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Abstract We construct a new Absorbing Boundary Condition (ABC) adapted to solving the
Helmholtz equation in polygonal domains in dimension two. Quasi-continuity relations are ob-
tained at the corners of the polygonal boundary. This ABC is then used in the context of domain
decomposition where various stable algorithms are constructed and analysed. Next, the oper-
ator of this ABC is adapted to obtain a transmission operator for the Domain Decomposition
Method (DDM) that is well suited for broken line interfaces. For each algorithm, we show the
decrease of an adapted quadratic pseudo-energy written on the skeleton of the mesh decompo-
sition, which establishes the stability of these methods. Implementation within a finite element
solver (GMSH/GetDP) and numerical tests illustrate the theory.

Keywords Absorbing Boundary Condition, Domain Decomposition Method, Transmission
Condition, Helmholtz equation, Corners, Time-harmonic

1 Introduction

The analysis of Domain Decomposition Methods (DDM) [13] for time harmonic wave equations
has always received a strong interest from the mathematical community [10,3,27,12] because
of its role for the development of efficient linear solvers [8,32]. Optimized DDM [20,17,6] aim
at the acceleration of these linear solvers in view of applications, and in most contributions
optimized DDM are based on higher order approximations of transmission conditions between
subdomains. Recently, the question of DDM acceleration in combination with a sound treat-
ment of mesh singularities, which are unavoidable for meshes obtained from generic softwares,
has gained attraction [18,19,30]. But as explained in the literature [18,21,28,30,29], optimized
DDM and mesh singularities are often in contradiction. Solutions have been proposed [4,7,16]
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but without a complete mathematical justification. In [27] for example, the optimization is based
on quasi-local operators with convenient regularity, but ultimately the problem posed by mesh
singularities is not solved. In [19,21], some results have been proven in the purely discrete case.
Therefore, there are still many issues widely open for a rigorous mathematical treatment of opti-
mized DDMs with mesh singularities. In particular, we are not aware of any Partial Differential
Equations (PDE) based proof of stability, to which convergence follows, for a DDM with corners,
either external ones on the boundary of the domain or internal ones on the interface between
two subdomains, except the recent contribution [9] in which a completely different approach is
used through the multi-trace formalism.

Note that mesh singularities for a polygonal model domain 2 C R? partitioned in non-
overlapping polygonal subdomains {2; can be classified into corners and cross-points. By corners,
we understand classical corners, either on the boundary 942 of the polygonal domain, or on the
intersection of the boundaries of two different subdomains 92; and 0f2;. By cross-points, we
understand the general situation of internal points on the intersection of the boundaries of three
or more different subdomains 042;, 942;, 042, ...

This work contributes to the issue of corners, by studying the mathematical structure of new
optimized DDMs with strong stability properties adapted to corners. Cross-points will be treated
in a subsequent work. The reason for this distinction is that the intuition of our treatment for
corners comes naturally from a second order Absorbing Boundary Condition (ABC) with corners,
while the generalization to cross-points requires an approach based on operators, outside the
scope of this article.

The reference problem of this work is, for the above reasons, the propagation of a time-
harmonic wave v in a homogeneous media in the space R? generated by a compactly supported
source f. It is modeled by the Helmholtz equation coupled to the Sommerfeld radiation condition
at infinity

(—A —wHu = f, in R?,

Hxlﬁl—r}oo (Vu(x) . ﬁ — iwu(x)) =0 (W) . (1)

The introduction of a heterogeneous media, where w is replaced by w/c(x) with a varying coef-
ficient ¢(x) > 0, would modify our approach making it more technical with heavier notations,
but with similar results. A more general abstract framework (that we are currently developing)
will make it easier to account for such changes in the equation’s coefficients. That is why we
prefer to restrict the presentation to homogeneous coefficients. Similarly, the extension to three
dimensional configurations will be easier to develop from the general abstract framework, so it
is not evoked in this work.

To solve (1) using a finite element method, the full propagation domain R? is truncated. This
can be done for example by defining an artificial boundary I" that encloses the support of f. In
this paper, I' is assumed to be a polygon. This assumption is actually natural as the bounded
computational domain 2 C R?, enclosed by I" = 92, will next be meshed with triangles, making
it polygonal. These considerations lead to the Helmholtz equation in a polygonal bounded domain
N

(—A - w?)u = f. (2)

Conditions at the boundary I' of the domain must then be prescribed, such as an ABC or a
combination of ABC with hard, soft or Robin boundary conditions. In this work, we focus on a
second order coercive ABC which can be derived from the family described in [15] or in [26]. Let
n and t be the unit normal and tangential vectors to I" such that the local system (n, t) is direct.
It is well known that the system made of (2) and of the ABC with zero order tangential operator
Onu —iwu = 0 on I' is a well-posed problem in H!({2). The accuracy of this ABC is restricted to
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first order and higher order conditions yield better approximation properties. A classical second
order ABC [25] is

1
anu —iw (1 + watt) u = 0, (3)

where Oy is the second order tangential differential operator along flat edges of I'. The classical
way to introduce the second order ABC (3) is by considering the Dirichlet-to-Neumann (DtN)
map @ : u — &(u) = dpu for a plane wave in the vicinity of a flat vertical boundary I'. Taking
u(z,y) = eW(eostetsinty) and extending the flat edge to I' = {x = 0}, with outgoing normal
vector n = (1,0) and tangential vector t = (0, 1), one obtains

d(u) = iwcos b u.

In the limit of small angles, the expansion cosf =1 — % + O(#*) yields the approximation

2

P(u) = iw (1 — 92) u+ O(6%). (4)

2

Similarly, the sine expansion yields dyu = —w? sin? 0 u = —w?60%u + O(0*), and one can write

1

In the more general case of a curved boundary, an additional term depending on the curvature
radius is introduced [15]. For mathematical reasons, we will need a coercive ABC, and this

requirement is not met by the operator u — (1 + ﬁ@tt) u because its symbol is 1 — %, which
takes negative values for large values of |f|. This is why we consider another expansion of the

DtN map. Indeed, one also has

2

®(u) = iw <1+ Z) 71u+0(94), (5)

with the same order of approximation as (4). One obtains the modified second order ABC that
writes

(1 — 201‘)28“) Ont — iwu = 0. (6)
The operator Opu — (1 - ﬁ@tt) Onu is now formally coercive. Again, this operator is defined
on the flat parts of I', which means except at corners, so the ABC must be complemented with
corner conditions. Such corner conditions are proposed and analyzed in [2,23,24] for the ABC
(3) but only for right angles. An examination of these references shows that the right angle
property plays an important role in the construction. In particular the well-posedness of these
corner condition depends on subtle regularity considerations which seem to require this property.
To the best of our knowledge and understanding, the extension of these corner conditions [2,23,
24] has never been done for corners with arbitrary angles. For the ABC (6), we will show that
this right angle property is not required.

Having introduced these notions, we describe the original contributions of this work:

e In Section 2, we construct corner conditions, for arbitrary corner angle, to complement the
ABC (6). We show that the complemented ABC has a coercive formulation, and derive various
natural inequalities. In particular, a new isometry in Lemma 6 generalizes classical results [10,
27]. The well-posedness of the global problem is stated in Theorem 2.
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Fig. 1: Edge geometry: normal and tangent vectors nj and tx, and outgoing corner vectors 7y
on a segment I'y, = [ay, bg].

e In Section 3, we construct two different DDMs, named DDM-1 and DDM-2. Both of them solve
the Helmholtz equation (2) with the complemented ABC, with various levels of decoupling
between the subdomains. As a consequence of the natural inequalities satisfied by the coercive
formulation at the boundary, we show in Lemmas 7, 8 and 13 that the DDMs are endowed
with a skeleton energy which naturally decreases from one iteration to the other. In this work,
this is referred to as the stability of these DDMs: using standard techniques [10,3,27] briefly
recalled in Remark 2, the convergence follows.

e In Section 4, we construct a Transmission Condition (T'C) for broken-line interfaces. We show
in Lemma 10 that the new isometry Lemma 6 for the ABC yields the stability of the new
DDM with this TC.

e Some numerical results illustrate the various theoretical properties in Section 5.

e In Appendix A, we explain how to recover curvature effects of the ABC when the polygon
tends to a circle.

e In Appendix B, we present DDM-3, an evolution of algorithm DDM-2 with more decoupling.

Conventions. Our constructive method starts from discrete notations adapted to a general mesh.
The global indices k and £ are reserved for the edges of the exterior boundary. The global indices
1 and j are reserved for subdomains of 2. The local indices r and s are reserved for the edges of
interfaces between two subdomains. Bounds in sums will be omitted or specified depending on
the context to help global understanding. With these notations, a node denoted as A}/, belongs
to the intersection of the k' and of the /" edges of I', and to the boundaries of the i** and of
the 7*® subdomains. A subtle distinction will be made by using either the subscripted ny, for the
exterior normal to {2 on the k' edge of I" or the superscripted n’ for the exterior normal to £2;.
The same distinction will be made between the tangent unit vectors tj and t’. The index p will
be used for algorithm iterations. The purely imaginary number is written in bold i2 = —1.

2 A second order ABC with corner treatment
2.1 Geometry and notations

We define the notations which correspond to the edge and corner geometries illustrated in Fi-
gures 1 and 2. On an oriented edge I'y = (ag,bg) of I', the unit tangential vector is t; =
HE:%:];H and the unit normal vector is ny = —t;-, its rotation of —/2. Table 1 summarizes their
coordinates in the local (z,y) frame. At the boundary points aj and by of Iy, which are corner
points, a unit vector 7 parallel to t; and pointing outside of I is introduced.
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Fig. 2: Corner geometry: local frame at the intersection of two segments Iy and I, with by =
ay = Akg.

Segment I, Segment Iy
= (e (5 mm (550) e = (e (5) = (5))
ng = (cos| — ),—sin| — ng=|(—cos|—|),—sin| —=—
2 2 2 2
(. (9kzz) (le ) _ . <9u> <9ké))
Tk = [sin | —= ), ,cos | — T7¢ = (—sin|——),cos | —
2 2 2 2

Table 1: Local coordinates of the tangent and normal vectors with respect to the angle 8y, for
two intersecting segments I, and I, at by = ay.

With these notations, for two segments I'y, = (ag,by) and Iy = (ag, by) sharing a common
summit ay = by, we denote this summit

Ay = Ay, = a, = by.

The chosen convention is to characterize the angle between two such segments by a negative
value Oy € (—2m,0), see Figure 2. The geometrically degenerate case 0xy = —m will appear
to be a mathematical singularity of some of the formulations in this work. Another singularity
will show up for right angles 0y, € {fg, 737”} in other formulations. A rigorous treatment will
systematically be indicated for each case, and we suggest the reader to set them aside for the
general presentation.
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2.2 Quasicontinuity relations

The goal here is to obtain two quasicontinuity relations at a corner point Ay, between two
segments for a plane wave u, with an incident angle 5 + 7 as in Figure 2

Uy (x) = @) with d, = (cos (% + 77) ,sin (% + n)) = (—sin(n), cos(n)) € R?.

At the intersection point Ay, = Ay, one has the following expressions of the derivatives of w,

Onpun(Age) = iw(ng, dy)uy(Axe),

8néu17 (Akf) = lw(nla )uﬁ (AM)’ (7)
Oy, Ony U (Ake) = —w*(Ti, dyy) (g, dy iy (Age),

Or Oty (Age) = —w? (T4, dy)(ng, dy)ty (Age).

The scalar products between the direction d, and the normal and tangent vectors of I}, are

(ny,d,) = —cos <02M> sin(n) — sin @ cos(n) = —sin @ +1),

2 2
0 0 P
(Tk, d,) = —sin (;Z) sin(n) + cos % cos(n) = cos % +n]),

while the scalar products between the direction d,, and the normal and tangent vectors of I are

(ng,d;;) = cos (912%) sin(n) — sin @ cos(n)) = — sin % ),

2 2
(T¢,d;) = sin ((92]“) sin(n) + cos % cos(n) = cos % -

For small 7, we outline two linear combinations of u, derivatives (7).We will use these linear
combinations to define quasicontinuity relations.

Lemma 1 Consider a corner point Ayg. For n close to zero, the following relation holds
. 0
1005(010) Oy 1y Ontr) (Ase) = <05 (%50 ) (0r, Byt~ Or ) (A1) = O (7). (¥

Proof On the one hand, the difference between the first order derivatives from (7) is
. . Oe . Oke
(Ongp Uy — On,ty)(Age) = iw |—sin <> +1n | +sin - Uy (Age)

= —2iwr cos <0§ ) uy(Age) + O (1) .

On the other hand, the difference between the second order derivatives from (7) is

(8Tk ank Up — a"’z anz un) (Aké)

0 0 0 O
= —w? [— cos <12¢e + 7)) sin <;e + n) + cos <I; - n) sin <;[ — 77)] U (Age)

1 1
= —w? [_2 sin (ekg + 2’17) + 5 sin (Hkg — 217)] un(Au)
= —w” [=2¢08 (Oe) + O (n°)] uy(Age) = 2w cos (o) uy(Are) + O (n°) .

Combining these two relations yields the claim.
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Lemma 2 For a corner point Ay, and n close to zero, the following relation holds

0
o (2) (Dot + O ty) (Are) + (D, Bu 1y + Dr, Dy uy) (Ase) = O (7). (9)

Proof First, adding the two first order derivatives from (7) gives

Second, adding the two second order derivatives from (7) gives

(04 Ony iy + O, Oy in) (Ake)

= w? |:Sin (02163 + 77) oS (9; ) + sin <02M - 77) cos <02M — n)] Uy (Age)
Ly
2
O

~

in (00 — 277)] U (Age)
= w?sin (ka) Up (Ak/) ( )

= 2w? sin (O /2) cos <9§ ) 2(Age) + 0 (%) .

1
= w2 |:2 sin (Hk[ + 2’1’]) +
+

The expected relation is obtained by combining the above two equations.

We now introduce the quantity ¢ := ;-0n,u, on each segment I'. Rewriting (8) and (9)
using this new variable and dropping the O(n?) and O(n®) terms leads to the second order
quasicontinuity relations

0
b cos(010) (g1 1) (Ane) = cos (%51) (Orin ~ Oro0) (Axe) =0

(10)
—iw cos (9; ) (o + @e) (Age) + (8fk<,0k + 8,/5%0@) (Ake) = 0.

For a flat angle 0, = —, this system corresponds exactly to the continuity relations

ok (Ake) — @o(Ake) = 0,
Or 0k (Ake) + O, 00(Ake) =0

We now recast these equations to have symmetric relations with repect to k and ¢. A first
symmetric system of quasicontinuity relations is derived for non-flat corners.
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Lemma 3 Consider a corner point Age such that Oy # —m. If relations (10) are satisfied then
the following second order quasicontinuity relations are also satisfied

.w [ cos(Oke) Ore
Or o1 (Ake) — 15 (cos(e“) + cos < D) )) or(Ake)
= ;( 05 (B1e) + 08( M)) ©o(Age),
cos (

. (1)
LW COS
Orppe(Are) = 2( +cos( ;) oe(Aro)

A
COS 2

W cos (Og) Oer
= — Apy).
=15 ( cos((’“) "‘COb( 9 )) Pr(Ake)

Proof For 0 # —m, system (10) is equivalent to

0
i ) (o) (M) + (Do — Orie) (Ars) = O,
COS( 2 )
. (%
—iw cos (I;) (o + ©e) (Ake) + (Or, 0k + Or,00) (Age) =0

The first relation of (11) is obtained by adding these two lines and dividing by 2, and the second
one is obtained by subtracting the first line to the second and dividing by 2

A family of mixed symmetric systems of quasicontinuity relations parametrized by a coefficient
B # 0 can also be constructed, for non right angled corners.

Lemma 4 Consider a corner point Ay such that Ope & {—7, —‘%r} and let 5 # 0. If relations
(10) are satisfied then the following second order quasicontinuity relations are also satisfied

One
(1 + 5%) Or 01 (Are) + (3 — iwcos (92ke>) o (Arke)

- (1 + ,Bw()s(ezw)) Orype(Are) + (ﬂ + iw cos (02 >) po(Axe),

w cos(Oxe)

94
= (-1 + ﬂ;csss 2}3) e Pk (Ake) + (5 + iw cos (02 )) ok (Age).
)b

Proof Multiplying the first line of (10

first relation of (12). Multiplying by
non singular for 5 # 0.

(12)

v 17, and adding it to the second line leads to the
w cos(Oke)

W instead gives the second relation. This algebra is
ke)

Desingularization near cos(fr¢) = 0 and homogeneity considerations lead to take § propor-
tional to w cos(fxe). For energy reasons explained in the sequel (see Remark 4), the sign of 5 will
also prescribed. Therefore, we immediately set

B = —|w| cos(Oe). (13)

We will now consider relations (12) for any angle 0y,: when 0y = —7/2 or —37/2, the relations
will be desingularized beforehand using the expression of 5. We note here that there exists
previous works [25,30] treating the specific case of right angles, for which nj and t, are colinear
as well as tx and ny.
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Fig. 3: Example of a polygonal domain {2 with boundary I" = UkN;OlF r composed of 6 segments.

2.3 Definition of the second order ABC

The boundary I := Uf;ol I} is assumed to be polygonal and decomposed in K > 3 segments, as
illustrated in Figure 3, with I'x = Iy and I'_y = 'k _1. The segments are numbered consecutively
counter-clockwise and the previous notations are used: on a segment [, the normal vector ny
is pointing outside the domain (2; the tangential vector t points towards I';41 ; and at the two
corners Ay, for £ =k £ 1, the vectors 74 (Aygs) are tangent to I'y and pointing outside.

For u € L*(I'), we define ¢ € @pH'(I}) such that, for k¥ = 0,..., K — 1, the quantity
K = ¢|n, is the variational solution of

1 .
<1 — watm) Yr = u, in I},

O ok (Age) — im (msézfi) + cos (?)) o1 (Ake) (14)

LW cos (Oke) Ors
) <_(9w) + cos (2>> 0o(Ake), (=k=*1.

Let ¢ € ®xH(I};) be a strong solution of (14). Integrating by parts the equation on each I},
against the conjugate of ¢ € @, H'(I}) gives the variational form

oo L OOk 1 Ok _ / o
/Fk (gokwk + 5% Db, Dty > d~y 9.2 Py (a"_k k) (Are) | = ; e upp dy.  (15)
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The boundary I' being closed, the corner terms can be regrouped, yielding

> (M%) (Ake) = ; <&pkw —&—awz/zg) (Age).

k (=k£1
l=k+1

The quasicontinuity relations (11) verified by ¢ ensure that at Ay, one has
8801« Opr— Oor | Ope\ — | — dor Opr\ —
W + W o7 + o7y (Vr + o) + or, o, (V1 — te)
iw

=5 lcos <92M) (er + @o) (Ur + o) +

cos (Oxe)

W(‘Pk —o0) (Y — W)] -

After substitution in (15), the variational formulation reads
Find ¢ € ©rH!(I};) such that for every test function v € ®xH (I}),
ale.0) =Y [ b, (16)

g Ik

where, for (¢,1)) € @ H (I%) x ©xH (I}), the sesquilinear form is

_ Tt L Dok 00k
a(p, ) = Xk:/rk <‘P’f¢k T o2 oty 8tk> @

_ i Z <cos (9M> (1 =+ @o) (Y + ) + 208(79160(% — ©¢) (Y — W)) (Age).
%

w 2 o (%)
L=k+1

(17)

Theorem 1 For u € L*(I"), there exists a unique solution ¢ € ®xH(I}) of the variational
formulation (16).

Proof The well posedness of problem (16) amounts to show that a given system of linear ordinary
differential equations admits a unique solution: since it is ODE based, it can be reduced to a
finite dimensional system, and it is sufficient to prove uniqueness of the solution to obtain well-
posedness.

Take 1) = ¢ in (16). The real part verifies

Z/ (I@kl +L

&Pk
el + g3 2 | e

Taking u = 0 leads to ¢ = 0, which proves the uniqueness of the variational solution for v €
L2(I"), and therefore its existence.

3<Pk

)dy:Re(Xk:/Fku%dv>,

= ||<PHL2(F) ||UHL2(F) :
L2(Iy)

implying that

We now define the operator
T:uc L*(I)— Tu=¢c L*I),

where ¢ is the unique solution to (16) for a given u € L?(I').
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Proposition 1 The operator T satisfies the bound HTHE(LQ(F)) <1.

Proof For u € L*(I') and ¢ = Tu € ®,H(I',) C L*(I'), one has

—1
ruti =3 [ (5
L 3

. 7wl
and consequently || T'||z(z2(ry) = uelL%f(r)WL;(f)) <1

Iy

Oty

2
+ Re(uw)) dy < Re (u, Tu)p2(py (18)

Remark 1 Starting from the sesquilinear form a*(p, ) = a(v, p), one defines in a similar way
an operator S. It is a standard property that S = T* is the adjoint operator of T with respect to
space L?(I"). Indeed, one has by definition that a(Tu, Sv) = (u, Sv)r2(r) and that a*(Sv, Tu) =
(v, Tu) r2(r). Therefore, for all u,v € L*(I")

(Tu,v)2(ry = (v, Tu)p2(ry = a*(Sv, Tu) = a(Tu, Sv) = (u, Sv)r2(r)
which shows that S = T* as an L?(I") operator.

The operator T is now used as a second order ABC for the Helmholtz equation (2) to obtain

(—A—wHu = fin 2,
{ Onu —iwTu =g on I. (19)

The associated weak formulation writes

Find u € H'(£2) such that for all v € H(£2),

/ (Vu -Vo — w2u@) dx — iw/ Tuvdy = / fodx + / gudr. (20)
Q r Q r

Theorem 2 There exists a unique solution to the variational problem (20).

Proof Classical methods based on a coercive plus compact decomposition, Fredholm alternative,
and a unique continuation principle, yield the existence and uniqueness of the variational solution
u € HY(§2). The key step is the uniqueness of the solution. For f = 0 and g = 0 in (20),
inequality (18) yields Tw = 0 and consequently, due to (19), the normal derivative dpu also
vanishes. Moreover, the variational definition (16) of ¢ = Tw implies that u actually vanishes on
I'. Since dpu = 0 and u = 0 on I, one can invoke a unique continuation principle to get u = 0
in 2. Technical details are left to the reader.

2.4 Two technical lemmas

We detail two lemmas which summarize important properties of the operator 7', that will be of
substantial importance in Section 4.

Lemma 5 The operator T 4+ T* is self-adjoint and positive.

Proof The self-adjoint property is straightforward. Let us now show the positiveness. For any
u € L*(I'), the following relation holds

(T + T")u,u) 2y = 2Re (u, Tu) 2y = 2Re [a (Tu, Tu)]

2 1 2
=2 <||Tu||L2(F) t 52 > |atkTu||L2(F)> > 0.
k
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If u € L?(I') is such that (T + T*)u = 0, then necessarily Tu = 0 and, for all ) € G H (I})
0=a (Tuﬂ/’) = (uv’l/))LQ([‘) )
which implies that u = 0.

The operator T+ T* is also compact in L?(I"), and therefore admits a spectral decomposition
(T4 T*)tn, = A, |un| z2(ry = 1, where span{u, } = L*(I"). The eigenvalues satisfy 2 > A, >
An+1 > 0 and A, converges towards zero as n goes to infinity. This leads us to the definition of
the L?(I") subspace

HA(I) = {g € L*(I), llgll < o0},

equipped with the norm

ol =3 'i' Wit g = (900 2y

n>0
For g € HL(I'), one has |||g|||2 = H(T—i—T* -1/2
norm ||-|| is denoted by (g, k). = 2, 9*;\”" .
Definition 1 Let 7: L?(I") — L?(I") be the operator such that for g € L?(I'),
Tg = Onu + iwT™u,

where u is the weak solution of (19) with f = 0.

g|| L2(ry’ The scalar product associated with the

The following lemma describes an interesting algebraic property which generalizes the classical
one for T = I [10,3] and the generalized one where T is quasilocal with convenient regularity
[27]. The algebraic property has the form of an isometry lemma which fundamentally expresses
that a specific norm of dyu + iwT™*u is equal to the one of Oyu — iwTu. It can be interpreted as
a generalized scattering identity for operators T # T*.

Lemma 6 For all g € HL(I"), one has the identity ||g| = | T gl|-

Proof First we show that 7T is a bounded operator in H:(I'). Let u € H'(£2) be the weak solution
of (19) with f = 0 and g € HL(I'). It follows that

Tg=0Onu+iwTl*u=g+iw(T+T")u.
The quantity (7' + T*)u belongs to Hx(I") since we have
* 2
T+ Tl = S0 (7))o | Z;\ wwen) o | = o

n>0 n>0

2

)

UsUn) 21

and thus [|(T + T%)u||® < 2 ||u||2LQ(F). Second, the following relations are satisfied
T gll” = llgll* = llg + iw(T + T*)ull* - lgll*
* * 2
= 2Re (g, iw(T + T*)u)y + [T+ T*)ul]
= 2Re (g, iwu) 2 (py + W (T + T*)ul|”
= 2Re (Onu — iwT'w, iwu) 2y + (T + T)u?
= 2Re (Onu, iwu) 2y — 2w? Re (T, U2 + ?||(T + T)ul|?
= 2Re (Onu,iwu) o) +w? <|||(T + T*)u|)* = Re (T + T*)u, u)LQ(F)> .

The first term vanishes since u is a solution of the homogeneous Helmholtz equation. The re-
maining terms cancel due to the identity above.
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3 Two DDMs using the 2”9 order ABC

This Section is dedicated to the proof that problem (19), where the boundary operator is global,
can be solved using two iterative DDM algorithms. The difference between these algorithms is
the level of decoupling between the subdomains. Both methods are shown to be convergent using
a technique based on a suitable quadratic energy defined on the skeleton of the mesh [10]. Using
a comparison argument between the iterative solution of the DDM and the exact solution, it
will be shown that the quadratic energy is decreasing by a factor which controls the solution at
the boundary I'. This stability property is sufficient to show the convergence of the DDM using
propagation techniques explained in [10,3,27]. In this work we concentrate on the essential part
which concerns the stability of the quadratic energy.

We consider a decomposition of {2 into subdomains §2; for 0 < i < Ngom — 1 with Ngom > 2
the total number of subdomains. The exterior normal to a subdomain §2; is n’

3.1 DDM-1

A natural DDM writes: for all subdomains, initialize u{ € H'(£2;) with square integrable normal
derivatives and iterate for p =0,1,...

( A w)p+1:f7 inQi,
(Os — i) uP T = = (9s + iw) uf, on 02 N9, Vj # i, (21)
8nuf+1 = iwT (uPtl), on ;N T.

The third line of equation (21) couples every u; together and makes this algorithm non-local. We
define the following energy

Naom—
- > / i) u? | dy.
a0, \F
This quantity is well defined since iterating on p ensures that the normal derivatives of u! are

square integrable provided the normal derivatives of u are square integrable.

Lemma 7 The algorithm (21) is stable. For f =0, it has decreasing energy
2
EPHL < BP — 4w? |[uP|| Ty -

Proof One has by definition

Ndom

Ndom
EPHl = / Opi — iw) pH‘ dy =
902 \F

/ |(Ons + iw) p| dy.
892, \F

Algebraic manipulations and an integration by parts on the closed border 0f2; give

Ndom Ndom
EPHl = / —iw)ul|"dy +4Re / —wJup dy
892 \r Ous | Z a0,\r OnJ
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Naom—

. 2
= Z / —iw) uﬂ dry
99 \F
Naom—1 ‘up|2 aup
—4Re / iwdy; J dy +/ —1wup dy
jzz(:) < 09, < 2 ) o,nr On/
Naom— Naom—

uP Ry
Z /an\r i — iw) ‘d'y 4 Re Z /eranjlwu d.

From (18), the boundedness of T" and from the boundary condition on 92; N I, it follows that

B = B - 402 Re (T(W), 0P) gy < BP — d? [T () 22y = BP — 4 |0 221

) ’
and the claim is proven.

Remark 2 We detail here how convergence follows from this inequality. First, one has

p—1
EP 4+ 40 Y " [fary < E°
n=0

and this is enough to show the convergence of the trace on the boundary [[u"(| () — 0. Second,
n

a propagation technique based on the unique continuation principle [10,3,27] yields the H!
convergence to zero in 2.

Nevertheless, this method lacks an original asset of DDMs: decoupling between local problems.
Indeed, since the operator T is non-local, see (16), all subdomains (2; such that 92, N I" # 0 are
coupled through the ABC.

3.2 DDM-2: subdomains decoupled

To restore the full-decoupling between subdomains, we start by noticing that the coupling be-
tween boundary subdomains is due to the corner conditions (14) which define the operator T
Since this operator is constructed through the solution of a differential form on the boundary,
it is possible to decouple the subdomains using another level of DDM for the problem on the
boundary. N

We start by introducing the notations in line with Figure 4. Each corner A}/, is indexed by k
and ¢, as before, to know at the intersection of which edges of I" it corresponds, and by ¢ and j to
know at the intersection of which subdomains it lies. The intersection of a subdomain’s border
042; and of an exterior edge Iy is noted I} := 92; N I;. It can either be empty or be a segment.
It is convenient to introduce the partition of nodes oI = C U Fi. The first set Ci, contains the
endpoints of I} that are endpoints of I'; (and thus, corners of I'), and the second set F; contains
the endpoints of I} that are interior points of Iy (and thus, flat points of I"). They write

Ci={A¥Y, =TiNnIJ Vj,Ve#k} and Fi :={BY=T7nI}Vj}

In the case where I} = (), which is frequent, we set by convention C = () and F} = ().
An auxiliary unknown ¢; j, is introduced on each segment I ,i, which stands for the local value
of the global quantity Tu. Algorithm (21) is adapted as follows. For all subdomains, initialize
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00 00
ATz It At

Fig. 4: Example of a hexagonal domain with two subdomains.

u) € H'(2;) with square integrable normal derivatives, and (¢, )x € ©rH"'(I}). Then, for
p=20,1,..., solve for each subdomain
(-A-w)ul™ = f, in 2;,
(Bs — iw) uP T = — (9 + iw) uj, on 8@ NaN2;,Vj # 1, (22)
8nlup+1 = 1w<ple, on I}, Vk,

(x) = uf " (x), x € I,

1
<1 2w Qatktk> _I:
er P-‘rl
i cos ( . Ore 1
1+ — Zrk D ij
(( w cosﬂkg > MCOS( 2 )> Pik (A%) (23)
9kz

i cos 9034 Oke i i '
= <<—1 " cosﬁke > o7y ,8+1wcos( 5 )) 90]7 ) (Akﬂé) VAY, € Ci,

(Or, +1B) VL1 (BY) = (=07, +1B) ¢% (B}, VB} € Fj.
Remark 83 As stated in Section 2, the singularity W for O = —73, 37” is artificial. It is

systematically removed by taking 8 = —|w]| cos(0k¢), see (13).

The resolution of (22)-(23) can be done in parallel for all subdomains by solving local problems

in 2; x (&,I7}) with unknowns (uf 1 (o7 )1). Once again, we prove the algorithm is endowed
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to a decreasing energy for f = 0. This energy is defined by

Naom—1
FP = / (Oni — iw) u?|” dry
; (8&\1’
K-1 0 2
1 1ﬂcos(“) ol Ore -
1 p AY
- ,;) 0052(9%) ‘( * w cosBiy ) oty + 6 iw cos 2 wzk ( k—e)
A”eclkzﬂ T T cosOre

— 1 2 i
+ Z % ‘a-rk@f,k + W‘Pf,k‘ (Bkj)> :
k=0

B cFi
k€%

Remark 4 We explain here the choice for the sign of 3: it is determined by the non negativity
of energy FP. For § = bwcosfys, the denominator on the second line of the definition of FP

rewrites
Oke
cos 0 0
20 M =2bw (cos? [ £L) — 1) = —2bwsin? | £ ,
cos Oyp 2 2
and is positive for bsignw < 0. Therefore, we take b := —signw and it justifies the choice
B = —|w| cos O, introduced previously.

Lemma 8 The algorithm (22)-(23) is stable. For f =0, it has decreasing energy

Niom—1K—1

Fril = pp 9 Z Z/ 2w7[@f oI + 10k, ] )dv
Jj=

+

Proof Using the definition of the energy FP™! and of the quantities u? ! and <p2 k , it gives

]\/'dom_1 2 K—1 -
Fp+1 — Z / ‘(anz — iW) u€+1’ d,.Y + Z ’wgop+1 + 8Tkgof~;;1‘ (sz)
= | Joanr —
B er]
K-l . 01t p+1 2

if cos (T) 890% k . Ore +1 .

1 —_— —_ _ ;D A’Lj
- =) 2|w|sm #) ‘( t cos Oy > ot + | A —iwcos 5 eie | (Agr)

Naom

2 ..
/(m\rl(a,erm P} dy + Z ’wapﬂ 8-,-(@;’7@‘ (BY)
”erJ

2

1 i3 cos (‘9%) &pj Ore g
S | SR Al O 1 £ P (AW
- 2|w| sin? (%¢) ( 0 Teos Ore 87-5 f +iwcos o)) P (Ai)
=0 2
Al ect
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The integrals on the boundary are treated as in the proof of Lemma 7. One has
Ivdon'l_1 (lom (lom
Z / |(Ons + iw) p| dy = Z / O — W) p| dy — 42 Re / —wu
=0 san\r I=0 san\r

an;Nr
For the terms concerning the non flat corners Af@, similar algebraic relations yield
K—-1 0 2
i e () e ( (%))
E —_ -1+ ——= 2> + iw cos
— 2Jw|sin? (%) < w cosbye | Oty P 2 e
’L] ec

(A7)

NS

=
L

&~
o

1]6

by

2
1 i cos (%)) 9¢”, Ors
= - |14+ 27| 25 —i 52 P
2|w]| sin? (9#) ‘( * w  cos Oy oty = (f - hweos 2 it
Al el

o
AN

(AY)

K-1 0 P
Z 1 i cos (%) 0%, ¢, O N
—4 P Js Azg
e £~ 2lw|sin? (%) (‘” cosOre 0Ty e oty weos { 557 Pre | (Ai)

2
iJccd
A€

K—1 . 0 P
1 iB cos (%) \ 9¢%, Ore y
. 1 s N a / St _ s RE Alj
P 2|w]| sin? ((’7@) ‘( + w cosBye oty + |~ iwcos 2 Pie| (A%
AZJéeCZ
K-1 p o’
1 9ke> 99, 4 Ore .
—4Re — | ibcos | = 22 4+ bw cos 0 j — iwcos P o1(AY
; 2|w| sin? (%) ( (2 oty v 5 ) Fis (A%
A
K-1 Ons 2
1 i3 cos (%) 890] < <9u)> »
— S —iwecos [ — AY
P 2|w]| sin? (97@) ‘( w cosBye oty A 2 Vi (Axp)
ALJéeC;:
K-1 »
‘P‘)g 7 7
—2Re Z 375@ (Akje) ?,Z(Akje)
£=0
Al ecz
Similarly, for the flat corners Béj , one has
K-1 ” K-1 u
Z 7)&)@]2 67'/80]@‘ (BZ Z E w(p‘]f—"_a"'ﬁgo][‘ (B )
£=0 £=0
BZJ e}'? Bz-7 e}'g
K—1 p
—oRe S LB, (BY).
v Oy "L P\
B777€]-‘-Z
Therefore, it holds that
Ndaom— au Ndaom—
FPHL = FP _ 4Re / —mupd —2Re o ,(A).
Z oo 3 0 Z Z 3” A)e] (A)

AECJLJ]-‘J
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It remains to manipulate the two last terms. It follows from (22) that for all j

ou?
—1wupd = / —1wupd = /w upd
[ St [ St | e

Integrating by parts the equation from (23) at iteration p on I lj against @? , and taking the sum
over all subdomain and edge indices j and ¢ yields

Ndom—1K—1 p D
1 a@‘g 1 890‘2 R
2 Jy Js Vg
S L e e D MU= 20
J=0 f= ‘ AcClUF]
Ndom 1K 1

/ ]SDJa
O

Jj=

Naom—1K—1 p |2
1|9¢;
Therefore FPT! = FP — 4 E E / 2|g0j€|2 (;i]z dv and the proof is ended.
7=0 FZJ

Algorithm (22)-(23) has the advantage of restoring a full-decoupling with respect to the
subdornalns There remains some couphng between u? ! and (¢?1"), since in the DDM defining

, it is imposed that Oy ui = 1wgpi k on each I}, and that at the same time, in the DDM

deﬁning @PH it is imposed that ap’?H - Btktkgopﬂ (2w?) = u?** on I'}. Decoupling the systems
(22) and (23) is possible using another level of DDM, and allows to solve the equation on u?*" as
a classical Helmholtz boundary value problem. This new method introduces new unknowns and
complicates the expression of the energy, but does not require any new mathematical concept,

see DDM-3 in Appendix B.

4 A DDM with transmission conditions for corners

Based on the decreasing energy endowed ABC derived previously, our goal is now to generalize
the corner approach to the definition of transmission conditions for subdomains with broken line
interfaces. This situation is often encountered in applications, when using a mesh generator for
example. A first difference is that a 2°¢ order ABC is a model for radiation condition while a
27 order TC is essentially a preconditioning of the continuity conditions
gzz + % —0 on 902N, (24)
A second difference is that the reformulation of (24) must be localized on interfaces to be com-
patible with the notion of DDM.

To do so, we define local operators R;; and Rj; defined on 02; N 0f2; and we replace the
continuity relations (24) by

(E)ni — iWRij) U; = — (3,“1 + iWRij) Uj,
(61,13' - iWRji) U; = — (anj + iWRji) Uj-

u; —u; =0 and

To construct operators R;; and Rj;, we start from the same second order differential relation as

for the ABC )
<1 — Matt) Ot = iwu
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and incorporate different features, as boundary conditions for the operator O, so as to construct
R ~ ( 57 8tt) 1. An originality of our construction with respect to the literature [27,30,
32] is that R;; # Rj; if the angle at the corner is non trivial. However we will see that R;; = R;;
by construction and using the new isometry Lemma 6, it is the cornerstone of the mathematical
justification of this construction. We recall that we adopt in this work the distinction between
corners and cross-points which is common in the literature (see for example [28]). Whenever an
endpoint of a segment lies on the interface of two subdomains only or is an angular point of the
exterior boundary, we call it a corner. All the other endpoints are called cross-points, and lie on
the interfaces of at least three subdomains. We remind the reader that we only consider in this
work subdomain decompositions that do not contain cross-points.

4.1 Description of the interfaces

We consider polygonal subdomains (2; for i = 0,..., Nqom — 1, and introduce the notations
corresponding to Figure 5. Two adjacent subdomains §2; and {2; share a broken-line interface
AY = A = 982, N 0£2; in common. The broken line A* is composed of m;; segments AY =

m” A” for my; > 1. If my; = 1, the interface is a straight line, and the extremities lie
on the global boundary I'. Otherwise, the interface is a broken line, and in addition to the
extremities, there are corner points that belong to A%. In that second case, the segments A%
are numbered consecutively in the counter-clockwise order according to (2;. Inverting the roles
of i and j, the relation AJf = A” _1_, thus holds. As in the previous section, it is convenient
to introduce a partition of nodes 6A;J = CY UNY. Indeed, since cross-point are discarded from
our configuration, a segment A% can have two types of endpoints: they are either corner points

of A% and belong to AY N AY for given 7 and s, or lie on the boundary I', The first category
forms the set C¥/ and the second category forms the set N:

Cii ::{ i :??m??,%;m}, N = {P:fﬁmr}.

At a corner Q¥ we define 0%, € (=2, 27)\ {0} the angle from A% to A%. The degenerate cases
0% = 4+ are set aside as they correspond to flat corners. Exchanging the roles of i and j, the
following relation holds:

0 = —21 — 7

mi;—1—s,m;;—1—r

€ (=2m,2m) \ {—m,0,7}. (25)

Once agam on the flat parts of A%, t? is the counter-clockwise oriented tangent vector to 02;
and n’ = (t*)* is the outgoing normal vector By construction, one has t* = —t/ and n* = —n’.
At the endpoints of a segment A% 7% is the tangential vector pointing outwards, see Figure 2.

4.2 Adapting the corner strategy for ABC to define a TC

The design principle of the new TC is to adopt a form that writes with a new operator R;;

6up+1 3up ..
5'Z - —jwR Ul = —6—; —iwRjul, on AY. (26)
n n

Many operators fall into this setting [27]. The original idea here is to mimic the 2" order corner-
based ABC from (21) to treat the C¥¥ corners. We will use homogeneous Neumann boundary
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/

P e NOT A0

Fig. 5: Example of a Ngom = 2 subdomain decomposition with a m;; = 4 segments broken-line
interface.

conditions for the V% nodes. For an unknown @i, defined on Al for 0 <r < m;; — 1 and fixed
0 < i < Ngom — 1, we adapt relations (11) to get

o iw [ cos(8Y, 0, ij
Ori pir(Q) — > <(91) + cos (2)) Pir (@)

cos(75*)
. (pii ij 3 o 27
=5 (- s () @i vanecn 0
2 cos(~5*) 2
8.,.itpiyr(P) =0, VP € ./\/;f]

(9:2%) # 0 since 0% # +7. The above system yields

The quantities are well defined as cos

2(m;; — 2) linear relations for U,Ci, which we will use below.

ij 0 o . .
Remark 5 Relation (25) implies that cos (955) = —cos (”2”1) and cos (0) =
cos (eﬁij—l—s,mij—l—r>- Therefore, writing (27) for £2; instead of {2; comes down to taking the

conjugate of each coefficient.

We then define operator R;;, which replicates the variational formulation (16), but in a
different geometric setting and with a different functional space. Instead of I" and @ H*(I}) for
k=0,...,K —1, we consider AY and the space &, H'(A¥) for r =0,...,m;; — 1.
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Definition 2 Let R;;: L?(A%) — L?(A%Y) be the boundary operator such that, for u € L?(A%¥),
Rij(u) = ¢ € ®,H'(A¥), where ¢, = ¢| ,ij, is the unique variational solution of

Find ¢ € ®,H(A¥Y) such that for all ¢ € &, H'(AY),
m;,j—l —_
— 1 Oy, OY,
r¥r PYIR) ; ; d
ZO / (‘p Ut o ae av)
r= Aij
I T 4 oSl AR
7@ Z cos (2) (QDT + QDS) (¢r + ws) + i\ (907* - SDS) (ﬂ’r + 7/}9) ( rjs)
—0 cos (ﬁ)
s=r+1
mijfl
=3 [uw
r=0
A

We now write the DDM algorithm. Initialize u? € H'(£2;) with square integrable derivatives

in each subdomain. Then, for p = 0,1,.. ., solve for each subdomain
- (A —w)uf ™ = faa ) in £2;,
Ot ub N
g;ﬂ —iwR;; (uf“) = —a—n; —iwR;; (u?) yon AY N £ 4, (28)
(B —iw)uP™ =0, on 08;NT.

The following lemma states that the operator of the interface has similar properties to the
one of the global boundary problem studied in Section 2.4.

*

Lemma 9 The family of operators (R;j); ; satisfies Rj; = Ry;,

and R;; + Rj; is positive.

Proof This a direct consequence of Remark 5: inverting the role of ¢ and j in R;; changes the sign
of the corner quantities in the bilinear form, see the second line of the expression in Definition 2.
The positivity is obtained using the same arguments as in the proof of Lemma 5.

We once more prove that the algorithm is endowed to a decreasing energy for f = 0. Define

the energy
» —-1/2 Ouy . P
JP =2 E E (Rij + Rji) i iwR;ju;
v g

Under convenient integrability assumptions, it can be rewritten as

JP =2 Y (USRI [ Y B
— ZZ (Ri; + Rji) o —iwR;ju; i —iwR;ju; 5.

LT aninon;

2

LQ(aﬂlﬂa_Qj)

Lemma 10 The algorithm (28) is stable. For f =0, it has decreasing energy

JPHL = P — 40)? / [ul|? dry.
Zi: o;Nr

Proof Using the transmission condition, one has

+1 -1 8”? : p auf : p
JPtt =9 Z Z / (Rij + Rji) Ini + 1wRijuj Ind + leijuj dy.

LA YoNat: e}
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Define R;; as the identity operator on 0¢2; N I'. Decompose v € L*(962;) = L?*(08; N I") ®j;
L2(082; N 892;) as vi; = v|po,nr and v;; = v|a2,na0;- Each subdomain can thus be interpreted
as an individual domain, associated to an operator defined on its exterior boundary

Ty: L2(062;) — L2(992;)
v — T;v s.t. (T;U)ZJ = Rijvij VJ

where (Tiv)i; = (Tiv)|ao,nr and (Tiv)i; = (Tiv)|ae,nax, - It follows that

our our
Jp+1:222 / (Tj—i—T;‘)_l <8 j] +1wT* p) (8 i + iwT? p) d~y

P 90,na0,

ou (9up
=2 +T* ——l—le*p ——i—le*p d —/
Z/ (3 ><8 J ) 7 a9;nr

J a0,

2

3u]
—L 4 jwu?

onJ J dy

Applying Lemma 6 to {2; and the boundary operator T; instead of {2 and T, it yields

2

= i u p

2 2
i — 4w ([l T200,nr)

H(‘)up

oul 2

— v
—2Z|Hanj 1wTu
J

* 8’U/5 s P 8’[1/? s P 211,,P12
= QZ (T; +T7) v iwTjul v iwTjuy | dy — 4w”([ufl|72200,nm)

103

_JP+Z

J ag;Nr

- 4W2||U§H%2(anjmr)

P

——lwu

Gl dy — 4w2||u§||iz(anjmr)

=JP - 4W2||U§||2L2(an,-mr) dv,
and the proof is ended.

Remark 6 Combining the TC developed above and the ABC developed in section 3 should come
down to adapting the operator R;; and the energy.

5 Numerical experiments

5.1 Framework

The corner conditions proposed in this paper can be integrated in any finite element framework
without major difficulty. The numerical simulations presented in this section have been achieved

using open-source software: GMSH! [22] (mesh and post-processing), GetDP? [14] (finite element
solver) and its domain decomposition module GetDDM? [32]. The program written by the authors

L http://gmsh.info/, commit number 418deb961, version 4.6.0, May 7th 2020
2 http://getdp.info/, version 3.3.0
3 http://onelab.info/GetDDM/
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is available online* under open-source license (GPL v3). Every algorithm presented in Sections 3
and 4 are available. Readers are welcome to try and test the program as it has been designed to
be user-friendly and easy to use on every major operating systems without a compiling process.
Installation instructions are explained in the README . md file which is provided in the source code.
The numerical results has been stored and are available on Zenodo [11].

The implementation of the algorithms follows the same procedure as explained in [32]. The
implementation of the DDM with TC (28) is detailed below, and is relatively similar for the DDMs
with ABC from Section 3. For each segment A%, auxiliary functions (¢ )p = Ry; (ul)] i and

g ou?

(Wﬂ) )|Az7 are introduced as well as the unknown (g/?)? := _az.Jf — Rj; (uf)|A? =

Ou P

— oy — 1w( ) The algorithm (28) is then implemented:
e Initialize u? for every subdomain.
e Fori=1,..., Nyom — 1, compute u?""

(—A -l = f in 2,
aup+1 . . . .
i W (@) = (g¥)P, on AY, ], Vr, (29)

(O — iw)u?tt =0, on 92, N T.
e Fori,j=1,...,Ngom — 1, j # 4, for all r, compute the transmitted data on A%

g uPt! _ y
(g == S —iw ()" = () - () 0)). 60)

Al
The whole algorithm is then recast into a linear system
(I—A)g =0, 31)

where ¢ is the vector containing every unknown g%, b is the right-hand side and Ag is obtained
by solving problems (29) and (30) with f = 0. The linear system (31) can obviously be solved
using a fast solver such as GMRES [31]. In the associated program, it is possible to chose between
a Jacobi and a GMRES solver.

We point out that, first, contrary to [32], the two tangential transmission operators over an
interface A% are not equal (i.e. R;j # Rj;), and second, the goal of this section is to illustrate
the stability of the different algorithms proposed in the paper, not to compare their efficiency
with existing techniques.

5.2 A simple test with analytical solution

To validate the implementation of the second order transmission condition (6), we consider a
simple waveguide problem. We refer to [5] and references therein for this waveguide setting, and
emphasize that this is not a physical test case and aims only at illustrating the mathematical
behaviour of the new TC. The domain is {2 := (—D, D) x (0,D), and the subdomains are
2 :=(—D,0)x(0,D) and 2 := (0, D) x (0, D), with a straight line interface A := {0} x (0, D).
The equation in {2 is completed by the following boundary conditions. On the left boundary, we
consider a non-homogeneous Robin condition —0,u(—D,y) —iwu(—D,y) = g(y) for 0 <y < D.
On the top and bottom boundaries, we take a homogeneous Neumann condition dyu(z,0) =

4 https://gitlab.onelab.info/doc/models/- /tree/master /DDM-Corner-Helmholtz-2D, commit number
acc6a9f9, Septembre 8th 2021
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Fig. 6: Left: comparison of the residual’s convergence for low order and 2°¢ order TC, with
references curves [A|P and |\ |[P. Right: solution at (quasi-)convergence with DDM and 2" order
TC.

Oyu(x,D) = 0 for —D < x < D. On the right boundary, we consider the simple absorbing
boundary condition d,u(D,y) — iwu(D,y) =0 for 0 < y < D.

The solution is computed with the DDM described in Section 4, where the transmission
condition on the interface A is formulated either as a low order condition as in (21), or as a second
order condition as in (26), where the operator R;; is the formal inverse of L = (I — 518,,). The
operator L is supplemented with homogeneous Neumann conditions at the two endpoints of the
interface A. To construct a simple analytical solution, we take a pure mode with homogeneous

Neumann boundary data in the vertical direction
. qm
g(y) = 2cos(wy) with w= D and ¢ge€N.

With separation of variables in 2;, a solution of —Au—w?u = 0 with homogeneous Neumann
Oyu(z,0) = dyu(x,D) = 0 for —D < x < D writes u(z,y) = (a+ Bz) cos(oy). The absorbing
condition at = D writes 8 — iw(a + D) = 0, so that (1 —iwD)f = iwa.

For the low order DDM, define the transmission over A quantities

a:= —0Ohu —iwu = (B —iwa) cos(wy) = iwDP cos(wy),
b:= Opu—iwu = (—f — iwa) cos(wy) = (=2 + iwD) S cos(wy).
The proportionality ratio between a and b is A = _Qiiﬁ} 5 = _Qifirqﬂ. Its modulus is also the

modulus of a single iteration of DDM in {27, and is

A= oy
VA4~ q?m?

A similar algebra can be performed in {2y, but with a homogeneous Dirichlet boundary condition
on the right boundary. Since this boundary condition is not absorbing, the modulus of the similar
complex number A is now equal to 1.

For the second order DDM, as Lg = %g, the corresponding transmission over A quantities
are now

{a’ = — O — %iwu = (ﬁ — %iwa) coswy = (% + %iwD) B coswy,

Vi= Onu— 2iwu= (—f — 2iwa) coswy = (=35 + 2iwD) Bcoswy.
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The modulus of the proportionality ratio A’ between a’ and v’ is now

V25 + 4¢>7?

For the numerical illustration of Figure 6, we chose w = 1, ¢ = 3 and D = 3. The values
of the two modulus are [A\| = 0.9782 and |\'| ~ 0.9679. On the left of Figure 6 are plotted the
residual’s norms for the DDM with low and second order TC, against the reference curves |A|P
for low order and |\'|P for second order. The agreement is very good between the computed and
the reference curves. On the right is plotted the quasi-converged solution computed with 274
order TC DDM. We consider that these results validate our implementation of the second order
transmission condition.

5.3 ABC

This second test case is devoted to the illustration of the new corner conditions (11). We consider
a disk or radius R = 1 inside an hexagon of diameter L. = 10, and compute the acoustic
field diffracted by an incident plane wave wui.(x,y) = €?. The diffracted field satisfies the
homogeneous Helmholtz equation in the domain plus a non homogeneous Dirichlet boundary
condition u = —uj,. on the interior boundary. The exterior boundary is equipped with either: a)
the zero order ABC dpu — iwu = 0 (which we refer to as low order) ; b) a second order ABC (6)
with homogeneous Neumann conditions at the 6 corners of the exterior boundary; c¢) a second
order ABC (6) with the corner condition (11) at the 6 corners of the exterior boundary. In what
follows, the wavenumber w is set to 2w, so that the wavelength is A = %” = 1, and the mesh
refinment is set to 15 points per wavelength. The direct solver MUMPS [1] is used to solve the
volume (sub-)problems.

5.3.1 Global ABC

The numerical solution is computed using the global ABC, which we also call the “mono-domain”
problem. In Figure 7, the first column corresponds to real part of the diffracted field with the
three different ABCs. The second column corresponds to the norm of the difference with respect
to the reference solution uys in R? \ {22 + y* < R?}, computed using a standard analytical
method (Mie series). The results are qualitatively the same along the first column, with extra
oscillations for the low order ABC (top right). The results from the second column show that
the error may be due to the modeling at the rightmost corner. The magnitude of the error is of
0.245 for low order, 0.204 for second order ABC with Neumann and 0.152 with the new second
order ABC (6) with corner conditions: it shows the ability of the new method to lower the corner
erTors.

5.3.2 DDM-1

Now that the different ABCs have been compared in the mono-domain problem, we compute
the numerical solution for the ABC with the new corner condition using the DDM-1 algorithm
(21) with 3 subdomains. The results are presented in Figure 8, using the Jacobi solver with
500 iterations (left column) and using the GMRES solver until convergence (67 iterations) for a
tolerance of 1076 (right column).

We first focus on the first column, and the Jacobi solver. The obtained solution (Figure 8a) is
satisfactory and the error with respect to the mono-domain solution (Figure 8c) is located on the
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Fig. 7: Global problem solved using a direct solver (MUMPS) and the three different ABCs.
Left: real part of the resulting scattered field. Right: error with respect to the reference solution.
Parameters are: wavenumber w = 27, unit disk sound-soft obstacle (Dirichlet condition) and
hexagonal diameter of L = 10. Incident plane wave uin.(z,y) = €“*. Mesh refinement set to 15

points per wavelength.
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transmission boundaries. The algorithm is convergent (Figure 8e), as predicted by Lemma 7 and
Remark 2. Convergence is, however, very slow, and oscillating. The histories of convergence for
the two other ABCs (low order and 2°¢ order with homogeneous Neumann) are also displayed,
and we observe that the convergence rate is not really affected by the ABC, which is quite
natural.

On the right column, the same tests were done using the GMRES solver. The results lead to
the same conclusion as for the Jacobi case: the solution is satisfactory (Figure 8b) and the ABC
does not play a central role in the convergence rate. The magnitude of the error with respect to
the mono-domain solution is now of the order of the tolerance rate (Figure 8d).

5.8.8 Comparison DDM-2/DDM-1

We now want to assess the convergence of algorithm DDM-2 (22)-(23) which is more local than
DDM-1, since the ABC on the exterior boundary is split by using another decomposition method
level. The results for DDM-2 after 1000 iterations of the Jacobi solver is shown in Figure 9a for the
absolute value of the real part of the diffracted field. The reflection region is visible on the right
of the obstacle. The error with respect to the DDM-1 solution (with 1000 iterations of Jacobi) is
shown in Figure 9b. This error is removed when using a converged GMRES. The results confirm
that the solution at convergence is the same for both DDM-2 and DDM-1 algorithms.

On the bottom line, Figures 9d-9c¢ correspond to DDM-2 for the two other ABCs. These
results are also the same as one would obtained with DDM-1.

Less oscillations are observed in Figure 9a, and we conclude that the results are better with
the 2°¢ order ABC and new corner conditions than without the corner condition or with low
order ABC, for which algorithms DDM-2 and DDM-1 become identical.

5.4 TC
5.4.1 Waveguide

We consider a transmission problem for a waveguide with the geometry depicted in Figure 5.
The domain is a square 2 = (0,10)? with two subdomains. The wavenumber is set to w = 7
and the mesh refinement to 15 points per wavelength. The interface connects the corner and
endpoints, from bottom to top: P = (5,-5), Qo = (5,—-2), Q1 = (6,0), Q2 = (5,2) and
P’ = (5,5). The boundary conditions are: non homogeneous Robin — (9, + iw) u(0,y) = g on
the left, homogeneous Robin 0, u(10, y) —iwu(10,y) = 0 on the right, and homogeneous Neumann
on the top and bottom boundaries. The source is a plane wave g = — (9, + iw) €%, so that the
analytical solution is known and is the same plane wave u(x,y) = €“%. With this test, we can
measure the numerical errors generated by the three corners Qg.1,2 in the regime of nearly normal
incidence at the corners.

On the left of Figure 10 are plotted the norm of the residual computed with 4 different TCs.
The first one is the classical low order TC and, without surprise, we recover a low rate of conver-
gence. The three other ones are computed with different 2°¢ order conditions, labeled Order 2,
where R is constructed as the inverse of the second order tangential operator R = (I — 2%28”)_1,
with Neumann boundary conditions at P and P’, but with 3 different conditions at Qg 1,2: con-
tinuity, labeled Dirichlet; homogeneous Neumann, labeled Neumann; the corner conditions from
Section 4, labeled Corner Correction. In terms of the asymptotic rate of convergence, the new
corner conditions are not an improvement with respect to the three other conditions. However
the constant is much better as the level of the plateau is lower.
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Fig. 8: Results obtained with DDM-1 and Jacobi solver (left) and GMRES solver (right). For
each solver are displayed: the real part of the scattered field with the new ABC (top), the error
with the mono-domain solution with the new ABC (center) and the history of convergence with
the three ABCs (bottom). Parameters are the same as in Figure 7.
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Order 2 + Corner Correction: scattered field (absolute value)
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(a) Corner correction: |u|
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Order 2 + Homog. Neumann: scattered field (absolute value)
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(c) Homog. Neumann: |u|

Error DDM1 vs. DDM2

0.0249 0.0498
—— - TT—

) Corner correction: |{uppm-1 — UDDM-2

[

Order 0: scattered field (absolute value)

0.229 0.677
— L T——

(d) Low order: |ul

Fig. 9: Absolute value of the real part of the diffracted field using DDM-2 after 1000 iterations
with Jacobi solver. Second order ABC with (a) corner correction, (c¢) homogeneous Neumann. (d)
Low order ABC. (b) Error between DDM-2 and DDM-1. Parameters are the same as in Figures
7 and 8.

To evaluate the differences between the three 2" order TCs, Figure 11 shows the values of the
function R(uP) along the interface at iteration p = 10. For this test, another source g(y) calculated
from a pure plane wave which propagates at 45 degrees is used. It is interesting to notice that
the value of R(uP) brings information about the corners values of the normal derivatives O, , u
Indeed, starting from a zero initial iterate u® = 0, the TCs (28) propagate the homogeneous
Neumann boundary conditions at Qo,1 2, see the center plot, while the normal derivatives of
the exact solution 9y, , u™*** do not satisfy such artificial conditions. The Dirichlet continuity
relations, see the left plot, are also artificial. On the contrary, the new corner conditions do not
propagate such simple and erroneous corners conditions, see the right plot. It is however an open
problem to understand the new corner conditions’ nature.

5.4.2 Cavity

A last numerical simulation is shown on Figure 12. The geometric parameters are the same as
for the waveguide problem of section 5.4.1, which geometry is described in Figure 5. The only
differences with section 5.4.1 are the boundary conditions and the incident wave. On the left
of the square 2 = (0,10)?, a non homogeneous Robin — (9, + iw) u(0,y) = g condition is set,
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Fig. 10: Waveguide problem. Robin conditions are set on the left and on the right of the square:
heterogeneous with a plane wave as a source on the left (—d,u — iwu = €%, with w = 7),
homogeous on the right (0,u — iwu = 0). Two homogeneous Neumann (d,u = 0) conditions on
top and bottom of the domain. Left are shown the history of convergence of the Jacobi residuals
for low order TC and 2°¢ order TC with Dirichlet, homogeneous Neumann and the new corner
conditions developed in this work. Right are displayed the solutions at (quasi-)convergence for
the DDM with new TC. More details can be found on paragraph 5.4.1.

Fig. 11: Value of R(u?) with p = 10, R = (I — 515 0,;) " and different conditions at corners Qg1 2.
Left: Dirichlet continuity relations. Center: homogeneous Neumann conditions. Right: the new
corner conditions.

as in the previous case, but with an incident angle of the plane wave 7 /4 instead of 0, hence
g = — (0 + iw) ew@cos(r/Otysin(m/4) " On the three other sides of £ (top, bottom and right),
homogenous Dirichlet boundary conditions v = 0 are imposed. As for the waveguide case illus-
trated in Figure 10, this cavity problem is solved using Jacobi solver with 4 different transmission
conditions: low order, order 2 with either Dirichlet, Neumann or the new corner conditions at the
corners. The history of convergence is displayed on the left, and the result at quasi-convergence
on the right. Except for the Dirichlet corner condition, the three other ones -even the low order-
behave similarly.

This example does not show an improvement of the convergence rate when using the new cor-
ner correction. However, let us stress that they have been designed to be convergent, which is
confirmed here. Optimizing the corner correction will be part of future work.
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Fig. 12: Cavity problem. Homogeneous Dirichlet boundary conditions are set on the top, bottom
and ride side of the square. Heterogeneous Robin condition is set on the left of the square with an
oblique (7/4) incident plane wave (—0,u — iwu = @@ costr/+ysin(n/4)) "with o = 7). Left are
shown the history of convergence of the Jacobi residuals for low order TC and 2°¢ order TC with
Dirichlet, homogeneous Neumann and the new corner conditions developed in this work. Right
is displayed the solution at (quasi-)convergence for the DDM with new TC. This simulation is
detailed in paragraph 5.4.2.

A Geometric interpretation of the ABC

To provide a geometric intuition of the different terms of the bilinear form a from (17), we consider the simple
situation where the domain is a K sided regular polygon approximating the disc D = {z? + y? < R?} from the

interior as K goes to infinity. The corners of the polygon are denoted A, = R(cos 2’“77(, sin 2'“7”) with k defined

modulo K. The middle of the edges are the Ay /0 = R(cos <2k;r(1>7r,sin (2}6;1”). With our convention, see
Figure 2, the interior angle is 0 = 277' —m € (—m,0). The arclength between two successive corners is £ = %R.
Let ¢ and v be two regular functions defined on the circle 9D = {z? + y? = R?}. First, the Hermitian part

of a, defined on the first line of (17), is a simple broken approximation of the integral

L (P ) ) ds
Ti(ev) = /6 (#B0) + g T

where s is the curvilinear abscissa. Consider now the anti-Hermitian part of a, defined on the second line of (17).
We study the two quantities

Ag = ZCOS (%() (Pp(Agg1/2) + P(Ar_1/2) (W (Agyr/2) + P(Ag_1/2))s
k

Brc = 3 2O (A7) — @(Anmr ) B Arr/2) — P(An_1/2)-

Ok
 cos (T)

Lemma 11 As K — oo, one has Ax — Ta(p, ) := % faD p(s)Y(s)ds.

Proof For large K, cos (GTK) ~ % Therefore A = & %2¢(Ak)2¢(14k) + high order terms. One recognizes

a Riemann sum, and passing to the limit yields the claim.

Lemma 12 As K — oo, one has Bx — Z3(p, ) :== —2R fa‘D @' (s)y’(s)ds.

Proof For large K, —259K _ _[—iR Therefore B = Zk %KREKW(A;C)KKlb’(Ak) + high order terms. Again,

0

passing to the limit yields the claim.
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The sesquilinear form ¢, ¥ — a(p, ) is thus an approximation of the sesquilinear form

Wert) = Ti(0 ) — — (Tl 0) + T, ),

where the Hermitian part Z; is independent of the curvature radius R, and where the anti-Hermitian part — ;- (Ig—f—
7Z3) depends on the curvature radius via terms proportlonal to R and 1/R Similarly, the sesqu1l1near form
@, — a*(p, 1)) approximates the sesquilinear form a*(p, ) := Z1 (¢, ¥) + 15 (Z2(e, %) + Z5(p, ). In classical
planar differential geometry, a smooth curve I" locally separates the domain into two regions {2+. The curvature
radius R of I seen from (2 is the opposite of the curvature radius —R of I" seen from (2_. Therefore, another
possible interpretation of the difference between @ and a* is that they correspond to the same curve I" seen from
one side or the other.

Remark 7 Considering Remark 1, the same interpretation holds for 7' and T*: they account for the curvature
radius, and a change of sign of the curvature radius changes 7" in T* and reciprocally.

The ABC associated to 5(4,0,1/1) = (u,w)Lz(p), noticing that ¢ ~ (iw) ™ 1Onu, writes in its strong form

1 i 2 .
(1= 00— 5 (5 +200) ) o i =0

In polar coordinates and on the border of the disk D, the normal derivative is the derivative along r (¢ =~
(iw)~10pu) and the curvilinear derivative is given by 9ss = %ng. Hence the following strong form of the ABC
in polar coordinates:

1 i ‘
(1= 5200 — 5 (1 900) ) O~ ou =,

When the radius of the disk R goes to infinity, the border of D tends to be (locally) straight and the ABC
converges towards the classical low order ABC 0,u — iwu = 0.

B Subdomains and unknowns decoupled: DDM-3

In this appendix, we modify algorithm DDM-2 to decouple (22) from (23), at the price of introducing a new
auxiliary unknown on each edge I;. This unknown, denoted 1); y, represents the Dirichlet trace of u; on I7.

The interest is that uf‘H can be obtained by solving a classical Helmholtz boundary value problem, where the
boundary condition involves (gofk)k and (wfk)k at the previous iteration index p.

Initialize u € H'(£2;) with square integrable normal derivatives on each subdomain, and (¢?, ), € @k H*(I7}),

(w?,k)k S EBkLQ(F,i) on the exterior boundary of each subdomain. For p = 0,1, ..., solve for each subdomain
(—A— wz)uf+1 =f in £2;,
(Bpi —iw)ul Tt = — (9, + lw) uf on 092, N 092;,j # 1, (32)
(O — i) ul T = iw (P, ) on I, Vk,

and for each edge

) .
(1 2w zatktk>‘P ( ) =l (x), x &Ly
P
o .
I 0+ U ) = S0+l o), x €Ty
i Ore p+1
ig cos (72 ) 6%7;6 . Ore p+1 ij
ety | om (B e (7)) a1l 39

(Y] »
i3 cos | —&£ 390- 0 ij j i
14 ﬁg 71 (,8 + iw cos ( ;Z>) 4,0;5 (Azjl)v A;cje €C,

w cosfry oty

(iwel T + 00 t1) (BY) = (iweh , — 0,08 ) (BYY), B € Fj,
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with the same (8 as before to remove the singularity, see Remark 3. We now show the algorithm is endowed with
a decreasing energy for f = 0. Define

Ngom—1 K—
. 2 2
GP .— Z / |(8n,:71w)uf’ d'y+Z/ |<sz+¢pk| dvy
= 82\T —
K-1 P 2
1 i3 cos Oy 0 .
+ Z Y ﬂ ( ) 4 <5*iWCOS (ﬂ>>@fk (A
2|w| sin2 (J) w cosf oTy, 2 J
k=0 2
Ay ect
K-1 Naom—1K—1
P p |2 i 2| p p |2
P gl D) =re 3030 | vt o
k=0 =0 k
B! eFi

Lemma 13 The algorithm (32)-(33) is stable. For f =0, it has decreasing energy

Niom—1K—1

e} ) / (218 2 100, )
Jj=0 Fg

Proof Similar computations to the ones of the proof of Lemma 8 give
Naom—1K -1 Ndom—
1
Gt ame Y Z/ P T2k S Z AT (A).
j=0 3=0

J 3
AECKUFE

Integrating the first equation of system (33) at iteration p on Fg against <p§.) , and taking the sum over all subdomain
and edge indices j and /¢ gives the result:

NdomflK 1 2 Ngom—1 K-1 Naom—1K—1
2 4 J,Z J,
/ "+ 5 o X ACLICED DY /W
j=0 (=
AEC]L)]:]
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