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Estimation of the number of factors in a multi-factorial
Heath-Jarrow-Morton model in electricity markets

Olivier Féron∗ Pierre Gruet†

June 25, 2020

Abstract

In this paper we study the calibration of specific multi-factorial Heath-Jarrow-Morton
models to electricity market prices, with a focus on the estimation of the optimal number of
factors. We describe a common statistical procedure based on likelihood maximisation and
Akaike / Bayesian information criteria, in the case of calibration on futures prices, as well
as on both spot and futures prices. We perform a detailed analysis on 6 European markets:
Belgium, France, Germany, Italy, Switzerland and UK. The results show a lot of similarities
on all the markets considered, especially on the optimal number of factors equal to 5; and
on the behaviour of the different factors.
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1 Introduction
Electricity production and furniture have been widely liberalised in a wide set of countries over the last
decades. Although their precise organisation varies across places, electricity markets share a common
structure linked to the specificities of power: it is not storable and therefore has to be produced exactly
when it is consumed. For instance, in Western Europe, the spot market takes place everyday and allows
to define the amounts of electricity that will be produced (and consumed) during each of the hours in the
next day, based on quite accurate forecasts of consumption needs and production capacities. However, as
prices are very volatile on the spot market, utilities usually may want to avoid having their full production
sold on this market, and can use the financial futures market to perform some risk management of their
upcoming positions. On the latter, standardised contracts can be exchanged continuously for the next
weeks, months, quarters and years or seasons. Grasping the characteristics of the evolution of prices on
the futures market is essential to be able to use it efficiently.

We address statistical estimation of a family of models for electricity prices and propose a methodol-
ogy to select one of those models using information criteria. We consider Heath-Jarrow-Morton (HJM)
models, introduced in Heath et al. [15] to represent the dynamics of the forward rates. In that work
devoted to the term structure of interest rates, the forward rates processes were led by a sum of N
Brownian motions and a drift. Being common to all maturities, this set of stochastic factors was driving
the whole forward rate curve. The article of Heath et al. focuses on the use of their model for valuing
contingent claims, and some examples are given.

Using such models to represent electricity prices has been done by many authors. Bjerksund et
al. [5] defined a 1- and a 3-factor HJM models to represent the dynamics of instantaneous delivery
futures in electricity markets. As they acknowledged that the actually traded contracts are flow futures,
meaning there is some delivery period, they used an approximation studied by Kemna and Vorst [19]
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to derive a valuation formula for such flow futures contracts. In contrast, Clewlow and Strickland [6]
applied HJM models to oil prices: they designed a methodology to search for the best number of
factors by doing a Principal Component Analysis (PCA) on their data. Koekebakker and Ollmar [21]
followed the same approach on electricity prices, while accounting for the existence of the delivery period.
Those last two articles let the volatility functions totally unspecified: the PCA leads to nonparametric
volatility functions. As they did, many authors have also looked for the best number of stochastic
factors and for the shape of the volatility coefficients: keeping them simple ensures the models can
be used operationally for risk management purposes and can allow for simple formulas for prices of
derivatives. Lucia and Schwartz [23] designed a 1- and a 2-factor models for the electricity spot price only.
Karesen and Husby [18] designed 1- to 4-factor models for electricity prices, accounted for the delivery
period, and designed an extended Kalman filter to estimate the models on data from Nordpool market.
They suggested to use 2- or 3-factor models, but had no mathematical criterion to argue. Their model
incorporates a noise process, which features market imperfections. Manoliu and Tompaidis [24] proposed
a sum of two Ornstein-Ühlenbeck mean-reverting processes to represent gas futures prices, which they
estimated on Henry Hub price data. Diko et al. [8] studied the risk premia in electricity markets with
a 3-factor model that they estimated using a two-step procedure. Kiesel et al. [20] introduced a 2-
factor model for electricity prices, which they calibrated on German market to implied volatilities. The
same model was studied by Daboussi and Féron [12] where the calibration results show instability of
the parameters, depending on the data that are considered. Benth and Koekebakker [1] discussed the
use of HJM models for futures contracts in electricity markets. They explained the implications of
various modelling choices from a practical viewpoint. Edoli et al. [9] proposed a 2-factor model similar
to the one of Kiesel et al. [20]. Their model does not allow for delivery periods, but it can account
for more commodities to be correlated. It is applied on oil prices data after many estimation methods
are described. Benth et al. [2] and Latini et al. [22] recently proposed HJM-type additive models to
jointly represent instantaneous and flow futures. The former article lists conditions so that such models
do not allow for arbitrage. It gives examples of simple models suiting their frame. The latter article
performs estimation in such an additive model with 2 factors, by minimising the difference between the
theoretical and empirical covariations of processes. Féron et al. [11] performed the efficient estimation
of a 2-factor model with stochastic volatility, working with a market model representing the dynamics
of futures contracts with a delivery duration of one month.

In the context of interest rates, Bhar and Chiarella [3] estimated HJM models on Australian interest
rates data. In their model, the volatility is a function of the level of the process. Bhar et al. [4] performed
maximum likelihood estimation of a 1-factor model on American short term interest rates data. Heitmann
and Trautmann [16] discussed estimation of HJM models on German bond data by performing a PCA,
and then by using nonlinear regression to estimate parametrically four specific models. Jeffrey et al. [17]
worked on HJM models for interest rates dynamics where the volatility is an unspecified function of the
rate level. They acknowledged that there are less Brownian motions than yield curves to be represented in
their model, which implies stochastic singularity: some deterministic relationships between yield curves
hold using the model, although they do not hold on real-world data.

In order to be able to select a relevant model, one of the main stakes is to represent the volatility
structure of prices. Among all possible models, we have to find an equilibrium between a good quality of
representation and a simple and parsimonious form. We are focusing on models in which the dynamics
of prices is driven by a sum of correlated Brownian motions, with deterministic volatility coefficients
which decrease exponentially as time to delivery increases. This class of models is very well known and
used in practice for its tractability to deal with option pricing and hedging purposes. It encompasses the
set of seminal commodity models [26, 13, 23], which are used for pricing derivatives, for example, in [7]
and more recently in [10]. Our aim is not to find the best price model, but rather to find differences and
similarities on different electricity markets by means of a quite simple class of HJM models. We focus
our study on the number of needed Brownian motions as a function of the market and the data used
in order to be parsimonious while reaching a good quality of representation. To this end, we compute
the classical Akaike information Criterion (AIC) and Bayesian information criterion (BIC), and we also
propose some additional indicators to help the user choose an efficient number of factors.

The rest of the paper is organised as follows. In section 2 we present the model and recall the corre-
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sponding dynamics of the prices for spot and futures with delivery periods. The estimation procedures
on futures prices as well as on both spot and futures prices are described in Section 3. In Section 4 we
precisely describe the data used for the estimation and the markets considered, and we show and analyse
the estimation results. Section 5 concludes this work and exposes some perspectives.

2 Model description
In this paper we use the following notations:

• Ft(T ) the unitary power futures price quoted at date t for the delivery of one megawatt-hour
(hereafter MWh) of electricity at date T ;

• St = Ft(t) the power spot price;

• Ft(T, θ) the power futures price quoted at t, delivering 1MWh during all the hours between times
T and T + θ, where θ is the length, in hours, of the delivery period.

We consider the classical Heath-Jarrow-Morton model written on the unitary futures price:

dFt(T )

Ft(T )
=

N∑
k=1

e−αk(T−t)σkdW
k
t , (1)

with N ≥ 1 the number of stochastic factors, (W k)k=1,...,N a N -dimensional Brownian motion on the
filtered space (Ω,F ,F = (Ft)t≥0,P), of which components k and k′ have correlation ρk,k′ , σk > 0, 1 ≤
k ≤ N , and 0 < α1 < · · · < αN .

By integrating Equation (1) and letting T = t, we deduce the expression of the spot price St
conditionally to Ft0 for t0 ≤ t:

St = Ft0(t) exp

{
− 1

2

N∑
k=1

N∑
k′=1

ρk,k′σkσk′
1− e−(αk+αk′ )(t−t0)

αk + αk′

+

N∑
k=1

∫ t

t0

σke
−αk(t−s)dW k

s

}
.

(2)

Applying Itô formula, we get the dynamics of the spot price, namely

dSt
St

=

(
F ′t0(t)

Ft0(t)
+

1

2

n∑
k=1

N∑
k′=1

σkσk′ρk,k′
(

1− e−(αk+αk′ )(t−t0)
))

dt+

N∑
k=1

dZkt ,

where dZkt = −αkZkt dt + σkdW
k
t . It is worth emphasising that the dynamics of the spot price can be

written as being led by a sum of Ornstein-Ühlenbeck dynamics.
Concerning the futures prices, as in [12], we can consider the non-arbitrage (discrete) relationship

between futures products prices and unitary futures prices in the form

Ft(T, θ) =
h

θ

θ/h−1∑
i=0

Ft(T + ih)

with h a duration equal to 1 hour, from which we can deduce, with (1), the dynamics of the futures
product prices:

dFt(T, θ)

Ft(T, θ)
=

1

Ft(T, θ)

h

θ

θ/h−1∑
i=0

Ft(T + ih)

N∑
k=1

e−αk(T+ih−t)σkdW
k
t

=

N∑
k=1

e−αk(T−t)σk

h
θ

θ/h−1∑
i=0

Ft(T + ih)

Ft(T, θ)
e−αkih

 dW k
t .

(3)
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3 Estimation
In this section we describe the estimation methodology based on the maximum likelihood principle and
how we compute the classical AIC and BIC in order to study the optimal number of factors. In the
case where only futures products are used to calibrate the model, the likelihood can be written under a
specific approximation as in [12]. Also, as already described in [14], we will introduce a Gaussian error
model to face the stochastic singularity (see [17]) when the number of model factors is lower than the
number of observed products.
In the case where spot prices are used as well as futures prices, the likelihood can be written by means
of a Kalman filter.

In the following we consider n+ 1 quotation dates t0, ..., tn and we use the notation ∆ti = ti − ti−1

and ∆n
i X = Xti −Xti−1 for any process X.

3.1 Likelihood of futures prices
We consider the approximation, as in [12], that the shaping factors Ft(T+ih)

Ft(T,θ)
are all equal to 1. Therefore,

the dynamics (3) can be written as

dFt(T, θ)

Ft(T, θ)
=

N∑
k=1

e−αk(T−t)σkψh(αk, θ)dW
k
t ,

with ψh(α, θ) = h
θ

1−e−αθ
1−e−αh .

By denoting XT,θ
t = log(Ft(T, θ)) and applying Itô’s lemma we get

∆n
i X

T,θ =

N∑
k=1

∫ ti

ti−1

ψ(αk, θ)e
−αk(T−t)σkdW

k
t

− 1

2

N∑
k=1

N∑
k′=1

∫ ti

ti−1

e−(αk+αk′ )(T−t)ρk,k′σkσk′ψh(αk, θ)ψh(αk′ , θ)dt.

(4)

At each time ti we suppose observing Li prices of futures products1 of which prices are Ft(T`, θ`), for
` = 1, . . . , Li. When Li > N , the model presents a stochastic singularity (already studied in [17] and
in [14] in the case of a two-factor model applied to electricity prices). In order to face this problem we
introduce a model error term and assume observing noised returns:

∆n
i Y

T`,θ` = ∆n
i X

T`,θ` + ε
T`,θ`
i ,

where εT`,θ`i are identically distributed according to a Gaussian distribution N (0, v2), where v2 is un-
known. Moreover, for all i = 1, ..., n, the variables εT`,θ`i and εT`′ ,θ`′i are independent for 1 ≤ ` < `′ ≤ Li,
as well as the variables εT`,θ`i and εT`′ ,θ`′j for 1 ≤ i < j ≤ n and 1 ≤ ` ≤ Li, 1 ≤ `′ ≤ Lj .

Therefore, the vector ∆n
i Y =

(
∆n
i Y

T1,θ1 · · ·∆n
i Y

TLi ,θLi
)′ is GaussianN (Mi,Σi) with Mi = (M `

i )1≤`≤Li ,
Σi = (Σ``

′
i )1≤`,`′≤Li and:

M `
i = E

(
∆n
i Y

T`,θ`
)

= −1

2

N∑
k=1

N∑
k′=1

ρk,k′σkσk′ψh(αk, θ`)ψh(αk′ , θ`)e
−(αk+αk′ )(T`−ti) 1− e−(αk+αk′ )∆ti

αk + αk′

(5)

1In practice the number of observed products may vary, even after removing the redundant products (e.g. a
quarter when all the corresponding monthly products are observed), see Section 4.1.
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and

Σ``
′

i = Cov
(

∆n
i Y

T`,θ` ,∆n
i Y

T`′ ,θ`′
)

= v21`=`′

+

N∑
k=1

N∑
k′=1

ρk,k′σkσk′ψh(αk, θ`)ψh(αk′ , θ`′)e
−αk(T`−ti)e−αk′ (T`′−ti)

1− e−(αk+αk′ )∆ti

αk + αk′
,

where 1`=`′ = 1 if ` = `′ and 0 otherwise. We can then deduce the opposite log-likelihood Ln of all the
observed futures returns:

Ln =

n∑
i=1

Li
2

log(2π) +
1

2
log( det Σi) +

1

2
(∆n

i Y −Mi)
′
Σi
−1 (∆n

i Y −Mi) .

3.2 Likelihood of spot prices and futures products
In this section the objective is to write the multi-factorial model in a discrete formulation with a state-
space model. The state variables are denoted Zk, 1 ≤ k ≤ N and all of them follow an Ornstein-
Ühlenbeck process:

dZkt = −αkZkt dt+ σkdW
k
t . (6)

Moreover, all initial values Z1
0 , ..., Z

N
0 are chosen to be zero. We can then rewrite Equation (4) in terms

of a space equation:

∆n
i X

T,θ =

N∑
k=1

ψh(αk, θ)e
−αk(T−ti)

(
Zkti − Z

k
ti−1

e−αk∆ti

)
− 1

2

N∑
k=1

N∑
k′=1

ρk,k′σkσk′ψh(αk, θ)ψh(αk′ , θ)e
−(αk+αk′ )(T−ti) 1− e−(αk+αk′ )∆ti

αk + αk′
.

(7)

Using the spot price expression (2) and denoting S̃t = St
Ft0 (t)

the seasonality adjusted spot price we get:

∆n
i X = log S̃ti − log S̃ti−1

=

N∑
k=1

(
Zkti − Z

k
ti−1

)
− 1

2

N∑
k=1

N∑
k′=1

ρk,k′σkσk′e
−(αk+αk′ )(ti−1−t0) 1− e−(αk+αk′ )∆ti

αk + αk′
.

(8)

For the same reasons as in the previous section, we consider a model (or measurement) error in the
observed spot prices. We assume observing ∆n

i Y defined as

∆n
i Y = ∆n

i X + εi,

where the random variable εi is distributed according to a Gaussian distribution N (0, v2) and is inde-
pendent of all random variables εT`,θ`j , j = 1, ..., n, ` = 1, ..., Lj introduced in Section 3. We must notice
that ∆n

i X cannot be considered as a price “return” because the underlying is the spot price, which stands
for a different delivery period each day. We propose to consider this element in the calibration process in
order to work with differences in price logarithms for all observed (futures and spot) prices. Therefore,
the spot “return” is considered as an additional term in relation to the previous section.

As a conclusion, the multi-factor model can be written in a state-space model formulation: let us
denote

∆n
i Y =


∆n
i Y

T1,θ1

...
∆n
i Y

TLi ,θLi

∆n
i Y

 , Zi =


Z1
ti

Z1
ti−1

...
ZNti
ZNti−1

 , (9)
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the multi-factor model can be written as follows:

∆n
i Y = Mi + FiZi + εi

Zi = AiZi−1 + ηi

with elements Mi, Fi, Ai and the covariance matrices of εi and ηi given in Appendix A.

3.3 Criteria: AIC and BIC
The number of degrees of freedom (to account for in the AIC and BIC) is a function of the number N of
factors in the model. Given a fixed N , the parameters are decomposed as follows: 2N degrees of freedom
corresponding to the αi’s and the σi’s parameters, 1 degree of freedom corresponding to parameter v,
and N(N+1)

2
degrees of freedom corresponding to the correlation matrix Σ. In total the number of degrees

of freedom is then (N + 1)(N + 2)/2. Therefore, in the case of the factorial models described above, the
AIC and BIC are given by:

AIC = (N + 1)(N + 2) + 2Ln

BIC =
1

2
(N + 1)(N + 2) logn+ 2Ln

with Ln denoting, as in the previous section, the opposite log-likelihood and n the number of quotation
dates.

4 Estimation results

4.1 Data and preprocessing description
In this section, we describe the datasets that we used and we explain how we preprocessed them before
running our estimation procedures. We also detail the process of seasonal adjustement of spot prices.

4.1.1 Description of the data

We have used data of prices in several European electricity markets, namely Belgium, France, Germany,
Italy, Switzerland and the UK. Those prices are available on the websites https://eex.com (for the
futures prices) and https://epexspot.com (for the spot prices). We collected the closing futures prices
every business day, from 2017-01-01 to 2018-12-31, for various contracts, delivering 1 MWh of electricity
over standardised periods. Those periods can be:
• the nearest (or 2nd nearest, or 3rd nearest...) week (from Monday to Sunday) that has not begun

yet. The underlying contracts are named 1 week-ahead (hereafter 1WAH), 2WAH, 3WAH, ... ;
• the nearest months that have not begun yet, corresponding to month-ahead contracts (hereafter

MAH);
• the nearest quarters (January–March, April–June, July–September, October–December) that have

not begun yet, corresponding to quarter-ahead (QAH) contracts;
• the nearest calendar years that have not begun yet, featuring year-ahead (YAH) contracts, or the

nearest season (Winter of Summer : SAH) contracts for the UK.
For each of the previous time spans, a given number of contracts are traded. For every market we
collected the following futures contracts: 1 to 4WAH, 1 to 6MAH, 1 to 4QAH and 1 to 2YAH (or 1 to
4SAH for the UK market). This leads to 16 contracts (18 for the UK) considered for the estimation.
We must notice that some data are missing, but the maximisation of the likelihood (both directly as
in Subsection 3.1 or with the Kalman filter as in Subsection 3.2) can easily deal with a set of missing
data. Indeed, in both cases one only has to consider a varying size vector of available prices at each
date. Concerning spot prices, 24 prices are issued every day, related to deliveries of 1 MWh over each of
the 24 hours of the day after. We computed the average of those 24 prices each day, featuring the price
of the delivery of 1 MWh over the following day.
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4.1.2 Preprocessing of data

Having collected the same number of prices each day, we faced some redundancy as it happens that

• three monthly contracts exactly cover a quarter contract;

• four quarterly contracts exactly cover a calendar contract.

When we face one of those cases during two consecutive days, we remove the product with longest
delivery period (respectively, in the two previous cases, the quarter and the calendar products) on each
of those days. By doing so, we can then compute returns of the prices while using the greatest amount
of information while avoiding redundancy. Also, we computed the returns at dates of changing products,
caring for the specific change. For example, at a date of a month change, e.g. 2017-02-01, we compute
the returns between the 2-MAH and the 1MAH, both corresponding to the same futures contract, e.g.
March 2017. By doing so, we optimise the quantity of information available in the data, but we do not
have the same number Li of returns each day. As explained earlier, this is acknowledged and easily dealt
with in the computation of the log-likelihood.

4.1.3 Seasonal adjustment of spot prices

In the estimation procedure using only futures prices, returns are computed as described in Subsec-
tion 3.1. But when spot prices are used, it is necessary to use Kalman filtering as explained in Sub-
section 3.2, and then we have to remove the seasonality from spot prices. To do so, we assume that
the daily spot price St at time t is given by St = S̃tFt0(t), where S̃t is the residual that is modelled in
Subsection 3.2 and Ft0(t) is the seasonality term, which we represent with dummy variables as

Ft0(t) = yyear(t)mmonth(t)dweekday(t),

where yyr is a coefficient associated to the year yr, mmh is associated to the month mh ∈ {1, ..., 12},
hwd is associated to the weekday wd ∈ {1, ..., 7}. Moreover, year(t) refers to the year to which t belongs,
month(t) is the number of its month, weekday(t) is the number of its day (Monday being day 1 and
Sunday being day 7). Furthermore, we assume that

1

12

12∑
j=1

mj = 1 and
1

7

7∑
j=1

dj = 1.

All the coefficients are estimated with a Least Square procedure under the constraints described above.
The spot returns are then computed on the residual S̃t.

4.2 Results
For each market, we run the likelihood maximisation on futures prices and on both futures and spot
prices, as described respectively in Subsections 3.1 and 3.2, considering from 2 to 10 factors, and we
compute the AIC and BIC. The estimation results are given in Appendix B. The graphs show the
computed AIC and BIC as a function of the number of factors and the data used (with the notation “F”
meaning only futures prices are used, and “F+S” meaning both spot and futures prices are used). Also,
in order to simplify the analysis, the estimated parameters are given for 2 to 6 factors only.

As a global remark on all the markets considered in this paper, we can observe that the BIC allows
us to discriminate and find the optimal number of factors, contrary to the AIC. In Table 1, first row, we
show the optimal number of factors according to the BIC. According to the BIC, the obtained optimal
number of factors is equal to 5 for all the markets considered, except in Switzerland where it is equal to
6 when using spot and futures prices. In the second row of Table 1 we show the smaller number N of
factors where a correlation close to 1 or -1 appears in the estimated correlation matrix. Except for the
German market, the obtained values are smaller than the BIC-optimal N and highlight the fact that
only 3 or 4 factors are sufficient to represent the random behaviour of the prices. The additional factors
only allow to adjust the volatility function in order to compensate the difficulty of the factorial model
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(with only exponential volatility functions) to represent the observed volatility, which may incorporate
non-monotonic behaviours.

One, quite surprising, result with the BIC-optimal N is that considering spot prices in the estimation
does not increase the optimal number of factors, except in Switzerland. However, some other information
leads us to see a more intuitive effect of considering spot prices in the estimation. Indeed, the last row
of Table 1 shows that considering the spot prices in the estimation adds a random factor in the model.
This is also emphasised when looking at the values of the estimated parameters, especially for small N .
Indeed, when we compare the estimated parameters with N − 1 factors on futures prices, and the ones
with N factors on spot and futures prices (for N = 3 in the German market, see Table 8, and at least for
N = 4 for all the other markets) we can see that the first N − 1 factors are very similar, and that when
the spot prices are used, the additional N th factor has a very high value of αN which is characteristic of
the spot prices.

Be Fra Ger Ita Sw UK

F F+S F F+S F F+S F F+S F F+S F F+S

BIC-optimal N 5 5 5 5 5 5 5 5 5 6 5 5
smaller N , max |ρkk′ | ≥ 0.99 3 4 4 5 4 - 3 4 3 4 4 5

Table 1: Optimal number N of factors according to the BIC (first row) and smaller N where
there is a correlation greater than 0.99 between two factors.

On all the considered markets (at least for N ≥ 3), the first factor is a long-term factor with α1 very
close to 0, and σ1 is approximately equal to the volatility of the long-term contracts 1YAH and 2YAH.
This seems to confirm the form of classical models like the ones described, for example, in Schwartz
and Smith [25] and more recently in Kiesel et al. [20] and Féron et al. [11], where the first factor is
considered with α1 = 0. Also, we can observe a relative stability in the calibration of the first two
factors, while the remaining factors show parameter instability when N varies. When we focus our
analysis on N = 5 (i.e. the BIC-optimal number of factors for all the markets), we can observe that the
first factor generally presents a weak correlation with the other factors, and that the last three factors
are highly correlated, which can explain the instability in the values of mean-reverting and volatility
parameters. One exception can be observed in the German market, where the correlations are relatively
high for all the factors in the estimation on futures prices, whereas the first factors is more decorrelated
from the other ones in the estimation on spot and futures prices. On the contrary, in the Italian market,
the considering or missing the spot prices does not significantly change the parameter values.

We may compare our results to the ones available in the literature. In Kiesel et al. [20] the authors
perform a calibration on German option prices on futures contracts, they get a set of parameters,
presented in their Table 2, that we can compare to ours with N = 2 (Futures-only line in Tables 8
and 9). While they choose σ1 to be equal to 0, we estimate it to be very close to 0 as well. Also,
they choose the correlation between the two factors to be zero, while our estimation results leads to a
relatively weak correlation (0.13). There is a difference of 20% between their estimated value of σ1 and
ours. Their estimated value of α2 is approximately 24 times higher than ours, and their value for σ2 is
almost 4 times higher than ours. The main differences may come from the fact that we considered short
term (weak-ahead contracts) in our estimation, also their dataset was collected approximately 13 years
before ours, and specially their calibration was done using implied volatilities on European options (i.e.
the authors calibrate the model in the risk-neutral probability) whereas we use maximum likelihood (to
calibrate the model in the historical probability).

In Féron and Daboussi [12] the calibration of the same two-factor model is done on marginal volatil-
ities of futures contracts and on spot prices in the French and UK markets. Once again the authors
considered α1 = 0, which is confirmed by our estimation results on the futures prices, but is contradicted
for the calibration on spot and futures prices (when we consider only 2 factors). They also considered
a null correlation between the two factors, which is contradicted by our estimation results, especially
when considering spot prices where the estimated correlations are -0.38 and -0.44 respectively in the
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French and the UK markets. When we compare with our estimation result with N = 5, the estimated
parameters in [11] and in this paper are quite similar when considering only futures prices, especially for
the mean-reverting values.

It is also possible to draw a comparison between Diko et al. [8] and us. Diko et al. estimate a 3-factor
model on French, German and Dutch data. Their estimation setting is somewhat similar to ours, as
they use Kalman filtering as well. Yet they use only very short-term contracts, namely day-ahead ones.
We compare their parameters, presented in their Table 3, to the ones we got for N = 3 for France
(Futures+Spot line in Tables 5 and 6) and Germany (Futures+Spot line in Tables 8 and 9). Although
values of coefficients α and σ are different, when comparing both coefficients sets, they seldom differ
from more than 33% and the orders of magnitude of the coefficients are preserved, meaning for instance
that the ratios α2

α1
are close for each country. We can make similar comments for α3

α2
of for the volatility

coefficients.

5 Conclusion
In this paper, we studied the number of factors to be considered in the specific class of factorial HJM
models, widely used in practice and in the literature of pricing and risk management in the power
markets. We focused the study on 6 power markets in Europe and applied the classical methods of
likelihood maximisation to estimate the parameters, from which we declined the AIC and BIC for
selecting the optimal number of factors. We also proposed, in the analysis, some other information which
can be helpful to study the needed number of factors and their characteristics. We then formulate some
observations that are common to all the considered markets. The main result is that the optimal number,
according to the classical BIC, is around 5, for all the markets considered and when the estimation is
done on futures prices as well as on both spot and futures prices. This number is significantly lower
than the number of prices considered in the calibration (between 16 and 19 contracts, depending on
the market and the consideration or not of the spot prices). The optimal number of factors can also
be discussed, especially when observing the characteristics of the last factors (with the highest values
of the mean-reverting parameter). Indeed the last factors present high (even quasi perfect) correlation,
and seem to be only useful to compensate the difficulties of the model (with only exponential volatility
functions) to fit the observed volatilities. The number of significant “random factors” is smaller than 5,
and considering the spot prices in the estimation leads to one additional random factor to account for.
Therefore, in the case of this specific class of factorial HJM models, an acceptable number of factors to
take into account may be 3 or 4 when considering only futures prices, and with one additional factor
when considering spot prices. The first factor can be considered as a constant volatility function, with a
zero-value for the mean-reverting parameter. Moreover, one must assume non-zero correlations between
the different factors.

Obviously the considered model class is restrictive, although widely used. The objective of future
work is to consider other forms of volatility functions in order to better fit the observed data. Also,
one future objective is to consider an HJM factorial model jointly on several markets, and study, by
this way, the optimal number of factors to represent several markets prices. We expect, because of
interconnections and market price convergence, to get a smaller optimal number of needed factors than
the sum of optimal numbers computed independently to each market.
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A Kalman filter for the likelihood of spot and futures prices
Let us use the notation (9) and rewrite the state-space formulation described in Section 3.2:

∆n
i Y = Mi + FiZi + εi

Zi = AiZi−1 + ηi

with εi ∼ N (0,Qεi) and εi ∼ N (0,Qηi). The objective of this appendix is to precisely describe all the
elements of the state-space model.

A.1 Elements of the space equation
∆n
i Y is a vector of size Li + 1, corresponding to the number of observed futures returns at date ti and

the spot price “return”. The first Li components correspond to the futures prices returns and the last
component corresponds to the spot. The mean vector Mi then has its Li first components defined in
Equation (5) and its last component defined, accordingly, by the last term in Equation (7).
Concerning matrix Fi, we propose to express it into two different linear forms Fi = ((Ffi )′, (Fsi )

′)′

corresponding to the futures products and the spot, respectively.
Using Relation (7) we have

Ffi = GfiH
f
i

with Gfi a (Li ×N) matrix:

Gfi =

 ψ(α1, θ1)e−α1(T1−ti) . . . ψ(αN , θ1)e−αN (T1−ti)

... . . .
...

ψ(α1, θLi)e
−α1(TLi−ti) . . . ψ(αN , θLi)e

−αN (TLi−ti)


and Hf

i a (N × 2N) matrix:

Hf
i =



1 −e−α1∆ti 0 . . . . . . . . . 0
0 0 1 −e−α2∆ti 0 . . . 0
...

...
. . . 0 . . . . . .

...
...

...
...

. . .
. . . 0 0

0 . . . . . . . . . 0 1 −e−αN∆ti


.

The matrix Hf
i may not depend on time if the time step ∆ti is constant. However, Gfi depends on time

because of the maturity terms T` − ti.
Concerning the part Fsi dedicated to the spot prices, we can use the same decomposition using Rela-
tion (8):

Fsi = GsiH
s
i

with Gsi = 1′N the transpose of a N -dimensional vector composed of ones, and Hs
i a (N × 2N) matrix:

Hs
i =



1 −1 0 . . . . . . . . . 0
0 0 1 −1 0 . . . 0
...

...
. . . 0 . . . . . .

...
...

...
...

. . .
. . . 0 0

0 . . . . . . . . . 0 1 −1

 .

In the calibration tests, we assume that the variance of the model errors is identical for all obeserved
products, i.e.

Qεi = v2Ii

with Ii the (Li + 1)× (Li + 1) identity matrix.
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A.2 Elements of the state equation
Using the solution of the Ornstein-Ühlenbeck processes on the factors Zk defined in (6) we get

Ai =



e−α1∆ti 0 . . . . . . . . . . . . 0

1 0
. . . . . . . . . . . . 0

...
... e−α2∆ti 0 . . . . . .

...
...

... 1 0 . . . . . .
...

...
...

...
. . .

. . . . . .
...

0 . . . . . . . . . 0 e−αN∆ti 0
0 . . . . . . . . . . . . 1 0


.

If the time step ∆ti is constant, then the matrix Ai = A is also constant.
The (2N × 2N) covariance matrix Qηi is also deduced from the dynamics of the Ornstein-Ühlenbeck
processes. For 1 ≤ k, k′ ≤ N ,

Q2k−1,2k′−1
ηi = ρk,k′σkσk′

1− e−(αk+αk′ )∆ti

αk + αk′
,

Q2k−1,2k′
ηi = Q2k,2k′−1

ηi = Q2k,2k′
ηi = 0.
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B Estimation results

B.1 Belgian Power market data, 2017-2018

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 14.07 399.49
2 F 6.48 42.82
3 S+F 6.68 42.33 256.47
3 F 0.39 25.69 27.00
4 S+F 0.42 26.34 27.43 262.24
4 F 0.40 28.11 51.34 53.11
5 S+F 0.43 23.48 63.15 91.47 100.14
5 F 0.41 38.89 51.35 75.90 80.96
6 S+F 0.40 29.37 51.97 53.77 122.94 127.90
6 F 0.41 41.42 54.14 70.28 70.50 77.44
7 S+F 0.39 32.90 45.43 48.09 48.09 125.44 130.18
7 F 0.40 39.52 55.15 68.14 70.99 71.44 82.01
8 S+F 0.34 25.06 51.24 76.40 83.56 114.47 129.12 129.66
8 F 0.19 19.05 20.74 56.56 60.88 68.01 68.78 89.42
9 S+F 0.35 24.20 56.81 83.18 83.45 95.95 110.59 112.26 128.05
9 F 0.16 7.39 43.96 52.72 60.86 69.24 69.70 76.10 83.33
10 S+F 0.37 26.64 57.73 80.02 80.04 99.91 108.33 109.79 110.18 124.28
10 F 0.16 7.21 44.94 52.82 58.15 61.21 65.83 75.70 79.88 83.85

Table 2: Estimated values of αi (yr−1) in Belgian Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.

Estimation on futures prices Estimation on spot and futures prices

Figure 1: AIC-BIC on Belgian Power market data
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N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 1.20 4.26
2 F 0.81 2.77
3 S+F 0.84 2.75 4.92
3 F 0.20 42.51 44.18
4 S+F 0.21 53.10 54.79 4.91
4 F 0.21 10.59 301.83 295.88
5 S+F 0.21 4.27 55.86 262.63 213.18
5 F 0.21 63.63 203.97 918.09 791.13
6 S+F 0.21 12.79 361.83 358.17 188.11 182.96
6 F 0.21 100.01 419.30 899.62 365.49 736.55
7 S+F 0.20 38.75 358.02 170.24 180.70 219.19 211.53
7 F 0.21 66.11 389.17 744.34 297.68 319.19 309.40
8 S+F 0.20 7.35 54.73 100.53 118.34 377.89 356.42 605.27
8 F 0.18 54.74 68.05 260.48 92.96 194.32 174.98 175.83
9 S+F 0.20 6.06 80.82 220.29 142.93 147.39 199.08 207.97 268.67
9 F 0.17 0.81 191.47 508.38 172.02 269.92 247.37 237.65 418.93
10 S+F 0.20 8.37 114.48 222.47 145.96 141.62 184.61 175.41 138.08 318.63
10 F 0.17 0.78 250.10 640.00 254.85 322.33 342.88 263.80 104.11 406.76

Table 3: Estimated values of σi (yr−1/2) in Belgian Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.
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N Estimation on futures prices estimation on spot and futures prices

2
[

1.00 −0.31
−0.31 1.00

] [
1.00 −0.44
−0.44 1.00

]

3

 1.00 −0.03 0.04
−0.03 1.00 −1.00
0.04 −1.00 1.00

  1.00 −0.35 0.07
−0.35 1.00 −0.71
0.07 −0.71 1.00



4


1.00 −0.10 0.15 −0.15
−0.10 1.00 −0.93 0.93
0.15 −0.93 1.00 −1.00
−0.15 0.93 −1.00 1.00




1.00 −0.02 0.03 −0.10
−0.02 1.00 −1.00 0.49
0.03 −1.00 1.00 −0.50
−0.10 0.49 −0.50 1.00



5


1.00 −0.05 0.06 −0.05 0.05
−0.05 1.00 −0.98 0.91 −0.90
0.06 −0.98 1.00 −0.97 0.96
−0.05 0.91 −0.97 1.00 −1.00
0.05 −0.90 0.96 −1.00 1.00




1.00 −0.09 0.17 −0.17 0.17
−0.09 1.00 −0.85 0.76 −0.74
0.17 −0.85 1.00 −0.98 0.96
−0.17 0.76 −0.98 1.00 −1.00
0.17 −0.74 0.96 −1.00 1.00



6


1.00 −0.04 0.04 0.05 −0.22 0.03
−0.04 1.00 −0.99 0.83 0.66 −0.93
0.04 −0.99 1.00 −0.89 −0.62 0.98
0.05 0.83 −0.89 1.00 0.22 −0.95
−0.22 0.66 −0.62 0.22 1.00 −0.50
0.03 −0.93 0.98 −0.95 −0.50 1.00




1.00 0.02 −0.04 0.05 −0.20 0.19
0.02 1.00 −0.92 0.91 0.34 −0.38
−0.04 −0.92 1.00 −1.00 −0.23 0.29
0.05 0.91 −1.00 1.00 0.20 −0.26
−0.20 0.34 −0.23 0.20 1.00 −1.00
0.19 −0.38 0.29 −0.26 −1.00 1.00


Table 4: Estimation of correlation matrices in Belgian Power market data, on only futures (left)
and spot and futures prices (right).
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B.2 French Power market data, 2017-2018

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 13.37 446.29
2 F 0.60 27.08
3 S+F 0.61 25.62 385.49
3 F 0.08 16.31 59.05
4 S+F 0.14 21.13 77.31 217.60
4 F 0.06 9.56 64.21 66.12
5 S+F 0.05 8.81 67.33 111.77 115.19
5 F 0.06 10.24 92.31 104.11 113.69
6 S+F 0.07 9.52 74.68 97.00 99.12 113.17
6 F 0.05 10.90 85.83 107.38 108.92 111.46
7 S+F 0.06 9.52 70.44 74.30 116.53 116.55 123.01
7 F 0.05 10.39 91.48 104.08 104.30 110.53 115.88
8 S+F 0.07 9.09 72.55 75.13 75.49 114.09 114.09 124.42
8 F 0.05 10.44 89.04 100.61 105.18 111.48 119.78 125.43
9 S+F 0.06 10.60 79.51 110.36 111.03 140.16 140.18 158.29 161.08
9 F 0.05 11.05 97.14 110.36 113.18 141.52 141.70 147.44 205.06
10 S+F 0.06 10.13 81.84 104.70 111.95 126.69 148.95 153.13 153.13 175.15
10 F 0.00 10.57 96.08 109.47 109.50 150.93 151.55 151.59 160.08 215.62

Table 5: Estimated values of αi (yr−1) in French Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 1.10 4.37
2 F 0.24 1.65
3 S+F 0.24 1.54 4.62
3 F 0.17 1.23 3.16
4 S+F 0.18 1.61 4.86 6.37
4 F 0.17 0.77 163.51 168.45
5 S+F 0.17 0.69 19.37 429.53 412.92
5 F 0.17 0.84 402.83 1088.44 702.49
6 S+F 0.17 0.76 51.19 140.30 52.75 109.46
6 F 0.17 0.91 162.90 1231.64 567.02 1491.16
7 S+F 0.17 0.77 114.47 123.69 120.41 78.52 159.38
7 F 0.17 0.85 356.41 833.43 372.83 431.07 342.82
8 S+F 0.17 0.72 218.17 133.27 155.90 96.15 68.79 107.32
8 F 0.17 0.86 256.00 443.63 210.69 180.08 141.03 79.70
9 S+F 0.17 0.89 75.18 186.04 190.45 268.94 342.15 342.18 650.07
9 F 0.17 0.94 430.29 687.47 333.50 318.86 254.12 150.13 236.95
10 S+F 0.17 0.84 91.31 214.93 134.72 150.45 155.38 123.34 78.75 230.77
10 F 0.16 0.89 347.01 494.53 239.97 255.99 201.25 109.76 64.25 215.09

Table 6: Estimated values of σi (yr−1/2) in French Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.
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Estimation on futures prices Estimation on spot and futures prices

Figure 2: AIC-BIC on French Power market data

N Estimation on futures prices estimation on spot and futures prices

2
[
1.00 0.17
0.17 1.00

] [
1.00 −0.38
−0.38 1.00

]

3

 1.00 0.20 −0.01
0.20 1.00 −0.37
−0.01 −0.37 1.00

  1.00 0.16 −0.11
0.16 1.00 −0.52
−0.11 −0.52 1.00



4


1.00 −0.02 0.21 −0.20
−0.02 1.00 −0.32 0.32
0.21 −0.32 1.00 −1.00
−0.20 0.32 −1.00 1.00




1.00 0.23 −0.08 −0.03
0.23 1.00 −0.47 0.12
−0.08 −0.47 1.00 −0.81
−0.03 0.12 −0.81 1.00



5


1.00 0.01 0.12 −0.10 0.09
0.01 1.00 −0.42 0.43 −0.44
0.12 −0.42 1.00 −1.00 0.99
−0.10 0.43 −1.00 1.00 −1.00
0.09 −0.44 0.99 −1.00 1.00




1.00 0.01 0.12 −0.09 0.09
0.01 1.00 −0.14 0.15 −0.15
0.12 −0.14 1.00 −0.94 0.94
−0.09 0.15 −0.94 1.00 −1.00
0.09 −0.15 0.94 −1.00 1.00



6


1.00 0.06 0.03 0.01 0.01 −0.02
0.06 1.00 −0.51 0.56 0.26 −0.51
0.03 −0.51 1.00 −0.95 −0.82 1.00
0.01 0.56 −0.95 1.00 0.61 −0.96
0.01 0.26 −0.82 0.61 1.00 −0.80
−0.02 −0.51 1.00 −0.96 −0.80 1.00




1.00 −0.00 0.19 −0.15 −0.16 0.17
−0.00 1.00 −0.28 0.11 0.63 −0.33
0.19 −0.28 1.00 −0.91 −0.55 0.98
−0.15 0.11 −0.91 1.00 0.17 −0.95
−0.16 0.63 −0.55 0.17 1.00 −0.46
0.17 −0.33 0.98 −0.95 −0.46 1.00


Table 7: Estimation of correlation matrices in French Power market data, on only futures (left)
and spot and futures prices (right).
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B.3 German Power market data, 2017-2018

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 8.68 846.80
2 F 0.00 33.23
3 S+F 0.00 31.72 712.80
3 F 0.00 34.58 66.46
4 S+F 0.00 38.02 108.36 266.33
4 F 0.00 16.62 56.41 68.23
5 S+F 0.00 27.56 44.33 84.93 240.48
5 F 0.00 21.18 30.50 44.35 49.00
6 S+F 0.00 9.28 86.75 99.42 115.69 184.67
6 F 0.00 18.52 76.91 88.68 116.14 161.51
7 S+F 0.00 25.24 59.05 92.80 125.62 152.48 224.05
7 F 0.00 17.31 74.39 83.42 118.48 172.61 249.74
8 S+F 0.00 21.51 50.71 89.55 107.33 153.81 203.07 266.38
8 F 0.00 16.88 71.38 79.72 113.56 169.94 268.84 372.44
9 S+F 0.00 21.28 61.21 81.18 81.21 207.43 215.45 239.66 386.79
9 F 0.00 21.63 61.47 82.91 139.31 227.11 344.01 452.34 555.15
10 S+F 0.00 20.77 61.61 100.32 106.24 173.94 173.95 177.25 184.89 303.46
10 F 0.00 21.63 61.47 82.91 139.31 227.11 344.01 452.34 555.15 655.88

Table 8: Estimated values of αi (yr−1) in German Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 0.61 9.18
2 F 0.18 1.32
3 S+F 0.18 1.25 8.98
3 F 0.18 2.77 5.09
4 S+F 0.19 2.71 10.12 12.28
4 F 0.18 1.00 19.66 23.04
5 S+F 0.18 4.04 10.62 13.46 11.59
5 F 0.19 6.73 28.78 122.52 103.35
6 S+F 0.19 0.41 46.25 61.59 28.32 24.67
6 F 0.18 1.12 66.54 86.04 26.35 45.06
7 S+F 0.19 2.05 13.07 26.34 20.23 9.28 11.73
7 F 0.18 1.00 59.83 69.88 17.81 21.63 17.20
8 S+F 0.18 1.62 8.15 12.48 5.66 4.16 5.84 6.16
8 F 0.18 0.96 50.29 57.38 16.84 16.77 13.12 9.19
9 S+F 0.18 1.60 22.85 23.21 12.43 14.18 16.45 6.83 23.97
9 F 0.18 1.66 21.22 30.93 10.39 16.34 11.55 7.70 5.15
10 S+F 0.18 1.46 15.71 29.35 18.48 15.66 22.51 19.64 9.30 29.09
10 F 0.18 1.66 21.22 30.93 10.39 16.34 11.55 7.70 5.15 3.41

Table 9: Estimated values of σi (yr−1/2) in German Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.
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Figure 3: AIC-BIC on German Power market data

N Estimation on futures prices estimation on spot and futures prices

2
[
1.00 0.13
0.13 1.00

] [
1.00 −0.14
−0.14 1.00

]

3

 1.00 0.19 −0.14
0.19 1.00 −0.86
−0.14 −0.86 1.00

  1.00 0.12 −0.01
0.12 1.00 −0.33
−0.01 −0.33 1.00



4


1.00 −0.15 0.30 −0.30
−0.15 1.00 −0.62 0.57
0.30 −0.62 1.00 −0.99
−0.30 0.57 −0.99 1.00




1.00 0.50 −0.59 0.49
0.50 1.00 −0.82 0.58
−0.59 −0.82 1.00 −0.86
0.49 0.58 −0.86 1.00



5


1.00 −0.58 0.50 −0.30 0.26
−0.58 1.00 −0.90 0.71 −0.66
0.50 −0.90 1.00 −0.94 0.91
−0.30 0.71 −0.94 1.00 −1.00
0.26 −0.66 0.91 −1.00 1.00




1.00 −0.13 0.21 −0.24 0.15
−0.13 1.00 −0.92 0.75 −0.53
0.21 −0.92 1.00 −0.92 0.67
−0.24 0.75 −0.92 1.00 −0.84
0.15 −0.53 0.67 −0.84 1.00



6


1.00 −0.12 0.38 −0.43 0.29 0.16
−0.12 1.00 −0.60 0.54 0.53 −0.62
0.38 −0.60 1.00 −0.98 −0.55 0.97
−0.43 0.54 −0.98 1.00 0.39 −0.94
0.29 0.53 −0.55 0.39 1.00 −0.65
0.16 −0.62 0.97 −0.94 −0.65 1.00




1.00 −0.10 0.36 −0.53 0.59 −0.02
−0.10 1.00 0.27 −0.24 −0.11 0.20
0.36 0.27 1.00 −0.93 −0.28 0.90
−0.53 −0.24 −0.93 1.00 −0.08 −0.79
0.59 −0.11 −0.28 −0.08 1.00 −0.46
−0.02 0.20 0.90 −0.79 −0.46 1.00


Table 10: Estimation of correlation matrices in German Power market data, on only futures
(left) and spot and futures prices (right).
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B.4 Italian Power market data, 2017-2018

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 4.95 437.78
2 F 0.23 20.11
3 S+F 0.24 18.87 373.41
3 F 0.23 55.99 58.48
4 S+F 0.23 55.39 59.28 205.18
4 F 0.11 36.33 44.82 47.56
5 S+F 0.10 45.11 50.23 72.26 84.41
5 F 0.10 35.95 60.98 75.55 86.66
6 S+F 0.12 42.88 50.23 53.06 67.76 89.53
6 F 0.11 46.91 56.96 68.16 68.18 78.01
7 S+F 0.12 39.76 54.16 54.17 68.76 68.84 89.35
7 F 0.10 45.13 55.64 68.45 68.53 77.77 88.43
8 S+F 0.10 42.88 58.50 65.92 73.24 73.25 100.87 136.25
8 F 0.10 50.95 63.30 79.13 83.31 118.32 120.01 160.54
9 S+F 0.11 43.13 55.22 70.82 86.73 87.69 102.59 112.82 132.09
9 F 0.10 47.94 66.08 89.62 97.19 108.39 119.59 119.63 145.57
10 S+F 0.11 44.00 54.80 70.90 83.37 92.54 92.55 96.19 115.18 137.19
10 F 0.10 44.90 66.99 89.67 100.25 116.71 116.99 117.53 139.48 157.31

Table 11: Estimated values of αi (yr−1) in Italian Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 0.40 2.36
2 F 0.15 0.71
3 S+F 0.15 0.66 2.45
3 F 0.15 60.45 62.69
4 S+F 0.15 39.50 42.11 4.04
4 F 0.14 52.05 298.87 250.98
5 S+F 0.14 145.10 240.70 236.74 142.01
5 F 0.14 17.34 235.70 566.44 359.57
6 S+F 0.14 81.77 188.59 150.19 173.61 67.45
6 F 0.14 194.06 786.40 726.11 498.12 597.41
7 S+F 0.14 32.21 75.58 93.16 92.72 89.19 73.03
7 F 0.14 133.54 500.32 318.00 486.42 321.93 136.57
8 S+F 0.14 55.77 299.96 108.77 261.92 211.64 291.26 91.25
8 F 0.14 178.71 640.32 314.59 666.30 583.64 275.13 392.96
9 S+F 0.14 73.68 265.03 309.34 190.87 121.40 164.39 166.84 148.54
9 F 0.14 84.61 478.11 1091.16 710.84 1075.43 685.36 291.53 697.14
10 S+F 0.14 91.83 292.59 326.47 152.87 73.93 120.12 125.33 112.76 98.73
10 F 0.14 50.35 391.72 900.90 448.21 799.32 499.77 255.85 268.38 370.86

Table 12: Estimated values of σi (yr−1/2) in Italian Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.
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Figure 4: AIC-BIC on Italian Power market data

N Estimation on futures prices estimation on spot and futures prices

2
[
1.00 0.13
0.13 1.00

] [
1.00 −0.26
−0.26 1.00

]

3

 1.00 0.21 −0.21
0.21 1.00 −1.00
−0.21 −1.00 1.00

  1.00 0.11 −0.08
0.11 1.00 −0.44
−0.08 −0.44 1.00



4


1.00 −0.00 0.02 −0.03
−0.00 1.00 −0.99 0.99
0.02 −0.99 1.00 −1.00
−0.03 0.99 −1.00 1.00




1.00 0.22 −0.22 0.11
0.22 1.00 −1.00 0.75
−0.22 −1.00 1.00 −0.76
0.11 0.75 −0.76 1.00



5


1.00 0.06 −0.03 0.03 −0.04
0.06 1.00 −0.98 0.96 −0.94
−0.03 −0.98 1.00 −1.00 0.99
0.03 0.96 −1.00 1.00 −1.00
−0.04 −0.94 0.99 −1.00 1.00




1.00 0.20 −0.19 0.17 −0.16
0.20 1.00 −1.00 0.98 −0.97
−0.19 −1.00 1.00 −0.99 0.98
0.17 0.98 −0.99 1.00 −1.00
−0.16 −0.97 0.98 −1.00 1.00



6


1.00 0.13 −0.13 0.31 −0.12 −0.15
0.13 1.00 −1.00 0.98 0.91 −0.98
−0.13 −1.00 1.00 −0.98 −0.93 0.99
0.31 0.98 −0.98 1.00 0.85 −0.97
−0.12 0.91 −0.93 0.85 1.00 −0.95
−0.15 −0.98 0.99 −0.97 −0.95 1.00




1.00 0.24 −0.73 0.92 −0.15 0.07
0.24 1.00 −0.84 −0.13 0.90 −0.91
−0.73 −0.84 1.00 −0.43 −0.55 0.59
0.92 −0.13 −0.43 1.00 −0.51 0.45
−0.15 0.90 −0.55 −0.51 1.00 −0.99
0.07 −0.91 0.59 0.45 −0.99 1.00


Table 13: Estimation of correlation matrices in Italian Power market data, on only futures (left)
and spot and futures prices (right).
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B.5 Swiss Power market data, 2017-2018

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 6.56 581.44
2 F 0.12 16.51
3 S+F 0.14 15.57 541.17
3 F 0.04 38.29 39.82
4 S+F 0.06 39.30 41.81 345.60
4 F 0.07 29.26 48.49 52.33
5 S+F 0.09 34.34 46.69 59.06 232.12
5 F 0.07 24.70 71.25 96.08 100.35
6 S+F 0.08 17.23 70.49 72.59 166.85 174.06
6 F 0.06 17.96 84.57 97.93 103.43 104.51
7 S+F 0.07 16.15 79.72 96.14 145.11 152.19 166.53
7 F 0.05 16.98 82.96 92.60 94.18 94.99 119.67
8 S+F 0.05 14.89 80.60 95.56 149.06 152.82 168.58 177.70
8 F 0.05 17.52 83.08 97.32 98.06 105.10 111.26 111.61
9 S+F 0.06 14.67 79.22 97.79 145.05 152.55 186.90 198.60 228.18
9 F 0.06 17.43 98.80 115.63 117.71 138.75 141.56 154.29 179.12
10 S+F 0.06 16.47 86.58 97.49 185.05 268.60 278.69 278.74 287.99 357.33
10 F 0.05 15.77 101.17 117.09 117.39 147.10 147.21 151.44 171.04 184.88

Table 14: Estimated values of αi (yr−1) in Swiss Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 0.60 4.80
2 F 0.17 0.85
3 S+F 0.18 0.80 4.84
3 F 0.16 51.25 52.31
4 S+F 0.17 33.78 34.95 4.74
4 F 0.17 7.49 86.84 82.70
5 S+F 0.17 14.92 44.07 33.34 6.58
5 F 0.17 2.79 88.87 804.38 726.08
6 S+F 0.17 1.22 293.04 309.22 222.69 209.51
6 F 0.17 1.31 274.21 1040.39 271.57 532.36
7 S+F 0.17 1.10 100.86 193.77 166.16 167.72 236.95
7 F 0.17 1.18 231.69 609.42 133.13 201.91 112.02
8 S+F 0.17 0.96 99.23 174.17 87.10 123.10 79.17 174.48
8 F 0.17 1.25 192.85 604.05 126.35 209.07 130.58 85.38
9 S+F 0.17 0.93 65.44 122.18 57.96 54.17 58.27 45.41 71.03
9 F 0.17 1.23 478.50 1347.50 312.25 608.07 488.61 294.99 494.15
10 S+F 0.17 1.10 155.13 218.51 208.96 94.23 92.54 92.94 76.41 172.55
10 F 0.17 1.03 507.16 1291.24 360.37 671.36 546.83 310.45 334.85 316.65

Table 15: Estimated values of σi (yr−1/2) in Swiss Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.
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Figure 5: AIC-BIC on Swiss Power market data

N Estimation on futures prices estimation on spot and futures prices

2
[
1.00 0.12
0.12 1.00

] [
1.00 −0.21
−0.21 1.00

]

3

 1.00 0.25 −0.25
0.25 1.00 −1.00
−0.25 −1.00 1.00

  1.00 0.10 −0.02
0.10 1.00 −0.33
−0.02 −0.33 1.00



4


1.00 −0.16 0.28 −0.29
−0.16 1.00 −0.91 0.88
0.28 −0.91 1.00 −1.00
−0.29 0.88 −1.00 1.00




1.00 0.24 −0.25 0.06
0.24 1.00 −1.00 0.40
−0.25 −1.00 1.00 −0.42
0.06 0.40 −0.42 1.00



5


1.00 −0.06 0.22 −0.23 0.22
−0.06 1.00 −0.75 0.69 −0.68
0.22 −0.75 1.00 −0.99 0.99
−0.23 0.69 −0.99 1.00 −1.00
0.22 −0.68 0.99 −1.00 1.00




1.00 −0.12 0.20 −0.24 0.19
−0.12 1.00 −0.96 0.90 −0.54
0.20 −0.96 1.00 −0.98 0.66
−0.24 0.90 −0.98 1.00 −0.74
0.19 −0.54 0.66 −0.74 1.00



6


1.00 −0.05 0.29 −0.29 0.33 0.25
−0.05 1.00 −0.48 0.46 −0.59 −0.36
0.29 −0.48 1.00 −1.00 0.91 0.99
−0.29 0.46 −1.00 1.00 −0.93 −0.99
0.33 −0.59 0.91 −0.93 1.00 0.85
0.25 −0.36 0.99 −0.99 0.85 1.00




1.00 −0.15 0.46 −0.47 0.45 −0.44
−0.15 1.00 −0.43 0.42 −0.16 0.15
0.46 −0.43 1.00 −1.00 0.79 −0.76
−0.47 0.42 −1.00 1.00 −0.80 0.77
0.45 −0.16 0.79 −0.80 1.00 −1.00
−0.44 0.15 −0.76 0.77 −1.00 1.00


Table 16: Estimation of correlation matrices in Swiss Power market data, on only futures (left)
and spot and futures prices (right).
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B.6 UK market data, 2017-2018

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 1.09 259.64
2 F 0.06 12.01
3 S+F 0.06 11.76 158.98
3 F 0.02 16.24 47.11
4 S+F 0.03 16.13 71.34 112.44
4 F 0.00 11.01 59.83 76.30
5 S+F 0.01 12.73 66.60 75.87 83.33
5 F 0.00 11.30 67.10 103.18 207.87
6 S+F 0.00 10.26 63.89 77.07 95.39 97.01
6 F 0.00 13.00 64.29 104.32 140.94 196.37
7 S+F 0.00 11.35 59.62 78.03 83.89 96.49 98.50
7 F 0.00 12.47 65.45 105.02 127.01 197.51 278.36
8 S+F 0.00 10.90 58.65 78.71 83.38 96.16 101.83 104.99
8 F 0.00 11.16 51.52 75.59 145.18 297.41 371.34 377.45
9 S+F 0.00 12.17 59.43 81.52 115.82 140.40 175.62 218.28 279.02
9 F 0.00 9.94 49.45 85.59 149.80 296.43 369.25 375.32 410.60
10 S+F 0.00 11.98 50.59 72.48 115.66 168.44 235.28 307.50 385.46 473.14
10 F 0.00 11.56 69.05 93.97 128.47 199.49 358.54 374.38 465.39 475.19

Table 17: Estimated values of αi (yr−1) in UK Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.

N Data f. 1 f. 2 f. 3 f. 4 f. 5 f. 6 f. 7 f. 8 f. 9 f. 10

2 S+F 0.26 0.74
2 F 0.15 0.46
3 S+F 0.14 0.45 0.87
3 F 0.14 0.84 1.42
4 S+F 0.14 0.75 3.27 3.08
4 F 0.13 0.57 11.69 14.73
5 S+F 0.14 0.73 98.81 236.38 138.43
5 F 0.13 0.58 11.99 28.32 42.33
6 S+F 0.13 0.54 31.50 55.84 34.86 58.35
6 F 0.13 0.71 13.37 46.72 38.14 23.53
7 S+F 0.13 0.62 19.23 39.24 27.44 16.74 18.17
7 F 0.13 0.67 12.63 41.66 19.01 24.41 13.53
8 S+F 0.13 0.58 15.24 26.74 20.33 12.56 9.07 9.64
8 F 0.13 0.59 5.86 7.73 2.36 1.53 1.32 1.49
9 S+F 0.13 0.68 15.19 28.40 7.53 10.03 4.82 2.60 4.53
9 F 0.13 0.51 3.83 5.83 2.40 1.20 1.07 1.28 1.16
10 S+F 0.13 0.68 8.68 13.82 4.05 4.12 2.51 1.29 1.38 2.16
10 F 0.13 0.60 22.10 50.42 28.36 19.78 6.15 6.42 8.17 8.43

Table 18: Estimated values of σi (yr−1/2) in UK Market data 2017-2018. N is the number of
factors, “Data” indicates if the estimation is proceeded on spot and futures (S+F) or only futures
(F) prices.
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Figure 6: AIC-BIC on UK market data

N Estimation on futures prices estimation on spot and futures prices

2
[
1.00 0.19
0.19 1.00

] [
1.00 −0.44
−0.44 1.00

]

3

 1.00 0.38 −0.38
0.38 1.00 −0.79
−0.38 −0.79 1.00

  1.00 0.21 −0.32
0.21 1.00 −0.65
−0.32 −0.65 1.00



4


1.00 0.35 −0.09 0.06
0.35 1.00 −0.47 0.41
−0.09 −0.47 1.00 −0.99
0.06 0.41 −0.99 1.00




1.00 0.36 −0.30 0.18
0.36 1.00 −0.65 0.45
−0.30 −0.65 1.00 −0.95
0.18 0.45 −0.95 1.00



5


1.00 0.40 −0.22 0.23 −0.33
0.40 1.00 −0.45 0.38 −0.32
−0.22 −0.45 1.00 −0.98 0.89
0.23 0.38 −0.98 1.00 −0.95
−0.33 −0.32 0.89 −0.95 1.00




1.00 0.21 0.13 −0.14 0.14
0.21 1.00 −0.61 0.59 −0.58
0.13 −0.61 1.00 −1.00 1.00
−0.14 0.59 −1.00 1.00 −1.00
0.14 −0.58 1.00 −1.00 1.00



6


1.00 0.38 −0.15 0.12 −0.03 −0.34
0.38 1.00 −0.56 0.38 −0.04 −0.92
−0.15 −0.56 1.00 −0.97 0.83 0.64
0.12 0.38 −0.97 1.00 −0.94 −0.54
−0.03 −0.04 0.83 −0.94 1.00 0.25
−0.34 −0.92 0.64 −0.54 0.25 1.00




1.00 0.31 0.01 −0.02 −0.13 0.08
0.31 1.00 −0.44 0.42 0.15 −0.26
0.01 −0.44 1.00 −1.00 −0.94 0.98
−0.02 0.42 −1.00 1.00 0.93 −0.98
−0.13 0.15 −0.94 0.93 1.00 −0.98
0.08 −0.26 0.98 −0.98 −0.98 1.00


Table 19: Estimation of correlation matrices in UK market data, on only futures (left) and spot
and futures prices (right).
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