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Abstract

In this work we consider the Landau-de Gennes model for liquid crystals with an exter-
nal magnetic field to model the occurrence of the Saturn ring effect under the assumption of
rotational equivariance. After a rescaling of the energy, a variational limit is derived. Our
analysis relies on precise estimates around the singularities and the study of a radial auxiliary
problem in regions, where a continuous director field exists. Studying the limit problem, we
explain the transition between the dipole and Saturn ring configuration and the occurence of
a hysteresis phenomenon, giving a rigorous explanation of what was derived and simulated
previously by [H. Stark, Eur. Phys. J. B 10, 311-321 (1999)].
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Introduction

Liquid crystals represent a state of matter with properties intermediate between liquids and
crystalline solids. They are commonly referred to as rod like molecules (although there are other
e.g. disk shaped molecules) whose positional and orientational order may vary within space, time
and parameters such as temperature. For a general and complete introduction, we refer to [5, 24].
Depending on the alignment of the molecules and its symmetries, liquid crystals are generally
divided into nematic, smectic and cholesteric. Due to their unique properties, liquid crystals
exhibit remarkable structures and applications, see for example [36, 40, 44].

From a mathematical point of view, several models have been introduced to study the phe-
nomena arising from liquid crystals [9]. Roughly speaking, the Oseen-Frank model describes
liquid crystals by a unit vector field n, that represents the preferred direction of the molecules at
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a point, averaging the fluctuations of the molecules. A peculiarity is, that in practice we do not
distinguish between n and —n, so that n should rather take values in a projective space RP? to

avoid problems with orientability.

In order to represent local averages of the directions of the molecules, one gets an additional
degree of freedom. Models describing the liquid crystal with such a variable include e.g. the
Ericksen model [25],[50, Ch.6]. The Landau-de Gennes model goes one step further by using the
idea to describe the arrangement of a liquid crystal by a probability distribution p on the sphere
of directions, taking into account that opposite points have the same probability. Then the first
moment vanishes and the (shifted) second moment @ is a symmetric traceless tensor, which is
used to model p. This allows to incorporate both the Oseen-Frank and Ericksen model into the
Landau-de Gennes model. A more detailed introduction to the various models and even for more
refined generalizations of the Landau-de Gennes model, e.g. the Onsager model or Maier-Saupe
model, can be found in [8, 51]. For the challenges and a comparison of the mentioned descriptions,
see [10, 11, 12, 17, 46]. In general, it is difficult to give precise descriptions of minimizers of the
energy functionals associated with one of the models explicitly, except in some very special cases
such as in [54] or for the radial hedgehog solution in [41].

Mathematically speaking, liquid crystal theory shares several techniques and results with
other subjects, for example the Ginzburg-Landau model in micromagnetics, [15, 31, 34]. Also
parts of the description, such as function spaces [7] and liftings [33, 42|, Q—tensors [16, 43|, the
formation of topological singularities [49] or similar energy functionals [22, 47| are of interest in
a more abstract setting.

One interesting pattern one can observe in liquid crystals is the so called "Saturn ring" effect.
Under certain circumstances the defect structure forming in order to balance a topological charge
on the surface of an immersed object in liquid crystals, takes the form of a ring around the particle,
see [1, 2, 32, 44]. Also more exotic structures such as knots are possible, we refer to [44] for an
overview. In addition, an electromagnetic field can be used to manipulate the occurrence of a
Saturn ring. While this is known in physics for several years [4, 26, 27, 28, 38, 39, 53], there are
only few mathematical results |3]. Starting from the Landau-de Gennes model, an equilibrium
configuration is found by minimization of the dimensionless free energy

£,6(Q) = [ 3IVQP+ 5 /(Q)+ 79(Q) + Cofeon) do

under suitable anchoring boundary conditions. Here € is the region filled with the liquid crystal,
in our case the complement of the unit ball, i.e. @ = R3\ By(0) and Cy(&,n) is a renormalization
constant such that the energy is finite. The first term is the density for the elastic energy, while
f is a potential inducing a force which tends to push the material into an ordered state. The
parameter £ describes the ratio between elastic and bulk energy. We are going to consider the
limit of € converging to zero, which can be interpreted as the limit for large particle. The effect
of an external magnetic field is described by the function g, with the parameter n coupling the
field to the elastic and bulk energy densities. We will consider a regime where also n — 0, not
much slower than . In our limit of £,7 — 0, Cy converges to zero. To complete our model,
we impose a strong anchoring boundary condition on OS2 that corresponds to a radial director
field n = e,. With £ and 7 converging to zero, we can consider different regimes regarding the

relative speed of convergence of both parameters.



1. The case of strong fields n|In(£)| < 1, where we expect to observe a Saturn ring was treated
in [3].

2. The case n|1In(&)| ~ 1, where the transition between dipole and Saturn ring takes place is
precisely the purpose of this paper.

3. In the case n|In(€)| > 1 we expect only dipole configurations, see Remark 2.3.

Our work is organized as follows. In the first section we define the different parts of the free
energy carefully, establish fundamental properties and discuss their effects in the minimizing

process.

The second section contains the rescaling and states our main theorem, a sort of I'—convergence
result in a sense that will be precised later. We will prove, that in the limit n,£ — 0 in our regime
and under the assumption of rotational equivariance, the model reduces to a simple energy stated
on the surface of the sphere S? = 99, of the form

Eo(F) = 2.0, /

F(l —cos(f)) dw + 2s.c /

(1 + cos(8)) dw + 28 Dxr|(S%).

where s, c, > 0 is a parameter depending on f and F C S? is a set of finite perimeter that can
be seen as the projection of the region, in which a lifting of @ from RP? to S? exists and the
orientation at infinity agrees with the outward normal of 9B;. In the same spirit, F'° stands for
the region, where the lifting has the opposite orientation and |Dyr|(S?) denotes the perimeter
of F in S?. In the above expression, § stands for the angle between a point w on the sphere and
e3. We see the latter perimeter term as representation of a defect line. It tells us that switching
from one orientation to the other comes with a cost, depending on the balance between the forces
(modelled by ), s« which is related to the liquid crystal properties, ¢, which depends on the
interaction between magnetic field and liquid crystal and the length of the defect line. This is

the result we are going to prove in the next two sections.

Section 3 is divided into three parts: We first show that the energy bound implies the existence
of only a finite number of singularities if we are at some distance from the eg—axis. The main
idea will be to replace our functions (), ¢ by the minimizers of approximate problems and then
use the higher regularity to derive a lower bound on the energy cost of a singularity. The energy
bound then implies that in fact only finitely many singularities can occur. Next, we provide
asymptotically exact lower bounds for the energy near those singularities. Then, the radial
auxiliary problem is introduced. Given a ray from the surface 02 to infinity such that @, ¢ is close
to being uniaxial with prescribed scalar order parameter, we can explicitly calculate the energy
necessary to turn along the ray from our boundary conditions to the preferred configuration
parallel to the external field in +es—direction. Combining the results, we are able to prove the

lower bound part of the main theorem:.

The construction of a recovery sequence is made in section four. We use our knowledge about
the interplay of the three parts of the energy to define approximate regions close to the particle
in which the energy of the first two terms of & is concentrated and @ is uniaxial. Here we profit
from the exact formula of the optimal profile from the radial auxiliary problem. Apart from
these regions, we construct the singularities that give rise to the perimeter term of &.



The remaining section deals with the limit energy. We calculate the minimizers (depending
on [3) and compare their energy with that of a dipole and a Saturn ring at the same f—value. We
find that by varying S a hysteresis phenomenon occurs. Our findings rigorously explain known
numerical simulations and physical reasoning in [37, 48|.

1 Scaling, definitions and preliminaries

Starting from the one constant approximation of the Landau-de Gennes free energy [45, Ch. 6,
Secs. 3-4 and Ch. 10, Sec. 2.3] (see also [23, Ch. 3, Secs. 1-2]) in ,, = R3\ B,,(0) we find

@)= [ FIVQP - §u(@) - 5u(@) + {u(@) - puHEH: Qdr, (1
70

where the last term is added to the Landau-de Gennes model to incorporate the effect of the
external magnetic field H. The length rq is the particle radius, the parameter L is the elastic
constant, a,b,c are the bulk constants depending on the liquid crystal material. They can be
temperature dependent, although it is usually assumed that only a has a linear dependence, i.e.
a = aog(T —Ty) for a reference temperature T [43]. However, this case will not be discussed here.
As already noted, H is the magnetic field, which we choose to be parallel to e3, i.e. H = hes
and X, denotes the magnetic anisotropy. See [30] for more details on the modelling, in particular
how magnetic fields differ from electric and gravitational fields.

In order to be able to work on a fixed domain, we apply the rescaling 2 := %Qro and
i = x/rg. We introduce the new function Q(Z) = Q(ro#) = Q(z) and V = V; = %Vx.

Furthermore, we write a = ¢ and b= g. Then
Lro 24 a2 A3 } 2112 _} 2.37 ~
£Q) = |VQ\ rac tr(Q ) — tr(Q )+ 4(tr(Q ) 2Xah r5Q33 AT .
Dividing by Lo, we can define
5 - [ oo L (0w - bu@® + L2 - Lo ai
8@ = [ 51908+ 5 ( SH(@) = (@) + Q)P ) — 5Qmdz. @)

where we introduced the new dimensionless parameters £ = , /m% and n =, /ZX%' We choose
0 a’o

the coefficients a, b to be fixed from now on, which corresponds to choosing a material and keeping
the physical system at a constant temperature. For a common liquid crystal material such as
MBBA at a temperature of 25°C we roughly find a ~ 2.4, b ~ 1.8 [45, p. 168]. The analysis and
particularly the constants in the estimates that appear in the following will generally depend on
f and thus on a and l~), even if we do not explicitly state this dependence.

We are interested in the limit 7, & — 0. In the standard Landau-de Gennes model, £ — 0 can
be interpreted as increasing the particle radius (see [29] for a detailed discussion). We impose
the asymptotic relation 7| In(§)| — 8 € (0, 00) which can be seen as a coupling of the parameters
ro and h, i.e. slowly decreasing the field strength h, while increasing the particle radius in a way
that keeps the system in a state where both Saturn ring and dipole configurations are likely to
appear.



It is convenient to introduce a constant Cj in the integral of (1) to obtain a non-negative
energy density. In our case, this constant depends on ¢ and 7, but tends towards a constant
independent of those parameters as £,7 — 0. We will discuss the issue later in this section.

From now on, we will only consider the rescaled model and thus drop all tildes in our notation.
We continue this section by giving precise definitions for the function f modelling the bulk term
and quantities mentioned in the introduction. We will furthermore introduce a more general
function g for the magnetic term in (1).

Definition 1.1. We denote by Sym, the space of symmetric matrices with vanishing trace
Sym, = {Q e R¥3 : QT =Q, tr(Q) = 0},

equipped with the norm |Q| = \/tr(Q?). Furthermore, for a,b,c € R, b,c > 0 we define
a 2 b 3 ¢ 2\)2
£(Q) = 0 — 4x(Q?) — 2tr(Q¥) + & (x(Q)”. Q

As we stated in the introduction, the definition of Sym, is motivated by the second order
moment of a probability distribution p on a sphere. The symmetry between +n reads p(n) =
p(—n) for all n € S?, i.e. the expectation value of n vanishes, fSQ n dp = 0. The second moment
fSQ n®n dp is symmetric and has trace 1. From this we subtract the second moment of a uniform
distribution on S?, i.e. p = ﬁ to get the symmetric and traceless tensor Q.

The specific form of the function f comes from the requirement of being invariant under
rotations. Indeed, assuming a polynomial function f and demanding frame indifference for the
bulk energy (and of course for the elastic energy) we find that f has to satisfy f(Q) = f(RTQR)
for all R € O(3). This implies that f is the linear combination of tr(Q?), tr(Q?), (tr(Q)?)?,
tr(Q2)tr(Q3), tr(Q?)?, tr(Q3)?, etc (see [8, Lemma 3]). Tt is convenient to consider only the first
three terms although one could in principle add more. The constant C in (3) is chosen such that
f is non-negative and vanishes on uniaxial (Q—tensors of a prescribed scalar order parameter (the
set A/ in Proposition 1.2 below). This is the main property of f one should keep in mind during

our analysis.

Proposition 1.2 (Properties of f). There exists a constant C such that f given by (3) satisfies

1. f(Q) >0 for all Q € Symy and mingesym, f(Q) = 0. Let

N = {5* <n®n—;1d) : nESz},

where S* C R3 4s the unit sphere and s, = <B+ Vb2 + 24&). Then N = f~1(0) is a
smooth, compact, connected manifold without boundary diffeomorphic to RP2. The constant
203 _ 1.4

C can be explicitly be calculated as C = %Sz + 5285 — §Sk-

2. Furthermore, there exist constants dg,v1 > 0 such that if Q € Sym, satisfies dist(Q,N) <
09, then

F(Q) =y dist*(Q, N)..



3. There exist constants C1,Coy > 0 such that for all Q) € Sym,

2
r@za(leP-32) . pr@:ezcilal-c.

Note that all constants appearing in the above proposition are depending on a and b.

Proof. A proof of the first statement can be found in [42, Proposition 15]. For the second result,
we refer to [20, Lemma 2.4 (F»)]. The last assertions follows by elementary calculations as in
[20, Lemma 2.4 (Fp)|. O

The last two statements are of technical nature. The third property is used to establish
L°°—bounds in Remark 2.2 and Proposition 3.4 and to establish Proposition 1.4 and Proposition
1.6. The estimate in 2. simply states that one can think of f as being quadratic close to its
minimum which is attained on N. The first statement gives an interesting connection between
f and the space Symy. In fact, N plays an important role in our analysis as it will allow us
to identify @) and +n and thus give a intuitive meaning to ). This is formalized in the next

proposition.

Proposition 1.3 (Structure of Symg). 1. For all Q € Symy there exist s € [0,00) and r €

[0,1] such that
QZS((H@H—éId)+r(m®m—;1d)>, (4)

where n, m are normalized, orthogonal eigenvectors of Q. The values s and r are continuous
functions of Q.

2. Let C = {Q € Symy : M(Q) = \(Q)}, where we denoted by A1, \a the two leading
eigenvalues of Q. Then

C={QeSymy\ {0} : r(Q)=1}U{0} and C\{0}=RP*xR.

3. There exists a continuous function R : Symy \ C — N such that R(Q) = Q for all Q € N.
In particular, Symy \ C and N are homotopic. The map R can be chosen to be the nearest
point projection onto N. In this case, for all Q € Symg \ C decomposed as in (4), R is
given by R(Q) = sy(n®@n — 1d) .

Proof. The first part follows from [19, Lemma 1.3.1] for s = 2A\; + X3 and r = (A1 +2)\2) /s, where
A1 > Ag are the two leading eigenvalues of ). The second part is a consequence of the definition
of s,r in terms of the eigenvalues and [19, Lemma 1.3.5]. The last part is a reformulation of
Lemma 1.3.6 and Lemma 1.3.7 in [19], together with Lemma 2.2.2. O

The decomposition (4) provides us with a very useful tool to perform calculations, for example
in Proposition 3.16, Proposition A.1 or Proposition A.2. In the second statement we introduce
C, a subset of the uniaxial QQ—tensor, sometimes referred to as "oblate uniaxial" [56, 57]. One
can think of C as a cone over RP2. If a Q—tensor is not oblate uniaxial, there exists a retraction
onto N which coincides with the nearest point projection and is given by the element of A

corresponding to the dominating eigenvector of Q.



In the remaining part of this chapter we are concerned with the magnetic energy term, which
will be modelled by a function g. We require g : Symy — R to be of class C? away from 0 and
to satisfy the following properties:

1. The function g does not grow faster than f, i.e. there exists a constant C' > 0 such that
for all @ € Sym,

9(Q) < C(+1QI"), (5)
IDg(@)] < C(1+]QP). (6)

IN

2. The preferred eigenvector of @) for g is es in the following sense: g is invariant by rotations
around the ez—axis and the function O(3) > R +— g(R"TQR) is minimal if e3 is eigenvector
to the maximal eigenvalue of RT QR. Decomposing @ as in (4) with n = e3 and keeping s
and m fixed, then ¢g(Q) is minimal for r = 0. For a uniaxial @ € N/, i.e. Q = s,(n®n— %Id)
for s, > 0 and n € S? we have

9(Q) = ¢i(1 — nj). (7)

3. There exist constants d1,C' > 0 such that if Q@ € Sym, with dist(Q,N) < § for 0 < § < 41,
then

9(Q) — g(R(Q))] < C dist(Q, N) . (8)

The first and last conditions are technical assumptions. The former allows us to dominate g
by f. This is necessary, since g may be negative. The latter states the Lipschitz continuity of ¢ in
a neighbourhood of A in normal direction. The second requirement contains the mathematical
translation of the physical model. The homogeneous magnetic field parallel to es should favour
the alignment of the dominating eigenvector of @) parallel to e3. Equation (7) expresses the
compatibility of our Q—tensor analysis with the classical formulations for director fields. From
a mathematical point of view, it is possible to replace (7) by (77)

9(Q) = ¢i(1 — nj), (7)
and to obtain a similar limit energy, see Remark 3.18.

We note that the functions g; and go, defined as

2 5% Qesymg\ {0}

91(Q) = 35~ Q33 and ¢2(Q) = (9)
0 Q=0

satisfy the above assumptions on g (see Appendix). The function g; (with ¢ = s.) is the natural
(physical) term to model a magnetic field [45, Ch. 10], we have used it to derive our scaling in (1),
the constant %3* being part of Cy. Another possible choice is go, which is a useful approximation

to g1 introduced in [26] and used e.g. in [3]. In this case ¢? = \/g

We finish this section by two propositions. Note that if g > 0 (e.g. in the case g = g2), then
both propositions are trivial. The first proposition shows that under the above assumptions on f



and g there exists a unique minimizer Q¢ , of 5%f(@) + n%g(@). This allows us to characterize
a constant Cp(&,n) such that the bulk energy density becomes non-negative and vanishes only at
Qoo.¢n- The second proposition expresses that if @ is close to A/ but the dominating eigenvector
n far from es, then g has to be strictly positive.

Proposition 1.4. For {,n > 0 with £ < 1, there exists a unique Qoo ¢, € Symy such that

Qm@mzwgmnéfﬂw+gﬂQ%

QESym,, n

given by S, ¢2 /2 (es®es — %Id), where s, — s¢| < Ct with s, as in Proposition 1.2. Hence, for

Co(&,m) = _g%f(Qoo,g,n) — n%g(Qoo{m) > 0 it also holds true that Cy(&,m) < 052/774,

Since s, ¢2 /2 —> Sx0 = 8 for §;m — 0 in our regime, we denote Qo = s«(es @ e3 — lId).

In the physically relevant case of g = g1, we have the expansion s, ¢2 /2 = s + (-2 sa— fbs*
3cs - 152 + O( )

Proof. Let Q € Symg be of norm \/gs* and let ¢ > 0. Then we can estimate

1 1 C
§§N@+?WQ>—@M—N ﬁuﬂﬂ

TH)v the above expression is
positive. Let [|Q] - \/gs*\ < ¢ and dist(Q,N) > 6. Then f(Q) > fuin = min{f(Q) : Q €
Symy, dist(Q,N) > d} > 0 and

. 2 2 1\2
So if we choose a |t — 1| > ¢ty > 0 and 5—2 < %max‘t_nzto -1

for €2/n? < %. By invariance of f under rotations and property 2. of ¢ we know that a
minimizer () has the dominating eigenvector ez or —e3 and has to verify » = 0. This allows us
to write Qs = s(e3 ® e3 — 31d) for s € (—C6, C6) for a constant C' > 0. Taking the derivative

with respect to s in the energy of Q)5 we get

d /1 1 1 2 2 4 1 1
— | = — = —(—Zas—Zbs’+ —cs* | — =D :( ——Id):O
We multiply by &2 and since |Dg(Qs)| is bounded and ¢ < 7 this equation admits a unique
positive solution corresponding to a minimum in the energy density, which we call s, ¢2/,2. This
gives the existence of a unique minimizer Q¢ , and the claimed representation. By a standard
perturbation theory argument we get the estimate |s,; — s.| < Ct.

Since |5*7£2/n2_3*‘ < C&?/n?, we have the estimates f(Qooem) < C(€2/n?)? and 19(Qooen)| <
C€?/n? from which we get
1¢! 2 &2 &2

Co(6,n) < O +C52 < O
0(&m) £2nt n? n? nt



Proposition 1.5. There exist a,d9 > 0 such that if 0 < § < &g, then
min{g(Q) : Q € Sym, with dist(Q,N) <4, |Q — Qo] > aVd} > 0.
Proof. Let 0 < 6 < mindy, 1, where 47 is from (8). Let @ € Sym, such that dist(Q,N) <. We
can apply (8) to g(Q) to get
9(Q) = g(R(Q)) - Cdist(Q,N) > ci(1—mn3) - C0,

where ngs is the third component of the dominating unit eigenvector of ), see Proposition 1.3.

Since |Q — R(Q)| = dist(Q,N) < 6 and |n| = |eg| = 1 we can estimate
Q = Quol” £21Q = R(Q)I* + 2[R(Q) — Qool” < 20° + 2sIn © 0 — €3 @ eg|” < 2% + 457(1 —nj),

and thus

2

S*Qa—4C>5> 0,

C

2
9(Q) > 151Q - Qul? — 400> (5

= 442
4s%

if |Q — Qoo| > aV/6 for a > 0 large enough. In order to conclude, it remains to choose 0 < dy <
min{dy, 1} in such a way that the set {Q € Sym, with dist(Q,N) < §, |Q — Quo| > aV/3} is
non empty for all § € (0,8). Setting do = min{1, 41, Zs2a~2}, we have av/o < \/gs* + 6 for all
0 € (0,00), i.e. the set is non-empty. O

As we have seen in Proposition 1.4, the minimizer Q ¢, of the bulk term is not part of N/
(which has order parameter s,). We will introduce a slightly modified manifold N, ¢ such that
Qoo € Ny e and such that f(Q) + E—Zg(@) + &2Cy(&,n) controls the squared distance of @ to
this new manifold, in analogy to f(Q) > y1dist?(Q, N') from Proposition 1.2.

Proposition 1.6. If¢2/n? < 1, then there exists a smooth manifold Ny C Symy, diffeornorphic
to N such that
£ .
Q)+ 59(Q) + £Co(§.m) > 72 dist*(Q. Noy) (10)
for a constant y2 > 0. In particular Qoo ey € Ny ¢. Furthermore, there exists a constant C' > 0
such that

2
sup dist(Q,N) < C%.
QE./\/;]’E n

(11)

Proof. We introduce the notation f, ¢(Q) for the LHS of (10).

Step 1: Definition of N;¢. Let Qo € N and {Pi, P», P3} a orthonormal basis of (Tg,N)*.
For t € R3 we define F(Qo,t) == Dy fr¢(Qo+t1 P +ta Py +1t3P3), where D, denotes the derivative
normal to N. From perturbation theory it follows that there exists a ty € R3 with |to] < Cf}—z
such that F(Qo,tp) = 0. From Lemma 2.4 (F}) in [20] we get that if P € Sym, orthogonal to
To,N, then P - (D?f(Qo))P > ~|/P||?>. Hence, for Q; = Qo + t1 Py + t2Ps + t3P5 it holds that

2 2
DiF(Qo,to) = DEf(Qt>+n7Dig<Qt) > D?,f(Qo)—C]to\Id—i—f}QD?,g(Qt) > %Id,



since D2g is bounded in a compact neighbourhood of N, |tg| < C% and % < 1. By the
Implicit Function Theorem we conclude that there exists a smooth function v : N/ — R? such
that F(Qo, % (Qo)) = 0. Thus, Ny ¢ :={Q4 : Qo € N and to = (Qo)} is a smooth manifold,
diffeomorphic to N. Furthermore, since 1 is continuous and N is compact, we deduce that (11)
holds.

Step 2: Control of the distance. Since £2/n? is small and Jne grows faster than the RHS
of (10), we can use (11) and argue similar to Proposition 1.4 to deduce that (10) holds if
dist(Q, N,¢) > 0 for some small but fixed 6 > 0. Because of this, it is enough to show that (10)
holds for all @ € Symg with dist(Q, N, ¢) < 0. For such @, we first define Qp = R(Q). Let
Q1 € N ¢ be the element corresponding to Qo according to step 1. Then Q — @1 € (T, N)*
and by Taylor expansion it holds that

Ine(@) = fre(Q1) 4+ Dy fre(Q1) 1 (Q — Q1) + %(Q — Q1) D*f,e(Q1)(Q — Q1) — CS|Q — Q1%

Note that f, ¢(Q) > 0 and by construction D, f, ¢(Q1) : (Q — Q1) = 0. Evoking again Lemma
2.4 in [20], we get

fe@) > (F-C8)lQ - @il

Choosing ¢ > 0 small enough there exists a 72 > 0 such that 7 — C6 > 42 > 0 and since
dist(Q, Ny ¢) < |Q — @1, (10) follows.

From Proposition 1.4 we know that f,¢(Q¢r,) = 0 and hence by (10) it follows that
diSt(Qooygm,./\/’n,g) =0,i.e Qooen € ./\/'7775. O

2 Statement of result

From equation (2) and using the notation introduced in the last section, we write our energy

£,¢(Q) = [ IVQP + 7(Q)+ 9(Q) + Cofg.n) do (12)

which is the dimensionless free energy that was announced in the introduction. The natural
space for this energy to be well defined is H'(€2, Symg) + Qoo ¢y With Qoo as in Proposition
1.4. Minimizing the first term would lead to a harmonic map, the second term prefers @) to be
uniaxial with a certain scalar order parameter and hence norm, while the third term takes its
minimum when the director is aligned parallel to es. So the (spatially) constant uniaxial map
Qoo = See2/m2(e3 ® e3 — %Id) would be a minimizer of our free energy. However, this will
violate the strong anchoring conditions we are going to impose on the boundary, namely we want
Qne € H(Q,Symg) + Qoo to satisfy

Que=Qp on S?, (13)

where Qp(x) = s. (x X — %Id). The system is therefore frustrated and we expect the minimizer
to be close to s.(e3 @ e3 — %Id) everywhere, except for a transition zone near the boundary. In
this boundary layer, which will turn out to be of thickness n, we will find tubes of cross sectional

area &2 containing the regions where Q¢ 1s biaxial.
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Since the problem is equivariant with respect to rotations around the es—axis, it is natural
to consider only rotationally equivariant maps. We say that a map @ is rotationally equivariant
if ) is equivariant with respect to rotations around the es-axis. In other words, using cylindrical

coordinates, one has

cosp —singp 0
Q(p,(p,z):R;Q(p,O,z)Rw, where R, = |sing cosp 0
0 0 1

For uniaxial maps @ = s,(n®n — %Id) this is equivalent to the usual notion of equivariance
for vectors n(R,x) = R;n(x). We define the set of admissible functions A to be the set of
rotationally equivariant functions @, ¢ € H LQ, Symg)+ Qo ¢,y satisfying the boundary condition
(13). This motivates the definition for @ € H'(Q, R**3) + Qe ey

Ene(Q) ifQe A,

00 otherwise.

E1:(Q) =

We believe that minimizers of &, ¢ are also rotationally equivariant, although this does not
follow from our work and remains an open issue. We will remove the hypothesis of rotational

equivariance in a work in preparation.

The following theorem is the main result of the paper.

Theorem 2.1. Suppose that
nlIn(§)| — B € (0,00) asn—0. (14)

Then n 5;745 — & in a variational sense, where the limiting energy & for a set F C S? is given
by

T
(14 cos()) dw + 5835‘1))(]:‘(82) : (15)

c

Eo(F) = 2844 /F(l —cos(0)) dw + 28*6*/

More precisely, we have the following statements:

1. Compactness: For any sequence Q,¢ € A such that 1 &, ¢(Qne) < C, there exists a mea-
surable set of finite perimeter F' C S? that is invariant under rotations w.r.t. the e3—awxis,
measurable functions n : Q — S? and a set w, C Q with lim, ¢ |w,;| = 0, Q\ w, simply
connected, such that for all ¢ > 0 it holds n" € C°(Q\ (Z, Uwy),S?) and for all R > 0

lim
n—0

=0, Xg, — XF pointwise, (16)
L2(Br(0)\Z5)

1
Sy (n” ®n" — 3Id) — Qe

where Zy = {x € R? : 22 + 23 < 0%} and F,, = {x € 0Q : n"(z) - v(x) = —1}.

2. I—liminf: For any sequence Q, ¢ € A and any measurable set of finite perimeter F' C S?,
measurable functions n" : Q — S? and a measurable set w, C Q that satisfy lim, o |wy,| = 0,
Q\ wy, simply connected with n" € C°(Q\ (Z, Uwy,),S?) and (16) hold for all R,o > 0, we
have

im i > .
lim inf 1 €y e (@n.e) = £o(F) (17)
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3. T—limsup: For any measurable set of finite perimeter F C S? that is invariant under
rotations w.r.t. the es3—awis there exists a sequence Q¢ € A with ||Qp¢llre < \/gs* and
measurable functions n : Q@ — S? with n" € C°(Q\ wy, $?), lim,_o |wy| = 0, O\ wy, simply
connected, such that (16) holds for all R,o > 0 and

limsupn &, ¢(Qne) < Eo(F). (18)
n—0

Remark 2.2. 1. In view of (14) we can replace the bound n &, ¢(Qy¢) < C, by
Ene(Qne) <C (1+[In(g)]) - (19)

2. The convergence we show is not a I'—convergence in the classical sense since the limit

functional is defined on a different functions space.

3. The compactness can also be formulated globally: It holds
lim dist? Nye)de = 0
=0 Joz, (Qné nyé)
for the manifold NV, ¢ as in Proposition 1.6 which is a small perturbation (at distance at
most C’g—;) from the manifold V. In addition if g is non-negative (e.g. in the case g = go),
Ny¢ =N and we have the convergence

lim
n—0

1
S <n” ®n' — 3Id> — Q¢

L2(\Zo)

Remark 2.3. If 3 = oo in (14), then Theorem 2.1 holds for F = S? or F = (), i.e. no Saturn
ring structure can occur in the limit. In the case of g being non-negative, this follows easily:
For Q,¢ € H'(Q,Symg) + Qo with 1€, ¢(Qne) < C we can introduce € such that n|In(§)| —
B € (0,00), i.e. this new sequence 5 decreases more slowly than £. Hence 57775 < &,¢. Applying
Theorem 2.1 to this new energy we get the existence of a set Fjg C S? such that

5O(FB) < 115711_)151“7 gn,ﬁ(Qmﬁ) <C.

Since the RHS is independent of 3 € (0,00), we find [Dxp,[(S*) — 0 as 3 — oo. From this we
conclude F = S? or F = () which have the same energy &. For the case of general g one cannot
apply this trick, but using (42) it is possible to show that the perimeter of F;, converges to zero
and that & (S?) is indeed a lower bound.

3 Lower bound

In this section we prove the lower bound of Theorem 2.1. Our strategy to obtain the lower bound
is the following: First, we approximate the sequence @, ¢ by a more regular one named Q.. We
use € := £ to meet the notation in [3, 18, 19] and let out 1 in our notation since n and & are
related via (14), i.e. n ~ % We also write & instead of &, ¢. We find that away from the
es-axis the sequence (). has only finitely many singularities in the neighbourhood of which Q. is
far from A/. Then we can estimate the energy of Q. nearby these points from below by balancing
IVQ|? and f(Q.). In the region where Q. is close to N, we will use the optimal radial profile

found in |3] by balancing |VQ.|? and g(Q.).
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3.1 Preliminaries

The construction of the approximation Q. of Q¢ follows several steps. First, we are going
to show that @, ¢ can be approximated by another function @, ¢ which verifies an additional
L*°—bound.

Proposition 3.1. Let Q,¢ € H'(Q,Symg) + Qoo ey such that (19) holds. Then there exists a
constant C1 > 0 and Q¢ € H(Q,Sym,) + Qoo,e,n which decreases the energy &, ¢, verifies

1Qnell ooy < Ca (20)

and@;g—Qn’g—H) in L? asn, & — 0.

Proof. Let N > \/gs* to be chosen later. We can define C,/);/g as

Qn.e H
CZ?E : N\de if |Qnel >N,
7 Qn.e otherwise.

This function is clearly admissible and has lower Dirichlet energy. Since we cannot conclude that
9(Qne) < g(Qy¢), we need to show that the (possible) increase of the energy in g is compensated
by the decrease in f. So if Q € Sym, of norm 1 and ¢ > N, we get by (6) and Proposition 1.2
d t3 1+
<£2f(tQ) (tQ)) ?—07 > 0

if N > Nj with a certain N; large enough, depending on f and g. Hence, the sum of bulk and
magnetic energy of @, ¢ is smaller than the one of @, ¢ and we conclude &, ¢(Qn.¢) < &y e(Qn.e)-
The L*°— bound is obvious. So it remains to show that [|Qy¢ — Qp¢llr2(q) converges to zero as
1,& — 0. We decompose €2 into two sets

Q={z : |[Que(@) < N} U{z : |Quela)] > N}

and note that [ |C§77v§ — Quel? =0if |Q,¢] < N. Hence, we only need to estimate the difference
|Qn.e — Qne| on the second set. By Proposition 1.2 and (5) we get that there exists C, No > 0
(depending on f and g¢) such that if N > N, then for @ € Sym, with |Q| > N it holds

2
~10Pf <2 ([3s2 -10e] - Slart + ecuen)

52
<0 (1@ +50@ +€aen) .
For |Q| > max{Ni, No} we additionally have |Q, ¢ — Q:,Jd =|N —|Qy¢l|. Taking N even bigger

if necessary it holds that

__ 2
/ |Q777§ - Qn7£|2 dz = / N — |Qn,§‘|2 de <C ‘553 - , 2| da
|Qn.el>N Q>N Q>N
<€ [ 1@+ 50(Q) + €Ch(gn) do < O+ [ng)e?
which converges to zero as £ — 0. This proves our claim for C; > N. Ul
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Since g may not be regular in Q = 0 (for example if g = g5), we will replace g by g¢, with a
cut-off function ¢ such that g¢ is smooth, but keeps the relevant information from ¢g. In order to
replace g in the energy, we just need to show that [(1 — ¢)g(Q,¢) dz tends to zero in the limit
&,n — 0. This is made precise in the next proposition.

Proposition 3.2. Let ¢ € C([0,00),[0,1]) be a cut-off function with ¢ = 1 on [qo,0) and
¢ =0 on [0, 3qo], where qo € (0, \/gs*) Then the function Q — g(Q)o(|Q]) is smooth and there
exists a constant C' > 0 such that

¢2

/(1 = 0(1Qnel)g(Qpe) dv < C>-.
! n

Proof. The smoothness of g¢ is obvious, since ¢ is smooth and we supposed g smooth away from
0. So it remains the energy estimate. First note that if Q € Sym, with |Q| < qo, then for £, ) small
enough £(Q)+ 5 9(Q)+E2C0(€.m) > 4 fuwin > 0, where fuuin = min{ £(Q) : Q € Symg, Q| < qo}-
Indeed, by Proposition 1.2 fuin > 0 and by (5) we can choose % small enough such that
%Q(Q) < %fmin. Since £2Cy(€,m) converges to zero as £, — 0, this can equally be bounded by
%fmin. Hence

2

n ¢ ,
c>-—= ) & ot ) d
3 /{xEQWQn,é(x)SQO}f(th)+7729(@?7’5)+€ 0(&,m) do
1
= 55%fmi“’{$ € [Qne(x)] < qo}-

Now we use this estimate to bound

2
/Q (1= 6(1Qne))o(@ne) do < Clfo €9 + Que(o)] < )| < O

O

From now on, we simply write g(Q) instead of ¢g(Q)¢(|Q|). We will also replace n,¢ in
our notation by e, i.e. @; = é;/g For the sake of readability, we introduce the notation
f(Q) = f(Q)+ ;—ig(Q) + €2Cy(e,n). The next step will be defining the more regular sequence
Q. replacing 676 In view of the lower bound for the claimed I'—limit we still want Q. to be
rotationally equivariant and that it converges to the same limit as @7 while decreasing the
energy.

We thus define the three dimensional approximate energy for 0 < v < 2 and w C 2
E(Quw) = [ 5IVQP+ 51(Q)+ 5510 - QP do
€ Y " 2 62 € 267 € .
We seek Q. by minimizing E3P(Q, ) among rotationally equivariant fields Q. Because of the
equivariance, the problem can be stated as a two dimensional problem. Indeed, calculating \8¢Q|2

for a rotationally equivariant map Q € H'(Q, Sym,) + Qoo,e,n, and using the equivariance, we
can write Q(p, ¢, 2z) = R;Q(p, 0,2)R, and thus

0,QP = |(0,R.)TQR, + RIQ(9,R,)|” = 1Q + 6(Q% — Q@)
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This expression does no longer depend on . In order to shorten notation, we introduce the

matrix

2(Q11 — Q22) 4Q12 Q13

Qax2 = ;(&\%QP) = 4Q21 2(Q22 — Qu1) Q23

" Q31 Q32 0

Note that, Qax2 : Q = %\8@62\2. So the whole energy does not depend on ¢ any more and using
cylindrical coordinates, it can be rewritten as

2m
EP(Qu) = [ E2P(Qu ) do = 27 E2P(Qu. ).
0
where E2P is the two dimensional energy given by
1 —
E2P(Qu) = [ HIVQE -+ Qne: @+ 5(Q) + 5510~ Quf dp .

where V' = (8,,0,) denotes the two dimensional gradient and w’ C Q' = {(p,2) € R?

p >0, p*+ 22 > 1}. In order to shorten notation, we are going to write %]VQ\Q instead of
%|V’ QI + p—nggxg : @@ whenever we make no use of this division of the gradient. Now we define
Q. to be

Q. = argmin EED(Q, ), (21)
QeA’

where A’ = {Q € H' (Y, Symg)+Qoo . : (13) holds for p?+2% = 1}. We eventually extend Q. to
amap in H'(, Symg)+Q o ¢, Which we will also call Q. by defining Qc(p, ¢, 2) := R:;Q6 (p, 2) Ry

Remark 3.3. 1. Note that Q|o is an admissible function in (21), so that Q. does exist.
2. The function Q¢ has lower energy than 676

3. Thanks to the energy bound in (19) we know that
1Qc = Qcll2() < CInel + 1) -0 ase—0,
i.e. the two sequences have the same limit for vanishing e.

4. The minimizer @, solves the two dimensional Euler-Lagrange equation

~PAQe+ Qe = 0,0+ BDLQ) + £(Q— Q) = ATa. (22)

Note that the equation contains an additional term (RHS) due to the fact that Sym, is a
subspace of the space of real matrices, i.e. a Lagrange multiplier A is needed to ensure the
tracelessness constraint.

5. The function Q. also solves the three dimensional Euler-Lagrange equation

— AQi+ 5 DFQ) + =@~ Q) = Aap I, (25)
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despite the fact that it does not need to be a minimizer of E3P. To see this, write

AspTd = ~AQc+ 5DL(Q) + (@~ @)
1 —

= 020~ 0,Q. — 5050~ Qe+ 3DLQ) + (@~ Q)
= R(; <_62Q€ - ;aer - 83Qe + 6%(@5 — vae)> R@

1 1
- ?a;(R;QERw) + 5D f(RIQR,) .

One can explicitly calculate that 83,(RZ£QER¢,) = R;QQXZER@ and since f. is invariant
under the change @ + R;QR% for symmetric matrices @), we also have D fe(R;QeR¢) =
R;D fe(Qe)R,. This implies that a rotationally equivariant extended solution of (22) is

also solution of (23).

The last part of this subsection will be the following proposition which quantifies the reg-
ularity we have gained by replacing (. with Q.. This result relies on the three dimensional
Euler-Lagrange equation. In fact, this is the only time we use (23) and cannot use (22) due to

its singular behaviour near p = 0.

Proposition 3.4. Let H@veHLoo < C} for a constant Cy > \/gs* > 0 and let Q. be the rotationally
equivariant extended minimizer of (21). Then Q. € C1(£2,Sym,),

C
|Qellz <€ and [[VQe[l1= < —.

Proof. From equation (23) and by elliptic regularity we deduce that for @: € H' we have
Q. € H3,ie. Q. € C2 since we are in dimension 3. Note that the boundary of €2 is smooth. To
prove the L*°-bounds we take a constant Cy > C} such that Df(Q) : @ > 0 for all Q € Sym,
with |Q| > Cs. This is possible due to Proposition 1.2 and (6). We define a comparison map

[Qc]
Qe otherwise.

_ Core if |Qc| > Cs,
Qe =

Then |VQ.| < |[VQ|, ]@—@] < |Q6—CA2;\ and f.(Q) < f-(Q.) by Proposition 1.2 and our choice
of Cy. Hence E3P(Q., Q) < E3P(Q., Q) with strict inequality unless Q. = Q.. The estimate
[VQe|| L < € follows from [14, Lemma A.2], using (23), (20) and v < 2. O

3.2 Finite number of singularities away from p =0

We introduce the notation Q, = {xr € Q : 2} +22 > 0} = Q\ Z, for ¢ > 0, with
Z, defined as in Theorem 2.1. In the same spirit, we define the two dimensional analogue
QL ={(p,z) € X : p> o}, ie Q can be obtained from 2 through rotation around the

e3—axis.

The main theorem we want to prove in this subsection is the following:
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Theorem 3.5. For all 0,6 > 0 there exists A\, €9 > 0 such that for € < € there is a set X, C

which satisfies:

1. The set X, is finite and its cardinality is bounded independently of e.
2. If x € Q and dist(z, X.) > Ao, then dist(Qc(x),N') < 4.

The general idea behind this subsection is the same as in [18, 19|, where the analysis has
been carried out for the case of minimizers of the energy [ |[VQ|* + E% f(Q¢) and uses ideas from
[13]. We will show that in our situation with the modified bulk potential f. and the additional
term L [|Qc — Qc||%, the same results hold. There are two main ingredients for the proof of
Theorem 3.5: Proposition 3.11 that tells us that a singularity has an energy cost of order |Ine|
and Proposition 3. 7 that allows us to deduce that Q. is close to N (and hence being uniaxial)
provided 2 = [ fe(Qe) is sufficiently small. While the second ingredient uses only the regularity of

Q., the first one makes use of equation (22) in the form of the following proposition.

Proposition 3.6 (Pohozaev identity). Let Q. be the minimizer of (21) and w' C Q' open with
Lipschitz boundary, T € w’'. Then

1 1 1 1
/ /p((x—w)-u>(rv@e|2+2|a¢@6|2+2f6<c26> 10— Q)

1 2 4 2y 3 12
- / AVQP + / 0.0+ [ @)+ 5 [ 410~
IR <<x—x>-V’Q>+/a pl(a—7)-V'Q) : (v-V'Q),
UJ/
where v denotes the outward unit normal vector on Ow'.
Proof. To improve readability, we drop the subscripts € in the proof. Our calculation only requires

that @ is solution of equation (22).

Let ' C € open with Lipschitz boundary and let T € w’ be an arbitrary point. By translation
and without loss of generality we may assume that T = 0. Testing the ij-component of equation
(22) with 24,0,Q;; and summing over ¢, j, k we find

9 _
0= Z/ —pAQ;jx 0, Qi + / paéw 0L Qij + ! //p(Qij — Qij) k0K Qij

1,5,k

24
— //ainjxkainj + // ;Q2><2,ijxkainj 24)

= I+11+1IT+1V+V.
Note, that the RHS of (22) vanishes since Q;; is traceless, i.e.

> / NS0k Qi 72 / A0 Z%Q” => / Ay (tr(Q)) = 0

4,5,k k

For the first term (I) we calculate, using integration by parts

Z/ —p 07 Qijr0kQij = Z/ p 01Qij01,0kQsj + /P@Qz’jﬂikazak@ij
ikl ikl ' (25)

_/a lpalQijxkainle+/,5plalQijainj1'ka

17



where v is the outward-pointing normal vector on dw’. Note, that the last term reads [ ,(9,Q) :
((x - V)Q) and thus is cancelled by (IV). We apply another integration by parts to the second
term on the RHS of (25). This yields

1
> / p 01Qirk010kQij = Y 2/,P$k6k(alQijalQij)

1,5,k 1,7,k

=75 Z/ palegalQm + Z / P alejalQkal/k

2,7, ,7,k,l
— 2/ OpkTEO1Qij0,Qij-
w/

Combined with (25) this gives
2 1 1
I+1V = (1—2—2> //p’V/Q|2+2/6 ,'OVIQIQ(:E'V)_/&; lp(x.V’Q) c(v-V'Q).
(26)
The second integral (II) simply gives

1 1 1
11 = ;@/wlpak(ﬂ(@))l.k = _62/(0/ 3p fe(Q) + 52/6w’pr(Q)(x. V). (27)

For (III) we need to add (and subtract) the same integral with derivatives on E)ZVJ Then

1 ~
HI—W/WI (Qij — Qij)OQijrr

2% P O(Qij — Qi) + 17/ P (Qij — Qi) Ok Qij i
W’ € w! (28)
3 1 ~
=55 /,° (Qij — Qij)? t 55 - p (Qij — Qij) v
1
+ = = /w’p ng Qz] ak}Q’Lj:Ek‘
The fifth integral (V) simply gives
1 1
[ Qe (@ v1Q) = [ 5@ V)(Quer: Q)
W P o 2 1 . . (29
——5 [ (02 )0.ar 45 [ weoio0n
Combining (26), (27), (28) and (29), the equality (24) reads
1 1 1 ~
[ oo ) (HI7QP + 510,08 + 1.Q) + 510 - OF)
1 , 3 3
5 [ evareiper+ 5 [ pr@+ss [ ole-aF
1
+ﬁ/,p(Q—Q) : (x-V’Q>+/8 /p(wvcz) - VQ)
which gives the result.

0
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Since almost all term in consideration contain a p factor due to the passage from Q to Q. it

is natural to introduce

pﬁlin(zﬁa l) := inf {p : (p> Z) € Bl(xO) N Q:T} ) (30)
for a point zp € Q and [ > 0. Note that if we write zg = (po, 20), then pZ. (zo,1) = max{py —
l,o}. In particular, p7. (zo,l) > o.

The following proposition is a key ingredient in the proof of Theorem 3.5.

Proposition 3.7. For all § > 0 there exist constants \o, po > 0 such that for all o > 0, zo € QL
e small enough and | € [M\oe, 1] the following implication holds:

1
= p fe(Qe) < o plhin(20,2l) = dist(Qe, N) < & on By(xo) N, .
€ J Boy(wo)NSY,

Proof. We claim that Ao, o can be defined as

T
Ho = gA(Q)fmina

where C'is a constant such that €||VQ¢||~ < C (see Proposition 3.4) and fiin is the minimum
of f on the set {Q € Sym, : |Q] < \/gs*,dist(Q,/\/’) > 6/2}. Note that fuin > 0 since on this
compact set f is strictly positive. Furthermore, for € small enough, we also have f. > % fmin on
this set.

In order to show that the definition indeed gives the desired implication, we argue by con-
tradiction. Therefore we assume that there exists g € Q and [ € [\pe, 1] such that there is an

z € By(zo) N, with %2 fBQl(ﬂ;o)mQ:7 p fe(Qe) < popd,in (w0, 21) and dist(Qe(z), V) > 4.

This implies that By,e(z) C Ba(zo) N (R?\ B1(0)). Indeed one can show that dist(x, d) >
Ao€. Otherwise one would have dist(Q.(x),N) < ||[VQe| podist(z, Q) < CXg = g by definition
of A\o. This clearly contradicts the assumption that dist(Q.(z),N) > §. Then, for all y €
Bj,e(z) N by the triangle inequality

ASH(Qu(y). ) = dit(Qu(0).A) = |Qu(a) — Quly)] > 6 = Aoe Tl > 5

By definition of fyn this implies fe(Qc(y)) > 3 fmin. Since By,e(z) N QL C By(wo) N, and
|Bxe(z) N Q| > %W(Aoe)2 we know that

1 1
1 / P 1Q0) > i (20, 21) / £.(Q0)
€ J Bay(wo)NSY, € Bige(z)N82,

1 T 1
> Eﬁp&in(zm 21)§(>‘06)2§fmin = 2/10/310nin(x07 2l) )

which contradicts our assumption. O

The next lemma basically tells us that for a € (0,1) there has to be some radius r < ¢/2 so
that we can control the energy on 0B, in terms of the energy on B.a/2. It will become important
later on when we will use it to bound the energy contributions of the boundary terms from
Pohozaev identity (Proposition 3.6).

19



Lemma 3.8. For all g € Q' there exists r € (e*,€2) (depending on xo and €) such that
1 1 1 4E§D Qe, Bay2 (o) N QY
/ pP <2IVQ€|2 + ?fe(@e) %€ 7‘ Qe|2> ( 2( ) ) .
OBy (z0)NY €

ar|Ine|
Proof. The proof consists of an averaging argument. Assume that no such r exists. With the

notation B’ = B_a/2(x0) N, this would imply

a/2

¢ 1 1 1 —~
er@am - [ f Lva + L@ + S le - 6P ) dard
Qe B) O JVQ|+fﬂwQ>+%ﬁ@ Q) dwdr

cor/2
/ / <|VQE|2 Qfe( e) |Q Qe| ) dz dr
OBy (x0)NQY

4E2D / /2
> — " (Qg’B)/ }dr
allne| @ T
E2D(Q6 B/)
_ 2o We D) 1
T )

=2E*P(Q., B).

This gives that E2P(Q., B') = 0 and thus Q. is constant on B’ and Q. = Q. = (0. But since
the constant map Q¢ satisfies the lemma, we get a contradiction. O

The following two results (Lemma 3.10 and Proposition 3.11) are similar to [13], see also
[19, Lemma 1.4.8, Proposition 1.4.9]. Lemma 3.10 states that we can derive a better bound
(independent of €) than (19) on balls Be for the energy contribution of fe. Then Proposition
3.11 tells us the cost in terms of energy for such a ball if Q. is not close to N'. Both results rely
on the Pohozaev identity (Proposition 3.6) and Lemma 3.8. We start with a proposition that
will help us in the proof of Lemma 3.10 to obtain estimates at the boundary of 9.

Proposition 3.9. There exist constants Cq, €1 > 0 such that for all0 < e < €1, r € (€%, e%) and
y € Q there exists z € Br(y) N QY such that

v(z) (x—2)>Cqr Vzed NB.(y),

where v is the outward unit normal on OV .

Proof. Let us start by considering the domain R = {(x1,72) € R? : 21,29 > 0}. Let y € R and
r > 0 such that B.(y) NOR # 0 (otherwise the result is trivial). Let Ly = [{zg = 0} N B,(y)|
and Ly = [{z1 = 0} N B,(y)|. Then we define 2 = y + 5 (R1/L(0,1)" + L1/L(1,0)"), where
L? = L? + L2. We will show that this definition of 2 indeed satisfies our claim. Without loss of

generality we may assume that y; > yo. We consider the following cases:

1. (0,0) € By(y). In this case, Ly = y1 + /72 — y3 and Ly = y2 + /72 — y}. Let = = (x1,0).
Then v(z) = (0,—1)" and

L L
v(@) (o= 2) = (g2 —w2) + 57 = T
Analogously, for © = (0,22) we find v - (x — 2) > %% Since y1 > y2 we have also the

inequality Ly > Lo. Minimizing Lo/ L subject to the constraint y; > y2 we get y1 = y2 and

thus Ly = Lo, ie. v(x) - (x — 2) > 2\%_
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2. Ly # 0 and (0,0) ¢ B.(y). Then L; = 24/r2 —y3 and Ly = 2y/r2 —y?. A similar

calculation as in the first case shows that v(x) - (z — 2) > 2\T/§'

3. Ly = 0. The lengths L1, Lo are given as in the second case, but since Ly = 0 we get directly

v(z) (z—2) > 5 =1

Now we consider the domain €)', For a radius 0 < r < % the angular difference between the

normal vectors of ' and R is smaller than arccos(1 — r). Thus, for €; small enough, 0 < € < ¢,
r € (e, e%), we can find Cq > 0 such that

viz) (z—2z2)> gcos (% + arccos(1 — r)) > gcos (% + arccos(1 — 6;1/2)) >Cqr>0.

O

Lemma 3.10. Let xg € Q. Then there exists a constant Cy > 0 which depends only on a7y, <,
the energy bound in (19) and the boundary data in (13) such that if € is small enough

1
) pfe(Qe) de < C,.
€ Bea (zo)NY

Proof. By Lemma 3.8 there exists € (¢*,€2) and a constant C > 0 such that for e small enough
1 1 1 —~ C

[ (5P paQ) g5l Q) < 5 (31)

OBy (z0)NEY €

2¢e7 o

3

where we also used the energy bound (19).

Now assume in a first step that B,.(zg) C Q. Using the Pohozaev identity from Proposition
3.6 with ' = B,.(z¢) and T = x¢, we find

- 1 2 1 1 ~
Q/BT(JCO)/)J‘E(QE) < /aBr(xo)p((:c—xo).u) <2!VQ6\ + 5@ + 551Q — Qd )

€

1 — —
[ -Gl - )V (52)
€ Br($0)

—/ p((x—z0) V'Qe): (v-V'Qc).

OBr(x0)

Notice that since z € 9B, () we have (z — x¢) - V'Qc = rv - V'Qq, i.e.
((x—20)-V'Qo): (v V'Q) =r|v-V'Q|* >0,

and (x — xg) - v = 7|v|> = r. Substituting this into (32), one gets

% pfe(Qe) <7a/

€ J B, (z0) OBr(x0)

2e7
1 — —

v [ pla- Qe —e)- V.
€ BT'(x())

By (31) and Cauchy-Schwarz inequality this entails

3 (G ~ : ~ :
o[ psQarse s ([ ple-@l) ([ evar
€ JB,(z0) ar € By (o) By (z0)
< ¢ + C'i (1+ ]lne])Qe'Y)% < ¢ + G/
« €7 «
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provided a > v and € small enough. This proves the claim in the case where B,.(z() C Q.

In a second step we show that the result also holds if B, (zo) € . We define I' = B,.(z0) oY
which is now non-empty. This enables us to write (B, (x0) NQ') = TU (0B (x0)NY'). Again we
apply Proposition 3.6 with w’ = B, (x¢) N’ but this time we set T = z, where z € Q' N B,.(z0)
is given by Proposition 3.9 for y = z¢. By Proposition 3.6 we get

: T 1 2 1 1 ~
2 Jo o fe(Qe) dz < /aB,,.m)me p((z—T)-v) (2|VQ6| + 5e(Q0) + 5510 — Qd >
_ 1 v 9 1 1 ~
+/FP(($_ZU)V) (2| Qe| +€7fe(Qe)+ﬁ|Qe_Qe| >
3 1 N o
C2¢7 € wel T4 e — We) ! — -V
o A A A
- / p((z=2)-V'Q): (v - VQe) - / p((x—2)V'Q): (v-V'Qo),
: OBy (z0)NQY

where we denoted v the unit outward normal. For the integrals on 0B, (z¢)NQ and B, (z¢)NQ we
proceed as before using |(x—7)-v| < 2r. Note, that this time (z—=)-7 does not necessarily vanish.
Nevertheless, the integral involving this term can be estimated from above by [, B.rar 27P |V Qc|?
and then be estimated using (31). Now we estimate the integrals involving I'. First note that
Qe = @Ve = @y on 1:\@ 0Q with f(Qp) =0, Le. frman f(Qe) =0 eragp fe(Qe) < CQbea/2/772
and [0 P Qe — Qc> = 0. On T'\ 9Q C {p = 0} we find that all integrals vanish because of
the bounds in @) established in Proposition 3.4. We are left with the two integrals on I' N 02
with gradients. The idea is now to split the gradient into a tangential and a normal part. The
tangential part depends only on the boundary data Qp, the normal part needs to be estimated.
So let 7 be the unit tangent vector on I'. Decomposing V'Q. = (v - V'Qc)v + (7 - V'Q¢)T and
substituting this into [igq p(z — T) - V3| V'Qc[? yields

2 p1A@Q) dr < 4T r ol gt = [ (e -3) Q) s (v TR
€ J B, (x0)NQY o rnoQ

1 = 1n 2 L — 10 |2
] IR BT LY M CEE RIS oA

<49 ¢ celammya Co, e/t — 1/ p((x =) v)|v-V'Qc|?
a 2 Jrro
S ACEE TE G ARt
rnoQ
where we used that (x —Z) = ((z — ) -v)v + ((x — ) - 7) - 7 and that 7- V'Q. = 7 - V'Qp only

depends on the given boundary values. We apply the inequality ab < a?/(20?) + C?b%/2 with
C = /Cq/2 from Proposition 3.9 to get

C 1
2 p £(Q0) dv <45 4 celom/1 4 cg et~ L / p((z =) v)lv-V'Qdf
€ J B, (Qo)neY a 2 Jrron
1 _ s~ 2 Co _ 1A 12
+ == pllx—2) 7|7 V'Q|" + — pllxz =) 7|V V'Q".
Ca Jrroa 4 Jrroa
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Then we apply Proposition 3.9 to get

1 C 1
ol p [(Qo) dz < 4= 4+ Cel @™/ 4 0, e/t — = / Carp|v-V'Qc|*
€ JB,(Qo)ns a 2 Jrron
C
+—Q 2Tp|V'v/Q€‘2
4 Jrroo

= 4% + Cel ™A L O, et

O

We have now all the necessary tools to prove the second important ingredient for the proof
of Theorem 3.5.

Proposition 3.11. For all §,0 > 0 there exist €2,(y > 0 such that for 0 < € < ey and xg €
the following implication holds:

dist(Qe(wo), N) >0 = E2P(Qe, Bea(0) N ) 2 Cal| lne| + 1)p50 (w0, €%)

with p%. > o defined as in (30). The constant (o can be chosen to be dependent only on o and
&, while es depends on 6,0, a, .

Proof. Let’s assume that the conclusion does not hold at xg € €, i.e. E2P(Qc, Bea(10) N Q') <
Ca(llne| 4+ 1)p%;, (0, €*). Then there exists a radius r € (e2%,€®) such that

1 1 1 - 20 p”. (0, €
Lo o (GIVQP + 2AQ) T 55100~ Q) do < Kol gy
OBy (x0)NY €

2€7 ar

Indeed, otherwise

e~ 9 o o a
E2P(Qc, Bea(wo) NQY) > / Kalunl20: ) . 2CaPmin (T, €¥)| In(e)]

e2a ar

which clearly contradicts our assumption for € < %
Replacing (31) by (33) in the proof of Lemma 3.10, i.e. C = 2407 (z0,€%), we find

]- 8 « i b @ a—
/ pfs(Qs) < G pmm(‘ro € ) _'_Creg 7)/4’
Br(ﬁo)ﬁﬂ/ «

€2 -

where the constant C can be chosen to be independent of o and e. We choose €3 small enough
4

such that it satisfies the estimate Agey < %e% Now choose (, < %52 and €3 < (5%7)a=7, where g

is the constant from Proposition 3.7. These bounds imply that pop?;, (zo,€*) > w +

C’ega_w/él, i.e. we can apply Proposition 3.7 with [ = %ea. This implies dist(Qe(zo), N) < 0,

which proves the claim. O

Now we can finally prove Theorem 3.5 and define the set of singularities X.. To do this, one
can proceed as follows: In a first step we cover ) with balls of size ¢* and look for balls where
the energy is large. The number of such balls has to be finite because of the energy bound. In
view of Proposition 3.11, Q. will be almost uniaxial outside of these balls. In the second step
we improve our estimates to the scale e. We cover the balls with high energy from step one with
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balls of size ¢ and determine balls where f is large. By Lemma 3.10 this number will be finite
too and Proposition 3.7 implies that Q. is indeed close to N on all other balls. We can then take
X, to be the set of all centers of balls with large energy.

- -o

~

E2P(Qe, Baeo) > Cal| lne| + )™,

dist(Qe, N) <6

Figure 1: First covering argument: Find balls B.o, where the energy is large

Proof of Theorem 8.5. Let 6,0 > 0 be given and choose @ € (0,1). Let {Bea(y) : y € '} be a
covering of Q. By Vitali Covering Lemma there exists a countable family of points {y; }ier. such
that

' C | Be(ui), Bia(yi) N Biea(y;) =0if i # 5.
i€l

Let (4 > 0 be given as in Proposition 3.11. We define
Jo = {i €I+ E?’(Qe, Baeo (yi) N Q) > Ca(1+ |Ine|)o} .
Then by the energy bound (19),
Ca(l+ [ meo#Je <D EZP(Qe, Baea (i) N Q) < CEZP(Q, ) < C(1+ Ine]).  (34)
i€Je

Indeed, note that there is a constant C depending only on the space dimension such that each
point in Q' is covered by at most C balls. This implies the second inequality in (34). From
(34) we directly infer that the cardinality of J, is bounded by a constant dependent on 4,0, «
as well as the space dimension and the energy bound, but independent of €. Let ¢ € I, \ J. and
T € Bea(y;) N . TIf dist(Qc(x0),N') > § we deduce by Proposition 3.11 that E2P(Q., Baca (y;)N
) > E?P(Q., Bea (10) N Y) > (o(|In(e)| + 1)o, a contradiction to i € I, \ J.. Hence

dist(Qc(x),N) <30 Va € Bea(ys) N i€ I\ J..

See also Figure 1. Note, that this estimate is not good enough since we announced the radius
around points in X, to be of order € instead of €“.
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Now fix ¢ € J.. Again by Vitali Covering Lemma we can consider a covering of Bea (y;) N2

of the form

Bea(yi) N2 © | Baoel#) . Buy,el#) N Bryo(ar) = 0if j #
jele,i

with all z; € Bea(y;) and where Ag is given by Proposition 3.7. Furthermore, we define

. 1
Je,i =947 EIe,i : 2/ pfe(Qe) Z oo g,
€7 J Baxge(z)NQ,

with po again from Proposition 3.7. By Lemma 3.10, recalling that 2M\pe < €

1 C
o U#Je,ig / pfeQe S/ pfeQe SCOéa 35
’ 2 2 Basge(2)n2, Q)= B (y)n (@) (%)

jeje,i

so that #J.; is also bounded independently of e. Applying Proposition 3.7 to the sets Bay,e(2;)
for j € Ic; \ Jei we get that dist(Qe(z),N) < § for all z € By,e(z;) N, see Figure 2. Thus,

setting Xe = (U{zj : j € Usjey, Jei} yields the result. O

- -

dist(Qe, N) <0

Figure 2: Second covering argument: Find balls, where 6% [ pfe(Qe) is large

3.3 Lower bound near singularities

The goal of this subsection is to precisely determine the cost of a singularity. The plan is to
use estimates as in [21, Chapter 6] which generalize the idea of [34, 47]. The general idea is to
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decompose the gradient of a function into a derivative of its norm and of its phase as for example
w12
Vul? = (9]l + |V

for any vectorial function u that does not vanish. Following [19], we replace the phase u/|u| by
the projection of Q. onto N/. As a substitute for the norm, we introduce the auxiliary function

0.
Definition 3.12. We define the function ¢ : Symy — R by

+5(Q) (1-7(Q)) Q€ Symg\ {0},

$(Q) = 0 0—0.

where s, is given as in Proposition 1.2 and s,r are the parameters from the decomposition of Q

i Proposition 1.5.

Proposition 3.13. The function ¢ is Lipschitz continuous on Sym, and C' on Sym, \ C with
#(Q) =1 for all Q € N'. Furthermore, for a domain w C Q and Q € C'(w,Symy), the function
RoQ is Ct on the open set Q~1(Sym \ C) and the following estimate holds:

2
S*

SIV(@o QP +(¢0QPV(RoQP  inw,

where we use the convention that (¢ o Q)2 V(R o Q)|? = 0 if Q(z) € C.

VQ|?* >

Proof. The proposition follows directly from Lemma 2.2.3 and Lemma 2.2.7 in [19]. O

The next theorem gives the desired lower bound close to a singularity on a two dimensional
unit disk. A proof of this can be found in [20, Proposition 2.5].Observe that we work here with
the function f, not f..

Theorem 3.14. There exist constants k., C > 0 such that for Q € H'(By,Sym) satisfying

Q(z) ¢ C for all x € By \ B1 and (R o Q)|gp, is non-trivial, seen as element of w1 (N) the
2

following inequality holds

[ 3VQR + 51Q) o 2w B\ Bylnel ~ C, (36)

for a number ¢o(Q, By \ B%) = essinfp\p, ¢(Q) > 0. Furthermore, k. = si%
3

The constant k. can be calculated as in [20, Lemma 2.9] or [19, Lemma 1.3.4| and is specific
for N =2 RP2. For other manifolds, there are analogous results with different constants, see [21].

For our purposes, we will use the following version of Theorem 3.14.

Corollary 3.15. Let zy € Q' such that By(zo) C . Let Q € H'(B,(x0),Sym) satisfying

Q(z) ¢ C for all z € B, \ By, and (R o Q)|op, is non-trivial, seen as element of m(N). Then,
2

with the same constant C > 0 as in Theorem 3.14

/ Lv0r + L 1(Q) dr > 5ed(Q By \ By, (Jne| — [nn]) — C, (37)
By (wo) 2 € 2

27

where Kk, = s3 5
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Proof. By translating ' we can assume that o = 0. In order to apply Theorem 3.14, we define
T = %:p and Q(Z) = Q(nT) = Q(x). Therefore Q@ € H'(B;(0),Sym,) and verifies the hypothesis
of Theorem 3.14 with € = en, i.e.

Loop s | R T
[ sVt @dz= [ SIVER @
> kx3(Q, B1 \ By)|Iné| - C
> 5.63(Q. By \ By,) (1Ine] — [lnn) — C.

3.4 Lower bound away from singularities

The following proposition shows that we can uniformly bound the functions ¢ and ¢q from the

previous section if @) is close to N.
Proposition 3.16. Let dist(Q,N) < onw C Q. Then

V3 V3

1= Y5 < o)) <14 Y55

Sx

Proof. Let Q € Sym, with dist(Q,N) < §. In other words, |Q — R(Q)| < J, since R is the
nearest-point projection onto N. We use Proposition 1.3 to write

st((n@n—éld) +r<m®m—;1d>> and R(Q) = s« <n®n—;1d) )

for n, m orthonormal eigenvectors of @, s > 0 and r € [0,1). We can estimate

1 1. |2
Q@ -R(Q)F =|(s —ss)(n®n - gld) +sr(m®@m — gld)
2 2 2
= Sls = s+ Slsrf? = Ssr(s = s) (38)
1 1 1
= §|S — 5?4 §|37"|2 + g’s — 5, — 572,
e 62> 1s(1—r)—s|? = % $(Q) — 12, Hence |$(Q) — 1| < ?5 -

Away from singularities the main contribution to the energy comes from the Dirichlet term
and the external field since Q. is close to N. More precisely, we only need the energy in ra-
dial direction, i.e. |[VQ.|? can be replaced by |0,Q.|? and the problem becomes essentially one
dimensional. We formalize this thoughts by introducing the following auxiliary problem as in [3|

2 singl® | o 2
I(ri,r9,a,b) = inf / == 4+ (1 —n3)dr 39
( ) nz€H([r1,r2],[0,1]) r 1— TL% ( 3) ( )
ng(ry)=a, ng(rg)=b
for 0 <7y < ry < o0, a,b€ [—1,1]. Note, that this is equivalent to minimizing [ (3|9,Q|* + ¢(Q)) dr
for a function @ taking values in N subject to suitable boundary conditions. For the infimum

we have the following result.
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Lemma 3.17. Let 0 <71y <19 <13 <00 and a,b,c € [-1,1]. Then

1. I(r17r2aa7b) + I(?"Q,?“g,b, C) > I(’f’l,T’g,a,C).
2. I(r1,re,—1,1) > 4s,c4.
3. Let 0 € [0,7]. Then
1(0,00,cos(f), £1) = 2s,c.(1 F cos()) .

Furthermore, the minimizer n(r,0) of I(0,00,cos(),1) is C' and |9pn|?,|0,n|?, |n — e3
decay exponentially as r — co. The minimizer can be explicitly expressed as

nr0)=| 0 |, naro)= A0 Zep(2e/5r)

ns3

1+ cos()
A(0) + exp(—2cy/s41) (6) = 1 —cos(f) "

Proof. The first part follows directly from definition, since any function that is admissible for
I(r1,79,a,b) combined with one for I(rq,r3,b,c) is admissible for I(ry,rs,a,c). For the second
claim, we use the inequality X2 +Y? > 2XY with X = s,|n}|/y/1 —n3 and Y = ¢.y/1 — n? to

get
T2
/ nj dr
1

The third part follows from Lemma 3.4 and Remark 3.5 in [3]. O

r2
I(ri,re,—1,1) > 25*0*/ Inf| dr > 2s.c.

1

= 25,c4|n3(r2) — n3(r1)| = 4sscy .

Remark 3.18. 1. A close look at Lemma 3.17 reveals that it is enough to consider a rotationally
symmetric function g which has a strict minimum on N at Q = s.(e3®@e3 — fId) Indeed,
then for @ = s.(n® n — 1Id) we can write j(n3) = ¢(Q) and I becomes I(r1,r2,a,b) =

inf frz s*|n3\ +g(ns3) dr. Taklng a minimizer n3(r) for n3(0) = 0 and lim, o, n3(r) =t we

can define G( ) =2ss [
317, e.g. I(T’l,T‘Q, —1, 1) > 2G(1)

2. Lemma 3.17 and (39) only uses the form of g on /. As we have seen in Proposition 3.2, we
can neglect the behaviour of g far from A for smaller norms of ) due to the dominating
character of f in our asymptotic regime. With the same argument one could also introduce
a cut-off for higher norms as long as the growth assumption (5) is satisfied. So the essential
information about how ¢ contributes to the energy is g|as, i.e. (7).

Now we can combine all our previous results to prove the lower bound of Theorem 2.1. The
idea consists in replacing @ve by its approximation Q). and use the equivariance to write the energy
as a two dimensional integral. By Theorem 3.5 we can exclude regions in Q. where Q. is far from
N. Extending the sets if necessary, we can assure that the union has vanishing measure in the
limit 1, e — 0 and that the complement () is simply connected. The scaling of 1 and € allows to
apply Corollary 3.15 to each of these extended sets where the boundary datum is nontrivial. The
expression we calculate here can later be identified as the perimeter term in &. In the simply
connected complement g there exists a lifting n® of Q. which fulfils the compactness (16). We
then want to apply Lemma 3.17 to the rays in €}y for the lower bound. We consider the rays
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with high energy (that we can estimate easily) and those with low energy where we need to be
more precise about their behaviour far from the boundary 0. Using a diagonal sequence, we

can pass to the limit ¢ — 0.

Proof of the lower bound (17) of Theorem 2.1. Let 6,0 > 0 be arbitrary. We define Q. as in (21)
and extend it rotationally equivariant. From Theorem 3.5 for € < ¢y we know that there exists a
finite set X, of singular points z1, ..., z%_in Q. In a first step, we suppose that all these points

are included in the set Q' = Q N Bg(0).

€
J
(up to a subsequence) to a point in X as ¢,7 — 0. Note that there may be more than one

Since Q' is bounded, there exists another finite set X, such that each sequence z§ converges

sequence converging to the same point in X and we a priori only know that X C €’ N Bg.

We first assume that the set X is contained in L \ 9. Since n|Ine| — 3 € (0, 00) we know

that € < C’exp(—%). Assume that 7 is small enough such that 2Xge < 7.

For z; € X we define QNZE-’ = conv{B,(x;) U{0}} N If x; is the only point of the set X that
lies on the ray from 0 through z; we define Q' := Q¢'. If x; for j € J C I define the same ray,
i.e. lie on a common line through 0, then we set Q5 = (J;; Q. After relabelling, we end up
with a finite number N of sets Qf/, k =1,..., N. We define Qf = Q[ \ Uy, Q' (see Figure 3).
Since all points in X, converge to some point in X, we may assume that € is small enough such
that

N
U Baoe(@) € | Bangel) € [ 4 € . (40)
z€X, reX k=1

We drop the € in the notation of Qf/ for simplicity and call €, the three dimensional set defined

by rotating €2} around the ez—axis.

Using (21) and Remark 3.3 we can write

1 1 1 —~
1E(Q) = 0 [ SIVQ+ 31Q)+ 5510~ Qi da
1 —
‘Qe - Qe|2 dz (41)

2¢7

1 1
> 77/9 §‘VQE|2+§fE(QE) +
N 27 1 1
ZIVQL? + = £(Q) ) dpdz de.
+nkzl/0 /Q;CP<QWQI +62f(Q)> pdz de

For = € Qy we know by Theorem 3.5 that dist(Qc(x), N') < 4. Since Qf and thus Qq is simply
connected there exist liftings +n¢ : Qg — S? such that

S(S ODQ().

o0

1
Sy <n5®nE — 3Id> =RoQ. and

1
Sy <1r16 Qnc — 3Id> — Qe

In particular, Qc(x) € Sym,\C for all z € 9Q forall k = 1,..., N. Let M C {1,..., N} be the set
of elements k € {1,..., N} such that (RoQ¢)|sq; is non-trivial as an element of m (N). On By(x)

we apply Corollary 3.15 to an(fEk) 3IVQe* + 5 f(Qc). The term nan(xk) n%]g(QGN + Co(e,n)
is seen to be bounded by Cn. On the remaining Q) \ B,(z;) we use that the energy density
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FVQ* + 6%fe(Qe) > 0 is non-negative. Hence we get

i/ 1|VQ|2+lf(Q) dp dz > ﬁ:inf / 1|V(Q!2+lf(Q) dpdz - C
nkZI Q;cp 5 € 2/elle P Z7n Q/PQ;c 9 € €2 € P n

k=1"k

>0 > kb Qe Bylak) \ B%n<zk>>”'|ij|"|1ne|n
keM k

— CG(Qe, Bylay) \ B

,(@k)) nlInn| —Cn

1
2

2
V3 Pp— N
> |1--56 k1521
_( . > 2] 5 5+l In(e)|

keM

2
3
-C <1+ f&) n|lnn| — Cn,
Sx
(42)
where we also applied Proposition 3.16 to estimate ¢g from below.

Before estimating the energy coming from g, we need an additional information, namely
we want to show that n®(rw) approaches +e3 and —n®(rw) approximates —es (or vice versa) as
r — oo for a.e. w € S?. However, it will be enough for our analysis to just show that n¢ is close
to either +e3 or —es up to some factor times /. To start with, we show that the vector n®(rw)
for r — oo is close to +e3 or —e3 almost everywhere. By (21) and the energy bound we know,
that for a.e. w € S? the integral

| 5@+ ZalQure)) +nColen) dr < . (43)

We argue by contradiction, i.e. assume that there exists some w € S? satisfying (43) such that
lim sup,_, . |[n§(rw)| — 1| > 2€av/§ for a € > 0 to be specified later and a is the constant from
Proposition 1.5. This implies that there exists a sequence ry such that rp — oo as £ — oo and
In§(rew)| < 1 —2€av/é for all £ € N or in other words |Q, — s.(e3 ® e3 — £1d)| > 2av/§ for a

suitably chosen € (A calculation shows that € > 4\/555 is sufficient). By Lipschitz continuity

of Q. this implies |Qc — s.(e3 ® ez — %Id)] > avé for all r € I := (re — %,re + %).
This implies that g(Q¢) > gmin > 0 for such points in I, where we used gmin = min {g(Q) :
Q € Symy, dist(Q,NV) < 6,]|Q — s.(e3 ® e3 — £1d)| > av/§} > 0 by Proposition 1.5. With this
estimate in mind it becomes clear that we have the lower bound

1 [ 7 1 1 1 2€aV/o
- D) Qe + - Qe rw)) + C €, dTZ* minI = —gmin—=— >
[ 3@+ L@+ nColen) dr = Lomali = Loun ™G

0.

Summing over disjoint intervals yields a contradiction to (43).

This implies that either lim sup,_, . n§(rw) > 1—2€av/§ or lim inf,_,o n§(rw) < —14+2Cav/6.
Indeed, n§(rw) cannot alternate between +1 since by continuity this yields a contradiction for
§ small enough such that 2€av/d < % Next, consider the lifting n® and suppose that there
exist directions wy,w_ € S? such that n(rw, ) is close to +es (resp. n(rw_) close to —e3) as
r — 00. Since our previous analysis holds a.e., we can assume that the angle between w; and
w_ is smaller than 7 and that wy are not parallel to e3. Let v = wy —w_ and w = wy +w_. We
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estimate the energy in new coordinates (7, s) in the segment between the rays defined through

w4 and w_ to get
2 [o Lo (Avey ol oy o) oo
R+1 J—r[v|/2 ‘ |v] |w| n ‘ |v| w|
rlvl/2
> C(1-C9) / / (
R+1) Jr|v]/2

Lemma 3.17 gives the lower bound fTLU‘L/iz (773§||%‘ -V'n2 + %cz(l — ng)) ds > 4c,s, — CV0.

Using p > r min{sin(6;.),sin(6_)} for 6+ being the angular coordinate of wy, we end up with

-V'n¢

2 1
U| +ci(1n§)C’5) ds dr.
n

R

020(1—05)2/ 7“(46*5*—0\/5) dTZCR(l—\/S)R% >0,
R+1

provided § > 0 small enough. Sending R to infinity, we get a contradiction. Hence, n¢ has to

approach either +e3 or —es a.e. and thus we can distinguish the two liftings by their asymptotics
far from 0f).

We now introduce sets F,, F/; which we use later to prove the compactness result. First
choose one of the two possible liftings n¢ € C%(€,S?). Without loss of generality we choose
the lifting such that n(rw) is close to +e3 as r — oco. The boundary conditions (13) imply
that n(w) = +v(w), where v is the outward normal on S? for all w € 99y N'S?. We define
Fre = {w e SN : n(w) - v(w) = 1}. Conversely, F, . is then given by FU6 ={w €
S2NoQy : n(w) - v(w) = —1}. The remaining part of S? N €, is denoted S, = (S?N Q) \
(FpeU Ff’;) = Up>1(S* NKy). Note that the sets F, ., 13; and Sy e are rotationally symmetric
with respect to the ¢ coordinate. Since the #—angular size of all £ converges to zero (i.e.
|Sse] — 0 as e — 0) and S? N Q, is compact, we get that (up to extracting a subsequence)
XF,. (resp. Xﬁv) converges pointwise to a characteristic function x g, (resp. ij“) By triangle

inequality we get dist(Qc, NV;) < dist(Qe, N)+|Qc—Qe|, where A, is the manifold N, ¢ introduced
in Proposmon 1.6. By Remark 3.3, Proposition 1.6 and the energy bound (19) we get that
fQ dist? QE, .) dez — 0 as ¢,7 — 0. On bounded sets additionally use (11) to get the claimed
L2—convergence in (16).

As a last step, it remains the energy estimate on . We split the integral over g in (41)
in several parts: For w € Fj;. such that the energy on the ray in direction w is large, i.e.
floo g|er‘2 + E%f(Qe) + %Q(Qe) +7700(67 77) + %‘Qe - QG‘Q dr > 4s.cs, we can use Lemma 3.17
that implies

oo
| 31V + @0+ 0(@0) + nCialen) + 55100~ QP dr > dsuca > (1,00, v3(0), +1).

(44)
Analogously, for points w € F/; with energy greater than 4s.c. we use I(1,00,v3(w),—1) as a
lower bound. Let’s consider the set of points w € S?Nd€Y such that the energy on the ray through
w is smaller than 4s,c,. We claim that there exists a constant C > 0 independent of w and a
radius Ry, € (R—Cn, R] such that ||n§(R,.w)|—1| < 2€av/§ < 1. Indeed, if ||n§ (R, ,w)|—1| >
2¢€av/§ on (R — Cn, R] then on this set |Q. — s«(e3 ® e3 — 11d)| > 2a+/9. Hence for C large
enough this contradicts 4s.c. > [ % f(Qc) + % (Qe) + nCo(e,n) dr > (R — (R — Cn))can\[. In
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order to conclude that the energy from 1 to R, is (up to some small contributions of size V6)
close to I(1,00,v3(w), £1) we need to show that for w € F, . the vector n°(R,,,) is close to +e3
and not —es (and vice versa for w € F;e) Again we argue by contradiction, i.e. we assume that
In¢(R,,.,) + e3] < 2€av/§. We subdivide the ray in direction w from R to infinity into segments
of length 1, identified with the intervals J, = [¢, ¢+ 1] for the radial variable, for integers ¢ > R.
On every segment, the energy bound on the ray implies the existence of two points ay, by € Jy
with |ap — €] < Ch, |by — (£ +1)| < Cn such that ||n§(a,)| — 1| < 2€av/s, [|ng(b)| — 1] < 2€av/6.
Since we assumed n(R,, ,) close to —e3 and n® approaches +e3 for £ — oo, there exists some
integer £ > R such that [n§(as) + 1| < 2€av/§, [n§(by) — 1| < 2€av/5. Together with (8) this
implies
/J g]VQE\Q + 7179(626) dr > I(¢,0+ 1,n5(ag),n§(by)) — C(Ca+ V6 > ds,e — CVS.
4

In order to show that for § and e small enough this contradicts the assumption of the ray having
energy smaller than 4s,c,, we prove that the energy coming from the segment [0, R] has to be
positive with a uniform lower bound. Since w € Fy . C 89 one can show as in 2. in Lemma 3.17
that on such a ray fl HVQ|?* + g(Q ) dr > 4s.c.(20? — 8€aV/§). So combining this result
and the estimate for Jy we get

1
45,0 > 4S4Ch — CV5 + 284Cx (502 — 8€a\[5) ,

which yields a contradiction for ¢§,e small enough. For w € F;. we then use the change of
variables r = 1 + 7, (8), Proposition 3.13 and Proposition 3.16 to get

Ry s 1 (R=1)/n 1 ) ' 3
| B Qo= [T SV + g(Ro Q) € dist(Qu ) a7

(R=1)/m 1
> (1— Co)? /0 5rvozo@e)\?+g<Rer> dF =05 (45)

(0, (Ryw —1)/n, v3(w), n3((Byw —1)/n)) —
(07 (Rn,w - 1/77’ VS(W)’ ) - 05,

where we also used Proposition 1.6 to get
2 1 2

dist(Q., N) < dist (QE, ) + C— < C(f(Qg) + %g(@e) + 20 (e, n)) 2 06—2

and thus by Cauchy Schwarz inequality and the energy bound on the ray fo L/n dist(Qe, NV) dr <
C’\/>\/77 + C‘Rf7 . So by (44) and (45) we get that for w € F, . we have

/00 g\erF + Tllg(Qg) dr > min{I(0, 0o, v3(w),+1), I1(0, (Ryw — 1/n,v3(w), +1) — Cd}.
1

Furthermore, by compactness, xr, . converges point wise a.e. to x,. Since (R, —1)/n — o0
as 17 — oo we can apply Fatou’s Lemma to get the energy contribution from ) related to Fy ¢

imint [ [ 519+ 510+ 0@+ nCoen) dr

e,n—0

/ lim inf min{7(0, oo, v3(w), +1), I(0, (Ryw — 1/n,v3(w), +1) — Cé}xF, . (w) dw
$2NaQ0

e,n—0

2/ 1(0,00,v3(w),+1) dw—C§.
Fo
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Now combine this estimate, the analogous result for F/'U:, the formulae for 1(0, 00, v3(w), £1)
from Lemma 3.17 and (42) to get

lim ir(l)f NEne(Qne) = / 254¢4(1 — cos(0)) dw + /~ 2544 (1 + cos(f)) dw
6777_> Fg’ o

+(1-c8? Y p”“m_‘" 72528 — O,
kem Tk

for the points zx = (pg, 0k) € X.

It remains to show that for all £ € M, the point zy/|xg| corresponds to a jump between
F, and F; For this it is enough to show that the orientation of n€ relative to the normal on
0Q changes when following 0, N Q' for all k € M. So let k € M and consider the curve
I : 98 — S? defined by n|pq; . By definition of M, the curve is non-trivial in m (N), ie. T
jumps an odd number of times from one vector to its antipodal vector on the sphere. Hence, the
orientation has to change. In the limit €, — 0, this implies that

o Z ”’“ = [Dxr, |(S2N{p> o)),
kGM

This implies our result in the case X, X C (' N Bgr(0)) \ 9.

We now explain the changes in our construction if there are some z; € X NS?. Basically, we
use the same construction as before, but we need to take care that the lower bound involving
Corollary 3.15 stays applicable. To see this, we extend the map Q. outside of €} using the
boundary values. We define

o ( LEGBn(l‘i)mQ’
(i ® & - i ) x € By(xi) N Bi(0).

Then £(Q0) = 0 and [VQ.[%, |9(Q0)] < C on By(x;) N Bi(0), i

/ LIV + 7@ + 550(@) + Colesn) de < Cr.
By(2:)NB1(0) 2 n

So if (RoQ)|aq; is non-trivial as element of (N), we can apply Corollary 3.15 to the extension

Q., i.e.

1
nf Vel
By (z)NQY

L F(Qu) dz > 1 / VO L (@) de - Cy

B (wi)NR?
2
> (1 - \/§5> gsfn\ Ine| — Cn|lnn| —
Sx

If (Ro Qe)|39; is trivial, then we just estimate as before, using that the energy is non-negative.

It remains one last case. Assume that there is a point zj € X, such that |z{| — oo as
e — 0. This causes two modifications to our previous results: This time, we define (Ali’ =
conv{B,(x5,) U {0}} N Q. Doing so, we risk to exclude a region from )y that is too large for
proving the compactness, namely when we define the set w;, afterwards. But in fact this is not
really a difficulty for two reasons: First, it is possible to extend n continuously in (flvz’ \ @,
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with 57:’ = (By(z5,) U[0,z5]) N, where [0, 2] is the line segment between the points 0 and x,.
Second, in order to conclude that also the measure of (/272 is bounded, we need to show that pj
cannot grow to infinity. To see this, note that xj, € ), and by applying Proposition 3.11 one gets
from the energy bound that p¢; (xf,€e*) is indeed bounded. All estimates for the lower bound
that we have done before stay valid in this setting.

So far, we have established the inequality

.. T
lim inf n&,,e(Qne) > (1 — C8)*2 28| Dxr, [(S* N {p > 0})
17,§—0 2

46
+ / 284¢4(1 — cos(0)) dw + / 25,4 (1 + cos(#)) dw — CV . 1o
Fy Fy

We now define the set wy  as proxy for the set wy, from Theorem 2.1. Let wy, . := Uy, ﬁ?,
where the sets 5}‘:’ = Q5 for bounded sequences |zf|, and given as in the second construction if
|z, | diverges. This is well defined for € (and therefore ) small, depending on ¢ and . Recall that
since 1| Ine| — B € (0,00), we have the asymptotic  ~ |Ine|~!. Let wy, be the corresponding
rotational symmetric extended set. Then |w} | < C|U,cx, By(2)] < Cn?|X | < C%, ie.
choosing 7 small we can force the measure of wy, . to vanish in the limit. Note that this also
implies that the measure of w, . vanishes because we have an upper bound on the p—component
of points in X..

We now want to send 0 — 0 and choose a diagonal sequence with the properties announced
in the theorem. From our previous construction, for a sequence o ~\, 0 there exist corresponding
sequences 0 N\, 0, 7 \( 0 and € 0 such that from (46)

s
nEne(Qne) = 552BIDXE,, (8 N {p > ok})

1
+ /F 2544 (1 — cos()) dw —|—/ 2544 (1 4+ cos(f)) dw — —

—

)
Fop e k

O s€

and furthermore [wy, o < §, 8%\ (Fope U Fo )| < fand fo \,, dist*(QcNo) do < g for
L o,€

€ < ¢, and n < ng. The sequences €, and 7 depend on oy, and J§;, and are related via ng| In ex| — 3
as k — oo.

So we can define the function n” : Q@ — S? announced in the theorem as n” := n® on Q,, \ wy
for n € (Mg+1,Mk), Wy = Wo, . and extend it measurably to a map Q — S2. This definition
assures that n”7 € C%(Qy, \ wy,S?) and the convergence in (16) holds. Furthermore, we define
the set F,, = Fy, c for n € (Mg41,mk). Then our analysis shows that the sequence XF, has the
point wise a.e. limit xr, for ' = {J;. Fy, since [xr — xr,| < [xF — xr,, | +IXF,, — XF,, .| and
the measure of the set on which these two terms are nonzero is smaller than CO’% + %

This finishes the proof of the first part of Theorem 2.1 and (17). O
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Figure 3: Construction made in the proof of Theorem 2.1. The arrows show a lifting n€. In the
region €y the director field n® has non-trivial homotopy class, around the region ()2, n€ has a

trivial one.

4 Upper bound

In this section we are going to prove the upper bound from Theorem 2.1, namely (18). Since all
functions are rotationally equivariant, it is useful to introduce the two dimensional energy for
sets w' C

£P(Q,w') = /w p (;\V’QP + plem 1Q+ éf(@) + 77129(@ + Cyl€, 77)) dp dé.

First, we show the following lemma, which gives the upper bound in the case where there are no

singularities near the axis p = 0.

Remark 4.1. 1. The energetically relevant part of the construction in Lemma 4.2 away from
defects is carried out with uniaxial QQ—tensors of scalar order parameter s,. One could
also carry this out by using the physically motivated order parameter s, ¢2/,2 to obtain a
sharper upper bound for £, 7 > 0. In our regime of the limit £,7 — 0, both constructions
yield the same upper bound.

2. In the construction of the singularities in (55), we use an isotropic core = 0. Other
choices, such as a oblate uniaxial state surrounded by a biaxial region, are possible and
would yield a sharper upper bound for &, 7 > 0 for certain parameters. However, our upper
bound for &, — 0 is independent of this choice.

Lemma 4.2. Let 0 > 0 and F C S? be a rotationally symmetric set of finite perimeter such that
S*N{p<o,2>0},S°N{p < 0,2 <0} are contained in one of the sets F, F¢. Then there exists
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a rotationally equivariant sequence of functions Q. € H'(Q),Sym) such that the compactness

claim (16) holds, ||Qcl|L~ < \/gs* and

lim sup gn,é(QE) < &(F).
e—0
Proof. The proof consists in providing an explicit definition for )¢, generalizing the construction
made in [3]. The idea is the following: Let FF C SN {p > o} be rotationally symmetric. Since
we assume F' to be of finite perimeter, |Dxr|(S?N{p > 0}) < co. Let FNFNQ, = {0y, ..., 00}
for some M € N and 6; < 0,51 for all i = 0,..., M — 1. We now define the map Q. on the two
dimensional domain ©'. We divide ' into several regions and define @), on each region separately
(see Figure 4). After that, we derive the estimates that are needed to ensure that the rotated

map R;Q6R¢ satisfies the energy estimate.

Let Q' be parametrized by polar coordinates (r,0). As usual, we denote by F' = F N Q' and
F¢ = F°N. Note that p = rsinf. Let R > 2 be fixed.

Step 1 (Construction on F; and (F°);): We define F} = F'\ UM o0 Ban(6;) € St C € and
= o Dap(b;) C c ). ror (r,0) € |1, X we deline
Fey, = F\ ULy Bay(0;) C ST C Q. For (r,0) € [1,9] x F, we defi

) V1—n3((r—1)/n,0)
Qc(r,0) = s, (n ®@n— 3Id> with n(r,0) = 0 , (47)
n3((r —1)/n,0)
where n3 is given by Lemma 3.17. Analogously, for (r,6) € [1,R] x (F°),, we define
. —/1=n3((r —1)/n,7 - 0)
Qc(r,0) = s, <n ®n— 31d> with n(r,6) = 0 . (48)
n3((r —1)/n,m—0)

Since the defined . is uniaxial of scalar order parameter s,, we have f(Q.) = 0 and by (7) we
can estimate the energy on Qpy = {(r,0) : 0 € Fpor e [1L,R]}

€2’ (Qe, Ury)

R 2 2
5% 1 Ci
=0 [ [0 (10 + o+ 2 Queas @t S0+ Colen) ) rar a9
Fé 1

(R-1)/n
= / / (s210m]* + c2(1 —n3) + Co(&,m)) (1 + nt)*sinf dt df

(R-1)/ 2 2 . 9 , )
1 — n: 1 ;
/// 1_|_ t) [8 n|” + Sin2 9( ns)]( +nt)*sinf dt do,

where we set 7 = 1 + nt and used that Qax2e : Q@ = |Qc|> — 65.(1 — n3)s.n? = 252(1 — n?).
Estimating Cp by Proposition 1.4 and using Lemma 3.17 we get

nSEQD(Qe,QF;]) < / I(0,(R —1)/n,cos0,1)sinf dd + C'n < 25*0*/ (1 —cosf)sinf dd+Cn.
F’ /
(49)
Applying the same steps to (F°);, we get

nE2P(Qe, ey ) < 25404 / (1+cosf)sinfdd+Cn. (50)
FC/
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Step 2 (Construction on (QJr ) and (S, )’) Next, we construct Q. for (r,0) € [1+4n,R] x
UZ o B2y (0;). Without loss of generahty, we assume 6 € By, () and that smaller angles belong to
F’, while larger values lie in F'¥. We define (Q;O ) =1{(r0) 1 0o—2n <6 <0o,r € [1+4n,R]}
and (Q ) ={(r,0) : 6o <6 <00+ 2n,r € [1+4n, R}

Since we want Q. to have H'-regularity, we need to respect the values of @, that we already
constructed at 0 = 6y — 2n and 0 = 0y + 2n. We do this by interpolating between these given
values and s,(e3 ® e3 — £1d) at 6 = fy. More precisely, for (r,0) € (Q;O ;)| we define

Qc(r,0) = s, (n ®n— 3Id) with n(r,0) = 0 ,
cos(¢(r,0))
where the phase ¢ is given by

0y — 06

o(r,0) = arccos (ns (r,60p — 2n)) . (51)

Similarly, the phase for (r,0) € (2, 7])’ is given by

0—40

2 0 arccos (n3 (r,m— (6o +21))) . (52)

¢(T7 9) - -

Note that Q). is indeed continuous for 8 = 6y and that Q. coincides with our previous definition
at 0 =6y —2n and 6 = 6y + 2n.

Now we calculate the energy coming from the two regions. We assume that (r,0) € (Q;O 77)/
the estimates for (€2 )" are similar. Since Q. is takes values in NV, f(Qc) = 0 and furthermore

by (7)
9(Qc) = (1 — cos®(¢(r,0))) = cZsin*(¢(r,0)) < 2 sin?(¢(r, 6y — 217)) .

For the gradient, we note that

1 s2 52
SR 0 = Zom(r,0) + %5 |ogn(r, 0)F = $210,6(r, )1 + 510901, 6)

2

_ (90 ? 2 2 Sk 2
= (55 sHo0(rt0 —2P + 5 lotr60 — 20)

2
S
< sz\&nn(r, 0 — 27})\2 +—

4T2772 ‘(Z)(T, 90 - 27])‘2 :

Note, that for n — 0 the phase ¢ stays bounded. Furthermore, all terms decrease exponentially
in 7 by Lemma 3.17 and are thus integrable. Since 3|0,Q|> = Qax2 : @ = 2s2sin?(¢(r,0)), this
term converges to zero exponentially and is bounded for n — 0. So finally we use the estimates
on Cy(&,n), the above calculations and the usual change of variables ¢t = 1 + nt to get

nEP(Qe, () ,)) < Cy. (53)

Analogously,
nEP(Qu, (9 ,)) < Cn. (54)

iy
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Step 3 (Construction on B' and D’): Throughout this construction, we assume that we are
in the same situation as in Step 2, namely that we are switching from F’ to F'* as the angle 6
increases. In this situation, we are going to construct a defect of degree —1/2. Otherwise, one
would need to define a defect of degree 1/2, i.e. one needs to switch the sign of the angle in the
definition of Q(«).

e We first define a map @p on the two dimensional ball B;(0) using polar coordinates as

follows
0 r € [0,¢€)
Qp(r;a) =4 (5= 1) Q(a) 7 € [e,2e) (55)
Q(a) r € [2¢1),
where
sin(a/2)
Q) = s« <n(a) ®@n(a) — ;Id) with n(a) = 0
cos(a/2)

e On B; \ By we calculate

/ ~|V'Qp* dz = / / <|8TQB|2+2\6QQB|2>rda dr
Bi\Ba. 2 2Jo Jae r

1 1 1 2 )
== —dr |0.QB|* da
2 2 T 0
2

|
= —ln(Qe)/ SEE(COSQ(O&/Q) + sin?(a/2)) do
0
In(2
= T2 In(e)| — Msi
2 2
Furthermore, f(Qp) = 0 on B \ By and fBl\B2€ |9(@p)| dz < C|By \ Bae|. This implies
1,y 1 1 T o
- - — do < Ts2|1 1B\ Byl . 56
Lo 31V/@5 5 5(@s) % 0(@p) dr < T + B Bl G

e On By \ Be we find

1 1
~IV'Qp|? dz = =
/326\352‘ | 2
1 (27 2 /1 2 1 /7 2
:2/0 / (6_1> Q(a)r +~ (£ =1) 10.Q(@) dr da
2 o (1 N\ [* 1, [*1r N2
371'8*(6—1) /e TdT+27TS*/E ;(g—l) dr
1 2, 1
_ 2t 2, T2 _ 1t
—7rs*<6 1) e—{—25*<ln(2) 2)
In addition, f(Qp) =0 and fBge\Be l9(@p)| dz < C|Bac \ Be|. Together, we get

| - 1 1 1
/B%\B6 §|V QB‘2 + E*Qf(QB) + ﬁg(QB) dz < Oy <1 + 772> | Bae \ Be|. (57)
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Finally, the gradient of @p on B(0) is zero. The contributions from f and g are easily
seen to be bounded by C|B|, so that

1 1 1 1 1
[ 31Vl 55@o)+ pe@u) e (G4 ) 1B 69

Combining (56), (57) and (58) we get
1, 5 1 1 Ty 1
SIVQBI"+ 5 f(@B) + 59(Qp) dz < SsiIn(e)| + C {14+ — | [B1(0)| +C.  (59)
Bi(0) 2 € U 2 U

Note that we have the same bound for Qp.(r,a) = Qp(r/7,«) on Bz(0), where 7 < 1. In
addition, this bound is invariant under rotations and translations of the domain. Again we assume
that 0 € B, (6p). We use the construction of @Qp to define Q. on the set B := B,(1+ 2n,6) C
[1,1+ 4n] x [#o — 21,6 + 2n] via

Qé(rv 0) = RQOQB(?/T]’ a) ) (60)

where Ry, is the rotation matrix around the p—axis with angle 6y, 72 = (r—1—2n)2+(0—0))? and
a being the angle between the vectors (0,1)" and (fp—6,r—1—2n)". Note, that the term |B1(0)
in (59) transforms to |B|, which can be estimated by Cn?. For the remaining term of £2P we
notice that Qax2. : Qe is bounded on B and that p > o —n, thus fB P 1Qax2e: Qe < Clo—n)~L.
Then, using p < (1+2n)sin(fy) +n we get from (59) together with the estimate on Cy(&,n) from
Proposition 1.4 that

C
1€27(Qes B) < ((1+ 20) sin(00) + 1) g st ()] + O+ —=—n. (61)

We now want to construct the map Q. on the set D = {(r,8) € [1, 1+4n] x [0o—2n, Oo+2n]}\ B
by interpolating between the values given by Steps 1 and 2 on the one hand, and the values on
OB on the other hand. We use the same polar coordinates (7, «) as for the definition of Q. on
B to parametrize D. Let @, /() be the phase associated to the director of Qc(n, ) and ®(«)
the phase of the boundary values on 9(D U B). We set

R(e) — U

P(r, o) = m‘bam + W

T a(a),

where

R(a) = Toostay) i @ € [=7/4,m/4] U [3/4, 57/4],

‘Siiﬁ otherwise .

In particular, |R(a)| < 2v/2n and |0, R(a)| < 2v/2n. Then we define

sin(¢(7, «))
Qp(T,a) = s, <n(r7 a) @n(F, o) — 1Id) with n(7,a) = 0
’ cos(o(T, )
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Then f(Q¢|p) = 0 since Q.|p is uniaxial and of scalar order parameter s, and |g(Q¢|p)| is

bounded. We can estimate the gradient

/;va2m=/1(@@ﬁ+b%@@rww
D

27
1+M/‘/ (m@ﬁg%@ﬁrwmy (62)

(@) 1
n

Since @a/Q and ®(«) are bounded and Jr¢ = a) ; Dy /o + R( ) ® (), we can easily infer
that |0r¢|? < . Furthermore it is clear by definition that [0, ®, /2|* < C’ So it remains to derive

bounds on 8a®(a). For a € [0, 7/4] we have ®(a) = arccos(ns(1 + 4n, 6y — 277))7"1%(05);4", ie.

106®(a)|? < C. Similarly, 9,® is bounded for a € [~7/4,0]. For a € [7/4, 37 /4] and r(a) = 1+

\/RQ(a) + 872 — 4v/2R(a)n cos(3m /4 — a) one can show that ®(a) = arccos(nz(r(a), 6y — 21)).
’2

An explicit calculation yields |0,®(«)|* < C. By the same argument, d,® is also bounded for

€ [-3n/4,—7 /4] For a € [37/4, 7] we have ®(a) = —2ntan(m — )+ 60y — T, so that |0, P(a)|?
is also bounded by a constant. We plug this result into (62) and use the fact that Q2x2,e : Qe is
also bounded, o < 1+ 4n and Cy < C&2/n? to get

2
E2P(Q., D) < 2(1+4n)s / / ( >adada+ ¢ <C+ ) (63)
o—cn o—cn
Hence by (61) and (63)
nE2P(Qe, BUD) < ((1+ 2n) sm(90)+277 sin|ne| + Cn + — n. (64)

—Cn
This finishes our construction of Q.(p, ).

Step 4 (Transition to Quo(§,m)): So far, we have constructed the sequence Q). inside a ball of
radius R around 0. Because of the exponential convergence of the optimal profile from Lemma
3.17 , the function Q. is close to Qs on JBgp. We will now construct a transition zone from
Qe to Qo for 7 € (R, M + 1) and then from Q to Qo(&,n) for 7 € (R + 1, R + 27). Since
Q(R,0) € N for all 6 € [0, 7] we can linearly interpolate the phase between Q.(R,0) and Qo
as in Step 2. We estimate as in Step 2 and thus the cost of this interpolation in terms of energy

is given by
0 E27(Qe, Bywy \ Bn) < Cp. (65)
For r € (R +n, R + 2n) we linearly interpolate between Qs and Qo (§,7), i.e. we define
1 1
Qc(r,0) = 5((i)% +2n = 7)se + (1 =R —1)8, ¢2/2) <e3 ®es — 3Id) .
Since s, g2 /2 — 8| < C€*/n? and by Proposition 1.4 we get
¢ e e

n &P (Qe;B%+2n\Bm+n)<C77( +777+777+77) (66)

40



Finally, if r > R + 29 we set Q. = Qoo(&,n), which has energy 0.

If we now extend Q. to © by using the rotated function Q(p,p,0) = R;Qﬁ(p, 0)R, and
integrate £2P in p-direction, we get from (49), (50), (53), (54), (64), (65) and (66)

27 2m
NE(Qe, Q) < 28*6*/0 /F/(l — cos(#)) sin(f) df dep + 28*0*/0 /Fu(l + cos(0)) sin(f) df de

M-1 Lor

C

+”sin|1ne|z/ (1 + 20) sin(8;) + 2n) dg + Cp + —2
2 i=0 /0

o—cn’
(67)
Taking the limsup 7,e — 0 in (67) yields the inequality
limi%p&?,g(Qe) < 28,04 /F(l —cos(f)) dw + 25*0*/ (14 cos(f)) dw + g335|DXF|(S2)
n,€ c
=& (F).
It remains to show the claimed convergence. It is clear by definition of Q. that Un>0 F,=F

and J,-o(F¢)y = F'° which implies the convergence for xp. The continuity of n® as a function
with values in S? outside a set wy is clear by construction if we choose w;, to contain all balls B,
we used in step 3. Taking w, as the union of all sets B and D from step 3. we can also achieve
that Q \ w,, is simply connected. Extending n® inside B measurably, yields the compactness
claim. O

Proof of the upper bound (18) of Theorem 2.1. We choose a sequence o > 0 which converges to
zero as k — 0o. We approximate the set F by sets F}, such that the domains S2N{p < oy, z > 0}
and S? N {p < o}, 2 < 0} are fully contained in F}, or FY. By Lemma 4.2 there exist sequences
Qe such that limsup, o &) e(Qcr) < Eo(Fy) and (16) holds. We observe that

|Dxr,|(S*) = [Dxp, [(S* N {p > ox}) = [Dxrl|(S* N {p > 0v})

and

/F (1 = cos(6)) dw — / (1= cos(8)) dw

Fy,

< Coj.

)

/C (1 + cos(f)) dw — /Fk (1+ cos(9)) dw

Hence limsup, . o Ene(Qer) < Eo(Fr) < E(F) + Coj and taking a diagonal sequence Q. =
Qe,k(e) we get
limsup £ ¢(Qe) < Eo(F).

n,e—0

The compactness (16) follows by triangle inequality. O]
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Figure 4: Partition of €' into regions for the construction of Q. (arrows show n°)

5 Limit problem, transition and hysteresis

Physicists have successfully manipulated the Saturn ring configuration by using electric fields [32]
and observed a transition between dipole and Saturn ring by changing the strength of the field
(see [6, p. 190ff] and [38, 39]) or the radius of the particle [52]|. In [39, Fig. 1] a series of images
shows the accelerated shrinking of a Saturn ring defect loop around a spherical particle towards
a dipole defect, once the applied electric field is switched off. The configurations intermediate
between dipole and Saturn ring are observed to be unstable. Similar transitions from Saturn

ring to dipole have been observed by accelerating a droplet inside a liquid crystal [35, 55].

In [48] physical reasoning, scaling arguments and numerical simulations are conducted to
explain this type of transition and the occurrence of a hysteresis phenomenon. To our knowledge
the hysteresis has not yet been observed, but cannot be excluded [52]. Our limit model provides
an analytical setting, in which we are able to reproduce the findings derived by H. Stark from
physical arguments and numerical simulations. The reduced magnetic coherence length £y in-
troduced in [48] corresponds to our parameter 1 in the one constant approximation. As pointed
out in the first section, our limit £&,7 — O corresponds to an increasing particle radius rg — oo
and a simultaneously decreasing field strength h — 0 since § ~ 7 Land n ~ h'¢. The slower
the decrease of h, the stronger is the influence of the magnetic field in n|In(¢)| and thus in 8. It
is therefore reasonable to say that small values of 8 correspond to strong magnetic field, relative
to the size of &|In(§)|. This translates the assumption of high magnetic fields g < 1 (while
keeping 7o fixed) in [48] to smaller values of 3 in our limit. Although the calculations in [48]
are based on the Oseen-Frank model rather than the Landau-de Gennes that we are using, we
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are able to reproduce the behaviour of the energy & as a function of 6;, compare Figure 5 and
[48, Fig. 11]. From our calculation, we also find the hysteresis for changing values of f8s,. For
B> 1, i.e. small external fields, the dipole is the only stable configuration. Increasing the field,
the system will maintain the dipole, until we reach g = 0, where a transition to the Saturn ring
takes place. Decreasing the field while starting from a Saturn ring, we will retain the structure
until we reach 2= = % ~ 2.546 and the Saturn ring closes to a dipole.

The rest of this section is devoted to the calculation of the minimal energy configurations of

the limiting model which we have explained above.

In a first step, we claim that if F' is a minimizer of &y, then F' and F¢ are connected. Indeed,
assume that one of the two sets, say F, is not connected. Then there are two possibilities: If
F¢ is connected, then F' also contains the point # = 7 and we can decrease the energy & by
handing over this set to F¢. If F° is also not connected, then we can similarly exchange points
between F' and F'¢ while decreasing the energy until both sets are connected.

Now that we know that F' and F° are connected, we deduce that there can only be one angle
under which the defect line separating F' and F© occurs. Let us name this angle 64 € [0, 7] and
let I C S? be the set corresponding to 0 < @ < ;. Then we can express the limit energy as

Eo(F) = 2s.c /

F(l —cos(0)) dw + 2s.c /

(1+cos()) dw + gSEB|DXF|(SQ)

— 2.0, /0 g /0 " (1~ cos(6)) sin(6) 48 d + 2s.c. /O 7 /H "(1 4 cos(6)) sin(6) d6 dy
d
+ gszﬂ(Qﬂ' sin(6,))
= 8MSxCy ( sin?(04/2) + cos4(9d/2)) + 72352 sin(6y) .
Setting the derivative of this expression to zero gives the equation
Sy cos(0g) <7Tﬁs* — 8cx sin(Hd)) =0,

which yields the two families of solutions 61 = 7/2 4+ 7Z and 63 = arcsin(”Sfi >*) + 2mZ. We note:

1. For 23 = % ~ 2.546, the two families are equal. We conclude that for i—:ﬁ > % the only

Cx
stable configuration is a dipole at 8; = 0,7 (see Figure 5).
2. The energy of the Saturn ring 64 = 7/2 and the dipole ; = 0 are equal for =B = % ~
1.273, which means for greater values of 2/ the dipole is the globally energy minimizing

configuration, while for smaller values the Saturn ring is optimal.

3. The case where §; = m/2 is the only (local) minimizer corresponds to 8 =0, i.e. 3 = 0.

In particular, we see that the only stable energy minimizing configurations are the dipole (which
corresponds to F' = () or F = S?) and the Saturn ring (where F is the upper half-sphere).
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Figure 6: Left: Plot of the energy of the dipole and Saturn ring as a function of 2=3. Right:
Hysteresis induced by changing 23

The available experimental and theoretical results are in agreement with these findings. Nev-
ertheless, the conducted experiments mostly use an electric field to manipulate the orientation
of the liquid crystals and were not yet able to observe the hysteresis phenomenon, described in
[48] and in this work.

We hope that our analysis stimulates further research into this direction.

6 Conclusion

The goal of this article was to derive an effective energy of the Landau-de Gennes model for a

spherical particle immersed into a nematic liquid crystals under the influence of a homogeneous
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external magnetic field, stated in the framework of variational convergence. We imposed strong
anchoring conditions at the boundary of the particle and investigated the interplay of elastic, bulk
and magnetic free energy in an intermediate regime parametrized by 8 that exhibits singularities
of both dipole and Saturn ring type. Studying the limit energy, we show that there are no stable
minimizers other than the dipole or the Saturn ring and we determine ranges for 8 in which
either of the two is energy minimizing. We calculate values of 8 where a transition between the
two takes place, finding a hysteresis phenomenon.

A Appendix

In this section we check that the two functions g; and g9 as defined in (9) verify the assumptions
on g, in particular (5), (6), (7) and (8). All calculations are straightforward.

Proposition A.1 (Properties of g1). Let g1 be given as in (9).
1. If Q € N is given by Q = sx(n®@n — %Id) with n € S?, then

gl(Q) = S« (1 - l’l%) 5

ie. ¢2 = s,.

2. There exists a constant C' > 0 such that for all Q € Sym,

91(Q) — 91(R(Q))] < C dist(Q, N).. (68)

3. The function g1 satisfies the growth assumptions (5),(6) and is invariant by rotations
around the es—axis. For fized |Q|, g1(Q) is minimal if es is the eigenvector corresponding
to the mazimal eigenvalue of Q. For Q = s((e3 ® e — $1d) + r(m ® m — $1d)) (using the
notation of (4)), g1(Q) is minimized for r = 0.

Proof. For Q = sx,(n®n — %Id) with n € S? and s, > 0 one easily checks that

2 1
7n(Q) = 55* — Sx (n% - §> = 84 — s*ng.

For the second assertion, we take a () € Sym, and use Proposition 1.3 to write

Q:s<<n®n—;1d) —|—r<m®m—;ld>> ,

with s > 0, 0 < r < 1 and n, m orthonormal eigenvectors of @ and R(Q) = s. (n ®n— %Id).

Then we can estimate

9:(Q) — 1 (R = [s(0d — 3) +sr(md —3) . (3 - 1)

1
< s — sy n%—gl—l—\sr]’m%—f .
On the other hand, as in (38)

AS(QN) = Q ~ RIQP > 35 — 5. + 3 srl?.
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Combining these two expressions, we find

4
191(Q) — 1(R(Q))] < 7 dist(Q, N ,
which completes the proof of the second assertion for the choice C' = %.
The function g; is smooth and obviously satisfies (5) and (6). Furthermore, since g; only
depends on )33, it is invariant under rotations around the es—axis. Writing once again ) € Sym,,

in the form of Proposition 1.3, we get

@) = foms((h =) el 1))

For fixed s,r, m this is minimized by n3 = 1, which corresponds to the principal eigenvector
n equal to es. We also see that for n = e3 and s fixed, g becomes minimal if r = 0, since
m 1 n. O

Proposition A.2 (Properties of go). Let go be given as in (9).

1. g2(Q) > 0 for all Q € Symg with equality of and only if Q = t(es ® e3 — %Id) for some
t>0.

2. If Q € N is given by Q = su(n®@n — %Id) with n € S?, then

w(@ =2 (1)
Qe c? = \/g

3. There exist constants §1,C > 0 such that if Q € Symg with dist(Q,N) < 6 for 0 <6 < 4,
then

192(Q) — 92(R(Q))] < C dist(Q, N) . (69)

4. The function go satisfies the growth assumptions (5),(6) and is invariant by rotations
around the es—azis. For fized |Q|, g2(Q) is minimal if e3 is the eigenvector corresponding
to the mazimal eigenvalue of Q. For Q = s((es®e3 — %Id) +r(m®m— %Id)) (using again
the notation of (4)), g2(Q) is minimized for r = 0.

Proof. Minimizing g under the tracelessness constraint, we get the necessary conditions

1 Q3 Q330 Q33Qi;

ST £ S N :
Ql TP C QP QP

for a Lagrange multiplier A\. For @ = 0 the claim is clear by definition. So let @ € Sym, \ {0}.

—A=0forj=1,2,

=0 fori#j

If Q33 = 0 we get a contradiction. Hence we can assume Q33 7# 0. Then the third equation from
above implies Q;; = 0 for ¢ # j and the second Q11 = Q22. By tr(Q) = 0, we have Q33 = —2Q1;1.
Then the first equation reads 0 = 3Q3, — |Q|%, i.e. Q33 = 1/2/3|Q|. Inserting this into g» we
get mingym, g2 = 0. Our conditions also imply the claimed representation Q) = t(es®e3 — %Id).
Reversely, it is obvious that go = 0 for such Q.
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For the second claim, it is straightforward to check that for @ = si(n®n — zId) € N we
have |Q[> = Zs2. Thus

R e St A U BRI

For the next property we use the same notation as before (from Proposition 1.3) to write

Q:s<<n®n—;1d> —|—7‘<m®m—;ld>> ,

with s > 0, 0 < r < 1 and n, m orthonormal eigenvectors of ). From the second part of this
proposition, we infer that g2(R(Q)) = \[(1 —n3). In order to calculate g2(Q), we note that

2 2 1 1
+ 252 <n®n—31d> : (m@m—31d>

QF = s + (sr)?

1
—=Id
nn 3

2252(7"2—7"—#1).

This implies

9:(Q) ~ 2(RQ))| = /5 — =7 SVER.L i
§3m 3*\/;

Note, that the Taylor expansion at » = 0 is given by ———=—1 = r + O(T2) and

T

V1—r4r2

=7+ O(r?). Hence

3
192(Q) = 2(R(Q)] = 57 + O(r?). (70)
As in Proposition A.1 we get that dist*(Q,N) > %|s — s,|? + %|sr?| and hence |s — s.| <
i 1
V3 dist(Q, N) and |r| < \/gdls‘ts(‘Q,./\/) We define 6; = %s* and together with (70) we get
V3dist(Q, N 23 .
#(Q) - 2(RQ))| < or < IR < 02 aig ).

It remains to prove the last assertion. Again the growth assumptions (5) and (6) are trivially
satisfied. With the same arguments as in Proposition A.1 (since |Q)] is fixed), we get that g2(Q)

is minimal for n = e3. Finally, we can compute

1 1
92(s((e3 ® ez — §Id) +r(m®m — fId \/> 5+ s7(m5 — )
\[5\/1 r+r2

and see that this is indeed minimal if r = 0. O

47



Declarations

Funding. This study was funded by Ecole Polytechnique and CNRS.

Conflict of Interest. The authors declare that they have no conflict of interest.

Availability of data and material. Not applicable

Code availability. Not applicable

Acknowledgment. DS thanks Xavier Lamy for the useful discussions at several occasions.
Most of this work was done while the second author was still with CMAP, CNRS and Ecole
Polytechnique, Institut Polytechnique de Paris, Palaiseau, France.

References

1]

2]

3]

4]

[5]

[6]

7]

18]

9]
[10]

[11]

Stan Alama, Lia Bronsard, Dmitry Golovaty, and Xavier Lamy. Saturn ring defect around
a spherical particle immersed in nematic liquid crystal. Preprint, 2020.

Stan Alama, Lia Bronsard, and Xavier Lamy. Minimizers of the Landau—de Gennes energy
around a spherical colloid particle. Arch. Ration. Mech. Anal., 222(1):427-450, 2016.

Stan Alama, Lia Bronsard, and Xavier Lamy. Spherical particle in nematic liquid crystal
under an external field: The saturn ring regime. J. Nonlinear Sci., 28(4):1443-1465, 2018.

Antonino Amoddeo, Riccardo Barberi, and Giuseppe Lombardo. Electric field-induced fast
nematic order dynamics. Lig. Cryst., 38(1):93-103, 2011.

Denis Andrienko. Introduction to liquid crystals. J. Mol. Lig., 267:520-541, 2018.
Markus Antonietti, editor. Colloid Chemistry I. Springer Berlin Heidelberg, 2003.

Rufat Badal, Marco Cicalese, Lucia De Luca, and Marcello Ponsiglione. I'-convergence
analysis of a generalized XY model: fractional vortices and string defects. Commun. Math.
Phys., 358(2):705-739, 2018.

John M. Ball. Liquid crystals and their defects. In Mathematical thermodynamics of complex
fluids, volume 2200 of Lecture Notes in Math., pages 1-46. Springer, Cham, 2017.

John M. Ball. Mathematics and liquid crystals. Mol. Cryst. Lig. Cryst., 647(1):1-27, 2017.

John M. Ball and Stephen J. Bedford. Discontinuous order parameters in liquid crystal
theories. Mol. Cryst. Liq. Cryst., 2014.

John M. Ball and Apala Majumdar. Nematic liquid crystals: From Maier-Saupe to a
continuum theory. Mol. Cryst. Liq. Cryst., 525(1):1-11, 2010.

48



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Stephen Bedford. Function spaces for liquid crystals. Arch. Ration. Mech. Anal., 219(2):937—
984, 2016.

Fabrice Bethuel. Variational methods for Ginzburg-Landau equations. In Lecture Notes in
Mathematics, pages 1-43. Springer Berlin Heidelberg, 1999.

Fabrice Bethuel, Haim Brezis, and Frédéric Hélein. Asymptotics for the minimization of a
Ginzburg-Landau functional. Calc. Var. Partial Differential Equations, 1(2):123-148, 1993.

Fabrice Bethuel, Haim Brezis, and Frédéric Hélein. Ginzburg-Landau Vortices. Birkhduser
Boston, 1994.

Andrea Braides, Marco Cicalese, and Francesco Solombrino. Q-tensor continuum energies
as limits of head-to-tail symmetric spin systems. SIAM J. Math. Anal., 47(4):2832-2867,
2015.

Haim Brezis, Jean-Michel Coron, and Elliott H. Lieb. Harmonic maps with defects. Com-
mun. Math. Phys., 107(4):649-705, 1986.

Giacomo Canevari. Biaxiality in the asymptotic analysis of a 2D Landau—de Gennes model
for liquid crystals. ESAIM. Control Optim. Calc. Var., 21(1):101-137, 2015.

Giacomo Canevari. Defects in the Landau-de Gennes model for liquid crystals. PhD thesis,
Université Pierre et Marie Curie - Paris VI, 2015.

Giacomo Canevari. Line defects in the small elastic constant limit of a three-dimensional
Landau—de Gennes model. Arch. Ration. Mech. Anal., 223(2):591-676, 2017.

David Chiron. Ftude mathématique de modéles issus de la physique de la matiére condensée.
PhD thesis, Université Pierre et Marie Curie - Paris VI, 2004.

Andres Contreras and Xavier Lamy. Singular perturbation of manifold-valued maps with
anisotropic energy. Preprint, 2018.

P. G. de Gennes and J. Prost. The Physics of Liquid Crystals. International Series of
Monographs on Physics, 1993.

Dietrich Demus, John W. Goodby, George W. Gray, Hans-Wolfgang Spiess, and Volkmar
Vill. Handbook of Liquid Crystals. Wiley VCH Verlag GmbH, 2014.

J. L. Ericksen. Liquid crystals with variable degree of orientation. Arch. Ration. Mech.
Anal., 113(2):97-120, 1991.

Junichi Fukuda, Holger Stark, Makoto Yoneya, and Hiroshi Yokoyama. Dynamics of a
nematic liquid crystal around a spherical particle. J. Phys.: Condens. Matter, 16(19):51957—
51968, 2004.

Junichi Fukuda and Hiroshi Yokoyama. Stability of the director profile of a nematic liquid
crystal around a spherical particle under an external field. Eur. Phys. J. E, 21(4):341-347,
2006.

49



[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

Junichi Fukuda, Makoto Yoneya, and Hiroshi Yokoyama. Director configuration of a ne-
matic liquid crystal around a spherical particle: Numerical analysis using adaptive mesh
refinement. Mol. Cryst. Lig. Cryst., 413(1):221-229, 2004.

Eugene C. Gartland. Scalings and limits of Landau-deGennes models for liquid crystals:
A comment on some recent analytical papers. Math. Modelling and Anal., 23(3):414-432,
2018.

Eugene C. Gartland. Forces and variational compatibility for equilibrium liquid crystal
director models with coupled electric fields. Continuum Mech. Thermodyn., 32(6):1559—
1593, 2020.

Michael Goldman, Benoit Merlet, and Vincent Millot. A Ginzburg-Landau model with
topologically induced free discontinuities. Ann. Inst. Fourier, 2017.

Yuedong Gu and Nicholas L. Abbott. Observation of saturn-ring defects around solid mi-
crospheres in nematic liquid crystals. Phys. Rev. Lett., 85(22):4719-4722, 2000.

Radu Ignat and Xavier Lamy. Lifting of RP? !-valued maps in BV and applications to
uniaxial @-tensors. With an appendix on an intrinsic BV -energy for manifold-valued maps.
Calc. Var. Partial Differential Equations, 58(2):Art. 68, 26, 2019.

Robert L. Jerrard. Lower bounds for generalized Ginzburg-Landau functionals. SIAM J.
Math. Anal., 30(4):721-746, 1999.

Siddharth Khullar. An experimental study of bubbles and droplets rising in a nematic
liquid crystal. Master’s thesis, Faculty of Chemical and Biological Engineering, University
of British Columbia, 2007.

Maurice Kléman and Oleg D. Lavrentovich. Topological point defects in nematic liquid
crystals. Philos. Mag., 86(25-26):4117-4137, 2006.

Oleg Lavrentovich, Paolo Pasini, Claudio Zannoni, and Slobodan Zumer, editors. Defects
wn Liquid Crystals: Computer Simulations, Theory and Ezperiments. Springer Netherlands,
2001.

J. C. Loudet and P. Poulin. Application of an electric field to colloidal particles suspended
in a liquid-crystal solvent. Phys. Rev. Lett., 87(16), 2001.

J.C. Loudet, O. Mondain-Monval, and P. Poulin. Line defect dynamics around a colloidal
particle. Eur. Phys. J. E, 7(3):205-208, 2002.

Thomas Machon, Hillel Aharoni, Yichen Hu, and Randall D. Kamien. Aspects of Defect
Topology in Smectic Liquid Crystals. Commun. Math. Phys., 372(2):525-542, 2019.

Apala Majumdar. The radial-hedgehog solution in Landau-de Gennes’ theory for nematic
liquid crystals. Eur. J. Appl. Math., 23(1):61-97, 2012.

Apala Majumdar and Arghir Zarnescu. Landau-de Gennes theory of nematic liquid crystals:
the Oseen-Frank limit and beyond. Arch. Ration. Mech. Anal., 196(1):227-280, 2009.

50



[43] Nigel J. Mottram and Christopher J. P. Newton. Introduction to Q-tensor theory. Working
Paper, 2014.

[44] Igor Musevi¢. Nematic liquid-crystal colloids. Materials, 11(1):24, 2018.

[45] E. B. Priestley, Peter J. Wojtowicz, and Ping Sheng, editors. Introduction to Liquid Crystals.
Plenum Press, 1974.

[46] Tristan Riviére. Everywhere discontinuous harmonic maps into spheres. Acta Math.,
175(2):197-226, 1995.

[47] Etienne Sandier. Lower bounds for the energy of unit vector fields and applications. J.
Funct. Anal., 152(2):379-403, 1998.

[48] Holger Stark. Director field configurations around a spherical particle in a nematic liquid
crystal. Eur. Phys. J. B, 10(2):311-321, 1999.

[49] Xingzhou Tang and Jonathan V. Selinger. Orientation of topological defects in 2d nematic
liquid crystals. Soft Matter, 13(32):5481-5490, 2017.

[50] Epifanio G. Virga. Variational Theories for Liquid Crystals. Chapman and Hall/CRC, 1994.

[51] Michaela A. C. Vollmer. Critical points and bifurcations of the three-dimensional Onsager
model for liquid crystals. Arch. Ration. Mech. Anal., 226(2):851-922, 2017.

[52] C. Véltz, Y. Maeda, Y. Tabe, and H. Yokoyama. Director-configurational transitions around
microbubbles of hydrostatically regulated size in liquid crystals. Phys. Rev. Lett., 97(22),
2006.

[63] Xiao Wang. Wave Propagation in Liquid-Crystal Materials. PhD thesis, Technische Univer-
sitdt, Darmstadt, 2014.

[54] Yong Yu. Disclinations in limiting Landau-de Gennes theory. Arch. Ration. Mech. Anal.,
237(1):147-200, 2020.

[55] Chunfeng Zhou, Pengtao Yue, and James J. Feng. The rise of Newtonian drops in a nematic
liquid crystal. J. Fluid Mech., 593:385-404, 2007.

[56] M. Gregory Forest, Qi Wang, and Hong Zhou. Homogeneous pattern selection and director
instabilities of nematic liquid crystal polymers induced by elongational flows. Phys. Fluids,
12:490-498, 2000.

[57] Apala Majumdar. Equilibrium order parameters of nematic liquid crystals in the Landau-de
Gennes theory. Eur. J. Appl. Math., 21:181-203, 2010.

o1



	Introduction
	1 Scaling, definitions and preliminaries
	2 Statement of result
	3 Lower bound
	3.1 Preliminaries
	3.2 Finite number of singularities away from =0
	3.3 Lower bound near singularities
	3.4 Lower bound away from singularities

	4 Upper bound
	5 Limit problem, transition and hysteresis
	6 Conclusion
	A Appendix
	References

