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Abstract

In this paper, we study an inverse Steklov problem in a class of n-dimensional manifolds
having the topology of a hollow sphere and equipped with a warped product metric. Precisely,
we aim at studying the continuous dependence of the warping function defining the warped
product with respect to the Steklov spectrum. We first show that the knowledge of the
Steklov spectrum up to an exponential decreasing error is enough to determine uniquely the
warping function in a neighbourhood of the boundary. Second, when the warping functions
are symmetric with respect to 1/2, we prove a log-type stability estimate in the inverse Steklov
problem. As a last result, we prove a log-type stability estimate for the corresponding Calderén
problem.

Keywords. Inverse Calderén problem, Steklov spectrum, Weyl-Titchmarsh functions, Nevan-
linna theorem, Miintz-Jackson’s theorem.
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1 Introduction

1.1 Framework

For n > 2, let us consider a class of n-dimensional manifolds M = [0,1] x S*~! equipped with a
warped product metric

g = f(z)(dz® + gs)

where gs denotes the usual metric on S"~' induced by the euclidean metric on R™ and f is a
smooth and positive function on [0, 1]. Let v belong to H'/2(0M) and w be in R.

The Dirichlet problem is the following elliptic equation with boundary condition

(1)

—Agju=wu in M
u =1 on OM,

where, in a local coordinate system (z;);—1..._n, and setting |g| = det(g;;) and (g*/) = (g;;) ™', the
Laplacian operator —A, has the expression

1 y
A== S ——0,(\/lgle0y).
g \/m ( .7)

1<i,j<n

If w does not belong to the Dirichlet spectrum of —A,, the equation (1) has a unique solution in
HY(M) (see [11, 14]), so we can define the so-called Dirichlet-to-Neumann operator ("DN map")
Ag(w) as:

Ay(w) = HY2(0M) — H~Y2(0M)

ou
v = 5;‘6M

where v is the unit outer normal vector on M. The previous definition has to be understood in
the weak sense by:

du, dv),, dVol, +w uv dVol,. 2
g g g
M

W(w,6) € HYHOM)P 5 (A, ) 0) = [

M

where v is any element of H!(M) such that v|gar = ¢, (,,.) is the standard L? duality pairing
between H'/2(OM) and its dual, and dVol, is the volume form induced by g on M.

The DN map A, (w) is a self-adjoint pseudodifferential operator of order one on L?(9M). Then, it
has a real and discrete spectrum accumulating at infinity. We shall denote the Steklov eigenvalues
counted with multiplicity by

O'(Ag(w)) = {0 =X <M< <. <A\~ —l—OO}7

usually called the Steklov spectrum (see [8], p.2 or [7] for details).

The inverse Steklov problem adresses the question whether the knowledge of the Steklov spectrum
is enough to recover the metric g. Precisely:

If o(Ag(w)) = o(Ag(w)), is it true that g =g ?

It is known that the answer is negative because of some gauge invariances in the Steklov problem.
These gauge invariances are (see [8]):

1) Invariance under pullback of the metric by the diffeomorphisms of M :

Vi) € DIff (M),  Ayy(N) = ¢* 0 Ay(\) o ™ 1.



where ¢ := ¢|spr and where ¢* : C°°(IM) — C*>°(0M) is the application defined by ¢*h := ho .

2) In dimension n = 2 and for w = 0, there is one additional gauge invariance. Indeed, thanks to
the conformal invariance of the Laplacian, for every smooth function ¢ > 0, we have

1
Ay = =-A

¢ 7

Consequently, the solutions of the Dirichlet problem (1) associated to the metrics g and cg are the
same when w = 0. Moreover, if we assume that ¢ = 1 on the boundary, the unit outer normal
vectors on QM are also the same for both metrics. Therefore,

Acg(0) = Ag(0).

In our particular model, we have shown in [6] that the only gauge invariance is given by the
involution 7 : x +— 1 — z when n = 2 and also when n > 3 under some technical estimates on the
conformal factor f on the boundary. Precisely, we proved:

Theorem 1.1. Let M = [0,1] x S*~! be a smooth Riemannian manifold equipped with the metrics
9= fz)(da +g5), §= fla)(da® + gs),
and let w be a frequency not belonging to the Dirichlet spectrum of —A, and —Ag on M. Then,
1. Forn=2 andw # 0,
(0(AgW) =o(Agw)) & (f=F or f=Ffon)
where n(x) =1—x for all x € [0, 1].
2. Forn > 3, and if moreover

1
n—2’

f,fely:= {f e C*°([0,1]),

}g k()andl},

(0(Ag()) = o(A3()) & (f=F or f=fon)

Remark 1. In Theorem 1.1, there is no need to assume that w # 0 when n > 3 whereas this
condition is necessary in dimension 2, due to the gauge invariance by a conformal factor.

In this paper, we will show two additional results on the Steklov inverse problem, that follow and
precise the question of uniqueness. Namely, we will prove some local uniqueness and stability re-
sults. Before stating our results, recall that the boundary OM of M has two connected components.
If we denote —A,, the Laplace-Beltrami operator on (S"~!, gs) and

o(=Ag) ={0=po < p1 < pi2 < oe. < iy, < ... = +00}

the sequence of the eigenvalues of —A,, counted with multiplicity, one can show that the spectrum
of Ay(w) is made of two sets of eigenvalues {\™ ()} and {AT(um)} whose asymptotics are given
later in Lemma 2.1.

1.2 Closeness of two Steklov spectra

Let us define first what is the closeness between two spectra o(Ay(w)) and o (Az(w)).

Definition 1.2. Let (&,,)m a sequence of positive numbers. We say that U(Ag(w)) is close to
o(Ag(w)) up to the sequence (g, )n, if, for every A* (i) € o(Ag(w)):

e there is A* in o(Aj(w)) such that |\ (pm,) — M| <ep.



o Card{A\* € 0(Ag(w)), [\ E(um)—AE| <en} = Card{j\i € o(Ag(w)), N (pm) —AE| < Em}-

where Card A is the cardinal of the set A. We denote it
U(Ag(w)) S o(Ag(w)).

Em
Remark 2. The second point of Definition 1.2 amounts to taking into account the multiplicity of
the eigenvalues.

Definition 1.3. We say that o(Ay(w)) and o(Ag(w)) are close up to () if
o(Ag(w)) S o(Ajw)) and o(Aj(w)) S o(Ag(w)).

Em Em

We denote it 0(Ag(w)) =< o(Az(w)).

Em

Constant sequence : if (&,,) is a constant sequence such that, for all m, €, = €, we just denote
o(Ag(w)) = o(Ag(w)).

Definition 1.4. If A and A are any finite subset of R, we will denote A < A if, for every a € A

€

e There is @ € A such that |a — @ < ¢,

e Card{ A€ A, [A—a|<e}= Card{j\ €A, Ja—A<e}.

We denote A =< A if AC Aand AC A.

€ € €

This work is based on ideas developped by Daudé, Kamran and Nicoleau in [5]. However, due to
the specific structure of our model that possesses a disconnected boundary (contrary to the model
studied in [5]), some new difficulties arise.

Local uniqueness. We would like to answer the following question : if the data of the Steklov
spectrum is known up to some exponentially decreasing sequence, is it possible to recover the
conformal factor f in the neigbourhood of the boundary (or one of its component) up to a natural
gauge invariance ? The main difficulty that appears here is due to the presence of two sets of
eigenvalues, in each spectrum o (Ay(w)) and o(Az(w)), instead of one as in [5]. With the previous
definitions of closeness, it is not clear that we can get, for example, this kind of implication :

(o(Ay(w)) and o(Ag(w)) close ) = ( A~ (k) and A~ (,um) close for all m € N )
or ( A™(im) and AT (uyy) close for all m € N ).

In order to overcome this problem, we will need to do some hypotheses on the warping function
f to introduce a kind of asymmetry on the metric on each component. In that way, the previous
implication will be true by replacing N with an infinite subset £ C N that satisfies, for m large
enough, LN{m, m+1} # 0. In other word, the frequency of integers belonging to £ will be greater
than 1/2.

Stability. Asregards the problem of stability, if the Steklov eigenvalues are known up to a positive,
fixed and small ¢, is it possible to find an approximation of the conformal factor f depending on
¢ 7 Thanks to Theorem 1.1, we know that there is no uniqueness in the problem of recovering
f from O'(Ag (w)) This seems to be a serious obstruction to establish any result of stability in a
general framework. Indeed, the uniqueness problem solved in Theorem 1.1 is quite rigid (as well
as the local uniqueness result) and is based on analyticity results that can no longer be used here.
On the contrary, the condition
o(Ag(w)) = o(Ag(w))

seems much less restrictive than an equality, and the non-uniqueness makes this new problem quite
difficult to tackle. From Theorem 1.1, we see that the only way to get a strict uniqueness result
is to assume that f is symmetric with respect to 1/2. This natural - albeit restrictive - condition
will be made on f in Section 4 devoted to the stability result.



1.3 The main results

Definition 1.5. The class of functions D is defined by
Dy = {he C=(0,1)) | 3keN, hM(0) # (—1)hM (1)},

Definition 1.6. The potential associated to the conformal factor f is the function ¢ defined on

0,1] by ¢ = (’;;‘42 —wf.

The potential ¢; naturally appears when we solve the problem (1) by separating the variables in
order to get an infinite system of ODE. We have at last to precise the following notation that will
appear in the statement of Theorem 1.7.

Notation: Let 2o be in R and g be a real function such that lim g(z) = 0.

r—rx0o

We say that f(x) O(g(z)) if

8

0

ve>0 lm L

% Tgl@e

Here is our local uniqueness result.

Theorem 1.7. Let M = [0,1] x S*~! be a smooth Riemannian manifold equipped with the metrics
9= f(@)(da® +g5), §= f(x)(dz? + gs),

and let w be a frequency not belonging to the Dirichlet spectrum of —A, or —Ag on M. Let a €]0,1]
and & be the set of all the positive sequences (&, )m satisfying

em =0 (e72avim),

In order to simplify the statements of the results, let us denote the propositions:

where n(z) =1 —x for all x € [0,1].
Assume that f and f belong to C*(]0,1]) N Cp where Cp is defined as

f'(k) !
= <—1k 1 Dy p.
Cb {. f(k) _n_27 E{Oa }7 .(Ife b
e Forn=2andw#0 orn > 3:

Then :

(3 (em) €&, o(Ag(w))

= O
(em)

Remark 3. When n = 2, the condition




Remark 4. The converse is not true if f(0) # f(1). If one of the (P;) is satisfied, it cannot
imply more than the closeness of one of the subsequence (A~ (pm)) or (AT (pm)) with (A~ (1m))

or (AT (ptm)).

Special case : when f(0) = f(1), we have the following equivalence :

(3 (em) €€ o(hg(w)) =<, U(Ag(w))) s ((Pl) and (P3)) or ((pg) and (P4)).

Let us also give our stability result. It requires to assume that, for some A > 0, the unknown
conformal factor belongs to the set of A-admissible functions that we define now.

Definition 1.8. Let A > 0. The set of A-admissible functions is defined as :

C(A) = { e feC?*0,1)) o Vke[0,2], If™ o + H%Hm < A}

Our stability result for the Steklov problem is the following:

Theorem 1.9. Let M = [0,1]xS"~! be a smooth Riemanniann manifold equipped with the metrics

g = f(x)(dx® +gs), §=f(x)(da?+ gs),

with f, f positive on [0,1] and symmetric with respect to x =1/2.

Let A > 0 be fized and w be a frequency not belonging to the Dirichlet spectrum of —A4 and —Ag
on M. Then, for n > 2, for a sufficiently small € > 0 and under the assumption

f.fec(d)
we have the implication :

o) % o(5) = o~ il <O 1

where C4 is a constant that only depends on A.
As a by-product, we get two corollaries :

Corollary 1.10. Using the same notations and assumptions as in Theorem 1.9, for all 0 < s < 2,

we have
1

In (1)’
where § = (2 — s)/2 and Ca is a constant that only depends on A. In particular, from the Sobolev
embedding, one gets

0(Ag()) = o(A5(w)) = [|ay = sl .1y < Ca

() 5 0(03(6) = lag sl < Ca 7y

Corollary 1.11. Using the same notations and assumptions as in Theorem 1.9, if moreover w = 0

and n > 3, one has
1

In(2)

o(Ag(w)) = 0(A5(w)) = [|f — F]|.. < Ca

where C'4 is a constant that only depends on A.



The stability in the inverse Calderén problem somehow precedes the inverse Steklov problem, so
we say few words about it. Let B(H/2(9M)) be the set of bounded operators from H/2(9M) to
H'/2(OM) equipped with the norm

1Fl= s Al

ver2z@amngoy ¥l '

In Lemma 5.1 (Section 5) we show the equivalence

£(0) = £(0)
f)=ra
and prove the following stability result for the Calder6n problem. We draw the reader’s attention
to the fact that the symmetry hypothesis no longer occurs here since the strict uniqueness is true

(see [4]). However, it is replaced by a technical assumption on the mean of the difference of the
potentials.

Ag(w) — Az(w) € B(HY?(OM)) & {

Theorem 1.12. Let M = [0,1] x S*~1 be a smooth Riemanniann manifold equipped with the
metrics

9= f@)(da® +gs), §= f(x)(da® +gs),
with f and f positive on [0,1].

Let A > 0 be fized and w be a frequency not belonging to the Dirichlet spectrum of —Ag4 and —Ag
on M. Let n > 2, ¢ > 0 and assume that

o £(0)=f(0) and f(1)= f(1),
o f.feC(A),

A(w@ﬂ+mwwgwmga

Then : 1
lar —arll, < Ca m(d)

€

where C4 is a constant that only depends on A.

Corollary 1.13. Using the same notations and assumptions as in Theorem 1.12, for all0 < s < 2,

we obtain also )

In (2)"
where = (2 — s5)/2 and Ca is a constant that only depends on A. In particular, from the Sobolev
embedding, one gets

llar — quHS(O,l) <Ca

- 1
qu _quoo <Ca In (l)

€

Corollary 1.14. Using the same notations and assumptions as in Theorem 1.12, if moreover
w =0 and n > 3, one has the stronger conclusion:

1F = Fll < Ca

ln(

m =

)

where C4 is a constant that only depends on A.



2 Asymptotics of the Steklov spectrum

The proof of both theorems is based on the separation of variables that leads to reformulating the
Dirichlet problem in terms of boundary value problems for ordinary differential equations. All the
details can be found in [6, 4] but we outline the main points for the sake of completeness.

2.1 From PDE to ODE using separation of variables

The equation
—Aju=wu in M
) (3)
u =1 on OM
can be reduced to a countable system of Sturm Liouville boundary value problems on [0, 1]. Indeed,
the boundary OM of the manifold M has two distinct connected components
I'y= {0} x S*~1 and Iy = {1} X Sn—17
so we can decompose H!(OM) as the direct sum :

HY2(0M) = HY*(To) @ H'/?(I'y).

Each element v of H'/?(0M) can be written as
Y= . W0 e V() and ¢! € HYA(T).

Using separation of variables, one can write the solution of (1) as

—+o0

w(@,y) = Y tm(2)Yin(y),

m=0

and ¢° and 9! as

WO =0V, =D LY,

meN meN

where (Y;,,) represents an orthonormal basis of eigenfunctions of —Ag associated to the sequence
of its eigenvalues counted with multiplicity

U(Ag) ={0=po < p1... < oy, — +o00}.

By setting
n—2 =
v(z,y) = T u(@y) = Y om(@)Ym(y), z€[0,1], yes T,

m=0

one can show the equivalence (cf [6]) :

u solves (1) & Vm €N - U;(x) T 4@ (@) = —pmvm(@), Vo €0, 1] (4)
* Lom(0) = £ O, vm(1) = £ (1)),
. ()" Lo .
with ¢y = fniﬂ —wf (the dependence in f will be omitted in the following and we will just
=

write ¢ instead of gy).

We thus are brought back to a countable system of 1D Schrédinger equations whose potential
does not depend on m € N. Thanks to the Weyl-Titchmarsh theory, we are able to give a nice
representation of the DN map that involves the Weyl-Titchmarsh functions of (4) evaluated at the
sequence (fim,).



2.2 Diagonalization of the DN map
From the equation on [0, 1]
—u" +qu=—zu, zeC. (5)

one can define two fundamental systems of solutions of (5), {co,so} and {ci1,s1}, whose initial
Cauchy conditions satisfy

c0(0,2) =1, ¢;(0,2) = 50(0,2) =0, s5(0,2) =1
, and , (6)
a(l,z)=1, ¢ (1,2) = s1(1,2) =0, s7(1,2) =
We shall add the subscript =~ to all the quantities referring to g.
The characteristic function A(z) associated to the equation (5) is defined by the Wronskian
A(z) = W (so,81) == 8081 — S(51- (7)

Furthermore, there are two (uniqueLy defined) Weyl-solutions ¥ and ¢ of (5) having the form :
P(x) = co(x) + M(2)s0(z), ¢(z) =c1(z) — N(2)s1(z)

with Dirichlet boundary conditions at x = 1 and x = 0 respectively. The meromorphic functions
M and N are called the Weyl-Titchmarsh functions. Denoting

D(z) :== W(co, $1), E(z) := W{(c1, s0)
an easy calculation leads to
__D() __E()
ME="56r YAy

Remark 5. The function N has the same role as M for the potential ¢(1 — ), i.e :
N(z,q) = M(z,q0mn)
where, for all € [0,1], n(z) =1 — .

Those meromorphic functions naturally appear in the expression of the DN map A4(w) in a specific
basis of H'/?(I'y) @ H'/?(I'y). More precisely, in the basis 2 = ({e},, €r}),,>0 Where eg, and e,
are defined as : -

er, = Ym,0)  e2, =(0,Yn)

one can prove the that the operator A,(w) can be bloc-diagonalized :

Al (w) 0 0
0 A% (w 0
[Ag]%’ = g( ) )
0 0 A3 (w)

with, for every m € N and setting h = =2 (cf [4]):

M (pm) 1 KO 1 hl;“(l) 1

h(0 1/4(0) A(pm
APy = | VIO T AT RO ) ) )
1 AY%0) 1 _N@w) 1 R@)

_ )
)

V) A Alpm) VI a/ra) M1

10



2.3 Asymptotics of the eigenvalues

It is then possible, with this representation of A4(w), to get the following precise asymptotics of
the eigenvalues A\* () of Ag(w) :

Lemma 2.1. When q belongs to Dy, AJ'(w) has two eigenvalues A~ (pim) and A*(pm) whose
asymptotics are given by :

o N W) e
A () = OV +O( F)
N ) = 2 DO (o).

VI0) 4y f(0)

Proof. The characteristic polynomial X, (X) of AJ'(w) is

Xm(X) = X? = Tr(A (w)) X + det (A} (w)).

To simplify the notations, we set

Thanks to the matrix representation of Ay(w), we see that Tr(A7*(w)) and det(A}(w)) satisfy the
equalities:

M(/Lm) N(Mm)

r(AT(w)) = — - — (.
P == T T
det(AT(w)) = ( _ ;lzg)) + CO) (_ N(;("{)) _ Cl) F O(pme ), m s oo

The asymptotics of the discriminant §,, of x,,(X) is thus :

o= (- e o Mt 1) (- M) (- Mo )

+ O(,ume_Q\/“_m).

_{ _ M (pm) N (pm) ’ e 2Vim
( 0) +Co + o) +Cl) + O(m, )-

Now, let us recall the result obtained by Simon in [13] :

Theorem 2.2. M(22) has the following asymptotic expansion :

B
VB €N, —M(z?) = a2t Z ijjgrol) + 0<z31+1)
3=0
Po(x) = Sq(x)

where, for every x € [0,1], B;(x) is defined by : 1 1J
Bj+1(x) = 55}@) t3 Zﬁl(x)ﬁj—l(w)-

=0

From Remark 5, by symmetry, one has immediately:

11



Corollary 2.3. N(z2) has the following asymptotic expansion :

2 5(0) 1
2y _ j
VB €N, fN(z)Z;OOZwL g +0<ZB+1>
j=0
1
Yo(z) = 5(1(1 —x)
where, for all z € [0,1], v;(x) is defined by : 1 1
/
Yit1(x) = 5%(»’0) + B ;%(ﬂﬂ)%—l(z)-

If £(0) # f(1), we deduce from Theorem 2.2 and Corollary 2.3:

M(:um) N(:U/m) o ( 1 1 ) ( 1 )
- + = - m+ 0 — ).
0 Vo \vio vio) Vet o\
#0
If £(0) = f(1), we will need the elementary general following lemma:

Lemma 2.4. We have the equivalence :
g (0) = (-1)F¢® (1), VEEN &  Bi(0) =7(0), Vk €N.
Proof.

Let us prove by induction that, for every j € N, there exists P; € R[Xq, ..., X;] such that

bl

Bi(x) = 2j+1q(”( ©) + Pi(a,q s, ") ()

i (z) = 2j1+1 (qom)P(x) + Pi(qgon, (qon),....(gom) " V)(x)

where n(z) =1 — .

1 1
e Bo(x) = Eq(ac) and vo(z) = §q(1 — ), so the result holds with Py(X) = 0.

e Let j € N and assume that

Br(x) = 2k+1q(k)( )+ Pi(g, ¢, s V) ()

(w) = Qk—1+1(q on)® (@) + Pi(gon, (gon), ... (qom)* V) (x),

for every 0 < k < j. Then :

Bisa (@) = 585(0) + 5 D Aile)i-a(2)
=0

1
5207V @) + P, gD (@),

N | —

where we have set Pjy1(q, ¢/, ...,q") =

s 1
[Pj(q,q’,_,_,q(ﬁl))} + §;ﬂl($)ﬂj—z(z>~

In the same way, one also has

Vi+1(@) = —vj Z% z)vj-1(

- 2j1+2 (2om)V™ (@) + Pralgon. (@on)',.. (gon)P) ().

12



e Hence, we get the result by induction.
We are now able to prove the equivalence.

(=) If ¢¥)(0) = (=1)7¢\9(1) for every j € N then one has, for every k € N and every P €
R[Xl,...,Xk] :

P(g,qs,a"* V) (0) = P(gon, (gon), ..., (aon)*~1)(0),
so, thanks to (8):

B;(0) = ~,(0) for every j € N.

(<) Conversely, assume that there is j € N such that ¢/)(0) # (—=1)7¢)(1) and set k = min{j €
N, ¢)(0) # (—1)7¢Y)(1)}. As previously, for every P € R[X1, ..., X}] :

P(q,q,-...,q*)(0) = P(gon, (gon), ..., (gon)*1)(0).
Hence :
Br(0) # 7 (0) < 2k+1q(k) (0) + Pi(q, ... " )(0) # 2,3“ (qon)™(0)
+ Pe((qom), ... (qom)*~1)(0)

1
& 2k+1 g™ (0) # W(qo 7)™ (0)
& qM(0) # (-1)F¢™ (1),
and that is true by definition of k. O

As we have assumed that ¢ belongs to Dy, by setting & = min{j € N, ¢\9)(0) # (=1)7¢") (1)}, we
get, thanks to (2.2), (2.3) and Lemma 2.4:

~ M(pm) | N(pm) _ (Br(0) —(0) 1 1
s~ () e o)
#0
In both cases, there is A € R\{0} and k € Z such that

_ M(pm) | N(pm)

— k 0 - k

Thus, recalling that

+Co+

_ (_ M (pun) N ()
£(0) f()

2
+ 01) + O(pme2VFm),

we obtain, as A is not 0:

|
|

2

Ve =

( M) gy g M) 01)2 + O(Mme—QW_m)]

v f(0) f(1)
(A(\/;E)k +Co+C +0((M)k)) + O(ptm W_m)]

= |A(v/Bm)" 4+ Co + C1 + o((v/zm)") {1 + O<(m)2’“”ezm)] 2
_ N (pm) - M (pm) 2k+2€72\/#_m

Vim v e o )]
— N(Mm) o M(,um) ~ 672\/:‘?



Therefore, the two cigenvalues A% (ji,,) of AT (w) satisfy the asymptotics equalities

Ny = Nm) WOy

VI 4 /F
)\+(Mm) _ _M(Nm) + lz(h) (0) + 0(6_2‘/"_7”).

f(0) 4y f(0)

O

In fact, the eigenvalues p,, being counted with multiplicity, the asymptotics of Lemma 2.1 won’t be
sufficiently precise for our purpose. Indeed, by Theorem 2.2 and its Corollary, the Weyl-Titchmarsh
functions always satisfy

—N(zQ) :z-l—O(é)
_ M) :z—i—O(%).

So, using the Weyl law, one can prove immediately that

L (b)) LY o
A ) = 4¢Fﬁ+0(wm)‘cl +oWm

TOSNY/ "1 ) L) S U W
A (MM)7W+ A /T0) +O<M)CO +0(1)

with Cp, C7 > 0. In order to have a much more precise asymptotic expansion in m, let us introduce
the set

(10)

E(Ag(w)) = {AE (k), m € N} (11)

where the k,, are the eigenvalues of —Ag counted without multiplicity. We have an explicit formula
for K, (cf [12]) given by

KEm =m(m+n—2).

From now on, we will always use the asymptotics of Lemma 2.1 by replacing p,, by k. Of
course, one can also define the closeness between X (Ay(w)) and X(Aj(w)) up to a sequence (,,)
by replacing t,, by kp, in Definitions 1.2 and 1.3.

3 A local uniqueness result

Now, let us give the proof of Theorem 1.7.
Proof. Let (€,,) be a sequence such that €, = O(e 2*V#") and o(A,(w)) (x) o(Ag(w)).
Em

Then, there is a subsequence of (&,,), that we will still denote (&,,,) which satisfies the estimate

= O(e™2aVFrm)

and the relation

Lemma 3.1. Under the hypothesis £(Ag4(w)) (x) Y(Aj(w)), we have the alternative :
{f(o):f(o) o {f(O)Zf(l)
F1) = fQ) F(1) = f(0).

14



Proof.

e  We first show the equality

VI0)+ V1) =/ F(0) +/ F(1) (12)
As \/km =m+ n-2 +0 (%), we get from Lemma 2.1 the following asymptotics

ey M n—2  (Inh)'(1) 0 1
M= s (m)

R [ n—2 (Inh)'(0) 1
M) =55 aio T o) +o()

Let L > 0. The sequences (A*(k,,)) are asymptotically in arithmetic progression. Combined with
the relation

(13)

B(Ag(w)) = B(Agw)),

(em)
this leads to the equality (when L — 400)

Card{m € N, A" (kn) < L} + Card{m e N, X" (k;,) < L}

= Card{m €N, A (k) < L} + Card{mEeN, M (k) < L}+0(1). (14)

Thanks to the asymptotics (13), we deduce that :
Card{m e N, m < \/f()L} + Card{m €N, m <\/f(0)L}
= Card{meN, m< \/%L} + Card{meN, m< \/%L} +O(1),
and then that :
VL +/FO)L = \/ﬁm \/%LJFO(U, L — +o0.
As L is any positive number, this proves (12).
e Now, we have to show : f(0) € {£(0), f(1)}.

Assume that it is not true, for example

£(0) < min{f(0), f(1)}. (15)
Then (12) implies ~ ~
f(1) > max{f(0), f(1)}. (16)

Let m be in N. There is £ € N such that
A" (Km) = A~ (ke) = O(em), (17)
with |O(ey)| < em. From the assumption o(Ag(w)) (x) o(Ag(w)), each of the eigenvalues
Em

A" (Km—1), A" (Km+1) and A~ (Kpm4-2) is also close to an element of o (Az(w)). If m is large enough,
the situation is necessary the following:

15



A7 (Km-1) A7 (Em) AT (Bmt1) A7 (Kma+2)

A (kp—1) 5‘Jr(’fp)

Let us chose m large enough such that

1 1
VIO i
1

Olem) +

+ O(em) + 0(1) < emsr

+ 0(1) > Ema1

f(1)
Then: ~ ~
AT (Ke) + emt1 <A (Bmg1) < A7 (Ket1) — Emt

SO, as (X‘(w)) is a strictly increasing sequence, for m large enough A~ (Kp,+1) is not &,,4+1-close
to any element of (A~ (k¢)) : there is thus p € N such that

A" (Km1) = AT (kp) = Olem 1), (18)

with |O(€m+1)| < Em—+1-

For the same reasons, we get also 5\_(114,1) +ema1 <A (Km—1) <A™ (k¢) — €m—1 and one deduces
that (the previous picture helps to visualize it)

A" (Km—1) = AT (Kp-1) = O(em—1), (19)
with |O(gm_1)| < €m_1. Since we have f(1) > f(0), we get also
A (kp) +Emta <A (Fmaa) < AT (Fp1) — Emia.

Consequently

A" (Fmt2) = A7 (Ke41) = Olemy2) (20)

with |O(€m+2)| < Em+2-

16



Then, by (17), (18), (19) and (20), we have for m large enough :

(ke) + O(em+2) — O(em).

{)‘ (Kmt1) = A" (Km-1) = 5‘Jr( p) — At (Kp-1) + O(em+1) — Olem-1)
“(Rma2) = A () = X (Regr) = A

In particular:

i
i

and so, taking m — +o0, one deduces

2/7(0) = V) and 2y/f(1) = VF(1).
As\/er\/m:\/%Jr\/ﬁ,weget
270 = 2( 70+ Vi) - VA = (2y/50) - VI ) + (2/F0) - VD)
=0

and we get a contradiction as f(0) > 0.

Hence f(0) € {f(0), f(1)}. The equality (12) gives the conclusion. O

Assume from now that f(0) = f(0) and f(1) = f(1). The other case is obtained by substituting
the roles of A\~ (k) and AT (k).

3.1 The case f(0) # f(1)

Without loss of generality, we assume that f(0) < f(1). The following lemma focuses on the
sequence (A~ (kp)) since this is the sequence that grows slower. If we had treated the case f(0) >
f(1), the sequence considered in this section would have been (AT (ky)).

Lemma 3.2. Assume that f(0) < f(1). There is an infinite subset L of N such that
o A\ (rp) — A (kp) = O(e72*), peL.
e For all m in N large enough, {m,m+1}N L # 0.

Proof. Let us denote U the subset of {A\™(kn,), m € N} such that :

U ¢ {5\+(f<am), m € N}
(Em)

Case 1 : U is finite. Then there is mg € N such that :

Vm >mo, IpeN, XN (kn) = A (kp)| < em

This can be written as : R
A7 (Km) = A7 (kp) = O(em)
with |O(en)| < em. By replacing the eigenvalues by their asymptotics (13) in the previous equality,
one finds, as f(1) = f(1):
m n—2 In(h)'(1)  p n—2 In(h)’(1)

NN O OO RN ORI

+ O(em)

17



__ P

VI V)

p are integers, if m is large enough, we have m = p.

e If n =2 then h = f"~2 is a constant. One has

+ O(em). Hence, as m and

In(h)’(1) — In(h)'(1)
4 4

e Ifn>3 thenm—p= + O(e). By hypothesis :

n—2 2 1
< X = —.
’_ 4 n—2 2

In(h)'(1)  In(h)
1 1

‘M| _n=20
=l

) f'Q)
n 7

(1)

Hence, m = p for m, p greater than some integer my.

The set £ ={m € N, m > mq} satisfies the properties of Lemma 3.2.

Case 2 : U is infinite. Then, there exists ¢, 1 : N — N two strictly increasing functions such that :
A (Rym)) = AT (Bg(m)) = O(eg(m))s (21)
with |O(€y(m))| < €y m)-

Remark 6. ¢ and ¢ are built in such a way that an integer m € N that is not in the range of ¢
(respectively not in the range of ) satisfies [\~ (k) — A7 (kn)| < € for some n € N (respectively
A (Kr) — AT (Km)| < €5, for some n € N).

By replacing AT (kg (m)) and A~ (Ky(m)) with their asymptotics in the equality (21), one has :

w(f%) _ w;?(?) +C + O(ey(m)) + O(ﬁ) (22)

~In(R)'(1)  In(h)'(0) n—2  n-2
W) 4/F0) 2V 2y/f(0)

Lemma 3.3. There is an integer mo € N such that (m > mg = (m +1) > (m) + 2).

f()
V F(0)

where C' =

Proof. Set B = >1 and C' = —4/f(1)C. From (22), one gets :

P(m) = Bp(m) + C' + o(1).
Assume ¢(m + 1) = ¢(m) + 1. Then :

P(m) +1=1(m+1) =Bp(m+1)+C" +o(1)
> B(p(m) + 1)+ C" + o(1)
= Byp(m) +C"+ B+0(1)
=1(m) + B+ o(1).

Thus, we find :
1> B+o(1)
which is false if m > mg for some mg € N. O
Consequently, the range of ) does not contain two consecutive integers. Let us set :
L={meN|m>mg, m ¢range()}.
Then L satisfies the condition £ N {m,m + 1} # () for any m > mg. Moreover, for any m € L,

there is £ € N such that [\~ (km) — A7 (k¢)| < €m-. One deduces, as previously, m = £. O

18



Remark 7. Lemma 3.2 and asymptotics (13) imply in particular
(Inh)'(1) _ (nh)(1)

WIO wfia)

Now, let us recall an asymptotic integral representation of the Weyl-Titschmarsh function N(z?)
obtained by Simon in [13] (Theorem 3.1) :

Theorem 3.4. For every 0 < a < 1, there is A € L*([0,a]) such that

N(z?) = -z — / Az)e " dg 4+ O(e™2%%), z — +o00. (23)
0

From the asymptotic of A~ (k;,) obtained in Lemma 2.1, we have

~(x __N(w)  (nh)'(1) Ofe—2vF ).
A () f(1)  4/f(0) * < )

Hence

A7 (Fim)=A~ (km) = O(e™ V")

M) _ () > M) W) | e | o205

J) 4 VIO /i
(nh)(1) _ (nhy(1)

WID 4 i)

A" () = A () = O(e™2VF7) = N(hn) = W) + O(e>0V)

The equalities f(1) = f(1) and

(see Remark 7) imply

:>/ Ve ZVEm dy; :/ A(z)e 22VEmdy 4 O(e~20VFm)
0
/ x))e 22VEn dy = O(e~2aVEm),

Let e > 0 and set F(z) = e22(179) / (A(z) — A(z))e~?**dz. The function F is entire and satisfies
0

VzeC, Re(z)>0= |F(2)| <||A— Al e22(1-Re()

Let m be an integer large enough. From Lemma 3.2, we can find an integer p in {2m,2m + 1}

such that |\~ (kp) — A (kp)] < €p. We can thus build a sequence (u,,) by setting, for each m large

P . .
enough, U, = . This sequence satisfies

2
Um —m = O(1).
We set at last G(z) = F(2z). Then |G(2)| < ||A — A||;e**(1—9)Re(2) and moreover :
G(um) = o(1)
Consequently (cf [2], Theorem 10.5.1, p.191), G is bounded on R, and so is F :
YVu € Ry, /Oa(A(x) — A(x))e 22U dy = 0(672(1(178)“)

As this estimate is true for all £ > 0, we have :

Yu € Ry, /Oa(A(z) — Az))e ¥dy = 0(6*2““),
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hence ([13], Lemma A.2.1) A= A on [0,a]. One deduces :
VteR, N(t?) — N(t?) = O(e ™)

From Remark 5, N (resp. N) has the same role as M (resp. M) for the potential z — ¢(1 — x)
(resp. z — G(1 — x)). Now, it follows, from [13], Theorem A.1.1, that we get ¢(1 — ) = ¢(1 — z)
for all z € [0, 4], i.e

U@y = @) F) — ), Vee[1—at).

@) fr=2(x)
The functions f and f solve on [1 — a, 1] the same ODE
(52" (@) — @) = r@)y" 2 (@)
Moreover f(1) = f(1) and, thanks to the equality

(Inh)'(1) _ (nh)'(1)

WIO s i)

we also have f/(1) = f'(1). Hence, the Cauchy-Lipschitz Theorem entails that f = f on [1 — a, 1].

Remark 8. If we had assumed that f(0) > f(1), we would have worked with (A*(x,)) and
(A (#p)), and found that f = f on [0, a].

3.2 The case f(0) =f(1)

Assume, without loss of generality, that f(0) = f(1) = 1. From Lemma 2.1, the eigenvalues
AE (k) satisfy the asymptotics :

A () = ~ V() — LI o(r)

o) = () + B0 ),

(In~)'(0) (nh)'(1) ~ _ (nh)(0) - _ (nh)'(1)

~— =t =2 and Oy = L2
4 » V1 4 y ©0 4 an 1 4

Using the asymptotics of M and N given in Theorem 2.2 and Corollary 2.3, and the explicit

expression of £, = m(m +n — 2), we get

Let us denote Cy =

) 1
A (Em) =m+ Ly +O(—)

2 m
5 i m — 400. (24)
A (b)) =m0+ = +CO+O<—>.

2 m

Let us set also

Vi = {A(nm) - ”;2 s A (k) — ”TQ} and V,, = {i(nm) U ”2}.

As f and f belong to Cp, one has

ICil <=, |G| <

A~ =

20



Hence, thanks to (24) and (25), we get for m large enough:

~ 1 1
Of course, the assumption 3(Ay(w)) (x) Y (Ag(w)) implies
em
n—2 n—2
- + (Ag(w)) STt 2(Ag(w)) (27)

From (26) and (27), for each m large enough, we have the alternative

A" (Em) — X‘(Fam) = 0(6_2“‘/"7”) A (Fm) — 5\+(/€m) = 0(6_2“\/"7”) (28)
AT (Km) = AT (k) = O(e720VFm) A (km) — A" (k) = O(e720VFm)
There is thus an infinite set S C N such that either
A~ (5m) — A~ (1) = O (e~
vm € S, (Fom) - (Fom) (e ) or
A (8m) = X (k) = O(e72V5m) (29)
A (Km) — A (k) = Oe™2VFm)
Ym e S, -
AT (km) = A (k) = O(e20VFm).
Assume, for example, that the former is true. Then we have, using (24) :
Cl = él and CO = éo. (30)

Case 1 : Cy # —C4.
Let us denote
_ |Co + C4]

)
3

6}0,4[.

For m large enough, we have, thanks to (24):

n—2

. )
o\ (Km)— and A\ (Kpm) — nT both belong to the interval —Cy +[m —3§, m+0] := I 1

—2 9
o A\ (k) — L and A\ (k) — nT both belong to the interval Co + [m —d,m+ ] := Ip, 0.

Moreover, as Cy # —C4, we have d(Im,1,Im,0) > ¢ for all m large enough, where d(I,J) =
inf |z —y|. We can therefore associate eigenvalues as follows :

zel,yeJ
A~ () = X () + O(e™2VF7) N
- m — 400.
A (k) = A (k) + O(e™22VFm)
One shows, as in Section 3.1, that
N(t?) — N(tQ) = 0(6_2‘”)
- ~ t — +oo
M(t?) = M(t?) = O(e™*")

and then, that
f(z)=f(z) Vee[l—a,1] and f(z)=f(z) Vzel0,a).

Case 2 : Cy = —C4.

By hypothesis : f, f belong to Cj so ¢ belongs to Dy. Thanks to Lemma 2.4, there is jo € N such
that 3;(0) # v;(0). Let us set
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jo = min{j > 2, B;(0) # v;(0)}.

The asymptotics given by Theorem 2.2 and Corollary (2.3) imply

mJo+1

A~ (fim> - )\+(fim) = Vjonfb_joﬁjo + O< 1 >

Because of the relation (A4 (w)) (x) (Ag(w)), one can show that, for the same jo:
Em
3 _ 3+ Yio — Bio Bio 1
A (Klm) A (Hm) mJo T O(mj0+1>

It is then possible to order the eigenvalues A~ (k) and AT (k) (also A~ and At ), and this order

depends on the sign of ~;, — Bj, (resp. i, — Bjo)- If Yo — Bj, and Fj,

— Bjo have the same sign,
we claim that

A (k) = A (k) + O(e720V"m)
~ - (31)
M (k) = A (k) + O(e20VEm),
Indeed, if not, from (28), there is an infinite subset F C N such that :

A (K )ZX( m) +O(e72Vrm)
{ +O( \/_m>., m — 400, m € F.

Then A~ (Km) — A (Km) = A (Km) — A (km) + O(e~22V%m), and letting m go to infinity :

Jo T ﬁjo = ﬁjo — Yo
and we have a contradiction. Using (31) and the same method as in Section 3.1, we find

VvVt e Ry, M(t2) — M(tQ) = 0(6_2‘”) and N(t2) — N(tQ) = O(e‘Q“t)
and at last

f=fon[0,a) and f=fon[l—a,l].

If ;, — Bj, and 7;, — Bjo have opposite sign, then :

{A( ) = XH () + Oe= 2077
M (k) = A (k) + O(e™20VEm),

In this case, one can prove that

f=fonon[0,al and f=fonon[l—a,l].
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3.3 Special case

When f(0) = f(1), the direct implication has already been established. Now, we prove the converse
in this case. Let a €]0, 1] and assume that, for example:

f=fon[0,a and f=fon[l—a,l]

In that case, ¢ = ¢ on [0,a] and gon = Gon on [0,a]. But thanks to Theorem 3.1 in [13], the
potential ¢ determines the function A that appears in the representation (3.4). Hence,

{M(ZQ) ~ M(z%) = O(e~**)
N(z*) = N(z*) = O(e™*)

The hypothesis (P;) implies in particular that f(0) = f(0) and f'(0) = £(0). From (Ps) we have
also f(1) = f(1) and f’(1) = f’(1). Using the asymptotics given by Lemma 2.1, one deduces
immediately that

X () — X (5m) = Ofe 20V
- ~ m — +00
A (Km) = A" (Km) = O(e™2aVFm)
which concludes the proof. O

1
Remark 9. We emphasize that if f(0) = f(1) and 3 < a < 1, then we have a global uniqueness

result.

Corollary 3.5. If f and f are analytic functions on [0,1] the previous local uniqueness result
becomes a global uniqueness result without the additional constraint that q,q € Dy.

Proof. In proving Theorem 1.7, we needed the hypothesis ¢, G € Dy, only in the case where f(0) =
f(1) and Cp= —C;. In all other cases, without this hypothesis, one of the properties (P;), (P2),
(Ps) or (P;) was obtained and, as f and f are assumed to be analytic, the corresponding equalities
extend over [0, 1] by analytic continuation. Then, only this latter case remains to be dealt with.
Let us assume, without loss of generality, that f(0) = 1.

Subcase 1 : ¢q,G € D, and the situation has already been studied.

Subcase 2 : ¢ or ¢ does not belong to D,. Assume, for example, that ¢ ¢ D,. As f is analytic,
so is ¢. The function ¢ : [0,1] —» R, = — ¢(x) — ¢(1 — z) is also analytic and, as ¢ is not in Dy,
satisfies :

VEeN, ¢®(0)=o0.

By analytic continuation, ¢ vanishes everywhere on [0, 1], i.e ¢ = gon on [0,1]. This is equivalent
to M = N. The eigenvalues A\*(k,,) then satisfy the asymptotics
A (km) = M (km) + Co + 0(6_2‘” ”m)

M (k) = M (km) + Co + O <6_2a\/”_m>

Using the assumption o(Ag(w)) =< o(Ag(w)) and the same arguments as above, we prove that

CO = éo = —él and

{M(Km) _ M(Hm) * O(e—Qa\/Tm) m — +00

M (k) = N(km) + 0(672(1\/%)

One can show, as in the proof of Theorem 1.7, that :
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M(t?) — M(t?) = O(e~2) and M(2) — N(£2) = O(e~2%).
Hence f = f on [0,a] and f = fon on [0,a]. By analytic continuation :

f=1F=Fonsur[0,1].

The next section is devoted to the proof of Theorem 1.9.

4 Stability estimates for symmetric conformal factors
4.1 Discrete estimates on Weyl-Titchmarsh functions

Preliminary remarks:

1. Until the end of the paper, we will denote by C4 any constant depending only on A, even
within the same calculation.

2. In this section, each factor f and f is supposed so be symmetric. This simplifies many
formula. However, in order to generalize our arguments as much as possible, we will use this
property of symmetry only when it seems necessary and write the formulas in their generic
forms. For example, we will distinguish M from N whereas those two functions are equal.

The goal of this subsection is to prove the following result which will be useful in Subsection 4.2.

Proposition 4.1. Let ¢ > 0 small enough. Assume that o(Ag(w)) < o(Agz(w)). There is Ca >0
g
and mg € N (independant of €) such that, for all m > mg and by setting ym = /Km -

1 ~ ~ 1
M (k)N (k) — ———— | = | M(Em)N (k) — =———— || < Cae X ym
(M) = s ) = (W05 50) = )| < Cae
Proof. We first need the following result.

Lemma 4.2. Under the hypothesis o(Ay(w)) = 0(Az(w)), and under the hypothesis that f and f
g

are symmetric, we have :

£(0) = £(0).

Proof. Using the same argument as in the proof of Lemma 3.1, one proves the equality

VI +VF0) = /(1) +/f(0).

As f andf are symmetric with respect to 1/2, we have f(0) = f(1) and f(0) = f(1). Hence
2f(0) = 2f(0). This proves Lemma 4.2. O

Lemma 4.3. For m large enough, we have :

A7 (), AT ()} = A (), AT () } (32)
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Proof. For every m € N, there p such that :

IA* (k) — A (| < € (33)

Let us denote

N
g
—~
—
—
>
—
—
—
N
~
~—~
(=)
=
>
~—~
(=)
=

Since f and f are supposed symmetric, we have

C() = *Cl and éo = *Cyl

Thus, setting 5
C=Cy)—Cy

one has, from Lemma 2.1 :
f(0) (Ai(nm) — S\i(np)) = (m — p) +C +o(1).

Let k = |C]. Then

m—p+k=+/f(0) (/\i(nm) - Xi(np)) + k —C +o(1) (34)
€]-1,0[

and, as m — p + k is an integer, using (33), this leads, for m large enough and ¢ small enough, to
p=m+Ek.

Hence, for m large enough, (33) is equivalent to

{P\_(Hm) — A (kman)| < e o {P\_(fim) — A (kman)| < e
AT (k) = AT (Fmi)| <& AT (5m) = A (Fmti)| <&

The relation E(Ag(w)) = E(Ag(w)) implies
€
2m =2(m + k)
and then k = 0.

This means that, for m greater than some myg (that does not depend on ¢) one has

{A7 (Bon) At () } = AN (), AT () } (35)

Of course, Lemma 4.3 is still true by replacing ., by fi,,. For m large enough, we have :

{7 (), AT ()} = {7 (), AT (1) } (36)
Recall that
_ Mpm) + C, _ 1 R/4(1) 1
AP (w) = Vio) T V(@ P7H0) Alim)
g . 1 h1/4(0) 1 _ N(/J‘TVL) _ C

V@) W73 Alpm) V(1)
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Thanks to (34), with k = 0 and m — p = 0, we have
|C| = |éo — CQ| = |Cl — 6'1| S CAE. (38)

Hence, combining (36), (37) and (38), we get :

]ﬁ (8060) = 1010 ) + - (30 = ) )| < 107 0) ~ ToAF @) +Cc

As f and f are symmetric with respect to 1 /2, this leads to
M) = Bt | <

We also have an estimate on the determinant. From (36), assume for example that

X () = At ()] <& and (A7 (i) — A ()| < e

Then :
At () = et (A7 ()| = | () ) = K 1) )|
S} (pom ||/\ pom) = A ()| [N (i) = X7 (o) [| AT (pim) |
<C Hm
We write :
det(A7'(N)) — det(AF'(N) = T(pm) + () + 1 (pm) + IV
with

(i) ;(0)[ (M (1) — T 1)) + (o ca)M(um)}
() = % [ 0 (N () — N(jim)) + (Co — co>N<um>}
and
IV = (éo — Co)él + Co(él - Cl)
‘We have:

26



. 1 -
()| < —== |01|| pim) = M (pim)| + —=|C1 = C1[[M (i)
VI V £(0)

< CAE + CAE,/,um

< Cagv/lim.
Similarly:

()| < Caey/tim and |IV] < Cye.

Finally :

1 ()| < | det(A7 (X)) — det(AZ(N)| + Cacy/im

< Cae/lim

As this is true for p,,, with m > mg with mg not depending on &, this is also true for k,, with
m > mg (with mg different from the other one but still independent of ). Hence, by setting
Ym = +/FKm, we have proved that there exists C'4 > 0 such that, for m > my :

1 ~ ~ 1
M(Em)N (km) — ——— | — | M(Em)N(km) — = < Cae X Ym
rtsmtom) gy ) = (e ¥t = g5 )| < oy
O
4.2 An integral estimate
In all this section, we will use the estimate of Proposition 4.1 in order to show that
la = @l < Car
q—4q|L20,1) =LA77
n(2)
where ¢ is the potential defined in (4).
Let us go back to the Sturm-Liouville equation
—u" +qu=—z2u, 2zeC (39)

and to the fundamental system of solutions {cg, s} and {c1, s1} given by (6). We define ¢ and ¢
as the two unique solutions of (39) that can be written as

W(x,2) = co(w,2) + M(2)so(z, 2), @(x,2) =c1(x,2) — N(2)s1(z, 2), (40)

with Dirichlet boundary conditions at * = 1 and x = 0 respectively.

Proposition 4.4. We have the following relations

so(l,2) = A(2) 51(0,2) = —=A(2)

s6(1,2) = ~N()A() $4(0,2) =~ M()A(:)

co(l,2) = —M(2)A(z) and c1(0,2) = =N(2)A(2)

h(1.2) = MENEAR) - 575 40.2) = 55~ NEME)AR)

Proof. First of all, the equalities so(1,z) = A(z) and $1(0,2) = —A(z) come from the relation (7).
The set of solutions of (39) that satisfy «(0,z) = 0 is a one dimensional vector space. Therefore,
there exists A(z) € C such that :

Ve €[0,1], solx,z) = A(2)é(x, 2) (41)
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The conditions on ¢; and s at = 1 lead to the equality A(z) = so(1,2) = A(z). We get also, by
differentiating (41):

so(1,2) = A(2)(c(1,2) = N(2)s1(1,2)) = =N(2)A(z) = —=A(2)N ().
Analogously, there is B(z) € C such that

s1(z,z) = B(2)Y(z, 2)

1
and we show B(z) = —A(z). Hence s)(1,2) = —A(2)¢'(1,2) and so ¢'(1,2) = NEE
z
By differentiating (41) and taking x = 1, we get:
1
co(1,2) + M(2)s(1,2) = o NE)
and then
1

co(l,2) = M(z)N(z)A(2) - %
This proves the equalities on ¢y and sg. We proceed similarly to establish those on ¢; and s;. O

Thanks to those relations, we are now able to prove the following lemma:

Lemma 4.5. Denote P the poles of N. For any z € C\'P we have the equality :

_) — M(2)N(2)A(2)A(z) +1
(42)

:/0 (a(x) — 4(x))co(, 2)50(x, z)dx

Proof. Let us define 0 : z + co(x, 2)3((x, 2) — sy(z, 2)éo(x, z). Then :

0'(z) = colw, 2)8y (w, 2) + cy(z, 2)84 (2, 2) — ¢z, 2)84(z, 2) — i (z, 2)S0(x, 2)
,2)(@(x)80(, 2) + 280(x, 2)) — (g(x)co(x, 2) + zeo(x, 2))80(x, 2)
q(x) — q(x))co(w, 2)50(w, 2)

:c(:c

Hence, by integrating between 0 and 1 :

6(1) — 6(0) = /0 (q(z) — G(z))co(, 2)30(z, 2)da.

By replacing (1, z), $0(1, 2), co(1, z) and 8 (1, z) by the expressions given in Proposition 4.4, we
get the relation of Lemma 4.5. g

By inverting the roles of ¢ and ¢, we get

A(2)A(z) (M

(2)N(z) — A(lz)Q) — M(2)N(2)A(2)A(z) + 1

L (43)
— [ (@) - a@))eoe. ool 2)da

0
At last, from Remark 5, if we replace ¢(z) and g(x) by ¢(1 — z) and ¢(1 — x), then, the roles of M
and N are inverted. Moreover, we remark that ¢1(1 — z) and —s1(1 — ) play the roles of c¢o(x)

and sp(x) but for the potential ¢(1 — ), i.e. denoting n(z) =1 — a:

co(x,z,,qon) =c1(l —x,2,q) and so(z,z,,qon) =—s1(l —x,2,q)

28



zy@A@Wjﬂ@N@)— ! )—N@Mﬂ@A@ﬂM@+1

1 (44)
= /0 (@1 —2) —q(1 —2))er(1 — z,2)s1(1 — z,2)dx
As ¢ is symmetric, we have ¢1(1 — z) = ¢o(x) and s1(1 — 2) = —so(x). The previous equality can
be written
_ - 1 - _
A(2)A(2) (M(Z)N(Z) - X )2) — N(z)M(z)A(z)A(z) + 1
: (45)

:/O (q(x) — q(x))co(, 2)s0(, z)dx

Hence, by substracting the relation of Lemma 4.5 from equality (45), we get

A@AE) | (MENE) - 55 ) - (M) - A(lz)gﬂ - * (a(e) — () ol 2ol 2

1
+ [ (ate) = d) ol 2)sole, 2)do
0
Using Proposition 4.1, we have proved:

Proposition 4.6. There is mg € N such that, for m > myq :

‘A(ﬂ@Q@Dkdﬁmd%@mmﬂ5&%%&%@wwﬂmfSGMMA@mmAMME (46)

4.3 Construction of an inverse integral operator

From now on, we set L(z) = ¢(z) — g(z). We want to express the integrand in the left-hand-side
of (46) in terms of an operator acting on L.

Proposition 4.7. There is an operator B : L?([0,1]) — L*([0,1]) such that :
1. For allm € N,

1

/ [co(ac, Km)80(T, Km ) + Co(x, Km)So(z, /ﬁm)}L(ac)dac = i sinh(27y,, ) BL(7)dr.
0 Ym Jo

2. The function T — BL(7) is C' on [0,1] and BL and (BL)" are uniformly bounded by a
constant Cy.

Proof. Let us extend on [—1,0] ¢ and ¢ into even functions. From [10] (page 9) we have the
following integral representations of the functions ¢y and sg:

sin

so(x, —2%) = g + /0z H(z,t)

sin(zt)
z

dt

co(x, —2%) = cos(zx) —|—/ P(x,t) cos(zt)dt
0
where H(z,t) and P(z,t) can be written as

H(z,t) = K(z,t) — K(x,—t)

P(z,t) = K(z,t) + K(z,—t) (47)

with K a C! function on [—1,1] x [—1, 1] satisfying some good estimates. More precisely (|10],
p.14), we have:
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Theorem 4.8. On [—1,1] x [-1,1], K satisfies the estimate

K (@, )] < Q(#) exp <Ul(z) Ul(sc;t) (;))
/O5 Q(y)dy’, oo(z) = /Om lq(t)]|dt, o1 (z) = /OZ oo(t)dt.

We thus have the following estimate :

with w(u) = Jnax
SSsSsu

Proposition 4.9. There is a constant C'4 > 0, which only depends on A, such that

5], [z,

1Ko + < Ca.

Proof. Since f € C(A), the potential ¢ is bounded by a constant that only depends on A, so are
00, 01, w and K. Denote J(u,v) = K(u+ v,u —v). Then J is uniformly bounded by C4 and
moreover (cf [10], p. 14 and 16), one has the equalities :

6J(u,v):l u v " u
P = Saw)+ [ ot 8T, Bas

O _ [ o4 )it o

We deduce that the partial derivative of J are uniformly bounded by C4. Returning to the (x,t)
coordinates, the conclusion of Proposition 4.9 follows. 0

For z = i\/km =: 1ym, we have thus :

inh(y, * inh(y,,t
sinh(y,x) n H(ac,t)sm (y )dt

so(x, km) =
Ym 0 Ym

co(x, Km) = cosh(yma) +/ H(x,t) cosh(ymt)dt
0

We will take advantage of this representation to write the estimates of Proposition 4.6 as an integral
estimate.

We have
/1 L(z)so(x)éo(x)dx = /1 L(x) [w + /I H(x,t)wdt] «
0 0 Ym 0 Ym
[cosh(ymac) + /w P(x,u) cosh(ymu)du] dx
— Ty + Iy + 1Ty + IV, ’
with

1
. / Lz smh (ymx) cosh(yma) i
0 Ym

o Ily = /0 1L(x)[ /0 Iﬁ(x,u)smh(ymw)COSh(y’"“)du] dx

Ym
1
N (3 t) cosh (i,
oHIOf/ Lx U H(z, )2 (ym?) cosh(y x)dt}d:c
0 Ym
! R inh (y,,t) cosh(yy,
. / L(z [/ / P(x,u)H(m,t)Sm (ym?) coshly u)dudt}dx
0 0 0 Ym
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Let us compute those four quantities independently.

Io = /O 1 L(x)Sinh(ymxii()Sh(ymx)dx =5 01 sinh(22ynm, ) L(z)dz.
Iy = /0 1 L(z) [ /0 " Pla, u)smh(ym“’“;:“h(ym“) du] da
_ yim 01 L) {/Oz Bla.u) sinh(ym (x + u)) ;L sinh(ym, (x — u)) du} s
= 23;% 01 L(x) UOI P(x,u) sinh(y,, (z + u))du + /Ox P(x,u) sinh(y,, (z — u))du} da
_ yim 01 L(z) { / " P(a,2r — 2) sinh(2ryn )dr + /O * Bla.z—2n) sinh(QTym)dT} do

1 27 1
_ L sinh(27y,,) {/ P(x,27 — x)L(z)dz + / P(x,z — 27)L(:c)d:c} dr
Ym Jo T 2T

But, for all (z,7) in R?, we have P(x,z — 27) = P(x,27 — x). Then

1 ! 1
Iy = — / sinh(27yy,) [/ Pz, 2T — x)L(x)dx} dr
Ym Jo T

Let us compute IIlj :

Il = /0 1L(z)[ /0 zH(z,t)smh(ymt;ZOSh(ymz)dt] dz

= 23;% 01 L(z) UOI H(z,t) sinh(y, (t + z))dt + /Ox H(x,t)sinh(y,, (t — x))dt] da
B yim 01 Llz) U_ H(x, 27 — o) sinh(27y,, )dr + /0% H(z,2r + ) sinh(27ym)d7] de

By changing 7 in —7, we get

I @ %
Iy = — L(x) [/ H(z,27 — x)sinh(27y,,)dt + / H(xz,—271 4+ 2) sinh(QTym)dt] dx
Ym Jo z 0
1 1 T 5
=— [ L(z) [/ H(z,27 — z)sinh(27y,, )dr — / H(z,—27 + ) sinh(QTym)dT] dx
Ym Jo z 0

As H is odd with respect to the second variable :

I, = yim 01 L(z) [/Oz H(z,21 — 2) sinh(QTym)dT} dx
= yim 01 Sinh(27ym) Ul H(x,27 — :E)L(z)dz] dr
At last :
Vo = 23/%” 01 L(z) [/OI /OZ P(x,u)H (2, t) ( sinh(ym (t + u)) + sinh(ym (t — u)))du dt} dx

= IVo(1) +IVo(2)
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where

1 1 T T
V(1) = 2om o L(z) /o /o P(z,u)H (x,t) sinh(ym, (t + v))dudtdz
1 1 1 =
= o ; L(ac)/o 1{0,2] (t)[ 2P(x, 27 — t)H (z,t) sinh(27y,, )drdtdz
1 ! 1 ’ 27
=— L(m)/ sinh(27Ym ) 10,4] (T)/ P(x,21 — t)H (x,t)1 4 (t)dtdrdx
Ym 0 2T7—x
1t 1 27
=— sinh(QTym)/ L(J:)/ P(x,27 — t)H (x,1)1 4 (t)dtdxdr
Ym Jo T 2T7—x

and

Vo (2) = 2yim ; L(x) /Z /Z P(x,u)H (x,t) sinh(y, (t — u))du dtdz

t
2

1 ~
=5 L(x) / 1j0,2](%) / 2P(x,t — 27)H (x,t) sinh(27y,, )dr dtdzx
Ym Jo 0 iz
1 1 1 ’ 274z N
=— L(m)/ sinh(27ym )1 -4 z](27')/ P(x,t —27)H (x,t)1[ 4 (t) dtdrdx
Ym Jo -1
1 1 1 27’+z B
=— sinh(QTym)/ / P(x,t —27)H (z,t)1[ 4 (t) dtdxdr
Ym J -1 2|7 27

=1V(2,1) +1IVo(2,2)

with
1 0 1 274z B
IVy(2,1) = — sinh(QTym)/ L(m)/ P(x,t —27)H (x,t)1 4 (t) dtdxdT
Ym J-1 —2r 27
1 1 1 27+x N
= Sinh(QTym)/ L(J:)/ P(x,t +27)H (x,t)1 4 (t) dtdxdr
Ym Jo 27 —2r
1 1 1 27+x N
= — sinh(QTym)/ L(J:)/ P(x,t+ 27)H(z,t) dtdzdr
Ym Jo 27 0
1 1 1 £
= — [ sinh(27ym) / L(z) [ P(x,t)H(z,t — 27) dtdxdr
Ym Jo 27 27
and
1 1 1 27+x 5
IVy(2,2) = —/ sinh(QTym)/ L(x)/ P(x,t —27)H (z,t)1[ 4 (t) dtdzdr
m JO 2T 2T
1 1 1 T
= — sinh(QTym)/ L(m)/ P(x,t —27)H(z,t) dtdzdr
Ym Jo 27 27
Finally :

1

/ so(z)éo(x)L(x)dx = 1 sinh(27ym )QL(7)dr
0 Ym Jo
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with
QL(r) = %L(T) + / P(x,21 — z)L(x)dz + / H(z,27 — z)L(x)dx

+/ L(x)/QT P(:L',2T7t)H(SC,t>1[O7z](t)dtd1'

T—X

+ /21 L(x) ’ P(x,t)H (x,t — 27) dtdzx

T 2T

+ /21 L(z) /; P(x,t — 27)H (z,t) dtdz

T T

Similarly, inverting the ~, we construct as well an operator R : L?(0,1) — L?(0,1) such that

1

/ So(x)co(x)L(x)dx = €1 sinh(27y,, )RL(T)dr
0 Ym Jo

with
RL(T) = %L(T) + / P(z,2T — z)L(z)dx + / H(z,21 — 2)L(z)dx

+ / L(z) L " (e, 27 — ) H(a, )10 (t)dtde

T—X

+/21L(x) /j P(x,t)H (z,t — 27) dtdzx

T T

+ /21 L(x) /; P(a,t — 20)H(x,t) didz

T T

Let us denote B = @Q + R. Then

1

/0 [co(z, 2)30(z, 2) + Eo(, 2)s0(x, z)| L(z)dz = yim | sinh(27ym ) (R + Q)L(7)dr

1
= — [ sinh(27y,,)BL(7)dr.
Ym Jo

Now, let us prove the second part of the proposition. As the conformal factors f and f belong to

C(A), and thanks to Proposition 4.9, we know that H and H are C* and uniformly bounded by a

constant C4 (and also are their partial derivatives). Moreover, it is known that, for a function g
T

that is C* on [0, 1], for any a €]0, 1] the function G, defined as G, (1) = / g(7,2)dx is also C!

a
and its derivative is

Gl (r) = /T %(7, x)dx + g(7, 7).

Hence BL and its derivative are also bounded by some constant C'4. 0

Thus, we have obtained:

LQ /1 sinh(27y ) BL(T)dr| < Cae X A(km)A(Km) (48)
0

Ym

Moreover

1 1 1 1
Yme V" X / sinh(27y,, ) BL(r)dr = 2 [e™"™ / e*TVn BL(r)dr 4 ¢ / eQTymBL(T)dT]
Ym Jo 0 0

1 1
/ 2= Vym BL(7)dr —|—/ 62(T+1)ymBL(T)dT:|
0 0

N~ N~ N

1 2
/ e 2TV BL(1 — 7)dT + / e 2TV BL(T — 1)d7‘}
0 1

33



and so, by multiplying (48) by y2,e~2Ym one gets, for m > my :

+oo ~
’ / e~ 2TYm (BL(l —7)1jo)(7) + BL(T — 1)1 9 (T))dT < Cye x [yfne_QymA(ﬁm)A(mm)}
0

< Cpe.
4.4 A Miintz approximation theorem

4.4.1 A Hausdorf moment problem

Let us set
g(1) = BL(1 — 7)1j9,4(7) + BL(T — 1)1 9(7)

The change of variable t = e™" leads to the estimates :
1
Ym > my, ’/ t2¥m=Lg(—1In(t))dt| < Cye.
0

We recall that, for all m € N, we have set y,,, = \/km, where £, = m(m +n — 2). Let us set
o= 2ym, — 1 and

Am i =2ym — 1 — « (49)
Then, by denoting

h(t) = t*g(—In(t)),
we get:

1
‘/ ch(t)dt‘ < Cae, VYmeN. (50)
0

Thus, we would like now to answer the following question : does the approximate knowledge of
the moments of h on the sequence (A, )men determine h up to a small error in L? norm ?

Let us fix m € N (we will precise it later) and consider the finite real sequence :

A :0=X <A < ...< A\

Definition 4.10. The subspace of the Miintz polynomials of degree A,, is defined as :
M(Ay) ={P: P(z) = Zakaf‘k}.
k=0

Definition 4.11. The L2-error of approximation from M(A,,) of a function f € L2([0,1]) is :

Ey(f, Am) = Pe}\fll(fA )Hf*PHz-

Es(h,A,,) appears in an estimate of ||h||2 given by Proposition 4.12. Thanks to the Gram-Schmidt
process, we define the sequence of Miintz polynomials (Lp(x)) as Lo=1and, forp>1:

P
Ly(z) = Z C’m-:c’\f,
j=0

where : )
PN+ A+ 1
Cpj = 1/2)\p+11_[;;:0( st A1)
r:O,T#j(Aj - )\T)
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Proposition 4.12. Under the assumption (50), we have the following estimate : We have the
following estimate :
m k 2
181 < Cac? Y- (216} + Ealho A
k=0 “¢=0

Proof. Let us denote 7(h) = Z(Lk, h) Ly, the orthogonal projection of h on M(A,,).
k=0

1[I = llw I + 17 — = (R)]]3

= (L, h)? + B (A, )2,
k=0

As
k 1 k
|(Li, h)| = Zcu/ 2 h(x)dr | < Cag Y [Chal,
£=0 9 , £=0
SCAE
one gets
m k 2
181 < Cac® Y- (216} + Ealitn,n
k=0 \¢=0
O
We would like to find m(e) € N satisfying :
lim m(e) = +o0
e—0
and such that
m(e) k 2
> (Yleul) <1,
k=0 \¢=0 <

in order to obtain ||h||3 < Cae + Ey(Am(ey, h).

Lemma 4.13.
1. Forallm e N, A\ppy1 — Ay > 2.
1
2. ForallmeN, \jyiy1 — A\ = 2+O(—).
m
Proof.

1. Let m € N and set a = n—2. From (49) we have the equivalence Ay, 11— A > 2 S Y1 — Ym >
1, where y,, = vVm? + am. For m € N, one has :

Yma1 — ym > 1= /(m+ 12 +a(m+1) — V/m? +am > 1
@(m+1)2+a(m+1)—m27am2\/(m+1)2+a(m+1)+\/m2+am

Som4lta>m+l+a @ rmt oo
m a>m —— 4+ m+=-——+o| —
- 2 8(m+1) 2 8m m

o a N a n 1

— > 4=,

8m+1) = 8m m

and that is true for m large enough. We assume, without loss of generality, that it is true for all
m > myg. Hence, for all m € N, App1 — Ay > 2.

2. Let m € N and u,, = /¢ for some £ € N. Then
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1 1
ym+1\/m\/@+1+0<g) ym+1+0<a>,
so we have the result. O

Hence, there is C' > 0 such that, for all m € N, A,,, <2m + C. By setting M; = max(2,2C + 1),
one gets :

p—1 p—1 p—1
[T +xa+n<[[@+2r+20+1) <MPTJG+r+1).
r=0 r=0 —0

On the other hand, for allm € N, A\, 41—\, > 2. Let m € Nand (r,j) € Nsuch that 0 <r,j < m,
r 7.
IAj = Al = X = Ajmal Ao = Aja[ 4 A (A = A

>2]j —r]-
Consequently:
P P
I v=aiz27) I G-n)
r=0,r#£j r=0,r#j

It follows that

M +r+1
Gyl < /74p+20+1(71) M

r=0,r#£j |-7 |
Mi\" 1)...(j
_Jpraori( My G+1)..G+p)
2 ) jG—-1).2x1x2x..(p
My (j+p)!
=4p+2C +1 < > e
2 ) (G —)
The multinomial formula stipulates that for any real finite sequence (x, ..., ;) and any n € N:
m n B n kl km
(kz_oxk) _k Z _ (klakQa"'ak )‘Tl s
= 1+...+Ekm=n
! n n!
where =—
ki,ko, .. km k1lko!.. k!

Asj+j+ (p—j)=j+p, one deduces that :

(j +p)!
WG =) —

Hence (see [5] or [1], chapter 4, for similar computations) :

szki_o(iw) <e2z(z¢m(%)ksk+f>

=0 =0
34>

m 3M1 2k
_ 2
= Z( 5 > (4k+2C+1<
36)
=0

m M 2k
e (dm +2C +1) (3 1> <
k=0
3
2

m M 2k
52(4m+20+1)z< 1> x 32k
k=0

—J)

< (1414 1)1 =30tp

Mw

~

M-I

| /\

IN

IN

3 9IM
x§(4m—|—20—|—1 ( !

IN

e? x g(4m+20+ 1)(m+1)<



M2
where ¢(t) := g(4t+20+1)(t+1)(9 1) .

As g is a strictly increasing function on R, we can set, for € small enough, m(e) = E (g_1 (

Sl
N
~—

Thanks to this ChOiCG, we have
g( ]L( )) <_
\/57

so that

m(e)

k 2
522 (Z|Ckp|) <e.
k=0 *p=0

Let us now estimate Eo(A,,,h). To this end, we recall some definitions.

Definition 4.14. The index of approximation of A, in L?([0,1]) is :

g2(Ap) = max
y=>0

B(1 +iy)
1+y

where B : C — C is the Blaschke product defined as :
B(z) = B(z,Am) = [ ——2

We will take advantage of a much simpler expression of e (Am), thanks to the following Theorem
(91, p-360):

Theorem 4.15. Let A, : 0= Ao < A1 < ... < A\, be a finite sequence. Assume that g1 — A > 2
for k> 0. Then :

m Ap —
=2 (Am) - H Ak +
k=0

Definition 4.16. For a function f € L?([0,1]), its L?-modulus of continuity w(f,.) :]0,1[— R is
defined as:

N =

(SIS

w(f,u) = sup < / - f(x)Ide>%-

0<r<u

The introduction of the two previous concepts is motivated by the following result (cf [9], Theorem
2.7 p.352) :
Theorem 4.17. Let f € L?([0,1]). Then there is an universal constant C' > 0 such that :
Es(Am) < Cw(f,e(Am))
Lemma 4.18. w(h,u) < Cau, Yu € [0,1/¢?].
Proof. We write h(x) as the sum of two functions with disjoint support :
h=hy + ha,
with :

o hi(t) = t*BL(—In(z) — 1)1y 1(t),

li -

o ha(t) = t* BL(1 + In(t)) 11 1((t).

e
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Thanks to the second part of Proposition 4.7, the function BL is bounded by a constant C'4 so, for
i € [1,2], each of the function h; is bounded by some constant C4 depending on A. Moreover, BL
is C* on [%, 1] and [1,1], and, for i € [1,2], ] is bounded by a constant Ca. Let = € [0,1/¢?],

r € [0,x]. We have :

/O |h(t+ 1) — h(t)] dt:/L |ha(t + 1) — ha(t)] dt—i—/ |ho(z + 1) — hy(t)|?dt

1_ .2
o2 e T

1—r
+ / |ha(t +7) — ho(t)|?dt

e

1 1 ’
< (32 -0+ (el + )

e e
1 N2 .2
S Caa | LA
< CAT2.
Taking the square root and the supremum on r on each side, the result is proved. ]
Lemma 4.19.
1
EQ(Am) O<—>, m — 400.
m
Proof.

Using Theorem 4.15 and Lemma 4.13, the expression of 5(A,,) defined above can be written as

N[

m )\k o
e2(Am) = [
io M

[\eI[V)

Recall there exists C' > 0 such that for all m € N, A, < 4m + C. Consequently, one has :

13— -(I(1-57))
YmeN, In 2 ) =In 1-—
(I5=5) =m (1 (57

k=0

1

But —2 — =

—In(m) + O(1). Hence

O

Hence, as e2(Ay,(.)) € [0, 1/€?] for ¢ small enough, we get thanks to Lemma 4.18 and Theorem
4.17:

E(ha Am(a))? < CA€2(Am(E))'
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To sum up, we have shown that :

IAIZ < Ca ( T 52<Am<g>>2>.
Ca
mie)?
1

—= +o(1) < g(m(e)) <

NG

Now, we know that sg(Am(E))Q <

. By virtue of the double inequality

m

=

one has

31 () i (s0me) ), Camie)

e—0

. < .
Hence (for another C4 > 0) : w3 Consequently :
I < Ca—
3<Ca—.
In ()

Since h; and ho have disjoint support, we have
1113 = [1hall3 + lIh2]l3.

In particular

l[h2ll3 < [IA]3
But as
1 2
|\h2||§:/ t**|BL(1 +1In(t))| dt
we get
1 2dt Ca
/ >t BL(1+In(t))| — < —=5
: b n(3)

1
—,1[, the term ¢2**! is minorated by (1/e)?**+1). By returning to

Hence, as we integrate over |—
e

the 7 coordinate, we obtain :

1
IBL(1—7)|z2(0,1)) < Ca—F1v

In ()"

1
ln(

and then

IBL|L2[0,1]) < Ca

m =

4.4.2 Invertibility of the B operator

Now, we want to prove that B : L?(0,1) — L?(0,1) is invertible and that its inverse is bounded
with respect to C4. We can write :
B=I+C

1
where Ch(r) = / Hy(z, 7)h(z)dx, with :
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2T

Hi(z,7) = P(2,21 —x) + H(z,21 — ) + / P(x,21 — t)H (z,t)1[ 4 (t)dt
2

+ ]3(90, t)H (z,t —27) dtljg, () + ]3(90, t —27)H (x,t) dtljg, ()
2T 27
2T
+ P(x,27 —x) + H(z,21 —2) + / P(x,2T — t)H (z, t)1i0,4(t)dt
2T —x
+ P(x, t)f[(ac,t —27) dtl[ar 1y(z) + P(x,t — 2T)I~{(.T, t) dtlja 11(x).
27 27

Lemma 4.20. There is a constant C4 > 0 such that, for all h in L?(0,1) :

(1= )| Hiflp=)"""

Vn e N*, Vr € [0,1], [C"h(1)| < Ca 1 121l 2o, 1)

(n —

Proof.
By induction :

e From the estimates of Proposition 4.9, H, H and H; are bounded by a constant C'4. Using the
triangle inequality and the Cauchy-Schwarz inequality, one immediately gets :

1
ICh(r)] < Ca / h(@)|dz < Ca(l = 1)l 2oy < Call bz

e Assume it is true for some n € N*. Then :

1 1 1— )" Y Hy |t
o)l =| [ tntencrntads) < [ 1nwea S s
Hy||™ ! -
—CagetlZ ilzon) [ (01— o
(1= 7)1 Hi)l)”
:C’A( , ) 12l 20,10y
n!

O

(1= 7)|H o)™

Thus ||C"] < Ca for all n € N*. It follows that the serie Y (—1)"C™ is

(n—1)!
—+o0
convergent. Consequently B is invertible, B! = Z(fl)"C’" and :
n=0
IB7H < Ca.

Hence :
lg = qll20,1) = 1Ll 22(0,1) < 1B~ I BLI| 20,1y < CA@
and the proof of Theorem 1.9 is complete.
Let us prove Corollary 1.13.
Proof. Let s1,s2 > 0 and 6 € (0,1). Using the Gagliardo-Nirenberg inequalities (see [3]), one can
write

—0
lgll =01y < N9l oy 911352 00y
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for every g € H*1(0,1) N H*>(0,1) and s = fs; + (1 — 0)s2. As f and f belong to C(A) then q — §
belong to H2(0,1) and ||g — Il z2(0,1) < Ca. Hence, for s; = 0 and s = 2, we have:

~ - 116
lg = dll 0.1y < lla = dll 720, lla = dll}770.1)

—0 ~
< C}x ||q_‘ZH%2(0,1)
1

In (2)”

2 —
with 6 = TS Using the Sobolev embedding H(0,1) < C°(0,1) with |.[lse < 2||.||s1 (0.1, ome
gets (for s =1 and 6 = 1/2):

<Ca

1
— Gl <2llg = dllgrio1 < Cay| ——
g —dlle <2llg —qllar0,1) < Ca (D)

4.4.3 TUniform estimate of the conformal factors

Now we give the proof of Corollary 1.11. Assume that n > 3, w = 0 and let us set F = 2. We
can write ¢ = ya and then
(FF' = F'F)(t) = FF(q - @)(t).
For all ¢ € [0, 1], we have :
F@OF'(t) = F'()F(t) = (n = 2)[" 2 "2 (0 /(1) = (d = 2) "2 2 () F (1)
— =200 (Foro - o)

Assume that for all ¢ in [0,1], f()f'(t) — f(t)f'(t) # 0, for example f(t)f'(t) > f(t)f(t). Then :

JHOR0

&) = fi)

Then, by integrating between 0 and 1, one gets :
In (£(1)) —In (£(0)) > In (f(1)) — In (£(0)).

and this is not true as f(0) = f(1) and £(0) = f(1). Consequently, there is o € [0, 1] such that
(ff" = ff")(zo) = 0. Setting G(z) = (FF' — F'F)(z), we have :

Ve €[0,1], G(z)= /z FF(q— §)(t)dt.

0

From the L? estimate previously established on ¢ — ¢, one has :

Ve e [0,1], |G(z)| < V]z —z0lCallg — ll2
1

=
Hence : N G .
\(;) ()] = \F&L =y

and by integrating betwwen 0 and x :
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F T FY Y Gt 1
’ () —1’ — / (T) (t)dt‘ g/ ~—)‘dt<OA —.
F(x) o \F o [F(t)? In (2)
and this last inequality leads to the estimate :

Vee 0,1, /") - @) < Ca—

k
Setting k = n — 2, thanks to the relation a* — b* = (a — b) Z a’b*7 | we get at last :

=0

vee 0.1, |f(x)— f(z)] < Ca—

5 About the Calderé6n problem

Now, we prove Theorem 1.12. For s € R, H*(0M) can be defined as

1

(@) = {ve DM, v =3 v, 51 i) (68 + ) <

m>0 w?ﬂ m>0

Recall that we have denoted B(H'/2(0M)) the set of bounded operators from H'/2(OM) to
H'/2(0M) and equipped B(H'/?(OM)) with the norm

Fl| g1/2
1Pl = sup MOl
YEH/2(OM)\{0} ||1/’HH1/2
Lemma 5.1. We have the equivalence :

£(0) = £(0)
Ag(w) — Ag(w) € B(HY?(OM .
(w) — Ag(w) € B(HY?( )Rj{ﬂ1=fﬂ)
Proof. Let us set
_ 1K) _ 1 M@ _ 1 _ v
G=1on CTigoay YT jo MM MTI O Fay

For m > 0, one has, using the block diagonal representation of Ayz(w) and the asymptotics of
M (por) and N(p,) given in Theorem 2.2 and Corollary 2.3:

A (w) — AF'(w) = 70) /£ +Co — Co ~ O(e=2m)
O(e=2m) N(J;;g)) _ N(;L(n{)) L O
nme : - OQ%J O(e=2m)
0
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Hence, for any (¢}, ¢2) € R%:

1 A 1 Ch — é 1
V2, Az |\ (@ -, i

U
For ¢ = ® Yy, € HY?(OM), one has
m20 | 2,

H (Ag(w) - Aé(“))"/’”?p/?(aM) = Z (1 + Mm)l/Qﬂm (A3|¢71n|2 + A%anﬁ)

m>0

Y20+ umWQm(mo(co GO + 1A (G cl>||¢3n|2)
m>0

+ ) (A4 ) PO P + [7, %)

Then

Under the assumptions of Theorem 1.12, the following estimate holds:

Proposition 5.2. Let ¢ > 0. Assume that ||Ag(w) — Ag(w)||« < e. There is Ca > 0 such that :

VYmeN, |N(kpm)— N(nm) < Cye.

0

Proof. For m € N, consider v,,, = ®Y,, € H1/2(8M).
1
One has :
0
(Ag(w) = Ag(w))m = (A (w) — A7 (w)) ® Y
1
- hlf(”( )
1/4 T Alpm
_ \£(0) PHAO0) VA () (u ) oY,
N(Nm) o N(M
0 (\/f(l) £ )) (G-
Then
N(.Um) N (pim) 2
A —A; m212 = m+11/2|:<7 +C*C
”( g(w) g(w))¢ HH /2(8M) (.U ) \/m m ( 1 1)

so, for all m > 0:



2

(ttm + 1)/ %(N(um) — N(pm)) + (C1 = C1)| < [[(Ag(w) = Ag(@) Pl 31200
< Ag(w) = Ag(@)Z11m 132 o0
= [[Ag(w) = Ag(w)[[ (pm + 1)/
< EQ(Mm + 1)1/2.
Hence

1 - -
D) (N(:um) - N(Mm)) + (Cl - ()| <e.

v

Using the asymptotic N (fm) = —pm + 0(1), we deduce from (51) that

|él — Cl| S g
and then that there is C4 > 0 such that, for all m € N :

’N(um) - N(um)’ < Cye.

As in Lemma 4.5, one gets an integral relation between N(z) — N(z) and ¢ — §¢:

Lemma 5.3. The following integral relation holds:

(N(2) = N(2)) A(2)A(2) = /0 (a(@) = 4(@))so(x, 2)30 (@, 2)dx
Proof. Let us define 0 : x + so(x, 2)So (z, 2) — sy(z, 2)30(x, z). Then :
0'(x) = (4(x) — q(x)) so(x, 2)50(, 2)

By integrating between 0 and 1, one gets:

s0(1, 2)30(1, 2) — so(1, 2)5¢(1, 2) = /0 (q(z) - (j(x))so(z, 2)80(x, z)dx

As s((1,z) = N(2)A(z) and so(1,2z) = A(z), one gets for all z € C\P :

(N(2) = N(2)) A(2)A(2) :/0 (a(@) = a(x))s0(, 2)30(, 2)dw.

(51)

O

Just as in Section 4, let us extend on [—1,0] ¢ and ¢ into even functions and denote L(x) =

q(z) — G(x). We recall that for all m € N, we have set yp, = /Km.

We will take advantage of this representation to write in another way the equalities

(N("ﬁm) - N(’im))A(’im)A(“m) = /0 (¢(x) = q(z)s0(x, km)So(@, £m)da.

Proposition 5.4. There is an operator D : L*([0,1]) — L*([0,1]) such that :

1. For allm € N,
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- N 1t 1t
(N(nm) — N(nm))so(l, Km)80(1, km) = —2/0 cosh(27ym ) DL(7)dT — E/o L(1)dr.

m

2. The function T — DL(7) is C' on [0,1] and DL and (DL)" are uniformly bounded by a
constant Cy.

Proof. Using the same calculations as in Proposition 4.7 together with the representation formula

for sg
inh (v, @ inh(y,,t
50(z fim) = “1;71/:6) n / H(x,t)smy(#dt
m 0 m

one can prove that the operator D is given by
1 1
DL(t)=L(r) + / H(z,21 —z)L(x)dx + / H(z,27 — z)L(x)dx
’ Tl 2T 5
+ / L(x) H(x,27 — t)H (x,1)1[g 4 (t)dtdz

2T—x

+ /21 L(x) ' H(z,t)H (z,t — 27) dtdz

T 2T

+ /21 L(z) ’ H(z,t — 27)H (x,t) dtdz

T 2T

and so that DL and its derivative are bounded by some constant C'4 > 0. O

For all m € N, one has

(N (Km) — N(km))so(1, £m)30(1, km) = %/o cosh(27y,, ) DL(7)dT — LQ L(r)dr

Ym Ym Jo
1/t 1/t
_ 2T Ym —2TYm
=5z e’ DL(T)CZT-"-% | e~ *T¥m DL(7)dr
1 1
— —2 L(T)dT
Ym Jo

Hence, by multiplying both sides by 2y2,e~2¥ one has :

1 1
2y2.e 2 (N (k) — N(Iim))SO(l, Km )80 (1, km) = / e TV DL(7)dr Jr/ e~ 2tV DL (7)dr
0 0

1
72672%"/ L(r)dr
0

The asymptotic
Ym
SO(vi’m)Ne—v m — +09,
Ym

ensures that y2,e=2Y"sq(1, K )30(1, k) is bounded uniformly in m. Moreover, by hypothesis:

’/01 L(r)dr

1 1
‘ / 2 (VDL (7)dr + / e~ 2T DL(7T)dr| < Cac.
0 0

<e

SO

We write :

1 1
. / eV DL(1)dr = / e 2" DL(1 — 1)dr,
0 0
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1 2
° / e_QyWL(t"'l)DL(T)dT = / e 2™ DL(1 — 1)dr,
0 1

Setting
RL(T) = DL(I — T)]-[O,l] (7') + DL(T — 1)1[1,2] (7')

one has for all m ¢ N

+oo
/ eiQTymRL(T)dT < Cye
0

By the change of variable 7 = — In(¢), we obtain the moment problem :
1
Vm € N, ‘/ t2ymRL(—ln(t))dt’ < Cae
0
Using the same technique as in section 4.4.1, we prove the stability estimate

1
IDL| z2(j0,17) < Ca

o)

But D can be written as (see section 4.4.2)
D=I+C

(Ca(1 —7))"
(n—1)!
bounded by some constant C'4 > 0. Hence

llg —dll2 < ID™HIDLI| 2o,

with, for all n > 1, |C"] < Consequently B is invertible and its inverse is

1
< CA@-
At last, if w =0 and n > 3, we deduce as previously that
1f = Flloo < Carrre
In ()
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