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Abstract Purpose: Augmented reality can improve the outcome of hepatic
surgeries, assuming an accurate liver model is available to estimate the position
of internal structures. While researchers have proposed patient-specific liver
simulations, very few have addressed the question of boundary conditions.
Resulting mainly from ligaments attached to the liver, they are not visible in
preoperative images, yet play a key role in the computation of the deformation.
Method: We propose to estimate both the location and stiffness of ligaments by using a combination of a statistical atlas, numerical simulation, and
Bayesian inference. Ligaments are modeled as polynomial springs connected
to a liver finite element model. They are initialized using an anatomical atlas and stiffness properties taken from the literature. These characteristics
are then corrected using a reduced order unscented Kalman filter based on
observations taken from the laparoscopic image stream.
Results: Our approach is evaluated using synthetic data and phantom data.
By relying on a simplified representation of the ligaments to speed up computation times, it is not estimating the true characteristics of ligaments. However,
results show that our estimation of the boundary conditions still improves the
accuracy of the simulation by 75% when compared to typical methods involving Dirichlet boundary conditions.
Conclusion: By estimating patient-specific boundary conditions, using tracked
liver motion from RGB-D data, our approach significantly improves the accuracy of the liver model. The method inherently handles noisy observations, a
substantial feature in the context of augmented reality.
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1 Introduction
Primary liver cancer is one of the most common cancers in Europe and the
fifth most common cause of cancer mortality [1]. Although several therapies are
available to treat hepatic cancers, tumor resection remains the most efficient
solution for patients with intrahepatic cholangiocarcinoma and, in some cases,
patients with hepatocellular carcinoma [2]. The central function of the liver and
its complex anatomy make it, however, challenging to remove these tumors, in
particular, the small ones. A possible solution for guiding surgeons during these
procedures is to use an augmented reality (AR) system. By fusing preoperative
data with intraoperative images, and tracking liver motion over time, it is
possible to overlay the internal structures of the organ onto the live view of
the operating field. (Fig. 1).

Fig. 1 Illustration of augmented surgery: visualization of the liver during open surgery
(left), and view of the operating room with the display on the right-hand side (right).

The liver is a soft organ, which changes in shape during surgery but also
due to respiratory and cardiac motion. Providing an augmented view of the
liver during surgery therefore requires to solve several challenges: the 3D model
of the virtual anatomy needs to be registered onto the real organ using only
partial surface data; it needs to follow actual tissue motion in real-time; and
it has to provide an estimate of the location of the internal structures with a
good accuracy. To achieve these goals, different solutions were proposed, relying on different medical imaging modalities. The main approaches are either
intensity-based methods, which attempt to fuse the preoperative data with the
intraoperative image [3, 4] or, on the other side, physics-based methods, which
describe, more or less accurately, the organ deformation [5, 6]. During hepatic
surgery, the main visual system remains a direct vision (in open surgery) or
through a camera (in laparoscopic procedures). As a result, only a small part
of a liver surface is observed, from which a dense displacement field has to
be recovered. In this context, a physically-based solution is very efficient at
estimating the in-depth displacement from surface motion, or more generally
from sparse data [7, 8].
In this context, the choice of a deformation model is obviously a key to
obtaining an accurate, and fast, computation of the deformation. There are
three main aspects to this: (1) the constitutive law that describes the stressstrain relationship, which in the case of the liver is known to be hyperelastic;
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(2) a numerical technique to solve this nonlinear partial differential equation
on the domain of the organ, such as the finite element method; and (3) a
set of material properties and boundary conditions (BCs) that characterize
this particular organ. While an important body of work exists in the field
of liver biomechanics [9, 10], fewer works have addressed the question of realtime computation [11] required for AR application. Yet, even fewer works have
investigated the role of BCs in the computation of the soft tissue deformation.
The difficulty essentially comes from the impossibility to identify ligaments
(and other anatomical structures constraining the liver) from the preoperative
CT images (the dominant imaging modality for hepatic imaging). First, the
description of liver connective tissues is limited to a generic idea about their
location. Second, information about the biomechanical properties of ligaments
is generally missing. To address the first issue, Plantefeve et al. [12] proposed
a method for modeling boundary conditions in deformable anatomical structures, using a statistical atlas which gathers information about the connective
structures attached to the organ. The atlas is then transferred to a specific
patient’s anatomy using a physics-based registration technique, and the resulting boundary conditions are based on the mean position and variance of
the ligaments. While this approach already shows a benefit in integrating this
information in the model, it is not truly patient-specific nor does it model
correctly these boundary conditions. As a result, it is nearly impossible to get
a correct description of the liver boundary conditions.
In this paper, we propose to automatically identify and parameterize boundary conditions. Despite the fact that the liver motion is constrained by different anatomical structures, in this work we consider only the role of ligaments,
which cover an important part of the liver and play an essential role in its behavior. The idea of identifying boundary conditions has been addressed by a
few authors. In [13] the authors estimate what they call compliance boundary
conditions. The authors consider an observed area as a separate object and
suppose that the attachment between it and the outer part forms an additional
constraint for the deformation, the properties of which could be estimated by
comparing unconstrained and constrained motions. For this approach, in the
case of a volumetric object, a sufficient amount of internal and accurate observations need to be obtained. In [14], the authors try to estimate BCs based on
two deformed configurations of a liver. Matching the shapes gives a constraint
that was applied to get this transformation. And based on this, it is possible to
estimate the attached BCs. Unfortunately, two different shapes are necessary
for this approach, whereas only one is usually taken for diagnosis purposes.
In [15], an inverse simulation method is proposed. The authors present BCs as
forces with unknown intensities. To find them, they apply traction and solve
a gap minimization problem between simulated and observed positions. Here,
it is implicitly supposed that the model is accurate enough to simulate the
real object. But in the context of AR, the accuracy is often waived in favor of
performance. The observed positions also have to be measured accurately.
In this work, we propose a solution to estimate liver boundary conditions
in order to have a more accurate simulation of its deformation. It relies on the
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combination of a liver model and a nonlinear ligament simulation, initialized
from a statistical atlas and corrected by a stochastic data assimilation process.
Section 2 presents the details of the method, sect. 3 shows our results on both
synthetic and phantom data, and in sect. 4 we discuss the benefits of our
solution with regard to simulation accuracy.
2 Materials and methods
This section describes the main steps of our method. Section 2.1 presents
our modeling choices, from which we derive optimized models in sect. 2.3
while sect. 2.2 details our data assimilation framework, based on an unscented
Kalman filter. In our approach, we keep an important focus on patient-specific
modeling and the possibility to deploy our method in a clinical context without
the need for additional equipment. Figure 2 summarizes our approach.

Fig. 2 Overview of the boundary condition identification process. It contains two main
steps. 1 - Initial approximation based on statistics from the processed model database and
experimental data. 2 - Identification based on intraoperative patient-specific images.

2.1 Biomechanical modeling of the liver and its ligaments
2.1.1 Anatomy
The liver is the largest organ in the body, situated in the upper part of the
abdomen on the right side [16]. The liver is connected to the lower part of the
diaphragm and to the anterior wall of the abdomen by five ligaments: falciform,
coronary, two triangular ligaments, and round ligament [17]. The coronary
and triangular ligaments connect the liver to the diaphragm. Together with
the connection of the inferior vena cava, they fix the posterior part of the
liver. The falciform ligament does not give a lot of support, but it might
limit the sideway displacement. The liver is also attached to the stomach
by the hepatogastric ligament and to the duodenum by the hepatoduodenal
ligament [16]. An overview of these ligaments is presented in Fig. 3.
The main boundary conditions for the liver are formed by the peritoneum,
from which derive most of the ligaments (falciform, coronary, triangular, hep-
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Fig. 3 Liver anatomy (anterior and bottom views) showing the location of ligaments and
surrounding anatomy. Liver boundary conditions arise from ligaments such as the falciform
ligament (left) but also from other structures (right).

atogastric, and hepatoduodenal), while the round ligament is a fibrous cord
resulting from the umbilical vein, and therefore has different properties. Below, we describe in more detail the biomechanics of the peritoneum and the
ligaments it derives from, and look at possible constitutive models.
2.1.2 Biomechanics
Like many other soft tissues and organs in the human body, the liver has
nonlinear behavior, which is presented in Fig. 4. Its average Young’s modulus
is 10 kPa, and its Poisson’s ratio is close to 0.5. Various hyperelastic materials
have been proposed to simulate its deformation: from Saint Venant Kirchhof
(StVK) for real-time computation [18] up to porous visco-hyperelastic for accurate simulation [10]. Alternative solutions using a co-rotational model have
been proposed [11] showing results similar to a StVK model. In this work,
we consider the liver as a first order Ogden (hyperelastic) material. The relation between stress and strain is expressed through the strain energy density
function Ψ as:

µ1 α1
α1
1
λ1 + λα
Ψ (λi ) =
(1)
2 + λ3 − 3
α1
where µ1 and α1 are material parameters, λi are principal stretches.

Fig. 4 Overview of the liver constitutive law (left) showing nominal stress T as a function
of stretch λ (taken from [19]) and ligament constitutive law (right) taken from [20]. While
both exhibit a nonlinear behavior, ligaments show a steeper nonlinearity.

Regarding the biomechanics of the human peritoneum, a review of the literature does not provide any information about it. A few experiments were
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performed to study the mechanical properties of porcine [21] and bovine [22]
peritoneum, but they give only a general idea. On the other hand, the properties of ligaments and tendons, which are also collagen-based connective tissues,
are studied in more detail [23]. From an analysis performed by Witz et al. [24]
showing that the peritoneum shares several similarities with ligaments, we
choose to rely on the biomechanics of ”true” ligaments for our work, which
general stress-strain curve is presented in Fig. 4. Ligaments contain twisted
fibers, which resistance for small strains is limited. As fibers are straightened,
the stress increases rapidly, leading to a strong nonlinear stress-strain relation.
As for the liver, various models were proposed to describe this nonlinear behavior: hyperelastic, quasi-linear viscoelastic, and nonlinear viscoelastic materials.
In this work, we consider the ligaments as a Neo-Hookean material:

µ1
I1 − 3
(2)
Ψ (I1 ) =
2
where µ1 is the first Lame coefficient, characterizing material stiffness, and I1
is the trace of the Green deformation tensor.
2.1.3 Numerical simulation
Solving nonlinear partial differential equations for materials deformation,
such as (2), requires an appropriate numerical technique. The finite element
method (FEM) is often used in this case. It requires a discretization of the
domain into simple geometrical shapes, which can be either surface or volume
elements.
In this work, we model the liver using tetrahedral elements, which are easy
to generate from a 3D surface mesh of the organ. This surface reconstruction
is also almost automatic to compute from the segmented image of the liver.
Ligaments, on the contrary, are very thin structures which are very challenging
to segment, assuming they are visible in the preoperative image. Also, their
geometry calls typically for a surface discretization using primitives such as
triangles. Shells and membranes are usual options for modeling such structures
while accounting for their small thickness. It is also possible to model such thin
structures using volume elements. Regardless of this choice, it is obviously very
difficult to construct an appropriate mesh for ligaments due to the lack of
information about their shape. We address this point in the following sections.
2.2 Estimating boundary conditions using data assimilation
The variability of organ shapes and biomechanical characteristics across
patients requires a method able to estimate BCs, as we cannot simply rely on
an anatomical atlas. To deal with this uncertainty, we propose to use Bayesian
inference to estimate both ligaments’ location and stiffness. In a nutshell, this
approach uses Bayes’ theorem to update the probability for a hypothesis when
more evidence or information becomes available. Bayesian inference takes into
account the statistical noise on the data and provides a statistical regularisation, which makes inverse problems with limited observations solvable. An
efficient implementation of a Bayesian inference method able to process nonlinear systems like our models is the unscented Kalman Filter (UKF) [25].
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Compared to an extended Kalman Filter, it does not require to compute the
Jacobian of the system, which would be prohibitive given the size of our problem. The unknown data to be estimated (the stochastic state of the system) is
described as a Gaussian distribution, which transformation through the nonlinear system is performed using an unscented transformation (see [25] for
details). The main idea is to parameterize the Gaussian distribution using a
set of sigma points, which hold the mean and covariance information, but are
easier to transfer through a nonlinear function. The general algorithm is described in Algorithm. 1. It consists of a loop that contains two main steps.
During the prediction step, we form the new hypothesis about the estimated
state, while during the correction step we correct it by comparing the predicted
measurements with (noisy and partial) observations.
Algorithm 1: Main steps of unscented Kalman filter
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

Initialize data:
set x1 - models positions and unknown parameters
set T = T (x1 ) - finite element model
set I, P1 , Q, W - initial filter parameters
for each simulation step i do
Compute prediction
phase:
√
∗
xσ
i = xi + Pi I - generate sigma points
for each sigma point k do
σ
σk
ei+1
= T (xi k ) get result from deformation step
x
end for

∗
ei+1 = E x
eσ
x
i+1 - compute predicted state as mean of sigma points
 σ∗
T
∗
e i+1 = x
ei+1 − x
ei+1
eσ
ei+1 x
+ Q - compute predicted covariance
P
i+1 − x
Compute correction phase:
(o)
get qi+1 - observation features
for each sigma point k do
σk
g
(o)
σk
) - get predicted observation
qi+1
= H(e
xi+1
end for
σ∗ 
σ∗
 g
g
T
(o)
(o)
∗
eσ
ei+1 qi+1 − E qi+1
- compute cross covariance
Pxq(o) = x
i+1 − x
σ∗
σ∗ 
σ∗
σ∗ 
g
g
g
g
T
(o)
(o)
(o)
(o)
Pq(o) = qi+1 − E qi+1
qi+1 − E qi+1
+ W - comp. obs. cov.
Ki+1 = Pxq(o) P−1
- compute Kalman gain
q(o)
σ∗ 
g
(o)
(o)
ei+1 + Ki+1 qi+1 − E qi+1
- compute corrected state
xi+1 = x
e i+1 − P (o) P−1 PT
Pi+1 = P
- compute corrected covariance
xq

q(o)

xq(o)

23: end for

Each sigma point in the prediction step corresponds to perturbed parameter values and model positions (line 9 of the algorithm). The FE system is
solved by taking the modified positions instead of original ones. Then, the
predicted state is computed as a mean over FE simulation results for all sigma
points. Therefore, the prediction step can be very costly when using a model
with many degrees of freedom, as it is the case when using a FEM method.
Using the simplex method to generate the sigma points, and with a mesh of N
nodes and K stiffness parameters, this would mean 3N + K + 1 simulations. A
simple FEM mesh of only a few hundred nodes would be too time-consuming
for a clinical application, as it would require more than 300 simulations for

8

Sergei Nikolaev, Stephane Cotin

each step of the assimilation process. To solve this issue, we use a reduced order unscented Kalman Filter (ROUKF) [26] instead of the UKF. This method
significantly reduces the computation cost since only K + 1 simulations (in
the best case) are required. A ROUKF algorithm was also employed in [27];
however, the authors used a very simple model for the boundary conditions
and did not rely on anatomical data to initialize the assimilation process.
Our approach being stochastic by design, it makes sense to initialize the
location of the ligaments on the liver using a statistical atlas. Such an atlas
is constructed from 15 manually annotated 3D liver reconstructions. On each
liver, the estimated location of the ligaments has been identified by an expert
surgeon, along with an uncertainty map. This allows to determine a probability
distribution of the location of the ligaments on the surface of a human liver
(see Fig. 5). The next step is to generate a discretization of the surface of
the ligaments from these statistically relevant locations. Computing a finite
element mesh, as generally done in biomechanics, would prove very difficult
due to the non-deterministic nature of the ligament shape. It would also be
computationally expensive to use in the parameter assimilation process. For
these reasons, we propose an alternative solution in the following section.
The observations required to correct the model prediction and estimate
the unknown parameters are typically obtained during surgery. Since it is
difficult to observe the ligaments, we mainly rely on features tracked on the
liver surface (using a variety of computer vision techniques). This requires
to have a process model of the combined liver and ligament system. Only
in that condition can we estimate BCs while observing the liver. Practically
speaking, such intraoperative observations can be obtained using a stereoscopic
laparoscope or an RGB-D camera (we need to have 3D observations).
2.3 Adapted model for assimilation process
Since our work is aimed at providing a predictive simulation in the context of augmented reality, we need to ensure that our modeling choices are
compatible with this constraint. Similarly, the assimilation process allowing
the estimation of the BCs needs to be as computationally efficient as possible. The ability to handle soft tissue cutting in the simulation is also of
primary importance. The impact of such operations in terms of tissue modeling is considerable since it implies topological changes over time, the cost of
which depends largely on the chosen geometrical representation but also on
the numerical method that is adapted to compute tissue deformation. Here we
explain how we model the liver and its ligaments such that their simulation
can be done in real time, and the data assimilation can be done efficiently.
To perform the numerical simulation of the liver, we rely on the finite
element (FE) method with StVK material, a computationally efficient hyperelastic material often used for real-time simulations [18, 28]. To model ligaments, we use a discretization where the object is described as a set of mass
points connected with springs, which are responsible for simulating the elastic
property of the material. Besides being computationally efficient, meshing the
region of the ligaments is easier. Yet, to represent the nonlinear stress-strain
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Fig. 5 Determination of a ligament location based on a set of available liver models where
ligaments are labeled by an expert (white strips on the set of models on the left) on a
new liver model (right model). A registered statistical atlas has expected ligament location
(green strips) and a range of probable locations (white region).

relationship of ligaments, we cannot rely on linear spring models, as usually
proposed in the literature. To this end, we use a cubic spring, which internal
force f is given by:

 ∆l
cur
3
2
f = kα |∆lcur | + kβ |∆lcur | + kγ |∆lcur | ∗
|∆lcur |

(3)

where kα , kβ , and kγ , are the stiffness parameters for a spring and ∆lcur is
the length variation. In addition, f = 0 when ∆lcur < 0 to represent the fact
that ligaments only generate forces on the liver under extension. To determine
the values of kα , kβ , and kγ , we consider experimental data given in articles
describing pig peritoneum mechanics [21] as well as human ligaments [29].
Based on this data, we modeled a thin rectangular shape (40x100x1 mm3 )
using a Neo-Hookean material and choose a parametrization that would produce similar stress-strain curves as [21] or [29]. This led to a set of constitutive
laws with Young’s modulus ranging from 5 to 300 MPa. Then, we generated
a discretization of the same domain using springs and assimilated the springs’
parameters. Since only the region of the ligament attached to the liver has an
influence on its motion, we compare only the nodes in this region (marked as
yellow spheres in Fig. 6). Results show an average error between both models
of less than 2.4mm in a stretching scenario, for strains up to 45% (i.e. covering
the range of ligaments strain in surgery). This shows that the behavior of our
mass-spring system is similar to a Neo-Hookean material. Yet it is 35 times
faster to compute and can be automatically generated from the atlas.
3 Experimental results
3.1 Numerical validation
We first validated our optimized liver model against a numerical solution.
The liver was generated from a segmented CT scan of a patient, and the
ligaments locations were defined by an expert. For simplicity, we decided to
consider only the falciform ligament. The reference simulation was computed
using FEBio [30]. The liver was meshed with about 73,000 linear tetrahedral
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Fig. 6 Overview of the cubic spring model parametrization. To cover all possible ranges
of ligaments behavior, maximal and minimal envelope curves are selected from given data
(a), Neo-Hookean parameters are defined, and a FE simulation of a stretching experiment
is computed (b (top)). Parameters for the mass-spring system are then assimilated from the
FE simulation (b (bottom)). The average difference, measured for validation points (yellow
markers), between strained model bounds for strains up to 45% remains small (right).

elements. The ligament meshes (shell elements) were generated by extrusion
in the direction of the liver surface normal. Dirichlet constraints were applied
to the nodes furthest from the liver, and bilateral constraints used to couple
the liver and ligament models. An Ogden model was used for the liver with
parameters taken from [31] (α1 = 0.88, µ1 = 16.47 kPa, G = 7.21 kPa) NeoHookean material for ligaments (Young’s modulus of 100 kPa, Poisson’s ratio
of 0.48). To generate a deformation representative of surgical manipulation,
we applied non-constant periodic loads to both lobes of the liver, marked as
F1, F2, and F3 in Fig. 7. We also defined 14 virtual markers that represent
observations that could be obtained during an actual intervention. They are
used in the data assimilation process.
On the other hand, the real-time liver and ligament model was implemented
using SOFA [32]. The liver mesh was generated with approximately 7,500
elements. We used a StVK model, for which a Poisson’s ratio of 0.49 was
set. The Young’s modulus was computed using data from [31]. The ligaments
were also extruded along the liver surface normal as two layers of nonlinear
springs. The spring parameters were inferred from the Neo-Hookean model
in FEBio using the assimilation method described previously (ROUKF). To
further optimize the assimilation process, we split the set of springs into groups
that share the same stiffness parameters. This way, we estimate the parameters

Fig. 7 Left: numerical simulation mimicking a manipulation of the liver, from which observations are extracted. Right: difference, computed at validation markers, between the
numerical ground truth, a simulation using fixed BCs based on the anatomical atlas (green
line), and our real-time simulation (green line), after estimation of the BCs.
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for each region, not for each spring. Again, this is just an optimization to speed
up the estimation of the BCs, and can be adjusted depending on the amount
of data or time available.
To assess our results, we use virtual markers uniformly distributed inside
the liver model. To estimate how our BC estimation can improve the overall
accuracy of the liver deformation, we compare the marker positions obtained
with our method with a simulation involving the same FEM liver model but
using fixed BCs. The location of the BCs is, however, also based on the anatomical atlas, to avoid any bias in the comparison. The results show that for BCs
estimated with our method, the mean error in the deformation is only 1.99 mm
(±0.7 mm), while it is 7.6 mm (±4.6 mm) when using predefined constant BCs.
For the largest deformation, the error is reduced by 75%, as shown in Fig. 7.
3.2 Augmented reality on a liver phantom
To further demonstrate the benefit of our method, we applied it to phantom
liver data. The liver phantom was made of silicone foam (Soma Foama 15 from
Smooth-On, Inc.), which has elastic behavior similar to the actual liver, of half
the size of an actual liver, and a piece of fabric made from polyester was used
to mimic the falciform ligament. The model was placed inside a wooden frame,
with a support for an Intel Realsense D435 RGB-D camera. Several passive
retroreflective markers were placed on the visible part of a phantom. They
were tracked using a pyramidal Lucas-Kanade algorithm [33], which together
with depth data were used to obtain 3D observations. An overview of the setup
is presented in Fig. 8. We then manipulate the liver similarly as in Sect. 3.1,
and record the motion of a small subset of the point cloud generated from the
depth map of the RGB-D camera. This is used to assimilate the parameters
of the ligament model. Finally, the virtual liver model is overlaid onto the
camera stream, and its deformation computed using the (now parametrized)
model and the point cloud returned by the camera. An example of an AR
view is presented in Fig. 8. The computation time for the combined liver and
ligament models is 20 ms, allowing for a real-time update of the augmented
view.
4 Conclusion
In this paper, we proposed a new method for improving the accuracy of a
numerical simulation of the liver, by dynamically estimating boundary conditions. The assimilation method, based on ROUKF, uses observations obtained
from laparoscopic or open surgery images. The liver and ligament models are
simulated using a coupled system consisting of a real-time FEM and a cubic
spring-mass system. The spring network describes the unknown BCs linking
the liver to its environment. Once their location and stiffness parameters have
been estimated by the filter, a more accurate patient-specific simulation of the
liver behavior can be obtained. The gain over usual approaches, is significant,
with errors reduced by up to 10 mm in certain cases.
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Fig. 8 Liver phantom experiments. Left: setup showing the liver and ligaments phantoms,
and a RGB-D camera. Right: AR view of the liver after estimation of the BCs.

The main advantage of this approach is its stochastic nature. Therefore,
first of all, it takes into account that intraoperative images have observation
errors. Secondly, together with results, it gives us estimation statistics, which
we could use for additional information, like exploring the observability of the
system. The filtering approach also allows to get intermediate results, which
could be used to improve the accuracy of the AR system in a workflow process.
However, the filtering process can be quite time-consuming, in particular,
if we consider all ligaments connected to the liver since a simulation step has to
be computed for every sigma point (and the number of sigma points is proportional to the number of unknowns to estimate). A possible solution to speed
up the data assimilation process (and ideally reach real-time computation) is
to use preconditioning. Although the cost of computing a preconditioner is
relatively high, it might be possible to use the same preconditioner for all of
the sigma points (depending on the sensibility of the system matrix to the parameters to estimate). This would reduce the computation time considerably.
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