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Abstract. We reformulate and extend the HuPf algorithm (see [7]), which was originally
designed for a general 6R manipulator (i.e. 6 jointed open serial chain/robot with only rota-
tional joints), to solve the inverse kinematic (IK) problem of 6R/P manipulators (6-jointed
open serial robot with joints that are either rotational or prismatic/translational). For the
algorithm we identify the kinematic images of 3R/P chains with a quasi-projective variety
in P” via dual quaternions. More specifically, these kinematic images are projections of the
intersection of a Segre variety with a linear 3-space to an open subset of P” (identified with
the special Euclidean group SE(3)). We show an easy and efficient algorithm to obtain the
linear varieties associated to 3R/P subchains of a 6R/P manipulator. We provide examples
showing the linear spaces for different 3R/P chains (a full list of them is available in an up-
coming paper). Accompanying the extended HuPf algorithm we provide numerical examples
showing real IK solutions to some 6R/P manipulators.

Keywords: Inverse Kinematics - Elimination Theory - Serial Manipulator

1 Introduction

The Study quadric is given by the Z?:o x;x;+4 for points
($0 HERR R $7) S P7((C)

There is a bijection between the special linear group SE(3) and a quasiprojective subset of the
quadric via dual-quaternions. In this article we will give a rough idea what this means:

Let H be the classical (Hamiltonian) skew field of quaternions. One first shows a bijection
between the quotient of multiplicative group H*/R* and the special orthogonal group SO(3) (which
is well-known, see [7,10]). The ring H[z]/(z?) (indeterminate z commuting with coefficients in H)
is called the ring of dual quaternions and denoted . The elements in D are often written as p+ eq
where € is the equivalence class of z and p, ¢ are quaternions in H (we compare this construction
to construction of dual numbers in algebraic number theory). Clearly H is a subring of I and there
is an injection from the elements of SE(3) to the quotient of multiplicative group D*/R* and it is
well-defined if we know how pure translations and pure rotations are mapped. Pure rotations are
mapped to H which is in D. Pure translations are mapped via

t
t—0 -

where t € R3\{0} is a non-zero translation vector and we regard elements in H as 4-tuples (H is a
four-dimensional R-algebra). One shows that this fully defines a group homomorphism SE(3) — D*
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1. INTRODUCTION

and if we compose it with the canonical quotient D* — D*/R* we even have an injective group
homomorphism. Since D is an eight-dimensional R-algebra we can identify elements in D*/R*
with points in a subset of P(R). In fact the image of the composed map we just described
SE(3) — D*/R* can be identified with points

3
{(zo: - :27) €EPT(R) : 29 #0,...,27 # 0 and Zz,;xi+4 =0}
i=0
which is a quasi-projective variety in P7(R). For more details, we refer to [7,10] or our upcoming

paper.

For engineering and applications, we deal with the real points of the Study quadric, but we
also consider complex points because we discuss finiteness and existence of solutions to the inverse
kinematic (IK) problem which involve some basic intersection theory where an algebraic closed
base field (e.g. when using Hilbert’s Nullstellensatz) is important. This allows us to give a general
statement whether HuPf algorithm will work or not. We note that, we only assume that we are
solving the inverse kinematic of regular values for a general 6R/P manipulator (finite solutions),
complicated algorithms in real algebraic geometry like cylindrical algebraic decomposition (CAD,
see [3]) to solve the real solutions is not necessary (there are at most 16 solutions, see [9]). Using
CAD to describe real higher dimensional solutions (like the inverse kinematic of a redundant, e.g.
7 jointed, robot or the solutions within a kinematic singularity) is however very attractive but is
beyond the scope of this work (we plan to investigate this in the future). Knowing if there are real
solutions is usually done in the middle of the HuPf algorithm e.g. when solving for the roots of a
resultant to find the coordinates of the middle link of a 6R/P-chain. Thus, our objective in this
manuscript is threefold:

1. We describe the algorithm to compute all the parameterized hyperplanes needed for the HuPf
algorithm for different permutations of 3R/P joint-types and for different parameterization of
joints in the 3R/P sub-chains (as described in [9,7,8]).

2. We discuss efficient choice of parameterized linear spaces when computing IK. We also discuss
preprocessing (e.g. the linear spaces for the left 3-chain can be fully preprocessed) to make
real-time IK computation possible.

3. We discuss special cases, i.e. cases when, for a given 3R/P chain, all the parameterized linear
spaces defined by each of the parameterizing joints are inside the Study quadric (i.e. the HuPf
algorithm may fail because there are infinite solution to the IK problem).

We shall use the Denavit-Hartenberg (DH) convention when describing relationship between
two frames. More precisely, the transformation between the frames (of joints) is given by the
following rule:

— The z-axis of the reference frame will be the axis of rotation if the joint is revolute or the
translational direction if the joint is prismatic

— To obtain the next frame, one starts with a rotation about the z-axis of the reference frame,
called the rotation, followed by

— a translation along the z-axis of the reference frame, called the offset, followed by

— a translation along the z-axis, called the distance, followed by

— a rotation about the x-axis, called the twist

It is worth mentioning that, in order to solve IK from a system of polynomial equations, all
rotations are parameterized by tangent of half-angles. In short, the transformation between frame
i to frame ¢ + 1 is given by

where R,,T,,T,, R, are rotations or translations with respect to z- or z-axis parameterized by
tangent of half-angle rotation v;, offset d;, distance a; and tangent of half-angle twist [; of the i-th
frame (i-th joint). More thorough discussion on DH-parameters and the DH-convention is given
in [L1].
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In the first step of the HuPf algorithm, one wants to compute a set of at least four hyperplanes
which describes a parameterized linear space whose projection to P’ contains the image of the
kinematic map. The way to compute this for a 6R manipulator is discussed in [9]. We give this
algorithm when prismatic joints are also involved:

Algorithm 1: Computing 3-chain hyperplane parameterized by joint k& € {1, 3}

Input: DH-parameter of a 3-chain, k € {1,3}, boolean parameterized
Output: Hyperplane of 2-chains (non-parameterized) or hyperplane pencils parameterized by joint
k in P7 (3-chain)

1 Let v;, v, v be the three joint parameters with 4,5 € {1,2,3}

2 Compute the forward kinematic image o = (so : - -- : s7) € P7 of the 2-chain not containing k, with
coordinates parameterized by v;, v;

3 Write each coordinate of o as a 2-variate polynomial in R[v;, v;] with multi-degree at most (1,1)

4 Create a 4 x 8 matrix M with [-th column having entries which are coefficients of 1, v;, v;, v;v;
respectively in s;

5 Compute the null space of the matrix M spanned by linearly independent vectors wi, ..., wn, each
of length 8
6 if not parameterized then
7
7 return the linear forms H; : Z WinTn € R[zo, ..., x7], where wy, is the n-th coordinate of a
representative of w;, with [ :nl,o. ..,m

8 end

9 else
10 if k=1 then
11 Regard (zo : --- : ©7) as a dual quaternion and pre-multiply it with a dual quaternion

defined by motion of v to get (zg : -« : z%)

12 end
13 else
14 Regard (zo : -+ : x7) as a dual quaternion and post-multiply it with a dual quaternion

defined by motion of v3 to get (zg : - : z7)
15 end
7
16 return the linear forms H; : Z WinTn (To, . . ., x7) € Rlxo, ..., 27], with I =1,...,m
n=0
17 end

In Algorithm 1 (and further algorithms), the joint parameter v; is d; if the i-th joint is prismatic
otherwise it is v; (i.e. if the i-th joint is revolute).

Algorithm 2: Computing 3-chain hyperplane parameterized by second joint

Input: DH-parameter of a 3-chain
Output: Hyperplane parameterized by 2nd joint in P7 corresponding to 3-chain motion
1 Let v := (v1,12,v3) be the three joint parameters
2 Compute the forward kinematic o = (sg : ---: $7) € P7 of the 3-chain with coordinates
parameterized by all the joint parameters
3 Write each coordinate of o as a 3-variate polynomial R[v1, v2, v3] each of multi-degree at most
(1,1,1)
Create an empty 12 x 16 matrix M
Set the I < 8 column of M have entries which are coefficients of v, where @ < (1,1, 2), of s
Set the | > 8 columns of M have entries which are coefficients of v, where a < (1,1, 2), of vas;

Compute the null space of the matrix M spanned by vectors wi, ..., w., each of length 16
7

8 Choose independent linear forms from the linear forms Hj : Z(wl’" + Wi nt8V2)Tn With
n=0

N 0 oa

l=1,....m
9 return these independent linear forms

To compute the special cases, i.e. case for which hyperplane parameterized by any of the joints
lie inside the Study quadric, one follows almost the same procedure as Algorithm 1 and 2. However,
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since now the hyperplane may not lie in general position (i.e. the DH-parameters may be very
specific for them to all lie in the Study quadric), care must be taken when computing the null
space of the coefficient matrices.

2 The Hyperplanes

For an efficient algorithm it is vital to choose the linear space that is described by linear forms
with least complexity. Usually the linear space parameterized by the second joint is the most
complex case. So one first computes linear space parameterized by the first joint and look for (DH
parameter) conditions for which this linear space may lie in the Study quadric (say for RRR, this
condition is when the twist half-angle tangent satisfies Iy = 0 or the offset satisfies ag = 0). In
the case that the linear space parameterized by v; (see Algorithm 1) cannot be chosen, we look
at the third joint and immediately apply the condition (so in our example if I = 0 or ag = 0
then we immediately apply this in the set of equations), we then use Algorithm 1 to find the
hyperplanes parameterized by 3. Finally if for this case the linear space lies in the Study quadric
(in our example, this would be either a1 = 0 or I; = 0 with the additional condition from the first
investigation that as = 0 or lo = 0), we immediately apply these conditions and look at Algorithm
1 to get hyperplane parameterized by 5. To summarize, the hyperplanes we provide cannot be
used in general case but in cases of increasing level of complexity. One should use these steps in
order when chosing the computed linear spaces in our work:

1. Check if T'(11) is applicable (for RRR we check if as # 0 and I3 # 0)

2. If not, check if T'(v3) is applicable (for RRR, we check if (aa =0V is =0) A (a1 #0Aly #0))

3. If not, supposing we are not in a special case (i.e. kinematic image of the 3-chain does not
describe a planar, pure translation or spherical motion) then we use T'(v2).

Because of the level of complexity of the equations describing the general T'(v3), inverse kine-
matic computation using the algorithm will be much slower. So one tries to avoid this if either
T(v1) or T(v3) is possible. Due to the length of the equations, we do not show all of the simplified
T(vz) for all 3R/P chains. But we can show for all the subcases in the 3R-chain (for T'(r) and
T(v3) one can look at other literatures which will have them in detail).

For the 3R/P chain these are the conditions to not choose T'(v1) (in Step 1. above) respectively
T(v3) (in Step 2. above, assuming we cannot choose T'(v1)):

3R/P XT(V1) XT(Z/g)
RRP l2::|:1a1:00r11:0
RPR lp =41 Iy = +1
RPP! All l4 = +1
PRR a2:00rl2:O l1::|:1
PRP lo =41 1 =+1
PPR! lo = +1 All

RRR a2 =0orls=0a;1 =0o0rl; =0
Table 1: DH conditions for not choosing the linear space. For a given 3R/P if the condition in
column 2 is satisfied, we have to look at column 3 and if that is also satisfied we may possibly
choose T'(v2)

Notice in the above table we disregarded PPP because this 3-chain describes a purely transla-
tional motion so its kinematic image lies in a 3-space living in the Study quadric. In fact, increasing
prismatic joints should theoretically make it easier for us to compute inverse kinematics.

! we exclude the case that the two consuctive prismatic joints allow movement in the same direction (i.e.
twist angle is 0). This is a degenerate case that is not interesting and in this case a solution to the IK

problem imply infinite solutions so that classical HuPf algorithm is not applicable.



2. THE HYPERPLANES

Here we show simplified parameterized (by a selected joint parameter) linear spaces of some
3R/P chains. By simplified we mean the following: the coordinates (zq : --- : y3) are given up to
post- or pre- multiplication by some fixed element in SE(3). For instance with the DH-parameter
the kinematic image of an 3R chain parameterized by vy is given by:

Rz (’Ul)TZ (dl)Tz (CLl)f{m (ll)M

where M is the kinematic image of a 2R-chain. But we can simply commute R, and 7T, and
consider the image of

Rz(vl)Tm(al)Rz(ll)M

reducing the number of variables so we are able to display simpler linear forms (the actual hyper-
plane can be obtained by an easy transformation, in this case by a premultiplication of T, (dy)).
Though, in all our cases, we assume for brevity that d; is always 0 (otherwise another simple
transformation will yield the inverse kinematic).

Often T'(v9) is very complicated and involves many subcases (in order to improve efficiency in
the C++ implementation and the algorithm). So we will only show this in RRR and RRP case. For
RRR the linear spaces T'(v1) and T'(vs) are well-studied (see [9,7,8]) so we will not show this.

2.1 RRR Hyperplanes, T'(v2)
For T'(vz) with [a1, az] = [0, 0]:

H1 :d21112v2x3 + dglllgxo — d2’U2(E3 + dQZL'O — 2[1[2U2$4 “+9 lllgx7 — 2112£C4 — 2!177
Hj :dalivezs + daliwy + davazals — daxils — 2l1vaxs +2 16 +2 valaws +2 276
H3 L= dglﬂ)gl‘l + dgll.ﬁg — dgvgxllg — dgl‘glg — 2[11}2.136 — 2l1.’L‘5 ) ’U2l2$6 — 2[2.135

Hy : — dolilavezg + daliloxs + davexg + doxs — 2l1lovexy — 21110y — 200x7 +2 24
For T'(vg) with [a1, 2] = [0, 0]:

H1 2(12111)2.%0 — a2l1x3 — 1)21'3d2 — 2U2$4 —+ Iodg — 21’7
Hg I — AU2X1 — A2X2 + ngzdgll — 211211:65 + .131d2l1 +2 11I6
Hs : — asvaxg + asx1 — vox1daly — 2vslixe + xodoly — 21125

Hy :aglivexs + agliwg + voxods — 2v227 + x3d +2 24
For T'(vg) with [I1,as] = [0, 0]:

H1 SallQ’UQIO — allgl’g — ’L)Ql’gdg — 21)21'4 + IEon — 2177
Hsy : — a1vax1 + a129 — voxadals — 2uslaxs + x1dols — 2lo1g
Hs: —a1v2x0 — a1x1 + vox1dals — 2uslaxg + xadals 49 lIaxs

H4 Iallz'l}g.’ﬂg + allgl'o + UQlL’on — 21)2%7 + (E3d2 +9o X4

For T(Ug) with [ll,lg] = [0,0]

H :—x

Hy: — o

Hs: —doxs — 214
Hy :doxy — 227
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2.2 RRP Hyperplanes

For T'(vy):
Hl IlQSUO — X1
Hy : —loxs + o
Hg Zaglgl‘o — a2 — 2121‘4 - 21’5
H4 Iagl%l‘g — ATy — 213567 — 2121‘6
For T'(ds):

H1 Zallll'() — 21‘4
H2 L= a1’ — 2[11’5
H3 L —a1xrg — 2[11‘6

H4 :alllxg — 2337

For T'(vy) with [aq, 5] = [0, 1]:

Hi: — livoxg — livoxy + 1o 4+ l1x3 + voxg — V21 — X9 + T3

Hs : — livoxo — livoxs — lixg — 121 — voxo + vox3 — 2o + X1

Hs 22(1,2[%1)2%0 — 2(121%%2 — 2asliv9x0 + 2a2l122 + li’vgmdg + li’vgm — li’vgxg, + li’dgl‘l + l?x(;
— lzfx7 + l%’(}gl‘ng — l%v2x4 — lfvgxg, + 21%$0d2 + l%dgxl — l%xﬁ — l%:c7 + livaxads — V924
+lvexs + 2l odo — lidoxy — l126 + L1 77 + vaxads + voxy + Voxs — dox1 + T + T7

Hy 22(1,21%'[)2%2 + 2@21%%() + 2as9l1v2T9 + 2a2l1x0 — li’vgxodg + l:f’UngG — l:l)’vgx7 + li’dgxg — l§x4
+ l:fx5 + l%vgxon + l%'UQI‘ﬁ + lfvglw — 21%56‘2612 — l%dz:ﬁg — lfx4 — l%x5 — livoxods — l1voxg

+ livoxy + 2lixods — lidoxs + l1xg — l125 + Voxgde — Vaxg — Va7 + doxy + T4 + X5
For T'(vg) with [a1, (3] = [0, —1]:

Hy :livemg — livazy + lixe — liws + vaxo + v221 + X2 + 23

H2 . lvaIL'Q — 111)2133 — lll'o + l1£171 — V2X9 — V2X3 + Zo —+ 21

Hs: — QGQZ%’UQJJO — 2&2[%372 — 2a9livoxg — 2a9li w9 + l?vg.’lﬁgdg — lzl‘j’UQ.’L‘4 — 1:1)‘1}21‘5 + l?dg%l + l%l‘ﬁ
+ Z%QL'7 — Z%UQ.’EQdQ — Z%U2$4 + 1%021'5 -+ QZ%deQ — l%dzl’l + l%l’G — Z%IL'7 + llvgxgdg -+ Z1U2{E4
+ l102I5 — 2l1$0d2 — lldgxl — l1x6 — l1x7 — ’UQCC2d2 —+ voxy — V25 + dgxl — X + Ty

Hy: — QCLQZ%’I}QQ?Q + QGQZ%IIJO + 2aslivox9 — 2a0l120 — l?vg.’lﬁodz — l?’Ug.’EG — l%’l)gﬂﬁ + l:fdzmg - l§$4
— lzl)’ZL'5 — l%’l)gfﬂgdg —+ l%’l)g.’ﬂﬁ - 1%021’7 — QZ%ZQdQ -+ l%dgl’g + 1%1'4 — Z%ZL’5 — ll’l)gxodg + ll’UQIL'ﬁ

+ l1’02337 — 2[1I2d2 — l1d2$3 + 11334 + 11335 — 1}2$0d2 — Vg + Vo7 — d2$3 — X4 + x5

For T'(vy) with [I1,12] = [0, 1]:

H1 Top — X1
Hg Tg — T3
H3: —d2$2—$4—$5

Hy :dyxg — x6 — 7
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For T(Uz) with [ll,lg] = [0, —1]2

Hl:—xo—xl
Hg: — T2 — X3
Hs: —doxs + x4 — x5

H4 Idgmg +xg — X7
The other linear forms for other 3-chain joint types can be similarly computed. They (esp.
RPR and PRR chains) can found in [1] and in an upcoming paper.

2.3 The Right Chain

We have so far displayed linear forms describing the linear space for the left chain. Our point of
reference is the base frame. Hyperplane from parameters of right chain can also be computed using
the following algorithm:

Algorithm 3: Computing hyperplanes parameterized by a joint in the right reversed 3-chain

Input: DH-parameter of the right 3-chain, end-effector transformation 7, T'(v;)
Output: T(v7—;) described by DH-parameter of the right-chain
1 Make the following substitutions in the equations of T'(v;) (say for RRP):

[(11,0,2,CL37ll,lz,l3,U1,U2,U3,d1,d2,d3] — [70‘57 70‘4705 7157 7l4707 —V6, —Us, —V4, 7d67 7d57 7d4]

2 Replace 0 := (zo : -+ : x7) with 70
3 return new linear forms describing T'(v7_;) having reversed joint-types (say for PRR)

Due to lack of space, we will not show the linear forms for the right-chain. This is available in
the dataset [1]. In [2] we also include a Giac implementation of the algorithms (we us the giacpy
python wrapper of Giac, see [5,0]).

Clearly, in the algorithms presented the computation of resultant is the ‘bottleneck’ (the re-
sultant that one compute is that of two bivariate polynomials, with maximum total degree 14).
However, we do not focus on complexity analysis because neither the degree (at most 14) nor the
number of variables (two) will vary when computing the inverse kinematics of a general 6R/P
manipulator using the HuPf algorithm. Moreover, for the magnitude of our problem even a naive
resultant computation (e.g. using Sylvester matrix) would suffice and be fast enough. In fact,
HuPf runtime is fast. For instance, the maximum runtime for solving one inverse kinematic query
(C++ parallelized implementation) using HuPf in an Intel Core i5-6200U processor is 35ms. This
is a tolerable number even by industrial standards. However in the future, we plan to study an
extended version of HuPf algorithm devised to solve inverse kinematics of redundant manipulators
where we will need to focus on time complexity as joint number varies.

3 The Inverse Kinematic Algorithm with an Example

Finally we can show HuPf algorithm for solving inverse kinematics of general 6R /P manipulators.
We assume that the end-effector pose is reachable (i.e. the inverse kinematics has a real solution)
and that the IK solutions are finite (for 6-jointed manipulators we only want solutions of regular
values).
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Algorithm 4: (HuPf) Computing IK of a general 6R/P manipulator for a general pose

Input: A reachable end-effector pose o € SE(3) whose IK solution is finite. Parameterized linear
spaces for the left-chain (see Algorithms 1 and 2) and right-chain (dependent on o, see
Algorithm 3) by joint-parameters p and v.

Output: IK solutions to o

Let £ := {l;}5_; be the linear forms describing the two linear spaces in the input

for j=1,...,8do

Solve for (zo : -+ : z7) € PT(C(u,v)) satisfying all linear forms in £\{l;}
if 2o #0 or x1 # 0 or x2 # 0 or 3 # 0 then break

end

Without loss of generality we may assume zo, ..., z7r € Clu,v]

Substitute zo, ..., z7 into [; to obtain a polynomial f(u,v) € Clu,v]\C

Set g := 32 @iwi+3 which is generally a polynomial in C[u, v]\C

Common zeros of f and g are computed via resultant and elimination theory

© ® N O A W N

10 foreach common zero (u',v') of f and g do

11 Let x(, . ..,z% be the evaluations of xo,...,z7 (pose of the middle link)

12 foreach joint A not p and v do

13 There is a unique solution of A via backsubstition of z, ..., z% into a linear form
paramaterized by A from Algorithms 1, 2 and 3

14 end

15 end

16 return all joint values

One can show, with assumption that the input is a reachable end-effector pose with finite IK
solution, the algorithm ends successfully. This reasoning is also used to prove that the for loop in
Line 2 will break successfully with one of the xq,z1, x3, x4 non-zero. Finally the finiteness of the
IK solution will also guarantee us that f and g in Lines 7 and 8 are not identically 0 (it is not a
constant because we have a solution to the IK problem).

We now show an example of an IK problem that we solve using Algorithm 4. Consider a 2R2P2R
manipulator (i.e. a serial manipulator consisting of first two joints that are revloute, third and
fourth joints that are prismatic and last two joints that are revolute) with DH-parameters given
in the table below.

If we apply Algorithm 4 we obtain 12 solutions to the IK problem for a generic pose of the
end-effector. In our case we chose a pose given by joint values 10,30,0.1,—0.1,31,55 (revolute
joint values given in degree) or 0.0875,0.1763,0.1, —0.1,0.2773,0.5206 (revolute joint values given
as tangent of half-angles). Generally only 4 of these solutions are real, the real solutions are given
in the table below and it is illustrated in the figure below

Vg di a; li

* 0 10.2]0.2035

* 0.3]0.2]0.2035
—0.4142| * ]0.3|0.4142
0.7133 | * |0.4/0.3153

* 0.3] 0 10.1763
6 * 00 0
Table 2: DH parameters for a 2R2P2R manipulator in our example. Parameters involving twist or
rotation are tangent of half-angles.

s W — -,
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Solution 1|Solution 2{Solution 3|Solution 4
v1| —0.0374 | 0.0875 1.2875 2.0551
ve| 0.7075 0.1763 | —0.6262 | —0.7273
dz| —0.3786 0.1 0.0119 | —0.3336
ds| 0.6391 —0.1 0.5796 1.03798
vs| —1.4516 | 0.2773 0.0878 | —0.3247
ve| —9.3357 | 0.5206 1.3693 5.1233
Table 3: Real inverse kinematics solutions to the given 2RP3R manipulator. Revolute joint values
are given in tangent of half-angles.

(a) Solution 1 (b) Solution 2

(c) Solution 3 (d) Solution 4

Fig. 1: Real inverse kinematic solutions to a certain end-effector pose of the 2R2P2R chain given
in Table 2. The (light-blue) lines correspond to axis of rotations of the revolute joints and the
(yellow) thick rods are the direction where the prismatic joint translates the links.
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