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Abstract. This paper is devoted to the computation of various explicit constants
in functional inequalities and reqularity estimates for solutions of parabolic equa-
tions, which are not available from the literature. We provide new expressions and
simplified proofs of the Harnack inequality and the corresponding Hdélder continuity
of the solution of a linear parabolic equation. We apply these results to the compu-
tation of a constructive estimate of a threshold time for the uniform convergence
in relative error of the solution of the fast diffusion equation.

This document is divided into two Parts. Part I is devoted to the explicit computa-
tion of the constant in Moser’s Harnack inequality based on the method of [25, 26].
As far as we know, no such expression of the constant has yet been published.
Part II is devoted to fully explicit and constructive estimates which are needed
for proving the stability in some Gagliardo-Nirenberg inequalities in [9]. For a
comprehensive introduction to stability issues and a review of the literature, the
reader is invited to refer to [9, Section 1]. Boxed inequalities are used to quote
results of [9].
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Part 1

The constant in Moser’s Harnack inequality

Let €2 be an open domain and let us consider a positive weak solution to
v
i V. (A(t,:c) Vv) (1)

on Qp = (0,7) x Q, where A(t,z) is a real symmetric matrix with bounded
measurable coefficients satisfying the uniform ellipticity condition

d
0<AlE < D At 2)&6& < MEP V() eRT xQp xR, (2)
ij=1
for some positive constants A\g and A;. Let us consider the neighborhoods
DE(to, IO) = (to + % RQ, to + R2) X BR/Q(ZL’()) s
D}_%(to,xo) = (to — %Rat — iRQ) X BR/Q(xO),

and the constant

9d+2
— d+4 od 3 2 (d+2)+3
h:=exp [2 3%d +cy2 <1+<\/§_1)2(d+2)>0] (4)

where )
0 = 3 g B (<2+ff§;2>( T (5)
d a2
S j ) N\ 2d+4
o=>(3) (e+i)1+5))" (6)
j=0

Let p:=2d/(d—2)=2"ifd>3,p:=4ifd=2and p € (4,+00) if d =1. The
constant /C in (5) is the constant in the inequality

1oy < K IV F Ry + 2 o)V F € H'(B). (7)

If d > 3, then K is independent of R. For d = 1, 2, we further assume that R < 1.
We learn from [9, Appendices B and C] that

2812:%F<§+1)§ if d>3,

K<{ 2 if d=2, (8)
21+%max{pﬂ;22,i} if d=1.

Also see Table 1 below. We shall also need some numerical constants associated
with balls and spheres. The volume of the unit sphere S¥~! C R? is

2m¥? 16

wd:‘Sdil‘:IYd/Q) S ﬁﬂ- . (9)
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As a consequence, the volume of a d-dimensional unit ball is w,;/d and

% <2 (10)

whenever sharpness is not needed. Let us define
h = hMF/Ao (11)
We claim that the Harnack inequality holds with the constant h as follows.

Theorem 1. Let T > 0, R € (0,v/T), and take (to,z0) € (0,T) x Q such that
(to — R2,tg + R?) x Bygr(wg) C Qp. Under Assumption (2), if u is a weak solution
of (1), then

sup v<h inf w. (12)

_ +
Dy, (to,w0) D, (to,@o)

Here a weak solution is defined as in [26, p. 728], [24, Chapter 3] or [3]. The
Harnack inequality of Theorem 1 goes back to J. Moser [25, 26]. The dependence
of the constant on the ellipticity constants A\g and A\; was not clear before the paper
of J. Moser [26], where he shows that such a dependence is optimal by providing an
explicit example, [26, p. 729]. The fact that h only depends on the dimension d is
also pointed out by C.E. Gutierrez and R.L. Wheeden in [22] after the statement
of their Harnack inequalities, [22, Theorem A]. However, to our knowledge, a
complete constructive proof and an expression like (11) was still missing. We do
not claim any originality concerning the strategy but provide for the first time an
explicit expression for the constant h.

The proof of the above theorem is quite long and technical, and relies on three
main ingredients, contained in the first three sections:

o Moser iteration procedure. In Section 1, the main local upper and lower
smoothing effects are obtained, through the celebrated Moser iteration, in
the form of precise I.” — L and L'? — "> bounds for arbitrarily small p > 0.
The next task would be to relate such upper and lower bounds, to produce
the desired Harnack inequalities. This can be done by means of parabolic
BMO estimates, but in this case one may lose control of the estimates, since
not all the proofs of such BMO bounds are constructive. We hence follow
the ideas of J. Moser in [26], which avoids the use of BMO spaces, as follows.

e Logarithmic Estimates. The idea is to obtain detailed informations on the
level sets of solutions. This is done in Section 2 by estimating the logarithm
of the solution to (1). This is a fundamental estimate needed both in the
approach with BMO spaces (it indeed implies that u has bounded mean
oscillation) and in the alternative approach used here.



o A lemma by E. Bombieri and E. Giusti. In Section 3, we prove a parabolic
version of the Bombieri-Giusti Lemma, following again Moser’s proof in [26]
(also see [6]). This refinement of the upper bounds may seem trivial at first
sight, but it is not and turns out to be crucial for our constructive method.

e Proof of Moser’s Harnack inequality. We finally prove Theorem 1 in Section 4
using a suitably rescaled solution.

As an important consequence of Theorem 1, we obtain constructive and explicit
Hoélder continuity estimates in Section 5, by following Moser’s approach in [25]. We
find an explicit expression of the Holder exponent, which is new and only depends
on the dimension and on the ellipticity constants, and a detailed estimate with
new and explicit constants.

1 Upper and lower Moser iteration

Let us start by recalling the definition of the parabolic cylinders

Qo= Q0(0,0) = {[t| < &*, 2] < o} = (=0%,¢*) x By(0),

Qf = Qu(0,0) ={0 <t < ¢*, |z] < o} = (0,0%) x B,(0),

Q, = Q,(0,0) ={0 < —t < ¢*, |z] < o} = (=0%,0) x B,(0).
In order to perform the celebrated Moser iteration, we establish an important
lemma, which relies on (7). We follow the method of [25, 26] and provide a

quantitative and constructive proof, with explicit constants. From here on, we
assume that v is a positive solution, as was done by J. Moser in [26, p. 729, 1. 8-9].

Lemma 2 (Moser iteration, [25, 26]). Assume that r and p are such that 1/2 <
o0 <r<1landpu=X+1/N and let v be a nonnegative solution to (1). Then
there exists a positive constant ¢y = ¢1(d) such that

C1 1
P Pdezdt V 0,+ 13
W < = gy flo, et e (04) a3
and o
1
sql;gpvp < (T_Q)d+2//r_vpdxdt Vpe (—;,0). (14)

Let us observe that the second estimate is a lower bound on v because p is
negative. Our contribution is to establish that the constant ¢; = ¢;(d) is given by

¢ = 371 (2272+7(’Y*1) ~OFDEY=1) gD (=) ;C'yfl>ﬁ ’ (15)
where v = (d+2)/difd > 3,v=5/3if d =1 or 2, and K is the constant of (8).
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Proof of Lemma 2. We first notice that it is sufficient to prove the lemma for
0 =1/2 and r = 1. By admissible transformations, as they are called in Moser’s
papers [25, 26], we can change variables according to

t~a’t+ty and T~ az+ 30 (16)

without changing the class of equations: Ay and A; are invariant under (16). There-
fore it is sufficient to prove

&1
su vpg—// vPdzxdt V6 >0.
Qe/I: 0442 JJQ,

We recover (13) by setting § = r — o and applying the above inequality to all
cylinders in @), obtained by translation from )y with admissible transformations.
The centers of the corresponding cylinders certainly cover @), and (13) follows.
Analogously, one reduces (14) to the case p = 1/2 and r = 1.

Step 1. Energy estimates. By definition of weak solutions, we have
// (—psv + (Vo)L AVo)drdt =0 (17)
1

for any test function ¢ which is compactly supported in B; = {x € R? : |z| < 1},
for any fixed ¢. For any p € R\ {0, 1}, we define

w=1v"? and gpzvp_lwg,

where v is a C'*° function which, like ¢, has compact support in B; for fixed ¢.
We rewrite (17) in terms of w and ¢ as

i//zﬁ@tuﬂdxdt—i— %//w (V)T AVwdz dt = —/ bw (V)T AVwde dt

(18)
where we may integrate over a slice t; < t < ty of ();. From here on we adopt
the convention that the integration domain is not specified whenever we integrate
compactly supported functions on R% or on R x R, Setting p # 1,

1 1
e=3[1-3
and recalling that
1
Yw (Vi)' AVw < - w (V)T AVY + ep? (Vw)! AVw,

we deduce from (18) that

+ i /at (47 w?) dxdt+5//1/)2 (V)T AV dz dt

< i// (i (W)TAw+2|wt|> wdzdt, (19)



where the plus sign in front of the first integral corresponds to the case 1/p < 1,
while the minus sign corresponds to 1/p > 1. Recall that p can take negative
values. Using the ellipticity condition (2) and (18), we deduce

+ - //at dxdt+>\05//¢2|Vw| dz dt
< 4//< |v¢|2+2|¢¢ty> w?dzdt. (20)

By choosing a suitable test function v, compactly supported in ()1, and such that

4
r—o

2
IVile@n = =, and Wl <

(see Lemma 15 in Appendix A.3), we have

4//< !V¢!2+2|¢wt\>w dzdt < (A; (T_lg T_g) //Supp 22 do dt
< (r_lg ( )//Supp wrdedt. (21)

for any 7 and p such that 0 < o < r < 1. If 1/p > 1, let us take € (—¢?, 0°) to

be such that
/ (1, a:)daszf sup / 2(t,z)d
B, 4 o<|t|<e? /B,

and choose 9 such that ¢(0,2) = 1 on (), and ¥ (0,z) = 0 outside (), so that

sup w?(t,z)de <4 | w(t,r)dz
0<[t|<e? Y/ Bo B, (22>

<4 witx)*(t,r)dr < 4//@ O (zﬂz wQ) dzdt.

By

The same holds true if we replace Q, by Q; and 0 < |t| < ¢* by 0 < t < 0%

If 1/p < 1 (which includes the case p < 0), similar arguments yield

sup w(t,z)de < 4//62 Oy (@Z)Z wz) dzdt. (23)

—02<t<0 By

Step 2. Sobolev’s inequality. For any f € HY(Qg), we have

/QRf”dxdt< 27r2/c[R2/ de:rdH—//QR‘Vf’dedt}

X sup ) [/BR (s, ) dx} ‘ (24)

Is|€(0,0



withy=1+2/dif d > 3. If d =1 or 2, we rely on (7), take v = 5/3, use Holder’s
inequality with 2y =10/3 <4 and p>4if d=2, p >4 if d = 1. In order to fix
ideas, we take p =4 if d =2 and p =8 if d = 1. Hence

//QRf“dxdt < Qi F (//Qprd:cdt>1_2; .

According to (10), we know that |Q| = |(—1,1)]|B;| < 272 in any dimension.

Step 3. The case p > 0 and p # 1. Assume that 1/2 < p < r < 1. We work in the
cylinder @), = supp(¢)). Here, we choose ¥(t,x) = ¢, (|z]) ¢,2,2(|t]) where ¢, ,
and @2 ,2 are defined in Appendix A.3, so that ¢ = 1 on @), and 9 = 0 outside Q),.

Collecting inequalities (20), (21) and (22), we obtain

1 A
sup w(t, x) dz + )\os// IVw|* dzdt < 5 ( L4 1) / w? do dt .
Qo (T - Q) € Qr

0<|t|<o? Y Bo

Now apply (24) to f = w and use the above estimates to get

/ w? da dt
Qo
2 1 2 2 2 L
< 27K —2//w dxdt+// ’Vw‘ drdt| sup w(s,z)dz
e BQ

|s]€(0,0?)

1
< 2w K / wrdedt + ———— (2 + 1 / dexdt]
[ (7'—0)2)\0€<8 ) Qr
2
17, 2 )d
X a4 / w* dx dt
((7“—9)2(5 ) Qr

< 272’CL)12+(T—91)2)\05(A;+1)] l(r_lgy (/\al—’_l)]d (/Qr v dxdt) a
— A(d g.r X0 M 2720 ([

”
w? dx dt)
Q’I"

Using the fact that =X +1/Ag > 1 and 1/2 < p < r < 1, we can estimate the
constant A as follows:

1 1 a
as2wk | o ()] (g ()
212K
S(Tjgm (% 52/\0) %)
272K 2 K
S(riTQ?v( )(g) = 7"—927(1—1_5)%1

where we have used that A /Ao < 3(AT 4+ 1/A3) < (M1 +1/Xg)? = p? and 7 < 4.

[SUIN)

v
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First iteration step. Recall that w = vP/?, ¢ = ‘1 % ,and vy =1+ 2 if d > 3,

1
2

y=5/3ifd=1or2, u=XM\+1/Ag>1land1/2<p<r <1 Wecansummarlze

these results by

<//vadxdt>w < (((35_%2)” (1+g)%1 (// vpdxdt>;

for any p > 0 such that p # 1. For any n € N, let

1 ~+1 1 1
n a 1 2—” 9 n none n7 n N ]-
€ 2( ) p 2 v PoY c 2 ’ Dn

for some fixed ng € N. Note that g9 = 1, py = 2;?0, 0, monotonically decrease to

1/2, and p, monotonically increase to co. We observe that for all n, ny € N, we
have p, # 1 and, as a consequence, &, > 0. Indeed, if d > 3, p, = 1 would mean

that
log (H"’) B log (1 + é)

romnE log _log(l—l—%)

and, as a consequence, 0 < ng —n < log(4/3)/log(5/3) < 1, a contradiction with
the fact that n and ng are integers. The same argument holds if d = 1 or d = 2
with ng —n = log(4/3)/log(5/3), as v = 5/3 corresponds to the value of v for
d=1, 2 or 3. It is easy to check that for any n > 0,

’pn - 1’ 2 min{pno - 171 _pnofl} = min{é, %H} = ﬁlg :
For an arbitrary p € (0,1/u), we choose

ng = 1.p. (k)g;(lﬂ)) +1

log v

where i.p. denotes the integer part, so that 0 < py < p < v pg. By monotonicity of
the L¢ norms, that is,

() < (Jf o) < (Jf, o)™

it is sufficient to prove inequality (13) for p = py.

Let us define p,, € (po i, 1] such that

2 14 P 2 "
1+§ = 1+| Mp1| = 1+|Mpwl| <142 (d+2) 7" < 4(d+2)" = 4dy" (25)

because d +2 = d~y if d > 3 and v = 5/3 if d < 3. Finally, let us define

_ (// VPn d:cdt) T L= (2K) (4dy?)
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and C' = 47v 9—76(0,1),and§:pi0.

Iteration. Summing up, we have the following iterative inequality

2% k) 21\ Pt
ne (G S e ™)

On—1 — On 2

Using 0,1 — 0, = 27" and inequality (25), we obtain
Y, <IS%'Y,, with I, < I,C" . (26)

Lemma 3 (See [10]). The sequence (Yy,)nen is a bounded sequence such that

_£ £0
Y, :=limsupV, < 1,7’ C-9?Yj.

n—-+o0o

The proof follows from the observation that
n— 9”71 n— n—
Yo <IN Yo < (Lem ) v = 10T 0ty

"0l o0 EXT0 0 e o
<[ Ie"Co" Yy =177 C* 2= " Y.
o

With the estimates

1 1
(// vPdedt)po < |Qy|o ¥ (// Updxdt>p :
1 Q1

< == and |Qq] = 2|B;| < 272, we obtain

1
p

sup v < (25/C(4d7 >7+1)p7 ' (47’77“)'9 e 2727 (// vpdq:dt)
Q12 1

1
Ppo

which, using 272 < 24 and after raising to the power p, is (13) with ¢; given
by (15).

Step 4. The case p < 0. Assume that 1/2 < o < r < 1. We work in the cylinder
Q, = supp(¢). Here, we choose ¢(t,x) = @, (|z|) py2,2(—t), where ¢ is defined
as in Appendix A.3, so that ¢» =1 on @, and ¢ = 0 outside Q.

After collecting (20), (21) and (23), we obtain

sup w?(t, x) + )\05// |Vw|* dedt <
Qo

—02<t<0/ B,

1 A 2
441 / w”dxdt.
(r—o0) (¥+1) Qr
Then the proof follows exactly the same scheme as for p > 0, with the simplification
that we do not have to take extra precautions in the choice of p. The constant ¢;
is the same. O



2 Logarithmic Estimates

We prove now fine level set estimates on the solutions by Caccioppoli-type energy
estimates. These estimates are based on a weighted Poincaré inequality (see Step 2
of the proof of Lemma 4) originally due to F. John, as explained by J. Moser
in [25]). This is a fundamental step for this approach and for the more standard
approach based on BMO and John-Nirenberg estimates. The level set estimates
are better understood in terms of

w= —logv,

the logarithm of v, solution to (1), which satisfies the nonlinear equation

d d
wy = —% =) 9 (Aiyj(t,x) 0;(—log v)) — > (9ilogv) Ay (t, ) (05 logv),
i,j=1 tj=1
i.e.,
w, =V - (AVw) — (Vw)! AVw. (27)

All computations can be justified by computing with — log(d +v) for an arbitrarily
small § > 0 and passing to the limit as 6 — 0,. We recall that y = A; +1/\,. Let
us choose a test function 1 as follows:

d 1 if |[2] <1
(@) =[] xo(z), where x,(2):=¢ 2—1]z] f1<[z[<2 . (28)
v=1 0 if |z > 2

Note that this test function has convex super-level sets, or equivalently said, on
any straight line segment, ¢)(x) assumes its minimum at an end point.

Even if (27) is a nonlinear equation, the nonlinear term actually helps. The
reason for that lies in the following result.

Lemma 4. Assume that ) is a smooth compactly supported test function as in (28).
If w is a (sub)solution to (27) in

{t,2) eRx R : [t <1, |2] <2} = (=1,1) x By(0),
then there exist positive constants a and co(d) such that, for all s > 0,
H(t,x) €Qf twt,x)>s— a}‘
+ H(t,x) €Qy w(tr) <—s— a}‘ < 9| By %, (29)
where

Jw(0,x) ¥?(x) da
J(e)de

o =223 and a=—

(30)
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Equivalently, the above inequality stated in terms of v reads
‘{(t,x) € Qf :logu(t,r) < —S—i—a})
+|{(t.2) € Q1 : logu(t.2) > s +a}| < er B g (31)
where a = [logv(0,x) ¢?(z) dz/ [ *(x) dx.

Proof. We follow the proof of Lemma 2 of [26], which in turn refers to [25, p. 121-
123]. We provide some minor improvements and quantify all constants. For better
readability, we split the proof into several steps.

Step 1. Energy estimates. Testing equation (or inequality) (27) with ?(z), we
obtain

[ wi)de — [ wityde+ 5 [[ 02 (V) AV dr
< 2//(w)TAv¢dxdt. (32)

Using the conditions (2), we have that

Ao//¢2|Vw|2dmdt < //1/)2 (V)T AVwdz dt,
[ (Vo) Avededt <A [[1VeP deat,

Combining the above two inequalities, we obtain

/1/)2 w(ty) do — /¢2w(t1) +);//1/12 |Vw|* dz dt

(33)
<2\ //|w|2dxdt <290 (ta — 1) | B [ VY[ -

Step 2. Weighted Poincaré inequalities. Let b > 0 be a continuous function with
support of diameter D = diam(supp()) such that the domains {z € R? : b(x) >
const} are convex. Then for any function f € L with |V f| € L, we have that

[1#@) = 7[ vy az < 2 D [ 1V (@)Pb() da

where

_ [supp(0)| []b]lL~ <+ _ Jf(@)b(x)dx
Ao = 2 [b(z)dx and - fy = fb(z)dz

The proof follows from the unweighted Poincaré inequality: see for instance [25,
Lemma 3].

11



Poincaré inequality with weight 1*. We have that D = 2d in the particular case
of b = %, where ¢ is given in (28) and such that 0 < ¢ < 1, as for the constant
A\p, We have

= 2071

B B
e 1Bl 1B
2 [p ?dr  2|B|

Since ||b]|pe = [|[¥?||L~ = 1, |B1| < [¢?dx < 3%|By|, we obtain

//‘w(t,x) —mwf V2 (z)dedt < 2dd//|Vw(t,x)|2¢2(x) dadt (34)

with

_ Julte) (@) da
v = ey de

Step 3. Differential inequality. Let us recall that ||[Vi|2. < 1. We combine
inequalities (33) and (34) into

to
/1/12 (ts) dx—/1/12 (t1) + 2d+1d/ /‘wtx—w w‘ x)dxdt
§2dA1(t2—t1)|Bly.

Recalling that 1) = 1 on B; and the expression of w(t),, given in (34), we obtain

w<t2)¢ - w(tl)w Ao
t — t dx dt
to — 11 +2d+13dd(2—t1 |B1| Ju, /B1 z)—w M‘ .
o < 99 ),
C fvrde T

Here we have used that |B;| < [¢?dx < 3?|B;|. Recalling that = A\; + 1/, so
that Aot > 1, we obtain

2
dx dt

w(t,z) — w(t),|
29\ | By < od
[Y?dx —

(t2) (t1) N 1 /2/
tg — tl 2d+1 de,u (tg — tl) |Bl| t1 B

Letting t; — ¢; we obtain the following differential inequality for w(t),,

1
2134 d 1| By| Jm

imw n wt,x) — wlD),| dr < 2p. (35)

dt

The above inequality can be applied to

w(t,z) = w(t,r) —w(0), — 2% it .

12



Notice that w is a subsolution to (27) since w is. With a = —w(0),,, we can
write (35) in terms of

W(t) =w(t), +a— 2%t such that W (0) =0

g

as
d 1 1

Wt
"V F s g e

An immediate consequence of the above inequality is that W (t) < W(0) = 0 for
all t € (0,1).

Let Qs(t) = {z € By : w(t,x) > s}, for a given ¢t € (0,1). For any s > 0, we
have

t,x)—W(t)]> dz <0.

w(t,) = W) = s —W() 20 Ve Qu),

because W (t) < 0 for t € (0,1). Using $W = —4(s — W), the integration
restricted to Qs in (35) gives

d 1 B(t 2
(0= W0) = g du’ !B(l\)‘ (s-wa)

By integrating over (0, 1), it follows that

{(t.2) € QF : wit,z) > s} ://{M}le+ dxdt:/o 1Q,(t)| dt

1 1
—W(0) s—W(1)

§2d+13ddﬂ|31|< >§2d+13dd|Bl|:u7
S S

which proves the first part of inequality (29).

Step 4. FEstimating the second term of inequality (29). We just replace ¢t by —t
and repeat the same proof. Upon setting a = —w(O)w, we obtain

{to)eQr s w<—s—aff<2'3%a|Bi| L.

3 A lemma by Bombieri and Giusti

To avoid the direct use of BMO spaces (whose embeddings and inequalities, like
the celebrated John-Nirenberg inequality, may not have explicit constants), we use
the parabolic version, due to J. Moser, of a Lemma attributed to E. Bombieri and
E. Giusti, in the elliptic setting: see [6]. We use the version of [26, Lemma 3],
which applies to measurable functions f, not necessarily solutions to a PDE, and
to any family of domains (€2, )o<,<r such that Q, C Q.
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Lemma 5 (Bombieri-Giusti [7], Moser [26]). Let 5, ¢, p > 0, ca > 1/e, 0 €
[1/2,1) and p € (0,1/u) be positive constants, and let f > 0 be a positive measur-
able function defined on a neighborhood of )y for which

€1
sup ff < ————— Pdadt 36
S o Mo %

for any r and o such that 6 < o <r <1, and

H(t,x)EQl : logf>s}‘<c2]§21\% Vs>0. (37)

Let o be as in (6). Then we have

8 3
sup f < kb, where kg:=exp|2¢V (1_691)2,8] ) (38)

Qg

The difference between the upper bounds (36) and (38) is subtle. The first
inequality depends on the solution on the whole space-time set €2, and is somehow
implicit. By assumption (37), if the set where f is super-exponential has small
measure, then on a slightly smaller set the solution is quantitatively bounded by
an explicit and uniform constant, given by (38).

Proof of Lemma 5. We sketch the relevant steps of the proof of [26, Lemma 3]. Our
goal is to provide some minor technical improvements and quantify all constants.
Without loss of generality, after replacing s by su, we reduce the problem to
the case p = 1. Analogously, we also assume that [2;| = 1. We define the
nondecreasing function

v(o) = Sgp(log f) Yeoelf1).

We will prove that assumptions (36) and (37) imply the following dichotomy:
— either (r) < 2c¢, and there is nothing to prove: kg = €2,
—or ¢(r) > 2 ¢y and we have

3 8c?
plo) < 5 w(r) + r—o?? (39)

for any r and p such that § < o < r < 1. We postpone the proof of (39) and
observe that (39) can be iterated along a monotone increasing sequence (0k)r>0
such that

0<op<o<--<o<l

for any k € N to get

3 k=l \j 1
e(00) < < plor) +8 > (2) —————5.
4 =0 (4) (0511 — 0))*”

14



By monotonicity, we have that ¢(ox) < ¢(1) < oo, so that in the limit as k — +o0,
we obtain

1
o0 <o) 34X (Y
j+1 — 5

provided the right-hand side converges. This convergence holds true for the choice

1 1—4
Q] - 1 +] )
and in that case, the estimate
8clo

p(0) < m )

implies inequality (38) with u = 1 because
sup [ < exp (sup(log f)) = e?(0) < efo .= g
Qg

In order to complete the proof, we have to prove inequality (39).

Proof of Inequality (39). We are now under the assumption ¢(r) > 2cy. We first
estimate the integral

// FPdedt = // fpdxdt+// 2 dzdt
{log f>4% o(r)} {logf<§so )}
< eP#(r) {(t,x) € :logf>1o(r H + |Qy|e2 ¥ (40)
262

ePP(r) 4 o5 e(r)
p(r)

Y

where we have estimated the first integral using that

sup f? < sup ePlog f < ePsupo, log f _ ope(r)

id T

In the present case, assumption (37) reads:

202

p(r)

H(t,x) € :logf> %gp(r)}’ <

- 90(2 ) o (S;(ZD

such that the last two terms of (40) are equal, which gives

We choose

//Q fPdzdt < 26590 (41)

15



The exponent p is admissible, that is, 0 < p < 1/u = 1, if ¢(r) > 2/e, which follows
from the assumption ¢; > 1/e. Now, using assumption (36) and inequality (41),
we obtain

p(o) = ;ng log(f?) = ;bg (sgf fp>
C1 P
log ((r—g)ﬁ/ fPdx dt)

1 201e2“” 2c 1
“ 1o il
p ( (r— o)’ ) (T—Q>ﬁ>+2@(r>

log(2¢,) — log(r — 0)?
0 (1'* log((r]) — log(2cr) )

< 5ol (145) = o).

VAN ==

T2

N}

In the last line, we take
(r) > 8¢}
r
A==
so that

log(2¢1) —log(r— )’ _ 1 (42)

log(p(r)) —log(2¢1) — 2

We again have that either p(r) < % and (39) holds, or ¢(r) > % and (42)
holds, hence () < 3 ¢(r). We conclude that (39) holds in all cases and this
completes the proof. O]

4 Proof of Moser’s Harnack inequality

Proof of Theorem 1. We prove the Harnack inequality

< h#
SEPU h 1l_r)1+fv (43)

where h is as in (4) and D* are the parabolic cylinders given by
D=A{|t|]<1, |z| <2} =(-1,1) x By,
D+:{§<t<1,|a:]< } (% )xBl/z
D™ ={-3<t<—1% |z|<i}=(-3-1) x Bl/Q(O).

4

The general inequality (12) follows by applying the admissible transformations
corresponding to (16), which do not alter the values of A\g, A\; and p = A; + 1/ .
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Let v be a positive solution to (1) and a € R to be fixed later. In order to use
Lemma 2 and Lemma 4, we apply Lemma 5 to

ete
vye(t,x) =e *v(t,zr) and v_(t,z)= .
L(t2) = (e, ) (ha) = o
Step 1. Upper estimates. Let us prove that
supvy < Ry (44)

D—

where %y has an explicit expression, given below in (46). For all p € [1/2,1), let

Q, = {(t,x) € ’t+ %’ <10, |z| < g/\/ﬁ}
= (=5(+1),5(* = 1) X B,y5(0) = Qpryz (~3,0) -
Note that if o = 1/v/2, then Q, = (=3/4,—1/4) x By;2(0) = D™, and also that
Q, CQ =(-1,0) x B1(0) = Qy for any p € [1/2,1).
The first assumption of Lemma 5, namely inequality (36) with § = d + 2 is
nothing but inequality (13) of Lemma 2 applied to 2, = Qy/va (—1/2,0), that is,

d+2

c122
supvﬁgoﬂl_g)dﬁ//ﬂrvﬁdxdt Vpe (0,1/u). (45)

Qp

Note that the results of Lemma 2 hold true for these cylinders as well, with the
same constants, since (), 5(—1/2,0) can be obtained from (),(0,0) by means of
admissible transformations (16) which leave the class of equations unchanged, i.e.,
such that Ay, A\g and p are the same.

The second assumption of Lemma 5, namely inequality (37) of Lemma 5, if
stated in terms of super-level sets of log v, , reads

{z € Q : logvy > s}| = ‘{(t,x) €@y : logv > s—}—a}) < |Bl|§

according to Lemma 4. Hence we are in the position to apply Lemma 5 with
0 = 1/4/2 to conclude that (44) is true with

3 3(d+2
Ro 1= exp [2 eV (8101(1//5\)/;);(;_;] : (46)
This concludes the first step.
Step 2. Lower estimates. Let us prove that
supv_ < K (47)

D+
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where £, has an explicit expression, given below in (48). For all g € [1/2,1), let

Q={(tx) e : 0<1—t< g, |z] <o} =(1-0c%1) x B,(0) = Q,(1,0).
Note that if o = 1/2 then Q, = (3/4,1) x By2(0) = D", and Q, C O =
(0,1) x B1(0) = Qf for any ¢ € [1/2,1).

The first assumption of Lemma 5, namely inequality (36) with § = d + 2 is
nothing but inequality (14) of Lemma 2 applied to Q, = Q;(1,0)

&1
P < p _1
supv? < (T_Q)d+2//mv_dxdt Vpe(—5.0).

Qp

Note that the results of Lemma 2 hold true for these cylinders as well, with the same
constants, since (), (1,0) can be obtained from @,(0,0) by means of admissible
transformations (16).

The second assumption of Lemma 5, namely inequality (37) of Lemma 5, if
stated in terms of super-level sets of logv_, reads

H{x € Q : logv_ > s}| = ’{(t,x) €Qf :logv < —8+a}‘ < ¢y \Bllg.

and follows from inequality (31) of Lemma 4. With the same a and ¢y, we are in
the position to apply Lemma 5 with # = 1/2 to conclude that (47) is true with

Kg i= €exp [2 o V 322 HDES 0} . (48)
This concludes the second step.

Step 3. Harnack inequality and its constant. We deduce from (44) and (47) that
=M < % < Ko f
Folsupu < e <k infu

or, equivalently, ~
supv < (Rgko)* iInfv = h* info.
DP - ( 0*0) D+ D+

Using (46) and (48), we compute

~ . 83 (v/2)3 (d+2)
h = Rg kg = exp {2 ca V ci’ 92 (d+2)+3 cr} exp {2 ca V O—ll(hf% 0]

3 (d+2)
< exp [4 co + ci’ (22 (d+2)+3 4 MW) U}

= exp [4 cy + 3 22 (dFA+3 (1 + 7(\@_2322(@“2)) a} =h.

The expressions of ¢; and ¢y are given in (15) and (30) respectively. The above
expression of h agrees with the simplified expression of (4), which completes the
proof. O]
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5 Harnack inequality implies Holder continuity

In this section, we shall show a standard application of the Harnack inequality (12).
It is well known that (12) implies Hélder continuity of solutions to (1), as in Moser’s
celebrated paper [25, pp. 108-109]. The novelty is that, here, we keep track of all
constants and obtain a quantitative expression of the Holder continuity exponent,
which only depends on the Harnack constant, i.e., only depends on the dimension d
and on the ellipticity constants Ao and A\; in (2).

Let Q1 C Q, C R? two bounded domains and let us consider Q; := (T3, T3) X
Oy C (11, Ty) x Qy =: Qo, where 0 < T} < Ty < T3 < T < 4. We define the
parabolic distance between (1 and ()5 as

d = inf - t—s|7. 49
(1.02) Ju oyl (19)
(8,9)€E[T1,Ta] xON2U{T1, Ty} x Q2
In what follows, for simplicity, we shall consider €2; and €25 as convex sets. How-
ever, this is not necessary and the main result of this section holds without such
restriction.

Theorem 6. Let v be a nonnegative solution of (1) on Q and assume that u
satisfies (2). Then we have

jo(t,2) = v(s,9)] ( 128
sup 7 S —_—
(t.2),(s,9)€Q1 (\:U —y|+ |t — s|1/2) d(Q1, Q2)

) Wl (50)

where

h
it (727

From the expression of h in (4) it is clear that h > %, from which we deduce
that v € (0, 1).

and h is as in (11).

Proof. We proceed in steps: in step 1 we shall show that inequality (12) implies a
reduction of oscillation on cylinders of the form (3). In step 2 we will iterate such
reduction of oscillation and directly show estimate (50).

Step 1. Reduction of oscillation. Let us define Dr(tg, ) = (to — R% to + R?) x
By r(z0) and let D% (tg, z0), Dg(to, ) be as in (3). Let us define

M:= max v, M*= max v, m= min v, m = max v,

DR(t07x0) D}%(to,xo) DR(tO,mO) D?\;(to,z‘o)
and let us define the oscillations w and w™ namely

w=M-m and w =M"—m".
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We observe that the function M — u and v — m are nonnegative solution to (1)
which also satisfy (2) with A\p and A; as in (2). We are therefore in the position to
apply inequality (12) to those functions and get

M—-m = sup M—u<h inf u—MzH(M—M*),
D};(to,xo) D;(t07$0)
M —m= sup u—m <h inf u—m:ﬁ(er—m).
D;z(to,l‘g) DE(to,CEo)

Summing up the two above inequalities we get
w<w+(M —m)< hw—hwt

which can be rewritten as
wh < —w = (w, (51)

which means that the oscillation on D} (g, 7o) is smaller then the oscillation on
Drg(tg, o), recall that ¢ < 1. In the next step we will iterate such inequality in a
sequence of nested cylinders to get a geometric reduction of oscillations.

Step 2. Iteration. Let us define § = d(Q1,Q2)/64. The number § has the following
property:
Let (t,7) € Q1 and (s,y) € (0,00) x R%
If |z — y| + |t — s|2 <6 then, (s,y) € Qs.

(P)

Let us consider (¢, ), (s,y) € @1, then either

o=yl + ]t —s7 <3, (A)
or )

[z —yl+ [t —s[>=9. (B)
If (A) happens, then there exists an integer & > 0 such that

1 1)
<le—yl+t—s2 < —.

Qk+1 4k

Let us define z = x—;y and 79 =

2,7 € Q1. Let us define,

s Since @y is a convex set we have that

Ri+1 = 4RZ Ti+1 = TZ—14R12 Vi€ {O, ,k’—l} where R(): Jh—1 .
With such choices we have that

DRZ.(Z,TZ') C DEL_JA (Z7Ti+l) Vie {O, cee ,k — 1}, (52)
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and
(t,x),(s,y) € Dg,(z,1) C DEl(z,ﬁ).

We also observe that, as a consequence of property (P) we have that Dg, (2, 7) C
Q2. Let us define, for any i € {0,--- |k — 1}

w;:= max u— min u and w:= max u— min u.
Dr, (2,7:) D, (2,7) DY, (2,7) DY, (2,7)
1 1

As a consequence of (52)
w; < wjg - (53)

By iterating inequalities (53) - (51), we obtain that
|U(t7$) - U(S7y)| Swo < wf_ <&wi
1 kv
< fkwk = (4> W
nooey
< (5) qh+1 | Wk
<2(5) (le =l + 1= sf2)” ol
- T — — 52} ||v]|Le(oy) -
— 5 y L (QQ)

This concludes the proof of (50) under assumption (A).

Let us now assume that (B) happens. In this case we have that

5 -y +lt—s|F)
[o(t,2) = v(s,y)| < 2llullieen 5 < 2[olliean ( 5

4\" 1\V
<2(5) (w=ul+ 1= ) ol

The proof is then completed. [
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Part 11

The fast diffusion equation:

a handbook, with proofs

1 Scope of the handbook

One of the difficulties in the study of parabolic and especially nonlinear parabolic
equations is the computation of the constants in the functional inequalities. Here
we focus on various estimates for the fast diffusion equation. We have in mind the
explicit computation of a threshold time for the uniform convergence in relative
error, which is essential for the results of improved decay rates of the free energy
and stability estimates in Gagliardo-Nirenberg inequalities (see Appendix A.1),
but we also state various constructive estimates which are of independent interest.

1.1 Definitions and notations

Let us consider the fast diffusion equation

ou
o = QuT, ult=0,) = (54)

on R? with d > 1 and m € (mq,1) with m; := (d — 1)/d. We also introduce the
parameter « that will be of constant use in this document

a=2—d(l-m)=1+dm—my)=d(m—m.), m.=-—. (55)

1.2 Outline

In Section 2, we provide details on the comparison of the entropy - entropy produc-
tion inequality with its linearized counterpart, 7.e., the Hardy-Poincaré inequality:
see Proposition 7. Section 3 is devoted to various results on the solutions of the
fast diffusion equation (54) which are needed to establish the uniform convergence
in relative error.

1. The local L' bound of Lemma 8, known as Herrero-Pierre estimate, is estab-
lished with explicit constants in Section 3.1.

2. An explicit local upper bound is proved in Lemma 9 in Section 3.2.

3. The Aleksandrov reflection principle is applied in Proposition 10 to prove a
first local lower bound in Section 3.3, which is extended in Section 3.4: see
Lemma 11.
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4. Details on the inner estimate in terms of the free energy are collected in
Section 3.5: see Proposition 12.

5. In the Appendix A, some useful observations are summarized or detailed: a
user quide for the computation of the threshold time collects in Appendix A.1
all necessary informations for the computation of the threshold time ¢, of [9,
Theorem 4] and [9, Proposition 12]; the numerical value of the optimal con-
stant in the Gagliardo-Nirenberg inequality on the disk is the established
in Appendix A.2; details on the truncation functions are provided in Ap-
pendix A.3.

2 Relative entropy and fast diffusion flow

Here we deal with the asymptotic time layer improvement of [9, Section 2.3]. Let
us consider the Barenblatt profile

1

B(z) = (1+[z)"" VazeR

of mass M := [paB(z)dxr and a nonnegative function v € L}(R?Y) such that
Jgav(z) dx = M. The free energy (or relative entropy) and the Fisher information
(or relative entropy production) are defined respectively by

Flv] == b (vm —B™"—mB™ ! (v— B)) dx

m— 1 Jrd

and
m

m—1 m—1 2
I :=—— ] v ‘Vv - VB ‘ dx .

1 —m Jra
We also define the linearized free energy and the linearized Fisher information by

m
Flg] := E/Rd lg? B> ™dx and l[g] :==m (1 —m) /Rd |Vg|* Bdz,

in such a way that

Flg] =lime > F[B+eB> ™g] and |@]:Jn%g—2zu3+-582””gy (56)

e—0 e—>

By the Hardy-Poincaré inequality of [5], for any function g € L2(R?, B*>~™ dx) such
that Vg € L2(R%, Bdx) and [ra g B> ™dz =0, if d > 1 and m € (mq, 1), then we
have

Ilg] > 4F([g].

This inequality can be proved by spectral methods as in [16, 17] or obtained as a
consequence of the entropy - entropy production inequality

Zv] > 4 F[v] (57)
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of [15], using (56). If additionally we assume that [paz gB* ™ dx = 0, then we
have the improved Hardy-Poincaré inequality

Ilg] > 4aFg]. (58)
where & =2 —d (1 —m) = d(m —m,). Details can be found in [8, Lemma 1] (also
see [20, Proposition 1] and [27, 16, 17] for related spectral results).

Now let us consider
g:=vB" % - B! (59)

and notice that [za zv(z)dz = 0 if and only if [rax g B> ™ dz = 0. Our goal is to
deduce an improved version of (57) from (58), in a neighborhood of the Barenblatt
functions determined by a relative error measured in the uniform convergence
norm. We choose the following numerical constant

1
X =-— if d>2, X::L if d=1.
322 266 + 56 m

In view of [9], notice that y > m/(266 + 56 m) in any dimension.

Proposition 7. Let m € (my,1) ifd > 2, m € (1/2,1) ifd = 1 and n =
2d(m — my). If v € LYRY) is nonnegative and such that [gav(z)dr = M,
Jrazv(z)dx =0, and

(I1-¢g)B<v<(14¢)B a.e (Her)

for some € € (0,xn), then
Z[v] = (4+n) Flv]. (60)
Proof. We estimate the free energy F and the Fisher information Z in terms of

their linearized counterparts F and | as in [5]. Let g be as in (59). Under Assump-
tion (H.r), we deduce by a simple Taylor expansion that

(14+¢)""Flg] < Flv] < (1 — )" Flg] (61)

as in [5, Lemma 3|, where a = 2—m. Slightly more complicated but still elementary
computations based on [5, Lemma 7] show that

Ilg] < s1(e) Z{v] + sa(e) Flg], (62)

where
_ (4o _2d e (e
s1(e) == - and  s9(e) := - (1 —m) =) 1].
Collecting (58), (61) and (62), elementary computations show that (60) holds with
n = f(e), where
da(l—e)* —4ds1(e) — (1+e)%s5(e)
s1(e) '

fe) =
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We claim that

max f(e) > 2d(m —my).
e€(0,xn)

Let us consider

o _(1—5)““‘ o 1l-¢ (1+€)2“_
9 =1 e o h(s)._(1+€>a<<1_€)2a 1)

and observe that g is concave and g(¢) < ¢’(0)e = (1+3a)e < Te for any € € [0, 1]
and a € [1,2], while & is convex and such that h(e) < h'(1/2) e for any € € [0,1/2]
with h/(1/2) < 133 for any a € [1,2]. By writing

fle)=2n—4ag(e) —2:)2(1 —m)? h(e),

and after observing that 4a < 8 and £ (1 —m)? < 1ifd > 2 and m € (my,1),
4(1-m)?<Lifd=1andm e (0,1), we conclude that

m

fle)z2n—£2>n Vee (0.xn).

Let us conclude this section by a list of observations:

> Proposition 7 is an improved entropy - entropy production inequality. It can
be understood as a stability result for the standard entropy - entropy production
inequality, which is equivalent to the Gagliardo-Nirenberg inequalities

IV Al5 11550 = Con I/l ¥ f € DRY), (63)

where the exponent is 6 = p% ﬁ(dﬂ)’ p is in the range (1, p*) with p* = +o0

if d=1or 2, and p* = d/(d — 2) if d > 3, and D(R?) denotes the set of smooth
functions on R? with compact support. Similar results with less explicit estimates
can be found in [5, 8]. Compared to [9, Theorems 1 and 15], this is a much weaker
result in the sense that the admissible neighborhood in which we can state the
stability result is somewhat artificial, or at least very restrictive. However, this
makes sense in the asymptotic time layer as t — +o00, from the point of view of
the nonlinear flow.

> According to [15], it is known that (63) is equivalent to (57) if m and p are such

that
1

2m—1

The fact that p is in the interval (1, p*) is equivalent to m € (mq, 1) if d > 2 and
m € (1/2,1) if d = 1. In order to define [pq |x|* Bdx, there is the condition that
m > d/(d+ 2), which is an additional restriction only in dimension d = 1. This is
why in Section 3 we shall only consider the case m > 1/3 if d = 1.

p:
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> In [9, Proposition 3], the result is stated for a solution to the fast diffusion
equation in self-similar variables

0
DAV (0 =2V (zv), ot =0,-) = v. (64)
ot

With the same assumptions and definitions as in Proposition 7, if v is a non-
negative solution to (64) of mass M, with

1—e)B<w(t,)<(1+e)B Vt>T (65)
for some € € (0,xn) and T > 0, and such that [ga xv(t,x)dx =0, then we have
Ilo(t, )] = (4 +n) Flo@t,))] vi=T. (66)

This result is equivalent to Proposition 7.

> The admissible neighborhood of B is in fact stable under the action of the flow
defined by (64). The improved inequality (66) holds if (65) holds at ¢ = T" and
if v is a non-negative solution to (64) of mass M, with [pazvo(xz)dx = 0. The
condition (65) is very restrictive if we impose it with 7= 0 as in [5, 8]. A key
observation in [9] is that it is satisfied in the asymptotic time layer as t — 400
and that we can provide an explicit estimate of T'.

>> Condition (65) is slightly different from the one appearing in [5, 8]. In those
papers the initial data is assumed to be such that

1

(01 + ]x\z)ﬁ <v(0,z) < (cz + ]a:|2>m VreR?

for some positive ¢; and ¢y such that 0 < ¢ < 1 < ¢;. The above condition is
much stronger than (65) as it guarantees that (v/B—1) € L4(R?) for some ¢ < oo.
In [9], we only need that (v/B — 1) € L=(R%).

3 Uniform convergence in relative error

We state and prove here the local upper and lower bounds used in [9, Section 3.2],
with explicit constants. The method follows the proofs of [12, 13]. Comparing to
the existing literature we give simpler proofs and provide explicit constants. Some
of the results presented here were already contained in [28, Chapters 1, 2 and 6].

In this section, we consider solutions to the Cauchy problem for the Fast Diffu-
sion Equation posed in the whole Euclidean space R?, in the range m; < m < 1,
d > 1. Global existence of non-negative solutions of (54) is established in [23].
Much more is known on (54) and we refer to [29] for a general overview. Recall
that we always assume vy € L*(RY).
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3.1 Mass displacement estimates: local L' bounds

We prove the Lemma as needed in the proof of [12, Theorem 1.1}, a slightly
modified version of the result of M.A. Herrero and M. Pierre in [23, Lemma 3.1]).
Our main task is to derive have an explicit expression of the constants.

Lemma 8. Let m € (0,1) and u(t,x) be a nonnegative solution to the Cauchy
problem (54). Then, for any t,7 > 0 and r, R > 0 such that oor > 2 R for some
0o > 0, we have

1
" t—7|Tm
/ u(t,z)de < 2T-m / u(r,z)dx + c3 % , (67)
Bs r(20) Bs r4r(z0) ri-m
where X
m_ 16(d+1)(3+ T=m
C3 1= 2T-m wy ( ( 1 _)7(71 m)> (00 +1). (68)

Proof. Let ¢ = ¢©°, for some > 0 (sufficiently large, to be chosen later) be a
radial cut-off function supported in Bs gy, (29) and let ¢ = 1 in By g(zo). We can
take, for instance, ¢ = Y2 g2 ptr, Where @ogogy, is defined in (114). We know
that, see for instance (113) of Lemma 15 in Appendix A.3 that,
2 4d
[Vl < - and  [[Ap[le < 2 (69)
In what follow we will write B instead of Br(xy) when no confusion arises. Let
us compute

d
dt/BQR+ u(t,z)¢ (x) de

/BmH A (u™) pdx

< um‘Ang‘ dx

BaRtr

m ﬁ 1-m (70)
g(/B ugbdx) (/B %dx)

—c@ ([, ww dx)m ,

where we have used Holder’s inequality with conjugate exponents % and ﬁ We
have obtained the following closed differential inequality

d
dt/BQR+ u(t,x) ¢ (x) do

/ u"A¢pdx
Bar+r

<ce ([, oo i)

An integration in time shows that, for all ¢, 7 > 0, we have
1-m I-m
([ wewowar) "< ([ wrmaowds) " +0-mc)l-r.
Bar Baor
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Since ¢ is supported in 3 g4, and equal to 1 in By g, this implies (67), indeed, using
(a + b)ﬁ < Qﬁ_l (aﬁ + bﬁ) ,

we get

I

/32R u(t, ) de < 27 (/Bmw u(7, ) de + ((1 —m) C(@)ﬁ It — T\llm>

1
t—7|t-m
< 2T / U(ﬂx)dfﬂ‘ﬂiﬁﬁ?
BQR+T r 1-m

where
2—d (1—m)

cs(r) = 27 (1 = m)C(9) Fr 1o
The above proof is formal when considering weak or very weak solutions, in which
case, it is quite lengthy (although standard) to make it rigorous, cf. [23, Proof
of Lemma 3.1]; indeed, it is enough to consider the time-integrated version of
estimates (70), and conclude by a Grownwall-type argument.

The proof is completed once we show that the quantity cs(r) is bounded and
provide the expression (68). Recall that ¢ = ”, so that
1 _ _ _ _ =
A ((2))| 77 p(a) T = p(a) T |B(B-1) "2 [V P+ 5" Agl”

B—2—Bm
—m

B(B—1)) "

_1
1I-m

1V ol* + |Ag|

(71)

The first inequality follow from the fact that we are considering a radial function
0 < ¢(z) <1, and we take 3 = =~ > 2. The last one follows by (69). Finally:

1-m

2—d (1—m)

(1= m) €)™ 45

1
Ag|T=m —d(1-m)
— (1 — m) ljm / % dCC 7’2 ?—1m
Byrir\B2r QT-m

=( _m>l_lm (%)ﬁ (M>ﬁ ‘BQR—&-T \ BQR’T%:W

r2

o1 (2R+1)4 — (2R)?
:wd(lﬁ(d—;l) 3+ )) ( grd ( )

1
< wy (16 (dJ;l) 3+m)) T—m (QO + 1)

where we have used that the support of A¢ is contained in the annulus By gy, \ Ba g,
inequality (71) and in the last step we have used that gor > 2 R and

QR+7r)'—(2R)?*<d2R+r)""'r<d(o+1)r.

The proof is now completed. O]
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3.2 Local upper bounds

Lemma 9. Assume that d > 1, m € (mq,1). If u is a solution of (54) with non-
negative initial datum uy € L*(RY), then there ewists a positive constant K such
that any solution u of (54) satisfies for all (t, R) € (0,+00)? the estimate

2/« 1

]_ t 1—-m
su u(t,y) <F® —/ U, d +<> ) 72
yEBR/Iz(z) ( y) (td/oz ( Br() O(y) y) R2 ) ( )

The above estimate is well known, cf. [18, 19, 14, 13], but the point is that we
provide an explicit expression of the constant

R=kK7 (73)

where k = k(m, d, 3, q) is such that

K = (45)7 (55)" 80D S TiZolelit) (35)" 925 (1 4 awy)?b

B+2 B+2
i . 1 d—m (d+1) 2 (q+1)
. —m 1— q
with a = 306D @E+m)mm | 27 T and b= 38 T
(2—m) (1—m) T=m 3¢d B (CR)

(1_(2/3)4(q+1))
The constant K is the same constant as in (7) and corresponds to the inequality

1 2oy < K (I £y + 1/ 1122y - (74)

In other words, (74) is (7) written for R = 1. The other parameters are given in
Table 1 (see [9] for details on optimality and proofs).

Pm K q B
d d d
d>3 | 75 2T(5+ 1) 2 a
d=2| 4 N 2 | 2(a—1)
_ 4 1+ 2(2—m) 1 2 2m
d=1| 4 |21%% max (2850 1) | ;2| 2m

Table 1: Table of the parameters and the constant K in dimensions d =1, d = 2
and d > 3. The latter case corresponds to the critical Sobolev exponent while the
inequality for d < 2 is subcritical. In dimension d = 1, p,, = 4/m, which makes
the link with (8).

Proof of Lemma 9. Our proof follows the scheme of [13] so we shall only sketch its
main steps, keeping track of the explicit expression of the constants. The point
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r € R? is arbitrary and by translation invariance it is not restrictive to assume
that © = 0 and write B = Bg(0). We also recall that u always possesses the
regularity needed to perform all computations throughout the following steps.

Let us introduce the rescaled function

u(t,x) = <R>l_m u(tt, Rx) (75)

T

which solves (54) on the cylinder (0,1] x B;. In Steps 1-3 we establish on ¢ =
max (7, 1) a L2—L* smoothing inequality which we improve to a L' —1°° smoothing
in Step 4, using a de Giorgi-type iteration. In Step 5, we scale back the estimate
to get the result on u.

Step 1. We observe that & = max{@,1} solves 22 < A¢™. According to [13,
Lemma 2.5], we know that

8
sup P (s, x) da:—i—// // (@mﬂgo*l + ﬁpo) dx dt
s€[T1,T) Br, 1 Cm.po 0

Wherer:(Tk,T]xBRkWithO<T0<T1<T<1 0 < R < Ry <1and

: 2 (po—1
Cmpy = min {1 — L 20D > 1 \We haye 7701 < §P0 because © > 1, so that
P po’ po+m—1 2

sup P (s, ) dac+//
s€[T1,T] Y Bry 1

where

potm—1 2
2

Vi dz dt <

AP()Jr
Vo

112
dz dt < C, // o drdt  (76)
0

1 1
Co =32 +
" <(Ro — Ry)? T0>

Step 2. Let p,, be as defined in Section 1.1 and K be the constant in the inequal-
ity (7). Let ¢ = pm/(pm — 2) and Q; = (T;,T] x Bg, as in Step 1. We claim
that

144 1+
J[ o dvde <xco([[ omdude) T with Ko=K (Rt o) L (71)

Let us proven (77). Using Hoélder’s inequality, for any a € (2, p,,) we may notice
that

[, ol de= [ 7GR0 < Uy 115,

with b = ¢ (a — 2). Using (7), this leads to

1

// ft o) dadt < K (I f g + 7 1 F1E2q0) sup)</BRl\f(s,x)|bdx>q

se(T,T
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Choosing f? = 9Pt~ with a = 2p1/(po +m — 1) and b = 2py/(po + m — 1) we

get
[, o asar < f[ (7o

where

1

2 {po q
+ 2) dx dt sup (/ PO da:)
R B
1 s€(T1,T) Ry

1
p1 = <1+q>p0—1+m>po-

2
Letting X = HV@(”OH’L*I)/QHQ, Y = [lg, " dxdt and Z = sup,ep, 1 fBRl P dz,
we get YV < K (X + Ry?Yy) ZY4, while (76) reads X + Z < CyYy. Hence Y} <

K ((Rf2 +Co) Yo — Z) ZVi < K ((Rl_z + Co) Yo)(qﬂ)/q, that is inequality (77).

Step 3. We perform a Moser-type iteration. In order to iterate (77), fix Ry, <
Ry < 1,Ty < Ty < 1 and also assume that 2 R, > Ry. We shall consider the
sequences (pr)ren, (Ri)ken, (Tk)ren and (Ky)ren defined as follows:

Pr = <1+;>k(2—Q(1—m))+Q(1—m),

GRO_ROO 9OTOO_TO
_ —_ Y " Toi—T.,=>>--2 -9
1+ 1 1
K=K (R2 +C:) *, 6:32< + )
g ( ot k) g (Ri, — Rk1)?  Thr — Tk

using the Riemann sums > ,cn(k+1)72 = %2 and Y pen(k + 1) = g—g. It is clear
that klim R, = R, klirf T, = Ty and C, diverge as k — +o0o. In addition,
—+0c0

—+00

the assumption 2 R, > Ry leads to R,;_fl < (Rp — Rs) ™2 hence K, is explicitly
bounded by
141 1 1

K <K (7t (k+1)*Ly) ° h Lo = .
e < (7?( +1) ) ,  Wwhere (Ro—Roo)2+(Too—To)

Set Qo = (Too, T) X Bpr,, and notice that Q. C @y for any k > 0. By iterat-
ing (77), we find that

1 (g+1) pg k 1 (ﬂ)k*j 2}21—‘11)]““
1olliress@uy = 10w @uny S K™ 10l < TLA 7 Hllia an ™
j:
and
k L (a1 1110 (2H) ke a( Ly
H’C]{Dkﬂ( q ) < {/C (7T4 Loo)1+q Pk+1 ]70( q ) jqpkf
Jj=0 j=1
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By lower semicontinuity of the L°° norm, letting £ — 400, we obtain

[9l|Loo (70, 11x BRo) < C D ||I2J2"(71ﬂ0 ;])XBRO) (78)

where 0 < Ty < Tho < T <1,1/2 < Ry < Ry <1, Ry <2 R, and

(g+1) _ 4(q+1)
q o) q
C = Kzai=m) (7‘(‘4 LOO) 2=a(l=m) o qE—g (1—m) Z] 1( ) IOgJ

Step 4. We show how to improve the L? —L*> smoothing estimate (78) to a L' —L>
estimate, using a de Giorgi-type iteration. Let us set

o if d>3,
f=2-2q(01-m) =91 92(a-1) if d=2, (79)
2m if d=1,

we recall that 8 > 0 for any m € (my,1) and d > 1. Then, from (78), we obtain,
using Holder’s and Young’s inequalities,
1

||U||L°°( 1/91]><Bl/2 <C|| ||12,°°q lfrlnll])xB || ||IZJ1q:—11,m>)<BT1)

2

1 2
< 5 ”'UHLOO((TLI]XB”) + €1 HvHél((Thl]XBrl)) (80)

where 1/9 <7 <1,1/2 <7 <1and

2 (g+1)
1 1 ’
¢ =X 5 T 1
R
with
8(!1?;1)
_ B lo q
X = @(ﬂﬂ) K (Wq ZhH) gj)

To iterate (80) we shall consider sequences (7;);en, (7;)ien such that
Tit1 — T3 = %(1 —f)fi; Ti — Ti+1 = %(1 —52)5%'

with £ = (2/3)4(q/5;+1). Since 2/3 < ¢ < 1, we have
1 < 1
1- 7 5(1-¢)

and this iteration gives us

. L. . g
[9l|Lee (1/9,11x By j0) < 5 [9l|Lee (ri 1] x By ) T+ HvHﬁl((mume) Z: 5
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where for all ¢ > 0

Cin1 38 Vo5 v (3)
o < (% X (1)
In the limit £ — oo we find
2
19 [loe (/911 By 12) < € NRNIEr (0,11% 8, ) (81)
where
JINICESE
¢=4(%5) X. (82)

Step 5. In this step we complete the proof of (72). We recall that © = max{1, 1}
and then, using inequality (81) and the fact that @ < 0 < ad (1 —m) + 1, we find

< < .
yzugzu(l ,Y) ||U||Loo( (1/9,1]x By 2)) U [ 1||L1((0 1]xByys) (83)

The function @ satisfies the following inequality for any s € [0, 1]

/ (s, x)dr < QT / Uy dx + % s , (84)
B3

B

where

%:%%(m4mwt?s+mq“j, (85)

We recall that wy = [S] = 12&%2) Inequality (84) is obtained by aplying Lemma 8

with R =1/3, r = 1/3 and p = 2. Integrating inequality (84) over [0, 1] we find

||7~AL||L1((0,1]><B2/3) < 2%/3 o dm_|_ cg (86)

We deduce from inequalities (83)-(86) that
“ _m_ “ 1—m 2\4 Wy %
sup a(l,y) <€ [21771 (/ (N dx) + 5 C + (5) } . (87)
YEBy 2(x) B d
where [ is as in (79). Let us define

:@[21m+ mg+(2)

d wd}
d )

with € given in (82) and % in (85). We first prove inequality (72) assuming

T 7= R ||U0||L1 (Bg) >
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which, by (75), is equivalent to the assumption ||@o|[r1(5,) < 1. Indeed, together
with (87), we get

1

/T \T=m (1 2 T\ T
sup u(7,y) < H(R2> <R EHUOHLl(BR) + <R2) ) (88)

yEBR/2

which is exactly (72). Now, for any 0 < ¢ < 7,, we use the time monotonicity

estimate .
Tx

u(r) < u(ry) <)a

T

obtained by integrating in time the estimate u; > — (d/a) (u/t) of Aronson and
Benilan (see [1]). Combined with the estimate (88) at time 7, this leads to

P\E mNE
sup u(7,y) < sup u(7,,y) () §/<c<2> ()
yEBR/2 YyEBR/2 T R T
2
[wollf (5, <1 2 T\ T
=7 B0 < (ol + ()
- - L'(Br) R2
and concludes the proof. O

3.3 A comparison result based on the Aleksandrov reflection principle

In this section, we use the Aleksandrov reflection principle, a key tool for proving
lower bounds (see Lemma 11).

Proposition 10. Let Byr(xg) C R be an open ball with center in xy € RY of
radius A R with R > 0 and A > 2. Let u be a solution to problem

up = A(u™) in (0,+00) x R?, (89)
u(0, z) = up(x) r € Re.
with supp(ug) C Bgr(zo). Then, one has:
u(t, zo) > u(t, ) (90)
for any t > 0 and for any x € Dy r(xo) = Byr(zo) \ B2r(zo). Hence,
ult, z0) > |Dar(zo)| ™ / ult, o) de. (91)
D, r(x0)
We use the mean value inequality (91) in following form:
/. oy 00 0 S Attt o), (92)
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with b =2 — (1/d), r > 2R(2'"@ — 1) =: 7, and a suitable positive constant Ay
This inequality can easily be obtained from (91). Let us first assume d > 2, note
that in this case b—1 > 1/2 and therefore r > 2 R (\/§ — 1). By Taylor expansion
we obtain that for some £ € (rq,r) that

Wy

| B2 gr(20) \ Bovg(z0)| = y

[(QR+7)" =2 R =ws 2R+ )" (r — 1)
o) d—1
7o)

a simple computation shows that \/5/ <\/§ — 1) ~ 3.4142135 < 4. In the case
d =1, we have that b = 1 and thefore

<wgQR+OTr < wdrd<

| B2 rir(20) \ Bar(zo)| = w17
In conclusion we obtain that, for 7 > 2 R (2@ — 1), we have

|Bagir(0) \ Bovg(z0)] < Agr?  where Ay = wy4%7". (93)

Proof. This proof borrows some ideas of [21]. Without loss of generality we may
assume that xo = 0 and write By instead of Bg(0). Let us recall that the support
of ug is contained in Bg. Let us consider an hyperplane II of equation II = {z €
RY | 2y = a} with a > R > 0, in this way II is tangent to the the sphere of radius
a centered in the origin. Let us as well define II, = {z € R? | ; > a} and [I_ =
{z € R?| z; < a}, and the reflection 0(2) = (21, 29, ..., 2,) = (2a—21, 29, . . . , Zn).
By these definitions we have that o(Il,) = II_ and o(II_) = II,. Let us denote
@ = (0,00) x II_ and the parabolic boundary 9,Q := JQ). We now consider the
Boundary Value Problem (BVP) defined as

up = A(u™) in Q,
u(t,z) = g(t,x) in 0,Q,

(BVP)

for some (eventually continuous) function g(¢,x). Let us define u; (¢, z) to be the
restriction of u(t,z) to @ and us(t, ) = uy(t,0(x)). We recall that us(t, x) is still
a solution to problem (89). Also, both u; (¢, z) and u(t, z) are solutions to (BVP)
with boundary values gy (¢, z) and go(t, ). Furthermore, for any ¢ > 0 and for any
x € II, we have that g;(t,z) = g2(t, x), as well g;(t,x) = ug > g2(t,x) = 0 for any
x € T1_. By comparison principle we obtain for any (t,z) € @

ur(t, ) > us(t, x) . (94)

The comparison principle for generic boundary value problems is classical in the
literature, however we were not able to find the exact reference for a version on a
hyperplane. We refer to the books [14, 30, 29, 21], see also [23, Lemma 3.4] for a
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very similar comparison principle, and also [2, Remark 1.5] for a general remark
about such principles.

Inequality (94) implies for any ¢ > 0 that

u(t,0) = u(t, (2a, ..., 0)).

By moving a in the range (R, AR/2) we find that u(t,0) > u(t, z) for any z € Dy
such that = = (x1,0,...,0). It is clear that by rotating the hyperplane Il we can
generalize the above argument and obtain inequality (90). Lastly, we observe that
inequality (91) can be easily deduced by averaging inequality (90). The proof is
complete. O

3.4 Local lower bounds

We recall Lemma [9, Lemma 6] which follows from [12, Theorem 1.1].

Lemma 11 (test). Let u(t,x) be a solution to (54) and let R > 0 such that
Mpg(x0) = ||uo||L1(Br(ze)) > 0. Then the inequality

. o ()
‘z_lgngRu(t, T)> kK (R t) Vte 0,2t (95)
holds with
E 5) K/* M ( ) Ra .
This estimate is based on the results of Sections 3.1 and 3.3. Our contribution
here is to establish that the constants are

1—m) T
ke = 229724 and Ii:Oéwd< (1= m) (i m)> . (96)

238 J4 gl6(1-m)a g

Proof. Without loss of generality we assume that xqg = 0. The proof is a combi-
nation of several steps. Different positive constants that depend on m and d are
denoted by C;.

Step 1. Reduction. By comparison we may assume supp(ug) C Br(0). Indeed, a
general uy > 0 is greater than uoxp,, X5, being the characteristic function of Bp.
If v is the solution of the fast diffusion equation with initial data ugxp, (existence
and uniqueness are well known in this case), then we obtain by comparison:

f > inf .
Ilen u(t, ) xler}ng(t,x)

Step 2. A priori estimates. The so called smoothing effect (see e.g. [23, Theo-
rem 2.2] , or [29]) asserts that, for any ¢ > 0 and x € R¢, we have:

u(t,z) <® (97)
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where a = 2—d (1 —m). We remark that (97) can be deduced from inequality (72)

of Lemma 9 by simply takin the limit R — oo. The explicit expression of the

constant % is given in (73). We remark that |lug||; = Mg since ug is nonnegative
2

and supported in Bg, so that we get u(t,x) < RMg =%, Letb=2— 1/d, an

integration over Bosp gives then:

2 2
Mg Mg
/ u(t,r)dr < e B (Qb R)d <C,—E R?, (98)
By p, d ta ta
where Cy can be chosen as
Cy = 2¢ max{l,nt}d}. (99)

Step 3. In this step we use the so-called Aleksandrov reflection principle, see
Proposition 10 in section 3.3 for its proof. This principle reads:

/ u(t, z) dz < Agriu(t,0) (100)
B2 r++\Bob g

where A, is as in (93) and b = 2 — 1/d. One has to remember of the condition
r> (2@ _1)2R. (101)

We refer to Proposition 10 and formula (92) in section 3.3 for more details.

Step 4. Integral estimate. Thanks to Lemma 8, for any R, > 0 and s, > 0 one

has
|5 — ¢]1/(-m)
/BQRU(S,I) de < C4 /B2R+T u(t, z)dz + e a A |

where the constant C5 has to satisfy C5 > max(1, cs) and c3 is defined in (68). In
what follows we prefer to take a larger constant (for reasons that will be clarified
later) and put

1

Cs = (16> == max (1,2&)4 [16(d+1) <3+m)]l_m) )

1—m 1—m
We let s = 0 and rewrite it in a form more useful for our purposes:
1
Mgr tTm
u(t,z)de > — — ——. 102
[, wltw)de> g (102)

3 ri-m

We recall that My = Mpg since ug is nonnegative and supported in Bg.

Step 5. We now put together all previous calculations:

/ u(t,z)dr = / u(t, z) dx + u(t,z) dx
B2 ptr Bar Bz r+r\Bob
2
Mg R4
S CQ ?ﬁ + Ad Td u(t, O) .
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This follows from (98) and (100). Next, we use (102) to obtain:

2

ME Rd

< / u(t, ) dz < Cy B 4 ALt 0).
By Rir to

1
Mg tT=m
Cy  ri-m

Finally we obtain

1
>
u(t.0) > -

Mg ., MjiR'\ 1 o
Cs 24 S

Step 6. The function B(t) is positive when

2
M Mg R¢ o
B(t) = CR — Izg >0<=t>(C3Cy)7 ML ™R
3 a
Let us define .
Fo =4 (C5C5)4 and t=1k Mg ™R". (103)

We assume that ¢ > 2¢ and optimize the function

=L [0

2
Td ri-m

with respect to () = r > 0. The function f reaches its maximum at r = r,,,, (%)
given by

1-m

mdﬂZ@uimQamﬁj.

We recall that we have to verify that r,,,, satisfies condition (101), namely that
Tmaz(t) > (2(d*1)/d — 1) 2 R. To check this we optimize in ¢ the function 7,4, (t)

with respect to ¢ € (2¢,+0c). The minimum of rp.,(t) is attained at a time
t = tyin given by

e

2
P < C, 03) ML Re.
a
We compute 704 (tmin) and find that

2 2(1—m)
T"max (tmzn) = (M)

Therefore the condition 7,4z (tmin) > (Z(dfl)/ d_ 1) 2 R is nothing more than a
lower bound on the constants Cy and C3, namely that

2 v 2
< 02> Ci* R.
«

2 2(1—m) 2 1

g iz
— ZC,) ¢ >2Ebid_ 1
(d(l—m)) (a 2) o=
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Such a lower bound is easily verified, by using the fact m € (mg,1), we have
(1 —m)~! > d and therefore we have the following inequalities

2 2 2

S U . S |
d(l—m) =" «a 2—d(1-m)~

, 0y >2% and Oy > 16%dY, (104)

therefore, from the above inequalities we find that

2(1—m)

()

and so the such a lower bound is verified. Let us now continue with the proof.

1 2
(2 02) ! Cie >32d>2W@-V/d _ 1
(6%

Step 7. After a few straightforward computations, we show that the maximum
value is attained for all ¢t > 2 as follows:

d1—m) = | 1 M ] ®
J— m o « «
max) — A ) — —C R R > 0.
f(rmaz) = @ Aa 2% C, 2 ta ta
We get in this way the estimate:
Mz
u(t,0) > Ky Hy(t) — 2,
ta
where
1 MMRC[ % J(1 d(1—m)
Hl(t): 7—02R7d and Klz()éAd[ ( _Tri)]
03 to Qa

A straightforward calculation shows that the function is non-decreasing in time,
thus if t > 2¢:

Hi(t) > Hy(20) = G * (1-475)"

and finally we obtain for ¢ > 27 that

2 2
_2 2 Mg Mg
u(t,0) > Ky Gy (1—47%)° tf =i tf. (105)

Step 8. From the center to the infimum. Now we want to obtain a positivity
estimate for the infimum of the solution u in the ball B = Bg(0). Suppose that
the infimum is attained in some point z,, € Bg, so that inf,cp, u(t, z) = u(t, z,,),
then one can apply (105) to this point and obtain:



for t > &, Mp ™ (x,,) R*. Since the point x,, € Br(0) then it is clear that Bz(0) C
By r(x,) C Bag(xo), and this leads to the inequality:

MQR(Q?m) Z MR(O) and MQR(.Tm) S M4R<O)

since My(y) = [p,(y) uo(x) dz and ug > 0. Thus, we have found that:

Qv

2 2
Mz5(0) _ Mg (0) _

d d
ta ta

M3p(2m)

4
e

inf w(t,x) =u(t,z,) >k

>
z€BR(0) t

=X

for t > 24(0) = &.M,;™(0)R* = &, Mj ™(0)R®, after noticing that Myp(0) =
M5 r(0) = Mg(0), since supp(ug) C Bg(0). Finally we obtain the claimed estimate

Qv

M -
inf w(t,x) >k f Vit>2t.
r€BR(0) to

Step 9. The last step consists in obtaining a lower estimate when 0 < t < 2¢. To
this end we consider the fundamental estimate of Bénilan-Crandall [4]:

u(t, x)
u(t, ) < m
This easily implies that the function:

u(t, z)t~/A=m)

is non-increasing in time. Thus, for any ¢ € (0,2£), we have that

tl/(l_m) 2 1
(2 i)l/(lfm)

U(t,l‘) Z U(QL l’) Z ER* 1-m (t R—Q)m .

which is exactly inequality (95). It is straightforward to verify that the constant &
has the value

o _ o Tom _ ) A =T
R = R Fx =aAy 5 Cy (1 4 a) R . (106)

Step 10. Simplification of the constants. In this step we are going to simplify
the expression of some constants in order to obtain the expression in (96). This
translates into estimates from below of the actual values of constants & and &,,
and in order to do so, we need to estimate C5 and C3. Let us begin with (5, since
we only need an estimate from below. We learn from (10) that wy/d < 72 for any
d > 1. It is then clear from (99) that



In the case of C3 we already have a lower bound given in (104), in what follows
we compute the upper bound. Let us recall that from (9) we have that for any
d>1, wy <1673 /15. Since m < 1, we have that

16 (d+1)(3+m) < 64(d+1) < 128d.

Combining the above inequality, with the estimates on wy and the defintion of

C5 we get
2
1284\ ™"
(4d)* < Cy < (1 8d> 4w,

—m

Therefore, we can estimate &, and obtain the expression of k.,
Fo = 4(CoC3) T > 22 (2°0d") " = 202 % =i s, .

Let us simplify #. By combining (106), (103) and (93), we get that

9d_9_2(1-—m)t+ia d(1—m) 2

_ 4 _ 2a 2
R awg 2T [d(1-m)] e Gy T 0 T (1)

Let us begin simplifying the expression (1 — 4_5). We first notice that, since

a € (1,2), we have that 1 — 45 > 1—47% which is an expression monotone
increasing in d. We have therefore that

(1 —4*%)% > (1 —4*%)% — 92 a.

Combining all together we find

20  dd-m) s a2 (1-m)3+s
K Z Wy 2—Cl rn—_b E_d(lfm) d e a(l—m)2d (1 — m) a(1-m)2d

where

— 2 — —m)2 2
a:56+8(1 m)+2ad(l—m)+2a(l m)d_2d and b:12+4a '
a(l—m)?d d(1—m)

Since m; < m < 1, and d (1 —m) < 1, we can simplify the expression of a and b
into 76 29
al — d b ———.
Sad—mezd M T=aa—m)
By summing up all estimates above and estimating the exponents of (1—m) and d,
we get
8
oWy (I—Tm> a(1-m)2d

76 32 2a
Qa(1-m)2d rd(i-m) gd(1-m)

K> =K.
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3.5 Details on the inner estimate in terms of the free energy

Let us recall the result of [9, Propostion 11].

Proposition 12. Assume that m € (my,1) ifd > 2, m € (1/3,1) ifd =1 and let
e € (0,1/2), small enough and G > 0 be given. There exist a numerical constant
K > 0 and an exponent ¥ € (0,1) such that, for any t > 4T (e), any solution u
of (54) with nonnegative initial datum ug € LY(R?) satisfying [ga uodx = [ga Bdx
and Flug] < G, then satisfies

9
. (1+£> i el <20 RE).  (107)

_1‘3

The values of the parameters p(e), T'(¢)can be found in Appendix A.1, where
the expression of

K o oSt Gty 40410 (a+ M)’
’ m19<1 i m)2(l+ﬁ)+ﬁ

d
v T 2d
1414 Cy ((m/\/ti 5 +c2) T Mdi)]

X

(0%

is also detailed.

Proof. We refer to [9] for the main steps of the proof and focus on the details of
the computation of K. We have to explain how to compute the constant ¢, to
prove that Ay and A; are bounded and bounded away from zero and to obtain the
final form of the constant C' which finally allows us to compute K.

Computation of ¢;. Let us recall the cylinders

Q1 :=(1/2,3/2) x B1(0), Q2:=(1/4,2) x Bs(0), (108)
and let us assume that v is a solution to (1) which satisfies (2) for some 0 < Ay <
A1 < o0. In what follows we shall explain how to compute the constant ¢; in:

9, Inequality (66)],

v(t,x) — (s, ]
sup ot 7) (5,9) 7 < allvllieiy Vied{l,2}).

o) sweQi (|o =yl + [t — 5/?)

By applying Theorem 6 it is clear that the only ingredient needed is to esti-
mate from below d(Q1,Q2) and d(Qs,Q4), where d(-,-) is defined in (49). Let
us consider the case of d(Qq,Q2). By symmetry, it is clear that the infimum
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in (49) is achieved by a couple of points (t,z) € Q1, (s,7) € Q4 such that either
lz| =1,t € (1/2,3/2) and |y| =8,s € (1/2,3/2) ort =1/2,y = 1/4 and z,y € B;.
In both cases we have that d(Qy, Qs) = |z —y| + |t — 5|2 > 1/4. By a very similar
argument we can also conclude that d(Qs, Q4) > 1/4. Therefore, we conclude that,
in both cases, ¢; can be taken (accordingly to inequality (50)).

1 1
Q1,Q2) " d(Q3, Qu

where we have used the fact that v € (0,1).

Estimates of Ao and Ay of [9, formula (73)]. In Step 2 of |9, Proposition 11], we
consider a solution u(t,z) to (54) as a solution to the linear equation (1) with
coefficients

2 (128)" max {d( ) } <2(512)" <2 =1 ¢,

a(t,r) =mu™(t,x), A(t,z) =a(t,z)Id,

where Id is the identity matrix on R%. We also observe that u(t,z) (and its
rescaled version 4, y) satisfies the condition (2) (with the coefficient a(t,z) given
by the above expression above) and with

[9, Definition (73)]

)\S"j = m%lémax{supB(t_ial’% SUPSUPB(t_i’%kﬁM)}’
Q2 k>1 Qa
m—1 . __ m—1 i i _ 1 1 1 _1 : ﬁ
A7 i=m C’mln{me(t O"x)’llcrzlfllng(t ~aik ./\/l)}

Q2

where @); are as in (108). Our task here is to give an estimate on g, A\; and to
show that they are bounded and bounded away from zero. Let us consider first
the case of B(t — £, z): for any (¢,z) € (0,00) x R?, we have that

1 25 6 " 1 d g2
— | 5 +2 <B(t—,v) <b%4a.
This is enough to prove that Ay > 0 and A\ < oo. Let us consider B(t —
L 2k M), we recall that

1

1 _a tl—lm t% 9 met
B(t— 2, 07kT7" M) = —% + |z| :




Let us consider (¢,z) € )4, we have therefore
1

2 m—1 _1
1 2% o 2T 1 1
64) < B(t-1 kT M) < ( )
AT pTom (k2b2 * ) < Bli—g@ ) b2 k2 44 16

From the above computation we deduce that

a 2T-m 1 1\m—1
supsup B(t — L,z kT-m M)} < = ( +> )
1@11) QF (-2 )} T bTom \b24a 16

while .
—F < inf 1nfB(t — l’x; k‘l—am M) .
2T-m hI-m k>1 Q4 @

Combining all estimates together we obtain that
0< X <A\ <00,

this completes the proof of this part.
Simplification of the constant C. Recall that o € (1,2) so that
_ 2Cy 1 2m 1 m 1

— < —
Cs o 1—m+2(1—m)2a3_1—m+(1—m)2 (1 —m)?

hence,

Ql
Il

2t (0 (i 20)) (VR o ) 1)
d 2 M ’
fé%(0+ujﬁ)&s+ﬂ4+u_my>
1+C
< 25“9 mﬂ(l( _+m)2)(1+19

) (a+M)Y
where the constant C' is given by
C =1 (14+40> 2% p(c)*) "™ Cupa

c((astoatt 2 v o)™ L
' -1 (27 ple))* ‘

where

Q=

(ﬁ:zw,cyzgmw{mmvgu_;ﬂmhww@ and 7 = (20)

For any € € (0,&,,4) C (0,1/2), we have that

1/2

IN
S

(1+@+2)™m) 7(17%) -

1—om(e—e) | < ple) el

S TRVG

=~

44
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and

1
1 1 1 1 I=m 4 12 4 1
< 7(e) = (I+e)l ™+ < .

VI—m /e p\(l+e)tm—1 VI—m /e
We recall that € < 1, we obtain therefore that

N ) 416 1 16
ple)” 1= max{p(e), ple)}” < max {N2€ " (1—m) /ﬂ&} = (1—m)?pu2e

and also, since ¢ < 1/2, we have that

PG i S S—
(I=m)p?e = (1 —m)p?

Combining all above estimates together we find that

1

N % MQ + 260;—0—2 b2 1—-m
(1 +4b*(2a)= ,0(8)2) < <(1_“

where in the last step we have used the identity y ="b aa.

d 3+6a 40

Altogether, we finally obtain
2&+a(l—m)

= o+ M)’
C S . ( ) 5
erm md(1—m) M s

d d
oV e 2
14+ Cyp ((21‘”35 EMa +02) "y (‘ﬂ) (2M)div)]

X
2v—1

3dy 346a 49410
2o Fa-m TV (o + M)Y
. 2
gT=m m?(1 —m)* =

d
9 21/ s 2d K
1+b%Cypn ((HM& +c2) TR Mdi)} =: —

2” - 1 gl-m

X

[e'Xe

The proof is completed. O

A  Further estimates and additional results

Here we collect additional material concerning various estimates: the “user guide”
of Appendix A.1 collects the formulas needed for the computation of ¢, in The-
orem 13; Appendix A.2 details how the numerical value of the constant on the
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disk in [9, Appendix C.2] is computed; Appendix A.3 is devoted to the precise
definition of the truncation functions used in Section 3.1.

A.1 A user guide for the computation of the threshold time

Let us recall what the threshold time is. The results of [9, Theorem 4] and |9,
Proposition 12] can be summarized as follows.

Theorem 13 ([9]). Assume that m € (my,1) if d > 2, m € (1/3,1) if d=1.
There is a numerical constant €, 4 € (0,1/2), a real number v > 0, and a positive
numerical constant ¢, = c,(m,d) with lim,,,; c,(m,d) = +oo such that the fol-
lowing property holds: for any A > 0 and G > 0, if u is a solution of (54) with
nonnegative initial datum ug € LY(R?) such that [gauodr = [ga Bdx, Flug] < G
and

d(m—m¢)
supr =m / updr < A < o0 (Ha)
r>0 |z|>r
and if € € (0,em.4), then
u(t, x)
-1 < Vt>t
vema | Bltw) | =7 TS
where 9
G 1—m a . . g —m
t*—§<1+A +G3)  with a= i (110)

We do not reproduce the proof here but establish the expression of c, by collecting
all intermediate constants and formulas. We assume from now on that u is a
solution of (54) which satisfies all assumptions of Theorem 13.

Let us start by recalling the definition of the main numerical parameters:

1

d—2 d—1 1—m\a 1—m\a
mc_d’ml_d’o‘_d<m_mc)’“_(2rn> andb_(zma> '

9, Corollary 9]

u(t,z) > (1—e)B(t, z) if |z|>R(t)p(s) and =€ (0,e).  (49)

Here
R(t) = (1 4+ at)¥/e [9, Eq. (21)]

and

Qv

g:i=1—(M/M)

is a numerical constant which is computed from

K K

a/2 1
) , LT MR [, Bq. (47)]
) )

M := min 2~ d/2 <
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We recall that x and r, have been defined in (96) and are given by

2
4 2
_93a+2 ja — (1 _m> B
Ky =2 d* and K= awy <238 d4 7 16(1—m)a a2 (1—m)> :

As a byproduct of [9, Proposition 8], by integrating over R, we deduce from
u(t,z) > Bt —t— 1, 2; M) 9, Eq. (38)]

that M /M < 1, which proves that € > 0. The two other constants of Corollary 9
are given by

p(e) =

()" -1\
((1 +(1+e) ) - 1?1 ) [9, Eq. (52)]

=~

and
Koy (2 A)lfm + %

1—(1—g)t-m

T(e) := 9, Eq. (51)]

9, Corollary 10]

ult,2) < (1+€)B(t, ) if |z|> R()pe) and ee€ (0,2). [9, Eq. (54)]

As a byproduct of Proposition 7, by integrating over R?, we deduce from
u(t,x) < B(t+i-1, ;M) [9, Eq. (32)]
that M /M > 1, which proves that
. 2
g:= (M/M)* —1>0.

Notice that € is a numerical constant. The two other constants of Corollary 10 are

given by
1
1L ((14+e)l™+1)\2
ple) == — 9, Eq. (57
B(e) u<(1+€)1m—1> [9, Eq. (57)]
and _
T(e)i= oy (9, Ea. (50)
T ltetm—1 o
where
cr=max {1,277 E "R Ei=cty, [9, BEq. (36)]
R is given by (73), and
ty =A™, 9, Eq. (34)]
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9, Proposition 11]

9
u(t, x) 1 VG )
—1|<K|[=-+—=—= f <2 R(t d e€(0,em4) -
B A<k (FayE) Wl <20R0 wad e 0.00)
[9, Eq. (61)]
The range of admissible ¢ is determined by
o = min {2, 2, 1} 0, Eq. (50)]
and £ < xn where n = 2d (m —my) and x := 5557t The exponent
v
= 9, Eq. (78
e 0, Eq. (78)
is defined as follows. Let
h _
v :=log, <hl> with h = hMF1/20 [9, Eq. (67)]
The value of the constant h has been computed in [11] (also see (4)) and is given
by
d+4 od 3 02d+7 2042
where e
o = 52 2(d+2) (3d2~2r(118d+24)+13 ((2+d)1+d42>( +1)(d+2) ey |

2
1 —_“_
P

r=3 () (e N0+ )

and K is the optimal constant in the interpolation inequality (74), that is,

1) < K (||Vf||i2(3) + Hin?(B)) :

The values of K are given in Table 1. We refer to Section 3.5 for the values of \g
and Aq.

As for the other constants, we have

ple) = max ) p(E)} - T i max{T(6), Z(6)) 9, Eq. (60)]
and
K:= Q%dJra?’(J{ff;) 19410 (o + M)?

mﬁ(l _ m)2 (1+19)+ﬁ

RO 0. Bq. (80
d _ 2 v 1% _d_
1400 G | (RME s b)) |

X
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The exponent ¢ is the same as above. The other constants in the expression of K
are

ez =2 max {b, IVB(1 = &) een | 9, Eq. (71)]
where
d+1 —g2m
VB(1 -1 )| = (4= su 1+ 2 o
IVB( =&l = ()" sup 2 (1427)

_ Md+1 \/(1 - (1 (Z’:Z)Hﬂ 7

and Cy, 1 corresponds to the optimal constant for p =1 in

e oy < Caver (101 o 1 By + R oo
[9, Eq. (102)]
We know from [9, Appendix A] that Cy,, is independent of R > 0.

The last step is to collect the above estimates and compute

¢ (m,d) = sup max {5 k1(e,m), e?ka(e, m), 5%3(5,m)} [9, Eq. (89)]
e€(0,em,a)
where
(e.m) { 8c 23—y }
k1(g,m) := max
e (I+e)l-m—1"1—(1—¢e)-mJ’
4 a—1 KQ 8 —1
Ko(e,m) := (Oz)z,imﬂ and k3(e,m) = a

1—(1—-¢)-

S

g l-m
We recall that ¢ := max {1, 25— mpl-m ba} as above (also see [9, Eq. (36)]).

A.2 A numerical estimate of the constant in the Gagliardo-Nirenberg
inequality on the disk

The following two-dimensional Gagliardo-Nirenberg inequality has been estab-
lished in [9, Lemma 18].

Lemma 14. Let d = 2. For any R > 0, we have

2R 1
sy < T (Ve + gz Ilmy) Vo€ (B (1)

The optimal constant is approximatively

0.0564922... < 2/4/7 ~ 1.12838.
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We know from the proof that C < 2//m ~ 1.12838. Let us explain how we can
compute the numerical value of the optimal constant C in the inequality (111).
To compute C numerically, we observe that it is achieved among radial functions
by symmetrization. The equality case is achieved by some radial function u, by
standard compactness considerations. It is therefore enough to solve the Euler-
Lagrange equation

/

—u”—uf+u:u3, u(O):a>O, U/(O):O (112)
r

To emphasize the dependence of the solution in the shooting parameter a, we
denote by u, the solution of (112) with u(0) = a. We look for the value of a for
which wu, changes sign only once (as it is orthogonal to the constants) and such
that «/(1) = 0, which is our shooting criterion. Let s(a) = (1) for the solution
of (112). With a = 1, we find that u, = 1.

60|
40

20 -

-20+

40+

Figure 1: Plot of a — s(a). We find that s(1) = 0 and also s(a,) = 0 for some
a, ~ 7.52449 which provides us with a solution u,, with only one sign change.

I I I I I
0.2 0.4 0.6 0.8 1.0

Figure 2: Plot of the solution u,, of (112).

Numerically, we obtain that

1 1 1 1 1/2
27r/ (|u:1 |2+|ua*|2)rdr:27r/ |ua*|4rdr:<27r/ |ua*|4rdr>
0 : 0 C 0

20



which means

1 -1/2
C= (%/ (g, |t dr :) ~ 0.0564922
0

A.3 Truncation functions

Here are some details on the truncation functions used in this document.

Lemma 15 (Lemma 2.2 of [10]). Fiz two balls Br, C Br, CC 2. Then there
exists a test function op, r, € C3(Q), with Vg, g, = 0 on 0, which is radially
symmetric and piecewise C? as a function of r, satisfies supp(¢r,.r,) = Br, and
YRR, = 1 on Bg,, and moreover satisfies the bounds

(113)

4d
||VS0R17 a’nd ||A80317R0||00 S (

< S — .
fiolloe < Ry — Ry Ry — Ry)?

Proof. With a standard abue of notation, we write indifferently that a radial func-
tion is a function of x or of |z|. Let us consider the radial test function defined on
Brg,

1 if0< |z < Ry
1 2 i Ry < o] < Rogh
D= e mn (114)
0 if |x| > Ry
for any 0 < Ry < Ry. We have
0 if 0 <|z| < Ry orif |z] > Ry
Vomm (o) = —limpn i B < o < g
~tnimpty i < Jr < Ro
and, recalling that Agp(|z|) = ¢"(|z]) + (d — 1)¢'(|x])/|x|, we have
0 if 0 <|z| < Ry orif |z] > Ry
Apmm(lz) = ~mrmr — T ey B < o] < g
o~ T <l R
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and easily obtain the bounds (113). O
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