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EXISTENCE AND UNIQUENESS OF MAXIMAL STRONG SOLUTION OF A 1D BLOOD
FLOW IN A NETWORK OF VESSELS

DEBAYAN MAITY, JEAN-PIERRE RAYMOND, AND ARNAB ROY

ABSTRACT. We study the well-posedness of a system of one-dimensional partial differential equations modeling
blood flows in a network of vessels with viscoelastic walls. We prove the existence and uniqueness of maximal
strong solution for this type of hyperbolic/parabolic model. We also prove a stability estimate under suitable
nonlinear Robin boundary conditions.

1. INTRODUCTION

In this paper, we consider a one dimensional blood flow model in a network of vessels with viscoelastic walls.
In each vessel (of length 1 in nondimensional variables), the cross sectional area A(x,t) of the vessel at the axial
coordinate z € I = (0,1) and at time ¢ > 0, the flow rate Q(x,t), and the average internal pressure P(x,t), over
a cross section, satisfy the mass conservation and momentum balance equations:

94,9Q o ser t>0,

ot Or (1.1)
0Q Q*\ , AoP _  Q :
8t+8x<>+p8x —k'fA, xEI,t>O,

where p is the fluid density, assumed to be constant, and k¢ is the friction coefficient per unit length. To
close the system we need a constitutive law connecting the pressure P to the cross-sectional area A. In the
Kelvin-Voigt model, the pressure law (or vessel law) is given by:

P = Pou+ (f Vo) + Aat 9 VA, (1.2)

where P,y denotes the constant external pressure, Ay denotes the reference cross-sectional area, v is a viscoelastic
coefficient depending on the thickness h of the vessel, the coefficient [ is related to the vessel stiffness, and is
defined by § = ‘{f’;?, where FE is the Young’s modulus and o is the Poisson’s ratio. The system (1.1)-(1.2) has
to be completed by initial and boundary conditions.

For simplicity, we analyze models corresponding to the vessel law (1.2), but the results of the paper can be
adapted to more general vessel laws as those considered in [17].

When we substitute the pressure law (1.2) in (1.1)s, by taking (1.1); into account, we obtain the following
system

—+2=0, zel t>0,
Q9 (Q2>+5\/ZE)A v 94,0Q v/ASQ 0 (1.3)
ox
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When the viscoelastic coeflicient v is equal to zero, the system corresponding to (1.3) can be written as a

quasilinear hyperbolic system (see, e.g., [6, 18, 23, 10, 26]). The diffusive effect, induced by the viscous term
vV A 82Q

~SAop O when v > 0, makes the system of hyperbolic/parabolic nature. Even if, in blood flow models, the
hyperbolic nature of system (1.3) is dominent, because the viscous term —2”)‘/0; 88;52 is small compared to the

other terms, this additional viscous term plays a role in numerical simulations [19], in estimation problems
[7, 14], and when data coming from numerical models are compared with in vivo data [3, 4].

The viscoelastic behavior of vessels has been observed in several experimental studies [1, 27]. Several studies
demonstrate that the incorporation of viscoleastic tube laws allows more physiological predictions than those
obtained with elastic laws, because blood pressure and vessel deformation are often overestimated by 1D elastic
models [22, 21, 25]. For the analysis of other viscoelastic models we refer to [20, 22, 7].

In the numerical approximations of system (1.3), the viscous term is often considered as a viscous correction
in a quasilinear hyperbolic system, and therefore the viscous term is taken into account as a source term [18, 19].
Splitting methods are other numerical strategies, consisting of solving alternatively an hyperbolic system and a
parabolic equation, see [17, 24].

From the well-posedness point of view, the existence of global-in-time regular solutions under some smallness
conditions, or local-in-time regular solutions, for the quasilinear hyperbolic system corresponding to v = 0, is
studied in [6] and in [10] in a single vessel. The coupling of a quasilinear hyperbolic system with a Windkessel
type boundary condition is considered in [9]. As far as we know, similar results in the viscous case, when v > 0,
are not known. Another viscoelastic model is derived in [5] for a single vessel, but not for a network.

The goal of this paper is to prove the existence and uniqueness of maximal strong solution of a system
modeling a blood flow in a network of vessels, corresponding to (1.3) in each vessel. In this paper, due to its
length, we do not study outflow boundary conditions of Windkessel type. But several results of the present
paper may be extended to such models. This will be studied in a forthcoming paper.

Before studying a general network, for clarity, we introduce the first results for a binary vascular bifurcation
as represented in Figure 1. For i = 1,2,3, (A;, Q);) satisfies (1.1) with the pressure law defined in (1.2). More
precisely, we consider the following system:

For i € {1,2,3}, (A;, Q;) satisfies

agf + aa% =0, te(0,7), z€l,
Pi = Pox + (\ﬁ ﬁ) A 5 O (VA),
where A; ¢ denotes the reference sectional area of the i-th vessel.
At the branching point, the balance of rate flows and the continuity of total pressures read as follows
Q1(1,t) = Q2(0,¢) + @3(0,1), t >0,
Pi(1,t) + BQj(l t) = P2(0,t) + g%(O,t) = P3(0,t) + 3%(0 t), t=0. (15)
The above system is completed by the following initial conditions
Ai(2,0) = Aj(2), Qi(2,0)=Q}(x), wel, (1.6)

and boundary conditions
Ql(oat) = hl(t)a QQ(L t) = hZ(t)a Q3(11 t) = h’3(t)a t>0. (17)

Using the expression of P; in (1.4)3, we want to eliminate all the terms involving P;. Observe that using (1.4);,
we can rewrite P; as

Py = P+ o (f VAig) ~ 5 AZ_; maa%.
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By differentiating the above pressure law with respect to x, we obtain
oP, B 0A; D ( v Qs )
or N 2141"0\/ Ai or or 2142"()\/ Az or '

Using the above expression, we can write the system (1.4)—(1.7), in an arbitrary time interval (¢o,%1), in the
following form:

For i € {1,2,3}, (A, Q;) satisfies

0A; | 0Q;
ot O —0, te(to,tl), .236[,

2 0Qi, p (2Q00Q QFOA; B oA D[ v 9Q

24; 0V/A; Or Oz
__kfp%7 te (thtl)a xe[7

Q1(1,t) = Q2(0,t) + Q3(0,t), t € (to,t1),
Q1(07t) =hi(t), Q2(1,t)=ha(t), Qs(1,t)=hs(t), te (to,t1),

L Lt

(1.8)

24, or (%v -
v oQ Q2

B [ 2420V A2 635 Az, <\/7 \/E) 2pA%} ’w:O

= v 0G5, . L e

B |:2A3 oVAz Oz A30 (\ﬁ \/E) J ot t € (to,t1),

Ai(x,to):A?( ), Qi(x,to):Q?(x), rzel.

We shall need to consider system (1.8) over a time interval (to,¢1), and not necessarily over a fixed time interval
(0,T), to prove the existence of maximal strong solutions (see Section 5.1).
From now on, to simplify the notation we set

A= (A )1 15 AO (Ao)z 1 A= (Zi)i')):lv Q = (Qi)?:h QO = (Qz )1 15 (A Q) (Az,Qz)le

For —oo <ty < t; < 0o, we look for solutions to system (1.8) in the space

Elto.tr) = {(4,Q) [ A€ [H' (to.ti: H (D), Q € [L*(to. ti; H(D) N H' (b0, t: LX)}, (1.9)
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equipped with the norm

3
ICA, @)l (tg,00) = izt (”AillHl(to,tl;Hl(O,l)) F | Aill Lo 0,158 (0,1)) + | Qill L2 (80 ,1:H2(0,1))

(1.10)
HQillm (to,t1:220,1)) + ”QiHLC’O(to,tl;Hl(O,l)))~
Moreover, for A € [HY(I)]3, A € [H'(to,t1; H*(I))]?, we introduce the following quantities
Y7 = min {Z(m) |z € T} > 0, (1.11)
~va(to, t1) = min {A(az,t) lzel, te [to,tl]} > 0. (1.12)
We also introduce the spaces
Eg(to,t1) = {A € [H' (to, t1; H'(I))]? | A(to) = A}, (1.13)
and, for v > 0,
Exlto,t5;7) = { A € Bxlto, ) [ valto, 1) > 7. (1.14)

Definition 1.1. We say that a pair (A, Q) is a strong solution to system (1.8) over the time interval [0,T)]
when (A,Q) € £(0,T), v4(0,T) > 0, (A, Q) satisfies (1.8)a—4 in the sense of distributions in I x (0,T) and
(1.8)5—9 in the sense of traces.

We say that (A, Q) is a mazimal strong solution to system (1.8) over the time interval [0,Ty,) when either
T =00, or Ty, < 00 and, for all0 < T < Ty, (4,Q) is a strong solution to system (1.8) over the time interval
[0,T], and when

(I, @l o,z + max { | 4@, T) 7 [1 <0 <3, 0 € [0,1]}) = oo, (1.15)

We are now in a position to state the main result of the paper in the case of the simple network represented
in Figure 1.

Theorem 1.2. Let us assume that, fori =1,2,3, AY >0, A° € [HY(I)]?, Q° € [H'(I)]?, h; € Hf(’)/f([o,oo)),
and that the following compatibility conditions are satisfied

QY (1) = Q5(0) +@3(0),

Q1(0) = h1(0),  Q3(1) = h2(0), Q5(1) = ha(0).
Then, the system (1.8) admits a unique mazimal strong solution over [0,Ty,), for some Ty, > 0. Both the
solution and the maximal time of existence Ty, are unique.

lim
T—Tm

(1.16)

Remark 1.3. In the above theorem, we state the existence of a unique mazimal solution for the system (1.4)-
(1.6) with Dirichlet boundary conditions on the flow rate (1.7). Later on, we shall prove the existence of maximal
unique solution when the Dirichlet boundary conditions are replaced by nonlinear Dirichlet boundary conditions
(see Theorem 5.3) and nonlinear Robin boundary conditions (see Theorem 6.2). These nonlinear Robin boundary
conditions, which approximate Dirichlet boundary conditions, allow us to prove an energy estimate satisfied by
the corresponding solutions (see Proposition 6.3). In Theorem 5.3, the nonlinear Dirichlet boundary conditions
are introduced to take into account boundary conditions on the velocity.

To study the system (1.8), in Section 2, we rewrite it in the form of a linear system in which the nonlinear
terms are collected in source terms. The existence and regularity results for the associated nonhomogeneous
linear system are obtained in Section 3. The nonlinear terms are estimated in Section 4 and Theorem 1.2 is
proved in Section 5 with the Banach fixed point Theorem. In Section 6, by adapting results obtained in [10] for
the quasilinear hyperbolic system corresponding to our model when v = 0, we prove an energy identity satisfied
by strong solutions of system (1.4)—(1.7). This energy identity is not sufficient to obtain a stability estimate
because of the nonhomogeneous Dirichlet boundary conditions in (1.7). We are able to prove that if, in (1.7), we
replace the classical nonhomogeneous Dirichlet boundary conditions by nonlinear Robin boundary conditions,
the associated nonlinear system admits a unique maximal strong solution, and that this solution satisfies a
stability estimate (see Theorem 6.2 and Proposition 6.3). We generalize the previous results to general networks
in Section 7.
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2. REFORMULATION OF THE NONLINEAR SYSTEM

In order to prove the existence of solutions to system (1.8), we rewrite it in the form of a linearized system in
which the nonlinear terms of system (1.8) are right hand side terms in the equations. For that, for an arbitrary

A € [H(I)]? satisfying v > 0, we introduce the coefficients

i _ P i v .
sz Ne=— 1=1,2,3,

4’ A QAi,o\/E

and, for i = 1,2, 3, we define the nonlinear terms F,% and Giz by

L 200000 pQ2 04, 1 1)\ 0Q:
Fl(Aqu): pgf pQ Q pQ - <AA) ;i

& A2 A2 gr A% ox
B 0A; 1 94,00

B 2Ai,0VAi ox 4A1 OA?/2% Ox ’

0
+—

v B v 0Q;
oz 2Ai,0\/E 2141 oV Zi Ox

and

7

1 v 0Q1 1 1 1 Q2
GZ(Ath) A10 <f \/7> 24, Ox (f r) 9 A2
v 3@1 1 1 1 Q2
<\/> \/7) 24,0 o <\/> \/7> 2 A2
Moreover, the constant terms are defined by
_ B (. )z
- (VA va) )]
s = — ‘
= |:1471,0 <\/; — Ai,O):| ’1:07 1 = 2, 3

G4, Qi)

(2.1)

(2.4)

From now on, to simplify the presentation, we are going to choose (tp,t1) = (0,7, but all the results can be
adapted to the case when (to,t1) # (0,7). With the nonlinear terms introduced above, the system (1.8) can

now be rewritten as:

For i € {1,2,3}, (A;, Q;) satisfies

0A;  0Q;
LSS0, te(0,T), vel,

, 0Q 9 ; 0Q; i
240 ;i —8:5<NA0 aci) :FAO(Ai7Qi)7 te(O,T)’ J?EI,
Q1(1,1) = Q2(0,1) + Qs(0,1), < (0,T),

Ql(o t) = hl(t)7 QQ(lvt) = h2(t>7 QB(lvt) = hS( )7 le (O,T),

NAo 6621(1 t)+ng +GA0(A17Q1) __NAO 8622(0 t)+ng +GA0(A2,Q2)
0
= io 8623(0 t)+ng+GAo(A3,Q3) t€(07T),

(2.5)

In the above system, we use the nonlinear terms and the coefficients corresponding to A = A°. But in Section
5.1, we shall need to study system (1.8) over (0,7T), and next over (T, 7). This is why it is important to express

the dependence of the nonlinear terms and the coefficients on A°, or on A(f)
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3. STUDY OF A LINEAR MODEL

The proof of Theorem 1.2 relies on the Banach fixed point Theorem. The idea is to replace the nonlinear
terms in (2.5) by given source terms f; and g;. Throughout this section, we assume that A € [H*(I)]> and
¥z > 0 (74 is defined in (1.11)). To study system (2.5), we are going to establish regularity results for the
following linear system:

For i € {1,2,3}, (A, Q;) satisfies
0A;  0Q;
8taQ 6‘:1: =0 3@ te (OvT)v 37617
L — = <Nj46m):fi te(0,T), zel,
Qu(1,) = Q2(0,) + Qs(0,1) te(0,7), 3
Ql(oag) = hl(t)a QQ(lat) = hg(t)a Q3(17t) = h3(t)a P te (O7T)7
SNETE W0+ 1) = ~N2TE(0,0) 4 02(0) = ~NITE0.0) 4 g5(t) 1€ (0,7),
Ai(z,0) = A%z), Qi(x,0)=Q%x) rel.

Let us remark that the above linear system can be solved “in cascades”: The equations (3.1)3_¢ satisfied by
Q;, with the initial condition for @; in (3.1)7, can be solved independently of A;. Once we have obtained the
regularity of Q;, we can easily get the regularity of A; from (3.1),. Thus, at first we concentrate in solving the
following system with homogeneous boundary conditions:

For i € {1,2,3}, Q; satisfies
Aaacil—( A(?C;?Ez)_ te(0,7),zel,
Qi(1,6) = Qa(0,1) + Qs (0,1 te 1), (32)
Ql(o t) QQ(L ) ( ) =0 te (OvT)a
—N%aa%(l,t) - —Nxaaﬂ(o t)=-N322 an =0.8) te(0.7),
Qi(z,0) = Q7 (x) zel
3.1. Study of system (3.2). We first study the following stationary system:
For i € {1,2,3}, Q; satisfies
0] ;0Qi _ .
% (NAﬁx)fl in I,
@1(1) = Q2(0) + Qs5(0), (3.3)
@1(0 )d Q2(1) :QS%) =0, .
NG ) = N2 ) = vy T )

We introduce the space

= {(Q1,@2,Q9) € [H(D]* | Q1(0) =0 = @5(1) = Q5(1), Q1(1) = @(0) +Qs(0)}
and the bilinear form ‘a’ defined on V' x V by

a(Q,®) Z/ R - (@1, Do, P3).

Adx do’

Lemma 3.1. A function Q € (H?(I))3 satisfies (3.3) if and only if it is solution of the following variational
problem

Determine Q € V' such that a(Q,®) / fi®;dx for all ® € V. (3.4)
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Proof. If Q € (H?(I))? is solution of (3.3), then an integration by parts gives

3

a(Q, ®) +Z[ dQ’ <I>()+N1ddQl( } /f@dx

Using the condition ®1(0) = 0 = P5(1) = P3(1) and the Neumann boundary conditions (3.3)5 satisfied by
(Q1,Q2,Q3), we have

> |- wes + N5 0]

Pt A dx A dg
= 829 )0, 1) 1+ 3922 0)0,(0) + N30 0), 0
=[-8 0+ 43 9% 0] 2,000 =0

Thus, @ is a solution to the variational problem (3.4).
The converse statement can be proved in a classical way by first recovering equation (3.3)s, and next the
regularity of (Q;)3_; and the boundary conditions (3.3)3_5. The proof is complete. "

Proposition 3.2. Let us assume that, for i = 1,2,3, f; € L?(I). Then the system (3.3) admits a unique
solution Q € (H*(I))? and

3 3
S Qillrzay <Y fille2 - (3.5)
=1 i=1

Proof. The bilinear form a is continuous and coercive on V' x V. The existence of a unique weak solution
to the variational problem (3.4) follows from the Lax-Milgram Lemma. The end of proof is classical. "
We introduce the unbounded operator (A, D(A)) in [L?(I)]? defined by

D(A) ={Q e VNI[H*(I)P | Q = (Q1,Q2, Qs) satisfies (3.3);},
AQ = (AlQlaA2Q27A3Q3) where

00Q; .
AiQ; = — Ey <NA ax) for:=1,2,3.

The following proposition is an easy consequence of Proposition 3.2 and of its proof.

Proposition 3.3. The operator (A, D(A)) is the infinitesimal generator of a strongly continuous analytic semi-
group on [L2(I)]3. Moreover, (A, D(A)) is a self-adjoint operator with compact resolvent in [L*(I)]3.

To define weak solutions to system (3.2), we introduce the following spaces
H(0,T) = [H'(0, T 12(1)]°
W(0,T) = {Q € L*(0,T;V) | % € L*(0,T; V’)},
where V' is the dual of V with respect to the pivot space (L?(I))3.
Definition 3.4. We say that Q € W(0,T) is a weak solution to (3.2) if the following conditions hold

1
- d i 0Q; 0¢; 2
S ((sto), ¢[00 %) -5 [rear mac-@ben
i—1 =17
Qi(0) = Q. 3.7

The main result of this subsection is the following:
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Theorem 3.5. Let f; € L*(0,T; L*(I)) and Q° € V. Then there exists a unique weak solution Q € W (0,T) to
(3.2). Moreover, we have

Qi € L*(0,T; H*(I)) N H*(0,T; L*(I)) N L>°(0, T; H*(I)), (3.8)

and

> |IQillee .y +1Qill 2.y + 1Qill 0.2y |

i=1

3
< CZ (1£:ll 20,7 p2(r)) + 1@V e (1)) s (3.9)

i=1
where the constant C' depends on L;, N;, but is independent of T .

Proof. Due to Proposition 3.3, there exists a Hilbertian basis in (L?(I))3, namely
(&1, &2k, &3, ) ken~, constituted of eigenfunctions of A, such that (&1 i, &2k, &3,5) belongs to D(A) for all k € N*.
Using that basis, we can follow the lines of the proof of [8, Theorem 4, Chapter 7] to prove the existence of a
unique weak solution to system (3.2) in W(0,T).

The estimate in (3.9) can be proved as in [8, Theorem 5, Chapter 7]. [ |

3.2. Study of system (3.1). We want to study the regularity of solutions of the linear problem (3.1).

Lemma 3.6. Let us assume that, for i = 1,2,3, h; € Hi’/f([O,oo)), gi € Hllo/c4([0,oo)), QY € HY(I), and the
compatibility conditions (1.16) are satisfied.
Then, for i = 1,2,3, there exists a function Q; € L?

foc([0,00); H2(I)) N Hyoo([0,00); L*(I))
N L2 ([0, 00); HY(I)) such that

QO =m), Q=0 “20n=gm Q0=
Q.0 =0, QL =ha(t), FE0.0)= g0, Qa(-0)= b (3.10)
Q?)(Ovt) =0, Q3(17t) = hS(t)a %(Ovt) = 93(t)7 Q3(70) = ng for all ¢ > 0.

Moreover, there exists a constant C > 0, independent of T > 0, such that, for i =1,2,3, we have

1Qill 20,7502 (1m0, 12 (1)L 0,311 (1)) < CIgill ersaco.ry + 1Pill erarago )y + 1@ m1(1))- (3.11)

Proof. The proof of the above lemma follows from [15, Theorem 2.3, page 18]. ]
We prove the following theorem:

240, 00)) and g; € HLX([0,00)), fi € L*(0,T; L*(I)),

loc

Theorem 3.7. Let us assume that, fori =1,2,3, h; € H} .
and the following compatibility conditions are satisfied

QY(1) = @3(0) + @5(0),  QY(0) = hi(0), Q5(1) = h2(0), Q3(1) = h3(0). (3.12)
Then, the system (3.1) admits a unique solution (A, Q) satisfying
04; L>®(0,T; L*(I)), A; € H'(0,T; H'(I))
8t ) ) ) (2 ) bl ) (3.13)

Q; € L*(0,T; H*(I)) N H*(0,T; L*(I)) N L>(0,T; H'(I)), i=1,2,3.
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Furthermore, there erists a constant Cz, depending on A but independent of T, such that

+ ||Ai||H1(O,T;H1(I)) + ||Ai||L°°(0,T;H1(I))
i= 1 L= (0,T5L*(I))
+Qill Lo 0,111 (1)) + 1Qill L2 0,112 (1)) + 1 Qll 12 (0,322 (1))
3
<Cx > (Ifillomizzay + Igillmraory + il asrso,r) + 1A mr @ + 1Q0 (), (3-14)
=1
for all T > 0.

Proof. We first study the existence and uniqueness of a solution (Q1,Q2,@s3) in [L2(0,T; H*(I))]> N
[HY(0,T; L*>(1))]* N [L>=(0,T; H*(I)]? to system (3.1)3_7. Let (Ql,QQ,Qg) be a solution to (3.10) satisfying
(3.11), i.e

”@iHLQ(O,T;HQ(I))ﬁHl(07T;L2(I))OL°°(O,T;Hl(l)) < Clgill rrraco,ry + Nhill grssaco,ry + ||Q§)|\H1(I))~ (3.15)
We look for @ = (Q;)?_, in the form (Q1,Q2,Q3) = (Q1,Q2,Qs) + (Q1,Q2,Qs). Thus, @ = (Q1,Q2,Qs)
satisfies
i 0Qi 9 (. - .
L ot &5<NA x) i te(0,T), x€l,ie{1,23},
62 (Lt) = Qz(O t) + Q (0,1) te(0,7),
Q1(0,1) = Q2(1,t) = Q3(1,t) =0 te (0,7), (3.16)
90, 0Qs 0Qs
_ i _N2 - _N3ZIXS
NESEH 1,0 = -NZEE2(0,0) = — NS 2 00) te (0,T),
Qi(x,0) =0 vel, ie{l,2,3},

where

- Qi 0 [\ 0Q
o f L = N .
fi=4i A8t+8x<‘48x>
With Theorem 3.5, we have

3 3
Z {HQiHLm(O,T;Hl(I)) + 1Qill 20,7312 (1)) + ||QiHH1(O,T;L2(I))} < CZ | fill 20,7502 (1))

i=1 i=1

The above estimate together with (3.15) give
3
> @il o.r:mr )y + 1Qill L2012 () + 1 Qill e 0.7:22(1))]
i=1
3
< CZ (1fill 20,7522y + Ngill arrvagory + Whill gsrago,ry + 1QY N (1) -
i=1
The estimate for (A4;)3_; is obtained with the help of the first equation of system (3.1). n

4. ESTIMATES OF NONLINEAR TERMS

Throughout this section, for 0 < T' < oo, we set

Ir =1x(0,T), H*'(Ir)=L*0,T; H*(I))n H*(0,T; L*(I)).
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4.1. Preliminary results. Let us recall some important lemmas which will be used later on.

Lemma 4.1. Let 1/2 < s < 1. There is a bounded extension operator from {f € H*(0,T) |
f(0) =0} to H*(0,00), uniformly bounded with respect to T > 0.

Lemma 4.2. (i) Let us assume that g € H*2(0,T) with g(0) = 0 and sy > s1, 1,82 € (1/2,1]. Then there
exists a constant C' > 0 independent of T' such that

9!l 1 0,7) < C(\/T)l_51/52||g||HS2(0,T)~ (4.1)

(i) Let us assume that f € H°*(0,T), g € H*2(0,T) with s1,s2 € (1/2,1] and f(0) = g(0) = 0. Then there
exists a constant C > 0, independent of T such that fg € H*(0,T) for s € (1/2,1) with s1 + s2 —s > 1/2 and
1£glls= 0,7y < CT || fll o1 0,09 9 12 0,7 (4.2)

for some § > 0.
(i) Let us assume that f € H**(0,T), g € H*2(0,T) with s1,s2 € (1/2,1] and g(0) = 0. Then there ezists a
constant C' > 0, independent of T such that fg € H*(0,T;Us) for s € (1/2,1) with s1 + s2 —s > 1/2 and

I f9llm=0,m) < CT (| = 07y + | FO)] + lgller=z 0,1)) (4.3)
for some § > 0.

Proof. Step 1. Let us first prove (4.1). Let g be the extension of g to (0, c0) introduced in Lemma 4.1. Since
¢(0) = 0, we have from Lemma 4.1 that

lgllz20m) < VTllgll=o,r) < VTG L 0,00) < VTN 1152 0,00) < CVT gl 1152 0.7)-
Let us now fix 1/2 < s; < 1. By interpolation and the above inequality, we have

1—81/52

_ —_ — 1-—
gl s 0.7) < 11111 0,00) < 1o i 11154570 00y < Cllall o s Nl 5 s
< CVT)' /=gl gz 0,1),

with C independent of T since g(0) = 0.

Step 2. We want to prove (4.2). We have f, g as extensions of f, g to (0,00) respectively following Lemma
4.1. As 51+ s9 — s > 1/2, there exists € > 0 such that s; + 59 — s —e > 1/2.

With [12, Proposition B1] and the estimate (4.1), we have

19l ars 0,7y < 11FGllE 0,000 < ClLF a1 (0,00) 1l 2152 0,00)
< Ol fllres 0,1y gl 2= 0.0y < TP F I rzes 0,1 191l 1122 0.7

where the constant C' is independent of T as f(0) = g(0) = 0.
Step 3. To prove (4.3), we first write fg as

fg=(f—f(0))g+ f(0)g.

Now we can use (4.2) to prove (4.3). |

Lemma 4.3. There exists a constant C > 0, independent of T > 0 and 0 < v < 1, such that, for all
fe  HY0,T; HX(I)) and f(x,t) >~ in I x (0,T), the functions /f, f'/* and 1/f belong to H'(0,T; H'(I))
and the following estimates hold:

C
INFlleo,r5m0 (1)) + IV Fll Lo o701 (ry) < i (”fHHl(O,T;Hl(I)) + 1 fll Lo (0,751 (1)

+ 1l oz a1 ooy ) (44)

C
||f1/4||H1(O,T;H1(I)) + ||f1/4||L°°(O,T;H1(I)) < m (Hf”Hl(O,T;Hl(I)) + Hf||L°°(0,T;H1(I))

+ ”f”Hl(O,T;Hl(I))||f||L°<>(0,T;H1(I))>7 (4.5)
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and

\%Q‘CB

11/ fll e o,msmr (1)) + 11/ fll oo 0,11 (1)) < (Hf”Hl(O,T;Hl(I)) + 1 £l oo 0,757 (1))
+ Il o s il f sy ). (46)
Proof. The proof is easy and left to the reader. ]

Lemma 4.4. There exists a constant C > 0 such that, for all T > 0 and all f belonging to H*'(Ir), the
following estimates hold

of of
150 | <o Olme ). (@)
z H1/4(0,T) x H1/4(0,T)
1£C0, M grarao,ry + IF L grasao,ry < C (LG Oy + 1 a2 29 - (4.8)
of of

Proof. If f € H*!(I7), then the fact that a—(O7 -) and 8—(1, -) belong to H'/4(0,T) can be deduced from
z x
[13, Chapter II, Lemma 3.4] or [11, Theorem 6.1], and the following estimate holds

AN

g 1 H < Cr (If L2032y nE 0,7522 (1)) 5
L H1/4(0,T)

of
Joz]

H1/4(0,T) ‘

with a constant Cr which may depend on T. To obtain a constant independent of T, we proceed as follows.
With [13, Chapter II, Lemma 3.4]), we know that f(-,0) belongs to H'(I). For some large A\ > 0, we consider
the following problem

2
% - % Fdu=0in I, %(O,t) - %(u) —0forallt>0, u(z,0)=f(z,0) foralzel

Due to [2, Part II, Chapter 1, Theorem 3.1], u belongs to H>!(I,) and
[ull 21 () < Nlullg2a o) < CIFC O () (4.9)

with I = I x (0,T). Let us set u = u — f. Then w € H*'(Ir) and u(x,0) = 0 for all # € I. Then, due to
Lemma 4.1, there exists u* € H*!(I,) such that u* = u in [0, T] and

w21 (100y < Cllwl g2 (1)-

Moreover, using [11, Theorem 6.1], we obtain

ou ou ou* ou*
z H/4(0,T) x H/4(0,T) z H1/4(0,T) r H1/4(0,T)
ou™ ou*
< 0,- + 1, < Cllu*| g < Cllall gz 17y
813 ( ) H1/4(O,oo) H 893 ( )‘ H1/4(O,oo) || ||H2 I(Im) || ||H2 I(IT)

where the constant C' is independent of T. Finally, the above estimate and (4.9) yield

ou ou
1) I e
€z H1/4(0,T) x H1/4(0,T)

< Clll o) < Ol + 1l ) < C (10 + 1f 1) ).

of of B
[50] , *154 =]

H1/4(0,T)

H1/4(0,

This completes the proof of estimate (4.7). Estimate (4.8) can be obtained in a similar manner. "
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4.2. Analysis of nonlinear terms. Let
Ae [HI(I)]3 such that ~7 >0,
where 7 is defined in (1.11). For 0 < tg < t; and v > 0, we introduce the space
Bx(to t1;v) = {(A7Q) € &(to,t1) | A€ EZ(thtl;'}/)}»

where E4(to,t1;7) is defined in (1.14). The ball Bx(to,t1;7, 1) in Bx(to,t1;7) is defined as follows

Ba(to,tii7 ) = {(4,Q) € Bxlto, 11;7) | 1A, Qllg(ey) < 11} (4.10)

Our aim is to obtain different estimates for the nonlinear terms F%, G introduced in (2.2) - (2.4), in I x (to, 1),

for an arbitrary time interval (tg,¢;). For simplicity, we only treat the case when (tg,t;) = (0,7), v € (0, 1),

and p > 1, but the results can be stated with obvious modifications for an arbitrary time interval (to,t1).
Now we prove the following proposition which will be used later on.

Proposition 4.5. There exists a constant C > 0, independent of v € (0,1), of u > 1, and of T € (0,1), such
that, for all (A, Q) € Bx(0,T;v, 1), we have

|4 = A ||L°° o) T il 2. (1)) < <CpVT (4.11)

T
H\/» \/7 o (0,T3H (I)) " H\/E‘ L2(0,T5H(I)) S C”\\/f;’ (4.12)
1Qill o rsarie(ryy < CHTUI, - for s € (0,1), (4.13)
@ (Ir) <Cu, (4.14)
H\/E . <an’lk, (4.15)
H'(0,T;H' (1)) val
1640)* — (Ai)QHHl(o,T;Hl(I)) < COp, (4.16)

Proof. We have

¢ ¢
Ai(z,t) — A, :/ 0 Ai(z,s) ds  and  \/A;(z,t) — /A :/ OV Ai(z, s) ds.
0 0

\/THatAi||L2(O7T;H1(O,1)) < VT

Therefore

||A — A HL°°(0 T;H(0,1)) 3

In a similar manner, we can easily obtain

-

VT

Lo (0,T;H(0,1)) b Vai

Using (4.12), we first obtain
[ Asll o o, (1)) < Al ) + || A — As HLOO o1y S BT CuVT,
where the constant C' is independent of T. Thus
1 Aill 20,701 0,1)) < < VT4 HLOO(OTHl(I)) Cu(T +VT).

Cpu——. The estimate (4.13 b d by followi
il 2 o1 01 <p+ M\ﬁ e estimate (4.13) can be proved by following
the arguments of [16, Proposition 6.4]. [
Estimate of F%.

Similarly, we can show that ‘
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Proposition 4.6. For all u > 1 and v € (0,1), there exists a positive constant Cr(p,7y), depending on u and
7, but independent of T € (0,1), such that, for all (A,Q) € Bx(0,T;v,u), all (A*, Q") € Bx(0,T;~, 1), and all
(4%,Q%) € Bx(0,T;, p), we have

|P5an | L <CrlumTe, (4.17)

L2(Ir)
|Psar.@h - Praz.@d|, < e flal.el) - (a2.Qd)l, (4.18)
for some o > 0, independent of T € (0,1), of u > 1, and of v € (0,1).
Proof. Step 1. Proof of (4.17). Let us recall that

i _ Qi 20Q:9Q;  p(Qi)?04; (1 1) 0Q

P34 Qi) = =ki0yss = iyt a0 + (a7 on A, A ) ot
L0 v v Yol 8 oA 1 0400
8I 2Ai,0\/E 2Ai,0 \V4 Zl ax 2ALO\/E (956 4Ai’0A?/2 8LE 81: ’

e To estimate the first term of F%, we write

Qi
H‘k”’mm

kep VT VT
< f 1Qill2(1r) < C—5 1QillLo=(0,1:L2(1)) < Ci—--
L2(I7) v? Y Y

o The estimate of the second term of F% is obtained as follows

H 20Q: 0 N et Y. ‘aQi VT
202 | 21y V2 0z |2 ry) 7? |l Ox L°°(O,T;L2(I)) 7
e To estimate the third term of F% (the estimate of sixth term is similar), using (4.11) and (4.14), we have
|e@.z o 04, VT
(Ai)* Oz || oy 0 || ary) "
e To estimate the fourth term of F% with (4.11), we have
1 1Y\ 00Q; 1 — 0Q; VT
p ( - ) < C—|Ai = Aill Lo 0,111 (1) ’ SOp—-.
H A Ai) Ot L2, 7 ( "ot L2(Ir) 72
e To estimate the fifth term of F%, with (4.12), we obtain
El ( v ) aQi}
ox 2Ai,0\/ Ai 2Ai,0 A /Zi ox L2(Ir)
0Q; VT
7 ||\f V Aill Lo 0,731 (1)) H B <Cp? 5.
L2(0,T;H(I)) v

e To estimate the last term of FIZ, using (4.13), we get

1 94, 00; 1

4A; g A3 Oz Ox

04,
ox

Qi

L (0,T;L2(I)) H Ox

< CNQT(I_S)/4T/27

L2(Ir) L2(0,T;Hs(I))

forall%<8<1.

Step 2. Proof of (4.18). The Lipschitz estimate can be obtained as in Step 1. For clarity let us explain how we
can prove it for the fifth term of F%:

0

0

v B v Qi
2ALO\/E 2Ai,0 \Y4 Zz Oz .

8
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We have
9

v v 0Q?
(2141',0\/sz2 - 2Ai,0@> O ]
v 0Q; 007
(e amer) (3 50)]

v v Q! 0
<2Ai,0\//Tz1 - 2Ai70\/A7i> ox ] o
v v oQ!}
(2/11',0\//T11 - 2Ai,0\//T12> ] "o

The first term can be estimated as in Step 1:

_ 2

9 ( v v ) 3@1]
2Ai,m/A} 24,0y A 2(In)
Q!
L0 (0,T;H'(I)) 0z | L2(0.711 (1))

Q!

T
< oL jlaneh - (42,02,

L2(0,T;H (I)) v

cx |-,

For the second term, as (A2, Q%) € Bx(0,T;~, 1), we have (s/A? — Zi) |t=o = 0. Thus, we can write

o0 (0,T;H(I)) H

of(_ v v (a@ ) a@%)
24,0V A7 24,0V )\ O 0z )|
1 Q! 3Q2
“ H A H ¥ 2,09,
’yz \/> L°°(0 T;H (I Oox LZ(O,T;HI(I)) 5/2 |” H|5T

Estimate of GL.

Proposition 4.7. For all p > 1 and v € (0,1), there exists a positive constant CG(;L7 v), depending on u and
7, but independent of T € (0,1), such that, for all (A,Q) € Bx(0,T;v,u), all (A*,Q") € Bz(0,T;~, 1), and all
(A2,Q?) € Bz(0,T;, p), we have

HG%(Ai, Qi)

T, 4.1
oy < Calin) (419)

i 1 4 2 e 2 2
[oat ob - a5z @),y o 1y < CalinT (AL QD — (42,@2)l,, (4.20)
for some a > 0, independent of T € (0,1), of p > 1, and of v € (0,1).

Proof. Step 1. Proof of (4.19). We only give estimate for Glz. Let us recall

G @) = 5 (VAL —VE0) + (WTllm ) W‘Tllﬂﬂf))

)

e Estimate of first term of Glz. We apply Lemma 4.2 (i) with s; = 1/4, s = 1 and g = VA (1,-) — VA1 (1)
and relation (4.15), and we obtain

o o], <em

H1/4(0,T)

VAL ) - @(1)\\H1(OT)

< o738 < OuT™s3.

HY(0,T;H(I))
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e Estimate of the second term of GIZ. We apply Lemma 4.2 (#ii) with s =1/4, 51 =1/4, 80 =1, f = 68%1 (1,4,
g=+VAi(1,-) — vV A;(1) and Lemma 4.4, and we have

@(17.><\/%(1)—\/Af3(1,.)> o H8Q1 . ( A1<1>—\/14T1<17'>)H
% (’(%21(1 0 85%(1")”>H1/4<07T>

o Estimate of the last term in Glz. We rewrite the last term of Glz as follows

1 1 1 (Q1)%(1,t) — |Q7*(1)
fp(%) (L) =2 (@) <AQ—2> (1,t)+( S ), |
2 ( ) 2 ( 1) (A1) (Al) (1) (
First of all, using [12, Proposition B1], for any so € (1/8,1/4), we have

||(Q1)2(17 ')||H1/4(0,T) < C”Ql(lﬂ ')||§{1/4+So(0,T) < C||Q1(17 ')”?{3/4(0’7‘)7

where the constant C' can be chosen independent of T. Indeed, as 1/4 + so < 1/2, we can extend the function
Q1(1,t) by zero to (T, 00) and the estimate follows easily. Using Lemma 4.4 in the above estimate, we obtain

1Q* (1, M r1/1(0,m) < Cii?,

with the constant C is independent of T'. Therefore, using Lemma 4.2 and relation (4.16) of Proposition 4.5, we
have

H1/4(0,T)

+

VA - vaas| o <oer

H'(0,T)

Q)
A1)2(1)> . (4.21)

H@W(d&-@b)@wm%méc@fﬁﬂmmm

< CTp? |[(40)? - )QHHl(O,T;Hl(I)) < CTpt.

1 B 1 H
(A1) (A2 ll g 0.1

To estimate second term of (4.21), we note that, by using Lemma 4.2, for any so € (1/8,1/4), we have

H(Ql)Q( ) — @1 H

(Al) (1) H1/4(0,T)
< C1Q1(1,) + QYW /a0 0,1y Q1L ) = QY| a/s00 (0.1
< CuT*?,

for some C' independent of T" and a > 0.
The last term of (4.21) can be estimated as follows

et RO

(1 HH1/4(O,T)

2
Step 2. The Lipschitz estimate (4.20) can be obtained as in Step 1. [
In Section 6, we are going to consider nonlinear Robin boundary conditions of the form
v 0
2L (0,4) + Qu(0,8) = Hy(Qu, Ar) — I (1)
2141 oV A, 9%
and for ¢ = 1 2, (4.22)
v 0Q;

v \/7 v (0,t) + Q:(0,t) = Hi(Q;, A;) — hi(2),
7,0
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with

7

a0, [ 1 1 1 Q2
HY(Q, = VA —/A v —
A(Ql < > 2A1 0 ox \/Al A /Zl 2 A2
and for i = 1,2, (4.23)
B — v 9Qi( 1 1 1 Q2
VA —\A )| — ——

0 2Ai,0 ox VA v/ A 2 A2
Estimate of H%. To study (1.8) in which the Dirichlet boundary condition (1.8)5 are replaced by the nonlinear
Robin boundary conditions stated in (4.22), we have to estimate the nonlinear terms defined in (4.23).

HY(Qi, A) =

Proposition 4.8. For all p > 1 and v € (0,1), there exists a positive constant Cy(p,~), depending on u and
7, but independent of T € (0,1), such that, for all (A,Q) € Bx(0,T;v,p), all (A*,Q') € Bz(0,T;~, ), and all
(4%,Q%) € Bx(0,T;, u), we have

T, 4.24
sy < Crli7) (424)

7 1 1 2 Y 2 2
|Fcat.eh — gz @), o < CulunT AL @b - (42 @Dl (4.25)
for some a > 0, independent of T € (0,1), of p > 1, and of v € (0,1).

HH%(A% Qi)

Proof. Step 1. Proof of (4.24). We only give estimate for H%. Let us recall that

v 1 2
—<\/7 \/>> 2Aloaaci (&_\/{4*)_;6122

Using the relation (4.12) of Proposition 4.5, we obtain

VA VIR0, < A = VR, <
The term [an < - 1&)} e=1

ox VAL
90, @) 11

H%(le

can be estimated as follows

H/4(0,T)
8@1 1 1
H HH1/4(0 || VA1, VAL (1) 21T
<C fj/Z VT.
The estimate of the other term can be obtained similarly.
Step 2. The Lipschitz estimate (4.25) can be obtained as in Step 1. [

5. EXISTENCE AND UNIQUENESS OF MAXIMAL SOLUTION

5.1. Proof of Theorem 1.2. Proof. Step 1. Existence of a local-in-time strong solution. We choose M > 0
and g > 0 such that

3
Z (AN oy + 1QF N e (1) + lgao | + Rill r2ra,1)) < M and = 2C 0 M, (5.1)
i=1

where C 40 is the continuity constant appearing in (3.14) corresponds to A = A°. Let us set

1
7= g with y40 = min{A(l](Jc), AY(x), AY(x) |z € I} > 0.
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Let (1;, ®;)?_; belong to B,o(0,T;~,u) (see (4.10)). We consider the following system:
For i € {1,2,3}, (A;,Q;) satisfies

0A;  0Q;
S0, te(0,T) wel,

; 9Q 9 ; 00 i
240 ;i _% (NAO 8?% ) :FAO(wiy‘I)i), te(O7T), .’EEI,
Ql(l,t):Qg(O,t)—l—Q?,(O’t), te (0,T)7

Ql(o t) = hl(t)v Q2(1’t) = hQ(t)v QS(lat) = h3( )7 te (OvT)a

0 0
NA(J 8621(1 t)+ng+GAo(w1,<I>1) NA(J 8622(0 t)+ng+GAo(1/12,<I>2)
=-N3, 8QS(O t) 4+ g0 + G30 (3, ®3), t€(0,7T),

Ai(2,0) = A(2), Qi(,0)=Q}(z), =€l
We are going to show that, there exists 0 < T' < 1 such that the mapping
N (i, @7y = (As, Qi)

where (A;, Q;)?_; is the solution to system (5.2), is a strict contraction in B0 (0,7, ).
Applying Theorem 3.7 to system (5.2), we obtain

3
[l (As, Qi)?:ﬂ”g(oj) < Cao Z (||Fﬁ10 Vi, ®i)llL2(0,752(1)) + [|Gla0 (i, i)l 1720, 1) + G0

=1
 ill ooy + 1A (1) + Q2 mn) ). (5.3)

Since (¢;, ®;) € Bao(0,T;7, 1), applying Proposition 4.6, Proposition 4.7 and relation (5.1), estimate (5.3)
becomes

|||(A¢,Qi)§’=1|”£(0 7S < CypoM + Cpo(Cp+ Ce)T® forall 0 <T < 1.
Therefore, with the choice of 1 in relation (5.1), there exists 7' > 0 small enough such that
3
IV (@i @)D g 0.y < 1
Using the continuous embedding L>(0,T; H(I)) < L°(Ir), from (4.11) we obtain
| 4; — A9 < CVT,

with C' independent of T since A;(0) = AY. By choosing T small enough, we get A;(x,t) >~ for all (x,t) € I
because 7 = y40/2. Therefore, N maps B4o(0,T;~, 1) into itself.
Now we will show that N is a contraction. Let (o}, ®})2_; and (2, ®2)?_, belong to B,o(0,T;~, ). Using
Theorem 3.7, Propositions 4.6 and 4.7, we obtain
3 2 52
|||N z)z 1) N(( (I) 1 1 |||£(OT
< ConlCr + Co)T 0 8 — (6,99l

Thus N is a contraction in B4o(0,T;~, 1) for T small enough. The proof of the existence of T € (0, 1], for
which the system (1.8) admits at least one strong solution over [0,T7, is complete.

||L°°(IT)

Step 2. Existence of a mazimal solution. Let us prove that any local-in-time strong solution may be extended
to a maximal strong solution. Let (A, Q) be a local-in-time solution to (1.8) over [0,7}]. We want to show that

(A4, Q) can be extended as a maximal strong solution over [0,7,,), with T,,, > T1. We look for (g, @,T)7 with
T>T, and (4,Q) € £(0,T), such that

(A,Q)(t) = (A, Q)(t) forall t € [0,Ty],

~ (5.4)
(4, Q) is solution to (1.8) over [0, T].
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The set of triplets (A\,@,T) satisfying (5.4) is nonempty since (A, Q,T7) satisfies (5.4). For a given triplet
(4,Q,T) satisfying (5.4), we set

T= sup{T > T | (121\, @, T) satisfies (5.4)}.

7T = 00, then the proof is complete.
Let us assume that T' < oo, and that (A, Q,T) satisfies (5.4) for all T' < T' < co. We have to show that (1.15)

holds for (A,Q) = (A Q) and T,, = =T. We argue by contradiction. We assume that
I m E,AW A, D) 1<i<3,zel}) < oo 5.5
i (JA@),,, +mex{ At 1<i<s0er)) <x (5.5)

Let us set

W(ﬁ,@)mg(o -, =z and sup {| i@, )| |1<i<3,2el, Te,T)} =1z >0,

We are going to show that the solution (A\, @) can be extended to [f, T+ g, for some ¢ > 0, so that (E, @) is
solution to system (1.8) over the time interval [0, T + ¢].
We set A= A(x,T), x € I. We consider the system over the time interval (T, 7) with 7 > T

For i € {1,2,3}, (EZ,CAQZ) satisfies

aA aQi ~

5 —l— B =0, te(T,7r),zel

L 00 0 (00 RPN

T " B <NA o ) = F3(A:;,Qi), te(T,7), x€l,
@1(17t) = Q2(07t) + @3(0,t), te (f7 7)7 (5 6)
Qu(0,t) = hi(t), Qa(1,8) =ha(t), Qs(1,t)=hs(t), te (T,7),
4ﬁﬁmuw+%+aa&@o N2 0, 1 g2+ G4, Q)

N3 8Q3(07t)+g%+G3Z(A\37Q\3)’ le (f;T)a

A dx
&@ﬂ—&mﬂ,@mﬂ:@@f%xeL

where the coefficients L%, N% and the nonlinear terms F%, Giz, giZ are defined by (2.1)-(2.3). We consider the
system

0A;  0Qi = .

T o =0, te(T,7), xe€l, ic{l,2,3},

i a@i 0 1'8@1‘ i ) ) Ea .
Lyt = o (NA o | = Faln, @), te(T,m), zel, i€ {1,2,3},
Q1(1,1) = Qa(0,1) + Q3(0,¢), te (T,7)
01(0,t) = hi(t), Qa(1,t) = ha(t), Qs(1,t) = hs(t), te (T,7), (5.7)

20 220
_Ni‘ 8621 (1 t) +gA +G1 (77[}1,‘131) (;22 (0 t) G%(i/)g,(bz)
a0 .
- —N%a—;(o,t) + g5+ GE (s, ®3), te(T,7),

Az, T) = Ai(2,T), Qi(x,T)=Qs(x,T), mel, ic{l,23}
We set
¥ =75/2 and i = Cxpig + pg.
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For 7 > T, we define the mapping N, in the ball Bj(f, T;79, ) by
N'T : (w“@l)?:l = (A\h@i)?:h

where (A;, @i)?zl is the solution to system (5.7) over [T, 7], and Bz(f,Tﬁ, i) is defined in (4.10).
Applying Theorem 3.7 to system (5.7), as in Step 1, we can show that N} is a contraction in Bx(T',7;7, [t)
for 7—T > 0 small enough. Thus the system (5.6) admits a solution over the time interval [T, 7] and the system

(1.8) admits a solution over the time interval [0, 7]. We have a contradiction with the definition of 7. Thus (5.5)
is false and (1.15) is proved. Hence, we have proved that any local-in-time strong solution may be extended to
a maximal strong solution.

Step 8. Uniqueness of mazimal solution. Let us prove that system (1.8) admits a unique maximal solution.
Let (A, Q) be a maximal solution to system (1.8) over [0,Ty,), and let (4, Q) be another maximal solution to
system (1.8) over [0,Ty,). Let us assume that Ty, < Ti,. Let us set

~

Tin = sup {t € [0,T) | (A, Q)(1) = (A,Q)(r) for all T € [O,t]}.

If Tm =Tn = fm ,Wthen the two maximal solutions are identical and the proof is complete.
If T, = T < Ty, then

Jim (1A, Qlleo,r +max {|Ai(2, 7)1 [ 1 <0 <3, 2 € 0,1]]

m

)
= (m(ﬁ, @)H‘g(omn> + max{|Ai(:1c7Tm)|_1 |1<i<3,z€]0, 1]}) < o0,

which is in contradiction with the fact that (A, @) is a maximal solution to system (1.8) over [0, Ty,). Thus the
proof is complete in that case too.

Let us examine the last case fm < Ty. We have to treat separately the cases when T\m > 0 and the case
when fm = 0. The case when fm = 0 can be treated with the same arguments as in Step 1. Let us treat the
case when fm > 0. We set

#= A Qe 7,y > v =min{Ai(a,t) [1<i <3, e 1, t €0, Tul},
- [aall,,,

i=aal,, s,
fi=2u+20, and 7 =min(y/2,7/2).

. F=min{A;(z,t) | 1<i<3, zel, te[0,Tnl},

Now we set A = A(Ty). For T < 7 < Ty, we notice that the function (4, Q) = (4, Q) — (A, Q) satisfies the
linear system (3.1) over [Ty, 7], with

fi = FE(As, Qi) — FE(A5, Qu),

gi = GL(Ai, Q) — GL((A;, Q0),

h; =0, &-(w,fm) =0, @z(xvfm) =0.
Using Theorem 3.7, Proposition 4.6 and Proposition 4.7, we obtain

[0, ., < catcr+carr - Tur

aa)

j-1\m:7—) g(ﬁnﬂ—)

We choose fm < 7 < Ty such that 7 — fm is small enough to have C4(Cr + Cg)(T — fm)o‘ < 1/2. From the
above estimate we deduce that W(/T, @)mg( - 0. Thus (A,Q)(t) = (A, Q)(t) for all t € [0,7]. We have a

T,

contradiction with the definition of fm, and the proof is complete. ]
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5.2. Maximal solution for the (A, u)-system. We end this section by reformulating the system (1.4) — (1.7)

Q(z, t)

Az, t)’

velocity. Moreover, we prove an existence and uniqueness result for the system written in variables A and wu.
The velocity u;(x,t) on the i-th vessel is

in terms of the independent variables A(x,t), the cross sectional area, and u(zx,t) :=

the average fluid

o QZ‘(.T, t)
ulet) = ey

Then the system (1.4) — (1.7) can be written as:

zel, te(0,T). (5.8)

For i € {1,2,3}, (A;,u;) satisfies

84; 0
pr a—x(Aiui)—O, te(0,T), xel,

0 0 A; OP;
a(Aiui)‘f'afx(A uy) b o

Pi= Pos 5 (VA = Vi) + o "2 (V).

Az, ):A?( ), ui(z,0) = ul (z), :cEI,

with the following nonlinear boundary conditions at the branching points

; =0, te(0,7), zel, (5.9)

Aquq(1,t) = Aqua(0,t) + Asus(0,t), te (0,T),
Pi(1,t) + Sud(1,8) = Po(0.1) + £u3(0,6) = Pa(0,6) + Zud0,0), ¢ >0, (510
and with the following Dirichlet boundary conditions
u1(0,t) = hi(t), wa(l,t) = ha(t), wus(l,t)=hs(t), te(0,T). (5.11)
We look for solution to the system (5.9)—(5.11) in the space of functions (A;,u;)3_; satisfying
(A0)2y € HYO.Ts Y)Y, (i), € L0, HM(I)* 0 L=(0,; HY(1))?,
(Ajui)i_y € L*(0, T H*(1))* N H'(0, T L*(1))?, (5.12)
equipped with the distance
3
d (Al uh), (A% u?)) = z; (HAzl - A?HHl(o,T;Hl(1))0L°°(0,T;H1(1))
i—
+Jui — U’ZZ||L2(O,T;H1(I))OL°°(O,T;Hl(I)) + [[Afuj — Afu 2||L2(O T, H2(I))NH(0,T;L2(I))NL>(0,T; Hl(l))) (5.13)

where A7 = (AJ, A}, A%) and v/ = (ul, u},u}), 7 = 1,2. As before, let us set
A= (A, u=(w)i.
Let us recall that the constant v4(0,7T) is defined in (1.12).

Definition 5.1. We say that a pair (A,u) is a strong solution to system (5.9) - (5.11) over the time interval
[0,T] when (A,u) satisfies the regularity assumptions in (5.12), v4(0,T) > 0, and when (A, u) satisfies (5.9) in
the sense of distributions in I x (0,T) and (5.10)—(5.11) in the sense of traces.

We say that (A, Q) is a mazimal strong solution to system (5.9)—(5.10) over the time interval [0, Ty,) when
either Ty = 00, or Ty < 0o and, for all 0 <T < Ty, (A,u) is a strong solution to system (5.9)—(5.10) over the
time interval [0,T), and when

lim (d((A,u), (0,0)) + max {|Ai(x,T)|_1 11<i<3, €0, 1]})

. .14
T—Tm o0 <5 )
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With the above definition it is quite easy to have an equivalence for the existence of strong solutions between
the (A, Q) system ((1.4)—(1.7)) and the (A,u) system ((5.9) - (5.11)). More precisely, we have the following
result:

Proposition 5.2. Let (A, Q) be a mazimal solution to the system (1.4)—~(1.7) over [0,T,,) with boundary con-
ditions on the velocity

@1
Ay

Q2
Ay

Qs

ul(O, t) A3

—(0,t) = hi(t), wa2(l,t)=—==(1,t) = ha(t), wus(l,t)=-==(1,t) = hs(t), (5.15)

(respectively with boundary conditions on the flow rate

Ql(oat) = hl(t)v QZ(lvt) = hZ(t)7 QB(lvt) = h3(t)a) (516)

if and only if, (A,u) is a mazimal strong solution to the system (5.9)—(5.10), with Dirichlet boundary conditions
on the velocity

ul(O,t) = hl(t), ’U,g(l,t) = hg(t), U3(1,t) = hg(t) (517)
(respectively with boundary conditions on the flow rate

hi(?)
4,006

ha(t)
Ay(1,t)’

w (0,4) = us(1,4) = us(1, ) = —30) ) (5.18)

AS (17 t)

Let us remark that, in Theorem 1.2, we have proved the existence of a unique maximal solution for the
(A, Q)-system (1.4)—(1.6) with the classical Dirichlet boundary conditions (5.16). Similarly, we can show the
existence of a unique maximal solution for the (A, @)-system (1.4)—(1.6) with the nonlinear Dirichlet boundary
conditions (5.15). More precisely, we have the following result.

Theorem 5.3. Let us assume that, for i =1,2,3, A >0, A° € [H*(])]?, Q° € [H'(I)]3, h; € Hf';/j([o 00))
satisfying the compatibility conditions
Q1) = Q8(0) + Q4(0), 5.19)

Q1(0) ZAO( )i (0),  Q3(1) = A3(1)h2(0),  @5(1) = A5(1)hs(0).

Then, the system (1.4)—(1.6) together with the nonlinear Dirichlet conditions (5.15) admits a unique mazimal

strong solution over [0,Ty,), for some Ty, > 0. Both the solution and the mazimal time of existence Ty, are
unique.
Proof. The proof is similar to that of Theorem 1.2. ]

We are now in a position to state the existence and uniqueness result for the (4, u) system (5.9) - (5.10). It
is an immediate consequence of Theorems 1.2 and 5.3, and of Proposition 5.2.

Theorem 5.4. Let us assume that, for i = 1,2,3, AY >0, A° € [HY(I)]3, «° € [H*(])]?, h; € Hf';/j([o 00))
satisfying the compatibility conditions

Alul( )= A2u2( )+ A3U3( ),
uf(0) = h1(0), u3(1) = ha(0), wug(1) = h3(0)

(respectively the compatibility conditions

A1u1( )=

(5.20)

= A5u3(0) + Agus(0),
0 _ hl(o) 0 _ h2(0) 0 _ h (0) (5-21)
WO =Ty 0= 0= Am)

Then, the system (5.9) - (5.10) with the classical Dirichlet boundary conditions (5.17) (respectively the nonlinear
Dirichlet boundary conditions (5.18)) admits a unique maximal strong solution over [0,Ty,), for some Ty, > 0.
Both the solution and the maximal time of existence Ty, are unique.
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6. ENERGY ESTIMATE FOR SYSTEM (1.8)

We are going to prove an energy identity for the maximal solution to system (1.8) over [0,7y,). But this
energy identity is also valid for solutions which do not satisfy the Dirichlet boundary conditions

Ql(o’t) = hl(t)’ QQ(lvt) = hZ(t)’ Q3(1at) = h3(t)a te (OvT)a

of system (1.8). This is why we consider a system corresponding to system 1.8, but in which the Dirichlet
boundary conditions are not specified:

For ¢ € {1,2,3}, (4;,Q;) satisfies

0A;  0Q;
5 o =0, te(0,Tn), z€l,
P 9Qi I 2Q:0Q; Q7 0A; B OA; v 0A;0Qi v 9*Q
A ot A\ A oz A2 O 24, 0/ A; Ox 4141‘014?/2 Or Or 24, 0/A; 022
= —kfpgé, te(0,Ty), z€l,
Ql(lv ) - Q2(07t) + Q3(Oat)? te (OvT ) (61)
v 0 B 1 QL)
AoV 9 PO A (VA0 — V/Aro) + 2P A2(1, 1)
v 0Q- 1 Q3(0,t)
25 on/ Ay Ot (O’t)+A2 (V4200 = V/Az0) + 505 A2(0,1)
o v 8@3 1 3 ,t
= m%(o,t)-f—ﬂ(\/fh(o t \/A3())~|‘2 A%(O,ty le(O,Tm)7
Ai(z,0) = Ag(x), Qi(z,0) = Q?(z), zel.
We set
1
1 [Q;
Et)—2;2/1474$td$+/31420(\/> \/ zO .'L'td.f-i- ZO \/ — 1/ 10)
= 0 Py

In this section, at first we want to derive an energy estimate for the system (1.8). Let us notice that E(t) > 0

because
(VA= V) 4 e (VA= V) = o (VA - V) (VA 5y

Lemma 6.1. If (A;,Q;)3_, is a mazimal solution to system (6.1) over [0,Ty,), then we have

t 1 t 1
v 0A;
— (= ) dad k
+//2Ai,0pv14i(3t) (,7) dadr + f//
00 0 0
t

1
_‘_7/ Q2(Pe(1,7) — Pext+2pu217')d7'—|—
0

3/)141 0

dxdr

Nw‘sw

1
Qg P3(1,7) — Poxt + §pu§(1,7))d7

\”

1
p p
0

=

[ (@(P0.0) = P 4 3 0.7))ar = B(O), (63
0

for allt € [0, Ty,), where, for i =1,2,3, P; is defined by (1.4)4.

Proof. We multiply equation (6.1)3 by u; := %, we replace Q; by A;u;, and we integrate over I. We end
up with four terms. Let us analyse the four terms separately.
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First term.
[ o [ (04 A0 1[04 1 ([ oA )
9 _ P2y A0y L [0A s 1 24902
/a (Asus) - /<8t vt 2at(“'>> 2/ at “”Lz(/ o i tA at(“1)>'
0 0 0 0

Thus,

Second term.

1 1 1

0 9 B 0 ouy 10 16‘141 3 ou;
/&U(Azui).uz_/<8m(AzuZ) u + A 895) _/(2833(A ) +2 oz + A 635)
0 0 0

It can be written as

1 1 1
8 1 0Q; 0 1 [04; 1
[ mtantyu=g [ (G2t goaad) = =3 [ G+ Q0D - Q0.0:20.0) . (05
0 0 0

Third term.

S

—

ext) + Q’L(l t)(Pz(lat) - Pext) - Qz(oyt)(Pl(Oﬂf) - Pext)

QAmp/r(a“‘)” e

Aiop ),
+ %Qiu,t)(a(l,t) ~Pau) - %Qi(o,o(Pi(o’t) Py (66)

We have

1

[2va - vam) = [ DA - Ay = [ a aeya

gE

1

i,0)3 + / \/I}O%(\/E_ \/IT,O)2

0

OJ\[\D
Q)‘QJ

This helps us to rewrite the third term.

Fourth term.

K; [ vw?da. (6.8)

o _
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Thus, by adding (6.4), (6.5), (6.6) and (6.8), we obtain

1 1
14 3Al 2 ﬂ d / / 2
Z (2 dt /A i / 24 0pVA; ( ot ) et py/Aio dt /( Ai = v/ Aio) da

=1

26 d 2
+3pAi70dt/V —v/4io) derkf/uid:v)

> (Qi(PZ- — Poxt + %u?)(l,t) — Qi(P; — Py + %u?)(o,t)) =0. (6.9)

i=1

+

=

As Q1(1,t) = Q2(0,t) + Q3(0,¢) and

1 1 1
(P, — Poyy + 2u1)(1 t) = (Py — Pyt + 5ug)(o,t) = (P3 — Poxt + §u§)(07t),

we have
3
Z (Qz(Pz - Pext + %U?)(l,t) - Qz(Pz - Pext + %U%)(O,t))
i=1
= Q2(P2 - Pext + %PU%)(lat) + Q3(P3 - Pext + %pug)(lvt) - Ql(Pl - Pext + %pu%)(oat)
The proof is complete. L]

If, in the energy identity (6.3), we substitute Q1(0,t), Q2(1,t), and Q3(2,t) by hq(t), ha(t) and hs(t) respec-
tively, we do not obtain a stability estimate unless hq(t) = ha(t) = hz(t) = 0. We are going to show that we
can obtain a stability estimate if we replace the Dirichlet boundary conditions

Q1(0,t) = ha(t), Q2(1,t) =ha(t), and Qs3(1,t) = h3(t), (6.10)
by the following nonlinear Robin boundary conditions
v Q1
- 0,t) + Q1(0,t) = eH1(Q1, A1) + hi(t), t€(0,Tw),
2A10\ﬁ8 (0,2) + Q1(0,1) = eH1(Q1, A1) + ha(t) (0, Tw)
and for 1 = 1,2, (6.11)
eV 00 Qi) = eHL(Qi A+ ha(t), te (0,Ty)
2Ai70m 8(17 I 7 ’ 7 (2 7 7 I y--1m )
with
v 0@ 1 1 1 Q3
Hy(Q1, A1) = (\/ — VA 0) 24,0 Ox <\/14T1 \/AT)> ZPA% z=0’
and for 1 = 1,2, (6.12)
v 0Q; 1 1 Q?
Hi(Qi, As) = (V - VAi) - 24, Or (f \ﬁ>+2”A2 _

For the network represented in Figure 1, we consider the system (6.1) with the nonlinear Robin boundary
conditions (6.11)-(6.12).

The notions of strong solution to system (6.1)-(6.11)-(6.12) over the time interval [0,T], and of maximal
strong solution over the time interval [0,T},), are similar to those in Definition 1.1.

Theorem 6.2. Let us assume that, for i = 1,2,3, AY >0, A° € [H*(])]?, Q° € [HY(I)]3, h; € Hﬁ)/f([o 00))
and

Q7(1) = Q5(0) + Q3(0). (6.13)
Then, the system (6.1)-(6.11)-(6.12) admits a unique mazimal strong solution over [0,Ty,), for some Ty > 0.
Both the solution and the mazimal time of existence Ty, are unique.

Proof. The proof is similar to that of Theorem 1.2. ]
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Proposition 6.3. The mazimal solution (A;, Q;)?_; to system (6.1)-(6.11)-(6.12) over [0, Ty,), whose existence

is stated in Theorem 6.2, satisfies the following stability estimate

5t 1 5 1
v DA, Q7
E _ 2iq
(t)—l—Z://Q iopm(at) (dexdT—kaZ://AQ dzdr
=17 9 ) =19 0
. t . t t
B 2 e 2 B 2
+2p5/Q2<1’T)dT+ 2p€/Q3(1,T)dT+ 5 /Ql(O,T)dT (6.14)
0 0

o+

<E(0)+ —
0+ 3,
0

t t
1 1 1
/hg(l,T)dT+ o /h§(177)d7+ %/h%(O,T)dT, for all t € [0, T),).
0 0
Proof. Due to Lemma 6.1, to prove the proposition, it is sufficient to estimate the following boundary terms

t

/ (Q2(1,T)(P2(1,T) P+ %pu%(l,'r))dﬂ / (Q3(1,7)(P3(1,7) — P + %pu3(1,7))d
0

0

t

and /(Ql(O 7)(P1(0,7) — Pext + ;pul(() T))dT.

0
Let us only estimate the last term, the two others can be estimated similarly. The Robin boundary condition

satisfied by ()1 can be written in the form
0Q:1 | 1 Q7
_Ql(o T)+h1 ( ( \/AIO) 21410\/7871’1—’—5 I%(O’ ))
v 0A; 1 Q3 10, T)>

_€<A10(V VA10>+2AIUFW+§ A2

=e(P1(0,7) = Pext + ;pul(O 7))

= —Ql(O,T) + hl(t).

Thus, we have
1
S(PL(0,7) = Pat + 5 (0,7)) =

and
¢
1
Q1(0 P1 0,7) — Poxt + 2pu1(0 T))d
0

/QlOT Q1(0,7) — ha(r dT /QlOTdT——/h2

The nonlinear Robin boundary conditions at x = 1 satisfied by Q; with i =2,3 correspond to

1
Pi(]-v'r)fpcxt‘i’ pu (0 7_) QZ(LT)*hZ(t)
Thus, for ¢ = 2,3, we have
t . t
/(QQ(LT)(PQ(LT) — Poxt + 2pu2(1 T / (0, 7)dr — —/hZ
0

0
and the proof is complete.
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7. A GENERAL NETWORK

We now consider a network constituted of N, segments of length 1, numbered from i = 1 to i = N, and
parametrized by x € I = (0,1). The origins and extremities of the segments, corresponding to the points where
z = 0 and = = 1 respectively, are the nodes of the network. The origins of segments are either inlet points or
branching points, while the extremities are either outlet points or branching points. The set of branching points
is {By | 1 < ¢ < Np}. At any branching point By, the subsets of indices J§ C {1,---, Ny} and J{ C {1,---, N,},
corresponding to segments connected to By by their origin and their extremity respectively, are nonempty. The
subsets of indices Ji, C {1,---, Ny} and Jout C {1,---, N} are nonempty, and they correspond to origins of
segments which are inlet points and extremities of segments which are outlet points respectively. The boundary
conditions at a branching point B, are

ieJ§ ieJf
1 1 ,
Pye(0,1) + 5puig(o,t) = P;(0,t) + 5 pu; 2(0,t) for all j € J¢, (7.1)

1 1
Py (0,0) + ipu?g(O,t) = Pi(1,t) + 5 pu; 2(1,¢) forall j € J¢,

where j§ = min J§.
For this type of network, we consider the nonlinear system

Fori e {1,---, Ny}, (A;,Qs,u;), with u; = %, satisfies

0A;  0Q;

5 o =0, te(0,T),z€el,

9Q; Q7 Ao Qi

ot “rax(i)“v‘pax——ka, E(O,T),l‘EI

Pt (VA V) ¢ D)

Ai(x,0) = A?, Qi(x,0) = QV(x), zel, (7.2)

with the following nonlinear boundary conditions at the branching points

> Qi0,8) =Y Qi(1,t)forall I <L N,

ieJ§ ieJy
1 1 .
P;e(0,1) + §pu§g(0,t) = P;(0,%) + ipu?((),t) for all 1 < £ < N, and all j € J§,

1 1
5P (0,1) = Pi(L,t) + Spui(1,t) forall 1 <£< Ny, and all j € J,

Pﬁ;(O,i) + 5 3

with either the following Dirichlet boundary conditions

Q:(0,t) = hy(t), i € Jin, t € (0,T),

7.3
Ql( ) ):h(t)7 iEJoutu t>o7 ( )
or the following nonlinear Robin boundary conditions
Ce 9900 1y 4 Qu(0,1) = eH™MOQ1, Av) + ha(t), i € Jin, tE (0,T)
2Ai,0\/147? Oz 5 i\Yy - i 1,411 1 ) in, ) ) (7 4)

v Qi

e v
24;0+/AY Oz

(1,8) + Qi(1,t) = e H"(Qy, A;) + hi(t), i € Jous, t € (0,T),
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where
in v 8@1 1 1 1 Q2 .
H (AzaQ’L = (\/> V ZO) 2A 0 a.’L' (\/7 ﬁ) 2 A2 —0’ 1€ Jinv
and
ou v an 1 1 1 Q2 .
H; t(Ai,Qz = (\/> \/ i 0) 2Ai o O (\/7 \/7) 2 A2 ' 1 € Jout-

We look for solutions to system (7.2)-(7.3), or system (7.2)-(7.4), in the space
Er = {(4:,Q0)¥y | Ai € HY(0,T5 H(0,1)) 0 L(0, T HY(0,1)),

(7.5)
Qi € L*(0,T; H(0,1)) N H'(0,T; L*(0,1)) N L>(0, T; H'(0,1)), Ai(-,0) = A? in (0, 1)},
equipped with the norm
H Ai, Qi) ’ = (||A | 0,701 (0,1)) + 1 Aill oo 0,131 0,1)) + |Qill L2 (0,752 (0,1)) )
7.6

HQill 51 0,7:22(0,1)) + ||Qi||Loo(o,T;H1(o,1)))-

Definition 7.1. We say that (4;,Q; )l == is a strong solution to system (7.2)-(7.3) (or system (7.2)-(7.4)), over
the time interval [0, T], when (A;, Q:)Ne, € Er,

Ai(z,t) >0 for all (x,t) € [0,1] x [0,T], (7.7)
and (A;, Qi ) =, satisfies the equations (7.2)a_g in the sense of distributions and the boundary and initial condi-
tions in the sense of traces.

We say that (A, Qi)Ye, is a mazimal strong solution to system (7.2)-(7.3) (or system (7.2)-(7.4)), over the

time interval [0, Ty, ), when either Ty, = 00, or Ty, < o0 and, for all0 < T < Ty, (4, Ql) =, is a strong solution
to system (7.2) over the time interval [0,T], and when

lim (’”(Au Qi)i\iﬁ r

T—Tm

+max{|Ai(m7T)|*1 |[1<i< Ng,z€ [0,1]}) = 0. (7.8)

Theorem 7.2. Let A; > 0 denote the sectional area of the ith vessel at equilibrium state, and let Q; o belong
to HY(I), and let assume that

> Qi(0,6) =Y Qi(0,t) forall L€ {1, Ny} (7.9)
ieJ§ i€y

Then, the system (7.2)-(7.3) (or system (7.2)-(7.4)) admits a unique mazimal solution over a time interval
[0, Thm).

Proof. The proof is similar to those of Theorems 1.2 and 6.2. |

We set
1

jixtd“/s Azo(\/> \/7 d“/l ﬁA ﬁ)
0 0

=

DN | =

s

i=1

Proposition 7.3. The mazimal solution (A;, Qi, P)N2, to system (7.2)-(7.4), over [0,T), whose existence is
stated in Theorem 7.2, satisfies the following stability estimate

X, OA; Neopo
)+ // ( ) x,7)dedr + k / =i dedr
Z 2A’L OP\/i ( ! ; 4
(7.10)
< E(0) + ﬁ > hf(f) dr, for all €[0,T,).

1€JinUJout
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Proof. The proof is similar to that of Proposition 6.3. ]
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