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Abstract

A generic methodological chain for the predictive calculation of the light-scattering and absorption properties
of photosynthetic microorganisms within the visible spectrum is presented here. This methodology has been
developed in order to provide the radiative properties needed for the analysis of radiative transfer within
photobioreactor processes, with a view to enable their optimization for large-scale sustainable production
of chemicals for energy and chemistry. It gathers an electromagnetic model of light-particle interaction
along with detailed and validated protocols for the determination of input parameters: morphological and
structural characteristics of the studied microorganisms as well as their photosynthetic-pigment content.
The microorganisms are described as homogeneous equivalent-particles whose shape and size distribution
is characterized by image analysis. The imaginary part of their refractive index is obtained thanks to a
new and quite extended database of the in vivo absorption spectra of photosynthetic pigments (that is
made available to the reader). The real part of the refractive index is then calculated by using the singly
subtractive Kramers-Krönig approximation, for which the anchor point is determined with the Bruggeman
mixing rule, based on the volume fraction of the microorganism internal-structures and their refractive
indices (extracted from a database). Afterwards, the radiative properties are estimated using the Schiff
approximation for spheroidal or cylindrical particles, as a first step toward the description of the complexity
and diversity of the shapes encountered within the microbial world. Finally, these predictive results are
confronted to experimental normal-hemispherical transmittance spectra for validation. This entire procedure
is implemented for Rhodospirillum rubrum, Arthrospira platensis and Chlamydomonas reinhardtii, each
representative of the main three kinds of photosynthetic microorganisms, i.e respectively photosynthetic
bacteria, cyanobacteria and eukaryotic microalgae. The obtained results are in very good agreement with
the experimental measurements when the shape of the microorganisms is well described (in comparison to the
standard volume-equivalent sphere approximation). As a main perspective, the consideration of the helical
shape of Arthrospira platensis appears to be a key to an accurate estimation of its radiative properties. On
the whole, the presented methodological chain also appears of great interest for other scientific communities
such as atmospheric science, oceanography, astrophysics and engineering.
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Nomenclature

[0] dimensionless

c speed of light in the surrounding medium [m/s]

c0 speed of light in vacuum [m/s]

Cpig,j concentration of the pigment species j within the cell material [kg/m3]

Cx dry mass concentration within a culture [kg/m3]

Eapig,j absorption cross-section of the pigment species j [m2/kg]

ei direction of incidence of radiation (unit vector)

eo orientation of a particle (unit vector)

es scattering direction (unit vector)

fj volume fraction of the jth internal structure of a microorganism [0]

k wave number of radiation [m−1]

l crossing length of a ray passing through a particle [m]

M dry mass of a microorganism [kg]

m complex refractive index [0]

n real part of the refractive index [0]

nj real refractive index of the jth internal structure of a microorganism [0]

P two-dimensional projected surface of a particle

pX probability density function of the random variable X

R aspect ratio of a particle shape [0]

req radius of the volume equivalent sphere [m]

S complex scattering amplitude

s width parameter of the log-normal distribution [0]

D tri-dimensional domain of the particle

Vp volume of the particle [m3]

W differential scattering cross-section [m2/sr] or [m2/sr/kg]

wpig,j dry-mass fraction of the pigment species j within the cell material [0]

x size parameter [0]

xw intracellular water volume-fraction [0]

Greek letters

θl limit angle between small and large scattering angles (Schiff’s approximation) [rad]
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θ polar angle [rad]

κ imaginary part of the refractive index [0]

λ wavelength of radiation [m]

λ0 wavelength of radiation within vacuum [m]

ν frequency of radiation [Hz]

νp anchoring frequency of radiation (singly subtractive Kramers-Krönig approximation) [Hz]

σ cross-section [m2] or [m2/kg]

ϕ azimuth angle [rad]

Subscripts/Superscripts

a refers to absorption

e value within the surrounding medium

eff effective value (homogeneous equivalent or monodisperse equivalent)

ext refers to extinction

r refractive indices relative to the surrounding medium

s refers to scattering

ν value at the frequency ν of radiation

ˆ value for an isolated particle (fixed size and orientation)

¯ median or average value

Acronyms

DDA Discrete-Dipole Approximation

FDTD Finite Difference Time Domain

OD Optical Density

PAR Photosynthetically Active Radiation
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1. Introduction

Photosynthesis engineering is nowadays recognized as a possible alternative to the exhaustion of fossil
resources and global warming. Indeed, it enables both the mitigation of CO2 emission and the sustainable
synthesis of chemicals for energy (biomass, biofuels) as well as for chemistry (raw or high-value green
products). Nevertheless, first the development of new and efficient technologies like photobioreactors devoted
to the photosynthetic-microorganism cultivation with thermodynamic efficiencies approaching at least 10%
is required. Such original future designs, or more basically the optimisation of existing concepts, are only
feasible if predictive knowledge-models of these processes are developed on a strong physical basis, giving
them sufficient genericity for industrial purposes (simulation, sizing, scale-up, optimization, model-based
predictive control, etc). Assuming a proper mixing and that all physiological needs are maintained at
their optimal conditions (pH, temperature, dissolved CO2, minerals), it has been clearly demonstrated in
the past decades that photobioreactors are mainly governed by radiant light transfer inside the culture
volume, determining the kinetic rates, energetic yields, biomass composition and pigment contents [1, 2,
3, 4, 5, 6, 7, 8]. Accurate knowledge of the radiation fields is therefore required prior to any analysis
of photosynthesis engineering, which is only feasible by properly solving the radiative transfer equation
for any boundary condition, i.e any photobioreactor design [1, 9, 8, 10, 11, 12]. This equation contains
three parameters, respectively the absorption and scattering coefficients together with the scattering phase-
function, which must be known with accuracy if the resulting radiation-fields are envisaged to formulate a
kinetic and energetic model of the reactor. Therefore, any radiative analysis of photobioreactors starts with
the determination of the absorption and scattering properties of the involved photosynthetic-microorganisms.
Yet this question is not trivial, and to the best of our knowledge, no available database provides the
adequate spectral and angular information needed, even for the strains of microalgae that are currently widely
cultivated. Obtaining these properties involves either highly specialized experiments [13, 14, 15, 16, 17], or
the construction of a model implying the resolution of the Maxwell’s equations for particles with types of
heterogeneities, sizes and shapes for which the usual numerical methods such as Lorenz-Mie, T-Matrix,
FDTD, DDA, etc [18, 19] are yet impracticable in most cases. Within the international literature dedicated
to the study of photobioreactors, L. Pilon’s research group (University of California, Los Angeles) is the only
one, to the best of our knowledge, that focuses on the experimental determination of the radiative properties
of photosynthetic microorganisms, through single scattering experiments including the measurement of the
angular distribution of the scattered power [15, 16, 8]. The present article addresses the electromagnetic
modelling approach, and we hereafter present a methodological chain inherited from the expertise of the
oceanography community, and more broadly, of all the communities that are confronted with the wave-
particle interaction problem, in either atmospheric sciences, astrophysics or engineering. In this wide context,
our concern is to account not only for the specificity of photosynthetic microorganisms, but also for the
analysis and optimisation requirements of photobioreactor-engineering.

The above mentioned theoretical and experimental issues have gradually developed during the past 15
years, but yet they have remained overwhelmingly open-ended. In the light of this gap, numerous research
groups have no alternatives but to make use of the empirical tools developed by the community over the past
twenty years [20, 21, 22, 23, 24, 25, 10]. These tools are based on radically different modelling approaches
from the one that we develop hereafter. The spacial dependence of radiative observable is indeed fixed
a priori according to laws inspired by radiation physics (Beer-Lambert extinction law, hyperbolic laws,
etc) that involve a set of free parameters to be adjusted, on a case by case basis, so as to conform to
available experimental data. Of course these empirical approaches reach their limits when considering
diverse operating modes of photobioreactors, due to the necessity to adjust the parameters for each of
the studied situations (e.g reactor geometry, incident light flux and radiation frequency), or simply when
considering a process with complex geometry (experimental data then being difficult to obtain). These are
the constraints that have led us to identify the need for a predictive methodology, based on limited and
”easily” accessible experimental parameters, allowing us to grasp the microorganisms’ variability, from one
species to another and as a function of the culture conditions (in particular as a function of the illuminating
conditions) [26, 11, 27]. Within this framework, the purpose of the present article is to gather and extend
our know-how in order to design a full methodological chain ranging from the determination of the input
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parameters of our model to the validation of its results.
In the following, we make use of several methods that are furthermore described, independently of

each other, within the literature dedicated to light scattering by small particles [28, 29, 30, 31]. The
very general problem of modelling radiative properties is fully posed in these works, the formalism of
which is here adopted with the conventions of [28] for the definition of complex amplitudes. We start,
at Section 2, with an introduction to the specificity of our study through a detailed description of the
shapes and internal structures of photosynthetic microorganisms. It then appears that the determination
of radiative properties implies the construction of a model of the microorganism itself (its geometry and
its internal features in terms of refractive index) as well as an implementation of the standard model of
electromagnetism (resolution of Maxwell’s equations). These two tasks are actually interlocked since even if
a perfect description of the electromagnetic properties of the microorganisms was available, the resolution of
Maxwell’s equations would be impossible considering the current state of knowledge: to this date, the most
typical internal heterogeneities and shapes correspond to ineluctable numerical difficulties. Therefore, we
propose an approximate electromagnetic model that includes a simplification of the particles’ description,
the corresponding approximations being chosen in line with the requirements of our study. The first choice
is the following: we refuse to make too much of a compromise on the information about shape, as we
believe this characteristic to be essential regarding interaction with radiation, and to be at the source of
what essentially distinguishes different species of microorganisms. On the other hand, we are willing to
represent the internal heterogeneities thanks to the approximation of an effective homogeneous medium.
Indeed, this approximation has been tested in many situations and appears to corrupt only the power
scattered at large angles [32, 33, 34, 35]. We retain it because a very small proportion of the incident
power on a microorganism is backscattered (90% of the scattered power is usually contained within a solid
angle of roughly 20◦ aperture around the incident direction) and, for the targeted radiative configurations,
backscattering has a limited influence: the few backscattered photons have a very limited impact on radiative
transfer within the photobioreactor (which is not the case when analysing oceanic albedo for instance).
Therefore, in order to be in a position to solve electromagnetism, we modify our description of the scatterers
which become pseudo-homogeneous particles.

If the microorganisms we are interested in were all spherical, this simplification would be enough to enable
the resolution of electromagnetism. But photosynthetic microorganisms have a great diversity of shapes,
and the sphere is to the date the only finite-size shape for which Maxwell’s equation can be solved within
the whole range of size parameters (from 5 to 200 for microalgae). The effective medium approximation
is therefore insufficient, and since we are keen on preserving the shape description, we are thus compelled
to simplify the electromagnetic model of light-particle interaction. It is a common practice in the radiative
transfer community to make use of simplifications corresponding to asymptotic approximations: Rayleigh
approximation when size parameters approach zero, geometrical optics when size parameters approach
infinity, etc. In the case of photosynthetic microorganisms, size parameters are large and refractive-index
contrasts are low; we are at the tenuous particle limit corresponding to the validity range of the anomalous
diffraction approximation, that we here revisit to extend its applicability, thanks to the Schiff approximation
(see Section 3 and Appendix A). The conjunction of the effective medium approximation and the Schiff
approximation makes our model numerically tractable, that is to say solvable with usual numerical methods
that we detail in Section 4.2.

In the above description of our model and its numerical implementation (which is summarized in Ta-
ble 1.a) there is no mention of a procedure leading to the determination of the shape, the effective spectral
refractive indices and the size distribution of the microorganisms (regarding the distribution of orientations,
isotropy is always retained due to the agitation that is needed for the mixing within the process). However,
the purpose of the present article is the construction of a methodological chain consistent with the study of
photobioreactors. The determination of these parameters is therefore a central issue: we must be in a position
to grasp the operating mode dependence of these parameters, either from experimentally accessible data
(within the scope of the photobioreactor engineers’ practice), or from available databases. Our method-
ological chain thus implies following a set of characterization procedures (summarized in the Table 1.b)
before any implementation of the previously formulated model. First, the shape and the size distribution
of the microorganisms are determined thanks to optical microscopy and image analysis (see Section 4.1).

5



Simple rotatory-symmetric parametric shapes are here retained, and the size distributions are modelled
as log-normal distributions for the radius of the volume-equivalent sphere. The remaining procedures are
dedicated to the determination of the particles’ effective refractive index. Indeed, although the effective
medium approximation is a significant simplification of the wave-particle interaction, what remains is the
determination of the spectral properties of this equivalent homogeneous medium that must stand for the mi-
croorganisms’ internal heterogeneities. First, we determine the imaginary part of the refractive index, which
characterizes the absorption properties of the continuous medium constituting the microorganisms. Visible
light absorption by microorganisms is considered to be exclusively due to the presence of photosynthetic
pigments that are gathered within the photosynthetic antennae. The pigment molecules are diluted enough
to be characterized by an in vivo absorption cross-section (independently of the microorganism species and
the type of study), and an internal pigment concentration (that is, on the other hand, extremely dependent
on the culture conditions). Additionally, within the spectral range of the PAR (Photosynthetically Active
Radiation), for the microorganisms’ internal characteristics (low variation of the real part of the refractive
index and weak absorption within the particle), it is reasonable to consider the absorption properties of
the equivalent homogeneous medium to be the ones that would be obtained if the pigment molecules were
homogeneously diluted within the particles’ volume. We therefore model the imaginary part of the effective
refractive index by summing the absorption cross-sections of the pigment molecules (either available in the
literature or measured by our research group, see Section 4.1 where we make a database available to the
reader), each of these absorption spectra being weighted by the concentration of the corresponding pigment
species within the addressed microorganism. To sum up:

• We designed, based on field proven protocols in microbiology, a procedure enabling the determina-
tion of the pigment composition (that is to say the concentration of each pigment species) of each
microorganism, for each culture condition (see Section 4.1). These experimental protocols lead to the
measurement of pigment composition in terms of the pigment’s dry-mass fraction (i.e the microorgan-
isms’ mass fraction once their water has been extracted).

• Then, the volume fraction of intracellular water is used in order to obtain information about the
internal pigment-concentrations.

The imaginary part of the refractive index is now determined, and the following procedures deal with its
real part. The determination of the real part of the refractive index of the equivalent homogeneous medium
is a major difficulty since, on the one hand very little information is available in the literature dedicated to
photosynthetic microorganisms, and on the other hand, unlike the imaginary part, this effective property
strongly depends on heterogeneities (within the studied spectral range). We therefore propose to apply
the causality Kramers-Krönig relations (see Section 3), that formalize the redundancy of the information
contained in the complex refractive index, and lead to an expression of the real part of the effective re-
fractive index as a function of the spectrum of the imaginary part. If we had access to this imaginary
part over the whole spectrum, Kramers-Krönig relations would be sufficient, but we only have access to
a limited information since the previous procedure (protocols and physical reasoning) only concerned the
determination of the imaginary part within the PAR spectral range. This is a usual situation and various
practical solutions exist in order to compensate (at least partially) for this lack of information. We here use
the singly subtractive Kramers-Krönig approximation that allows us to correct the results obtained from
the information within the PAR alone thanks to the knowledge of the real part of the refractive index at
a particular wavelength, that is the so-called anchor point (see Section 3). Therefore, what remains is the
determination of the refractive index at this anchor point that is here chosen at a frequency for which the
studied microorganism is non-absorbing (i.e dielectric, within the framework of the electromagnetic assump-
tions that we share with [28, 29, 30, 31]). For this purpose we employ the Bruggeman mixing rule, which
gives the effective refractive index of a composite particle based on the knowledge of the volume fraction
and the refractive index of its different structures (see Section 3). The volume fractions of the structures
are here obtained from electron microscopy and image analysis, or far less frequently, from the literature
when therein available (see Section 4.1). Finally, a small database presented in Section 4.1 contains a certain
amount of data that we were able to gather about the real index of microorganisms’ internal structures, for
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frequencies at which they are dielectric. To sum up, the procedure for the determination of the real part
spectrum of the refractive index of the microorganisms includes:

• the determination of the volume fraction of the internal structures from image analysis or literature
data if available,

• the extraction of the real index of the structures from a database,

• the construction of the effective real index at the anchor point by using the Bruggeman mixing rule,

• and finally, the implementation of the singly subtractive Kramers-Krönig approximation.

In the former discussions we distinguished, for intelligibility, the light-particle interaction model from
the procedures employed for the determination of the sizes, the shapes and the refractive index of the
microorganisms. Nevertheless, it clearly appears that the procedures presented in the previous paragraph
imply a set of modelling acts that have the exact same status as our light-particle interaction model.
Therefore, we adopt the following outline for the present article:

• Section 3 gathers the entire model, including the formalization of the shapes, the sizes, the model
of absorption by pigments, the use of the Bruggeman mixing rule, as well as the singly subtractive
Kramers-Krönig approximation.

• Section 4.1 gathers all the know-how associated with the input parameters’ determination, that is to
say the setting of the parameters involved in the equation that describes the shape, the setting of
the parameters involved in the size distribution, the measurement of the pigments’ dry-mass fraction,
of the intracellular-water volume fraction, of the internal structures’ volume fractions, as well as the
elaboration and utilization of the databases for the in vivo absorption spectra of pigments and for the
refractive index of internal structures.

• Finally, Section 4.2 gathers the numerical methods used for the implementation of the methodological
chain, up to the calculation of the radiative properties of a microorganism suspension.

In Section 6 our proposal extends further than the determination of these properties (Section 5), with the
description of a validation procedure that is a true part of the methodological chain itself. Indeed, considering
the interlocking between the steps described above, it remains necessary to use a control technique for the
databases that we aim to produce and distribute. Yet again this procedure must be consistent with the
object of study, implying in particular its accessibility for the bio-engineering community (through ”well-
known” experimental protocols) and the production of a validation related to the study of radiative transfer
within photobioreactors. This validation includes two steps:

• The measurement of the hemispherical transmittance of a microorganism suspension thanks to an
optical setup equipped with an integrating sphere.

• Rigorous simulation using the Monte Carlo method (see Section 6.2) of the multiple-scattering hemi-
spherical transmittance that would be measured if the microorganism suspension indeed possessed the
scattering and absorption properties predicted in Section 5.

Comparing the experimental spectra with the simulated ones also allows us to perform a critical analysis of
the sensitivity of our model to its input parameters (Section 6.3). In this way, we are also able to validate
the value retained for the refractive index at the anchor point frequency (Section 6.4).
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a. Model

Light-particle interaction: scattering and absorption under the assump-
tion of independent particles.

General concepts
[28, 29, 30, 31]

Particle description: size, shape and internal structure. Section 2
Simplification of the heterogeneous internal structure: effective medium
approximation.

Section 3

Modification of the light-particle interaction model: anomalous diffrac-
tion approximation revisited with the Schiff approximation.

Section 3 and Ap-
pendix A

Numerical implementation: integration of Schiff approximation, includ-
ing size-distribution and orientation-distribution.

Section 4.2 and [36]

b. Characterization chain

(1) Determination of the microorganism shape and size distribution thanks to image anal-
ysis (Section 4.1).

(2) Photosynthetic pigments extraction and pigment composition measurement (dry-mass
fraction, see Section 4.1).

(3) Determination of the intracellular water volume-fraction (literature, specific protocols
and use of the results of (1), see Section 4.1).

(4) Construction of the concentration of each pigment species contained within the mi-
croorganism from the results of (2) and (3) (Section 4.1).

(5) Construction of the imaginary part spectrum of the effective refractive index from the
results of (4) and a database of the in vivo absorption spectra of the pigments (see
Section 3 and Section 4.1 for the database).

(6) Determination of the volume fractions of the anatomic internal structures from image
analysis (Section 4.1).

(7) Construction of the real part of the effective refractive index at the anchor point by
using the Bruggeman mixing rule for the results of (6) and the internal-structure real-
indices extracted from a database (see Section 3 and Section 4.1 for the database).

(8) Construction of the real part spectrum of the effective refractive index by using the
singly subtractive Kramers-Krönig approximation from the results of (5) and (7) (Sec-
tion 3).

(9) Validation of the results obtained for the radiative properties thanks to an analysis of
the hemispherical transmittance measured through a microorganisms suspension (see
Section 6).

Table 1: Organization of the main elements of the methodological chain presented in the present article.
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Figure 1: Summary of the presented methodological chain.
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2. Photosynthetic microorganisms

In this section, a quick overview of the morphological and structural characteristics of photosynthetic
microorganisms is given with respect to the concerns of radiation physicists.

A fair number of microorganisms species have shapes that are close to rotatory symmetrical shapes such
as cylinder, sphere, spheroid, super-spheroid, Tchebytchev particle, etc. The shapes of some species can
significantly variate depending on the medium’s chemical-composition and the culture conditions [37]. Typ-
ical characteristic sizes of photosynthetic microorganisms cultivated in photobioreactors range roughly from
1µm to 20µm. Cultures of microorganisms of the same species have unimodal size and shape distributions
corresponding to the diverse maturity-states of the cells. These size distributions are stationary, except in
the very specific case of synchronized cultures. Microorganisms’ shape and size is usually characterized by
optical microscopy.

Beside their shape and size, the internal structure of microorganisms is an important feature that in-
fluences interaction with light. It corresponds to their anatomy and chemical composition, that determine
their refractive index. Light absorption by photosynthetic microorganisms was the first radiative aspect
to be investigated by oceanographers. Since then, it is considered that absorption by pigments is pre-
dominant [38, 39, 40, 41, 42]. Many different photosynthetic pigments exist, among which the most com-
mon groups are: Chlorophylls, Phycocyanins and Carotenoids. The measure of their spectral absorption-
properties under in vivo conditions corresponded to a research effort during the 70’s and until the 90’s [41];
fieldproven data and experimental protocols are now available in the literature. Each microorganism species
has its own pigment composition corresponding to the respective proportion of the pigment types con-
tained within the cell, that provides it with a unique radiative fingerprint. Some regulation mechanisms
lead to the decrease of the total amount of pigment within the microorganism when it is highly irradiated,
but the pigment composition, in the other hand, generally stays stable [7] (for standard photobioreactor
culture-conditions). Yet again, numerous fieldproven protocols are available for the extraction and measure
of the pigment composition. Typical pigment contents lead generally to absorption optical-depths inside
microorganisms of the order of 10−2.

The microorganisms’ anatomic structures are observable with optical microscopes working with visible
wavelengths, implying that those heterogeneities play a role in the present study. At our level of description,
the internal structures are extremely similar to those of other biological cells (except for the presence of
photosynthetic pigments that is specific). The effective refractive index of biological cells was first investi-
gated thanks to experiments such as immersion refractometry [43, 32] or spectroscopic inversion [44, 45, 46],
providing with values ranging from 1.02 to 1.2 relative to water. More recently, in the trend of non-invasive
medical-diagnosis and cytology, the tomography community developed microscopes dedicated to the mea-
surement of the three-dimensional refractive index map of living cells [47, 48, 49, 50, 51, 52, 53, 54]. Those
cartographies reveal relatively sharp variations of about 10% of the refractive index inside the cells. These
variations draw the shape of the principal anatomic structures such as nucleus, mitochondria, etc, each of
these structures representing from 1 to 10% of the cell volume. Microorganisms can therefore be pictured as
composite material whose volume is divided into anatomic structures with relatively homogeneous refractive
index. These internal structures are all nearly non-absorbing, except for the regions containing photosyn-
thetic pigments, where the imaginary part of the refractive index is non-zero. The anatomic diversity of
photosynthetic microorganisms is commonly represented by three groups that should be distinguished (see
Fig. 2): bacteria, cyanobacteria, and eukaryotes (microalgae). Each of the three microorganisms that are
studied in the present work represent one of these categories, with increasing intracellular complexity from
simple bacteria with only cytoplasm, cell wall and reserves to the numerous structures of microalgae. We
note that the refractive index of mitochondria has been shown to significantly variate depending on the
metabolic state of living cells [49].

These results from the tomography community constitute a precious information but, to the best of our
knowledge, only very few microorganisms and wavelengths have been investigated to date. Moreover, almost
no quantitative information can be found about the number, the shape, the location and the size of the
microorganisms internal structures. Therefore, the complexity associated with heterogeneity is one of the
major issue for the radiative description of microorganisms.
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a b c

Figure 2: Anatomic diversity of photosynthetic microorganisms; increasing intracellular complexity from a to c. a: Pho-
tosynthetic bacteria (micrograph from [55]). b: Cyanobacteria (Transmission electron microscopy of a protoplast section of
Arthrospira platensis, personal data); (T) Thylakoids, among others cellular features. c: Microalgae, i.e eukaryotic cell (median
section of Chlamydomonas reinhardtii from [56]); (N) Nucleus, (Nu) Nucleolus, (C) Chloroplast, (P) Pyrenoid, among others
cellular features.

3. Model

As stated earlier, the first step in the construction of our model consists in the assumption that microor-
ganisms are homogeneous particles. The effective medium approximation defines an equivalent homogeneous
medium leading to radiative properties that are ”as close as possible” to the properties of the heterogeneous
scatterer. This approximation is often applied to biological cells [32, 57, 39, 40], interstellar dusts [35, 58, 59]
and atmospheric aerosols [60, 61, 62]. In the case of biological cells [32, 33, 34], as in many other situa-
tions [35], it mainly produces errors on the energy scattered at large angles (i.e a very small proportion
of the total energy scattered by microorganisms), which explains the successful use of this approximation
for the study of microorganisms’ cross-sections in oceanography. In the following, we therefore consider
that microorganisms are homogeneous and we define a single complex refractive index meff

ν = neffν − iκeffν

(where ν represents the spectral dependency of the index). Of course, the whole difficulty associated with the
consideration of heterogeneities is then transferred to the definition of the neffν and κeffν spectra: we must
ensure that the resolution of Maxwell’s equations, for this effective particle, leads indeed to a satisfactory
description of the interaction between light and the heterogeneous particle [30, 29, 63].

For the studied frequencies (i.e visible light) the imaginary part κν of the refractive index is related to
the absorption properties of photosynthetic pigments located within the photosynthetic antennas. Because
these pigment-molecules are diluted, we make the assumption that each pigment interacts independently
with radiation (this is a usual assumption in oceanography [38, 39, 40, 41, 42]). We can therefore define a
molecular cross-section that characterizes the absorption properties of each pigment species independently of
its concentration. Furthermore, if we accept that the pigment molecules are randomly distributed within the
medium according to a uniform distribution (inside a small neighbourhood around the considered location;
i.e continuous medium assumption), then the local value of the imaginary part of the refractive index is a
function of molecular cross-sections and local concentrations:

κν(r) =
c0

4π ν

∑
j

Ĉpig,j(r)Eapig,j(ν) (1)

where Ĉpig,j(r) is the concentration of the pigment species j at location r in the cell-material volume and
Eapig,j(ν) is the absorption cross-section per unit mass of the same pigment species under in vivo conditions.
The spectrum of the in vivo absorption cross-section Eapig,j(ν) of many photosynthetic pigments are already
published or have been established in this work (as detailed in Section 4.1) and they are the start basis for
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any predictive model of the radiative properties of photosynthetic microorganisms. Based on this local value
κν(r), the imaginary part of the equivalent homogeneous refractive index is usually calculated as the volume
average of κν(r) over the whole particle,

κeffν =
1

Vp

∫
D
κν(r) dr =

c0
4π ν

∑
j

Cpig,j Eapig,j(ν) (2)

where Vp is the volume of the particle domain D and Cpig,j is the mass concentration of the pigment species
j within the microorganism cell-material, defined as:

Cpig,j =
1

Vp

∫
D
Ĉpig,j(r) dr (3)

The determination of the real part neffν of the effective refractive index is a difficult task since this ob-
servable must stand for all the information associated with the microorganisms heterogeneities, in particular
the spectra of nν for each of the internal anatomic structures. We hereafter partially bypass this difficulty
by expressing neffν as a function of the imaginary part spectrum κeffν (that we just modelled). This can be
done by using the Ketteler-Helmholtz theory [29], that has been applied, among others, to photosynthetic
microorganisms [40, 64], or the Kramers-Krönig relations [65, 66, 67], that have also been used for the study
of photosynthetic microorganisms [68, 64] and other biological cells [57, 68] (as well as many more particle
types). The following Kramers-Krönig relation is here applied to the effective properties of our microorgan-
isms (see [67] Chap. 4.3.2 concerning the applicability of Kramers-Krönig to effective medium properties,
and [64] for comparisons between the Ketteler-Helmholtz and Kramers-Krönig theories):

neffν = 1 +
2

π
P

∫ +∞

0

ν′ κeffν′

ν′2 − ν2
dν′ (4)

where P signifies that the Cauchy principal value has to be considered for the singularity (ν′ = ν). The
above relation (that is exact) consists in a spectral integration overs [0,+∞] while κeffν is only known in the
visible and near infra-red region [νmin, νmax]. This situation is commonly encountered when applying the
Kramers-Krönig relations to practical cases, and several approximations are available in order to compensate
(at least partially) for this lack of spectral information. The most standard methods consist

• either in an extension of κeffν outside the known spectrum, thanks to a model or measurements on
similar materials [57],

• or in a transformation of Eq. 4 in order to bring out free parameters that are afterwards adjusted
thanks to a set of frequencies at which neffν is experimentally accessible [67].

Some approaches combine these two techniques [69].
In the present work, we make use of the singly subtractive Kramers-Krönig approximation [67]. The

use of more advanced methods is an interesting perspective but it will require that models of κeffν outside
the PAR develops and that experimental values of neffν become more accessible. The singly subtractive
Kramers-Krönig approximation is obtained by subtracting to Eq. 4 (for each ν) the same equation taken at
the particular frequency νp for which neffνp is know. We thus ensure that the spectrum neffν takes the value

neffνp at the frequency νp, even when the integration is truncated to [νmin, νmax]:

neffν = neffνp +
2
(
ν2 − ν2

p

)
π

P

∫ νmax

νmin

ν′ κeffν′

(ν′2 − ν2)
(
ν′2 − ν2

p

) dν′ (5)

This way, most of the complexity associated with the treatment of the microorganisms heterogeneity is
reduced to the anchor point, i.e to the knowledge of the effective monochromatic refractive index neffνp at
the frequency νp only.
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We now have to construct a model for neffνp , in agreement with our current state of knowledge of the
heterogeneities. For this purpose, we retain a frequency νp at which the photosynthetic microorganism is
dielectric (κeffνp ' 0) in order to simplify the access to the properties of the internal anatomic structures.
Indeed, as mentioned in Section 2, the only distinction between photosynthetic microorganisms and other
living cells is the absorption of radiation (of course not from biological point of view but only as far as our
study is concerned). At frequency νp, we therefore consider that the properties of the internal structures of
photosynthetic microorganisms are identical to those of other living cells [70], which allows us to seek the
needed information within a much wider literature. But going through this literature, we unfortunately faced
the fact that biologists have only little interest in the properties that we seek: basically volume fractions and
refractive index spectra of nucleus, cell wall, cytoplasm, etc. In order to make the best use of the available
information, our approach is the following:

• When we find in the literature results of refractive index measurements for anatomic structures of
photosynthetic organisms, the investigated frequencies are, for practical reasons, frequencies at which
the microorganism is non-absorbing, that is to say close to our anchor point. We therefore directly
use them.

• When we find in the literature results of refractive index measurements for similar anatomic structures
of non-photosynthetic organisms, then, since they are dielectric over the whole optical spectrum, the
authors had no reasons to investigate a frequency that is close to our anchor point. Nevertheless,
the spectral variations of the refractive index of non-photosynthetic organisms are far less important
than those of their photosynthetic equivalents [57, 43] and we do not hesitate to consider that these
measurements give the same results as if they were performed at our anchoring frequency.

At Section 4.1 we construct, from a literature review, a small database containing the real part of the
refractive index of various anatomic structures. Using this database, we now have to explore the several
relations that express the effective refractive index of a composite material (here neffνp ) as a function of its
internal structure (see [30, 29, 63] for an overview). These so-called mixing rules are applied, among others,
to the study of scatterers such as interstellar dusts [35, 58, 59], atmospheric aerosols [60, 61, 62, 71, 72],
phytoplankton [43], etc. They usually correspond to a given topology of the composite material, and a set
of approximations which implications are often not well understood [30, 60, 35, 58, 59, 61]. Standard mixing
rules such as Lorentz-Lorenz, Maxwell-Garnett, and Bruggeman’s relations are derived under the assumption
that heterogeneities are very small compared to the wavelength of incident radiation, which is not the case
for photosynthetic microorganisms. There is an ongoing search for the construction of extended mixing rules
allowing larger sizes of inclusions [30], but in the present context, considering the lack of reliability of the
information about internal structures and the unavoidable errors associated with the use of a mixing rule in
the case of such complex particles as microorganisms, we propose to use the Bruggeman mixing rule Eq. 6
that is simple to implement, well documented, and compatible with our limited topological-knowledge since
its derivation assumes uniformly distributed heterogeneities without specific shapes:∑

j

fj
(nj,νp)2 − (neffνp )2

(nj,νp)2 + 2(neffνp )2
= 0 (6)

where fj and nj,νp are respectively the volume fraction and the real part of the refractive index of the
jth internal structure of the studied microorganism. Moreover, we compared the values of neffνp given by
the Bruggeman and the Maxwell-Garnett mixing rules for many microorganisms and we always recorded
extremely similar results. We invite the reader wishing to explore the principles of Bruggeman’s mixing-rule
to refer to [30, 63]. The use of more advanced mixing rules is an interesting improvement of our model that
will be possible if topological-knowledge of microorganisms develops.

At this stage, using the singly subtractive Kramers-Krönig approximation Eq. 5 for which the anchor
point is determined with Eq. 6, we have a model for the complex refractive index of the effective particle
and we can define the relative refractive index mr,ν

mr,ν = nr,ν − iκr,ν =
neffν

ne,ν
− iκ

eff
ν

ne,ν
(7)

13



where the aqueous surrounding medium is here considered to be dielectric with same refractive index ne,ν
as water. This relative index will be used for the calculation of the radiative properties, but first, the size
and the shape of the particle have to be modelled.

The size distribution of the studied microorganisms, within a culture, is modelled (in agreement with
experimental observations) as a log-normal distribution pReq (req) of the volume-equivalent sphere radius req:

pReq (req) =
1√

2π req ln(s)
exp

[
− (ln req − ln r̄eq)2

2 ln2(s)

]
(8)

where r̄eq is the median value and s represents the ”width” of the distribution. We define the effective
radius reffeq (see [28]) that will be occasionally used in order to represent practically this distribution as an
equivalent monodisperse-distribution (in particular for the calculation of the microorganisms dry mass):

reffeq =

∫∞
0
pReq (req)πr

2
eq req dreq∫∞

0
pReq (req)πr

2
eq dreq

= r̄eq exp

(
5

2
ln2(s)

)
(9)

It must be clearly noticed at this stage that any other distribution function, or actual experimental distri-
bution, can be alternatively used in the following.

The geometry of the outside envelop is a crucial information in our context, since it considerably deter-
mines our ability or not to solve Maxwell’s equations (now that the issue of the heterogeneities has been
bypassed thanks to a description in terms of an effective homogeneous medium). Most of the available
radiative-properties models make use of the equivalent sphere approximation (see [46, 39, 40, 64, 32] for mi-
croorganisms but this practice extends way beyond this context). In this case, the question of light-particle
interaction modelling is not an issue since the sphere is a shape for which Maxwell’s equations are easily and
rigorously solved for almost any size (reliable open sources codes are available and computation times are
extremely reasonable). Let us briefly discuss the principle of the volume-equivalent sphere approximation
that will be hereafter retained as a baseline for our results involving other shapes. Under this approximation,
microorganisms are homogeneous spheres of radius req distributed according to Eq. 8 and Maxwell’s equa-
tions can be solved using any Lorenz-Mie code (see Section 4.2). The equivalent sphere is usually defined
as having same volume (or surface-area) as the nonspherical scatterer, which generates significant errors in
the two following cases [73, 74, 75]:

1. the fact that the sphere has same volume or surface as the nonspherical scatterer is not a pertinent
criterion of equivalence

2. there is no sphere giving radiative properties with sufficient accuracy for photobioreactor-engineering,
even with more advanced criterion of equivalence than volume or surface.

We therefore propose a model that includes a further accurate description of the microorganisms shape in
order to tackle the various and complex morphologies encountered in the microbial world. The issue of
how accurate this geometric description must be is still an open question and we aim here to give part of
the answer by considering, as a first investigation, simple rotatory symmetric shapes such as cylinders (see
Eq. 10) and spheroids (see Eq. 11).

ρ(ϕ, z) = a , for− b < z < b

R = a
b

req = a
(

3
2R

) 1
3

(10)

where the above cylinder parametric equation is expressed in the cylindrical coordinate system (ρ, ϕ, z) with
ρ ∈ [0,+∞], ϕ ∈ [0, 2π] and z ∈ [−∞,+∞].

r(θ, ϕ) =
{∣∣ 1

a sin(θ)
∣∣2 +

∣∣ 1
b cos(θ)

∣∣2}− 1
2

R = a
b

req = a
(

1
R

) 1
3

(11)
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where the above spheroid parametric equation is expressed in the spherical coordinate system (r, θ, ϕ) with
r ∈ [0,+∞], θ ∈ [0, π] and ϕ ∈ [0, 2π]. Therefore, a new parameter is now necessary (besides req) for the
definition of the scatterer shape: the aspect ratio1 R. The distribution of R over the microorganism culture
is neglected hereafter (i.e R is the average aspect ratio), which is a common approximation in the literature
devoted to non-spherical scatterers [76, 29, 77, 28, 30, 31, 78], including microorganisms [45, 44] (see [74]
for a discussion on the consequence of this approximation).

It must be noticed that if the present work focuses on the study of cylindrical and spheroidal shapes, it
is not a restriction of the method, but it has been decided by the authors for the following reasons:

• This paper already deals with numerous concepts and original results, and considering more complex
geometries would require the description of advanced numerics that are out of the scope of the present
text (they will appear in a separate publication).

• Moreover, the theoretical derivations of the absorption and scattering cross sections that we propose
hereafter have been already obtained independently in the literature, in the framework of the anomalous
diffraction approximation for spheroids and cylinders. Therefore, no doubt can exist on the formula
used in this work, except for phase function derivation (see hereafter).

• Finally, two microorganisms (over the three that are investigated in this study) have shapes that are
very close to cylinders (or rods) and spheroids, so this choice constitutes already a strong improvement
when compared to the sphere.

Now that the scatterers are completely defined (by their refractive index and their geometry), we focus
on the analysis of their interaction with light. Various techniques are available in order to solve the problem
of an electromagnetic wave scattered by an homogeneous particle. Each of these techniques is limited by the
range of geometries and refractive indices that can be tackled [18, 19, 28, 29, 30, 31]. Identifying those that
are appropriated for the study of photosynthetic microorganisms (from pragmatic point of view) implies to
investigate the available formal solutions (including approximations) and numerical methods enabling their
implementation, considering that

1. the size parameter x =
2π req
λe

(with λe the wavelength of incident radiation in the surrounding medium)
of microorganisms cultivated in photobioreactors ranges from 5 to 200,

2. many microorganisms are strongly elongated particles that can be up to 50 times longer than wide,
implying very small radius of curvature,

3. microorganisms have complex refractive index corresponding to low dielectric contrast with respect to
their surrounding medium (nr,ν ∈ [1.02, 1.2], κr,ν ∈ [10−5, 10−2]).

The above description corresponds to an identified situation for which very little can be done to the date
(see [74] in the context of mineral dusts, [76] for ice crystals, and [30] for an overview). The computation
of the rigorous solution of Maxwell’s equations is indeed usually obtained thanks to numerical methods
that, to our knowledge, fail to tackle the conjunction of the first two above listed criteria. The methods
consisting in a division of the particle volume or surface into discrete elements or sources (see [18, 19] and
the cited references, see also [30] for the most popular of those methods) are limited by the too high number
of elements required for most microorganisms (regarding available memory size and access speed). As for
the methods based on a functional decomposition of the electromagnetic field, such as T-Matrix [30, 31],
Lorenz-Mie [28, 29], and other similar methods (e.g [79]), they are limited by the current floating point
accuracy. The ongoing search for the development of these methods (e.g [18, 80]) suggests that it will
eventually become possible to rigorously solve Maxwell’s equations for most microorganisms, but to date, it
is still necessary to employ approximations. The above listed two first criteria are out of the validity range
of both the Rayleigh approximation (x � 1) and the geometrical-optics approximation (x � 1 and radius
of curvature much larger than the wavelength), but hopefully the low dielectric contrast of microorganisms

1The aspect ratio is here chosen as the inverse of the elongation: R < 1 for elongated particles, R > 1 for flattened particles.
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(i.e criteria 3.) leads to important simplifications. It corresponds to the Rayleigh-Gans approximation
for low size-parameters, and the anomalous diffraction approximation or the Schiff approximation for large
size-parameters [28, 29, 31, 81].

The anomalous diffraction approximation was introduced in 1957 by Van de Hulst [28]. It is still widely
used and subject to further developments [82, 73, 83, 84]. It is associated with the two following validity
conditions (conditions that define the so-called soft particles):

• x� 1,

• |mr − 1| � 1.

This approximation, whose accuracy has been investigated in various context (see e.g [85, 86]), is identified
as appropriated to the study of nonspherical soft particles such as ice crystals [76, 30], fractal aggregates [78],
and especially biological cells [82, 40, 39, 87].

The anomalous diffraction approximation is based on physical pictures that are only valid for small
scattering angles. It therefore gives the absorption and scattering cross-sections, as well as the differential
scattering cross-section for the directions around the incident direction, but it does not enable a complete
angular description. This issue is well identified (see [40] for example) but little addressed in the literature2.
For typical sizes and refractive indices encountered in this work, around 90% of the total power scattered
by a microorganism belongs to the angular range tackled by the anomalous diffraction approximation, and
although the approximation is not valid for large angles, we recorded surprisingly accurate results when
applied over [0, π], even including a fair estimate of the asymmetry parameter. Therefore, the use of the
anomalous diffraction approximation could be sufficient (except in the specific case of single-backscattering,
that is essential for remote-sensing studies but that is out of the scope of our study). Nevertheless, the
calculation times for the evaluation of the differential scattering cross-section at large angle are very long:
the calculation of the single scattering phase function for one wavelength takes up to 10 days3 (for the most
critical situations, i.e highest size-parameters and lowest aspect ratios, that are for example encountered in
the study of Arthrospira platensis, see Fig. 5). These calculation times are not compatible with the necessity
for our study to construct a spectral database including several microorganisms with several physiological
states (determining the input parameters of our model) that vary with culture conditions (e.g variation
of the pigment-content in the case of mineral starvation for biofuel production). This calculation-time
issue lead us to investigate the Schiff approximation [81], i.e the quantum mechanics equivalent of the
anomalous diffraction approximation, including a specific description of scattering at large angles. We try
to argue here that Schiff’s approximation is to date the best available model for the study of photosynthetic
microorganisms, since it allows to account for their elongated and complex shapes, within their range of size
parameters, including an angular description of the backscattered power. Unfortunately, the evaluation of
the Schiff approximation at large angle leads to the exact same numerical difficulties as for the anomalous
diffraction approximation. Schiff’s approximation has the further advantage of being physically justified for
backward directions but it is still numerically impractical. Nevertheless, the corresponding formalism has
new useful mathematical properties. We hereafter propose to rework the Schiff’s expression accordingly, in
order to extract a simplified but fully practical description of large-angle scattering. We retain this simplified
model as a novel proposition, but we keep in mind that it remains approximate and that the determination
of the backscattering properties of tenuous particles remains an open question. Finally, we note that when
studying particularly small microorganisms, other methods can be substituted to the Schiff approximation
(T-Matrix, Rayleigh-Gans, DDA, etc) without any modification of the whole methodological chain that is
proposed in the present article.

2Relatively recent works propose formulations of the single scattering phase function (and therefore of the differential
scattering cross-section at any angle) from the anomalous diffraction approximation [83, 84], but unfortunately no available
demonstration is associated with these results.

3Specific codes developed with Matlab 6.5 and based on numerical quadratures. The integrals of the anomalous diffraction
approximation are solved by using the quad8 function (high order adaptive Simpson’s rule), the integration over the size
distribution is solved by using the quadl function, and the integration over the orientations is solved by using a Gaussian
quadrature of order 24. These results have been obtained with a Xeon 2.8GHz biprocessor, without parallelization.
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The Schiff approximation is further detailed in [81] and our large-angle developments are given at Ap-
pendix A; we hereafter only present the fundamental physical pictures and give the resulting general ex-
pressions. Schiff’s approximation is associated with the same two validity criteria as for the anomalous
diffraction approximation, and with the definition of an angle θl that sets the limit between small and large
scattering angles [81]:

θl =

√
2

x̃
(12)

where x̃ is the size parameter as calculated for the smallest characteristic dimension of the scatterer (this
dimension controls the angular aperture of the scattered power). For the small scattering angles (θs < θl),
the approximation corresponds to simple physical pictures that are associated with its validity conditions:

• x� 1, that ensures that the ray picture of the geometrical optics is applicable,

• |mr − 1| � 1, that ensures that the reflection and refraction of incident light by the particle can be
ignored: the incident rays cross the particle in straight line, they do not bend when entering and
leaving the particle.

Then, the approximation is based on the premise that extinction is the result of the interference between the
rays that are attenuated and phase shifted by crossing the particle and the rays that do not pass through
the particle. On the other hand, absorption is due to the attenuation of light along the straight lines passing
through the particle. Therefore, the mathematical expressions of the radiative properties correspond to a
simple integration of the attenuations and phase shifts due to the crossing length through the particle at
each location of its projected surface seen from the incident direction. The interference phenomena lead to
an expression similar to that of the Fraunhofer diffraction pattern4. For an isolated particle with a fixed
orientation eo (with respect to the incidence ei of the plane wave) and a size represented by the radius req
of the volume equivalent sphere, the expression for the scattering amplitude is the following:

Ŝν (es, ei; eo, req) =
ke,ν
2π

∫ ∫
P(eo,req)

dx dy exp [ike,ν θs (x cos ϕs + y sinϕs)]

×{ 1− exp [−ike,ν l(x, y; eo, req) (mr,ν − 1)] }
, θs < θl (13)

The cross-sections are therefore:

σ̂ext,ν(eo, req) =
4π

ke,ν
Re
{
Ŝν (ei, ei; eo, req)

}
(Optical theorem)

σ̂a,ν(eo, req) =

∫ ∫
P(eo,req)

dx dy [ 1− exp (−2ke,ν l(x, y; eo, req)κr,ν) ]

σ̂s,ν(eo, req) = σ̂ext,ν(eo, req)− σ̂a,ν(eo, req)

Ŵs,ν (es|ei; eo, req) = |Ŝν (es, ei; eo, req) |2 , θs < θl

(14)

where σ̂ext, σ̂a, σ̂s,ν are respectively the extinction, absorption and scattering cross-sections and Ŵs is the
differential scattering cross-section, with Re the real part, and ke,ν = 2π

λe,ν
the wave number within the

surrounding medium of refractive index ne,ν where the wavelength of the incident wave is λe,ν = λ0

ne,ν
, λ0

being the wavelength in vacuum. P(eo, req) is the projected surface of the particle seen from the incident
direction and l(x, y; eo, req) is the crossing-length of an incident ray intersecting P at location (x, y). Both

4Interferences in the far field zone are expressed as a first order Taylor expansion around θs = 0, which allows to reduce the
integration over the particle volume to an integration over its geometric section P. See [81] for more details.
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P and l are a function of the particle orientation eo and size req. Notations are defined in Fig. 3. We note

that in the above expression of σ̂ext,ν(eo, req), the angle θs is zero since Ŝν is taken for the forward direction
es = ei, which gives a very simple expression:

σ̂ext,ν(eo, req) = 2 Re

{∫ ∫
P(eo,req)

dx dy { 1− exp [−ike,ν l(x, y; eo, req) (mr,ν − 1)] }
}

(15)

a

eo

ei

Inident ray

x

y

es

l(x, y; eo, req)

P(eo, req)

ϕs

θs

b

eo

ei

Inident ray

es

r

D(eo, req)

lin(r, ei; eo, req)

lout(r, es; eo, req)

Figure 3: Definition of the notations used for Schiff’s approximation: spheroid with size req (illustrating rotationally axi-
symetric particles) whose axis of revolution is along eo. The incident direction is ei. P(eo, req) is the projected surface of
the particle in a plane perpendicular to ei. a: P is associated with the referential (x, y). The scattering direction es makes
an angle θs with ei and ϕs with the axis x. l(x, y; eo, req) is the crossing length of a ray collinear to ei passing through the
particle in straight line and intersecting P at location (x, y). Analytic expression of l(x, y; eo, req) for cylinders and spheroids
is given in [82]. b: lin(r, ei; eo, req) is the length of an incident ray (with direction ei) between its entry into the particle and
the location r within the particle volume D(eo, req); lout(r, es; eo, req) is the length of a ray starting from location r, with the
scattering direction es, until it exits the particle.

For large angles, the physical pictures remains closely similar but the deviation of optical paths by the
particle can no longer be neglected. This deviation is not due to the refraction and reflection phenomena at
the interface between the particle and the surrounding medium (we stay within the same pictures as before)
but it is due to the interaction between the incident radiation and the material constituting the particle.
The scattering amplitude is expressed as the sum of all the attenuations and phase shifts along incident
rays in direction ei, that interact at a location r within the particle and go out with the scattering direction
es. The integration domain can no longer be reduced to the projected surface of the particle and it is now
performed over its volume D:

Ŝν (es, ei; eo, req) =
i k2
e,ν

2π
(mr,ν − 1)

∫
D(eo,req)

dr exp(iq · r)

× exp
{
−i ke,ν(mr,ν − 1)

[
lin(r, ei; eo, req) + lout(r, es; eo, req)

]} , θs > θl (16)

where q = ke,ν(es−ei) and the other notations are defined in Fig. 3. Because the numerical evaluation of this
integral is very tedious and time consuming (as explained above), we tried to develop a good approximation
for the direct calculation of |Ŝν |2. This approximation is presented here for the first time, contrary to the
other parts of our model (that are all well-identified in the literature), and it will be further discussed in
subsequent works focussing on backscattering properties of soft particles. Yet, this approximation belongs
to the present state-of-the-art methodology for computing microorganisms’ radiative properties. First, we

show in Appendix A that we can retain |Ŝ|2 ∝ 1
sin3(θs/2)

1+cos2(θs)
2 as a first approximation of Eq. 16. On this

basis, we propose to furthermore deteriorate the backscattering model as |Ŝ|2 = r
sinn(θs/2)

1+cos2(θs)
2 in order

to establish a model with two free parameters r and n that allow to fulfil the continuity of Ws at θl, the
normalization σs =

∫
4π
desWs(es|ei) and Ws > 0, without degrading the results of the Schiff approximation

18



for small angles. Indeed, it is important here to not deteriorate the description of the small angles since they
are essential for our study and since they correspond to a better level of approximation. We note that all
the situations treated in Section 5 correspond to values of n that are close to 3 (more precisely 2 < n < 4),
as in the expression of |Ŝ|2 before deterioration. After averaging over the orientation distribution pEo(eo)
and the size distribution pReq (req), our model of the scattering by a microorganisms suspension (under the
assumption of independent scattering) is:

σext,ν =

∫
4π

deo pEo(eo)

∫ ∞
0

dreq pReq (req) σ̂ext,ν(eo, req)

σa,ν =

∫
4π

deo pEo(eo)

∫ ∞
0

dreq pReq (req) σ̂a,ν(eo, req)

σs,ν = σext,ν − σa,ν

(17)

Ws,ν (θs) =



∫
4π

deo pEo(eo)

∫ ∞
0

dreq pReq (req) Ŵs,ν (es|ei; eo, req) , θs ≤ θl

r

sinn(θs/2)

1 + cos2(θs)

2
, θs ≥ θl

(18)

where, considering the mixing required for photobioreactor to operate at optimal culture-conditions, the
orientation distribution is isotropic pEo(eo) = 1

4π over the whole solid angle (that is here noted 4π), pReq (req)

is defined at Eq. 8, σ̂ext,ν(eo, req), σ̂a,ν(eo, req), Ŵs,ν (ed|ei; eo, req) are given at Eqs. 13 and 14, and where
the two parameters r and n of the model at large angles are adjusted to fulfil the two following conditions:

1. Ws,ν is continuous at the limit angle:

r

sinn(θl)/2

1 + cos2(θl)

2
=

∫
4π

deo pEo(eo)

∫ ∞
0

dreq pReq (req) Ŵs,ν (θl, ϕs; eo, req) (19)

where Ŵs,ν (es|ei; eo, req) is written as a function of the two angles θs and ϕs defined in Fig. 3 in order
to specify that the integration is performed at θs = θl,

2. and the scattering cross-section σs,ν Eq. 17 is the integral of Ws,ν over the whole solid angle:

2π

∫ π

0

dθs sin(θs)Ws,ν (θs) = σs,ν (20)

where the integration of Ws,ν (θs) is analytic for θs ≥ θl.
The construction of our model is now complete. This model is based on a set of input parameters that are:

the in vivo absorption spectra of the pigment molecules, the pigment composition of the microorganisms, the
real part of the refractive index of the internal structures at any wavelength for which the microorganism is
dielectric, the volume fraction of these internal structures, and finally the size distribution and the average
aspect ratio of the microorganisms. In the next section we present the experimental protocols and the
databases that we currently use for the determination of these input parameters.

4. Practical implementation

4.1. Determination of the input parameters of the model

Except for the database of the pigment’s in vivo absorption spectra, parameters that are discussed in
this section depend on the culture conditions (the most sensitive is the pigment composition). The culture
conditions that are studied in Section 5 are standard subculture conditions: shaked 250 mL erlenmeyer, 100
rpm, low photon flux density around 30µmolhν .m

−2.s−1 (' 7W.m−2), optimal pH and temperature. In the
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following, the protocols for the determination of these parameters are presented and discussed. The values
retained for the studied standard-conditions are gathered at Section 5, in the caption of Figs. 4, 5 and 6.
If different culture conditions are considered, the parameters have to be measured (or found in literature)
accordingly.

The absorption spectra Eapig(ν) of pure in vivo pigments are the key input data of the present method-
ology. Absorption properties of pigments are strongly dependent on their surrounding environment inside
the microorganism (which we name ”in vivo conditions”, in line with the pioneer literature [41]):

• Pigments are associated with proteins within the so-called antenna pigment-protein complexes, where
energy-transfer coupling between molecules is strong. As a consequence, the width of the absorption
rays are significantly enlarged and microorganisms’ absorption spectra are smooth continuum [88, 38].

• The previous molecular edifices are surrounded by intracellular water, that is the main constitutive-
component of cytoplasm.

Two distinct approaches for the measure of the pigment’s in vivo properties are found in the literature.
The first method consists in an inversion of absorption spectra of microorganism suspensions, or remote
sensing data [40, 38, 39]. In this case, the difficulty is to account for the scattering by microorganisms and
to distinguish between the contribution of different pigments. In other hand, we are sure that the measure
is performed under in vivo conditions. The second method consists in the quantitative measurement of the
absorption spectra of pure pigments in water or organic solvents (depending of their solubility). In this case,
the difficulty is to ensure actual in vivo conditions. Indeed, since many isolated pigments are not water
soluble, the use of organic solvent is sometime unavoidable (typically for chlorophylls or carotenoids). These
organic solvents can lead to spectral shifts up to 40nm for carotenoids or 100nm for bacteriochlorophylls.
This effect is accounted for by correcting the obtained pigment-spectra on the basis of microorganism
absorption-spectra [41].

In the present work, it is important that the predictive determination of pigments’ absorption properties
be independent of the model of scattering by microorganisms. Therefore, the second method has been exten-
sively used, according to the pioneer work of [41]. We constructed a database gathering 14 among the most
important photosynthetic pigments in nature (representatives of photosynthetic bacteria, cyanobacteria and
microalgae), that is made available in Supplementary Material [89]. Data for chlorophyll a, photosynthetic
carotenoids and photoprotective carotenoids, that all require organic solvents for extraction, are extended
and slightly modified values of [41] (according to our experimental results). Data for chlorophylls b and
c, two other pigments requiring organic solvent, are directly obtained from interpolation of [41], with an
extension over the range 350 to 400 nm. Seven water-soluble pigments are also provided in the database:
Y-phycoerythrin has been interpolated from [41]; R-phycoerythrin, B-phycoerythrin, phycoerythrocyanin,
C-phycocyanin, R-phycocyanin and allophycocyanin are own experimental data of the authors. Finally, two
other pigments requiring organic solvent, that are encountered within the purple photosynthetic bacterium
Rhodospirillum rubrum (the bacteriochlorophyll a and the total carotenoids), have also been measured by
the authors. This database is central in the present study and it aims at contributing to the development
of knowledge models of photosynthetic microorganisms in general.

The pigment composition wpig,j is determined thanks to two distinct measurements:

1. the pigment concentration within a sample of microorganism suspension,

2. the total dry-biomass concentration within the same sample (weighted after drying of a sample in
oven, 110◦C, 24 h).

wpig,j is the ratio of the result of measurement 1 over the result of measurement 2. This measure of wpig,j
corresponds a major experimental incertitude of our methodology (accuracy around 15%), which will be in-
vestigated in Sections 5 and 6. The pigment concentration (measurement 1) is obtained using two different
approaches depending on the solvent properties. For pigments that are soluble in organic solvent, a definite
volume of microalgal suspension is centrifugated (5000 g, 5 min, 4◦C) and the supernatant evacuated. A
known volume of appropriate solvent is then added and extraction is performed until the complete depig-
mentation of the cells. The sample is centrifugated again, in the same conditions, and the optical density
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(OD) of the supernatant is measured at specific wavelengths (spectrophotometer SAFAS, MC2, Monaco).
For water-soluble pigments, a known volume of microalgal suspension is frozen and defrosted seven times
(in liquid nitrogen at 77 K), then centrifugated (10000 g, 5 min, 4◦C) before reading ODs of the super-
natant. In every case, the pigment concentrations are obtained by using well-established correlations from
the literature. These correlations give the pigment concentrations with acceptable accuracy, as a function of
the ODs at some specific wavelengths. This standard and convenient method avoids operating a chromato-
graphic separation of each pigment, which remains the reference procedure if any doubt arises about the
OD correlations. For Arthrospira platensis, we used OD440, 620 and 678 nm with the correlations of Myers
and Kratz [90] for water-soluble pigments and Bennet and Bogorad [91] for solvent-soluble pigments. For
Chlamydomonas reinhardtii, all pigments are solvent-soluble and we used OD480, 630, 645, 665, 750 nm with
the correlation of Strickland and Parsons [92]. Finally, for the solvent-soluble pigments of Rhodospirillum
rubrum, we used OD515, 720 and 880 nm with the correlations of Vernon and Garcia [93].

Once wpig,j is measured, the concentration Cpig,j of each pigment species j within the whole microor-
ganism volume (the cell material) is deduced from:

Cpig,j = wpig,j ρdry (1− xw) (21)

where ρdry is the density of the dry biomass, that is a remarkably constant property of microorganisms:
ρdry = 1400 ± 100 kg.m−3 [94, 95], and where xw is the intracellular-water volume fraction, that is also a
relatively constant property for any microorganism cultivated in standard conditions, without pH or osmotic
effects [96, 45]: xw = 0.80± 0.04.

Real part of the refractive index of internal structures of microorganisms for the calculation of the anchor
point: the small up-to-date database presented in Table 2 gathers the information found in the literature for
different structures of bacteria, cyanobacteria and eukaryotic microalgae. The values that are used in the
present work are also indicated. The correlation reported in [97] has been used for the spectral refractive
index ne,ν of water (i.e the surrounding medium of the microorganisms).

Group Bacteria [44, 45, 46] Cyanobacteria (vegetative cell d) [53]
Structure Wallc Cytoplasm PHBe Wallc Thylakoid Nucleoid Cytoplasmb

n 1.40 - 1.42 1.37 - 1.38 1.45 [98] 1.39 1.47 1.58
Value used 1.41 1.375 1.45 1.39 1.47 1.58 1.36

Groupe Eukaryotes
Structure Wallc Nucleolus Nucleusa Chloroplast Mitochondria Cytoplasm
n 1.36 - 1.53 [43] 1.38 [48] 1.36 [48] 1.36 - 1.40 [43] 1.41 - 1.43 [48] 1.36 - 1.39 [51]

1.5 [32] 1.38 [51] 1.36 [51] 1.38 [48] 1.34 [53]
1.44 [53] 1.36 [53] 1.51 [32] 1.35 [32]

Value
used

1.5 1.40 1.36 1.51 1.42 1.36b

Table 2: Real part of the refractive index of different microorganism internal-structures, for visible and near-infrared wave-
lengths. When in the literature refractive index for various metabolic states is reported, we retain here the state corresponding
to typical growing-subculture conditions. a Other parts than the nucleolus. b Rest of the cytoplasm. c cytoplasmic membrane,
cell wall and external layers. d heterocysts and akinete being ignored. e Polyhydroxybutyrate stock. Microorganisms culti-
vated within well-mixed photobioreactors generally do not contain vacuoles. Yet, when target organisms contain vacuoles, the
refractive index of oxygen (n = 1) should be retained for these structures.

The volume fraction fj of internal structures of microorganisms (for the division defined in Tab. 2) is
determined from micrographs, on a case by case basis. Very little information are found in the literature
about this structural division of the volume, and for most microorganisms there is no other choice than to use
rough estimations. Hopefully, detailed information on Chlamydomonas reinhardtii are available from [99].

The size and the shape of microorganisms is determined by two-dimensional image processing. The most
appropriate shape for a given microorganism is determined by the experimenter from microscope observation.
Then, a set of micrographs obtained with an optical microscope (Olympus BX41, Japan) linked to a CCD
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camera (Kappa, PS 30) is analyzed with the Image Pro Plus software (Media Cybernetics, USA) in order
to measure the distribution of the aspect ratio and the distribution of the volume-equivalent sphere radius
req

5. The two parameters r̄eq and s of the modelled log-normal size-distribution Eq. 8 are adjusted in order
that pReq (req) fits the experimental distribution. Finally, the average aspect ratio R (averaged over the set
of micrographs) is retained.

Values measured for wpig,j , fj , r̄eq, s, R and values retained for xw, in the case of the studied microor-
ganisms under standard subculture-conditions, are reported in the captions of Figs. 4, 5, and 6.

Finally, an intermediate validation of xw, Cx and size-distribution is performed, based on the following
relation that must be verified for a given sample of microorganism suspension:

Cx
Np

= Meff = V p ρdry (1− xw) (22)

where Cx is the dry-biomass weight of the sample, ρdry is the dry-biomass volumetric mass density (con-
stant value, see above), 1 − xw is the intracellular dry-biomass volume fraction, Np is the number of
microorganisms per unit volume of the sample (experimentally obtained by using a Malassez cell), and
V p is the microorganism average-volume calculated with the size distribution (sometime approximated to
4π/3 (reffeq )3, with reffeq defined at Eq. 9). Cx

Np
is measured for many samples with different concentrations

(V p, xw and ρdry are independent of the concentration), and we verify that its average value (CxNp ) satis-

fies (CxNp ) = V p ρdry (1 − xw) ± 10%, which ensures the self-consistency of the model’s input parameters

(xw, Cx, V p) and appears as a crucial validation step in the experimental methodology developed along with
this article.

4.2. Numerical methods

The numerical implementation of the model includes the following steps:

• The anchor point satisfying the Bruggeman mixing rule is determined using a Newton method.

• The Single Subtractive Kramers-Krönig approximation is implemented thanks to a Matlab 6.5 code
provided in [67].

• The equivalent sphere model is solved thanks to the Lorenz-Mie code provided in [31].

• The integrals of the Schiff approximation (Eqs. 13, 14, 17 and 18) are solved by Monte Carlo integration,
as reported in [36]. Identical results were obtained with quadrature integration, but we recorded higher
calculation times.

• The parameters n and r involved in the expression of the differential scattering cross-section at large
angles (see Eq. 18) are identified thanks to a Newton method insuring the two conditions Eqs. 19
and 20.

5The observations are performed under typical subculture conditions
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5. Results for refractive indices and radiative properties

Results obtained with our model (using the Schiff approximation for an accurate treatment of the scat-
terer’s shape) and its comparison with the volume-equivalent sphere approximation (using standard rigorous
Lorenz-Mie calculation) are given in Fig. 4 for the purple bacterium Rhodospirillum rubrum, in Fig. 5 for the
cyanobacterium Arthrospira platensis, and Fig. 6 for the eukaryotic microalga Chlamydomonas reinhardtii.
The scattering and absorption cross-sections are expressed in m2 per kg of dry biomass, thanks to a division
of the particulate cross-sections by the effective dry-mass Meff of one microorganism particle6 (see Eq. 22).
The errors associated with the incertitude on the measure of the pigment composition (which is identified as
the main experimental error) are hereafter investigated by reporting the results obtained for the maximum
and minimum values of wpig,j as errorbars, assuming monotony7.

These results confirm two expected behaviours. First, we confirm that single-scattering phase functions
are greatly oriented in the forward directions where the scattering diagram is sensitive to the particle shape.
Second, the absorption cross-sections obtained with an equivalent-sphere are very close to those obtained
with a modelled shape when the refractive index of the particle is close to that of water, or when the shape
of the particle is close to that of a sphere : a significant deviation occurs only for Arthrospira platensis. At
the opposite, the values of the scattering cross-section are always sensitive to the shape of the scatterer,
leading to very important deviations between the models (except for Chlamydomonas reinhardtii that is
quasi-spherical).

6The resolution of the light-scattering problem leads to cross-sections σ expressed in m2 per particle. Considering the mass
M (in kg) of this particle, one can define the cross-section σ̃ = σ/M that is expressed in m2 per kg of particles. When dealing
with radiative transfer (see Section 6.2), working with such mass cross-sections can be extremely convenient if the mass of
particles within the studied suspension is easier to evaluate than their number. In the present context, the microorganism
content of a suspension is commonly analysed in terms of its dry-mass, that is its mass once water have been evaporated: only
the dry-biomass of the microorganisms is weighted. For this reason, it is a common practice in the photobioreactor community
to devide the cross-sections σ by the effective dry mass Meff of the microorganisms.

7For the sake of legibility, errorbars are only reported onto the model accounting for the microorganism shape, but similar
relative errors are obtained with the equivalent-sphere model.

23



b

c  0.9

 0.95

 1

 400  450  500  550  600  650  700  750  800  850  900  950

A
sy

m
m

et
ry

 p
ar

am
et

er

λ0 (nm)

Equivalent sphere

 0.9

 0.95

 1

 400  450  500  550  600  650  700  750  800  850  900  950

A
sy

m
m

et
ry

 p
ar

am
et

er

λ0 (nm)

Equivalent sphere

 500

 1000

 1500

 2000

 2500

 3000

S
ca

tt
er

in
g

R
el

at
iv

e 
re

fr
ac

ti
v

e 
in

d
ex

R
ad

ia
ti

v
e 

p
ro

p
er

ti
es

C
ro

ss
 s

ec
ti

o
n

s 
(m

2
/k

g
)

Cylinder

 500

 1000

 1500

 2000

 2500

 3000

S
ca

tt
er

in
g

Cylinder

 0

 100

 200

 300

A
b

so
rp

ti
o

n

 0

 100

 200

 300

A
b

so
rp

ti
o

n

1.030

1.040

1.050

1.060

R
ea

l 
p

ar
t

1.030

1.040

1.050

1.060

R
ea

l 
p

ar
t

0

1⋅10
-3

2⋅10
-3

3⋅10
-3

4⋅10
-3

5⋅10
-3

7.5 6.7 6 5.5 5 4.6 4.3 4 3.7 3.4 3.2

Im
ag

in
ar

y
 p

ar
t

ν (10
14

 Hz)

0

1⋅10
-3

2⋅10
-3

3⋅10
-3

4⋅10
-3

5⋅10
-3

7.5 6.7 6 5.5 5 4.6 4.3 4 3.7 3.4 3.2

Im
ag

in
ar

y
 p

ar
t

ν (10
14

 Hz)

a

d

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  10  20  30  40  50  60  70  80

cd
f Θ

s(θ
s)

θs (degree)

650 nm

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  10  20  30  40  50  60  70  80

cd
f Θ

s(θ
s)

θs (degree)

650 nm

 0

 0.2

 0.4

 0.6

 0.8

 1

cd
f Θ

s(θ
s)

880 nm

Cylinder
Equivalent sphere

 0

 0.2

 0.4

 0.6

 0.8

 1

cd
f Θ

s(θ
s)

880 nm

Cylinder
Equivalent sphere

Figure 4: a: Rhodospirillum rubrum, a purple bacterium; cylindrical shape of aspect ratio R = 0.263 (continuous line); size
distribution r̄eq = 0.983µm and s = 1.1374 (see Eq. 8) of the volume equivalent sphere (dashed line). b: Refractive index
obtained for the following pigment composition (dry mass fractions wpig,j in %): Bacteriochlorophyll a 1.75 ± 0.25, Specific
carotenoids 0.35 ± 0.05; and the anchor point n645nm = 1.39 derived from the following volume fractions: fwall = 30%,
fcytoplasm = 65%, fPHB = 5% (see Tab. 2); xw = 0.82. c: Radiative properties; Meff = 1.1354 · 10−15kg.particle−1. d:

Cumulative phase function cdfΘs (θs) = 2π
∫ θs

0
dθ sin(θ)Ws(θ)/σs at λ0 = 650 and 880nm.
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Figure 5: a: Arthrospira platensis, a multicellular filamentous cyanobacterium; cylindrical shape of aspect ratio R = 0.0284
(continuous line); size distribution r̄eq = 15.52µm and s = 1.11 (see Eq. 8) of the volume equivalent sphere (dashed line). b:
Refractive index obtained for the following pigment composition (dry mass fractions wpig,j in %): Chlorophyll a 1.0 ± 0.2,
Phycocyanin C 9.0 ± 0.6, Allophycocyanin 6.0 ± 0.4, Photosynthetic carotenoids 0.17 ± 0.03, Photoprotective carotenoids
0.13± 0.02; and the anchor point n825nm = 1.42 derived from the following volume fractions: fwall = 10%, fthylakoid = 40%,
fnucleoid = 5%, fcytoplasm = 45% (see Tab. 2); xw = 0.8. c: Radiative properties; Meff = 4.7576 · 10−12kg.particle−1. d:

Cumulative phase function cdfΘs (θs) = 2π
∫ θs

0
dθ sin(θ)Ws(θ)/σs at λ0 = 530 and 670nm.
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Figure 6: a: Chlamydomonas reinhardtii, an unicellular green alga; spheroidal shape of aspect ratio R = 0.837 (continuous
line); size distribution r̄eq = 3.963µm and s = 1.18 (see Eq. 8) of the volume equivalent sphere (dashed line). b: Refractive
index obtained for the following pigment composition (dry mass fractions wpig,j in %): Chlorophyll a 2.2± 0.2, Chlorophyll b
0.9±0.1, Photosynthetic carotenoids 0.10±0.01, Photoprotective carotenoids 0.60±0.09; and the anchor point n820nm = 1.44
derived from the following volume fractions (from [99]): fwall = 10%, fnucleolus = 1%, fnucleus = 7.5%, fchloroplast = 40%,
fmitochondria = 3%, fcytoplasm = 38.5% (see Tab. 2); xw = 0.78. c: Radiative properties; Meff = 9.8615 ·10−14kg.particle−1.

d: Cumulative phase function cdfΘs (θs) = 2π
∫ θs

0
dθ sin(θ)Ws(θ)/σs at λ0 = 440 and 530nm.
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6. Validation of the predictive model from hemispherical transmittance spectra in multiple
scattering configuration

We hereafter focus on the last step of our methodological chain: the validation of the obtained radiative
properties. This validation consists in the comparison between the normal-hemispherical transmittance
spectra experimentally observed and those predicted by the resolution of the radiative transfer equation
with the radiative properties obtained in Section 5 as input parameters.

6.1. Experimental setup

In this section, hemispherical transmittances have been measured with an optical bench specifically
developed for this application. It is composed of a spectrofluorometer (SAFAS FLX, Monaco) equipped
with a high-energy pulsed xenon lamp, and a high-accuracy integrating sphere of 6 inches that is coated
with Spectralon (a patented highly-reflecting material, Labsphere, USA). Emitted light is guided from a
monochromator to the integrating-sphere’s sample port by using an optical fiber linked to optical devices
generating a collimated incident beam. This bench enables to analyze transmittances in the range 2 · 10−3

to 1 with an absolute tolerance of 0.2%. The biomass concentrations Cx and their standard deviations
have been obtained by averaging 10 dry weight samples (oven, 110◦C, 24 hours). For each experiment and
microorganism, the consistency of the obtained biomass concentration is analyzed as explained in Section 4.1.

6.2. Monte Carlo resolution of the radiative transfer equation

The predictive normal-hemispherical transmittance of a microorganism suspension with a given homo-
geneous concentration Cx is hereafter calculated by rigorously solving the radiative transfer equation for
the radiative properties obtained in Section 5 (the absorption coefficient is Ka,ν = Cx σa,ν , the scattering
coefficient is Ks,ν = Cx σs,ν and the differential scattering cross-section is Ws,ν). The resolution makes use
of the most recent advances in the field of radiative transfer Monte Carlo [100, 101, 102, 103], along the
line of [12], including optical path sampling within non-gray absorbing and anisotropically scattering media
with complex geometries. Rigorous estimation of the numerical error is also included: each estimation of the
transmittance is calculated using 107 samples, which corresponds to a standard deviation associated with
the convergence of the Monte Carlo algorithm that is always inferior to 0.1% for the studied configurations8.

6.3. Comparing model with experiments

Experimental and predictive transmittance spectra obtained for the three studied microorganisms are
respectively presented in Fig. 7, 8, and 9. Results are presented within the PAR: λ0 ∈ [400nm, 700nm]
for Arthrospira platensis and Chlamydomonas reinhardtii; λ0 ∈ [400nm, 850nm] for Rhodospirillum rubrum
(this bacteria exploits solar light up to 900nm but our experimental setup is limited to 850nm). The
errors associated with the experimental incertitude on the measure of the microorganism density Cx and
the pigment composition wpig,j are hereafter investigated by reporting as errorbars the results of the model
respectively obtained for the minimum and maximum values of these parameters, assuming monotony. The
error due to the experimental measure of Cx alone represents roughly 2

3 of the total incertitude (i.e the
sum of the incertitudes due to Cx and wpig,j), which indicates that when performing radiative-transfer
analysis, the incertitude on the pigment composition (which was identified as the main source of incertitude
for the radiative properties) is no more predominant, and that the experimental efforts have to focus on the
improvement of density-measurement accuracy.

When comparing experimental and predictive results, two situations are encountered. First, in the case
of Chlamydomonas reinhardtii (Fig. 9), which has a shape that is very close to that of its chosen spheroidal
description, in addition to a low elongation, both models (spheroid and equivalent-sphere) give similar

8We simulated radiative transfer both within an infinite slab and within the spectroscopy cuvette used for the experiments,
including reflection and refraction at the suspension-quartz and quartz-air interfaces. The differences that we recorded between
these two configurations (after baseline correction) are smaller than the accuracy of the experimental setup. Therefore, we
present in Figs. 7, 8, 9, 10 and 11 the predictive hemispherical transmittance obtained for an infinite slab of microorganism-
suspension with collimated normal incident-radiation on one side.
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and very accurate estimation of the transmittance, even for critical configurations with low absorption
and high microorganisms concentration (e.g around 550nm in Fig. 9.a). This result validates both the
consistency of the whole methodological chain (the results are accurate), as well as the use of the Schiff
approximation. Indeed, the tansmittances obtained with the Schiff approximation are very similar to those
obtained with rigorous Lorenz-Mie calculation (the shape of the scatterer being almost spherical). In the
other hand, for elongated microorganisms such as Arthrospira platensis (Fig. 8), the equivalent sphere
approximation (or the criteria of equivalence) is clearly not valid: the sphere does not represent (in any
way) the microorganism shape. Moreover, even if the description of Arthrospira platensis as a straight
cylinder constitutes a better model when compared to the sphere, it still fails to give satisfactory predictions
of the experimental results. The fact that we obtain a better accuracy for Chlamydomonas reinhardtii,
which shape is very well described, motivates subsequent investigations of the opportunity to account for
the helical shape of Arthrospira platensis (see Section 7).

Interestingly, the results obtained for Rhodospirillum rubrum appear as an intermediate case. Our mod-
elled shape (a rod) is here relatively close to the actual shape of the microorganism, even if the slight
curvature and the extremities are not accounted for. Consequently, the experimental data are well predicted
over the covered wavelength-domain. Furthermore, the volume-equivalent sphere approximation is here
rather acceptable. Nevertheless, a general discussion on the accuracy of equivalent-sphere can hardly be
based on these results alone, since the multiple-scattering transmittances that we are here analyzing depend
on transport properties (optical thickness, albedo of transport and asymmetry parameter) that can be sur-
prisingly accurate or inaccurate depending on the compensation (as here) or addition of slight discrepancies
in the radiative properties. In the present case (see Fig. 5) the increase of the scattering cross-section σs
(in comparison with cylinder) is compensated by the increase of the asymmetry parameter g, leading to
an optical thickness σs(1 − g) that is only slightly modified. This point emphasizes the interest in other
criteria than the scatterer-volume for the definition of equivalent-spheres, based on stronger physical ba-
sis [73]. It also emphasizes the limitations of the present multiple-scattering analysis and our interest in
further validations based on single-scattering experiments (see Sec. 7).

To sum up, the present analysis of normal-hemispherical transmittances of three different structural
class of photosynthetic microorganisms demonstrates that accounting for the scatterer-shape, even if the
actual shape is only approached, always leads to an improvement of the radiative-transfer description. Very
good theoretical predictions are indeed obtained when the shape of the scatterer is properly described (e.g
for Chlamydomonas reinhardtii and for Rhodospirillum rubrum), whereas a rough approximation (e.g for
Arthrospira platensis) leads to significant deviations. In such cases, the assessment of radiation-field that is
necessary to properly formulate kinetic and energetic coupling within photobioreactors is not satisfactory,
regardless of the technique used for solving the radiative transfer equation: the use of advanced radiative-
transfer resolution techniques (as here or in [12]) is only pertinent if radiative properties are accurately
known.
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Figure 7: Hemispherical transmittance spectra of Rhodospirillum rubrum for a cuvette of thickness 1cm. a: Cx = 0.41 ±
0.04 g.L−1. b: Cx = 1.2± 0.1 g.L−1.
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Figure 8: Hemispherical transmittance spectrum of Arthrospira platensis for a cuvette of thickness 1cm and Cx = 0.60 ±
0.06 g.L−1
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Figure 9: Hemispherical transmittance spectra of Chlamydomonas reinhardtii for a cuvette of thickness 1cm. a: Cx =
2.3± 0.2 g.L−1. b: Cx = 0.14± 0.02 g.L−1
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6.4. Analysis of the anchor point from a simple inversion method

Here, our model is further put to the test through an investigation at the anchoring frequency alone
(where the microorganisms do not absorb radiation) in order to analyze the influence of the anchor point
and validate its predictive determination.

All the complexity associated with the microorganism heterogeneities is contained in the value nνp of
the anchor point. Yet, this anchoring is predicted from data upon which we place limited confidence (see
Tab. 2). Therefore, it is legitimate to question the causes behind the discrepancies observed in the case
of Arthrospira platensis in Fig. 5: is the poor description of the microorganism shape to be incriminated,
or a poor estimation of nνp? For that purpose, we hereafter perform a simple inversion consisting in the
determination of the experimental value nexpνp of the anchor point insuring that measured transmittance T expνp
and predictive transmittance Tνp(nνp) are equal. This inversion is relatively simple because, first, only one
parameter is inverted, second, it is only performed for one microorganism density Cx and one frequency
νp, which implies that the criteria of equivalence is simply the equality Tνp(nexpνp ) = T expνp . Moreover, the
microorganisms being non-absorbing at the frequency νp, the present inversion is independent of our database
of pigment absorption. Additionally, we consider that the refractive index of microorganisms is undoubtedly
contained between 1.33 (water) and 1.7 (extremely high value in itself) and only this range is explored. This
inversion is performed for Arthrospira platensis in Fig. 10 and for Chlamydomonas reinhardtii in Fig. 11,
where the same uncertainty of measurement as in Section 6.3 are reported.

For Chlamydomonas reinhardtii the inversion gives nexpνp = 1.44 ± 0.01, which is fully consistent with
the value previously predicted. For Arthrospira platensis, in the other hand, there is no refractive index
nνp reconciling experiments and simulations within the range nνp ∈ [1.33, 1.7]: there is no solution to the
inverse problem. Therefore, the value of the anchor point used in Section 6.3 is not responsible for the
unsatisfactory results of Fig 8 because, regardless of the nνp value (within a coherent range), the model does
not allow to describe experimental results. The fact that the inversion gives coherent results in the case of
Chlamydomonas reinhardtii, whose shape is accurately described in our model, and that it fails in the case
of Arthrospira platensis, confirms the importance of using an accurate shape-model. Moreover, we record
that for the equivalent-sphere model of Arthrospira platensis the inversion is far to be achieved, while for
the straight-cylinder model, although the inversion is not possible, Tνp(nνp) approaches the experimental
value T expνp . This result constitutes a further motivation for a subsequent investigation of the helical shape
of Arthrospira platensis.
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Figure 10: Hemispherical transmittance of Arthrospira platensis at λ0 = 825nm, for a cuvette of thickness 1 cm and Cx =
1.1± 0.1 g.L−1. No inversion is found within the range nνp ∈ [1.33, 1.7].
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Figure 11: Hemispherical transmittance of Chlamydomonas reinhardtii at λ0 = 820nm, for a cuvette of thickness 1 cm and
Cx = 1.0± 0.1 g.L−1. The anchor point nexpνp obtained by inversion is 1.44 ± 0.01.
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7. Conclusion and perspectives

The present article is the result of ten years of modelling and experimenting with light-scattering by mi-
croalgae. It is presented here both as a theoretical predictive-methodology and as an overview of techniques
for computing optical and radiative properties of photosynthetic microorganisms. The calculation of such
properties is required for various applications, especially in the radiative-transfer analysis of photobioreac-
tors, where predictive calculation appears as an interesting complement to experimental assessment, because
of the strong variations of microorganism features as a function of culture conditions (light-frequency, ra-
diation field, mineral or CO2 limitations, starvations, reactor geometry, time varying solar illumination,
etc). In this regard, the methodological chain that has been presented aims at fully meeting the needs of
photobioreactor study: its input parameters are precisely the most sensitive among the microorganisms’
features (photosynthetic-pigment content, geometry, intracellular water content) and its genericity allows
us to treat, with the same procedure, representatives of the three main classes of photosynthetic microor-
ganisms i.e photosynthetic bacteria, cyanobacteria and eukaryotic microalgae, which illustrate our ability
to encompass the diversity of the microbial world.

A crucial difficulty encountered by this achievement is that the size parameters and elongations of
photosynthetic microorganisms are, at present, out of the range of accuracy or capacity of analytical and
numerical rigorous electromagnetic-codes (e.g. respectively in the case of T-matrix or FDTD methods)
and also outside the range of validity of the standard Rayleigh or geometrical optics approximation. In
this context, the use of the Schiff approximation has been proven to be particularly well-suited to the
computation of the cross-sections and phase functions, without any conceptual difficulty in the treatment
of microorganisms with complex shapes. In this first paper however, the authors intentionally decided to
restrict their choice to microorganisms having shapes which remain very close to spheroids or cylinders,
for which theoretical solutions have already been derived in the associated literature (except for the phase
functions). Results involving advanced geometries will be reported elsewhere.

A comparison of predictive calculations with experiments, analysing the hemispherical transmittance
of microorganism suspensions, establishes that the proposed methodological chain (optical properties cal-
culated from in vivo pigment databases and the Kramers-Krönig relations, combined with the Schiff ap-
proximation for the radiative properties evaluation) leads to accurate calculations when the model-shape
is adequate and the input parameters are known with confidence (size distribution, intracellular volume
fractions of organelles, as well as pigment and water content). Among these parameters, the volume frac-
tions of organelles are the most difficult to access, but the results on Rhodospirillum rubrum (for which the
shape was accurately described as a cylinder) indicate that a rough estimation from optical micrographs
suffices to obtain a fair evaluation of the radiative properties. These organelles’ volume-fractions are used
to determine the real part of the refractive index of the microorganisms, which is a delicate part of the
model. Therefore, the consistency of these results has been reinforced by a dedicated validation consisting
in an inversion from transmittance measurement at a non-absorbed wavelength (case study with spheroidal
Chlamydomonas reinhardtii cells). Overall, we retain that the calculated radiative properties were always
more pertinent when the shape of the microorganisms was accurately accounted for (thanks to the Schiff
approximation), in comparison with the volume-equivalent sphere approximation (using rigorous Lorenz-Mie
resolution). It has even been proved, in the case of the elongated microorganism Arthrospira platensis, that
no volume-equivalent sphere exists which gives concordance with the experimental measurements.

Although the presented methodological chain is shown to be promising, its weaknesses have been rig-
orously evidenced and discussed, together with a sensitivity analysis of some important input parameters
(pigment content, biomass concentration). This should allow for the discussion of interesting perspectives
involving different scientific communities, through the identification of some important experimental and
theoretical points that will have to be significantly improved in the future.

First, the measurement of the in vivo absorption-properties of pigment still require the continuation of
the research effort that was engaged during the seventies, when different scientific communities identified
that any calculation of the radiative properties of photosynthetic-cells should rely on this information. Here
we have revisited the pioneering work of Bidigare et al. on eukaryotic algae [41] and along these lines, we
have performed our own measurements on cyanobacteria and bacteria, leading to the database provided in
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the supplementary material [89], that gathers in vivo properties of fourteen photosynthetic-pigments which
are among the most important in nature. Although quite extensive, this database is far to be exhaustive and
further work will be necessary in order to include numerous other pigments, in particular many carotenoids
that have so far been treated as a photoprotective and a photosynthetic mixture. This task is far from trivial
because each new pigment requires a complete theoretical and experimental methodology, as explained in
the core of this article, as well as a careful validation procedure, the calculation of the radiative properties
being extremely sensitive to the resulting absorption-spectra.

Second, it must be emphasized that the values currently obtained for the real part of the refractive
indices are to date limited by the lack of information and confidence concerning the refractive indices and
volume fractions of the different internal structures of photosynthetic microorganisms (that are used within
the Bruggemann mixing rule). Different techniques must be envisaged in the future in order to measure
them with better accuracy. An additional aspect that requires improvement is the experimental accuracy
of the pigment-content measurement (involved in the calculation of the imaginary part of refractive indices)
which is the main source of uncertainty regarding radiative properties.

Another significant challenge for future work is the implementation of the Schiff approximation in complex
geometries for which the intersection of incident rays with the scatterer cannot be calculated analytically
(unlike the calculations for spheroids and cylinders that have been presented here). Particularly interesting
complex-geometries are, for instance, rotationally-symmetric shapes [104] such as Tchebytchev particles [105,
106] and superspheroids [107], as well as the helical shape of Arthrospira platensis.

Finally, considering the complexity of shapes, the size parameter range and the refractive indices of
photosynthetic microorganisms, it seems evident that the Schiff approximation should retain increasing
attention and consideration for a long time, even if concurrent exact solutions and numerical methods
are continuously in progress. The capabilities and limitations of the Schiff approximation are therefore
currently under active investigation, in particular thanks to its comparison with experimental measurements
in single scattering condition [8]. The microwave analog measurements practised by the electromagnetic
community [17] are equally promising developments.
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Appendix A. Schiff’s approximation

The purpose of the present appendix is to transpose the Schiff approximation from quantum mechanics
to electromagnetism, and then to derive our simplified behaviour of the differential scattering cross-section
at large angles (further details on the Monte Carlo implementation of the approximation are developed
in [36]).

The Schiff approximation was developed for the study of scattering of high-energy electrons from heavy
nuclei. In his seminal article [81], L.I. Schiff addresses the wave function ψ solution of the Schrödinger
equation

(∇2 + k2
e − U)ψ = 0 (A.1)

with asymptotic functional form

ψ → exp(iki · r) +
exp(iker)

r
f(es, ei) (A.2)

where h̄2 k2

2m is the kinetic energy of the incident particle and h̄2 U
2m = V is the energy of the scattering

potential. This study is conducted under the following assumptions:

(1) |V | � (E −mc2) = h̄2 k2

2m

(2) kea� 1, where a is the characteristic length corresponding to a significant variation of the potential U .

The transposition to our study is direct (within the scalar description of electromagnetic wave propaga-
tion [28]): we address the electric field E solution of the Helmholtz equation

(∇2 + k2
e,νm

2
r,ν)E = 0 (A.3)

with asymptotic functional form (far field zone)

E → exp(iki · r) +
exp(−ike,νr)
−i r S(es, ei) (A.4)

where S is the scattering amplitude. The solutions obtained in [81] (as well as their demonstration) can
therefore be used in our context by considering U = −k2

e,ν(m2
r,ν−1), S(es, ei) = 1

−if(es, ei), and replacing i
by −i in all the expressions (in order to respect our convention for the complex amplitudes, i.e for the Fourier
transform). In this transposition, the Schiff approximation corresponds to the following assumptions:

(a) assumption (1) corresponds to low refractive-index contrasts

|m2
r,ν − 1| � 1

(b) assumption (2) corresponds to large particles compared to the wavelength (i.e large size parameters
x = ke,ν a)

x� 1

where a is the characteristic dimension of the particle (its radius for a sphere).

Moreover, considering low refractive index contrasts, we retain (see [29]):

m2
r,ν − 1 ' 2 (mr,ν − 1)

We therefore obtain the validity conditions and the expressions of the scattering amplitude given in Eqs. 13
and 16 of the present article.
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We hereafter focus on the expression of the differential scattering cross-section

Ws,ν (es|ei) =

∫
4π

deo pEo(eo)

∫ ∞
0

dreq pReq (req) |Ŝν (es, ei; eo, req) |2 (A.5)

for the large scattering angles, that is to say for Ŝν in Eq. 16:

Ŝν =
i k2
e,ν

2π
(mr,ν − 1)

∫
D
dr t(r)h(r) (A.6)

where we introduce here the functions

t(r) = exp
{
−ke,ν κr,ν ltot(r)

}
and

h(r) = exp
{
i
[
q · r− ke,ν(nr,ν − 1) ltot(r)

]}
with ltot(r) = lin(r, ei) + lout(r, es) (see Fig. 3.b). At this stage, one has to notice that some effects due to
the vectorial nature of the electromagnetic fields, that can be ignored at small scattering angles, has to be
accounted for at large angles. In the present context (i.e radiative properties calculation for incoherent non-

polarized incident fields) these effects come down to the multiplication of |Ŝν |2 by the pre-factor cos2(θs)+1
2

(as for the Rayleigh-Gans approximation [29]), which leads to:

|Ŝν |2 =
k4
e,ν

4π2
|mr,ν − 1|2 cos2(θs) + 1

2

∣∣∣∣∫
D
dr t(r)h(r)

∣∣∣∣2 (A.7)

In order to derive our simplified behaviour of Ws,ν at large angles, we first write the square modulus of Ŝν
as an integral over two locations r1 and r2 of the projected surface P:

|Ŝν |2 = Re2{S}+ Im2{S}

=
k4
e,ν

4π2
|mr,ν − 1|2 cos2(θs) + 1

2

∫
D
dr1

∫
D
dr2 t(r1) t(r2)

×[Re{h(r1)}Re{h(r2)}+ Im{h(r1)} Im{h(r2)}]

=
k4
e,ν

4π2
|mr,ν − 1|2 cos2(θs) + 1

2

∫
D
dr1

∫
D
dr2 t(r1) t(r2) cos[h(r1)− h(r2)]

(A.8)

with
t(r1) t(r2) = exp{−ke,ν κr,ν Σltot} (A.9)

and

cos[h(r1)− h(r2)] = cos[ke,ν(2 sin
θs
2

q̂ · ρ− (nr,ν − 1) ∆ltot)] (A.10)

where q̂ = q
‖q‖ is the unit vector associated with q, ρ = r1 − r2, Σltot = ltot(r1) + ltot(r2) and ∆ltot =

ltot(r1) − ltot(r2). Then, qualitatively applying the principle of the stationary phase approximation (that
lies at the root of the Schiff approximation) we notice that the main contribution to Eq. A.5 comes from
the integration domain such that ‖ρ‖ < 1

ke,ν2 sin(θs/2) . Indeed, outside of this region the integrand rapidly

oscillates around zero as ρ variates because:

• 2 sin θs
2 q̂ · ρ dominates the argument of the cosine in Eq. A.10,

• when r1 and r2 are distant enough (‖ρ‖ is large) then ke,ν∆ltot ∈ [0, ke,ν a] while at the opposite, when
r1 = r2, ke,ν∆ltot = 0.
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If we neglect the effect of the boundary of D, this stationary phase region corresponding to r1 = r2 has a
volume 4π

3 (ke,ν 2 sin θs/2)3 regardless of the location r1, and since ρ = 0, Σltot = 2 ltot(r1) and ∆ltot = 0. Thus,

we obtain the simplification:

Ws(θs) ∝
1

(sin θs/2)3

1 + cos2 θs
2

∫
4π

deo pEo(eo)

∫ ∞
0

dreq pReq (req)

×
∫
D(eo,req)

dr1 exp{−ke,ν κr,ν 2 ltot(r1; eo, req)}
(A.11)

Moreover, for the studied situations, we recorded variations of the term∫
4π

deo pEo(eo)

∫ ∞
0

dreq pReq (req)

∫
D(eo,req)

dr1 exp{−ke,ν κr,ν 2 ltot(r1; eo, req)}

as function of θs that are negligible compared to the variations of the first term in Eq. A.11. Therefore, we
retain the following simplified behaviour for the variation of Ws as function of θs at large angles, regardless
of the scatterer geometry:

Ws(θs) ∝
1

(sin θs/2)3

1 + cos2 θs
2

(A.12)

We notice that this mathematical expression is also encountered in the solution of Ws for spheroids and
cylinders with the Rayleigh-Gans approximation.

40


