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Singlet scalar dark matter can naturally arise in composite Higgs models as an additional stable pseudo-
Nambu-Goldstone boson. We study the properties of such a candidate in a model based on SUð6Þ=SOð6Þ,
with the light quark masses generated by 4-fermion interactions. The presence of nonlinearities in
the couplings allows us to saturate the relic density for masses 400 < mDM < 1000 GeV, and survive the
bound from direct detection and indirect detection. The viable parameter regions are in reach of the
sensitivities of future upgrades, like XENONnT and LZ.
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I. INTRODUCTION

The standard cosmology model, “ΛCDM” based on a
flat prior, can well describe an expanding universe from the
early to late times. The combination of radiation, matter,
and dark energy determines the Hubble expansion HðtÞ ¼
_aðtÞ=aðtÞ as governed by the Friedmann equations.
According to astrophysical measurements, the present
Universe consists of roughly 30% matter and 70% dark
energy after the dark age and large scale structure emer-
gence [1]. However, the density of baryonic matter today is
Ωbh2 ∼ 0.02, comprising only a small portion of the total
matter. Thus, the remaining 85% of the total matter is made
of a dark component, expected to be distributed as spherical
halos around Galaxies. Despite the convincing evidences
for dark matter (DM) from various sources, such as the
galaxy rotation curves, gravitational lensing and observa-
tions of cosmic microwave background (CMB), the particle
identity of DM has not been identified yet. In the Standard
Model of particle physics (SM), the only candidates,
neutrinos, are too light and have too small a relic density
to account for the observation. Therefore, many theories
beyond the Standard Model (BSM) have been proposed,
with the most popular ones advocating weakly interacting
massive particles (WIMPs) stabilized by a discrete

symmetry: this scenario can naturally provide a suitable
DM candidate thanks to the thermal decoupling.
One of the possibilities is the Higgs mediated singlet

scalar DMmodel. Without consideration for the naturalness
of the light scalar mass, the DM physics is simply described
by two free parameters: the massmS and Higgs coupling to
the singlet scalar λhSS [2–4]. Because of the small parameter
space, this model has high predictive power. The dominant
DM annihilation channels, which determine the thermal
relic density, are as follows: for mS < mW, a DM pair
mainly annihilates into b̄b, while in the high mass region its
annihilation cross section intoWW, ZZ, and hh turns to be
very effective. However, the viable parameter space for the
model is tightly squeezed [5,6] since the λhSS coupling is
subject to strong constraints from direct detection experi-
ments, e.g., Xenon1T [7], PandaX [8], and LUX [9], as
well as by the bounds on the Higgs invisible decay width
and the upper bounds on events with large missing energy
at the LHC experiments. In this work we plan to investigate
this scenario in the context of a composite Higgs model
(CHM) that enjoys an underlying gauge-fermion descrip-
tion and can be UV completed. The scalar DM candidate
emerges as a pseudo-Nambu-Goldstone boson (pNGB)
together with the Higgs boson itself. In our scenario, the
composite nature of both DM and the Higgs boson can
substantially modify the DM couplings to the SM states
and alter the relative importance of various annihilation
channels. This is mainly due to the presence of higher order
couplings, generated by nonlinearities in the pNGB cou-
plings, which can enhance the annihilation cross sections
while the coupling to the Higgs (constrained by Direct
Detection) is small. This kind of scenario was first
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proposed in Ref. [10] in the context of the minimal coset
SUð4Þ=Spð4Þ, however the scalar candidate is allowed to
decay if a topological anomaly is present, like is always the
case for models with a microscopic gauge-fermion descrip-
tion [11]. Thus, it is necessary to work in scenarios with
larger global symmetries, which allows for singlet scalar
states which do not couple via the topological term, and can
therefore be stable. Also, in Ref. [12] it has been pointed
out that the DM has dominant derivative couplings to the
Higgs, which again ensures the suppression of direct
detection rates [13]. However, the nature of the couplings
is basis dependent, as one can always choose a basis for the
pNGBs where the derivative coupling is absent [14]. In this
paper we will work in this basis.
The CHM we studied is based on the coset

SUð6Þ=SOð6Þ, which enjoys a microscopic description
with underlying fermions transforming in a real represen-
tation of the confining gauge group [15]. Top partial
compositeness can also be implemented along the
lines of Ref. [16]. The pNGB sector is similar to the
SUð5Þ=SOð5Þ model [17], which is the minimal realistic
coset in the SUðNÞ=SOðNÞ family: the pNGBs include a
bitriplet of the custodial SUð2ÞL × SUð2ÞR global sym-
metry, like the Georgi-Machacek (GM) model [18].
However, unlike the GM model, the direction inside the
bitriplet that does not violate the custodial symmetry is CP
odd, thus it usually cannot develop a vacuum expectation
value in a CP conserving theory. On the other hand, the
interactions of fermions to the composite sector typically
induce a tadpole for the custodial triplet component, thus
generating unbearable contributions to the ρ parameter. For
the top, coupling to composite fermions in the adjoint
representation of SU(5) allows us to avoid this issue [19]. In
our model, the adjoint of SU(6) serves the same purpose,
while the masses of the light fermions can be generated by
other mechanisms. This results in a violation of custodial
symmetry of the order of m2

b=m
2
h, thus being small enough

to evade precision bounds, as we demonstrate in this paper.
The extension of the model to SU(6) also contains a second
Higgs doublet and a singlet, which can be protected by aZ2

symmetry for suitable couplings of the top quark [15]. For
other examples of CHMs with DM, see Refs. [20–27].
In this work, we investigate the properties of the singlet,

Z2-odd, pNGB as a candidate for dark matter. We find that,
notwithstanding the presence of additional couplings, the
model is tightly constrained, especially by direct detection.
The small parameter space still available will be tested by
the next generation direct detection experiments, with DM
masses in the 400 to 1000 GeV range.

II. THE MODEL

The main properties of the low energy Lagrangian
associated to this model have been studied in detail in
Ref. [15], where we refer the reader for more details. In this
section, we will briefly recall the main properties of the

pNGBs, and discuss in detail how custodial violation
is generated via the masses of the light SM fermions.
The latter point was not discussed in the previous work.
Following Refs. [15,19], we will embed the SM top fields
in the adjoint representation of the global SU(6): this is the
only choice that allows for vanishing triplet VEV, thus
preserving custodial symmetry. For the light fermions, we
will add direct four-fermion interactions to generate effec-
tive Yukawa couplings to the composite Higgs sector.
For a start, we recall the structure of the 20 pNGBs

generated in this model. To do so, it is convenient to define
them around a vacuum that preserves the EW symmetry,
incarnated in a 6 × 6 symmetric matrix ΣEW (for the explicit
form, see Ref. [15]). The pNGBs can thus be classified in
terms of the EW gauge symmetry SUð2ÞL ×Uð1ÞY, and of
the global custodial symmetry envelope SUð2ÞL × SUð2ÞR,
which needs to be present in order to preserve the SM
relation between the Z and W masses [28]. These quantum
numbers are given in Table I.
A nonlinearly transforming pNGB matrix can be

defined as

ΣðxÞ ¼ ei
2
ffiffi
2

p
f ΠðxÞ · ΣEW; ð1Þ

where ΠðxÞ contains the pNGB fields [15]. We can now
define aZ2 transformation that is from a broken globalUð1Þ:

ΩDM¼

0
B@
12

12
σ3

1
CA; ΩDMΣðxÞΩDM ¼Σ0ðxÞ; ð2Þ

where H2 → −H2 and η2 → −η2 in Σ0ðxÞ. Thus, they are
the Z2-odd states, while all the other pNGBs are even, as
indicated in the last column in Table I. This parity
commutes with the EW and custodial symmetries, and
with a suitable choice of the top couplings in the adjoint
spurion [15], thus it can remain an exact symmetry of this
model. This Z2 with detΩDM ¼ −1 is a remnant of a Uð1Þ
global symmetry, that protects DM candidates from
the topological anomaly interaction in the microscopic

TABLE I. Quantum numbers of the 20 pNGBs in terms
of the EWand custodial symmetries. Here, the pNGB are defined
around the EW-preserving vacuum ΣEW. The last column
indicates the Z2 protecting the DM candidate, as defined in
the text.

SUð2ÞL ×Uð1ÞY SUð2ÞL × SUð2ÞR Z2

H1 ð2;�1=2Þ (2, 2) þ
H2 ð2;�1=2Þ (2, 2) −
Λ ð3;�1Þ (3, 3) þ
φ (3, 0)
η1 (1, 0) (1, 1) þ
η2 (1, 0) (1, 1) −
η3 (1, 0) (1, 1) þ
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gauge-fermion theory and uniquely determines the parity
assignment in Table I. The DM candidates, therefore, can
be either the singlet pseudoscalar η2 or the component field
A0 in the second doublet H2, which are both CP odd. Note
that the CP-even components of H�;0 are always heavier
and will eventually decay into the lightest Z2-odd particle.
To study the properties of the DM candidate, we need to

introduce the effects due to the breaking of the EW
symmetry. The latter is due to some pNGBs acquiring a
VEV: this effects can be introduced as a rotation of the
vacuum by a suitable number of angles. In our case, as we
want to preserve the dark Z2, we will assume that only H1

will acquire a VEV, and check the consistency of this
choice a posteriori when studying the potential for the
pNGBs. For generality, we also introduce a VEV for the
custodial triplet, corresponding to λ0 ¼ − iffiffi

2
p ðΛ0 − Λ�

0Þ.
The rotation allows us to define a new pNGB matrix,

Σα;γðxÞ ¼ Uðα; γÞ · ΣðxÞ · UTðα; γÞ; ð3Þ

where

Uðα; γÞ ¼ eiγ
ffiffi
2

p
S8 · eiα

ffiffi
2

p
X10 · e−iγ

ffiffi
2

p
S8 : ð4Þ

This rotation can be interpreted as follows: the exponential
containing α is generated by a VEV forH1, aligned with the
broken generator X10; then, we operate a rotation generated
by the unbroken generator S8 that misaligns the VEValong
the direction of λ0 by an angle γ. As the effect of the VEVs
is an SU(6) rotation of the pNGB matrix, the couplings
among pNGBs are unaffected as the chiral Lagrangian is
invariant under such type of rotation: thus, no derivative
couplings between one Higgs boson with two DM states
is generated in this basis. Here we normalize f such that
v ¼ 246 GeV ¼ f sin α for γ ¼ 0.
The precise value of the two angles is determined by the

total potential, generated by couplings that explicitly break
the global symmetry SU(6). After turning on the γ, we can
evaluate the potential in a new basis Π̃ðxÞ, which is
equivalent to a pNGB field redefinition,

h̃ ¼ h cos γ − λ0 sin γ;

λ̃0 ¼ h sin γ þ λ0 cos γ; ð5Þ

with the full mapping of other pNGBs provided in the
Appendix A. We proved that, as expected, only tadpoles for
h̃ (i.e., the Higgs) and λ̃0 are generated. Furthermore, the
tadpole terms from all contributions observe the same

structure: 1
f
∂V0ðα;γÞ∂α h̃ − 1

v
∂V0ðα;γÞ∂γ λ̃0, like the Taylor expan-

sions. Thus, the vanishing of the tadpoles is guaranteed at
the minimum of the potential. This is a main result of this
paper and validates our choice for the vacuum misalign-
ment in Eq. (4).

First, we study the potential V0 coming from the top,
gauge and underlying fermion mass, at γ ¼ 0 as studied in
[15]. The V0 depends on 4 independent parameters:QA and
RS in the top sector, the underlying mass Bm (where B is a
dimensionless form factor while m is the value of the
underlying fermion mass), and a form factor for the gauge
loops Cg. The QA represents the coupling of the quark
doublet to top partner, and the RS is the coupling of the
quark singlet (a second parameter R0

S ≡ rRS is irrelevant to
V0). Although Cg and B can be computed on the lattice
once an underlying dynamics is fixed, we will treat them as
free parameters. The QA and RS can be traded in terms of
the misalignment angle α and the Higgs boson mass mh:

Q2
A ¼ m2

h

6v2
cosð2αÞ
cos2ðαÞ −

8
ffiffiffi
2

p
Bm sinðαÞ
3v

−
Cgg22ðcos ð2θWÞ þ 2Þ

3cos2ðθWÞ
; ð6Þ

R2
S ¼ 4Q2

A þ m2
h

2v2
sec2ðαÞ; ð7Þ

where mh ¼ 125 GeV is the measured Higgs mass.
We now introduce the masses for the light fermions via

direct couplings. This means, in practice, that we introduce
effective Yukawa couplings: e.g., for the bottom quark

−Ybðq̄LbRÞTr½P · Σα;γðxÞ� þ H:c: ð8Þ

where Yb is the Yukawa coupling and P is a matrix in the
SU(6) space that extracts the Higgs components out of the
pNGB matrix Σα;γðxÞ [15]. Note that this kind of operators
may also derive from partial compositeness upon integrat-
ing out the heavy partners of the light quarks. At one loop,
this will generate a contribution to the potential for α and γ
of the form

Vb ≈ f4CbjTr½P · Σα;γðxÞ�j2; ð9Þ

which generates a tadpole for λ̃0 that does not vanish for
γ ¼ 0. More details on all potential contributions can be
found in the Appendix A.
Expanding for small α and small γ, the cancellation of

the tadpole ∂V0ðα;γÞ∂γ ¼ 0 yields the following result

γ ≃
12αm2

b

Cgm2
Wð72þ 40 tan2ðθWÞÞ þm2

h

: ð10Þ

As a consequence of a nonvanishing γ, the model suffers
from a tree-level correction to the ρ parameter:

δργ ≃
sin2ðγÞ þ 1

ð2 cosð2αÞ þ 1Þsin2ðγÞ þ 1
− 1: ð11Þ
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To study the impact of this correction, we determined the
constraints from the EW precision tests, in the form of the
oblique parameters S and T. Besides the tree-level correc-
tion, which impact directly T, we also included loops
deriving from the modification of the Higgs couplings to
gauge bosons, and a generic contribution to S from the
strong sector. We thus define [29]

S ¼ sin2α
6π

�
ln
4πf
mh

þ ND

�
; ð12Þ

T ¼ −
3sin2α

8πcos2θW
ln
4πf
mh

þ δργ
αem

; ð13Þ

where ND counts the number of EW doublets in the
underlying theory.
Numerically, we plot the bounds in Fig. 1 for two

realistic models [16]: only two models are relevant, both
based on a confining GHC ¼ SOðNcÞ, with Nc ¼ 7; 9, and
underlying fermions in the spinorial representation.
Following the nomenclature of [30,31], we show M3
(ND ¼ 16) in solid and M4 (ND ¼ 32) in dashed. The
blue-shaded wedge is the region or parameters spanned in
our model, where we vary 0 < Cg < 0.1. The plot shows
that the value of γ is always very small, and that the bound
on the parameter space is always dominated by the
contribution of α to the S parameter. We should note that
the generic contribution of the strong dynamics to the S
parameter can be reduced in various way: replacing it by
loops of the heavy states [32], considering a cancellation
between vector and axial resonances [33], or including the
effect of a lightish 0þþ state [34]. For our purposes, the

main point is to show that the effect of custodial breaking
via γ is under control. We will not consider the bound on α
from EW precision in the following because it can be
reduced in a model-dependent way.

III. DARK MATTER PHENOMENOLOGY

Since the Z2-odd states in our model have sizable
couplings to the SM, the relic abundance can be produced
by the thermal freeze-out mechanism. We recall that the
freeze-out temperature is typically a fraction of the DM
mass, and that the DM mass in this model is always at most
of the same order as the compositeness scale f. Thus, the
calculations in this section can be performed within the
range of validity of the effective theory, that is trustable up
to ΛEFT ∼ 4πf. The DM candidate(s) remain in thermal
equilibrium with the SM, until the DM annihilation rate
drops below the Hubble expansion rate. After the decou-
pling from the thermal bath (freeze-out), the DM density
remains constant in a co-moving volume. Defining the
yield Y ¼ nðxÞ=sðxÞ, where sðxÞ is the entropy density, the
DM density evolution is described by the Boltzmann
equation [35]:

dY
dx

¼ −
sðx ¼ 1Þ

x2Hðx ¼ 1Þ hσeffvi½Y
2 − Y2

eq�; ð14Þ

where

sðx¼ 1Þ¼ 2π2

45
g�M3; Hðx¼ 1Þ¼

ffiffiffiffiffiffiffiffiffiffi
π2

90
g�

r
M2

Mpl
; ð15Þ

with x ¼ M=T and M being the DM mass. The effective
thermal averaged cross section can normally be expanded
as hσeffvi ¼ að0Þ þ 3

2
að1Þx−1 þ � � �, unless the particle

masses are near a threshold or a resonant regime [36].
Using an analytic approach, the relic density is calculated
to be

Ωh2¼ 1.07×109GeV−1ffiffiffiffiffiffiffiffiffiffiffiffiffi
g�ðxfÞ

p
MplJðxfÞ

; JðxfÞ¼
Z

∞

xf

dx
hσeffvi
x2

: ð16Þ

Assuming s-wave dominance for the annihilation cross-
sections, the above equations yield an approximate solution
hσeffvi ≃ 2.0 × 10−26 cm3=s in order to saturate the relic
density Ωh2 ¼ 0.12� 0.001 observed in the present
Universe [1]. In the following we will use these results
to calculate the favorable region of parameter space in
our model.
Because of the DM parity described in Eq (2), all odd

particles η2 and ϕi ¼ ðA0; H0; H�Þ ∈ H2 participate in the
thermal equilibrium before the freeze-out. There exist a
vertex of η2-A0-λ0, thus via the Yukawa operators for the
light quarks, the heavier component will quickly decay into
the lightest mass eigenstate after freeze-out. In principal,

2

3

0.00 0.05 0.10 0.15 0.20

–0.010

–0.005

0.000

0.005

0.010

Sin[ ]

S
in

[
]

FIG. 1. EW precision bounds in the sin α-sin γ plane for model
M3 (solid) and M4 (dashed). The blue wedge is the predicted
region in the model, where the dark region is allowed at 2σ. We
vary Cg between 0 (top edge) to 0.1 (bottom edge).
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the effective averaged cross section need to take into
account all co-annihilation processes [36,37].
However, the mass hierarchy in the spectrum is of

paramount importance for co-annihilation. In our
model, the inert Higgs doublet observes a mass hierarchy
mH0

> mH� ≳mA0
[15]. In this work, we only investigate a

simplified scenario mA0
> mη2 with a large mass gap of

Δ ¼ ðmA0
−mη2Þ=mη2 > 0.2, so that the actual DM is the

singlet. At a typical freeze out temperature xf ∼ 25, the
ratio of number densities, neqϕi

=neqη2 , is highly suppressed by

a Boltzmann factor ð1þ ΔÞ3=2 expð−ΔxfÞ ∼ 1=200. Since
the direct annihilation hση2η2vi is not subdominant, the co-
annihilation effect can be safely neglected and one can only
consider the direct annihilation of the singlet η2. The
dominant channels are

hσeffvi ≃ hσvðη2η2 → VVÞi þ hσvðη2η2 → hhÞi
þ hσvðη2η2 → f̄fÞi þ hσvðη2η2 → ηp=mηp=mÞi;

ð17Þ

where ηp=m are linear combinations of the Z2-even η1;3,
which we should include because they are typically much
lighter than other pNGBs and will eventually decay into
SM particles [15]. The invariant cross section and the
Møller velocity in the lab frame are

σðη2η2→XYÞ¼ 1

64π2s3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s−4m2

η

q
Z

dΩjM̄XY j2

× ½s− ðmXþmYÞ2�1=2½s− ðmX−mYÞ2�1=2;
ð18Þ

and

vlab ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpa · pbÞ2 −m2

am2
b

q
=ðEaEbÞ: ð19Þ

The amplitudes jM̄XY j2 are given in the Appendix B, as a
function of all relevant couplings in the model. The key
ingredient for relic density is the thermal averaged cross
section, which can be evaluated by an integral (without
velocity expansion of σvlab) [38]:

hσvlabi¼
1

8m4
ηTK2ðxÞ2

Z
∞

4m2
η

dsσ
ffiffiffi
s

p ðs−4m2
ηÞK1

� ffiffiffi
s

p
T

�
;

ð20Þ

with K1;2ðxÞ being the modified Bessel functions of the
second kind. In the region far from the resonance (Higgs
mass), like the singlet DM with a mass of hundreds of GeV,
the integral approach precisely matches with the s, p, and
d-wave limits [39].

We now discuss the impact of direct detection experi-
ments, which are sensitive to the recoil energy deposited by
the scattering of DM to nucleus. In our model, the relevant
interactions at the microscopic level are

L ⊃ −λhη2
2
hη22 − λhq̄qhq̄qþ Cqmq

f2
η22q̄q: ð21Þ

As already mentioned in the introduction, we work in the
basis where derivative couplings of the DM candidate to a
single Higgs boson are absent, thus all the above couplings
explicitly break the shift symmetry associated with the
Goldstone nature of the stable scalar. Besides the Higgs
portal, we also have direct couplings to quarks from
nonlinearities in the pNGB couplings (for light quarks,
the last term comes from an effective Yukawa coupling).
Thus, the spin-independent DM-nucleon cross section

(factoring out μ2T
μ2N
A2 with respect to σSINucleus) can be para-

meterized as [10,40]

σSI ¼
m2

N

πm2
η2

�
mNmη2

mN þmη2

�
2 ðZfp þ ðA − ZÞfnÞ2

A2
; ð22Þ

where fp;n characterize the interaction between η2 and
nucleons

fp;n ¼
X
q

fðp;nÞq

�
Cq

f2
þ

λhη2
2

vm2
h

�
ð23Þ

with q summing over all quark flavors. Note that setting
Cq ¼ 0 will exactly match the result in Ref. [41]. For the

form factors fðp;nÞq ¼ mq

mN
hNjq̄qjNi [42], we will use the

values from Ref. [43] for the light quarks, u, d, and s, while
for heavy flavors the form factor can be computed via an
effective coupling to gluons at one loop, giving

fðp;nÞc=b=t ¼
2

27
fðp;nÞTG ¼ 2

27

�
1 −

X
q¼u;d;s

fðp;nÞq

�
: ð24Þ

For this model, the η2 annihilation will mainly proceed in
the following channels: η2η2 → WþW−, ZZ, hh, t̄t, b̄b, and
ηp;mηp;m. The interactions and masses of pNGBs are
determined by four parameters: ðα; Cg; Bm; rÞ, where we
have neglected γ and set δ ¼ 0. The latter indicates a
universal mass for all underlying fermions, and the δ only
affects the mass splitting between ηp and ηm with minor
impact on this analysis. Note that the r will influence the
mass spectrum of DM parity odd particles η2; A0; H0;� but
not others [15]. These parameters are preliminarily con-
strained by the nontachyon conditions, i.e., m2

π > 0 for
all pNGBs.
In Fig. 2, we show the prospect for η2 to play the role of

DM, as opposed to the current bounds from direct
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detection. There is no constraint from the Higgs decay
width since all singlet masses are heavier than mh. For the
two panels, we highlight the regions in red that satisfy the
relic density bound Ωh2 < 0.123, as well as nontachyon
conditions and mA0

> 1.2mη2 . While the light blue regions
are permitted by the direct detection since we impose
σSI < σexpSI . Only the overlaps between the red and blue
are viable, where the relic density almost saturates
Ωη2h

2 ∼ 0.12, thus it is not necessary to rescale σSI by a
factor ofΩη2=ΩDM. The green regions indicate near the edge
2mη2 ¼ mh, the Higgs resonance is active, but they are far
from the viable region, thus validating our analytical
computation of the relic density. The region allowed by
all the bounds, therefore, is fairly limited.Without fixing the
parameters of ðCg; BmÞ, we get two branches centered
around ðα; rÞ ≈ ð0.08� 0.01; 0.6� 0.15Þ or ð0.02� 0.01;
0.35� 0.05Þ, which implies f ≈ v=α ∼ 3.0 or 12.0 TeV.We
want to stress that the DM mass can be computed for each
point of ðα; Cg; Bm; rÞ, so it varies over the slices of
parameter space in the figure.
To better investigate the DM physics, we selected two

illustrative benchmark points in Fig. 3: we show the
thermal averaged cross section hσvi for the t̄t channel
and for the combined WþW−; ZZ; hh channels at r ¼ 0.4
and r ¼ 0.6 respectively, with Cg ¼ 0.05 and Bm ¼
20 GeV fixed. Note that the intersection with the dashed
green line indicates points saturating the observed relic
density. We do not add the direct detection bound for
Fig 3. For r ¼ 0.4, the lower limit of mη2 derives from the
nontachyon condition, m2

ηm > 0, while the upper limit is
bounded by the requirement of mA0

> 1.2mη2 . At this
benchmark, the t̄t crosssection is dominant, reaching above
80% percent of the total contribution. The dot-dashed red

line intersects with the reference cross section line for a DM
mass of mη2 ∼ 500 GeV. Instead, for r ¼ 0.6, the averaged
cross section mainly comes from the combined dibosons
and di-Higgs channels, with the blue solid line intersecting
the reference value for a DM mass around mη2 ∼ 700 GeV.
As inferred from Fig. 2, a smaller mass with a larger cross
section is excluded by the direct detection. What this plot
reveals is that due to the model-specific couplings, the DM
cross section is dominated by the t̄t channel for lower
masses, and by the diboson one for larger masses. For a
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FIG. 2. The red wedge in these plots indicates the region satisfying the relic density bound Ωh2 < 0.123, along with nontachyon and
negligible co-annihilation conditions imposed. The cyan bands are permitted by the direct detection bound while the green bands are the
regions with 2mη < mh (m2

η < 0 included). The inset plots are the enlargements of regions that satisfy all the constraints.
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FIG. 3. Averaged cross section in the channels t̄t (red) and
combined WþW−, ZZ, hh (blue) for two benchmark points
with r ¼ 0.4 (dashed) and r ¼ 0.6 (solid) as a function of mη2 .
The dashed green line is the reference value hσvi ¼
2.0 × 10−26 cm3=s for a relic density Ωh2 ∼ 0.12.
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further illustration, in Fig. 4, we show the results of a
random scan of ðα; Cg; Bm; rÞ, where we retain only the
points passing all the constraints, i.e., relic density, direct
detection and no-tachyon conditions. As expected, we find
two distinct branches of viable points: for 400 < mη2 <
600 GeV, the t̄t channel dominates, while for 600 < mη2 <
1000 GeV, it is the dibosonWþW−, ZZ, hh that dominates
the annihilation cross section. Note that this latter section is
similar to the traditional Higgs portal singlet model. One
new ingredient in our model is the annihilation into the
lighter even pNGBs ηp and ηm: we have checked that this
channel is always subleading, with a contribution of less that
3% for all points. Also, since the quartic couplings are
relatively small, the cubic coupling λhη2

2
is always close to the

upper limit of the direct detection bound in order to put the
relic density into the correct ballpark. This implies that
the singlet DM candidate in our model is on the verge of
being excluded by future direct detection experiments, like
XENONnT [7] and LUX-ZEPLIN [44]. The projected
sensitivity of the latter will improve the reach of the current
XENON1Texperiment by at least 1 order of magnitude. We
found out that in such a situation there will be no overlap
remaining in Fig. 2, and this DM scenario will be excluded.
However, the same might not happen to the other DM
candidate, i.e.,A0 in the inverted scenario ofmA0

< mη2 . We
leave this case for further investigation.
We should also consider the indirect detection signals,

since the gamma ray line spectrum from the Galactic Center
observed by Fermi-LAT and H.E.S.S. is possible to impose
constraints for a DM mass in the interval of ð10; 103Þ GeV.
According to the recent measurements, provided 400 <
mDM < 1000 GeV, the lowest upper limits on the DM
annihilation cross section hσvi for the tt̄, WþW−, ZZ, and

hh channels are around 10−25 cm3=s at mDM ≃ 400 GeV
from Fermi-LAT [45] and 4.0 × 10−26 cm3=s at mDM ≃
1 TeV from H.E.S.S [46]. In fact, the upper bounds in the
mass region of interest mDM ∼ ð400; 103Þ GeV, given by
both telescopes from those concerning final states, are all
well above the reference value 2.0 × 10−26 cm3=s. This
statement is consistent with the earlier analyses [47,48],
where the relevant bounds are 1 order of magnitude larger.
Thus in our model with the viable region almost saturating
the relic density, the indirect detection can barely exclude
any interesting parameter space. We would like to briefly
comment on the collider phenomenology. Although the
DM mass range is potentially accessible at colliders,
including the LHC, the specific searches aiming at the
DM pair production plus one additional SM particle are not
available. As the masses are in the multihundred GeV
ballpark, the pair production cross sections are very small
and may only be accessible to the high luminosity run or at
future high-energy colliders. The model also contains a
light Z2-even pseudoscalar, whose mass can go down to
1 GeV. The collider phenomenology of this state has been
discussed in Ref. [15].

IV. CONCLUSION

In this work, we analyzed the properties of a pseudo-
scalar singlet dark matter candidate that emerges as a
pseudo-Nambu-Goldstone boson from a composite Higgs
model, based on the coset SU(6)/SO(6). Since the light
quarks, in particular the bottom, have to obtain their masses
via an effective Yukawa operator originating from four
fermion interaction, the custodial symmetry is unavoidably
broken. We have proved that all the tadpole terms in a
generic vacuum with ðα; γÞ angles will vanish after impos-
ing the minimum conditions. More importantly, the γ value
is suppressed by an order of m2

b=m
2
h, making the custodial

symmetry breaking well under control. Our result should
also apply to the CHM model in SUð5Þ=SOð5Þ, which
shares the same bitriplet structure but without DM
candidate.
Like most Higgs portal singlet models, the parameter

space in this model is tightly constrained, mainly by direct
detection experiments. Yet, due to the nonlinear nature of
the DM couplings to the SM particles, we find that a small
region of the parameter space is still allowed, with masses
400 < mDM < 1000 GeV. For masses below ∼600 GeV,
the annihilation cross section is dominated by t̄t, unlike the
traditional models, while larger masses go back to dom-
inant diboson channels. This pattern comes from the
complicated pNGB couplings. Furthermore, requiring the
correct relic density leaves the allowed regions within reach
of future experiments, XENONnT and LUX-ZEPLIN,
which might be able to exclude the η2 as a DM.
Finally, the SUð6Þ=SOð6Þ model has another DM

candidate in an inert second Higgs doublet, if it is lighter
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FIG. 4. Correlation between the Higgs portal coupling λhη2 and
the DMmassmη2 after imposing all the necessary conditions, i.e.,
0.117 < Ωh2 < 0.123, nontachyon, negligible co-annihilation as
well as direct detection bound. The red dots represent scenarios
where the hσðt̄tÞvi is dominant, while the blue dots stand for
cases where the combined channels WþW−, ZZ, hh contribute
the most.
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than the singlet. The phenomenology of this state is similar
to the traditional inert Higgs doublet model [49,50], which
is also tightly constrained by observations. We leave an
exploration of this limit for future work.
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APPENDIX A: TADPOLE TERMS IN A
GENERAL VACUUM

To ensure the DM stability, only two CP-even neutral
pNGBs in this model, i.e., h and λ0 ¼ − iffiffi

2
p ðΛ0 − Λ�

0Þ can
develop VEVs. This means that we set β ¼ 0 so that the
second Higgs doublet remains inert. The pNGB matrix is
parametrized as

Σα;γðxÞ ¼ Uðα; γÞ · ΣðxÞ ·UTðα; γÞ
¼ Uðα; γÞ · ei2

ffiffi
2

p
f ΠðxÞ · ΣEW ·UTðα; γÞ; ðA1Þ

where the ΣEW is rotated away to be misaligned with the
direction of SUð2ÞL ×Uð1ÞY by Uðα; γÞ. In analogy to the
β rotation, the SU(6) transformation can be decomposed
into

Uðα;γÞ¼Uγ ·Uα ·U
†
γ ¼ eiγ

ffiffi
2

p
S8 ·eiα

ffiffi
2

p
X10 ·e−iγ

ffiffi
2

p
S8 ðA2Þ

with Uγ ¼ eiγ
ffiffi
2

p
S8 defined in term of an unbroken gen-

erator. The inner U†
γ operation on ΣðxÞ can be fully

absorbed by the pNGB field redefinition. Thus it is the
outer Uγ that determines the γ dependence. And Eq. (A1)
can be rewritten as

Σα;γðxÞ ¼ Uγ · Uα · Σ̃ðxÞ ·UT
α ·UT

γ

¼ Uγ · Uα · e
i2
ffiffi
2

p
f Π̃ðxÞ · ΣEW · UT

α · UT
γ : ðA3Þ

with Σ̃ðxÞ ¼ U†
γ · ΣðxÞ ·U�

γ . Thus we can find out an exact
mapping for ΠðxÞ → Π̃ðxÞ in terms of pNGB fields. The
field redefinition can be split into several blocks and
leaving the pion fields H�;0 unchanged. For h and λ0,
they transform in a SO(2) rotation defined by γ:

h̃ ¼ h cosðγÞ − λ0 sinðγÞ;
λ̃0 ¼ h sinðγÞ þ λ0 cosðγÞ: ðA4Þ

This also applies to the DM candidates A0 and η2:

Ã0 ¼ A0 cosðγÞ − η2 sinðγÞ;
η̃2 ¼ η2 cosðγÞ þ A0 sinðγÞ: ðA5Þ

The charged Goldstone Gþ eaten by Wþ can mix with the
Λþ and ϕþ in the bitriplet.

Λ̃þ ¼ Λþcos2
�
γ

2

�
− φþsin2

�
γ

2

�
−

iffiffiffi
2

p Gþ sinðγÞ;

φ̃þ ¼ φþcos2
�
γ

2

�
− Λþsin2

�
γ

2

�
−

iffiffiffi
2

p Gþ sinðγÞ;

G̃þ ¼ Gþ cosðγÞ − iffiffiffi
2

p ðΛþ þ φþÞ sinðγÞ: ðA6Þ

Finally, the neutral Goldstone G0 mixes with η1;3, λ,
and φ0 under the γ rotation. With the definition ηG≡
1

2
ffiffi
2

p ð ffiffiffi
3

p
η1 −

ffiffiffi
2

p
η3 þ

ffiffiffi
2

p
λ − φ0Þ, we can obtain

G̃0 ¼ G0 cosð2γÞ − ηG sinð2γÞ;

η̃1 ¼ η1 −
1

2

ffiffiffi
3

2

r
ð2ηGsin2ðγÞ −G0 sinð2γÞÞ;

η̃3 ¼ η3 þ
1

2
ð2ηGsin2ðγÞ −G0 sinð2γÞÞ;

λ̃ ¼ λ −
1

2
ð2ηGsin2ðγÞ − G0 sinð2γÞÞ;

φ̃0 ¼ φ0 þ
1

2
ffiffiffi
2

p ð2ηGsin2ðγÞ −G0 sinð2γÞÞ: ðA7Þ

Note that the last four expressions in Eq. (A7) give:
η̃G ¼ ηG cosð2γÞ þ G0 sinð2γÞ, explicitly orthogonal to
G̃0. It turns out to be easier to calculate the potentials in
the new basis of Π̃ðxÞ. We can demonstrate that for each
type of potential in a generic vacuum with ðα; γÞ angles, the
coefficient of h̃ tadpole term is equal to 1

f
∂V0ðα;γÞ∂α , while the

coefficient of λ̃0 tadpole term is equal to − 1
v
∂V0ðα;γÞ∂γ .

1. The gauge potential

Vg ¼
Cg

4
f4ðg22Tr½Ti

LΣðTi
LΣÞ�� þ g21Tr½YΣðYΣÞ��Þ: ðA8Þ

Expand the pion matrix, the vacuum term at the lowest
order is

Vg;0ðα; γÞ ¼ −
Cgf4

32
ð4 sin2ðαÞ cosð2γÞð2 cosð2αÞðg21 þ g22Þ

þ g21 þ 3g22Þ þ 2 cosð2αÞðg21 þ 7g22Þ
þ 2 cosð4αÞðg21 þ g22Þ þ 4ðg21 þ 2g22ÞÞ: ðA9Þ

The tadpole terms are obtained by expanding until the
linear order:
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Vgðh̃Þ ¼
Cgf3

8
ð4 sinð4αÞsin2ðγÞðg21 þ g22Þ þ sinð2αÞðg21 þ 7g22 þ cosð2γÞðg21 − g22ÞÞÞh̃

¼ 1

f

∂Vg;0ðα; γÞ
∂α h̃: ðA10Þ

Vgðλ̃0Þ ¼ −
Cg

4
f3 sinðαÞ sinð2γÞð2 cosð2αÞðg21 þ g22Þ þ g21 þ 3g22Þλ̃0

¼ −
1

f sin α

∂Vg;0ðα; γÞ
∂γ λ̃0 ¼ −

1

v

∂Vg;0ðα; γÞ
∂γ λ̃0: ðA11Þ

2. The bottom Yukawa potential

Vb ¼ Cbf4
X
δ

jYb1Tr½Pδ
b1:ΣðxÞ� þ Yb2Tr½Pδ

b2:ΣðxÞ�j2: ðA12Þ

The vacuum term is

Vb;0ðα; γÞ ¼ 2Cbf4Yb1ðYb1Þ�sin2ðαÞcos2ðγÞðcosðαÞ − sinðαÞ sinðγÞÞ2: ðA13Þ

The tadpoles terms are

Vbðh̃Þ ¼ 4Cbf3Yb1ðYb1Þ�sinðαÞcos2ðγÞðcosðαÞ − sinðαÞ sinðγÞÞðcosð2αÞ − sinð2αÞ sinðγÞÞh̃

¼ 1

f
∂Vb;0ðα; γÞ

∂α h̃: ðA14Þ

Vbðλ̃0Þ ¼ 4Cbf3Yb1ðYb1Þ�sinðαÞ cosðγÞðsinðαÞ cosð2γÞ þ cosðαÞ sinðγÞÞðcosðαÞ − sinðαÞ sinðγÞÞλ̃0
¼ −

1

v
∂Vb;0ðα; γÞ

∂γ λ̃0: ðA15Þ

3. The top spurion potential

Vt ¼
CLLf4

4
Tr½D̄T

L · Σ† ·DL · Σ� þ CRRf4

4
Tr½D̄T

R · Σ† ·DR · Σ�: ðA16Þ

Setting CLL ¼ CRR ¼ 1, the vacuum term is

Vt;0 ¼
f4

16
ð2sin2ðαÞð2 cosð2αÞ þ 3Þ cosð2γÞ − 5 cosð2αÞ − cosð4αÞ − 2ÞjQAj2

þ f4

256
ð8 cosð4αÞcos4ðγÞ þ 8 cosð2αÞsin2ð2γÞ − 4 cosð2γÞ þ 3 cosð4γÞÞjRSj2 þ Constant Term: ðA17Þ

The tadpole terms are

Vtðh̃Þ ¼
f3

16
sinðαÞ cosðαÞð4ð8 cosð2αÞcos2ðγÞ þ cosð2γÞ þ 5ÞjQAj2 þ jRSj2ð−8 cosð2αÞcos4ðγÞ þ cosð4γÞ − 1ÞÞh̃

¼ 1

f
∂Vt;0ðα; γÞ

∂α h̃: ðA18Þ

Vtðλ̃0Þ ¼
f3

4
sinðαÞ sinð2γÞðð2 cosð2αÞ þ 3ÞjQAj2 þ jRSj2ðsin2ðαÞ cosð2γÞ − cos2ðαÞÞÞλ̃0

¼ −
1

v
∂Vt;0ðα; γÞ

∂γ λ̃0: ðA19Þ
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4. The mass term potential

Vm ¼ −
Bf3

2
ffiffiffi
2

p Tr½M† · Σ� þ H:c: ðA20Þ

with

M ¼

0
B@

im2σ2

−im2σ2

m112

1
CA; ðA21Þ

for m1 ¼ m2, the mass matrix M is aligned with ΣEW. First the vacuum term in the general case is

Vm;0 ¼
Bf3

2
ffiffiffi
2

p ðm2ð2 sin2ðαÞ cosð2γÞ þ 3 cosð2αÞ þ 5Þ −m1ð2 sin2ðαÞ cosð2γÞ − cosð2αÞ − 3ÞÞ: ðA22Þ

The tadpole terms read

Vmðh̃Þ ¼
Bf2ffiffiffi
2

p sinð2αÞðm2ðcosð2γÞ − 3Þ − 2m1cos2ðγÞÞh̃

¼ 1

f
∂Vm;0ðα; γÞ

∂α h̃: ðA23Þ

Vmðλ̃0Þ ¼ Bf2
ffiffiffi
2

p
ðm2 −m1Þ sinðαÞ sinð2γÞλ̃0

¼ −
1

v
∂Vm;0ðα; γÞ

∂γ λ̃0: ðA24Þ

We can see for m1 ¼ m2, there is no γ dependence in the h̃ and λ̃0 basis because UT
γ ·M · Uγ ¼ M holds true. The explicit

symmetry breaking is SUð6Þ → SOð6Þ and the potential is equivalent to the one in an α vacuum.
Note that only for the bottom Yukawa potential, the tadpole term of λ̃0 is proportional to cosðγÞ, thus nonvanishing at

γ ¼ 0; but for the other potentials, the tadpole term of λ̃0 is proportional to sinð2γÞ. Furthermore, if we change γ → −γ, the
minus sign for the λ̃ tadpole term will be flipped so that Vðλ̃0Þ ¼ 1

v
∂V0ðα;γÞ∂γ λ̃0.

APPENDIX B: THE ANNIHILATION AMPLITUDES

Here we give all the amplitudes squared used for the relic density calculation:

jM̄ðη2η2 → WþW−Þj2 ¼ e4ð12M4
W − 4M2

Wsþ s2Þ
16M4

WS
4
WðΓ2

hm
2
h þ ðm2

h − sÞ2Þ ðð2v cosðαÞλhη22 þ sin2ðαÞðm2
h − sÞÞ2 þ Γ2

hm
2
hsin

4ðαÞÞ: ðB1Þ

jM̄ðη2η2 → ZZÞj2 ¼ e4ð12M4
Z − 4M2

Zsþ s2Þ
16C4

WS
4
WM

4
ZðΓ2

hm
2
h þ ðm2

h − sÞ2Þ ðð2v cosðαÞλhη22 þ sin2ðαÞðm2
h − sÞÞ2 þ Γ2

hm
2
hsin

4ðαÞÞ: ðB2Þ

jM̄ðη2η2 → t̄tÞj2 ¼ 24ðs − 4m2
t Þ

v2ðΓ2
hm

2
h þ ðm2

h − sÞ2Þ
��

mt cosð4αÞ
cosð2αÞ cosðαÞ λhη22 þ vðm2

h − sÞλη2
2
t2

�
2

þ Γ2
hm

2
hv

2λ2
η2
2
t2

�
: ðB3Þ

jM̄ðη2η2 → b̄bÞj2 ¼ 24ðs − 4m2
bÞ

v2ðΓ2
hm

2
h þ ðm2

h − sÞ2Þ
��

mb cosð2αÞ
cosðαÞ λhη2

2
þ vðm2

h − sÞλη2
2
b2

�
2

þ Γ2
hm

2
hv

2λ2
η2
2
b2

�
: ðB4Þ
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jM̄ðη2η2 → hhÞj2 ¼ 4

�
4λ2h2η2

2

þ
64λ4hη2

2

ðs − 2m2
hÞ2

ðcos2ðθÞð4m2
h − sÞðs − 4m2

ηÞ þ ðs − 2m2
hÞ2Þ2

þ
12m2

h cosð2αÞ secðαÞλh2η2
2
λhη2

2
ðs −m2

hÞ
vðΓ2

hm
2
h þ ðm2

h − sÞ2Þ þ
9λ2hη2

2

m4
hcos

2ð2αÞ sec2ðαÞ
v2ðΓ2

hm
2
h þ ðm2

h − sÞ2Þ

−
48m2

h cosð2αÞ secðαÞλ3
hη2

2

ð2m4
h − 3m2

hsþ s2Þ
vðΓ2

hm
2
h þ ðm2

h − sÞ2Þðcos2ðθÞð4m2
h − sÞðs − 4m2

ηÞ þ ðs − 2m2
hÞ2Þ

þ
32λ2hη2

2

λh2η2
2
ð2m2

h − sÞ
cos2ðθÞð4m2

h − sÞðs − 4m2
ηÞ þ ðs − 2m2

hÞ2
�
: ðB5Þ

jM̄ðη2η2 → ηmηmÞj2 ¼ 16

�
λ2
η2
2
η2m

þ
ðλ2hη2mλ

2
hη2

2

þ 2λη2
2
η2m
λhη2mλhη22ðs −m2

hÞÞ
Γ2
hm

2
h þ ðm2

h − sÞ2
�
: ðB6Þ

jM̄ðη2η2 → ηpηmÞj2 ¼ 4

�
λ2
η2
2
ηpηm

þ
ðλ2hηmηpλ2hη22 þ 2λη2

2
ηpηm

λhηpηmλhη22ðs −m2
hÞÞ

Γ2
hm

2
h þ ðm2

h − sÞ2
�
: ðB7Þ

For jM̄ðη2η2 → ηpηpÞj2, we can simply replace λhη2m → λhη2p and λη2
2
η2m

→ λη2
2
η2p

in Eq. (B6).

APPENDIX C: THE VERTICES

The Lagrangian relevant to DM annihilations can be written as three parts: L ¼ LV þ LS þ Lf:

LV ¼ g2

8
ð2hv cosðαÞ − η22sin

2ðαÞÞð2W−
μWþ

μ þ Z2
μsec2ðθwÞÞ; ðC1Þ

LS ¼ −ðλh2η2
2
h2 þ λη2mη22η

2
m þ ληpηmη22ηmηp þ λη2pη22η

2
pÞη22

− ðλhη2
2
η22 þ λhη2pη

2
p þ λhη2mη

2
m þþλhηpηmηpηmÞh −

m2
h cosð2αÞ secðαÞ

2v
h3; ðC2Þ

Lf ¼ −
4mt cosð4αÞ
f sinð4αÞ ht̄t −

2mb cosð2αÞ
f sinð2αÞ hb̄bþ λη2

2
t̄tη

2
2 t̄tþ λη2

2
b̄bη

2
2b̄b; ðC3Þ

where those λ couplings are complicated functions of ðα; Cg; Bm; rÞ, imposed by the minimum ∂V0ðαÞ∂α ¼ 0 and Higgs mass
conditions after extraction from the potentials. We explicitly list their expressions as the following:

λh2η2
2
¼

�
m2

hsec
2ðαÞ

144v2
ðð8r2 − 50rþ 20Þ cosð2αÞ þ 6r2 þ 7ð5 − 4rÞ cosð4αÞ − 34rþ 11Þ

þ 2
ffiffiffi
2

p
Bm

9v
ð2r − 1Þ sinðαÞð14 cosð2αÞ − 2rþ 1Þ

þ 2CgM2
w

9v2
ð7ð2r − 1Þ cosð2αÞ − 2ðr − 1Þrþ 1Þðcos ð2θWÞ þ 2Þsec2ðθWÞ

�
: ðC4Þ

λhη2
2
¼

�
m2

h secðαÞ
12v

ðð7 − 8rÞ cosð2αÞ þ 3 − 6rÞ þ 2CgM2
w

3v
cosðαÞð16r − 7þ ð8r − 5Þ cos ð2θWÞÞsec2ðθWÞ

þ 8

3

ffiffiffi
2

p
Bmð2r − 1Þ sinð2αÞ

�
: ðC5Þ
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λη2
2
η2m

¼
�
−
m2

hsec
2ðαÞ

2880v2
ðð64ð7 − 4rÞrþ 636Þ cosð2αÞ þ ð128rþ 41Þ cosð4αÞ þ 64ð5 − 3rÞrþ 251Þ

þ 4CgM2
w

45v2
ðð8r − 4Þ cosð2αÞ − 8ðr − 1Þrþ 39Þðcos ð2θWÞ þ 2Þsec2ðθWÞ

þ
ffiffiffi
2

p
Bm sinðαÞ
45v

ðð64rþ 25Þ cosð2αÞ − 64ðr − 1Þrþ 159Þ
�
: ðC6Þ

λη2
2
η2p

¼
�
m2

hsec
2ðαÞ

30v2
ððrð4r − 7Þ þ 1Þ cosð2αÞ þ ð1 − 2rÞ cosð4αÞ þ rð3r − 5Þ þ 1Þ

þ 8CgM2
w

15v2
ðð2r − 1Þ cosð2αÞ − 2ðr − 1Þrþ 1Þðcos ð2θWÞ þ 2Þsec2ðθWÞ

þ 2
ffiffiffi
2

p
Bm sinðαÞ
15v

ðð16r − 5Þ cosð2αÞ − 16ðr − 1Þr − 9Þ
�
: ðC7Þ

λη2
2
ηmηp

¼
�
m2

hsec
2ðαÞ

120
ffiffiffi
6

p
v2

ð−4ð4rð4r − 7Þ þ 29Þ cosð2αÞ þ ð32r − 31Þ cosð4αÞ þ 16ð5 − 3rÞr − 61Þ

þ
16

ffiffi
2
3

q
CgMw2

15v2
ðð1 − 2rÞ cosð2αÞ þ 2ððr − 1Þrþ 2ÞÞðcos ð2θWÞ þ 2Þsec2ðθWÞ

þ 8Bm sinðαÞ
15

ffiffiffi
3

p
v

ðð15 − 16rÞ cosð2αÞ þ 16ðr − 1Þrþ 19Þ
�
: ðC8Þ

λhη2m ¼ 8

5

ffiffiffi
2

p
Bm sinð2αÞλhηpηm ¼ 4

5

ffiffiffi
3

p
Bm sinð2αÞ: ðC9Þ

λhη2p ¼ −
4

15

ffiffiffi
2

p
Bm sinð2αÞ λη2

2
b̄b ¼

mbsin2ðαÞ
v2

: ðC10Þ

λη2
2
t̄t ¼

mtsin2ðαÞð2 cosð2αÞ − 2rþ 1Þ
v2 cosð2αÞ : ðC11Þ
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