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THE MHM METHOD FOR ELASTICITY ON POLYTOPAL MESHES

ANTONIO TADEU A. GOMES*, WESLLEY S. PEREIRAT, AND FREDERIC VALENTIN?

Abstract. The multiscale hybrid-mixed (MHM) method consists of a multi-level strategy to
approximate the solution of boundary value problems with heterogeneous coefficients. In this con-
text, we propose a new family of finite elements for the linear elasticity equation defined on coarse
polytopal partitions of the domain. The finite elements rely on face degrees of freedom associated
with multiscale bases obtained from local Neumann problems with polynomial interpolations on
faces. We establish sufficient conditions on the fine-scale interpolations such that the MHM method
is well-posed. Also, discrete traction stays in local equilibrium with external forces. We show by
means of a multi-level analysis that the MHM method achieves optimal convergence under local reg-
ularity conditions without refining the coarse partition. The upshot is that the Poincaré and Korn’s
inequalities do not degenerate, and then convergence arises on general meshes. We employ two- and
three-dimensional numerical tests to assess theoretical results and to verify the robustness of the
method through a multi-layer media case. Also, we address computational aspects of the underlying
parallel algorithm associated with different configurations of the MHM method; our aim is to find the
best compromise between execution time and memory allocation to achieve a given error threshold.

1. Introduction. The modeling of elastic phenomena often involves linear dif-
ferential equations with heterogeneous coefficients defined on intricate domains. For
instance, in geological modeling, data include complex geological layers with struc-
tures over a wide range of length scales and, sometimes, the surface topography. In
this case, details matter; the numerical solution may strongly differ if the mesh does
not account for the multiple scales properly. In standard finite element methods, this
constraint demands very fine meshes, which enlarges the computational cost. Further-
more, numerical methods ideally should preserve essential physical properties, such as
symmetry and conformity of the stress field, and local equilibrium of the stress field
with external forces, which require high-order polynomial interpolations [6] and, then,
additional computational resources. The common approach has been to relax sym-
metry, local equilibrium, or conformity. These options have been actively pursued,
with works dating from the eighties [5, 43] to the present day [22, 7].

Finite element methods on polytopal partitions for elastic models have undertaken
significant development in the last years [16, 39, 45, 37]. They bring flexibility to deal
with complex geometries avoiding unnecessary spread in the mesh refinement. When
associated with domain decomposition approaches, polytopal finite elements become
an attractive and compelling option to decrease computational costs.

In this context, the multiscale finite element methods, started with the seminal
work [8], can be interpreted as members of the domain decomposition approach; exam-
ples include [29, 30, 4, 1, 32]. These methods propose upscaling numerical strategies to
solve problems using coarse partitions. They use localized multiscale basis functions
to recover structures of the solution lost by the unresolved fine scales. From a com-
putational viewpoint, these methods fit well in massively parallel computer systems
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because they allow for the multiscale basis functions to be computed in a decoupled
fashion. Nevertheless, the global part of these methods remains a computational
bottleneck—especially in realistic three-dimensional problems—because of its coupled
form. One of the strategies to decrease the number of degrees of freedom in the global
part of the multiscale methods is to combine the flexibility of polytopal meshes with
non-conforming, skeleton-based methods. These methods employ degrees of freedom
on the faces of the mesh skeleton at the global level and can cope with jumping coef-
ficients without aligning faces at the local level. Also, discontinuous interpolations on
faces play an essential role in maintaining accuracy in such a crossing-face interface
scenario.

In this work, we propose a new family of polytopal finite elements for the Multi-
scale Hybrid-Mixed (MHM for short) method applied to the two- and three-dimensionallj
linear elasticity model. It extends the construction and the analysis of the MHM
method proposed in [28] by following the recent strategy given in [9] for the two-
dimensional Poisson equation. In addition to the extension of [28] to more general
meshes, the contributions of the present work are the following:

e it allows discontinuous polynomial interpolations on faces to account for
crossing-face interfaces. This feature is also new for simplicial elements in
the context of the method proposed in [28];

e it accounts for face partitioning and fine-scale meshes in the analysis of well-
posedness and convergence of the method. Such a multi-level analysis is
absent in [28]. Here, we extend the analysis of [9] to the linear elasticity
model in two- and three-dimensions thanks to a new Fortin operator;

e it establishes optimal error estimates in natural norms under local regularity
assumption, which are robust regarding the Poincaré and Korn constants.
The upshot is that convergence does not degenerate on general meshes. It
corresponds to a new aspect of the MHM method for the elasticity model not
presented in [28], even for simplicial meshes;

e it proves optimal convergence in the L? norms for non-convex polytopal ele-
ments under a mild condition on the shape of elements;

e it validates the MHM method numerically for two- and three-dimensional
elasticity problems. Such validations are also new for the simplicial meshes
in [28]. Numerical results also verify the accuracy of the solutions in a high-
contrast problem with complex topography using non-aligned meshes;

e it highlights the computational performance of the underlying MHM algo-
rithm on a parallel computing system, which complements [21].

The paper’s outline is as follows: In Section 2, we present the linear elasticity
model and a hybrid version of it. Then, we introduce the framework to address the
decomposition of the exact solution on a general partition of the domain. We dedicate
Section 3 to the MHM method and prove its well-posedness in Section 4. We present
error estimates in Section 5. We dedicate Section 6 to the numerical validation and
the assessment of computational performance. We present some concluding remarks
in Section 7.

2. The model and its hybrid version.

2.1. The elasticity model. Let 2 C R, d € {2, 3}, be an open and bounded
domain with polygonal Lipschitz boundary 0f2. Consider the elasticity problem of
finding a displacement u : Q — R? satisfying
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(2.1) {—V- (Ce(u)) = f inQ,

u =g onJf,

where g € HY?(8Q) and f € L?*(Q2) are given functions. The fourth-order stiffness
tensor C = C(x) may embed multiple geometrical scales, and satisfies the following
symmetries Cijx; = Cijie = Cpiyj. We assume C is bounded and uniformly positive-
definite, i.e., there exist positive constants ¢, and ¢4, such that

(2.2) cminlel> < (C(x)e):e and (C(x)7T) : € < Cmax|T|e] for all 7, e € RIXY

sym

for almost every « € ). The space R‘siyxn‘f stands for the set of symmetric d x d matrices,

d € N, and g(u) for the infinitesimal strain tensor, i.e.,

\Y Vu)? 1
e(u) := %u) where e(u),; = 3 (0, ui + Op,uj)
Above, and throughout, the indexes run from 1,...,d, even when not explicitly men-

tioned; the symbol “V-” denotes the row-wise divergence operator, and J,,u; stands
for the i*" partial derivative of the ;' entry of u.

We denote by v - w and T : € the usual inner products in spaces R¢ and R4*¢,

ie.,
d d
vV-w = E v,w; and T:g:= E Tij €ij »
i=1 ij=1

and by |v| and || the norms each of such inner products induce. Owing to such
notation, the classical weak form of (2.1) is

/Cg(u):g(w)dw:/f~vdac for all v € H(Q),
Q Q

u=g ond.

(2.3)

Under the previous assumptions, there exists a unique function uw € H 1((2) satisfy-
ing (2.3) (c.f. [20, Proposition 2.10]). As a consequence of (2.3), the stress tensor
o := Cg(u) belongs to H(div;;S), where H(div;(;S) is the space of symmetric
tensors in H(div;Q). Above, and hereafter, we adopt typical notation for Sobolev
and Lebesgue spaces (see [20] for instance).

2.2. Broken spaces and some important inequalities. Let & be a col-
lection of closed and bounded d-polytopes K, such that Q = Ug.5,K. Define
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H = maxyc g hy, where hp, 1= sup, ,p |z — y| is the diameter of an arbitrary
set D C R”, n € N. The radius of the largest inscribed ball in D reads pp, and
the shape regularity of D is denoted by o[, := Z—D. We also introduce 042 as the

collection of boundaries 0K, and £ as the set of the faces in P, that is

02 = (0K : K € P},
E={E=KNK or KNoN : K,K' € #, and E is a (d — 1)-polytope }.

The set of internal faces is &, i.e., & = {E € € : E ¢ 9Q}. Associated to the
partition &, we define the function spaces

Vi=H'(#2) withnom [[v} = Y (ha*[vll} x + @)l x)
Kez

A= {rnf|sx : 7 € Hdiv;;S) forall K € 2} with norm

(2.4)
= inf v
[l A -reH(lcriliv;Q;S) 7| aiv
-rnK:p, on 0K, Ke&
3
where || aiv := < Z (I718,5 + BNV T”%,K)) :
Ke>
Above and hereafter, (-, ), stands for the L?(D) inner product and || - lo.p denotes

its respective norm (we do not make a distinction between vector-valued and scalar-
valued functions). The usual norm and semi-norm in H™(D), m € N, is denoted by
Il p and | -, p, respectively.

Also, we shall use intensively the local space of rigid body modes
(2.5) Vim(K) = {v™ € H'(K) : g¢(v'™) =0},
and its L*(Q)-orthogonal complement

(2.6) VM%%GH%M:LUW“MQWWEVMM%.

Naturally, their global space counterparts are given and denoted by

Vim:={veV :v|geV,(K) KecP},

(2.7) V:z{UeV:MKG{/(K)’KE'@}'



THE MHM METHOD FOR ELASTICITY ON POLYTOPAL MESHES 5

We denote by (-, )y the inner-product in V given by
(v, w)y = hg (v, w) 5 + (e(v),e(w))y forallv,w eV,

where

()= 3 /K wovde and [ols =3 ol

KeZ Kez

Also, we define the following broken product

<H,v>3@ = Z <H7'U>8K’

Ke>

for every w, v € V and p € A, where (-,-)5, means the duality pairing between
H~3(dD) and H?(9D) defined through

(2.8) (p,v)5p ::/(V~T)-vdm+/ T:Vude forallve H (D),
D D

where 7 € H(div;);S) is such that 7n” = p on dD. The space V is Hilbert
with the inner product (-,-)y, as a consequence of the Korn’s inequality (see [20,
Theorem 3.78]). Space (A, || - ||o) is also Hilbert and the following equality holds (see
Lemma A.3)

(2.9) ey = sup BVloz
veEV ||U||V

forall p e A.
We lighten the notation and understand the supremum to be taken over sets excluding
the zero function even though this is not specifically indicated.

Next, we address the local Korn’s, Poincaré and trace inequalities on K € & in
the context of polytopal partitions. As for the Korn’s inequality on the space V, we
prove in Lemma A.1 that the following local Korn’s inequality holds: There exists a
positive constant Corp, Kk, independent of hg, such that

(2.10) IVDlo.x < Crorn i lle(®)|lox for all v € \~/'(K)

The global counterpart of the local Korn’s inequality on the space V is presented in
Lemma A.2 inspired by [13]. The result highlights the existence of a positive constant
C, depending only on Q2 and on the shape of the elements of K € &2, such that
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(2.11)
1 ? 1
ol <O (”‘5(1’)”(2),9 3 o - [vaa| huvﬂnaE) ,
Ke K 0.K  peg, P
for all v € V. Above and hereafter, the jump function is [v]|g = v|x — V|

for E € &), where K, K' € & share the face E, and [v] |5 := v|g for E € 99.
The mapping II,, stands for the L?*(Q) projection onto Vip,, i.e., given v € V, the
function II,,v | satisfies

(2.12) (Mgpv, V™) g = (v,0"™) g for all v™ € V(K

which immediately leads to the following estimates

(2.13)
Mrymollv < [vllv,  |lv—Heruvllyv < lvllv and  |lv —Tryvloo < [[VY[[1,2 .

Regarding the Poincaré and trace inequalities, we recall some known results mak-
ing sure to explicit their constant dependency in terms of the domain K. From [38,
Lemma 1.49], there is a positive constant Cy, x such that the following trace inequal-
ities hold

(2.14) [l5.0c < Coric (AR [vllo,xc +2][ Vo]

0.5) llvllo,x ,

for all v € H*(K). As for the Poincaré inequality (see [20]), it is well-known that
there exists a positive constant Cp, i, depending only on the shape of K, such that

(2.15) 9]0,k < Cpi by [VOlo,x  for all & € V(K),
Combining (2.15) and (2.10), we obtain

(2.16) 10]l0,x < Crorn,kCp,x hic|le(V)|lo,x  for all © € V(K).
and from (2.14) and (2.15), we get

(2.17) 191305 < Ciri Cric (dCpx +2) hic | VD2 for all & € V(K).

Above and hereafter, we shall make systematically use of the following constants
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(218) Ckorn = Eleaé Ok'orn,K ) Ctr = 1I<nea$ Ctr,K ) and C’P = ?gé CP,K

where Cp i, Crorn,x and Cy. g denote the local Poincaré, Korn’s and the trace con-
stants, respectively. From now on, we use C to represent a generic constant indepen-
dent of the mesh size.

Remark 2.1. We outline below some known aspects of the constants Cy, x and
Cp k in terms of the shape of K € &.
e let 75 be a simplicial conforming partition of K, and define

min x h
2.19 0K = max — oy 1= —TET T
( ) K TETK p, oK hi

Then, adapting the proof of [38, Lemma 1.49] to be used on 0K, we conclude
that the constant in (2.14) corresponds to Cy g = (d + 1) ok if K is a sim-
plex, and Cy g = (d+ 1) 0k @I}l otherwise;

e it is well-known (see [34]) that the constant Cp j is equal to 7! for convex
domains no matter the aspect ratio of K; for star-shaped polytopal elements
K, the constant Cp i in (2.15) depends only on d and the shape of K [44].
Recently, [36, Lemma 3.4] refined such a result and proved that Cp x depends
only on d and p, where p is the radius of star-shaped domain embedding K;

e if one assumes some kind of control on the aspect ratio on K, notably hﬁ( <
C|K]|, as well as the existence of a natural number N such that, for every
K € &, there exists a collection of points x4,...,z € K and a collection
M, ..., My of closed (possibly overlapping) subsets of K such that M, is
star-shaped with respect to ; and K = U£V:1Miy then one obtains Cp i =
C (1 + N), where C is independent of K (c.f. [46]).
O

2.3. Characterizing the exact solution. We extend the approach proposed
in [28] for simplexes and quadrilateral elements, and propose a decomposition of the
exact solution in terms of local problems defined on polytopal elements. The first step
is to observe that the exact solution w decomposes locally in the following direct sum

(2.20) w=u"+a with u™ €V, (K)andae V(K).

Such a characterization is a direct consequence of V written in the following direct
sum

V=V&Vu,

where the spaces are given in (2.7). Then, we assume that @ € V can be parameterized
in terms of a function A € A and the datum f € L?(Q) by
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(2.21) @ =TA+Tf,
where the mappings T € L(A, V) and T' € L(L?(2), V) are defined locally as follows

o forallpec Aand K € Z, Tu |, € V(K) is the unique solution of

(2.22) /K Ce(Tp) : e(®)de = (p,0)pg forall o € V(K);

e forall g € L*(Q) and K € 2, Tq|, € V(K) is the unique solution of

(2.23) /K Ce(Tq) : g(®)dx = /K q-vdx forall o€ V(K).

The following result ensures T and T are well-defined continuous mappings and
then u is well-defined.

Lemma 2.2. Given q € Lz(Q) and p € A there is a unique function w := Tu +
Tq € V(K) satisfying

(2.24) /K Ce(w) : g(v)dx = /K q-vdx+ (u, )y for all v € V(K),

for all K € &. Moreover, it holds

1
||T/’l’||V < . (1 + (Ckorn CP)Q) HHHA fOT all JTAS A,
(2.25) e
”Tq”V < o (Ckorn C’P 1 + (Ckorn CP)2> ||q||(],Q fo"' all q S L2(Q) .
min

Proof. First, notice that the bilinear form on the left-hand side and the linear
forms on the right-hand side of (2.24) are continuous with respect to the norms
0.k, and || - ||Z1/2,0K, respectively. In addition, the bilinear form in

I s I
right-hand side of (2.24) is also coercive in the V(K) space, with a coercive constant
independent of K. Indeed, from the local Korn’s and Poincaré inequalities in (2.10)
and (2.15), respectively, for all © € V(K) it holds
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/ Ce() : () dz > cminl|e(@)|2 x
K

Cmi ~
> G Vo
korn,K

S (19618 1 + g l1913
s — (170l + 3z — 1916 1
- Qngorn,K’ 7{%7(7%J(

Cmin . - 9
> 5oz — min{l, (ho Cp) ol x -

korn

Hence, well-posedness follows from the Lax-Milgram lemma (e.g., [20, Lemma 2.2]).
Using (2.9) and (2.22), and H < hg it holds

Clrorn Cp)? H?
emin | THll%r < (1 + (’“hp)) (1. Tpa)
9,

< (1+(Chorn CP)?) nlla 1Tl

and the estimate (2.25) follows. Next, from (2.23), the Cauchy-Schwarz inequality,
and Poincaré and Korn’s inequalities, we arrive at

S; (q aj%q)Q
< ||‘I||0,Q ||Tq |O,Q
< Crorn Cr M || qlloe e(Tq) 0,2 -

Cmin H§(T‘I) H(2J,9‘

(2.26)

Then, using the (2.16) and (2.26), and the definition of the V-norm, we obtain

~ 1 . - N
T4l = 75 1Tql5.0 + (TG, 2
Q

1 (Okorn CP)2 7_[2 ?
. <( PPy (Chorn o H)? ) R
Crmin }Lﬂ
1 Chrorn Cp)? H?
< 2 (Cumoprre (14 ComCIEY g o
min Q

Next, it remains to set 4™ and X such that (2.20) represents the exact solution
using the definition (2.21). To this end, we define a(-,-) and b(-,-) as the following
continuous bilinear forms given by

a:AxA—>R with a(A, p) =, TA) g5,

2.27
(227) b:AxV, , —R with b(p, ™) == (, "™ g5 ,

and search the pair (X, ™) € A xV,,, as the solution of the following global problem
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(. TFom + (1,9)aq forall pe A,

b, v"™) = —(f,v"™) 5 foral v™ eV .

(228) {a(A,m + b, u™)

The next result ensures the existence and uniqueness of a solution for problem
(2.28) such that the function uw given through (2.20) and (2.21) recovers the exact
solution of the original problem. Our proof extends the proof of [28, Theorem 4.2] for
simplicial meshes to polytopal partitions. For the sake of completeness, we provide
all the details.

Theorem 2.3. There exist positive constants « and 3, independent of the partition
P, such that

(2.29) alp,p) > allplfi  foralpe s,

(2.30) sup blu, 0™)

> Bllo™ |y for all v™ € Vi,
pea  mlla

where
N = {/1/ EA: <M’vrm>69 =0 fOT all v™ € Vrm} .

Hence, (2.28) has a unique solution (A, u™) € A X V. Moreover, the following
characterization of the exact solution u holds

(2.31) u=u"+TA+TFf,
where X corresponds to

A= (Ce(uw)n® on 0K, foradlKe 2.

Proof. Let p € A and o# := Cg(Tu). Observe from (2.22) that o* nf |, =
p € A for all K € &2, and thus, the stress tensor o# € H(div;;S). Also, it follows
from (2.22) that V-o# = 0. As a result, we get

" -1 __p 1 ©|2 ||Uu||c2iiv 1 2
s = 3 [ Clordaz o 3t = 1T >

KG ‘@ max KE ‘@ max max

and then (2.29) holds with a = ¢} .. As for (2.30), first take v™ € V,,, and notice

max*®

that there is a symmetric field o* € H'(2)4*? such that
(232) Vo' =v™ nQ  and  [oig <O o™ o0,

where C' is a positive constant depending only on 2. The result (2.32) follows from
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a classical argument. First, we extend v™ to a larger smoothly bounded domain
Bg D Q such that v™ = 0 in B,,\Q, and define u* € H{(Bg) as the unique solution
satisfying V- (e(u*)) = v™ in Q. From a standard regularity argument for elliptic
problems, e.g., [20, §3.1.3], it holds u* € H?(B) and [u*]l2,5, < Cllv™ (0,5, with
¢ depending only on Bg,. Thereby, we consider the symmetric field o* := g(u*) €
HY(Bg)%*? observing that V-o* = v™ in B,. Thereby, the inequality in (2.32)
follows as

le*llLe < oz, < Cllv™ 0,8, = Cllv"™ o0 -
Next, we set u* := o*n€ € A for all K € &2, and arrive at
A 1o v < llo*laiv [v™ v < C ™[5 o = C (V-0 v™)g = Cb(p", ™).
and then, it holds

b(N*7 ,Urm)

(2.33) o™y < C 7
el o

b

which proves (2.30). The well-posedness of (2.28) follows from the standard saddle-
point theory (c.f. [20]). Notice that the function in (2.31) satisfies the original problem
(2.3) using the global-local problem (2.22)-(2.23) and (2.28), and the characterization
of the exact solution follows from uniqueness. The traction is represented by A as a
consequence of (2.31) and the definition of the local problem (2.22). |

The MHM method relies on the discretization of the global-local formulation
(2.22)-(2.23) and (2.28) instead of the standard formulation (2.3). This is addressed
next.

3. The MHM method. The MHM method uses a multi-level discretization
starting from the first-level partition &2. Notably, each face E C £ and polytopal
element K € & may carry its own family of partitions in a way that each member
is a priori independent of each other. Nevertheless, in view of the numerical analy-
sis of the method, a compatibility condition between the different partition levels is
mandatory which yields a mild assumption in the form of the polytope element K
with an underlying minimum angle condition. To be more specific, one needs some
further notations first.

Without loss of generality, we shall use hereafter the terminology employed for
three-dimensional domains. Let {€y}, ., be a family of partitions of &, and set
H := maxpeg, hr. We call 55 the collection of faces F' € £g such that F' C 0K.

Assumption (A): For each K € &2, there exists {Eg}Hw’
of conforming simplicial partitions of K matching with {€x} -, i.e., such that, for
each F € 85, there exists an element 7, € Eg with 07, NOK = F.

a shape-regular family

Owing to Assumption (A) and for every H > 0, we also define:
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(i) the minimal partition =, given by

- =K
l—dH Chad UKG:@‘_‘H .

Its shape-regularity constant is oz := max 5 max_ ezk Ors

(ii) a shape-regular family of simplicial partitions {7;LK } heo On K from successive

refinements of Eg , and

— K —
(3.1) T :=UgesrT;, and op:= max Tnelg_}(( or.

See Figure 3.1 for an illustration of the partitions &, £y and Ty,.

Global partition &

(9/\ Minimal partition =g
A‘ )
) T l

/% Skeleton mesh g

Local meshes:

FIGURE 3.1. A two-dimensional polygonal domain with the overlaid meshes &, =y and T, .
The red dots stands for the degrees of freedom associated with the faces and the black dots with the
local meshes.

To this end, we define discrete spaces using the face partition £, and the second-
level mesh 7y, as follows

Au(K) = {py € L*(OK) : pylp € P(F),VF € €5}, £>1,
(3.2) V,(K) = {v, € COK) : v, |, € Po(n)? V7 € TEY}, k>(+d,
V,(K) = V,(K)NV(K),

where k, £ € N and P4(D) is the space of polynomials of degree less or equal to s on
D. The corresponding global spaces are

V, ={vneV: vp|g € Va(K), Ke P}, V,=V,NV,

(3.3)
Ay ={pum €A : pylox € Au(K), K € Z}.
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The MHM method consists of finding (Ag, up™) € Ay x V., such that

) ap(Xgs ) + (g, up™) = *<MH7Thf>a=@ + (g, gloq forall py € Ay,

(3.4
b(Ay,v™) = —(f,v"™) » for all v™ € V,p,,

where b(-,-) is given in (2.27), and the discrete bilinear form a,(-,-) defined by

(3.5) ap: AxA—R where ap(A p):= (TN oz -

The mappings T} € E(A,\?h) and T) € L(LQ(Q),\th) approximate T and T'
given in (2.22)-(2.23). In this work, these approximations correspond to the Galerkin
method on the standard continuous polynomial interpolation spaces, i.e., we set

o forall pe Aand K € 2, Tyu|, € V,(K) is the unique solution of

(3.6) /K Ce(Typ) : £(v))de = (u,,)ox for all v, € V, (K);

e forallge L*(Q) and K € 2, T),q|x € vh(K) is the unique solution of

(3.7 / Ce(T),q) : () dx = / q-opde forall v, € V,(K).
K K

It is essential at this point to bring some comments on the MHM method (3.4)
regarding its flexibility and properties, before heading to its numerical analysis.

Remark 3.1.

e Notice that, the proof of Lemma 2.2 still holds if we replace (2.22)-(2.23)
by (3.6)—(3.7) and, therefore, we conclude that the mappings T}, and T}, are
well-defined and bounded as follows
(3.8)

Thpllv <

(14 (Crorn CpP)?) |1l a for all p € A,

Cmin

- H
IThallv < —— (Chorn Co V/I+ (Crorn Cr)?) lallos for all g € L3(9).

min

e The proposed method (3.4) preserves the local equilibrium in the sense that,
for all K € &2,

)\H~vrmds+/f~vrmda::0 for all v'™ € V,p,,
oK K
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where Ag is the discrete traction field on K. In the case of multi-query
purposes (i.e., f changes multiple times), the method (3.4) can be rewritten
without contribution T}, f, by using the following equivalence

(3.9) <NaThf>aK = /Kcé(ThH) :§(Thf) de = /KThH fde.

Also, observe that T f=0if f € V., and then, we can disregard the term
T}, f without undermining convergence if f is a low degree polynomial func-
tion.

The mappings T} and T}, can be defined quite generally and encompass other
methods. Such a choice depends on which unknown one wants to approximate
accurately and impacts the robustness of the method in terms of physical co-
efficients. For instance, to ensure that the method yields a numerical stress
tensor o 7;, € H(div;Q;S), we can constrain A ;; and redefine T}, and T, using
a stable mixed finite element method. This alternative addressed in [18] and
named MHM-Hdiv method relaxes symmetry and produces a discrete stress
tensor in H(div;);S) with optimal convergence. In such a case, we mitigate
the increased complexity of the local problems with the outcome to release
an accurate stress tensor o gy, in H(div;Q;S). Although both methodologies
work on general polygonal meshes and can achieve convergence without refin-
ing the global partition, the construction and analysis of the current method
and the MHM-Hdiv are fundamentally different. Besides, we can improve
the robustness of the method to deal with quasi-incompressible materials
adopting stabilized finite element methods to define T} and T),. This option,
proposed in [35], corresponds to an alternative to using a mixed finite element
method as a second-level solver on this regard.

The one-level MHM method corresponds to replace T} and Th by T and T
in (3.4) (see [28] for details). Although, the one-level method may not be
effective since no closed formula is available for local problem solutions in
general, such a perspective leads to interesting insights about the relation-
ship between the MHM method and more standard methods (see [26, 25] for
the Poisson equation case). Also, it works as a first step and a guideline
towards more effective two-level methods since the one-level approach yields
symmetric stress variables o5 := Ce(u™ +TAy +1f) in H(div;Q;S) that
satisfy the equilibrium equation V-og + f = 0 exactly.

Summary: The exact displacement u is approximated by the H' () non-conforming

discrete solution uyy;, given by

(3.10)

ugy, = w" + T Ay + T, f

where (u}™, A;) solves the global system (3.4) and Tj, and T}, are computed from the
local problems (3.6)-(3.7). We recover a symmetric approximation of the exact stress
field o by the simple post-processing o g, := Ce(ugp).
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4. Well-posedness. This section proves the well-posedness of the MHM method
(3.4). To this end, we extend the classical work [40] to more general polytopal elements
including face partitioning. The main ingredient is the construction of a new Fortin
operator under the condition k > £ + d, where ¢ and k are the degree of polynomial
functions in Ay and Vy, respectively.

4.1. A Fortin operator. The Fortin operator inherits the two-level charac-
teristic of the method. Thereby, we first define the second-level form of the Fortin
operator. Roughly, the demonstration combines the strategies proposed in [10] and
[23].

Lemma 4.1. Let 7 € T, and F C 97, and assume £ > 1. For all v € H' (1),
there exists a unique pf(v) € PL, ,(7)%, with

P5+d<7-)d ={pe€ P£+d(7)d : Plorr = 0},

such that
/(p}}v—v)-qdac:(), for all q € Pp_y(7)?,
(4.1) T
/(p}v—v)~u ds =0, for all p € Py(F)?,
F
and
(4.2) o7 vllo.r + hrlpF vl < C ([vllor + helvlir)

where C' is a positive constant depending only on d, £ and o.

Proof. We first follow closely the proof of [23, Lemma 3.1] adapted to the second-
level mesh. Define Py q(7) as the space of functions in Pyi4(7) that vanish on o7
and, analogously, define Py, 4(F) as the space of functions in P, 4(F') that are zero

on JF. Also, let b, and br be the product of all barycentric coordinates that do not
vanish everywhere on 7 and F', respectively. The following equivalences hold

(4.3) Pria(t) =b-Po_i(r) and Ppyq(F) = bpPy(F),

and, consequently dim(Py (7)) = dim(P;_;(7)) and dim(Pyyq(F)) = dim(Pe(F)).
Then, we arrive at

(4.4) dim(Pf 4(7)%) = (dim(Byya(r)))? + (dim(Pera(F)))*,

and it follows from (4.4) that the system (4.1) is squared. To verify the invertible of
the system, it suffices to show that v = 0 leads to p v = 0. For this, observe that
p7v|p € Prya(F), and then pfv|p = bpp, for some p, € Py(F)® from (4.3). Then,
using the first equation in (4.1) we find p% v vanishes on F, so pLv = b,q,_; for
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some q,_; € P;_1(7)% Then, the second equation in (4.1) implies that pLv =0 on
T.

Py 1 (1) and {p;}%, € Py(F)? be basis, where dy, dy, dy € NT and d; = dy + ds.
Since 7 is a simplex, we define an affine transformation F;, : ¥ — 7, where 7 € R? is
a reference element. It is well-known that (see [12, §2.1.3] and [20, lemma 1.100])

Now, we adapt [10, Lemma 3.1] to prove (4.2). Let {¢,}%, C Py 4(1)%, {q;}%2, C

[era ae =220 [ o qa0. 1<i<dy, 1<j<di,
S meas(7) J, 7
/soj-uids=|<V<f:1>>tﬂF|w/sbj-ﬂidé, 1<i<ds, 1<j<di,
P meas(7) Jp

where nip represents the outward normal vector on 7 restricted to the face F. Next,
define the matrices A := (a;;);; € R%2*% and B = (b;;);; € R%*% where

T / q; di
Qij ‘= meas(%) %Soj q; )
“ 1

biji=—o | @ f1; d
) meas(%) /I;‘SDJ Mz S,

and set

o Tayxd, 0 A dyxdy
o mentr) (5% oo i) (5) €F

where I4,xq, (resp. I, xa,) is the identity matrix in R9*% (resp. R%*d3). Given
v e HY(1), we set f:=(f;); € R and g := (g;); € R% as follows

fi::/v~qid:r:, 1<i<ds,

(4.5) g

gi::/v'uidsa 1<Z<d3a
F

and look for a = (a;); € R%, the solution of the following algebraic system

o ()

Owing to the previous definitions, and using that A is invertible, we estimate the

norm of the coordinate vector « as follows
. f
(V(F ) arl'g

¢ |91
4. S — /> iy T i (0
(46) meas(7) R [fil (V(F )t upl

dy -1

Za? = ‘A‘l (;)‘ < meas(7) !

i=1

o
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where ||, . stands for the norm of maximum in the codomain of A, and C' denotes
a constant depending only on d and ¢. Now, we estimate the right-hand side of (4.6).
For that, we select the nodal Lagrangian basis {q;}; and {u;}; such that |g;(-)] <1
and |p;(-)] < 1. Then, using Cauchy-Schwarz inequality on (4.5) and the nodal
Lagrangian basis we obtain

o, -

1
[fil < lollo.rllgsllor = llvllo.r / |g;(2)|* de < meas(r)? [|v
;

To bound the other term, we follow the same path to get

1 1wt . meas(T) S
] = (VF ) | e T [ s
(4.7) o
< —1\N\E A meas\ 7 ~ % . R .
UG | e o meas(F) ol 0,01 < 1)

Now, using the trace inequality (2.14) and scaling arguments, we obtain

1 1~ R i1
[8llg & < 02 (A5t [[®llos +2(IVllo7)* II9]l5 -

meas

Bl

1 1
meas(7)z 1 [ d h, 2 1
<20 o (i hollr +222 [olar ) ol
meas(7)?2 # P+
1 1
meas(7)z [ d hy 2 1
< F (ol + 200 2 (9ol ) ol
meas(7)2 \P? P+
1
meas(7)z (1 [ d h,
(1.9 < 20 (3 (2 41) lollar + a2 22 [Vl )
( )2 P-r PT

and from (4.7) and (4.8), we arrive at

|94

<o 5 (Jollos + hr [Volon) -
|(V(]:;1))tﬂF| meas(7) (HUHO, | 'UHO,)

where C depends only on d. Therefore, gathering the previous estimates, we conclude

dy
meas(7) Y a2 < C (|v[3 . + h2[wl3,) .

i=1

Now, using Cauchy-Schwarz inequality and a nodal Lagrangian basis for {¢,}; such
that |p;(-)] <1, it holds

2 d1 dl dl
IoF ol = [ </ (Zaf) (ZW) < O meas(r) (Za?>
i T \i=1 i=1 i=1

di
Z%“Pi
=1
(4.9) <C(|vl§, +h2oli,) -
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To conclude the result, we use the following inverse inequality [20, lemma 1.138]
(4.10) hr |pk vl1- < Cllpk oo,

and thus (4.2) follows from (4.9) and (4.10). |

Let 6, : H 1(3”) — V,, be the Clément interpolation operator defined locally. In
other words, for every v € V we define €, (v)|x := €/ (v) where €% : H'(K) —
V, (K) is the usual Clément interpolation operator. It is well-known that the opera-
tor 4K satisfies the following two properties (see [11]):

() there exists C' > 0 such that
(4.11) 1€ )k < Clolly s,

(it) for m and s satisfying 0 < m < s, with s =0, 1, there is C' > 0 such that

(4.12) lv =G (W), < ChZ™ |||

”m,T = swk o

for all v € H*(wX) and all 7 € ZE, where wE = {7/ € ZK . 7n 7' # 0}. The
constants C' depend only on k, d, and o=.
We are ready to present the global Fortin operator we use in this work.

Lemma 4.2. Consider that Assumption (A) holds, and k—d > £ > 1. There exists
a mapping 11, : V. — V}, such that, for all v € V, it satisfies

/Hh('u)-qus:/'u-qus forall wy € Ay and F € &y,
F F

I, (V)12 < C ]l

(4.13)

where C' is a positive constant depending only on £, k, d and o=.

Proof. Let K € & and F C 0K N &,. From Assumption (A), there exists
7p € EX such that 7, NOK = F. Then, we define p& : H'(K) — V;,(K) as follow

Koy o [P on
Pk ’ 0 otherwise,

where p7¥ (v) is given in Lemma 4.1. Notice that pk (v) € V;(K) since T,;¥ is obtained
from refinements of Z%. Now, let IIj, be the operator defined by its local counterpart

M) |k =% @)+ > 5 (v-%K ).

Fe€,NoK
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From Lemma 4.1, we get for all p; € Ay that

[ ) g ds = [ 6 w) - ppas+ [ (0= G 0)) - as
:/F%hK(v)~;¢Hds+/Fp}F<vf‘€,f((v)>~;¢Hds
= [ s+ [ (=6 ©) s

:/v.qus,
F

which leads to the first condition in (4.13). Next, using (4.2), (4.11), and (4.12) we
get

I )2 < (IEE@Ec+ Y 16 @ - 6K @)IEx)

FeE,NOK

<(CloBx+ > loF@-EE)IE,)
Fe&,NOK

<c(lolix+ > (loF@-6F@)E.,
FEELNOK

+ 10 (0= GE @) -, )

it > (o=@, R o - EE @),
FEELNIK

1
+ o = EE @R, + o - EE W), )
TF

et > ol )
F

Fe€,NoK

<O (I}

(4.14) <C <Hv|

From the Assumption (A), there exists a constant C' > 0, depending only on k, d and
0=, such that

(15) Y Jelius <@+1) Y [olux < Cllolix forallve H'(K).
FeE, NoK r rezk

The second condition in (4.13) follows from summing (4.14) over K € & and using
(4.15). 0

Remark 4.3. The constraint K —d > ¢ > 1 in Lemma 4.2 guarantees the ex-
istence of a Fortin mapping (4.13), which leads to the well-posedness of (3.4) in
two and three-dimensional problems on polytopal meshes (Theorem 4.4). As for the
three-dimensional simplicial partitions with one-element local meshes, we recognize
the compatibility condition proposed in [23]. For the two-dimensional case, other
possibilities exist to ensure well-posedness of (3.4), such as
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e simplicial meshes with one-element local meshes, and even polynomial degree
¢ under the constraint k = £+ 1 [40];

e quadrilateral meshes with one-element local meshes under the constraint
k>0+2[28];

e polytopal meshes with “enough” refined local meshes under the conditions
k=/¢+1or k =/ The proof follows from Lemma 4 and Lemma 5 in [9]
applied to each component of the vector function p; € Ay

4.2. Existence and uniqueness. Before addressing the main well-posedness
result, we introduce two additional discrete spaces as follows.

(4.16)
A ={peA : plox € An(K), VK € 2}, where

A (K) = {ptp, € L*(0K) t poy|p = ™|, v™ € Vi (K), E€ ENOK} ,

and Ay C Ay as £ > 1. The well-posedness of the MHM method (3.4) is proved in
the following theorem, which generalizes [28, Theorem 6.2].

Theorem 4.4. Suppose Assumption (A) holds, and k > £+ d and ¢ > 1. Then,
there exist positive constants ag and By, independent of any mesh diameters, such
that

(4.17) ap (B pgr) = oo g la  for all py € A,

(4.18) sup e 0™

> By [v™ |l for all v™ € Vi,
By EA, I lla

where Ny is the discrete kernel of b(-,-), i.e.,
(4.19) Ny ={py €Ay b(py,v™) =0 forallv™ € Vi },

and then (3.4) is well-posed.

Proof. Let py € Ay. From local problem (2.22), it holds

(4.20) / Ce(Thpy) e(vy,) de = (pp,v,)gx forall v, € V.
K

Next, given v € V, set © = (I —II5,,)v € V, where I, is the operator defined in
(2.12). Hence, there is a positive constant C, depending on hq, ¢maz;, Cmins Crorn, 4,
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k, d and o= but independent of H, H and h, such that

Wi,V
||/""H||A = Sup M (using (2.9))
vev vy
< sup M (using py; € A and (2.13))
DeEV o]y
P
< C sup B, 0o (using (2.10))

sev 0l o
< C sup <NH>H11(”)>3=@
sev (@), »
<N‘HaHh(i))>5)@

(using (4.13))

< C sup —

sev  Ha(@)ly
<C sup P Unloz

v, EV, ”UhHV

Ce(T, ce(v,) dee

=C sup ZKG@IK e(Thrtn) : (vp) (using (4.20))

v, EV, th”V

1/2
< Cemar( Y lemn) I} )
Ke>

Hence, using the definition of a,(-,-) in (3.5), we arrive at

ap(m ) = B Thite) o = Z P Ce(Thpy)  e(Typy) dz
Keo

"
> Coin Y et = € 2 gl
Kec@ Cm.az

which proves (4.17). As for (4.18), we use a slightly different version of the proof
proposed in [28] in the case of polytope partitions. We give the details next for
completeness. Define the local interpolation Zx on functions in L2(8K ) with value
in A (K) such that, for each E € &£, it holds

(4.21) / Tpp-v'Mds = / p-v™ds for all v™ € Vi (K).
E E

Observe that Equation (4.21) is well-defined in A, (K) and the following local sta-
bility result holds

(4.22) 1T

0.0k < llmlloox forall pe L*(0K).

The global interpolation Z acts on A N L*(02?) and has values in Ay, and is fully
defined assuming 7 |, := Z,. Next, using (2.13) and (4.21), we obtain, for all g € A
and v €'V,

(4.23) (TpMpyv)oz = (1 Hpyv)or < |plla Tryollv < [ullalvlv,
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and

<I[L, v — HRM’U>39 < Z ||IK[L||0’3KH’U — HRM U”O,SK (Cauchy-Schwarz ineq.)
Ke
<C Z h}(p lello.ox IVOlo, x (using (4.22) and (2.17))
Kez
< CCrorn Y. Illloox by le@)llo.x (using (2.10))
Ke
) 1/2
(4.24) < c[ 3 Iulox hK] o]l . (Cauchy-Schwarz ineq.)
Kez

where C' is a positive constant depending on d and the constants in (2.18).

Now, given v™ € V., let o* € H'(Q)?*¢ be the symmetric tensor satisfying
(2.32), define p*|sx = o* n’S |, for all K € &. Observe that pu* € AN L*(02),
and then, from (2.8), (2.9), and (2.32) it holds

(4.25)

(,UI’IH, ,UI‘II’])Q

(v 0'*, ,Urm)Q 0 <IJ’*7 Urm)@g{)
[ log ?

[l [ v

< ha|[p[a -

[o™ llo.0 =

Using (2.14) and (2.32), and (4.25) there exists a positive constant C, depending only
on 2 and on the parameters (2.19) associated with the element K € &, such that

(4.26)
1/2 1/2
| I lorchu] < [ 3 € ((dhi' +2) 0" + 190" ) e
Kez Kez

< CllotlLa < Cllv™ oo < Cllu™|la -

Next, we replace (4.26) in (4.24) and add the resulting estimate to (4.23), to get

(4.27) IZu*[a < Cllpla-

Finally, using (2.33), (4.21), and (4.27), it holds

o' ™) _ B 0™) b o)

[v™lv < C
T lla T I Z(w)lla b €A [Pl

)

where we used that A, C Ay, and (4.18) follows. The well-posedness of (3.4) arises
from the saddle-point theory. ]

Remark 4.5. The results in Theorem 4.4 still hold if one replaces Ay by Ay, and
assumes k > d + 1.
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5. Error Estimates. This section presents a priori error estimates for the MHM
method (3.4). The properties of the method yields a multi-level error analysis; there-
fore, we split interpolation results in global one-level and local second-level interpola-
tion estimates.

5.1. Interpolation estimates. To begin, the next lemma presents the approx-
imation properties of the global space Ay in terms of the characteristic size H. It
corresponds to the extension of [9] to the elasticity case.

Lemma 5.1. Suppose Assumption (A) holds and let w € H™ (), for 0 <
m < £ and £ > 1, such that Ce(w) € H™TH(P2)¥*. Defining p € A such that
wlor = Ce(w)n |gx for each K € P, there exists a positive constant C, depending
only on d, o=, ¢ and Cyorpn, such that

(5.1) inf e~ prglla < CH™ [Ce(w)lmir,,
€Al
where Ay is given in (3.3). Moreover, it holds

(5.2) inf [ = profla < CH[Ce(w)|y,2 .

Horm T

Proof. Given K € & and E C K € 02, define x% := Ce(w)nk ¢ H" " (K)
where nf | must be understood as the trivial extension of the unit normal n£ to
the constant vector function in K. Observe that x&|z = p € L*(E) owing to the
regularity of the function w. Let I1% : L*(F) — P,(F)% be the L?(F)-orthogonal
projection on F' C E, i.e.,

(5.3) / M p - veds == / p-veds for all v, € Po(F)? and p € L*(F),
F F

and set p, € Ag such that p,|r := % for all F C 0K and all K € &. Then, for
each partition Z¥ | and using (2.8) and [15, Lemma 3], there exists a positive constant
C, depending only on d and ¢, such that, for all v € V(K), it holds

(B pvhox = 3 / (n—Top) vds < 3 Comp K o)y XK st
Fcok’¥ FCOK

where 7 € ZK is the element having the face F, and 0,, is the shape regularity of
Tr. Then,

<H — My, v>8K < Co'gl+2 H’m-i-l Z ‘v|1’TF |X§‘m+1,TF (Assumption (A))
FCOK

1/2 1/2
< Com2 gt ( 3 XKIm) ( 5 |v|%,TF>

FCOK FCOK
<Cof™(d+ 1) H™ [Ce(w)] i,k [0]1k -
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Summing up over £, it holds

(54) (= ppvdos < CH™ [Ce(w)niro vl p forallveV,

where C' depends only on d, £ and o=. Using the definition of IT4(-), for every F € &,
we get

(5.5) b(pp — pyp, ™) =0 for all v™ € Vi .

As such, from (2.9) and (2.13) and Korn’s inequality (2.10), we obtain

b(p — py, v
”IJ’ - HZHA = Sup M (using (2.9))
vev  |Ivllv
b(p — —1II
< sup (=g v M) (using (2.13) and (5.5))
vev v —Heuollv
— sup b(p — py, ©)
sev  IPllv
bl — -
< sup M (using (2.4))
DEV |e(®)llo, 2
b — -
< Okorn sup w (Equation (2.10))
veV )1, 2
bl —
< C sup NH P )
veV |’U|1,9

which together with (5.4) proves (5.1). To prove (5.2), select p,,, € Ay from

(5.6) / (=) - v"™ds =0 forall v™ € V., (K),
E

for all K € &. Observe that (5.6) is well-posed from the definition of A, (K) in
(4.16). Particularly, it holds from (5.6) that

(1= o, V) o < CH|Ceg(w)]y g [v|1,x forallve V(K),

since Po(K)? C Vi (K), where the positive constant C, depending only on d using
again [15, Lemma 3]. The result (5.2) arises summing up over &, using (5.6), and
following closely the prove for the case ¢ > 1. ]

Next, we present the approximation properties of the local operators T} and
Th. Let k := tmar he the measure of the contrast between elastic properties in
Q. The followinéml%mma brings second-level error estimates under local regularity
assumptions.
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Lemma 5.2. Suppose Assumption (A) holds and that T + Tqe HY(2), with
neA qe L2(Q) and 1 < s < k. Then, there exist a positive constant ¢, depending
only on k, d and o given in (3.1), such that

cky1+ (Ckorn C'P)2 h? \T,LL+TQ|3+1,37’

(T = Th)p+ (T — Th)gllv <
0 < ¢k Crornix Copx A |Tp+Tqlsi1.2,
<

BT T = Tw)p+ (T = Th)alo,
(T = Ti)p + (T~ Th)q

Proof. Let p € A and q € L*(Q). Subtracting (2.22) and (3.6) from (2.23) and
(3.7), respectively, the following orthogonalities hold

CHCkorn,K h? |T;u/ + T‘”s-{-l,@ .

1,2

(5.3) /K Cel((Ty, — T)n) : ev,) da = /K Ce((T, — T)q) : e(vy) dz = 0

for all v, € V,(K) and all K € &7, where we used g(v™) = 0 for all v™ € V.
Using standard arguments, the following estimate holds

(5.9) le(T = T)p + (T = T)@) o <& inf [le((Tp + Tq) —v,)llo,x -

Vp, h

Moreover, using (2.16), and (5.9) and (2.10), we get

(T =T}, + (T - TIL)QHO,K
(T —Ty)p+ (T — Th)q|1,K

orn CprxHE|T Jrqu’Uh ,
(5.10) korn,K VP, T |1,K

NN

C
Ckorn,K K |T/J’ + Tq - vh'l,K .

and then, from the definition of the V-norm (5.9) and (5.10), we get

(5.11) (T —Ty)p+ (T —T,)4lly < \/ 1+ (Crorn Cp)? k[T + Tq- Vl1,2

Next, we chose vp|x in (5.9)-(5.11) such that there exists a positive constant ¢, de-
pending on &, d and o, that satisfies (see for instance the Scott-Zhang interpolation
[41, Theorem 4.1])

|Tl"’ + Tq — 'Uh|1,K <ch® |Tll' + Tq‘s+l7K’

and the results follow. O

Assuming additional local regularity for the solution of (2.23), we can improve
the error estimates for ||ugp — ulo o using the classical Aubin-Nitsche duality argu-
ment applied at the local level. Notably, we shall consider the following additional
assumption:

Assumption (B): Let T'q € H*() where q € L*(Q).




26 A.T. GOMES, W. PEREIRA AND F. VALENTIN

There exists a positive constant C'p, independent of H, such that

(5.12) 1Tqly x < Cgllglox foral K € 2.

The literature dedicated to the regularity of elasticity problems is extensive. For in-
stance, [14, Lemmas 2.2 and 2.3] presents classical results for the isotropic elasticity
case and, for anisotropic cases, we found some results in [33]. See also [3] for an
extensive study on the subject, which includes some sufficient conditions to reach the
regularity given in Assumption (B).

Lemma 5.3. Suppose that Assumption (A) and (B) hold, and let p € A and
qc LQ(Q). Then, there exists a positive constant c, depending only on k, d, o, Cy
and c such that

max’

(5.13) (T —T},) e + (T - Th)QHO,Q <chle((T-T,)p+ (T - Th)Q)HO,Q .

Proof. The standard Aubin-Nitsche duality argument (see [20, Lemma 2.31]) used
in the context of the present work consists of observing that the function e = (T —
T,)n+ (T — T},)q satisfies

(5.14) lello = sup JEI S _ Jic Cele) : e(T(g)) da
7 geL?(K) ||9||o,K geL?(K)

)

for a given p € A and q € L*(K), where we used (2.23). Then, using (5.8) and the
properties of the elasticity tensor, we obtain

= f —
/Ce (g9)) dx = vhnelv / Ce(e (g) —vy) de
< coas (@) o i v;g@ (T (g) ~ w1 o.x

S Cmaz [le(@)lo.xe ik I7(9) — vnl1 x

Choosing v, € V,, with approximation properties as in the proof of Lemma 5.2, we
arrive at

| €sle): =(T(a)) da < ey, hle@)lox Tlo)

< ¢Cp ey hlle(@)llo,xl1gllo,x »

where we used (5.12). The result follows by replacing the last expression in (5.14),
and summing up over K € . d

Now, we address error estimates for the MHM method on different norms.
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5.2. Estimates for |[u — uy,ly and [|A — Ag||o. In this section, we propose
error estimates for displacement and traction in the V- and A-norms, respectively.
They highlight the impact of first- and second-level discretizations on convergence
under local regularity assumptions. Moreover, we prove that, under Assumption (A),
the first-level characteristic size H does not impact convergence rates. So far, we
have explicitly tracked constants dependency in terms of on the mesh regularities o,
o=, on the dimension d, and on the constants Ckorpn, Cp and Cy,., which ultimately
depends on the shape of the elements in & (see Remark 2.1). Hereafter, we decided
to hide such dependencies in general positive constants C for the sake of clarity in
the statements of next theorems, which will continue to be independent of any mesh
parameter (but may depend on the polynomial degrees k and ¢).

Theorem 5.4. Suppose Assumption (A) holds, and that k > ¢+ d and £ > 1. Let
u be the solution of (2.3), and let 1 < s <k and 1 < m < min{s, £+ 1} be such that
w e H ™ (P) and Ce(u) € H™(P)¥*%. Then, there exists C' such that

(5.15) [w™ —uply + A= Aglla < C (7 [ulsi1,2 + H™ [Ce(u)|m,2) -
In addition, the approzimation wy, = up" + 1Ty Ay + Thf satisfies

(5.16) lu—upylly <C (W ulsir,0 + H™ [Ce(u)|m,2) -

Proof. Let A C Ay be defined by

}{:—{ILHEAH:/ uH-vrmds:f/f%;rmdw forallKG@}.
oK K

Observe that A, := II%X € A}, since

A -vMds = /Hé)vvrmds: /)\-vrmds:—/ f-vdx,
/BK ¢ Z P Z F K

FCOK FCOK

for all ™ € V,,,, where we used X € L2(6K ) and the second equation in (2.28).
Now let py; € A} be arbitrary, and remark that Ay — py € A given in (4.19). As
such, we get from (4.17) that there exists a positive constant C' such that

ag [[Ag — prlla < anAg — pg, Ay — )
=a,(Ag, Ay — pg) — oA Ay = pg) +ap (X — pg, Ay — pg)
+aA Ay — pg) = ap(AAg — py)
=g = Thfom+ Mg — by THow
+ g =, TN —pg))ow
A =, TN op — Ay — pu, ThA) o2

(5.17) < (CIA = pglla + 1T = T)A+ (@ = T)Fllv ) 1Asr = pa

+
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where we used Theorem 4.4, (2.27)—(2.28), (3.4)—(3.5) and the stability of T}, in (3.8).

Next, using the fact that w = uw™ + TA+T'f € H™TY(K), for every K € 2, it
holds from Lemma 5.2 that

(5.18) ITA+Tf — (Thf + T ) v < b’ lulgyy 5,
and, therefore, from (5.17) and (5.18) it follows
A — mplla <ch®lulgg o+ ClA —pyla-
By setting py = Ay € A}y and, from Lemma 5.1 and (2.8), we get
Ag —pplla <ch®lulgy 5+ CH™[Ce(u)l, ,
and, thus, using triangle inequality it results

(5.19) IA=Aplla < ch®lulsr,o + CH™ [Ce(u)l,,, 5 -

From Theorem 4.4, there exists £ € Ag, with ||£4||o = 1, such that
Bo llup™ —u™ v < b(€g, up™ —u™)
= —ap(Am,&p) +a(X€y) + Eu, (T —Th) oo
= —an(Am = A &x) +a(X&y) — an(A€y) + En (T = Ti) floo
S ClAm = Allp + (T, = TIA+ (Th =) fllv

where we used again (2.27)—(2.28) and (3.4)—(3.5), and the uniform continuity of T},
from (3.8). From (5.19) and (5.18), the following estimate holds

(5.20) [up® —u™y < ch®fulspr,2 + CH™ |Ce(u)|m, 2,

and summing up (5.19) and (5.20) estimate (5.15) follows. To prove (5.16), we observe
that

lw—upllv < llup™ —u™(v + [ TA+ Tf - (Ty g + Thf)”V
< lup™ —u™ |y + [ T,(A = Ag)llv + [ TA+Tf — (T, A+ T, )l v
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and, applying the uniform continuity of T} from (3.8), (5.15) and (5.18), estimate
(5.16) follows. ad

Remark 5.5. As for the minimal space V., X A, we can follow the same strategy
of proof in Theorem 5.4, and under Assumption (A), k > d+1, and u € H*(#) and
Ce(u) € HY(2)?*4  to arrive at

[w™ =" lv + A = Aml[a < C (hluls,2 + H[Ce(u)1,2) ,

5.21
(5:21) lu—usnlly < C (huls.or + H|Ce(w)lo)

d

5.3. Estimates for |[u—uy,||; 5 and [[u—uy,[lg o- In this section, we propose
an error estimate in the H'(%)-norm providing an estimation to the anti-symmetric
part of the gradient of the error with clean constants. Also, we establish optimal error
estimates in the LQ(Q)—norm under smoothing properties.

As for the convergence in the H 1(,@)-norm, we first observe that, given K € £,
the number of faces E C K does not increase indefinitely as the diameter of K stays
fixed, under a reasonable assumption on the trace constant C}, . Precisely, it holds

Ctr,K

(5.22) hi < CICES

hg forall K € & and E C 0K,

since from Remark 2.1, we get

. ; he _
min,cyx h,  Mhre7x = pr < 0K o < K
— - — ~X T

K

hx = — —
OK OK OK TETXK o

Theorem 5.6. Assume the hypothesis of Theorem 5.4 and (5.22) hold. Then, there
exists C' such that

(5.23) lu—upplly» < C (h°|ulsy1,.0 + H™ [Ce(u)|m,2) -

Proof. The estimate ||[u—u |0, is given in (5.16). We are left with establishing
an estimate for ||V (u — 1wy, )llo,2. Using (2.18) and (5.16), and the Korn’s inequality
(2.10), it holds

IN(TA = TpyAg +Tf —Thf)
(5.24)

0,2 < Crorn |€(TA = To Xy + Tf — Tnf)llo. »
<ch®|ulst1,2 + CH™ [Ce(u)|m, o -
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It remains to estimate u™ — u};™ in the H 1(#)-semi-norm. To this end, we use the
Korn’s inequality (2.11) on 4™ — u}™ € V., which leads to

rm rm rm rm 1 rm rm
(5.25) [IV(u™ —u")|[§ » < C (llu "G+ D g™ — vh H(Q),E> :

Eeé&y

Let K, K" € & be two elements sharing the face E € &,. Set py := [u™ —uj™] |5 €
A;m and zero on the other faces. Next, testing (3.5) and (2.27) with gy and sub-
tracting them, we obtain

B, w™ —up™) page — (B, ™ — up™) pr |

B, u™ —up™) g 5|
i TA =T Ay +TF — T )]
i, TA =Ty +TF =T, f) pore
— (g, TA =Ty Ay + TF = T ) s |
<l = wi™llo, s (ITA = Ty Ay + Tf — T, f]
FTX = Tidg +TF =Ty Fllo.pnx:) -

o™ = w5 5 = (b [w™ = wi™]) g
|
|
|
|

(
(
(
(

0,ENK

Next, we apply (2.14) and (2.15) on the right-hand side of the above inequality, and
use (5.22) to obtain

1 1 ~ ~
lo.g < (Cy. Cp (Cpd+2))2 (h [TA=Tpdy +TF =T, fl1 x
+hE | TA =T Ay +TF =T, fli k)

H [[uI’IIl _ u;'lm

C d LAY . .
<O (55 (Crg+1)) MEUTA=Tidy + T = Tifl

FTA = TAy +TF =T, fly i)

with constants defined in (2.18). Now, dividing both sides by h}%; and taking the sum
of the squares, for all £ € &,, we get

vl

1 rm rm 7 a
(5.26) Z h—||[u —u 5| SCIVIA=T g +Tf =T, f)llo,o -
Ecg, B

Hence, from the triangle inequality, (5.25) and (5.26), we arrive at

Lo
<lw—upyllf o + 1V@™ = ui™)|§ o + IVTX = Tyh g + T = T, I

<= wn o+ C (™ = w5 + [V(TA = Ty +TF T F)E )

|w —wpy|
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and the result follows from (5.16) and (5.24). |

Next, we assume smoothing properties (see [20, §3.1.3] for instance) hold. Notably,
we assume the following:

Assumption (C): Let wj € H{(Q) be the solution of (2.3) with £ € L*(Q2) and
g=0.

Then w; € H?*(2), Cw; € HY(22)%4 ] and there exists a positive constant
C 4, independent of H, such that

lwgl2, + |Ce(wy)ly, o < Cpllflloq forall f€L*(9).

The next result improves the estimate in the L?(Q)-norm under Assumptions (B)
and (C).

Theorem 5.7. Assume the hypothesis of Theorem 5.4 and Assumption (B) and
(C) hold. Then, there exists C such that

(5.27) lu —uppllon < C(h+H) (h*[ulyy o+ H T Celu)|iy o) -

Proof. First, we observe that (3.9) also holds if one replaces the operator T}, by
T, i.e., we have

(5.25) T frox = [ Celtm):e@fia= [ Tu-faa.

K K
Then, define e = u—wuy,;,, and let w be the solution of the following elasticity problem
(5.29) V-Ce(w)=e in), and w=0 ondQ.

Using (3.9), we can write w = w™ + Ty + T'(—e), where (v, w™) € A X V,q, satisfy

a(y, ) + b(p, w™) = / Tp-edr forall ue A,

(5.30) @

b(y,v™) = / e-v'"dx forall v'™ € V.
Q

Problem (5.30) is well-posed by Theorem 2.3, and from Assumption (C), function w
belongs to H{(Q) N H?(Z) and
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(5.31) [wly 5 + |Ce(w)]; » < Cyllellon-

Let (Yem, wi™) € Arm X Vi be the following discrete solution of (5.30)

ap(Vem, o) + 0(pg, wi™) = / Thirg -edx for all py € Ay,

(5.32) 2

b(Yem, ™) = / e-v'"dx forall v™ € V,,.
Q

Problem (5.32) is well-posed from (3.9) and Theorem 4.4, and w, := w}™ + T,y +

T, (—e). From (5.21), the following error estimate holds

7 = emlla + l0™ —wiPlly < C (h|wly 5 + H|Ce(w)]; »)
(5.33) <C(h+H)leloq,

where we used (5.31). Then, from (5.30), (5.32) and (2.27), we arrive at

||e||(2),Q =(u—uyp, ez
= (U™ —u™ e)p + (TA—T Ay +Tf —T,,f, €)%
=u™ —uy"e)p + (T'(A=Ay).e)p
+(TAy =T g +Tf —T,f.€) 5
= b(Yem, ™ — w™) + a(y, A — Agr) + DA — Ay, w™)
+(TAy — T Ay +Tf —T,f.€) 5
= (Yo, W = U 9z (A=A, TY) o5
(1)
(5.34) + (T =Ty + (T = T;,) |

(1)

o,QHe”o,Q

where we used b(A — Ay, w™) = 0. Let us estimate (I). Observe that

(Yem, ™ —up") g + (A= Ay, TY)o 2
= —(1m: TA) oz + (Vem: Tp Am) oo
- <7rman - Thf>85" + (7 TA - >‘H)>8§'>
=7 =% TA = Ap))oz + (m: T, Am) o2
— (Yem, TA ) o0 — <’Yrm7Tf - Thf>8f}7’
< C v = ymlallX = Aglla
(I1I)
+ [(ems (T = Ty) A g + (T - Th)f>8,0}"| .

(Iv)
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The term (II1) above is bounded as follows

17 = YmllallA = Aplla < C(h+ H) [lellgallA = Amlla
(5.35) <C(h+H) (W Julyyy o+ H T Ce(u)|err,2) llelloq

where we used (5.15) and (5.33). For term (IV), it holds

| ey (T = Ty) A + (T = T},) fow|

=1y / Ce(Tem) : (T — Ti) Ay + (T =T f) da| (def. of T)
Kep 'K

<1 / Ce(Tyrim) : €((T = Ty) Ay + (T = T,) f) dal
Kep 'K

H Y [ ol = Ty m) s (T = Ty + (T = T)f) dal i
Kep 'K

= | Z Ce((T —T))vem) : (T = Tp,) A + (T - Th)f) de| ((5-8))
Kep 'K

< maz [|€(T = Ty)Ag + (T = 1) Pllo 2 le((T = T)vm))llo, o (using (22)

(5.36)
< emar (|l = umn)llo.z + @ Ag = M)l »)
le((T = T 7))l (1)
<C (lle(@)llo,o + IAm = Alla) (T = Ti)3em)) o, (using (22))
(5.37)

<C (llelly + IAm = Alla) (T = T)76m))lo, -

The last term in (5.37) can be bounded as follows

le((T" = Ty)Yem)lo,

< e (vem = Vllo, 2 + €Ty = Tpvem)llo, 2 (£T7)
< vem = Alla + €Ty = Trvem)lo, 2 (using (2.25))
< vem = Yla + (T = Ty)e)llo, »

+ Ty = Twyem — (T = T3.)e) o5 (£(T = T,)e)

< em = 7lla + lle(w —wy) o2
+ le(T = T)e)llo,»
(5.38) < ([l = lla + llw —wyllv) + [le((T' = T} )e)llo,» -

From (5.37) and (5.38), and using Theorem 5.4 and (5.21) and (5.31), it holds
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(5.39) |(Yems (T = Ty) Ay + (T = T,) £ o]
<C (hF [ulpr1,2 + H ICe(w)lpi1,5)

((hlwls, o + HICe(w)], ») + (T ~ T )e)
<C (W |ulyyr 2+ H [Ce(u)|eg1,2)

(5.40) (00 1) lello.q + (T = T)e)lly,») -

)

Using Lemma 5.2 and Assumption (B), one estimates the last part of (5.40) as follows
(5.41) le((T = Ty)e)llo,» < Chl|Te|ls,5 < CCrhlelloq

and the bound for the term (IV') follows combining (5.40) and (5.41). Item (II) in
(5.34) is bounded using (5.13), (5.7), the stability of the mappings T}, and T in (3.8)
and (2.25), and Theorem 5.4 as follows

(5.42) (T =T))Ay + (T - Th)f”O,Q
<INT = T) A = Nllo + (T = T)A + (T = T,) fllo.o
<O (I~ T~ Ny + T~ T)A+ (@ - T) )
Ch (”)‘H = Alla +AF |U|k+1,9)
Ch (hk \u|k+1,52 +H |C§(U)|e+1,g2’) .

NN

(5.43)

The result follows by replacing (5.35), (5.40), and (5.41) in (I) and (5.43) in (/7). O

In the case Assumption (B) does not hold, we can still improve the convergence
rate in the L?(Q)-norm. Indeed, observe that the proof employs Assumption (B) in
(5.41) only and, therefore, we can revisit it using Korn’s inequality (2.16). This result
is presented next.

Corollary 5.8. Assume the hypothesis of Theorem 5.4 and Assumption (C) hold.
Then, there exists C such that

(5.44) |l —uppllon < CH (h* |ulpsr,o + H Ce(u)lerr,o) -

Proof. From the stability of 7' (2.25) and T}, in (3.8) to get

le((T = Th)e)llo,» < l|e(Te)llo,2 + lle(The)llo, < CHlefo.o-
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Hence, item (II) can be bounded as follows

(TXg — Thdy + Tf - Thf,e)gb

<Ay = T Ay +TF = T flloallelloo (Cauchy-Schwarz)
<SCH|e(TAy —Tdy +Tf —Thf)llo.wllelloq  (using (2.16)
< CH (|e(TA=TA+TF = T, f)llo.

+ (T = T)A = Am) 0. ) lellog (LT = T,
< O (lw = wmllv + 1A = Aglla) lellog (using (2.25) an (3.5)
< CH (W |ulpyy 0+ HT Ce(u)|ir1,2) llellog  (using Theorem 5.4)

Finally, the estimate (5.44) results from the approach used to prove (5.27) in Theo-
rem 5.7. ]

5.4. H- versus H-refinement. Error estimates from the previous sections indi-
cate that, in addition to the standard strategy to refine the first-level mesh (H — 0),
convergence also arises from enhancing approximation spaces on faces only under mild
conditions on the partition &?. Such a convergence can be achieved in two different
forms (or in a combination of both):

(7) Refining the face partitions (H-refinement), where the first-level meshes sat-
isfy Assumption (A);

(#4) Increasing polynomial degrees on faces (¢-refinement), where the polynomial
degrees in V;, and Ay must respect the condition k > ¢ + d.

In both scenarios, the first-level partition & stays fixed, and still, convergence occurs
under local regularity assumptions. Here, we focus on convergence associated with
item (4) since the dependence of the constants in error estimates in terms of k and ¢
stays an open problem. Thereby, we compare theoretically two types of convergence
in this section (and numerically in the next section), namely,

e H — 0, the H-refinement. The global partition & stays fixed;

e H — 0, the H-refinement. This is the standard mesh-based strategy.

First, it is worth observing that the constants in Theorems 5.4 and 5.6 and (5.21)
do not degenerate in the H-convergence case since o, C) .., Cp and C;. stays
unchanged as convergence evolves. As a result, the MHM method provides optimal
convergence in the norms [ - ||y, [| - ||, » and [| - || on general coarse partition &,
which only needs to fullfil Assumption (A). On the opposite, this attractive property
may not occur in the standard mesh-based approach due to the constants dependency
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in Theorems 5.4 and 5.6 and (5.21) in terms of o, C},,., Cp and C,, . To ensures
convergence in the H-refinement scenario, we replace Assumption (A) by the following

stronger assumption:

Assumption (D): Let { Py }#>0 be a family of global partitions of .

For each 2, € {Z;,}2>0, there exists Z; such that the family of partitions
{En}H>0 satisfies Assumption (A), and such that Cy,, .., Cp, C,,, o5 and
oz stay bounded when H — 0.

Let & be a partition of 2, and { £, }1>0 be a sequence of global partitions of &
that satisfies Assumption (D). The next result focus on the mesh-based convergence
(H — 0) and is a straightforward consequence of Theorem 5.4 and Theorem 5.6, and
Corollary 5.8 under Assumptions (C) and (D).

Corollary 5.9. Assume u € H*™ (D) solves (2.3), with Ce(u) € H*1(2)dxd,
where k > 0+ d and £ > 1. There exists C, such that

(5.45) IA=Agnlla + llu = vyl o, < CHM (|’UJ|1¢+1,9 + |C§(u)\@+1“@) .
Moreover, if & satisfies Assumption (C), then it holds

(5.46) lw —ugpllon < CH*? (Julpyr,0 +Ce(u)|yy 2) -

Remark 5.10. Observe that Assumption (D) is not too restrictive. Indeed, we
can control constants 0., oz and Cy, assuming the regularity of the family of meshes
{23, }2>0. As for the constant C'p, it corresponds to the maximum value among the
local Poincaré constants Cp g in (2.15), and then, constant Cp stays bounded for a
quite general family of partitions as discussed in Remark 2.1. The Korn’s constant
CE is independent of the diameter of K on Lipschitz domains K as proved in

korn
Lemma A.1. However, a rigorous proof on the C’,ﬁgm dependency on the shape of

K stays an open question for the space V(K ). That said, some insights on the

dependency of CE  can be found in [19] when the domain is star-shaped. Its validity

to functions belonging to the space V(K) stays an open problem.

Remark 5.11. Convergence still holds under lower regularity of w in the usual
norms. Indeed, assuming uw € H™ () and 1 < m < k, error estimates in Theorem
5.4, Theorem 5.6, and Theorem 5.7 an Corollary 5.8 remain valid if one replaces k by
m and ¢ by min{m — 1, ¢}, respectively, in these estimates.

Summary: We gather in Tables 5.1 and 5.2 the error estimates obtained throughout
the previous sections under the different assumptions.
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TABLE 5.1
Error estimates in the H*(2)-norm for the displacement (w), in the A-norm for traction (\),
and in L%(Q)-norm for stress (o).

Error Assumption

A D
lu —ugylly 0 | W+ HT [ HT
A= Xpgnlla | PF+HFT ] HT
Ha, _ O'Hh”o@ hF T HET | i+t

TABLE 5.2
Error estimates in the L2(Q)-norm for the displacement (u).

Error Assumption
A A and C A, Band C D C and D
”u _ uHh”O o hk i HZJrl H (hk i H€+1) hk+1 i H£+2 HZ+1 fHZJrQ

6. Numerical Results. This section assesses the MHM method numerically.
The first part verifies the theoretical results using two- and three-dimensional test
cases with analytical solutions. In the process, we perform a comparison between the
two mesh refinement strategies, i.e. the H- and H-refinements, from the perspectives
of accuracy and computational cost. A second test considers an elastic model with
heterogeneous coefficients for which we compare the MHM and the Galerkin methods
with respect to a reference solution obtained on a finer mesh. All test cases assume
isotropic elastic media, i.e., the stiffness tensor C is characterized by the shear modulus
w1 and the Poisson’s ratio v as follows:

2uv
1—-2v

2uv
(61) cijkl = 2N5ik 5jl+1_uﬁ57;j 5kl or Cg(u) = 2u§(u)+ (V U)Idxd s
where §;; denotes the Kronecker delta and Igxq is the identity tensor in Raxd,

Before heading to numerics, we present the underlying algorithm and some of the
main implementation aspects of the MHM method.

6.1. Algorithm and implementation aspects. Let {t,},-4 and {¢,;}."% be
bases for Ay and V,,, respectively, where m, = dim Ay and m; = dim V,,,. Also,
we define A € R™a*™a B € R™a*™o f € R™a, and f, € R™o with entries

A = Z wiTh(wj)dma B;; = Z /aK V¢, dz,

(6.2) Keo O e
f; = K;@AK ¥, T, (f) dz, and foi= /Qf @ dx.

The MHM method (3.4) naturally yields the two-level algorithm presented in Algo-
rithm 6.1.
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Algorithm 6.1 Upscaling algorithm for the MHM method in (3.4).

1: for all K € & do

2:  Compute T}, (9;) |, solving (3.6), for all i = 1,--- ,my;

3. Compute T}, (f) | solving (3.7);

4. Compute [, T, (¢;)dx, [ Y0, dx, [, 0T, (f)de, and [, f - ¢, dz,
forallé, j=1,--- ,my andr=1,--- ,myg;

5: Assemble in A, B, f, and f;

6: Solve the following global system for (A, u™) € R™a*™o

(& 2)()-()

7: Compute wgp, on all K € 22, as follows

Mo mA
Upp = Z ui"P; + Z AT () + T, (),
i=1 1=1

using the solutions A = (X\;);24 and ™ = (u]™)2.

At that point, some comments are necessary:

e Terms T}, (v;) correspond to the multiscale basis, which along with Th(f),
respond for upscaling the information from the local level to the global one.

e The “embarrassingly” parallel stage (Steps 2-4) computes the local integrals
through (6.2), which are assembled “on the fly” into the global linear system
to obtain the coordinates of the solutions;

e The equivalence (3.9) is particularly useful when one deals with multi-query
problems wherein f changes multiple times. In this case, Steps 2 and 3, as
well as part of Steps 4 and 5, can be computed at an offline stage.

We obtained all the results presented in the remainder of this section with the help of
an in-house simulation software, which is called MSL (MHM Set of Libraries). MSL
uses the C++11 standard, and its software architecture accommodates OpenMP and
MPIT technologies to allow for both shared-memory and distributed-memory hardware
architectures. MSL is also pluggable to professional software components such as:

ParMETIS [31], for the partitioning of &2 across different processors;

e MUMPS [2], for the parallel solution of the global linear system;

Eigen [24], for the solution of the local linear systems and other linear algebra
computations; and

TetGen [42], for the generation of the local meshes.

6.2. Two- and three-dimensional analytical cases. Let 2 := [0,1]¢ be an
isotropic elastic domain with Lamé coefficients 4 = 1 and A = 1, and homogeneous
Dirichlet boundary condition on df2. Let f be such that the two-dimensional solution
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u = {ug,uz} of (2.1) is defined by
uy(x,y) = sin(27z) sin(27y),
us(x,y) = 2sin(27z) sin(27y) ,
and the three-dimensional solution w = {u1,us,us} of (2.1) is defined by
ui(z,y, z) = sin(27x) sin(27y) sin(27z2),
uz(x,y, z) = 2s8in(27zx) sin(2my) sin(27z),
uz(x,y, z) = 3sin(27z) sin(2my) sin(27z).

Using these problems, we first perform numerical tests to verify the theoretical con-
vergence rates of the MHM method.

6.2.1. Verifying theoretical results. The convergence history is measured in
the L*(Q)- and H'(2)-norms for displacement, and in the following H (div; Ty;S)-
norm for the post-processed stress tensor

64) Nlolaw:= |3 3 llol3, +h3 (V- ol3, forall o € H(diviTisS).

KeZ reT, K

We restrict ourselves to sequences of meshes satisfying Assumptions (A) and (D), and
h < H < H. The model solutions above naturally satisfy Assumption (C). In Figure
6.1, we show the convergence curves using the H-refinement for the three dimensional
problem. We adopt k = £+ 3, with £ = 1, 2, a family { %y } x>0 of nested structured
tetrahedral meshes, one-element face partitions £, and one-element local meshes
TK ie, H=H=h.

We observe a convergence of O(H*2) in the L*(Q)-norm and O(H'*!) using the
H'(2)-norm as predicted by the theory in Section 5.4, and O(H') convergence for
the stress o gy, in the H(div; 7p;S)-norm. The latter is not covered by the present
theory.
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FIGURE 6.1. Three-dimensional case with a structured simplicial mesh family. Left: ¢ = 1.
Right: ¢ = 2.

In Figure 6.3 (left), we show the H-convergence curves for a family of L-shaped meshes,
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FIGURE 6.2. Two meshes from the L-shaped mesh family.
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FIGURE 6.3. Convergence curves for the two-dimensional case using £ = 1. Left: Convergence
using the L-shaped mesh family. Right: Error in terms of the number of global degrees of freedom
(DoFs) for three types of mesh families: (structured) simplicial, square and L-shaped.

using H = H, £ =1 and k = 3. This family of structured non-convex meshes follow
the pattern shown in Figure 6.2. Here we recover all the convergence rates from the-
ory, and also the convergence of O(H?') for the stress oy, in the H(div; Ty;S)-norm.
Notice that the error in the L*(€2)-norm decays at O(H‘+?) even though the elements
K € & are not convex as anticipated in the theory.

Still in Figure 6.3 (right), we compare the error from three families of structured
meshes: simplicial, square and L-shaped, using £ = 1 and k = 3. Note that by
increasing the number of sides in the mesh elements, the MHM method becomes
more precise for the same number of global degrees of freedom (DoFs).

Next, we investigate the convergence in terms of H while keeping H fixed. Figure 6.4
depicts that the MHM method is super-convergent in this context. Indeed, additional
convergence rates of order H'/¢ appear, which is not predicted by the theory. Fig-
ure 6.5 compares the H- and H-refinements. Interesting, the result points that the
H-refinement needs fewer degrees of freedom to reach the same level of error com-
pared with #H-refinements. On the other hand, the underlying smaller global system
associated with the H-refinement approach has a matrix with a broader band, and
the local problems become somewhat more numerous. Thereby, the best deal turns
out to be to offset H- and H-refinements. Such a claim is verified in Subsection 6.2.2.
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FIGURE 6.4. Errors using the H-refinement. Left: global mesh composed by 4 (equal) squares
in the two-dimensional case using ¢ = 2. Right: global mesh composed by 24 (equal) tetrahedra in
the three-dimensional case using £ = 1.
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FIGURE 6.5. A comparison between the mesh-based (H) and space-based (H ) refinements. Left:
two-dimensional case. Right: three-dimensional case.

6.2.2. Computational performance of H- and H-refinements. In this sec-
tion, we do a performance evaluation of the MHM algorithm. Our focus is on mea-
suring the impact of the coupled global problem and the independent local problems
on execution time and memory consumption.

The experiments presented herein were conducted on a cluster of computing
nodes. Each node in this cluster has 2 CPU sockets Intel Xeon E5-2695v2; each
one with 12 cores operating at 2.4 GHz, and 64 GB of RAM. An Infiniband FDR
network interconnects the nodes. To take into account problems of reasonable com-
putational complexity, all the configurations employed in the remainder of this section
were conducted in the three-dimensional analytical case.

First, we set upper bounds on the order of approximation in the LQ(Q)—norm
(0(10~%)) and in the H'(Z)-norm (O(10~')). We then considered three configu-
rations aiming at these orders of approximation, but accounting for different levels
of H- and H-refinements. We set k = 4, £ = 1, and h = H in all three configura-
tions. We ran these configurations using 2 computing nodes, with 1 MPI process per
node socket, summing up 4 MPI processes in a simulation. Table 6.1 describes these
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configurations.

TABLE 6.1
Simulation configurations to compare H-refinement and H-refinement: #DoFs = ma + mo;
#NNZ = total number of non-zero entries of matrices A, B and Bt in (6.3).

Configuration | H #Elements per face | #DoF's #NNZ
1 1/16 1 2,386,944 | 154,440,295
2 1/3 16 206,064 | 197,531,136
3 1 64 34,704 120,434,688

Table 6.2 summarizes the performance results related with the solution of the
global problem. Looking at these results alone suggests that the H-refinement (repre-
sented by configuration 1) is by far the most unsatisfactory for this specific scenario.
Nevertheless, a comparison between configurations 2 and 3, again taking the global
problem alone, is inconclusive.

TABLE 6.2
Simulation results related to the global problem: F+S time = time (in seconds) for factorization
and forward/backward substitution; RAM = mazimum amount of memory (in MBytes) of the most
demanding MPI process.

Configuration | F+S time | RAM | [[u —uglloq | v —ug,lli »
1 206.53 8,840.54 | 6.68 x 10~ % 1.49 x 1071
2 60.16 3,131.23 4.45 x 1074 6.85 x 102
3 52.87 760.11 9.51 x 10~% 9.82 x 1072

Table 6.3 summarizes the performance results related to the solution of the local
problems. Irrespective of the fact that we set k = 4, £ = 1, and h = H in all three
configurations, not only the number (which is directly related to H) but also the
size of the local problems vary in each configuration. In our implementation (see
Algorithm 6.1), the set of local problems associated to an element K € &2 is solved
independently of the other elements in &.

In all three configurations, the simulation software partitions the set of local
problems across all available cores such that each core schedules a single element
K € & to be solved at a time. Besides, the overall procedure to solve each of the
local problems comprises local mesh generation and numerical integrations, since &
and the refinement levels of £y are determined at runtime. For configurations 1
and 2, we use a single thread for the local problems in an element K € & without
thread synchronizations or context switches to minimize potential sources of parallel
overhead. For configuration 3, we use two threads for local problems in K, since
the number of cores is two times the amount of local problems in this configuration;
thus, some thread synchronization is needed. This myriad of possible scheduling
configurations renders a system that, in contrast to the global problem, is difficult
to be easily instrumented in terms of the solution of the linear systems associated
with each local problem. We therefore chose to present in Table 6.3 the aggregated
performance related to the complete configuration and solution of all local problems
computed by the most demanding computing resource.
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TABLE 6.3
Simulation results related to the local problems: F+S time = aggregated time (in seconds)
for mesh generation, numerical integration, and linear system resolution (factorization+fwd/bwd
substitution) of all local problems at the most demanding core; RAM = mazimum amount of memory
(in MBytes) of the most demanding MPI process.

Configuration | F+S time RAM
1 840.00 6,270.06
2 60.00 6,760.00
3 660.00 24,674.14

The results in Table 6.2 and Table 6.3 together suggest that configuration 2
provides the best balance between overall execution time and memory consumption.
This balance is particularly important if the local problems are to be computed online
with the global problem. We conclude that the best choice to accommodate preci-
sion, computational cost, and memory allocation stems from a right balance between
H-refinement and H-refinement.

6.3. A high-contrast multilayered problem. We assess the MHM method’s
performance in a high-contrast scenario using the geophysical domain proposed in
the HPC4E Seismic Test Suite 1.0 [17]. The original domain is a three-dimensional
box split into 16 horizontal layers with constant properties, as shown in Figure 6.6.
The interfaces between layers are defined by 6,001 x 6,001 matrices that store depth
coordinates on a fine-scale regular grid. The top interface determines the terrain
topography, and the bottom layer goes 4,480.78 m deep.
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FIGURE 6.6. The HPC4e Test Suite (adapted from [17]). Left: physical domain divided in
layers. Right: a vertical cut showing the density p.

We consider a two-dimensional isotropic elasticity problem defined on the slice
y = 0 of the domain mentioned above. Fig. 6.7 shows the interfaces between layers
together with two non-aligned meshes. We prescribe null displacement at the bottom
boundary, and the remaining parts of the boundary are free-surface, i.e., with null
traction. Layers 4 and 12 (from top to bottom) contain saturated clay (Young’s mod-
ulus: 15 MPa, Poisson’s ratio: 0.49, and mass density: 1,760 kg/m®). The remaining
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layers are filled with materials provided in [17]. The source function is the piecewise
constant weight, using gravity acceleration of 9.8 m/s?. The z direction represents
depth, so it increases from top to bottom.

First, we address the performance of the MHM method on coarse meshes. We
adopt the 128 elements mesh shown in Figure 6.7 (left) to compute the approximate
solution with the MHM method. Most K € & are quadrilaterals, except those in the
layer touching the top boundary, which are polygons with 378 sides. Such a choice
of discretization accounts for the topography precisely while it verifies the robustness
of the developed MHM method to deal with non-convex general polygons. Each face
of £ uses a two-element mesh, and we choose £ = 3 (with &k = £ +2 = 5). We
prescribed the homogeneous Dirichlet boundary condition (null displacement) as an
essential condition in V), following the idea proposed in [27]. Also, notice that the
homogeneous Neumann boundary condition (free-surface) to the MHM formulation
can be defined as an essential condition in the space Ag. Notably, we look for the
traction unknown A in

(6.5) Aoy = {Tn" oKk : T € Hyn(div;S) forall K € 2},

instead of A, where 0Qn C OS2 denotes the free surface boundary. This setup results
in an MHM formulation with only 4,048 global DoF's, while the local problems drive
multiscale basis functions.
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FIGURE 6.7. Non-aligned global meshes used by the MHM method. Colorful lines represent
interfaces between physical layers.

Figure 6.8 shows the comparison between the solution from the MHM method with
4,048 global DoF's, and a reference solution from the standard Galerkin method (std-
FEM) with [P3(K)]? elements on a simplicial fine mesh (7,717,979 elements) aligned
with all layers, using a total of 69,491,849 DoFs. We observe that the MHM method
recovers precisely the displacement components u, and wu, of the references ones.
To illustrate the importance of adopting multiscale basis functions on top of coarse
meshes, we show in Figure 6.9 the numerical solution using the stdFEM with [Py (K )]?
interpolation on a coarse simplicial mesh (90,258 DoF's). We see that the solution de-
grades considerably.

The second experiment compares the MHM method with the stdFEM on simplicial
meshes. To establish a fair comparison, we use the mesh illustrated in Figure 6.7
(right) since it contains simplicial elements almost everywhere. We choose here £ = 1
( with k = £+ 2 =3 ) and two-element meshes on edges. The resulting global MHM
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FIGURE 6.8. Displacement component u, (resp. u,) obtained with the MHM method (top-right)
(resp. bottom-right) and the reference solution (top-left) (resp. bottom-left) with the overlaid mesh.
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FIGURE 6.9. Displacement components of the solution using the standard finite element method
stdFEM with 90,258 DoF's with the overlaid mesh. Left: x-component. Right: z-component.

formulation has 30,352 global DoFs. To compare methods with the same order of
convergence, we employ the stdFEM with Po(K) interpolation. Figure 6.10 compares
the profiles of the MHM and two stdFEM solutions at * = 0 using two-level of
refinements, namely,
e stdFEM (coarse): uses mesh given Figure 6.9 with 90,258 DoF's;
e stdFEM (fine): uses a non-aligned mesh with 2,912,070 DoFs (724,420 ele-
ments).

We depict the results in Figure 6.10, wherein we observe that the MHM solution
coincides with the one from stdFEM (fine) using 95 times less DoF's.

Some clarifications are essential at that point. The significant improvements in preci-
sion as a result of the MHM method on coarse meshes comes with the price to solve
2,064 independent local elasticity problems to generate the basis functions. In the
present problem, the largest local problem amounts to 10,172 DoF's. That means that
if one used 2,064 processing units in parallel, the total execution time would, in the-
ory, be proportional to the assemble+solution of two linear systems, namely the local
system with 10,172 DoFs, followed by the global one with 30,352 DoF's. Such trivial
parallelism for solving local problems is one of the main reasons for the adoption of



46 A.T. GOMES, W. PEREIRA AND F. VALENTIN

500 240,
— Reference i - Reference
450] | o MHM A 20} s ey i
’ 1] 2001
400 stdFEM (fine) it i stdFEM (fine)
350 = «stdFEM (coarse)|  a 1804 3 = =stdFEM (coarse)
i\ 1604 i
300 I 1 140 i
250 I L e A
| 100 “ A
200 foat 1 L
150 P 5 e
P ol L Y]
i Y 604 !
100 — H 4p] v
80f w e T st} 20] L
S 0 I——— Y TTF
-0.05 0 00501 015 0.2 0.25 0.3 0.35 0.4 0.45 -0.05 0 00501 0,15 0.2 0.25 0.3 0.35 0.4 0.45

FIGURE 6.10. Profiles of the displacement solution at x = 0. We compare the MHM method with
the stdFEM using two levels of mesh refinement for the stdFEM, and with the reference solution.
The z- (left) and z-component (right) of the displacement.

the MHM method in larger problems, for which the lack of memory prohibits the use
of very fine meshes.

7. Conclusions. We presented a new family of polytopal finite elements for the
MHM method applied to the linear elasticity equations with discontinuous interpola-
tions on faces, and refined local meshes. These properties allow the method to cope
with elasticity models with heterogeneous coefficients in complex geometries using
coarse meshes with non-aligned faces and interfaces with jumping coefficients. We
established sufficient conditions for the well-posedness of the MHM method. We also
highlighted the impact of the second-level approximation on convergence and showed
that the MHM method is super-convergent under local regularity assumptions with
no additional post-processing. Notably, we proved that the method achieves conver-
gence without deteriorating Poincaré and Korn’s constants under a mild condition on
face partitions. Moreover, we showed that the error estimates for displacement in the
L?(Q)-norm could be improved even on non-convex element meshes.

We also verified the theoretical finding of the MHM method for elasticity for the
first time numerically. Two- and three-dimensional numerical experiments recovered
theoretical results, and we noticed unexpected additional convergence rates of order
H in the H-refinement. Such a numerical finding also appeared in the MHM method
for the Poisson equation [10] and is currently under theoretical investigation. The nu-
merical tests also inferred that the H-refinement requires fewer degrees of freedom
than the H-refinement to reach the same error threshold. On the other hand, the
computational performance tests suggested that the H- and H-refinements should be
combined to achieve better precision in shorter overall execution time and memory
consumption.

Finally, we assessed the MHM method on a two-dimensional synthetic multi-
layered problem with complex topography. We found that current strategy needed
about one hundred times fewer degrees of freedom to achieve a specified error thresh-
old compared with the standard continuous finite element method. Such a huge gain
of the MHM method hides the costs for obtaining the basis functions. Fortunately,
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such computations are local and completely independent of one another, and may be
performed in an offline stage.
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Appendix A. Auxiliary results.
Lemma A.1. Let K be a bounded domain in R? (d = 2,3) with Lipschitz boundary.

There exists a positive constant Crorn, K, independent of Hx, such that

IV|lo.x < Crorn.iclle@)|lo.c for all © € V(K).

Proof. First, we use the Petree-Tartar’s lemma (see [20, Lemma A.38]) with

X :=V(K) and Y :=[L*K)]™? and Z=L*K) and A:=¢.

Notice (X, | - |l1,x) is closed and the mapping A : X — Y is injective. Next, it is
well-known that H'(K) < L2(K) (see Rellich-Kondrachov [20, Theorem B.46] for
d > 2), and therefore, the mapping X C H 1(K ) < 7 defines a compact operator
T:X — Z. Also, from the Korn’s inequality in H'(K) (see [20, Theorem 3.78]) it
holds

We

19]l1,x < [|AD]jo,x + ||T0]o,x for all v € \~/'(K)

fullfil, then, the requirements of the Petree-Tartar’s lemma which leads to the

existence of a positive constant Corr, i such that

IV lo,c < 19]11.5 < Chorn,ic |AD]0.6 = Chorn,ic |€(®)]0.c  for all ¥ € V(K).

The constant Clorn,k is independent of Hy by a scaling argument, and the result
follows. O
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We present a Korn’s inequality over functions in V with a constant independent of
mesh parameters.

Lemma A.2. Let & be a polytopal partition. There exists a positive constant C,
depending only on Q and the shape-regularity of &2, such that

1
w2 5 < C (ne(v)na@ s HHRMv - [ vie

KeZ

2
+ Z MIIo;;) ;

0,K Ec&

forallveV.

Proof. The proof uses the technique proposed in [13]. Define the operator ® :
V — R as follows

2

o(v) = HHRM’U / vdzx
Ke ‘K| 0,K
Notice that it is a semi-norm and satisfies
Cb((I — HRM)’U) = 0,
P(v) <
P(v)=0 and v € V() & v is a constant vector ,

and, thus, the operator ®(-) fulfils the requirements of [13, Lemma 2.2] and [13
Theorem 3.1]. As such, using [13, Theorem 4.2] (d = 2) or [13, Theorem 5.2] (d = 3),
there exists a constant C, depending only on the shape-regularity of &, such that

VI3, < C (HE( M2+ 2(v Z ||MH0 E> for all v € V,

EG&)

and the result follows. 0

The next result slightly improves the equivalence result proved in [28, Lemma A.3].

Lemma A.3. Given p € A, the following result holds

{p, v)
lalla = sup 0z
ev  vlly
Proof. From [28, Lemma A.3], we have
{1 v)oz

lella = sup ———— forall peA.
vev  lvllv
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Next, given g € A from the Riesz representation theorem there exists u#* € V such
that

(ut,v)v = (U, v)ox forall ve V.

Notice the above problem corresponds to the strong formulation (in a distributional
sense)

in each K € &2. Therefore the tensor function g(u*) € H(div;2;S) and is satisfies

le(u)[G = lle(*)[5 o + RNV ()5 o

= lle(w)[Ig o + ho?lub(lg o = lut]5 -
Also, given p € A, it holds

Illa llullv < lle(@) i lu”llv = [ub 3 = (put)oz
which implies that

<N7U>89
lvllv

)

[1l[a < sup
veEV

and the result follows. 0



	Introduction
	The model and its hybrid version
	The elasticity model
	Broken spaces and some important inequalities
	Characterizing the exact solution

	The MHM method
	Well-posedness
	A Fortin operator
	Existence and uniqueness

	Error Estimates
	Interpolation estimates
	Estimates for "026B30D bold0mu mumu uuuuuu-bold0mu mumu uuuuuuHh"026B30D V and "026B30D bold0mu mumu -bold0mu mumu H"026B30D bold0mu mumu 
	Estimates for "026B30D bold0mu mumu uuuuuu-bold0mu mumu uuuuuuHh"026B30D 1,P and "026B30D bold0mu mumu uuuuuu- bold0mu mumu uuuuuuHh"026B30D 0,
	H- versus H-refinement

	Numerical Results
	Algorithm and implementation aspects
	Two- and three-dimensional analytical cases
	Verifying theoretical results
	Computational performance of H- and H-refinements

	A high-contrast multilayered problem

	Conclusions
	Appendix A. Auxiliary results

