly 3.3.4.

Theorem 3.5.2. Let G be a connected reductive group, and X be a normal rational G-variety of complexity
one satisfying condition (C). Then, X admits finite iteration of Cox rings with well defined iterated Cox
rings. If moreover X is almost homogeneous, then the master Cox ring is factorial and finitely generated.
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Proof. Up to replacing X by its smooth locus, we can suppose that X is smooth as this doesn’t affect the
assumptions and the iteration of Cox rings. By virtue of the condition (C) and 3.1.3, the iteration stops at
the step n > 0 if and only if

either X̃(n) is not rational, or X̃(n) is factorial.

To begin with, let us examine the first iteration in detail. We can suppose that Pic(X) has a non-trivial
torsion subgroup, as otherwise X̂ is factorial and iteration stops ([2, 1.4.1.5]). Consider the diagonalizable
torsor f1 : X ′ → X associated to the inclusion morphism Pic(X)tor ↪−→ Pic(X) (2.4.5). Also, consider the
exact sequence of abelian groups

0→ Pic(X)tor → Pic(X)→M → 0.

This defines a factorization

X̂
g1−→ X ′

f1−→ X

of the characteristic space q1 : X̂ → X into diagonalizable torsors. In particular, g1 is a torsor under the
torus ΓM , and f1 is a torsor under the finite diagonalizable group Γ1 with character group Pic(X)tor. In fact
we can suppose, up to replacing G by a connected finite cover, that f1, g1 are a G-equivariant diagonalizable
torsors ([2, 4.2.3.2]). Also, we can suppose that X ′ is rational, otherwise X̂ is not rational and iteration
stops. Then, there is a commutative diagram

X ′ P1
k

X P1
k,

π1

f1 ϕ1

π0

where the πi are the respective rational quotients by B, and ϕ1 is a geometric quotient by Γ1. Notice that
the πi are defined at every codimension 1 point. Let Γ1,eff be the quotient of Γ1 by the kernel of the Γ1-action
on P1

k, and d :=| Γ1,eff |. The locus where Γ1,eff acts freely is non-empty open, ϕ1 is étale at each point of
this locus and ramified at each point of its complement. Let x be a point in P1

k, and consider the pullback

π∗0(x) =

Nx∑
i=1

ni,xE
x
i , (6)

where the Exi are pairwise distinct B-stable prime divisors in X, and ni,x ∈ Z>0, i = 1, ..., Nx. Inspired by
Construction 3.3.1, the vector (ni,x)i=1,...,Nx is called the exponent vector associated with x. On the other
hand, consider the set theoretic fiber ϕ−1

1 (x) = {x′1, ..., x′lx}. Then, we have

ϕ∗1(x) =
d

lx
x′1 + ...+

d

lx
x′lx . (7)

Indeed, the ramification indices associated to the x′k, k = 1, ..., lx, are equal and their sum is d since the finite
extension of fields of rational functions defined by ϕ1 is Galois of degree d. By definition, ϕ1 is ramified over
x if and only if d/lx > 1. Now we compute the pullbacks π∗1(x′k). Since f1 is étale, there are no multiplicities
for the prime divisors occuring in f∗1 (Exi ). Moreover, denoting Σx,i the set of prime divisors occuring in the
support of f∗1 (Exi ), the morphism π1 induces an equivariant map of transitive Γ1-sets

Σx,i → {x′1, ..., x′lx}.
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It follows that we have f∗1 (Exi ) =
∑lx
k=1(E

x′k,1
i + ... + E

x′k,mi

i ), where the Ex
′
k,j
i are pairwise distinct B-

stable prime divisors in X ′ which are respectively sent to x′k by π1, and mi is the cardinality of the orbit
StabΓ1

(x′1).E
x′k,1
i . Using the commutativity of the above square and the formulas (6) and (7), we obtain

π∗1(x′k) =

Nx∑
i=1

ni,x
d/lx

(E
x′k,1
i + ...+ E

x′k,mi

i ). (8)

It follows from this computation that if ϕ1 is ramified over x, then it is an exceptional point, and the
coordinates of the associated exponent vector have a non-trivial greatest common divisor. We call primitive
an exponent vector whose coordinates have a trivial greatest common divisor. By the above formula, the
exponent vectors associated to the points x′k lying in the fiber ϕ−1

1 (x) are equal to each other. Also, if
the exponent vector associated with x is primitive, then the exponent vectors associated with the points
x′k are also primitive. The idea of the proof is roughly to observe that there is a finite number of non-
primitive exponent vectors, and that this number decreases along the iteration process (up to identifying
equal exponent vectors). Then, assuming infinite iteration Cox rings easily yields a contradiction. We now
give the details

Thanks to condition (C) and Proposition 2.10.1, the above construction can be iterated together with
the iteration of Cox rings. At the nth step of the iteration of Cox rings, we obtain a diagram

X
′(n) ... X

′(2) X ′ X

P1
k ... P1

k P1
k P1

k,

πn

fn f3

π2

f2

π1

f1

π0

ϕn ϕ3 ϕ2 ϕ1

where X
′(i) and X̂(i) have the common characteristic space X̂(i+1) (i = 1, ..., n), and the fi are G-equivariant

Γi-torsors (Γi := Pic(X ′(i−1))tor, i = 1, ..., n−1). Here, the Γi must be non-trivial because otherwise iteration
would stop before the nth step. Notice that for the torsors fi to be G-equivariant, we have possibly replaced
G by the choice of a finite cover, however the morphisms in the above diagram don’t depend on this choice.
By repeatedly applying Lemmas 3.5.3 and 3.5.4 below, we obtain respectively the following facts:

• The morphisms ϕi are ramified for i = 1, ..., n− 1.

• The composition Fn := f1 ◦ ... ◦ fn−1 ◦ fn is a G-equivariant torsor under the action of a finite group
Sn. Moreover, the actions of Sn and G commute.

In particular, Fn is finite étale and Φn := ϕ1 ◦ ... ◦ϕn−1 ◦ϕn is a geometric quotient by Sn. Now, in view of
the commutativity of the diagram

X
′(n) P1

k

X P1
k,

πn

Fn Φn

π0

the exponent vector associated with a point in a fiber Φ−1
n (x) can be obtained by using the same computation

as the one leading to formula (8). It follows that the exponent vectors associated to points in a common
fiber Φ−1

n (x) are equal to each other. We say that two exponent vectors are equivalent if they are associated
with points in a common fiber Φ−1

n (x), this defines an equivalence relation. Consider the exceptional points
x1, ..., xr ∈ P1

k associated with π0 and such that each associated exponent vector is not primitive. Let un
be the number of classes of non-primitive exponent vectors defined by pullbacks of points of P1

k by πn. We
have u0 = r and (un)n is clearly decreasing with values in N. Suppose by contradiction that we have infinite
iteration of Cox rings, which implies that un is defined for all n ∈ N. Then, this sequence clearly admits a
limit l > 0. We cannot have l = 0 because there would exist an integer n > 0 such that ϕn is unramified.
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Thus, there is an exceptional point xk, 1 6 k 6 r, for which the greatest common divisor of the coordinates
of the associated exponent vector is unbounded, a contradiction.

To finish the proof of the finiteness of the iteration of Cox rings, we now give the two lemmas mentionned
above:

Lemma 3.5.3. Suppose that ϕ1 is not ramified. Then ϕ1 is the identity of P1
k. Moreover, X ′ and X̂ have

torsion-free Picard groups.

Proof. If ϕ1 is not ramified, it is a finite surjective étale morphism, whence an isomorphism since P1
k is simply

connected. This means that Γ1 acts trivially on P1
k, thus ϕ1 = IdP1

k
. For the second statement, we show first

that the torsion freeness of Pic(X̂) implies the torsion freeness of Pic(X ′). Using condition (C), the exact
sequence (1) applied to X̂ viewed as a ΓM -variety gives

0→M → PicΓM (X̂)→ Pic(X̂)→ 0.

This exact sequence guarantees that the torsion subgroup of PicΓM (X̂) embeds in that of Pic(X̂). To finish,
we have an isomorphism PicΓM (X̂) ' Pic(X ′) (2.5.2).

Now we prove that Pic(X̂) is torsion free. By hypothesis, we have a commutative triangle

X ′

X P1
k,

π1
f1

π0

and we claim that all but a finite number of B-stable prime divisors E in X satisfy f∗1 (E) = E′ where E′
is a B × Γ1-stable prime divisor in X ′. Indeed, it suffices to consider an affine B-stable open subvariety
X0 ⊂ X as in the paragraph after Corollary 3.1.2 and the geometric quotient X0 → C0 ⊂ P1

k by B induced
by the restriction of π0. Then π1 also induces a geometric quotient f−1

1 (X0)→ C0 by B. For all x ∈ C0, the
pullbacks π∗0(x) = Ex and π∗1(x) = E

′x are B-stable prime divisors. It follows that the support of f∗1 (Ex)
is E

′x and there is no multiplicity as f1 is étale. As all but a finite number of B-stable prime divisors in X
are pullbacks of points of C0, the claim follows. Now, because g1 is a torsor under a torus, we conclude that
for all but a finite number of B-stable prime divisors E in X, we have the property

q∗1(E) = Ê, where Ê is a B × ΓM -stable prime divisor in X̂.

For any prime divisor E in X, we have q∗1(E) = div(sE), where we view the canonical section sE associated
with E as a regular function on X̂. Hence, all but a finite number of B × ΓM -stable prime divisors in X̂
are principal. Let {E1, ..., Er} be the finite set of B-stable prime divisors in X not satisfying the above
property. We have div(sEi) = q∗1(Ei) = Ê1

i + ...+ Êlii where the Êki are B × ΓM -stable prime divisors in X̂
(1 6 k 6 li). Consider the B × ΓM -stable open subvariety X̂0 ⊂ X̂ obtained by removing the supports of
the q∗1(Ei), i = 1, ..., r. The exact sequence (2) reads

0→ O(X̂0)∗ →
⊕

i,k ZÊki → Pic(X̂)→ Pic(X̂0) = 0.

Indeed, all the B × ΓM -stable prime divisors in X̂0 are principal whence Pic(X̂0) = 0. Up to multiplication
by a non-zero constant, the units of O(X̂0) are Laurent monomials in the canonical sections sEi

, i = 1, ..., r.
Hence, the cokernel of the morphism O(X̂0)∗ →

⊕
i,k ZÊki is a torsion-free abelian group isomorphic to

Pic(X̂).

Lemma 3.5.4. Consider as above the G-equivariant diagonalizable Γ1-torsor f1 : X ′ → X. Suppose that
there is a G-equivariant torsor f0 : X → Y under a finite group S0 such that the actions of G and S0

commute. Then F1 := f0 ◦ f1 is a torsor under a finite group S1 which is an extension of S0 by Γ1.
Moreover, F1 is G-equivariant and the respective actions of S1 and G on X ′ commute.
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Proof. We adapt the arguments of [2, 4.2.4.1]. Let NAut(X′)(Γ1) be the normalizer of Γ1 viewed as a subgroup
of Aut(X ′), and Φ ∈ NAut(X′)(Γ1). Then, f1Φ : X ′ → X is a Γ1-invariant morphism, whence the existence
of a morphism ϕ such that following diagram commutes

X ′ X ′

X X.

Φ

f1 f1

ϕ

It is readily checked that ϕ ∈ Aut(X), and that the map β : NAut(X′)(Γ1) → Aut(X),Φ 7→ ϕ is a group
morphism. We show that this morphism is surjective. Consider an automorphism ϕ ∈ Aut(X), and let ϕ∗X ′
denote the pullback of X ′ along ϕ. This defines an isomorphism u : ϕ∗X ′ → X. Moreover, the structural
morphism ϕ∗X ′ → X is a Γ1-torsor which has the same type (2.5.7) as f1 up to an automorphism of Γ̂1.
Indeed, the pullback by ϕ induces an automorphism of Pic(X)tor = Γ̂1. It follows from this last fact and
2.5.9 that there exists an isomorphism v : X ′ → ϕ∗X ′ over X compatible with the Γ1-action (here we used
that O(X)∗ ' k∗). Summarizing, we obtain a commutative diagram

X ′ ϕ∗X ′ X ′

X X,

v u

f1

ϕ

where uv ∈ NAut(X′)(Γ1) and β(uv) = ϕ, which proves the surjectivity. The kernel of β consists of the
elements of NAut(X′)(Γ1) which are automorphisms of X ′ viewed as a variety over X. Obviously, Kerβ
contains Γ1. Conversely, any element v ∈ Kerβ induces an automorphism of the field of rational functions
k(X ′) viewed as a k(X)-algebra. As the extension k(X) ↪−→ k(X ′) is Galois with Galois group Γ1, we conclude
that kerβ = Γ1. We have obtained an exact sequence of groups (see also [27, Proposition 2.1])

1→ Γ1 → NAut(X′)(Γ1)
β−→ Aut(X)→ 1.

Let S1 be the preimage of S0 ⊂ Aut(X) by β. This is a finite group acting on X ′ which is an extension of
S0 by Γ1. Also, it is directly checked that the quotient of X ′ by S1 exists and is a torsor which identifies
with the morphism F1.

It remains to prove that the actions of G and S1 commute. Let s1 ∈ S1(k), g ∈ G(k), x ∈ X(k). Then
we have

f1s1gs
−1
1 g−1(x) = s0gs

−1
0 g−1f1(x) = f1(x),

where s0 := β(s1). It follows that s1gs
−1
1 g−1 ∈ Γ1(k), whence a continuous map G(k) → Γ1(k) taking an

element to its commutator with s1. Because G is connected, this map is constant. Taking its value at eG,
we conclude that the actions of G and S1 commute.

We finally have to prove the last claim of the theorem. By construction, the G-varieties X
′(i) are of

complexity one. They are moreover almost homogeneous if X is so. The claim follows from this observation
and 3.1.4, 3.1.5.

Remark 3.5.5. There exists a normal rational Gm-variety of complexity one with only constant regular
functions, such that the master Cox ring is not finitely generated. Consider indeed the two normal affine
rational Gm-surfaces defined by the Q-divisors

D1 := 1
3 [0] + 1

3 [1] + 1
3 [∞], and D2 := − 1

3 [0]− 1
3 [1]− 1

3 [∞].

on P1
k (see [11]). It is easy to verify that these two surfaces glue to a Gm-surface X with only constant

regular functions. The exponent vectors defined by the rational quotient X 99K P1
k by Gm are (3, 3), (3, 3),

(3, 3). Hence, X̃ is not rational in view of the criterion [1, 5.8]. This implies that Cox(X̃) is not finitely
generated.
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Remark 3.5.6. Let G be a connected reductive group, and X be a normal rational G-variety of complexity
one satisfying the condition

(CG) : O(X̂G,(i))∗G ' k∗, for i > 0.

For instance, a normal rational G-variety of complexity one satisfies (CG) if it is complete, or a quasicone, or
almost homogeneous. The Theorem 3.5.2 has an obvious equivariant analogue in this setting and its proof
adapts as well. More precisely, we obtain that X admits finite iteration of G-equivariant Cox rings, with well
defined G-equivariant iterated Cox rings. The proof is in fact easier as the iterated equivariant characteristic
spaces are canonically endowed with a G-action.
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