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In this work, we perform the weakly nonlinear analysis of the reflection process of a thin
oscillating wave beam on a non-critical surface in a fluid rotating and stratified along a
same vertical axis in the limit of weak viscosity, i.e. small Ekman number E. We assume
that the beam has the self-similar viscous structure obtained by Moore & Saffman (Phil.
Trans. R. Soc. A 264, 597-634 (1969)) and Thomas & Stevenson (J. Fluid Mech. 54,
495-506 (1972)). Such a solution describes the viscous internal shear layers of width
O(E'/3) generated by a localized oscillating source. We first show that the reflected
beam conserves at leading order the self-similar structure of the incident beam and is
modified by a O(E'/%) correction with a different self-similar structure. We then analyse
the nonlinear interaction of the reflected beam with the incident beam of amplitude € and
demonstrate that a second-harmonic beam and localized meanflow correction, both of
amplitude e2E~1/3 are created. We further show that for the purely stratified case (resp.
the purely rotating case), a non-localized meanflow correction of amplitude e2 E~1/6 is
generated, except when the boundary is horizontal (resp. vertical). In this latter case,
the meanflow correction remains localized but exhibits a triple layer structure with a
large O(E*/?) viscous layer.

1. Introduction

Waves are ubiquitous in rotating and stratified fluids and participate in the dynamics
of a very large variety of geophysical and astrophysical flows. In addition to transport-
ing momentum, they are expected to be involved in mixing and dissipation processes.
Of special interest are the viscous harmonic wave beams that are created from critical
surfaces, and boundary singularities because they are very thin and possess a univer-
sal transverse structure (Moore & Saffman, 1969; Thomas & Stevenson, 1972; Le Dizes
& Le Bars, 2017). The goal of the present article is to analyse the reflection of such
beams on a flat boundary in order to understand how second-harmonic and meanflow
corrections are created during the reflection process.

In the ocean, the tidal motion of water on submarine topography is an important
source of waves (Wunsch, 1975). Supercritical topographies, that is topographies steeper
than the direction of propagation of the waves, are of particular interest because they are
known to create strong concentrated beams. These beams and their role in the tidal con-
version have been studied experimentally (Zhang et al., 2007; King et al., 2009; Echeverri
& Peacock, 2010) as well as theoretically (St Laurent et al., 2003; Llewellyn Smith &
Young, 2003; Balmforth & Peacock, 2009). Similar concentrated wave beams are also
found in rotating fluids (Kerswell, 1995; Le Dizes & Le Bars, 2017). They have mainly
been studied in spherical geometries (Calkins et al., 2010; Koch et al., 2013; Cébron
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et al., 2019; Lin & Noir, 2020) in the context of planetary applications (Le Bars et al.,
2015). These wave beams are the temporal equivalent of the thin shear layers found
at the periphery of Taylor-Proudman columns between differentially rotating disks or
spheres (Proudman, 1956; Stewartson, 1966). They have been the subject of works by
Walton (1975); Kerswell (1995); Tilgner (2000) and Le Dizes (2015) among others. Moore
& Saffman (1969) and Thomas & Stevenson (1972) found independently for a rotating
fluid and a stratified fluid respectively a self-similar viscous solution describing such a
wave beam. These solutions were further studied and used by Peat (1978); Voisin (2003);
Tabaei & Akylas (2003); Cortet et al. (2010); Machicoane et al. (2015). In Le Dizeés &
Le Bars (2017), it was shown that these self-similar solutions are able to describe the
wave beams that are created at the edge of a librating disk and at the critical latitude
of a librating sphere in an open domain.

As soon as the domain is closed, the problem becomes more complex as beams reflect
on boundaries. Depending on the geometry, concentrated beams can then also be formed
as the result of a focusing process on an attractor (Maas et al., 1997; Rieutord et al.,
2001; Grisouard et al., 2015; Beckebanze et al., 2018).

The reflection process of a wave beam is documented in textbook (e.g. Phillips, 1966).
Contrarily to beams of light, a wave beam conserves its angle of propagation with re-
spect to the direction of stratification or of the rotation axis. The beam structure is
also expected to be conserved during the reflection process (Kistovich & Chashechkin,
1994) except in the critical situation where the boundary is aligned with the direction
of propagation of the reflected beam (Dauxois & Young, 1999). A viscous correction is
also created during the reflection process that was first calculated by Beckebanze et al.
(2018).

Although a plane wave is known to be generically unstable by triadic resonance (Davis
& Acrivos, 1967; Staquet & Sommeria, 2002), a thin wave beam is less sensible to such
an instability (McEwan & Plumb, 1977; Dauxois et al., 2018). Moreover, they are also
very weakly affected by nonlinear effects (Tabaei & Akylas, 2003). Nonlinearities seem to
be created mainly when two beams interact (Lamb, 2004). This interaction process has
been analysed theoretically by Tabaei et al. (2005) and Jiang & Marcus (2009) in order
to determine the amplitude and direction of propagation of the nonlinearly generated
waves. The case of a reflected beam is a particular case because the interacting beams
have the same frequency. The first-order interaction therefore creates meanflow and
second-harmonic corrections. In 2D, the meanflow correction tend to remain localized
(Tabaei et al., 2005) so many works have focused on the second-harmonic wave beam
generated during the reflection process (Peacock & Tabaei, 2005; Gostiaux et al., 2006;
Rodenborn et al., 2011). Yet, non-local meanflow corrections could a priori be created in
a stratified fluid, or a rotating fluid. In a stratified fluid, they take the form of horizontal
layers. Bretherton (1969); Bordes et al. (2012) and Kataoka & Akylas (2015) have shown
they are amplified by 3D effects. In a rotating fluid, they take the form of columnar flows.
They seem to be generated by the nonlinear interaction occurring in the viscous boundary
layer. They have been documented for precession (Busse, 1968; Hollerbach & Kerswell,
1995; Noir et al., 2001), libration (Busse, 2010; Sauret et al., 2010; Sauret & Le Dizes,
2013; Lin & Noir, 2020), and tides (Tilgner, 2007; Morize et al., 2010; Favier et al., 2014).

In the present paper, we consider the generic situation of an axisymmetric (or 2D)
oscillating viscous beam, described by the self-similar solution of Moore & Saffman (1969)
and Thomas & Stevenson (1972), impacting an axisymmetric (or planar) surface in a
stratified and rotating fluid. Our objective is to analyse the weakly nonlinear structure
of the solution generated during the reflection process. More specifically, we shall provide
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the scalings and the equations governing the meanflow and second-harmonic corrections
in the limit of small Ekman numbers.

The paper is organised as follows. In section §2, we provide the theoretical framework
and describe the reflection process of the self-similar wave beam solution. We show that
a viscous correction is created during the reflection. The Reynolds stress responsible for
the generation of a second-harmonic and of a meanflow correction is also provided in
this section. In section §3, we analyse the second-harmonic correction while section §4 is
devoted to the meanflow correction. The structure of the meanflow correction is found
to be particular when the fluid is non-rotating or non-stratified. These cases are treated
in the subsections §4.2 and 4.3. The results are briefly summarized in section §5 and
compared to other works in section §6.

2. Framework

We consider an incompressible viscous fluid, rotating around an axis Oz with an angu-
lar velocity 2 and stably stratified along this axis with a constant buoyancy frequency V.
The fluid is characterized by a kinematic viscosity v and a diffusivity . In the rotating
frame, the velocity field v = (v,, v4,v;), the pressure p and the buoyancy b of the fluid
perturbations are governed, under the Boussinesq approximations, by the equations

D
?;’ +2Qe, x v = —Vp — be, + vV?v, (2.1a)
V.v=0, (2.1b)
Db
D= N2, + kV?b, (2.1¢)

where D/Dt = (0/0t 4+ v.V). Vanishing buoyancy and no-slip boundary conditions are
assumed on solid boundaries.

We consider a thin oscillating wave beam in the form of an oscillating viscous internal
shear layer. Its frequency w is related to the angle 6 of propagation with respect to the
horizontal plane by the relation:

w? = N?sin? 6 + 402 cos 6. (2.2)

We consider a generic case for which 0 < § < 7/2. As explained in the introduction, these
internal shear layers are generated from oscillating objects or supercritical topographies
in typical situations illustrated in figure 1. In this work, we are interested in the reflection
of such a wave beam on an axisymmetric boundary making an angle o with respect to
the horizontal plane. Our objective is to quantify the nonlinear corrections which are
created during the reflection process. The presentation is provided for an axisymmetric
beam in a cylindrical geometry but the same analysis can be done if the beam possesses
another azimuthal symmetry, or if the beam and the boundary have a planar geometry.

2.1. Incident beam structure
The incident beam is assumed to be described by the similarity solution of Moore &
Saffman (1969) and Thomas & Stevenson (1972).
Using the notation introduced in Le Dizeés & Le Bars (2017), this harmonic solution can

be written as X = Re((v(?, b p())e~i“t) where the velocity v‘(li) along the direction
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Region of
interest

FI1GURE 1. Sketches of the typical applications. Left: Reflection on the outer boundary of a
wave beam generated by the libration of the inner core; Right: Reflection on a mountain of a
wave beam generated by a tidal wave on a supercritical topography.

of propagation, the azimuthal velocity v((;) and the buoyancy b(*) are all proportional to

(@)
H#(x$)7x‘(|l)a 71) = 3 h# JZ_ (23)
vty (L)
with
i - i 2Qicosf |, 5 NZsinf
vﬁ ) = eDH, , v((z)) = —%s(’)Hﬂ , b = %5(’)HM . (2.4)

In (2.3), r is the radial coordinate, xl(f) and xﬁf) are the coordinates parallel and normal
to the direction of propagation of the incident wave beam in the (r, z) plane [see figure
2(left)].

The function h,, is given by

e—i/,bﬂ'/2 +0oo en?
h,(¢) = m/o PP pt L dp. (255)
The index p characterises the nature of the singularity which has given birth to the beam
(Moore & Saffman, 1969; Thomas & Stevenson, 1972). For instance, an axisymmetric
Dirac source is known to be associated with an index p = 1 (Tilgner, 2000; Le Dizes,
2015). Stronger singularities associated with larger values of 1 can also be found. Le Dizes
& Le Bars (2017) demonstrated that the singularity associated with the critical latitude
on a sphere gives rise to an index p = 5/4 (this situation is illustrated in figure 1(left)).
Expression (2.4) is also encountered in the far-field of any localized source (Voisin, 2003).
In that case, the index p characterises the multipole order of the source (Machicoane
et al., 2015); it is an integer in two dimensions, with g = 1 for a dipole, but an half-
integer in three dimensions, with y = 3/2 for a dipole (Voisin, 2003).
The constant Ly is given by

12— NZ%sin? 0(v + k) + 8Q%v cos? 0
47 25infcos (402 — N2)w

(2.6)

Its norm defines a characteristic diffusion scale. In the non-stratified case (N = 0),
L? = v/(2Qsin#). In the non-rotating case (2 = 0), L2 = —(v + k)/(2N cos ). When

L? < 0, the quantity (Lflxl(f))l/?’ in (2.3) is defined as —|L3m‘(|i)|1/3.
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FIGURE 2. Reflection process. (a) Definition of the coordinate systems for 0 < 0 < a < ™ — 6.
Here the reflected beam is contracted because 7/2 < a < m — 6. The relationships between
the various coordinate systems are provided in appendix A. (b) Characteristic of the reflection
process according to « (assuming 0 < § < 7/2).

The beam gets wider and wider as it propagates. We consider its characteristics at

a typical distance [, = xl(fc) from its source. If we use a characteristic frequency f. (say

max(2Q, N)) and define the Ekman number by

v
the characteristic width of the beam is given by
LW = Y3, (2.8)
where A is a positive dimensionless number given by
2 -2 —1 2 2 1/3
A N=2f.sin”0(1 +Pr™ ") + 80Q° f. cos* § (2.9)

2sin 6 cos (402 — N2)w ’

and Pr = v/k is the Prandtl number.

In the following, we assume that £ < 1 and that A is neither zero nor infinite. The
Prandt]l number Pr is assumed to be a fixed non-zero constant. The beam is therefore thin
with a width scaling as F'/3. This similarity solution is a leading order approximation
of a viscous solution in the limit £ — 0. The pressure p* and the normal velocity v(j)
are O(E'/3) as the first order correction to the similarity solution.

Note that the present similarity solution is a special case of a general expression of the
form

1 [t : D .
UH:W/O G(k)eicoho /LY =k /le g, (2.10)

which describes a viscous beam propagating in the direction of positive z)|. For our
similarity solution, G(k) = e(e~#7/2k#=1 /(1 — 1)!. With the frame convention shown
in figure 2(a), the parameter ¢, is equal to 1 if N < 2Q and to -1 if N > 2. The singular
case N = 2() is not considered in the present work.
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In the sequel, all the spatial and temporal variables are assumed to have been non-
dimensionalized using /. and f..

2.2. Reflection on an inclined boundary

After having covered a distance I., the incident beam reaches an inclined boundary
and is reflected as illustrated in figure 2(a). This reflection process is analogous to that
described by Phillips (1966) for a plane wave in a non-rotating fluid, and further analysed
by Kistovich & Chashechkin (1994) and Tabaei et al. (2005). According to the boundary
inclination angle «, the beam is expected to expand or contract (see figure 2(b)). As in

Kistovich & Chashechkin (1994), we assume that the beam keeps its self-similar structure

(2.3) with new variables x‘(lr) and xg_r) associated with the direction of the reflected beam.

We consider the situation illustrated in figure 2(a) where §) = 6 and (") = 7 — 6 and
look for a solution X = Re((v(), b p(r))e=1wt) with

_ 201 COSGE(T)HM ’ N21 Sin@g(r)Hu .

(r) _ (n) (r) (r) —
v =e¢"H,, v, » b\ = »

The reflected beam amplitude (") and the value :r‘(lz) of 1:‘(|T) at the impact point I.(r., 2.)

should be chosen such that the sum of incident and reflected beams satisfies the condition
of non-penetrability on the surface. To apply this condition, it is convenient to introduce
local variables tangent and normal to the boundary (see figure 2(a)):

(2.11)

xy =cosa(r —re) +sina(z —z2.), @, =—sina(r—r.) +cosa(z—z.), (2.12)
such that the condition v, (x, = 0) = 0 gives

—sin(a — )W H,, (sin(a — 0) x4, xl(li)7 re) +sin(a + 0)e") H, (sin(a + )y, mﬁ?, re) =0.
(2.13)

This equation is satisfied if and only if
(@) i
e _ 103 e® _ gn—l (2.14)
xf\? Togln) ’
with
i —0
K - Sne=0) (2.15)
sin(a + 6)

Equations (2.14) were already obtained by Kistovich & Chashechkin (1994). They noted
that the reflected beam can be interpreted as a beam generated by a virtual source of
same nature as the incident beam but located at a distance m|(|72 from the reflection point
given by (2.14). Close to the impact point, the width of the reflected beam is given by
L) = LW /K. The coefficient K is therefore the contraction factor of the reflected beam.
We can indeed check that the reflected beam expands (0 < K < 1) for § < a < 7/2 and
contracts (K > 1) for 7/2 < a < m — 6 in agreement with figure 2(b). This formula for
the contraction factor is not new and is related to the wavelength contraction factor that
a plane wave experiences at reflection (Phillips, 1966).

In a region of order E'/3 around the impact point that we shall call “interaction
region”, a compact expression of the total harmonic field composed of the incident and
reflected beams can be obtained. If we redefine ¢ = E(i)/rim/(mﬁ?)“/?’, and introduce
the local variables 7 = (r — r.)/EY3 and 2 = (2 — 2.)/E'/3, we can write the leading



Internal shear layers reflection 7

order expression of the velocity and buoyancy fields in the interaction region as

(v, b) ~ &(¥o,bo) = e(¥” + 957,507 + 5 (2.16)
where
Tor = COS G(izl(f) - Bl(f)), (2.17a)
. 2Qcost =iy 7¢(r
v0¢:—T(hﬁ)—hL))7 (2.17b)
G- = sin (A + A1), (2.17¢)
N2sinf - -
bo = im— 2 (R0 + A, (2.17d)
and
= —sin 07 + cos 0z = sin 67 4 cos 02
h) =h, (A) , h{) =Kh, (KA) : (2.18)

Note that in terms of local boundary layer variables #; = z;/E/3 and &,, = x,,/E"/3,
A and B can also be written as

isz) =h, (sin(aA—H)(jt + cot(a — Q)in)) , (2.19a)
W) = Kh, (W (¢ + cot(a + e)jn)) , (2.19b)
and the tangential and normal velocity components read
Vot = cos(a — H)ES) — cos(a + H)Bff), (2.200)
o, = — sin(a — Q)ﬁff) + sin(a + G)iLg). (2.200)

It is worth mentioning that the above solution is a leading order approximation ob-
tained by applying slip boundary conditions. This solution does not satisfy the vanishing
buoyancy and no-slip boundary conditions. This means that a viscous/diffusive bound-
ary layer is expected close to boundary. In the next subsection, we show that this viscous
boundary layer is responsible for a viscous correction to the reflected beam. More pre-
cisely, we shall see that the reflected beam expands in the interaction region as

(v, ) = ¢ {(;,(()r)’g(()r)) + BV 5 4 O(E1/3)] ’ (2.21)
whereas the incident beam is just
(v,0) = £ [(#, ) + OB (2:22)

2.3. Viscous correction to the reflected beam

As long as the slope inclination is not critical, that is « is different from 6 and © — 6,
the width of the viscous boundary layer is O(El/Q). In the viscous boundary layer, the
relevant variables are the local tangent variable Z; and the viscous boundary variable
Z, = E~Y%%, = E~'Y/2x,. The form of the solution can be obtained by expanding
the leading order expression (2.17) as &, — 0 using the viscous boundary variable.
Using (2.20), we observe that 0oy, Tg¢, bo remains O(1) whereas 0oy, ~ 0z, Von (Z¢,0) =
EY8%,05 ©on(i4,0) as &, — 0. Tt follows that one can look for a viscous boundary
solution of the form

vy = €(Voso(T¢) + Vot (T4, Tn)) » (2.230)
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vn = eBY 501, (i, 7n) (2.23b)
vy = (Vogo(Tt) + Voo (Tt, Tn)) (2.23¢)
b = e(boo (1) + bo(&1, Tn)) , (2.23d)
p =B (oo (@) + EY Py (i, 7)), (2.23¢)

where V9.0, Dog0, 500 and pgg are the expressions as T, goes to 0 of the leading order
solution in the interaction region. Only py has not been provided above. Its exact
expression will turn out not to be necessary for the analysis.

The governing equations reduce to

_ 925
—iwdor — 2QUgg cos av — by sina — ajjgt =0, (2.24a)
xn
0%
—iwdge + 2004 cos v — 81_}2(25 =0, (2.24b)
xn
. = opr
204 sin o — by cos o + Fr 0, (2.24¢)
L,
- 1 0°b
—iwby — 2QTpy cos o — N2Gg sin v — F?; =0, (2.244)
r 072
0V, O(Toro + Do)
=0 2.24
0z, T o ’ (224¢)

which gives

2\’ 1 02 1 02
. . - 492 2 : _
(1w + 85%) (1w + Pr 81‘7%) + cos” « <1w + Pr 65%)
82
+N281n206 (IUJ + _2):| Vot = 0.
0z2
Among the six independent solutions, three correspond to exponentially decreasing so-
lutions of the form e=*%n 7 =1,2,3 with ?Re()\j) > 0. The solution for vy; can then be
written as T, = 25:1 aj(Z;)e %  which gives similar expressions for ¥, and by using
(2.24a,b,d). The conditions that v;, v and b vanish at Z,, = 0 then provide the functions
aj, j =1,2,3 as linear combinations of 9o, Uog0 and bgg. Note that if Pr = oo, equation
(2.25) is of fourth order. There is then two unknown functions, which are obtained by
applying the boundary conditions at Z,, = 0 on v; and vy only.
To get U1, we use (2.24e) which gives

(2.25)

Bin = ~Touo(Ee)Tn — Y @ (F) ———— - (2.26)
J

The first term automatically matches the expression of the normal velocity in the in-
teraction region as T, — 0. It is the second term which gives the viscous correc-
tion that we are looking for. As Z, — oo, this term tends to a function a% (%) =
- Z?zl a’(&)/A; that should match a contribution in the interaction region. Using the

fact that a;(Z:), j = 1,2,3 are linear combination of Tpt, Topo and boo, they can be
written as Cjhy, (sin(a—0)Z¢/A) [see (2.17) and (2.19)]. It then immediately follows that

ufy (@) = Cihyqa (sin(a — 0)2: /A) (2.27)

where C7;, is a complex constant. Such a normal flow can be matched in the interaction
region to a solution of the same form as the reflected beam (2.11) by changing p into
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i+ 1. More precisely, if we have (2.27), the viscous correction to the reflected beam
would read in the interaction region as

’U%r) cosf

K .

g | =emocg | B9t G0 (2.25)
,UZ

NG (iN?/w) sin 6

where A/ has been defined in (2.19b). It is worth mentioning that this O(E/6) viscous
correction is larger than the first viscous correction to the similarity solution describing
the beam, which is O(E'/3).

A viscous correction to the reflected beam was calculated by Beckebanze et al. (2018)
in the purely stratified case. By comparing their expression (6.9) with ours, one can see
that both expressions are similar. They obtained that the spectral density of the viscous
correction is kU (k) if the spectral density of the incident beam is U(k) (our function
G(k) in (2.10)): this corresponds to the passage from h,, to h,;; in our analysis.

2.4. Reynolds stress

In this section, our objective is to estimate the nonlinear terms v.Vv and v.Vb, or
Reynolds stress, that appear in the governing equations (2.1a-c¢). Owing to the particular
form of the similarity solution, it is straightforward to show that these terms are at most
O(g?) everywhere except close to the source, the rotation axis and the reflection point.
As already mentioned, our interest is in a reflection point distinct from the beam source
and the rotation axis.

In the interaction region, the two beams interact with each other, making the Reynolds
stress of order e2E~1/3. Simple expressions for the Reynolds stress can be obtained using
(2.17a-d) and (2.28). As expected, the Reynolds stress is composed of a steady and a
second-harmonic part:

N =NO 4 (N2t ) (2.29)
where
U: Uy
NO =y v Z‘f +ee; N®=vv ? ’ (2:30)
b b

the superscript * denoting the complex conjugate. The expressions of N° 0) = 2p-1/3 (N, (()0)+
E1/6N§O) +--+) and N = 52E’1/3N(()2) + .- are given in appendix B.

2.5. Notation

We have introduced a number of notation that we shall use in the rest of the paper.

Whereas the harmonic solution is denoted without superscript, the second harmonic
correction, as well as the amplitude of the terms oscillating at the frequency 2w, such as
the second harmonic part of the Reynolds stress N ) will be denoted with the superscript
(2). The meanflow correction, and the steady terms such as N’ ©) will always be indicated
by the superscript (9.

The subscripts will be of three types. The letters and special characters L and || will
indicate the system of coordinates used for the velocity components. Three different
systems of coordinates are used: (r,¢,z) for the global cylindrical coordinate system,
(w¢, ¢, x,) for the boundary coordinate system, (x|, #,z ) for the beam associated coor-
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dinate system [see figure 2(a) and appendix A for the relations between the coordinate
systems]. In this last case, the superscript @), () @) or () indicate whether it corre-
sponds to the incident, reflected, second-harmonic or steady beam. For the Reynolds
stress, the subscript ; will indicate the fourth component of the vector N.

The first subscript number will be associated with the order of the expansion. The sub-
script o will always indicate the leading order expression; larger numbers will correspond
to higher order terms ordered in decreasing amplitude order. A second subscript number
o or oo will exceptionally be used to indicate the value taken as one of the variables goes
to zero or infinity.

The symbols placed above the characters will correspond to the regions where the
solution is considered

- tilde ~ for the interaction region,

- overbar ~ for the wviscous boundary layer,

- check ~ for the E*? viscous layer,

- without symbol for the outer region, that is in a beam region far from the inter-
action region.
For the spatial variables, it will imply a particular rescaling with respect to the global
outer variable, by E'/3 in the interaction region (i.e. &, = x,/EY3 7 = (r —r.)/EY/3,
etc), by EY? in the wiscous boundary layer for the normal variable (z = x,,/E'/?), by
E*/? in the E*? viscous layer for the normal variable (&, = z,/E'Y/* = = (r—r,)/E*/?
for a vertical boundary).

3. Second-harmonic correction

The second-harmonic Reynolds stress creates a second-harmonic correction X(2) =
Re((v?, b3 p(2)e=21wt) that can be written in the interaction region as

v® ~ 2E35 (7, 2), (3.1a)
v ~ 2BV (7, 2), (3.10)
v® ~ 2E35D (7, 2), (3.1¢)
b® ~ 2BV (7 2), (3.1d)
p@ ~ 2P (7, 7), (3.1¢)
where they satisfy
D@ oon@ , OB e
~2iwdly) — 205 + L= - NO. (3.2a)
—2iwdyy) + 2005 = —N§2, (3.20)
o) e OB 7 (2)
—QIW’UOZ + bO + W = _NOZ 5 (326)
—2iwb? — N3P = —ND, (3.2d)
ov? oY
r : . 3.2
FEET (8:2¢)

These equations do not contain any viscous terms, which all come at higher orders. As
seen below, these equations with a non-penetrability condition on the boundary com-
pletely define the leading order of the second-harmonic correction. This will allow us to
say that the generation process of the second-harmonic correction is essentially inviscid.
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The system (3.2) can be manipulated to give

95 95 32(}3(7')}}(1’))
N? —40,?) 2202 — (40? — 40,?) 20 = 9B H 2 = A2) .
( Vg <)%z W gz A (3:3)
Using (3.2e), we then get for f)(()i) and 17(()?:
(2 A2 oy O0A®
‘C(Q)U(()r) =795 E(Z)U(()z) T Tor (3.4)
with
(2) 2 2y O 2 2y 0°
L% = (N* — 4w )w+(4§2 — 4w )822’ (3.5)
which also give for the tangential and normal components of the velocity:
(2 A2 oy O0A®
L5 = i L5 = D (3.6)
where £2) can also be written as
(2) 2 2 2 e 2y 07 2.2 2 o2 2y 0
L) = (N*sin® o + 497 cos® o — 4w )8~2 + (N*cos” a + 4Q° sin” a — 4w )8~2
Tn Li
82
—sin 2a(N? — 40?2 .
sin 2a( )353t353n
(3.7)

When 2w is not within 2Q and N, equations (3.4) and (3.6) are elliptic equations:
oscillations with respect to one variable are evanescent with respect to the other. In that
case, we do not expect propagation outside the interaction region. The second-harmonic
correction is localized in that region.

The interesting case is when 2w is within 22 and N. In other words, the second-
harmonic frequency corresponds to an inertia-gravity frequency. In that case, there
exists an angle 05 (between 0 and 7/2) that satisfies

4w? = N?%sin® 0 + 492 cos? 6, (3.8)

that corresponds to a direction of propagation of perturbations of frequency 2w. The
other directions of propagation are m — 0, m + 05 and —65. This angle can be used to
write (3.7) as

5} 0 0 5}
@) _ (N2_402) [ _ 9 R _
L (N=—407) (sm(a + 92)8:En cos(a + 92)8@) (Sln(a 92)3:% cos( 92)8@)

(3.9)
As shown by Tabaei et al. (2005), a general solution to (3.6) can then be obtained

. . ~(2
using Fourier transforms. For v((m), we get

f}(()i) _ fj‘;’: ik (Zetcot(a—02)T,) (A(k:) + ff;vo e_ikCOt(a+02)s.F(k,8)dS> dk

) (3.10)
+fj‘ooo° eik(;i,,+cot(oz+92)5cn) (B(k‘) _ ff;o e—ikcot(a—eg)SF(k78)d8) dk,
where F(k, Z,) is
F(kyin) = . /+Oo —iRE AR g (3.11)
)T Ssin20,(N2 —402) ) € o ‘

The unknown functions A(k) and B(k) are obtained by applying boundary conditions at
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(b)

FIGURE 3. Regions where the second-harmonic correction is O(EZEfl/ 3); Outer region: light
gray, interaction region: gray, viscous boundary layer: dark gray. The red arrows indicate the
harmonic beam. Here § < a < m — 6. (a) 2w > max(N,2Q). No second-harmonic beam:
the second-harmonic correction is mainly confined in the interaction region and in the wviscous
boundary layer. (b,c,d) 2w < max(N,2Q). Second-harmonic beam: the second-harmonic cor-
rection extends in an outer region. (b) N > 2Q and o > m — 6. The beam propagates in the
direction —62. (c) N > 2Q and o < ™ — 2. The beam propagates in the direction m — 62. (d)
N < 2Q). The beam propagates in the direction 7w — 5.

#, =0 and &, = co. It is first important to note that owing to the special form of A
given in (3.3), the function F satisfies the following property:

F(k,@n) =0 for e,k < 0. (3.12)

This property was proved in a general setting by Tabaei et al. (2005).

The condition at infinity is a condition of radiation: as Z, goes to oo, the solution
should match an outgoing wave packet. This condition can be analysed by adding viscous
effects along the direction of propagation. Outgoing wave packets can be written as
(2.10), which gives for a perturbation oscillating at 2w :

—+oo
v@_ L GO ()eieoka? AP /B ke g (3.13)
=
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with
. _ 1/3
A® _ N2 f, sin? 02(1 + Pr 1) + 802 f. cos? 0y . (3.14)
4 8in 65 cos 05(4Q% — N2)w
For large Z,, expression (3.10) reduces to
+oo B +oo -
ﬂ(()?n) :/ elk(a:mtcot(afez)a:n)A(k)dk +/ elk(a:t+cot(a+92)wn)B(k)dk. (315)

Since x(f) = sin(a—03)(x¢ +cot(a—b2)x,,) for a wave packet propagating in the direction

0, the first term matches an outgoing wave packet of the form (3.13) propagating in the
direction 6 if oo < 0 (resp. m+ 63 if a > 63), only if

A(k) =0, for ek > 0. (3.16)

Similarly, the second term matches an outgoing wave packet propagating in the direction
m—0sif & <7 —0 (resp. —0s if @ > 7w — 6) only if

B(k) =0, for ek <O0. (3.17)

The condition of non-penetrability f)(()i) (Z, = 0) = 0 gives a second condition on A(k)
and B(k). Using (3.12), (3.16) and (3.17), we immediately get from (3.10):

A(k) =0, for e,k <0, (3.18q)
+m . .
B(k) :/ ((Wcot(a%)s - e*lkcot(a*%) F(k,s)ds, for ek >0. (3.18b)
0

The functions A(k) and B(k) are thus fully determined.

As &, — +o00, expression (3.10) of 73((53 then reduces to

+oo ~ ~
) ~ € / elheo(Bureot(at02)2) B (e, k) dk:. (3.19)
0

Far from the interaction region, the solution is therefore propagating away in the direction

T — 0y (or —0y if 1 — 03 < a) and given by (3.13) with

keo| sin(a + 02)|\ 3
A®) €

G (k) = 2E~1/3 -5 B< (3.20)

A2

where B(k) is defined by (3.17), (3.18), (3.11) and (3.3), assuming " = 1 at the

generation point I.. The different situations are illustrated in figure 3.

Note that contrarily to the reflected harmonic wave beam, the second-harmonic wave
beam does not possess a priori a self-similar structure.

In this section, we have obtained the leading order expression of the second harmonic
correction in the interaction region and in the beam where it propagates. In the viscous
boundary layer where viscous effects become important, the Reynolds stress takes a
different form and the no-slip boundary condition has to be apply. As for the harmonic
solution, solving this region is needed, if one is interested in finding the first O(El/ 6)
viscous correction to the solution obtained above.

4. Meanflow correction

The meanflow correction corresponds to a perturbation with a frequency zero. In
a stratified and rotating fluid, this frequency is outside the inertia-gravity frequency
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El/2
\ B3 Ern/s\

EV/3

(d) (e)

FIGURE 4. Regions where the meanflow correction is O(e2 E~Y/3) (gray regions), or O(e? E~/)
(hatched regions). The different levels of gray are associated with different regions (from light

to dark, interaction region, E*/° viscous layer and viscous boundary layer). (a) Q # 0, N # 0;
B)Q#0, N=0,a#7/2;(c) Q#0, N=0,a=7/2; (d) 2=0, N #0, a #0; (¢) 2 =0,
N#0,a=0.

range, so we do not expect propagation. When N or ) vanishes, this is no longer the
case: the frequency zero is within the inertia-gravity frequency range. The perturbation
propagates horizontally when 2 = 0 and vertically when N = 0. We therefore expect
different situations when N or §2 vanishes, and when the surface is vertical or horizontal
in those cases. What we get is actually illustrated in figure 4. The goal of the present
section is to justify the scaling shown in this figure and provide the structure of the
meanflow correction in the different regions for each case.

4.1. Generic configuration: rotating and stratified fluid (N #0, Q #0)

In this section, we consider the generic configuration where neither N nor ) vanishes.
The main contribution is obtained in the interaction region. In this region, the meanflow
correction is found to be given by the following ansatz

o = 2B V3@ (7, 2) + EVS5 (7, 2) + B35 (7, 2)), 4.1a)
0 — ~(0)/~ ~ ~(0)/~ ~ ~(0)/~ ~
vé ) = 2E 1/3(1)(()(; (7, 2) + E1/6v§¢) (7,2) + E1/3v§¢)(r, Z)), 4.1b)
0@ = 21305 2) + BV (7, 2) + BV (7, 2) 4.1¢)
(6o ( )
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where 7 and Z are the local variables. Inserting (4.1) in (2.1) using expression (B2) for
the Reynolds stress, the meanflow amplitudes are found to satisfy the equations

8p~(0) .
—20589) + + = - {0 (4.2a)
2055 = ~N, (4.20)
_(0)
7(0 p (0
bg>+70§ = N, (4.2¢)
~N%) = -N, (4.2d)
o) oul
ro 0z g, 42
R F (4.2¢)

Equations (4.2b,d) readily give v( ) and ﬁ(()g). These expressions are compatible with

(4.2e) which is automatically satlsﬁed thanks to (B4a). They give normal and tangential
velocities as

5(0) Nog Vi, 9

_ 0b 7(r) 7 (7)*

Oy, = sina——=— 50 T COS A3 —251n298—t\ym(h2)h£) ) (4.30)
NO 7 (0) o

”D(()(t)) = —cosa 2(;(; + sina ]\[;g = —2sin 20%%m(hy)h§f)*) (4.3b)

Using (2.19), it is immediate to see that v(()o)(xn = 0) = 0. The condition of non-

penetrability is therefore automatically satisfied at leading order. The first order correc-
tions 175?") and 55? are also directly obtained from the governing equations at the next

order:

2000 = -N) | —N%) =-N) (4.4)
which gives
B S s
3% = —2gin 29875%%771(01’2}1211]1&)*) , (4.50)

m(Cehl) ) (4.5b)

39 = —24in20 88

Ln

Contrarily to 17(()23, 5§n) does not cancel as z,, — 0.

Equations (4.2a,c) are not sufficient to determine the three other amplitudes voo) b(o)
and p(o). For this purpose, one should consider the governing equations at the third
order:

2005 — V25 = N30, (4.6a)
0) 0) 0
—N25D — v2b< — N, (4.6b)
(0) ~(0)
O, av?z + T g, (4.6¢)

or 0z Te
where N ) and N o, are second order corrections to the steady Reynolds stress. This

(O) obtained
from the first two equations into the third one. If we then replace 17(()3) and bOO) by their

system gives the missing equation by plugging the expressions of © v2 ) and )

expression in terms of ]5(()0) using (4.2a,c), we obtain a non-homogeneous fourth-order
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equation for ﬁ(()o) of the form

1o 1 N\ [ PN\ o -
(492 o7z " N7Pr azz> (afz * as2> by = M(7,2). (4.7)

The function M can be expressed in terms of the components of Néo), ./\71(0) and ./\72(0).
We shall not provide its expression. For the present analysis, it is only important to know
that M is a function localized in the interaction region (i.e. |M| — 0 exponentially fast
as 72 + 22 — o0). Solutions to (4.7) localized in the interaction region therefore exists.
The solution is fully determined upon prescribing (’“);15(()0) and 85;5(()0) at the boundary
Zn = 0. As shown in the appendix C, this last step can be made by applying a condition
of matching with the solution in the viscous boundary layer.

To summarize this section, we have seen that the radial and axial components are
directly forced by the azimuthal and buoyancy component of the Reynolds stress which is
of order e2E~1/3 in the interaction region. The azimuthal velocity and the buoyancy turn
out to be also O(e2E —1/3 ) but they depend on higher corrections of the Reynolds stress
and also on the solution in the viscous boundary layer. Velocity components and buoyancy
are all found to be localized in the interaction region. This property is also verified by the
first order meanflow correction. This garantees that no meanflow correction is generated
outside the interaction region (at least up to O(g?) terms).

As we shall see in the next sections, a different conclusion is reached when either N or
Q) cancels.

4.2. Non-stratified case (N =0)

In the non-stratified case, the flow is characterized by its velocity and pressure field only
and we have w = 2Qcosf and L2 = v/(2Qsin6). The meanflow correction depends on
whether the boundary is vertical or not.

4.2.1. Non-vertical boundary (o # 7/2)

When o # 7/2, in the interaction region, the meanflow correction is still given by

an ansatz of the form (4.1) with N = 0. It follows that (4.2) applies. The previous

expressions for 17(()2) and 17(()2) are still solutions of the problem, and are such that 17(()?3

vanishes on the boundary. However, the pressure 1380) and the azimuthal velocity 17(()3))

are now directly obtained from (4.2a,c) because b©® = 0. We then obtain from these
equations

) = —4sin? G%e(ﬁi’“)ﬁfp*) + F(7), (4.8a)
S0 _ 20 rmpae, L OF
By = — g 77 Re(MDRDT) + 555 (4.86)

where F'(7) is an unknown function. The function F is obtained by considering the outer
region |z — z.| = O(1), |r — r.| = O(E'/?) where a meanflow could a priori be created. In
this region, the Reynolds stress is small and we expect the solution to be an homogeneous
solution of the governing equations. Such a solution is given by an ansatz of the form
(El/?’u(o)7 v(0) (), El/?’p(o)) and satisfies the homogeneous equations

op(0)

—200© % =0, (4.90)
2,/(0)

20u® — 7 . (4.9)

o
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ap® 92

o 52 = 0, (4.9¢)
ou® @
o7 + 92 = 0. (4.94d)

This system leads to the following equation for p(©):
9?p@  §op(0)
022 ors

Using Fourier transform in 7, and requiring the solution to vanish far from the boundary,
that is as z — —oo assuming « > 7/2, we get for p©

402 =0. (4.10)

p0 = /OO ’P(k)elk|3(z—zc)/(29)eikf’ dk. (4.11)
—0o0

The other components can all be expressed in terms of P(k):

u<0>:/ 3P (k) (20) el (=2 /2 b g (4.12a)
—00

0© = _ / kP (k) (20) M’ (=2)/ (2 k7 g (4.12b)
w<0>:/ k[P (k) (202) el =200/ 2D ik g, (4.12¢)

As these expressions should match the forced solution in the interaction region, it is
immediate that F(7) = 0 and that the forced solution does not excite any outer mean
flow at the order e2E~'/3. The meanflow in this region is created at the next order
and is such that P(k) = e2E~1/9P; (k). To obtain P;(k), we must consider the solution
in the wviscous boundary layer and the forced solution in the interaction region at the
next order. The wviscous boundary layer solution is given in the appendix C. Equations
(Clab,c), (C5), (C7) and (C10) together with (C6) still apply when N = 0. However,
these expressions do not fully define the solution. A second equation for the functions
ay and b; is missing. Contrarily to the case N # 0, this equation is obtained by the
condition of matching of the azimuthal velocity component. In the wviscous boundary
layer, the azimuthal velocity can be written as

17(()25) = /0 /+ (29 cosomigo) (Z¢, x) —I—./\_/'O(g)(ist,x)) dzds

. 4.13
at(l _ 6(71)3/4>“'E") bt(l o e(,l)o/@@") ( )

ix2 - i
In the interaction region, this component is given by (4.1b) and (4.8b) with F' = 0. The
condition of matching then reads

20 s toors _(0) (0 i
,ﬁﬁﬁe(hl(t)h&) Ns—o :/O [roo(%)cosaut + Nog )dads — ﬁ(at —b). (4.14)

This is the second equation that fully determines the solution in the wviscous boundary
layer. The weak meanflow which is created in the outer region is obtained by matching
the normal velocity. The two first orders of the solution in the interaction region are
needed to perform such a matching. By collecting the forced solution at the first and
second order given by (4.3a) and (4.5a), respectively, and an O(e2E~1/%) homogeneous
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solution of the form (4.12) that gives a normal velocity component in the outer region:

“+oo
00 = ng—l/G%/ |k|7)1(k)e\k‘s(%zc)/(m)eiw dk, (4.15)
we obtain, by matching normal velocities, the condition
(0) —ib, ) cosa [T ik
/ 8Itut d I + ()73/4)\ ’Uln |i‘n:0 + QQ - ‘k|P1(k)e dk (416)

This condition gives the function P;(k) that defines the homogeneous solution in the
outer region. In the outer region, we therefore expect an axial velocity and an azimuthal
velocity of order e2E~1/6. The different regions for this case are summarized in figure
4(b).

4.2.2. Vertical boundary o = /2

This case requires a special treatment because vertical boundaries correspond to critical
boundaries for meanflow corrections in a non-stratified fluid. In the interaction region,
the forced solution is unchanged and is still given by (4.1a-d) with N = 0 and

7Y = 2sin 29%%m(hfj>ﬁgj>*), (4.17a)
oy = _%%wﬁmg)*), (4.170)
589 = 2sin 29§%m(h<r>h<i>*), (4.17¢)
]58 ) = —4sin? ORe(h T)h(l ). (4.17d)

The difference appears at higher order and close to the boundary owing to a change of
nature of the viscous boundary layer solution (e.g. A = 0 in (C5) when a = 7/2). A
larger viscous layer of width O(E4/ 9) appears close to the boundary. To find the solution
in this layer, we introduce the new boundary layer variable # = (r — r.)/E*° and the
ansatz

ol = 2ET050G, |,y 7+ 85, (7, 2)),
0 - (0
vy = 2BV 400y (7, ),
0 - (0
V=B |y 40 (5, 2)),

0z

4.18a
4.18b
4.18¢
4.18d

(4.180)
(4.180)
vl (4.18¢)
O = 20 o + BV 08 o 7+ 5 (7 2), (4.184)
where the functions 17(()2), 13825), 17(()2) and p( ) vanish as # — —oo such that the matching

with the interaction region is guaranteed. We obtain the system

p

ap(o)
200 (0) L _ 4.19
a7 ’ (4.199)
82,[}(0)
(0 0¢
200" — o3 =0, (4.19b)
o o)
55~ o =0 (4.19¢)

vl N oo
BT 07

=0, (4.194)
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which gives

66]550) 2 821750)
976 + 40 952 =0. (4.20)

Note that this equation is similar to (4.10) in the outer region. When a = /2, the E*/?
viscous layer thus plays the same role as the outer region. Here, because the boundary
corresponds to 7 = 0, it is convenient to integrate this equation using Fourier transform
in z. It leads to

+Oo . ~
ﬁgo) = / (a1(k)e™ ™" + as(k)e™?" + as(k)e™ ") % dk, (4.21)
where o, j = 1,2, 3, are the three roots of 04? = 402k? with a negative real part (such

that pgo) does vanish as 7 — —o0). The other components are then given by

+oo 3 O;.’g, k _ L~
13(()2) / Z fl )e_aﬂ % dk, (4.22q)
T =1
+oo 3
50 — aja;(k) —ayi | ikz
o8 = / Z Jzéz e e* dk, (4.220)
T =1
+m 3 .k . k . . ~
o0 — / ZICZ#Q*%T oh gk (4.22¢)
S =

The functions a;, j = 1,2,3 are obtained by matching this solution with the solution
in the viscous boundary layer. In the viscous boundary layer, the solution expands, using

7= 7’/El/6 = 7‘/E1/187 as
ol = 2BV (7, 2),

0

((b) 2E— 1/3 ( )(

v

u§°> 213500 )(7“ ),

P =¢ (pé°><z) + BYO50 (7, 2)),

and satisfies

o , 9"
821) z) 815(0) 0
g e = NG | — N2, (4.24b)
821)(()0)
¢ 0)

= ~N§D, (4.24c)

ol ol
— 2 =0. 4.24d
or oz (4.249)

It follows, using ]58 ) = =Py )|T , and the no-slip condition on the boundary, that
0(;) —/ No x, Z)dxds, (4.250)
+oo

o —//4_ N (w, 2)dads, (4.25b)
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which then gives
e / 0:00 (x, ) da. (4.26)
0

The matching of the three velocity components between the viscous boundary layer and
the E4/? viscous layer gives

too (3 adai(k)\ .
—/ Z%ﬁg) e dk =0, (4.27a)

— 00 =1

oS aja;(k) | s ~(0) N P
_ ZT e dk + Ty o = i +oo./\/0¢ (x,Z)dzds, (4.27b)

— 0 =1

400 3 . ) 5 o
/ Z lkaJQ(k) e~ | k% qk + ’D((J(;)

-0\ j=1 a;

~.=0=/ / Né?(mj)dwds. (4.27¢)
0 +oo

These three equations permit to obtain the functions a; j = 1,2,3 and therefore the
solution in the E*/? wiscous layer. As the solution in the interaction region, this solution
vanishes as |2] — co. No solution is therefore created in the outer region for N = 0
when the boundary is vertical. The different regions where the meanflow correction is
important are summarized in figure 4(c).

4.3. Non-rotating case (Q = 0)

This case is similar to the case N = 0, except that critical surfaces for the meanflow
correction are now horizontal surfaces. We should then consider the case a = 0 separately.
Both cases can be analysed exactly the same way as for N = 0. The characteristics
regions defining the solution for 2 = 0 are shown in figure 4(d,e).

5. Conclusion

In this work, we have analysed the nonlinear corrections generated by the reflection of
a thin axisymmetric beam of frequency w on a solid axisymmetric surface. Although we
have focused on self-similar beams emitted by a localized source, the analysis and the
scaling remain the same for any other viscous beam of width E'/3. As also mentioned
in section §2, the same analysis can be performed for a thin 2D beam impacting a solid
planar surface. In that case, the 1/4/r factor of the similarity solution (2.3) disappears
and every thing is identical upon replacing r by x and ¢ by y, the only exception being
equations (4.6a-c) where some curvature terms are present.

As expected, we have shown that a second-harmonic correction and a steady correction
are generated in the reflection process. However, both the structure and the scaling
of these corrections are different. For the second-harmonic correction, the generation
process is purely inviscid. If 2w is in the inertial range (that is between 2Q and N), a
strong beam of amplitude e2E~1/3 is generated. Its structure is similar to the structure
obtained by Tabaei et al. (2005) for = 0. It has no longer the self-similar structure
of the harmonic beam but has still a width O(E'/?) and a persistent length O(1). This
beam propagates in a particular direction that depends on the inclination angle of the
boundary and on whether N is larger or smaller than 2€). The different situations are
summarized in figure 3.

For the steady correction, the generation process is completely different. In the rotating
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and stratified case (2 # 0 and N # 0), the steady correction is as large as the second-
harmonic correction (O(e2E~'/3)) but is confined in the interaction region (O(E/3)
region around the reflection point). The radial and axial components of the velocity are
found to be directly forced by the Reynolds stress by a inviscid mechanism similar to what
is known for the non-rotating case (Tabaei et al., 2005) while all the other components
are generated by a more complex mechanism involving viscous effects.

A steady beam is only observed when either € or N vanishes. In the non-stratified
case (N = 0), this beam is a column of width O(E'/?). In the non-rotating case, it is an
horizontal layer of width O(E'/?). In both case, their amplitude is O(?E~1/6), that is
smaller than the second-harmonic beam but larger than the correction generated in the
incident or reflected beam far from the interaction region. These beams are created by
the interaction of the incident beam with the viscous correction of the reflected beam.
When the boundary is vertical for the non-stratified case, or horizontal for the non-
rotating case, the beam is not observed. However, a thickening of the viscous boundary
layer to O(E*/?) is observed close the reflection point. The different configurations for
the meanflow correction are summarized in figure 4.

In the present paper, we have considered an axisymmetric beam impacting an axisym-
metric surface. It is worth mentioning that a similar analysis can be performed if the
beam exhibits a different azimuthal symmetry, for instance a m = 1 azimuthal symme-
try as in the case of precession, or a m = 2 azimuthal symmetry as for a tidal forcing
(Le Bars et al., 2015). In those cases, the phase factor associated with the azimuthal
symmetry is passive: the second-harmonic correction exhibits a 2m azimuthal symmetry
if the incident beam has a m azimuthal symmetry, and the meanflow correction remains
axisymmetric. The same conclusion is true for a 2D beam impacting a 2D surface: the
beam can exhibit a 3D modulation with a O(1) wavenumber without affecting the analy-
sis. In that case, a meanflow correction can indeed be generated during the propagation
of the incident beam as shown by Bordes et al. (2012) and Kataoka & Akylas (2015)
for a purely stratified fluid, but this meanflow correction remains of order £2 and thus
smaller than the one computed here.

As both parameters E and ¢ are small, one can naturally address the question of
their relative smallness. By performing a weakly nonlinear analysis, we have implicitly
assumed that the nonlinear corrections remain small, and smaller than the magnitude of
the harmonic solution. This requires e? E~1/3 < e. Actually, the condition of validity of
the analysis is stricter. Indeed, the order of the first nonlinear correction oscillating at
the frequency w can be estimated to e3E~2/3 in the interaction region. For the analysis
to be valid, this correction must remain smaller than the first viscous correction of order
eE'Y/6. The condition of validity of the weakly nonlinear analysis is then ¢ < E°/12,

6. Comparison with existing results

Only a few studies have focused on thin viscous beams and analysed quantitatively
the scaling of the nonlinear corrections generated by the reflection of a wave beam on a
solid boundary. The most relevant studies have been performed for rotating flows in the
context of planetary applications.

Tilgner (2007) computed the meanflow generated by an oscillating tidal mode (az-
imuthal wavenumber m = 2) in a spherical rotating shell (without stratification). In this
geometry, the harmonic response depends on the forcing frequency but the wave beam
tangent to the inner core at the critical latitude is generally found to be an important
feature of the harmonic solution (e.g. Rieutord & Valdettaro, 2010). For w = 0.881),
Tilgner (2007) did observe that the Reynolds stress is mainly localized along this beam,
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with the largest contributions where the beam interacts with itself, that is near the points
of reflections on the outer boundary, and where beams cross. He computed the meanflow
correction but unfortunately used stress-free boundary conditions which makes any com-
parison with the present results hazardous. Indeed, with stress-free boundary conditions
the solution in the viscous boundary layers completely change. This affects the vis-
cous correction to the reflected beam, and consequently the meanflow that is generated.
Nevertheless, assuming that the normalized harmonic mode is concentrated on a single
beam of width £/ and length O(1), one can still estimate the two global quantities that
Tilgner (2007) considered: a characteristic length [ = ([ |V x N@2qV)=1/5 and the ki-

netic energy associated with the azimuthal component of the meanflow E4. = [ (véo))QdV
for an harmonic mode of normalized kinetic energy. To get a kinetic energy equal to 1, €
should scale as E~Y/6. Tt follows from our results that N should scale as e2E~2/3 in
a small domain of volume proportional to E2/3, which gives I o« E*/1% that is close but
different from the estimate E'/3 given by Tilgner (2007). For the meanflow correction,
we expect a scaling in e2E~1/6 = E~1/2 localized in a vertical beam of width E'/3. This
gives By, o< E~2/3. This is clearly different from the proposal in E~3/2 of Tilgner, but
surprisingly not in contradiction with the value Ey,. ~ 5 10* obtained for this quantity
for w=0.88 at £ =10"".

More recently, Lin & Noir (2020) also computed the harmonic flow and the meanflow
correction generated by librating a rotating spherical shell. Interestingly, they considered
the frequency w = v/2Q for which the ray trajectories, all inclined at 45° with respect
to the vertical, form simple patterns. In particular, the ray tangent to the inner core
closes on itself after a few reflections on the outer core. Lin & Noir (2020) did show
that the harmonic flow concentrates around this ray with a well-defined structure of
width O(E'/3) and amplitude ¢ = O(g;E'/12) where ¢; is the amplitude of libration. As
this scaling corresponds to the prediction obtained by Le Dizeés & Le Bars (2017) for the
similarity solution generated by a librating sphere in an open domain, one could naturally
think that the harmonic solution of Lin & Noir (2020) may not be far from our beam
solution. For the meanflow correction, they did observe vertical localized structures of
width scaling as E'/3 at the location where the beam reflects on the outer boundary, in
agreement with the present study. Our scaling for the amplitude would give a meanflow of
order e2E~1/6 = ¢2. Lin & Noir (2020) observed a weak increase with E of the meanflow
amplitude that is better fitted by a law in e2E£~1/6. This may not be in contradiction
with our analysis. Indeed, Lin & Noir (2020) observed this scaling when the beam reflects
on a boundary that is librating. In that case, a harmonic flow stronger than the beam is
therefore present in the viscous boundary layer that could perhaps explain the enhanced
meanflow generation. Unfortunately, they did not document the much weaker meanflow
that is generated when only the inner boundary is librating.

Declaration of interests. The author reports no conflict of interest.

Appendix A. Relations between the systems of coordinates

In this work, several coordinate systems are considered in the (r,z) meridional plane
(or equivalently in the (z, z) plane)
- eﬁf)7 el(ll) for the incident beam,

- eﬁ_r), e‘(lr) for the reflected beam,

- €4, e, for the boundary.
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All can be expressed in terms of the vectors e, and e, of the cylindrical basis. For the
situation illustrated in figure 2(a), that is for 0 < 8 < o < 7 — 8, we have the relations

() _

e’ = —sinfe, +cosfe,, (Ala)
el(‘i) =cosfe, +sinfe,, (A 1b)
eﬁ_r) =sinfe, + cosfe,, (Alc)
el(‘r) = —cosfe, +sinfe,, (A 1d)
e; =cosae, +sinae,, (Ale)
e, =sinae, —cosae,. (A1)

It also useful to know the relations between the vectors associated with the beam and
those associated with the boundary:

(2)

e’ =sin(a — 0) e, + cos(a — 0) ey, (A 2a)
el(li) = cos(a — 0) e; —sin(a — 0) ey, (A 2b)
e(p = sin(a + 0) e; + cos(a + 6) e, (A2¢)
el(lr) = —cos(a + 0) e; +sin(a + 0) e,,. (A 2d)

Appendix B. Reynolds stress expressions

In the interaction region, the four components of the second-harmonic Reynolds stress
can be written as N ~ €2E_1/3N(§2) where

—2cos? QM
~(2) o
/\[03 4iQ cos? 0 8(h/(f)h,(f))
ngs) _ a w or (B1)
3 Rl T
A s 07
2iN2sin? 0 9(h R
B w 0z

Similarily, the steady Reynolds stress expands (including O(E'/®) corrections) as
N©) — 52E*1/3(J\7(§0) + E1/6./\71(0) + - -+) where

—4 cos? gw
N O
~%) _ 4Qsin26 Sm(hy hy'")
Nog | = w 0z (B2)
No.) sain? g ORe(hi B ’
N0 S oz
2N2sin 20 0Sm (b h*)

w or
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and

902 g2 Al b
~ or
N 20 5in 20 03m(CFS Rl ) ")
Nfg) _ W 0z (B3)
N L ORe(CR) ) '
/\71(;?) 2sin“ 6 EE

2 sin 260 de(C’fthL)rlh(z)*)
W or

As above, the superscript * denotes the complex conjugate.
Note in particular that

1 ON 1 ONY

— A LA B4
20 or N2 oz O (Ba)
N(O) N(O)
cos? O —2=- 57 + sin? g —2" 53 =0, (B4b)

for both j =0 and j = 1.

The Reynolds stress has a different expression in the wiscous boundary layer. The
expression of the steady Reynolds stress is useful to compute the meanflow correction in
section 4. It can be written as

N© = €2E_1/3(J\7(§0)|in:0 +J\_féo)(:ﬁt, Tp) + ), (B5)
where
oy
Vo (F4,%n) = (T0:0z, + D100z, Zg{ +c.c. (B6)
b

Appendix C. Mean flow correction in the wviscous boundary layer

The viscous boundary layer close to the reflection point extends on a distance O(El/ 3)
along the boundary, and O(E'/?) normal to it. In this section, we compute the meanflow
correction in this region for a general configuration.

We introduce the boundary layer variable #, = (—sina(r — r.) + cosa(z — z.))/E'/?
while keeping the local tangential variable #; = (cos a(r —7.) +sina(z — z.))/E'/?. The
adequate ansatz for the meanflow correction is

Ur(LO) 2p-1/65 (0)( 4, ), (C1la)
v = 2BV (&4, 80), (C1b)
v<(z$0) 2E-1/3; (0)( 4, Tn), (Cle)
b = 2B (74, 2,), (C1d)
p© =23y (30) + BVOp (34, ). (Cle)
The governing equations reduce to
2Q sin v( ) cosaB(()O) + 8L§O> =0, (C2a)

0%y,
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—QQcosav( ) _sinabl” — 8;:;? + (95950) =— ~0(t0)|a-8n70 N, (C2b)
20 cos a vl — 8(?? = /\/(O)Lr o —J\fo(g)7 (C2¢)

—N? sina@é(t)) f}r 882(2 = No(b |2 —0 — _55)7 (C2d)

O O o (g

0%, 0%y
where we have used the expressions (B5) and (B 6) of the Reynolds stress. By definition,
the nonlinear terms ./\~/'O(S ) P ./\70(2) |2, —o and ./\70(3) are functions of Z; only, obtained
from the expressions of the nonlinear terms in the interaction region as x,, — 0, while

J\/'é?)7 J\/(O) and Nég) are functions of Z; and Z,, that vanish as z,, — oc.
~(0 )

Fp =0

This system gives for 9,

4 -
88UT + (492 cos? o + N? Prsin® a )vOt O+ 9, _o (C3)
with
D =— V(0 — Prsina NV(©
Ql.. L 2Qcosa Ny, |, o — PrsinaNg,’|;, . (C4a)
(0)
Q=-20 cosoz/\_/'ég) - Prsina/\_/b(,?) 0" Noy . (C4b)

97,
A general solution that matches the solution in the interaction region as z,, — oo is
obtained in the form

1—}(()(2) = Tpog + ﬂi(ﬁ()) + at6(71)3/4>\j;n + bt6(71)5/4/\i", (C 5)

with A = (402 cos? a + N?Prsin® a?)'/*, fyee = Q|T o/, where a(Z;) and by (%)

are arbitrary functions and u( )(xt, T,) is a particular solution of (C3) with only Q on

the right-hand side, that vanishes as Z,, goes to infinity and such that u( )(xn =0) =
Oz ‘(0)(;10” = 0) =0 . The condition that Eét) vanishes at z, = 0 gives a first condition
on a; and by:

ﬂtooJratert:O. (CG)
The expression of 17(()?3 that cancels at Z,, = 0 is obtained from (C 2e) as
ag(l _ e(—1)3/4)\jn) N bé(l _ e(*1)5/4)‘j”)

EOEDY EED
(C7)

As 7, — oo, 1762) ~ oo and 17(()93 ~ —(0z,Uto0)Tn. These expressions automatically
match the leading order expressions of ﬁ(()(t)) and 17(()?3 obtained from (4.3a,b) as Z,, — 0.
To obtain a second condition on a; and b, one then has to consider the next order. This

17(()?1), —(0z,Uto0)Tn / 8zfut (l't, Ydx +

means, we must match the next term in the expansion of 17(()?3 as T — oo with the first
(0)

order correction 7,

gives:

of the normal velocity in the interaction region as &, — 0. This

ib} (0), -
/ aq;fut dxn ()73/411\ v%?l)(zn:m, (C8)
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which can be integrated once in Z; to give, using (4.5a),

T =i 007, (1) 7 (i)
—/O Ut dfﬁn + m = —2sin 29%m(Clnhu+1hL) ) (C 9)

This equation together with (C6) allows us to get a; and b, and therefore 17(()2) and 5(()82.

Expressions for 17550) and Eéo) are now deduced from 77(()?) using (C 2c¢,d):
o [ (20 cos a0\ (@, 2) + NI (3) + N (@, 2))da ds (C'10a)
0¢ 0 . 0t iy 0¢ lzn=0\lt 0 \ts 5

E(()O) = Pr/ / (—N? sina@ég)(it,x) +./\70(l?)|in:0(!ft) +-/\70(1?)(57t,$))d50d5 - (C10b)
0 “+o0

As T, — oo, these expressions must tend to the limits of 17(()25) and l;éo) as T, — 0

respectively. Using (4.2a,c), they therefore also provide the values of 8%]5((30) and 822560)
at x, = 0.
Note that if Pr = oo the resolution of the system (C2) is easier. We immediately get

17(()(2) from (C2d), then 17(()?3 from (C 2e) with @é%) (Z, = 0) = 0. The function 17(()23 is still

given by (C10a). We then get 9:p” (#, = 0) from (4.2a) which is the only condition
needed to solve (4.7) in that case.
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