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THE BEAUVILLE-NARASIMHAN-RAMANAN CORRESPONDENCE FOR

TWISTED HIGGS V -BUNDLES AND COMPONENTS OF PARABOLIC

Sp(2n,R)-HIGGS MODULI SPACES

GEORGIOS KYDONAKIS, HAO SUN AND LUTIAN ZHAO

Abstract. We generalize the classical Beauville-Narasimhan-Ramanan correspondence to the case
of parabolic Higgs bundles with regular singularities and Higgs V -bundles. Using this correspondence

along with Bott-Morse theoretic techniques we provide an exact component count for moduli spaces

of maximal parabolic Sp (2n,R)-Higgs bundles with fixed parabolic structure.

1. Introduction

Let X be a smooth, irreducible, projective curve of genus g ≥ 2 over C and let η ∈ A =
n
⊕
i=1

H0
(
X,Li

)
, where L denotes an arbitrary holomorphic line bundle over X. Similar to ordinary

Higgs bundles [17], the L-twisted Higgs bundles have a Hitchin map, which sends a Higgs bundle
(E,Φ) to the coefficients of the characteristic polynomial of the Higgs field Φ; we refer the reader to
[5, 7, 10, 12, 23] for primary reference on twisted Higgs bundles.

The Beauville-Narasimhan-Ramanan correspondence (Proposition 3.6 in [2]) in its simplest form
provides a bijective correspondence between isomorphism classes of twisted Higgs bundles over X and
line bundles over the spectral curve Xη, defined by the point η ∈ A. Under this correspondence,
fibers of the Hitchin fibration are Jacobians of Xη (see the survey [8] for further details on the spectral
correspondence).

Considering a set D = {x1, . . . xs} of finitely many points on X, a version of the correspondence for
parabolic Higgs bundles with Higgs fields having (possibly) irregular singularities at the points in D was
proven by S. Szabó in [30]. On the other hand, for local systems on a smooth Deligne-Mumford stack,
the Beauville-Narasimhan-Ramanan correspondence provides the existence of a canonical morphism
from the stack of flat connectionsMdR to the Frobenius twistA(1), called the twisted Hitchin morphism
(see [15]).

In this article, the focus is on parabolic Higgs bundles with regular (tame) singularities and we
prove the following version of this correspondence:

Theorem. 5.2 Let X be a closed Riemann surface, D = {x1, ..., xs} a fixed set of s-many points on
X and let m be a fixed positive integer. Denote by K = Ω1

X the canonical line bundle over X and
consider K (D) := K ⊗ OX (D). Fix a parabolic structure α for a rank n parabolic bundle over X
and a tuple of sections η = (ηi), where ηi is a section of K(D)i for 1 ≤ i ≤ n. Assume that the
surface Xη is non-singular and the intersection of the branch points B and the given divisor D is
empty. For a fixed order of the pre-image π−1(x) = {x̃1, ..., x̃n} of each x ∈ D, there is a bijective
correspondence between isomorphism classes of strictly compatible parabolic line bundles (L, α̃) on
Xη and isomorphism classes of pairs (E,Φ), where E is a parabolic bundle of rank n with parabolic
structure α and Φ : E → E ⊗K(D) a parabolic Higgs field with characteristic coefficients ηi.

In the case when the weights in the parabolic structure are rational numbers, there is a bijection
between moduli of semistable parabolic Higgs bundles over X and semistable Higgs bundles over an
orbifold M (called a V -surface) with underlying manifold the Riemann surface X. In the construction
of the orbifold surface the denominator of the weights is describing the cyclic group action around
the marked points of D (see [9, 20, 24] for the detailed construction). For our purposes, we provide
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here an L-twisted version of this correspondence (Proposition 5.7), for L a line V -bundle over M . Let
η = (ηi) ∈ A be a set of sections of Li, for 1 ≤ i ≤ n. We construct a spectral covering π : Mη →M of
a V -surface M by pulling back the spectral cover Xη → X and defining an atlas for the V -surface Mη

over
(
Xη, π

−1 (D)
)
. The following corollary is then implied from this version of the correspondence:

Corollary. 5.8 Assume that the underlying surface of Mη is nonsingular and the intersection of
the set of branch points B and the divisor D is empty. Then there is a bijective correspondence
between isomorphism classes of strictly compatible line V -bundles L on Mη and isomorphism classes
of pairs (E,Φ), where E is a V -bundle of rank n over M and Φ : E → E ⊗ L a homomorphism with
characteristic coefficients ηi. For ρ : Mη →M , it is ρ∗(L) = E.

In order to provide a complete description of the Beauville-Narasimhan-Ramanan correspondence
and the correspondence among parabolic Higgs bundles, Higgs V -bundles and Higgs bundles over a
root stack, we have one-to-one correspondences between the following six categories:

L-twisted Higgs V -bundles over M line V -bundles over Mη

parabolic L-twisted Higgs bundles over X parabolic line bundles over Xη

L-twisted Higgs bundles over stack X line bundles over Xη.

Corollary 5.8

Proposition 5.7 Proposition 5.7

Theorem 5.2

Proposition 5.13 Proposition 5.13

Corollary 5.14

For (non-parabolic) GC-Higgs bundles, the construction of spectral curves from [2] implies that
each connected component of a generic fiber of the Hitchin map is an abelian variety (see for instance
[1] for a detailed description). Analogously to this approach, we may describe the regular fibers of
the parabolic Hitchin map for the moduli space Mpar(X,D,α, n) of rank n parabolic Higgs bundles
with a given parabolic structure α. This fibration sends a Higgs bundle (E,Φ) to the coefficients of
the characteristic polynomial of Φ, while in the case when the Higgs field is assumed to be strongly
parabolic, then the eigenvalues of Φ all vanish at the points in the divisor D. The Hitchin map for
parabolic Higgs bundles was first defined in [22] for non-strongly parabolic Higgs fields Φ and has been
studied for strongly parabolic Φ in [13].

We are interested in this article, however, in considering weights in the parabolic structure as rational
numbers with denominator m and study the fibration through the prism of the aforementioned corre-
spondence to Higgs V -bundles over M . For a positive integer m ≥ 2, denote by Mpar (X,D,α, n,m)
the moduli space of parabolic Higgs bundles (E,Φ) such that the weights in the system α can be writ-
ten as rational numbers with denominator m; note that Mpar (X,D,α, n,m) ⊂ Mpar (X,D,α, n).
Similarly, denote by Mpar (X,D, n) the moduli space of rank n poly-stable parabolic Higgs bundles
(E,Φ) with arbitrary parabolic structure, and Mpar (X,D, n,m) the moduli space of rank n poly-
stable parabolic Higgs bundles (E,Φ) equipped with a parabolic structure in which the weights can
be written as rational numbers with denominator m.

We deduce the following:

Proposition. 5.11 The fiber of the parabolic Hitchin map

Mpar(X,D, n,m)→
n⊕
i=1

H0(X,K(D)i)

over a regular point η ∈
n⊕
i=1

H0(X,K(D)i) is isomorphic to the V -Picard group of the spectral covering

Mη of M , where M is uniquely determined by the data (X,D,m).

In the special case of parabolic Higgs bundles with rank 2 and rational weights with denominator
2, the parabolic Hitchin fibration of a regular point η ∈ H0(X,K(D)2) is precisely the Prym variety

Prym(Mη,M) = {L ∈ PicV (Mη)|τ∗L = L−1}



BEAUVILLE-NARASIMHAN-RAMANAN CORRESPONDENCE FOR TWISTED HIGGS V -BUNDLES 3

of the spectral covering Mη → M , where M and Mη are the corresponding V -surfaces of X and Xη,
and τ : Mη →Mη is the involution of Mη. Namely, we show:

Proposition. 5.12 The fiber of the parabolic Hitchin map

Mpar(X,D, 2, 2)→ H0(X,K(D)2)

is a finite number of copies of the Prym variety Prym(Mη,M). This number of copies only depends
on the parabolic structure α.

We next focus on the problem of providing an exact component count for moduli spaces of maximal
parabolic Sp (2n,R)-Higgs bundles (E,Φ) over (X,D). In this direction, we employ Bott-Morse theo-
retic techniques, the origins of which are traced back to N. Hitchin’s seminal work [18] and the work of
P. Gothen [14], studying the topology of moduli spaces of Higgs bundles in the absence of a parabolic
structure. In the case of parabolic Higgs bundles these techniques were first developed by M. Logares
in [21] for the moduli space of parabolic U(p, q)-Higgs bundles and have been used in [11] in computing
the Betti numbers of moduli of parabolic GL (3,C)- and SL (3,C)-Higgs bundles. Furthermore, in [25]
and [26] Bott-Morse theory for twisted Higgs bundles in the non-parabolic/non-orbifold context was
implemented, with particular attention to the minima of a positive functional and pullback diagrams
for critical points. In parallel to the aforementioned work, we study the spaces of minima of the
positive functional

f ([(E,Φ)]) =
1

2
‖Φ‖2.

This map is non-negative and proper, thus a subspace N of this moduli space is connected, if the
subspace of local minima of f in N is. The subspaces of local minima coincide with the critical
subvarieties, thus correspond to variations of Hodge structures. We compute the Morse indices of f
and show that particular subvarieties of the moduli space defined by appropriate topological invariants
are connected. The method is parallel to the non-parabolic version studied by P. Gothen in [14]. We
prove accordingly:

Theorem. 7.7 The moduli space Mmax
par (Sp (4,R)) of parabolic maximal Sp (4,R)-Higgs bundles with

all weights rational having denominator 2 over a compact Riemann surface X of genus g with a divisor
of s-many distinct points on X, such that 2g − 2 + s > 0, has (2s + 1)22g+s−1 + (2g − 3 + s)2s many
connected components.

Theorem. 7.8 For n ≥ 3, the moduli space Mmax
par (Sp (2n,R)) of parabolic maximal Sp (2n,R)-Higgs

bundles with all weights rational having denominator 2 over a compact Riemann surface X of genus
g with a divisor of s-many distinct points on X, such that 2g − 2 + s > 0, has (2s + 1)22g+s−1 many
connected components.

For points (V, β, γ) in the moduli spaceMmax
par (Sp (2n,R)) for any n ≥ 2, we further fix the parabolic

structure on the parabolic bundle V and study the connected component count problem for different
values of rational weights. Among other results, we verify the prediction made in [20] on the number
of components when the flag α̂ on V is trivial with weight 1

2 :

Corollary. 8.1 The number of connected components of the moduli space Mmax
par (Sp (4,R) , α̂) with

fixed trivial filtration and weight 1
2 is

(2s + 1)22g+s−1 + (2g − 2 + s)− 2s.

In the final section of this paper, we generalize our approach to count the connected components of
Mmax

par,(m1,...,ms)(Sp(2n,R)), where Mmax
par,(m1,...,ms)(Sp(2n,R)) denotes the moduli space of polystable

maximal Sp(2n,R)-Higgs bundles with weight type of (mi)1≤i≤s; by the latter, we mean that the
weight αi,j at each point xi ∈ D in the parabolic structure of the bundle is an integral multiple of
1
mi

for 1 ≤ i ≤ s and 1 ≤ j ≤ n. When m1 = · · · = ms = 2, Mmax
par,(2,...,2)(Sp(2n,R)) is exactly the

moduli space Mmax
par (Sp (2n,R)) considered above for n ≥ 2. The following results describe a count of

the number of connected components:
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Theorem. 9.3 Let X be a compact Riemann surface of genus g with a divisor D of s-many distinct
points on X, such that 2g − 2 + s > 0. Then, the moduli space of polystable maximal parabolic
Sp(4,R)-Higgs bundles on (X,D) with weight type (mi)1≤i≤s has

(2s0 + 1)22g+s0−1 − 2s0 + (2g − 2 + s)

s∏
i=1

mi

connected components, where s0 is the number of the even mi in the collection (mi)1≤i≤s.

Theorem. 9.4 Let X be a compact Riemann surface of genus g with a divisor D of s-many distinct
points on X, such that 2g − 2 + s > 0. Then, the moduli space of polystable maximal parabolic
Sp(2n,R)-Higgs bundles (n ≥ 3) on (X,D) with weight type (mi)1≤i≤s has

(2s0 + 1)22g+s0−1

connected components, where s0 is the number of the even mi in the collection (mi)1≤i≤s.

Let αij =
kij
mi

be the weights over the puncture xi ∈ D with the same denominator mi, where kij
is a positive integer, for 1 ≤ i ≤ s and 1 ≤ j ≤ n. We call the parabolic structure α non-reduced, if
there is at least one enumerator kij such that kij and mi are coprime, for any 1 ≤ i ≤ s. Using the
same arguments as in the preceding two theorems, we finally obtain:

Corollary. 9.5 Let X be a compact Riemann surface of genus g with a divisor D of s-many distinct
points on X, such that 2g − 2 + s > 0. Then, the moduli space of polystable maximal parabolic
Sp(4,R)-Higgs bundles on (X,D) with any non-reduced parabolic structure α has

(2s0 + 1)22g+s0−1 − 2s0 + (2g − 2 + s)

connected components, where s0 is the number of the even mi in the collection (mi)1≤i≤s.

2. Parabolic Sp (2n,R)-Higgs bundles and their moduli

In this section, we review basic facts about moduli spaces of parabolic Higgs bundles and set
notation.

2.1. Parabolic vector bundles. Let X be a closed, connected, smooth Riemann surface of non-
negative genus g together with a finite collection of distinct points x1, . . . , xs. Denote by D the
effective divisor

D = x1 + . . .+ xs

with xi 6= xj , for i 6= j. The pair (X,D) will be kept fixed throughout.

Definition 2.1. A parabolic vector bundle E of rank n over (X,D) is a holomorphic vector bundle
together with a parabolic structure along D, that is, a collection of weighted flags on each fiber Ex for
x ∈ D:

Ex = Ex,1 ⊃ Ex,2 ⊃ . . . ⊃ Ex,r(x)+1 = {0}
0 ≤ α1 (x) < . . . < αr(x) (x) < 1

where r (x) is an integer between 1 and n.

The real numbers αi (x) ∈ [0, 1) for 1 ≤ i ≤ r (x) are called the weights of the subspaces Ex
and we usually write (E,α) to denote a parabolic vector bundle equipped with a parabolic structure
determined by a system of weights α (x) =

(
α1 (x) , . . . , αr(x) (x)

)
at each x ∈ D; whenever the system

of weights is not discussed in the context, we will be omitting the notation α to ease exposition.
Moreover, let ki (x) = dim (Ex,i/Ex,i+1 ) denote the multiplicity of the weight αi (x) and notice that∑
i

ki (x) = n. A weighted flag shall be called full, if ki (x) = 1 for every 1 ≤ i ≤ r (x) and every x ∈ D.

We define parabolic degree and parabolic slope of a parabolic vector bundle over (X,D) as follows

par deg (E) = degE +
∑
x∈D

r(x)∑
i=1

ki (x)αi (x)
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parµ (E) =
pardeg (E)

rk (E)
.

In the sequel, we will be making frequent use of the notion of subbundle, dual, direct sum and
tensor product of parabolic vector bundles. We review these constructions below:
Parabolic subbundle. Let (E,α) be a parabolic vector bundle over (X,D). A parabolic subbundle (V, β)
of (E,α) is described by a holomorphic vector subbundle V ⊆ E together with a parabolic structure
along the divisor D given by the flag

Vx = Vx,1 ⊃ Vx,2 ⊃ . . . Vx,r(x)+1 = {0}

for Vx,i = Vx ∩ Ex,i, and a system of weights β (x) =
(
β1 (x) , . . . βr(x) (x)

)
defined by

βi (x) = maxj {αj (x) |Vx ∩ Ex,j = Vx,i }
= maxj {αj (x) |Vx,i ⊆ Ex,j } .

In other words, the weight for Vx,i is the weight αj (x) for which Vx,i ⊆ Ex,j but Vx,i 6⊆ Ex,j+1.
Parabolic dual. Let (E,α) be a parabolic vector bundle over (X,D). Consider the following filtration
for each point x ∈ D:

E∨x = E∨x,1 ⊃ · · · ⊃ E∨x,r(x) ⊃ 0

1− αr(x)(x) < · · · < 1− α1(x)

where E∨x,i := Hom(Ex/Ex,r(x)+2−i,O(−D)x). It is easy to check that

(E∨)∨ = E and par deg(E∨) = −par deg(E).

We call E∨ the parabolic dual of E.
Parabolic direct sum. Let (E,α) and (E′, α′) be two parabolic vector bundles over the pair (X,D).

Their parabolic direct sum
(
Ẽ, α̃

)
is defined as the holomorphic vector bundle Ẽ := E ⊕ E′ together

with a system of weights α̃ comprised of the ordered collection of the weights in α and α′ corresponding
to the filtration of Ẽx,k = Ex,i⊕E′x,j , where i (resp.j) is the smallest integer such that α̃k (x) ≤ αi (x)
(resp. α̃k (x) ≤ α′j (x)). Under this definition the parabolic degree now satisfies the relation

par deg(E ⊕ E′) = par deg(E) + par deg(E′).

Parabolic tensor product. Let now (E,α) be a parabolic vector vector bundle and (L, β) be a parabolic
line bundle over (X,D). Notice that L is a locally free sheaf of rank 1, thus the filtration of L at a
point x ∈ D is always given by the trivial flag Lx ⊃ 0 with weight β(x) for this filtration. The parabolic
tensor product E ⊗ L is defined as the kernel of the following map

E ⊗ L(D) �
⊕
x∈D

((Ex/Ex,ix)⊗ L(D)p) ,

where ix = min{r(x) + 1, i|αi(x) + β(x) ≥ 1}, for x ∈ D. The filtration is given by

Ex,ix ⊗ L(D)x ⊃ · · · ⊃ Ex,r(x) ⊗ L(D)x ⊃ Ex,1 ⊗ Lx ⊃ · · · ⊃ Ex,ix−1 ⊗ Lx
with weights

αix(x) + β(x)− 1 < · · · < αr(x)(x) + β(x)− 1 < α1(x) + β(x) < · · · < αi(x)−1(x) + β(x).

This construction can be extended to vector bundles or locally free sheaves of any rank; details can be
found in [32]. The parabolic tensor product of two parabolic vector bundles E and F now satisfies

par deg(E ⊗ F ) = rk(F )par deg(E) + rk(E)par deg(F ).

Definition 2.2. For a pair of parabolic vector bundles (E,α) , (E′, α′) over the pair (X,D) a holo-
morphic map f : E → E′ is called parabolic if αi (x) > α′j (x) implies f (Ex,i) ⊂ E′x,j+1 for every
x ∈ D. Furthermore, we call such map strongly parabolic if αi (x) ≥ α′j (x) implies f (Ex,i) ⊂ E′x,j+1

for every x ∈ D.
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Definition 2.3. A parabolic vector bundle (E,α) over (X,D) will be called stable (resp. semistable),
if for every non-trivial proper parabolic subbundle V ≤ E it is parµ (V ) < parµ (E) (resp. ≤). A
parabolic vector bundle is called poly-stable, if it is a direct sum of stable parabolic vector bundles of
the same parabolic slope.

2.2. Moduli of parabolic Higgs bundles.

Definition 2.4. Let (X,D) be a pair of a Riemann surface together with a divisor. Denote by
K = Ω1

X the canonical line bundle over X and consider K (D) := K ⊗OX (D). A (strongly) parabolic
Higgs bundle (E,Φ) is a pair of a parabolic vector bundle E and a (strongly) parabolic morphism
Φ : E → E ⊗K (D) called a Higgs field.

Remark 2.5. For a strongly parabolic Higgs bundle (E,Φ) the Higgs field Φ is a meromorphic endo-
morphism valued 1-form with at most simple poles along the divisor D and with ResxΦ nilpotent for
each x ∈ D. In other words, it is satisfied that Φ (Ex,i) ⊆ Ex,i+1 ⊗K(D)x for every x ∈ D.

Definition 2.6. A (strongly) parabolic Higgs bundle (E,Φ) will be called stable (resp. semistable),
if for every non-trivial Φ-invariant parabolic subbundle V ⊆ E, it holds that parµ (V ) < parµ (V )
(resp.≤); by Φ-invariant it is meant here that Φ (V ) ⊆ V ⊗K (D).

For a given rank n and a given parabolic structure α on the underlying parabolic vector bundle
E, a moduli space of semistable parabolic Higgs bundles (E,Φ) over (X,D) was constructed by K.
Yokogawa as a complex quasi-projective variety, which is smooth at the stable points (see [31], [32]).
This moduli space parameterizes isomorphism classes of semistable parabolic Higgs bundles, where
the isomorphism classes are also called the S-equivalent classes and are defined from the Jordan-
Hölder filtration (see [31, §4]). We prefer to consider the poly-stable objects in this moduli space. Let
Mpar (X,D,α, n) denote the moduli space of rank n poly-stable parabolic Higgs bundles over (X,D)
with parabolic structure α.

In this article, we wish to restrict to smaller moduli spaces than Mpar (X,D,α, n). For a positive
integer m ≥ 2, denote byMpar (X,D,α, n,m) the moduli space of parabolic Higgs bundles (E,Φ) such
that the weights in the system α can be written as rational numbers with denominator m. Clearly,

Mpar (X,D,α, n,m) ⊂Mpar (X,D,α, n) .

Similarly, denote byMpar (X,D, n) the moduli space of rank n poly-stable parabolic Higgs bundles
(E,Φ) with arbitrary parabolic structure, and Mpar (X,D, n,m) the moduli space of rank n poly-
stable parabolic Higgs bundles (E,Φ) equipped with a parabolic structure in which the weights can
be written as rational numbers with denominator m.

2.3. Parabolic Sp (2n,R)-Higgs bundles. In the sequel, we shall be considering parabolic Higgs
bundles for structure group G = Sp (2n,R). A general theory of parabolic G-Higgs bundles for a
real reductive group G was carried out in [3], where a Hitchin-Kobayashi correspondence was also
established. For our purposes, we will consider here parabolic Sp (2n,R)-Higgs bundles as special
parabolic Higgs bundles (E,Φ); one can check though that the general definition from [3] specializes
when G = Sp (2n,R) to the definition we describe next.

Let (X,D) and K (D) as defined in §2.1 and §2.2. A maximal compact subgroup of G = Sp(2n,R)
is H ∼= U(n) and HC = GL(n,C), thus the parabolic structure is defined on a GL (n,C)-principal
bundle.

Definition 2.7. A parabolic Sp(2n,R)-Higgs bundle over (X,D) is defined as a triple (V, β, γ), where

• V is a holomorphic rank n parabolic bundle on X such that all of the weights have denominator
2.

• The maps β : V ∨ → V ⊗K(D) and γ : V → V ∨ ⊗K(D) are symmetric parabolic morphisms.

The parabolic structures on V and V ∨ now induce a parabolic structure on the parabolic direct
sum E = V ⊕ V ∨, for which par degE = 0. The definition of a parabolic Sp(2n,R)-Higgs bundle on
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(X,D) is now reinterpretated as a pair (E,Φ) such that

E = V ⊕ V ∨, Φ =

(
0 β
γ 0

)
: E → E ⊗K (D) .

The stability condition for such pairs (E,Φ) is given in Definition 2.6. In the rest of the paper, we
shall denote by Mpar(Sp(2n,R)) the moduli space of the triples (V, β, γ) defined above. Note that in
Definition 2.7 the weights of the parabolic structure for V have denominator 2. Therefore, for us

Mpar(Sp(2n,R)) =Mpar(X,D, n, 2),

in the notation of §2.2.
Now we consider a special parabolic structure. Let V be a holomorphic rank m vector bundle

defined over the compact Riemann surface X. We fix a parabolic structure on V as follows. The
parabolic structure is defined by a trivial flag Vx ⊃ {0} and weight 1

2 for each Vx and x ∈ D. Then the

parabolic symmetric power Symn(V ) is equipped with the trivial flag and weight 1
2 . Denote by V ∨

the parabolic dual of V , which is defined as (V ∗)⊗OX(D)∗. The parabolic symmetric power for the
parabolic dual Symn(V ∨) is defined as the symmetric product of the bundle (V ∗)⊗OX(D)∗ equipped
with a parabolic structure given by the trivial flag and weight 1

2 . Denote this parabolic structure by
α̂, and define

Mpar(Sp(2n,R), α̂) :=Mpar(X,D, α̂, n, 2).

We will compute the number of connected components of this moduli space (with maximal parabolic
degree) in §8.

Remark 2.8. In the definition of a parabolic Sp (2n,R)-Higgs bundle we could have considered any
parabolic flag on the fiber Vxi :

(2)
Vxi
⊃ Vxi,2 ⊃ . . . ⊃ Vxi,n+1 = {0}

0 ≤ α1 (xi) ≤ . . . ≤ αn (xi) < 1

for each xi ∈ D. The reason for fixing the trivial flag with weight 1
2 will become clear later on in §4,

where we use the data (X,D,m = 2) in order to construct the corresponding V -surface M and use
the topological invariants of Higgs V -bundles to study the topology of the moduli space of parabolic
Higgs bundles. These invariants will be defined as characteristic classes in V -cohomology groups with
Z2-coefficients.

3. Bott-Morse Theory on Mpar(Sp (2n,R))

Similarly to the non-parabolic case, there is a natural C∗-action on the moduli spaceMpar(Sp (2n,R))
given by the map λ·(E,Φ) = (E, λΦ). For finding solutions to the Hitchin equations, we restrict the ac-
tion to S1 ⊂ C∗. With respect to the complex structure studied by H. Konno [19], this is a Hamiltonian
action and the associated moment map is

[(E,Φ)]→ −1

2
‖ Φ ‖2= −i

∫
X

Tr(ΦΦ∗).

We choose instead to consider the positive function

f([(E,Φ)]) =
1

2
‖ Φ ‖2 .

The map f is non-negative and proper [4], as follows from the properness of the moment map associated
to the circle action on Mpar(Sp (2n,R)). Thus, a subspace N of Mpar(Sp (2n,R)) is connected if the
subspace of local minima of f in N is connected. To find the local minima of f , we must first determine
the critical points of f . The following theorem indicates that critical points of f are exactly the fixed
points under the circle action S1 on Mpar(Sp (2n,R)).
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Proposition 3.1 (Proposition 3.3 in [11]). The proper map f is a perfect Bott-Morse function. The
critical points of f are exactly the fixed points of the circle action. Moreover, the eigenvalue l subspace
for the Hessian of f is the same as the weight −l subspace for the infinitesimal circle action on the
tangent space. In particular, the Morse index of f at a critical point equals the real dimension of the
positive weight space of the circle action on the tangent space.

3.1. The deformation complex. In [20], §3, we studied the deformation theory for parabolic G-
Higgs bundles, when G is a semisimple reductive Lie group. For H ⊂ G a maximal compact subgroup
and g = h ⊕ m a Cartan decomposition of the Lie algebra, the deformation complex of a parabolic
G-Higgs bundle (E,Φ) over (X,D) is defined as the complex of sheaves

C• (E,Φ) : E
(
hC
)
→ E

(
mC)⊗K (D) .

Moreover, the space of infinitesimal deformations of a G-Higgs bundle (E,Φ) is naturally isomorphic
to the hypercohomology group H1 (C• (E,Φ)). Now, an element (E,Φ) is a fixed point if and only if
there is an infinitesimal gauge transformation ψ ∈ H0(X,E(gC)⊗K(D)) such that

dEψ = 0, [ψ,Φ] = iΦ.

Then, (E,Φ) can be decomposed as the direct sum of eigenspaces of the gauge transformation ψ. We
have

E(gC) = ⊕Um,

where ψ|Um
= im. By the relation [ψ,Φ] = iΦ, we have Φ : Um → Um+1 ⊗ K(D), thus Φ ∈

H0(X,U1 ⊗ K(D)). However, since E(gC) ∼= E(hC) ⊕ E(mC), and Φ ∈ H0(X,E(mC) ⊗ K(D)), we
conclude that adΦ interchanges E(hC) and E(mC), whereas

E(hC) = ⊕U2m, E(mC) = ⊕U2m+1.

The following observation is made by N. Hitchin [16] in the non-parabolic case, while the parabolic
version can be found in [11]. If ψ acts with weight m on an element in E(gC) = ⊕Um, then the
corresponding eigenvalue of the Hessian of f is −m, while a weight m on E(gC) ⊗ K(D) gives the
eigenvalue 1 −m. Let C• (E,Φ)− be the restriction of the complex C• (E,Φ) to the positive weight

part. The Hessian of f is negative definite on H1(C• (E,Φ)−). The positive part of the complex can
be written as

C• (E,Φ)− :
⊕
m≥1

U2m
adΦ−−→

⊕
m≥1

U2m+1 ⊗K(D).

The next lemma will be very important in describing the connected components ofMpar(Sp (2n,R)).
It is implied from §3 in [11], similarly to the classical case of non-parabolic Higgs bundles [14].

Lemma 3.2. The poly-stable Higgs bundle (E,Φ) represents a local minimum of f if and only if
dimH1(C• (E,Φ)−) = 0.

3.2. Local minima of f . We describe polystable parabolic Sp(2n,R)-Higgs bundles (E,Φ) represent-
ing local minima of the Hitchin functional f :Mpar (Sp (2n,R))→ R as defined earlier. The treatment
is parallel to that by P. Gothen in the non-parabolic case [14].

Proposition 3.3. Let (V, β, γ) be a poly-stable Sp(4,R)-Higgs bundle. (V, β, γ) represents a local
minimum of the parabolic Hitchin function if and only if one of the following holds

(1) If par deg V > 0, then β = 0.

(2) If par deg V = 2g − 2 + s, we have a decomposition V = L1

⊕
L2, and β =

(
0 0
0 b

)
, γ =(

0 c1
c2 0

)
.
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Proof. As we discussed, if (E,Φ) is a local minimum, then E(gC) = ⊕Um can be written as the direct
sum of stable Higgs bundles Um with respect to ψ ∈ H0(X,E(gC)⊗K(D)). Since we consider the Lie
algebra g = sp(4,R), and the complexification of h appearing in the Cartan decomposition g = h⊕m
is hC = u(2), thus for deg V ≥ 0 there are only the following two possibilities

(a) E = F− 1
2
⊕ F 1

2
, V = F− 1

2
, V ∨ = F 1

2

(b) E = F− 3
2
⊕ F− 1

2
⊕ F 1

2
⊕ F 3

2
, V = F− 3

2
⊕ F 1

2
, V ∨ = F 3

2
⊕ F− 1

2
.

In Case (a), we have V = F− 1
2

and V ∨ = F 1
2

with Higgs field Φ : V → V ∨⊗K(D). Thus the morphism

b = 0. This gives us case (1) of the proposition.
In Case (b), Φ ∈ H0(X,E(mC)) and there is a decomposition

E = F− 3
2
⊕ F− 1

2
⊕ F 1

2
⊕ F 3

2

with the Higgs field Φ =

(
0 β
γ 0

)
, where β =

(
0 0
0 b

)
, γ =

(
0 c1
c2 0

)
, for

b : F− 1
2
→ F 1

2
⊗K(D), c1 : F 1

2
→ F 3

2
⊗K(D), c2 : F− 3

2
→ F− 1

2
⊗K(D).

Based on the decomposition of E, E(gC) = U−3 ⊕ ...⊕ U3, where

U2 = Hom(F− 1
2
, F 3

2
)⊕Hom(F− 3

2
, F 1

2
),

U3 = Hom(F− 3
2
, F 3

2
).

By Proposition 3.1, we only have to focus on the positive weight spaces U2 and U3. We have

dimH1(C•G (E,Φ)−) = 2g − 2 + s+ par degF 3
2
− par degF− 3

2
− (par degF 1

2
− par degF− 3

2
)

= 2g − 2 + s− (par degF− 3
2

+ par degF 1
2
)

= 2g − 2 + s− par deg V,

where C•G (E,Φ)− is the restriction of the complex C•G (E,Φ) to the positive weight part. By Lemma
3.2, we get a minimum if and only if par deg V = 2g − 2 + s. This proves that (E,Φ) is of Case (b) if
and only if par deg V = 2g − 2 + s. This finishes the proof of the proposition. �

The proof of the local minimum condition in the Sp(2n,R) case for n ≥ 3 is similar to the above
discussion. We only give the result without a proof.

Proposition 3.4. Let (V, β, γ) be a poly-stable Sp(2n,R)-Higgs bundle for n ≥ 3. (V, β, γ) represents
a local minimum of the Hitchin functional if and only if one of the following holds

(1) If par deg V > 0, then β = 0.
(2) If par deg V = n(g − 1 + s

2 ) and m is odd, then there is a square root L of the bundle K(D)
and a decomposition

V = LK(D)−2[ n2 ] ⊕ LK(D)−2[ n2 ]+2 ⊕ · · · ⊕ LK(D)2[ n2 ].

With respect to this decomposition, the morphisms β and γ have the following form

β =


0 · · · 1 0
... . .

. ...
1
0 · · · 0

 , γ =

0 · · · 1
...

...
1 · · · 0

 ,

where γ is an anti-diagonal matrix.
(3) If par deg V = n(g − 1 + s

2 ) and n is even, there is a square root L of the bundle K(D) and a
decomposition

V = L−1K(D)2−n ⊕ L−1K(D)4−n ⊕ · · · ⊕ L−1K(D)n.

With respect to this decomposition, the morphisms β and γ have the same form as in case (2)
above.



10 GEORGIOS KYDONAKIS, HAO SUN AND LUTIAN ZHAO

4. Parabolic Higgs Bundles vs. Higgs V -Bundles

In this section we review the correspondence between parabolic Higgs bundles and Higgs V -bundles.
Further details may be found in [20] and the references therein.

4.1. Background and Correspondence. Let X be a k-dimensional manifold with s-many marked
points x1, . . . , xs. For each marked point, there is a linear representation σi : Γi → Aut(Rk) of a cyclic
group Γi = 〈σi〉, 1 ≤ i ≤ s, where Γi acts freely on Rk\{0} together with an atlas of coordinate charts

φi : Ui → Dk/σi, 1 ≤ i ≤ s;

φp : Up → Dk, p ∈ X\{x1, ..., xs}.
We assume that Γi is the cyclic group Zmi , where mi is a positive integer. An orbifold M is obtained
by gluing the local coordinate charts above, while X is the underlying manifold of M . In [9], M.
Furuta and B. Steer consider this construction as a V -manifold. The case we are interested in is when
M = [Y/Γ], where Y is a closed, connected, smooth Riemann surface and Γ is a finite group acting
effectively on Y . In this case, we say that M is a V -surface. From the definition of the V -manifold,
we see that the V -manifold is an orbifold, therefore we prefer to use the notation [Y/Γ] to emphasize
its V -manifold or orbifold structure. The notation Y/Γ is the usual quotient. In this paper, Y/Γ gives
the underlying surface X of M .

A holomorphic V -bundle E of rank n overM is defined locally on the charts as above with a collection
of isotropy representations τi : Γi → Aut(Cn) and local trivializations θi : E|Ui

→ Dk × Cn/σi × τi,
for 1 ≤ i ≤ s. Let m = mi for all i. The local trivialization Θ is Zm-equivariant with respect to the
action

t(z; z1, z2, ..., zn) = (tz; tk1z1, t
k2z2, ..., t

knzn).

We will define the V -Higgs field over the local chart [U/Zm]. The V -Higgs field defined on local
charts can be glued naturally over the V -manifold M . We define Φ to be a Higgs field over the local
chart [U/Zm] as follows:

Φ = (φij)1≤i,j≤n,

where

φij =

{
zki−kj φ̂ij(z

m)dzz if ki ≥ kj
0 if ki < kj ,

(4)

and φ̂ij are holomorphic functions on Ẽ.

Definition 4.1. A Higgs V -bundle over a V -surface M is a pair (E,Φ), where E is a holomorphic
V -bundle and Φ is a V -Higgs field.

Theorem 4.2 (Theorem 6.8 in [20]). There is a bijective correspondence between isomorphism classes
of holomorphic Higgs V -bundles with good trivialization (E,Θ,Φ) and isomorphism classes of parabolic

Higgs bundles
(
F, Θ̃, Φ̃

)
.

Remark 4.3. In general, the V -Higgs field Φ = (φij) ∈ H0(End0(E) ⊗ K) is Zm-equivariant, where
End0(E) is the traceless homomorphism of E and the action of Zm on End0(E) ⊗K is conjugation.
Under the conjugation action, we have

φij =

{
zki−kj φ̂ij(z

m)dzz if ki ≥ kj
zki−kj φ̂ij(z

m)dzz if ki < kj .

Details can be found in [24]. In this paper, we slightly change the V -Higgs field and there are two
reasons for doing so. The first reason is that if ki ≤ kj , then zki−kj possibly describes a meromorphic
section, not holomorphic. The second reason is that if φij is not trivial when ki < kj , then the
corresponding Higgs field may not preserve the filtration.
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There is a natural way to define the degree of a holomorphic V -bundle E on a V -surface (see [9,
§1]). A holomorphic V -bundle E is stable (resp. semistable), if for every non-trivial proper subbundle
F ≤ E we have parµ (F ) < parµ (E) (resp. ≤). Note that a V -surface is usually considered as an
orbifold, which is also considered as a root stack in the language of algebraic geometry. With respect
to the above stability condition, it has been shown that every semistable V -bundle admits a Jordan-
Hölder filtration, which induces the definition of isomorphism classes of V -bundles, also known as
the S-equivalent classes (see [28] and [29, §3.4]). Based on the semistability condition and Jordan-
Hölder filtration, there exists a moduli space for Higgs bundles on a V -surface, or more generally, on a
projective Deligne-Mumford stack (see [28, §9] or [29, Theorem 6.7]). However, in this paper, we only
focus on the correspondence between points in the moduli space of parabolic Higgs bundles and the
moduli space of Higgs V -bundles.

Under the correspondence above (Theorem 4.2), we have

deg(E) = par deg(F ).

In conclusion, the latter equality for the degree provides the correspondence of the moduli spaces:

Proposition 4.4 (Proposition 5.9 in [9]). There is a bijective correspondence between isomorphism
classes of holomorphic semistable (resp. stable) Higgs V -bundles with good trivialization (E,Θ,Φ) and

isomorphism classes of semistable (resp. stable) parabolic Higgs bundles
(
F, Θ̃, Φ̃

)
.

Indeed, we construct this special V -manifold from the data (X,D,m = 2), where X corresponds
to the underlying surface, D includes the punctures and m = 2 corresponds to the cyclic group action
around the punctures. Therefore there is a one-to-one correspondence between the rank n Higgs V -
bundles over this special V -manifold and elements inMpar(Sp(2n,R)) =Mpar(X,D, n, 2) by Theorem
4.2. We use this correspondence to discuss the topological invariants of Sp(2n,R)-parabolic Higgs
bundles over (X,D) in §6 later on.

4.2. Line V -Bundles and the V -Picard Group. With the same notation as above, we have the
following proposition about line V -bundles.

Proposition 4.5 (Proposition 1.4 in [9]). Isomorphism classes of line V -bundles on M with isotropy

σk11 , . . . , σkss at x1, . . . , xs are in bijective correspondence with the integers.

Proposition 4.5 gives us a general description about all line V -bundles over a V -surface M . The
degree of a line V -bundle L is given by the Riemann-Roch formula for line V -bundles over M

dimH0(M,L)− dimH1(M,L) = 1− g + c1(L)−
s∑
i=1

ki
mi

,

where c1(L) is the degree of the line V -bundle L. M. Furuta and B. Steer in [9] showed that tuples
of the form (d, k1, ..., ks) classify the topological isomorphism classes of line V -bundles over M , where
d is an integer and 0 ≤ ki < mi, 1 ≤ i ≤ s. In other words, the tuple (d, k1, ..., ks) is a topological
invariant for a line V -bundle L. It is easy to check that the tensor product of line V -bundles is still a
line V -bundle. Therefore, the collection of all line V -bundles has a natural group structure.

Definition 4.6 (V -Picard Group). Let PicV (M) denote the set (or group) of isomorphism classes of
line V -bundles over M .

Corollary 4.7 (Corollary 1.6 in [9]). We have a natural map

PicV (M) −→ Q⊕

(
s⊕
i=1

Z/mi

)
L 7→ (c1(L),

−→
k ),

for
−→
k = (k1, . . . , ks) an injective homomorphism with image {c1, (ki mod mi)}, and where the first

Chern class c1 ≡
∑ ki

mi
( mod Z).
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In conclusion, Corollary 4.7 gives us the following exact sequence

0→ Pic(X)→ PicV (M)→
s⊕
i=1

Zmi
→ 0.

5. The Beauville-Narasimhan-Ramanan Correspondence

The Beauville-Narasimhan-Ramanan (BNR) correspondence (Proposition 3.6 in [2]) provides a very
useful tool for studying the spectral curves constructed via the Hitchin fibration. It gives a one-to-one
correspondence between the category of twisted Higgs bundles (E,Φ) over a smooth Riemann surface
and line bundles over the spectral curve. An application of the correspondence is that the regular
Hitchin fiber is holomorphically equivalent to the Prym variety of the spectral covering (see [1], [2],
[18]).

In this section, we study the BNR correspondence for twisted Higgs V -bundles and twisted parabolic
Higgs bundles. We first fix notation. Let X be a Riemann surface, D = {x1, ..., xs} a fixed set of
s-many points on X and let m be a fixed positive integer. With respect to this integer m, let M be
the corresponding V -surface of X such that the local chart around xi is isomorphic to C/Zm, where
Zm the cyclic group. The V -surface M is uniquely determined by the data (X,D,m). In §4.1, we
discussed a special case of this construction corresponding to (X,D, 2). Let L be a line V -bundle over
M , and L be the line bundle over X under the correspondence of Theorem 4.2.

5.1. BNR Correspodence for Parabolic Higgs Bundles. Let E → X be a rank n parabolic
vector bundle over X. For each point x ∈ D, we fix a weight tuple α(x) = (α1(x), ..., αn(x)) such
that 0 ≤ α1(x) ≤ · · · ≤ αn(x) < 1 and every αi(x) can be written as a fraction with denominator m,
1 ≤ i ≤ n, x ∈ D. Let π : tot(K(D)) → X be the natural projection, where tot(K(D)) is the total
space of the line bundle. Denote by λ the tautological section of π∗K(D). Given η = (ηi) a set of
sections, where ηi is a section of K(D)i for 1 ≤ i ≤ n, we define Xη as the zero set of the function

λn + η1λ
n−1 + η2λ

n−2 + · · ·+ ηn.

We still denote by π : Xη → X the projection of the degree n spectral covering. We also assume that
the intersection of the set of branch points B and the given divisor D is empty. The importance of
this assumption will be demonstrated in Remark 5.4 later on.

Definition 5.1. A parabolic line bundle (L, α̃) over Xη is compatible with the given parabolic structure
α, if

{α̃(x̃), x̃ ∈ π−1(x)} = {αi(x), 1 ≤ i ≤ n}.

Fix an order on the pre-image π−1(x) = {x̃1, ..., x̃n} of each x ∈ D. A parabolic line bundle is
strictly compatible with the given parabolic structure α and the given order of the pre-image set, if

α̃(x̃i) = αi(x).

Theorem 5.2. Let X be a closed Riemann surface, D = {x1, ..., xs} a fixed set of s-many points on
X and let m be a fixed positive integer. Denote by K = Ω1

X the canonical line bundle over X and
consider K (D) := K ⊗ OX (D). Fix a parabolic structure α for a rank n parabolic bundle over X
and a tuple of sections η = (ηi), where ηi is a section of K(D)i for 1 ≤ i ≤ n. Assume that the
surface Xη is non-singular and the intersection of the branch points B and the given divisor D is
empty. For a fixed order of the pre-image π−1(x) = {x̃1, ..., x̃n} of each x ∈ D, there is a bijective
correspondence between isomorphism classes of strictly compatible parabolic line bundles (L, α̃) on
Xη and isomorphism classes of pairs (E,Φ), where E is a parabolic bundle of rank n with parabolic
structure α and Φ : E → E ⊗K(D) a parabolic Higgs field with characteristic coefficients ηi.

Proof. Let E be a rank n vector bundle over X and L the corresponding line bundle over Xη under
the classical BNR correspondence (Proposition 3.6 in [2]). Given x ∈ D, the parabolic structure over x
involves n-many rational numbers αi(x), 1 ≤ i ≤ n corresponding to the weights. On the other hand,
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the pre-image of x contains n points {x̃1, ..., x̃n}. Since L is a line bundle, we can equip L|x̃i
with a

parabolic structure given by

0 ⊆ L|x̃i
, 0 ≤ αi(x).

This construction provides a parabolic structure α̃ on L such that α̃(x̃i) = αi(x) and it is not hard to
check that it is also a one-to-one correspondence for the parabolic structures. �

Remark 5.3. Note that if we only assume that L is compatible with the parabolic structure α, but we
do not fix an order for the pre-image of x ∈ D, then the correspondence may not be bijective. For
instance, assume that D only contains one point x and consider the special cases:

(a) if αi(x) are distinct rational numbers, then the correspondence is n!-to-one, which is the number
of all possible orderings of the n points in π−1(x);

(b) if αi are all the same, then the correspondence is still one-to-one.

In the general case that we have l distinct weights αi(x), 1 ≤ i ≤ l, and the weight αi(x) appears ki
times, 1 ≤ i ≤ l, the correspondence is a

(
n

k1,...,kl

)
-to-one correspondence.

Remark 5.4. In Theorem 5.2, we assume that the intersection of B and D is empty. With respect to
this assumption, each point x ∈ D has n distinct pre-images {x̃1, ..., x̃n} in Xη. Note that we have n
fibers L|x̃i

and n numbers αi(x). Therefore, we can give a weight to each fiber in this case.
If the intersection of B and D is not empty, without loss of generality, let {x̃1, ..., x̃m} ∈ Xη be the

pre-images (as a set, not as a scheme) of x, where m < n. Since L is a line bundle on Xη, we have
m fibers L|x̃i

of dimension one. In this case, we have to equip m fibers (with trivial filtration) with n
numbers (weights), which is impossible in the approach of Theorem 5.2.

The above correspondence can be easily extended to the case of L-twisted parabolic Higgs bundles.

Definition 5.5. A pair (E,Φ) is an L-twisted parabolic Higgs bundle over (X,D), if E is a parabolic
Higgs bundle and Φ ∈ H0(End(E)⊗ L) a holomorphic section preserving the filtration.

Corollary 5.6. Fix a parabolic structure α for a rank n parabolic bundle over X and a tuple of
sections η = (ηi), where ηi is a section of Li for 1 ≤ i ≤ n. Assume that the surface Xη is non-
singular and the intersection of the branch points B and the given divisor D is empty. For a fixed
order for the pre-image π−1(x) = {x̃1, ..., x̃n} of each x ∈ D, then there is a bijective correspondence
between isomorphism classes of strictly compatible L-twisted parabolic line bundles (L, α̃) on Xη and
isomorphism classes of pairs (E,Φ), where E is a parabolic bundle of rank n with parabolic structure
α and Φ : E → E ⊗ L is an L-twisted parabolic Higgs field with characteristic coefficients ηi.

5.2. BNR Correspondence for L-Twisted Higgs V -Bundles. To construct a version of the cor-
respondence for L-twisted Higgs V -bundles, we first generalize the correspondence between Higgs
V -bundles and parabolic Higgs bundles described in §4 to the twisted case. Then, the BNR corre-
spondence for the L-twisted parabolic Higgs bundles directly provides a version for L-twisted Higgs
V -bundles.

In order to extend Theorem 4.2 to the twisted case, we focus on the local chart C/Zm. Consider L
a line V -bundle over M and L the corresponding parabolic line bundle over X. The local trivialization
of L is Zm-equivariant with respect to the action

t(z; z1) = (tz; tkz1), 0 ≤ k < α.

Let s be a holomorphic section of L. Note that s is Zm-equivariant. In other words, it means that

(t · s)(tz) = s(z).

With respect to the above trivialization, the section s can be written as

s(z) = zkŝ(zm),

where ŝ is a holomorphic function of L.
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Let (E,Φ) be an L-twisted Higgs V -bundle over M . The L-twisted V -Higgs field Φ = (φij) can be
locally written as

φij =

{
zki−kj φ̂ij(z

m)(zkŝ(zm)) if ki ≥ kj
0 if ki < kj ,

where the local trivialization is the same as the one considered in §4. Let F be the corresponding
parabolic bundle over (X,D) under the correspondence of Theorem 4.2. The corresponding section

for an L-twisted parabolic Higgs bundle is zkφ̂ij(z)ŝ(z
m). By gluing the local charts, the L-twisted

V -Higgs field Φ gives us an L-twisted parabolic Higgs field Φ̃. This implies the correspondence in the
twisted case. We therefore obtain the following:

Proposition 5.7. There is a bijective correspondence between isomorphism classes of holomorphic
semistable (resp. stable) L-twisted Higgs V -bundles with good trivialization (E,Θ,Φ) and isomorphism

classes of semistable (resp. stable) L-twisted parabolic Higgs bundles
(
F, Θ̃, Φ̃

)
.

Let η = (ηi) be a set of sections of Li for 1 ≤ i ≤ n. We construct the spectral covering π : Mη →M
of a V -surface as follows. For X the underlying surface of M and D = {x1, ..., xs}, recall that the atlas
of local charts of the V -surface M over (X,D) is given (see §4) by

φi : Ui → Dk/σi, 1 ≤ i ≤ s;

φp : Up → Dk, p ∈M\{x1, ..., xs}.

The sections η = (ηi) can be considered as a Γ-equivariant section of X. Thus the spectral covering
π : Xη → X over X is given as usual. The V -surface Mη is now given as the pullback of the following
diagram:

Mη Xη

M X

In particular, an atlas of Mη is described by

φy : Uy → Dk/σi, y ∈ π−1
u (D);

φp : Up → Dk, p ∈ Xη\π−1(D).

Such an atlas defines the V -surface Mη over (Xη, π
−1(D)), and the underlying space of Mη is Xη.

We have a natural covering of the V -surface π : Mη → M , which is the spectral covering. Under the
correspondence between Higgs V -bundles and parabolic Higgs bundles, we have the following corollary.

Corollary 5.8. Assume that the underlying surface of Mη is nonsingular and the intersection of
the set of branch points B and the divisor D is empty. Then there is a bijective correspondence
between isomorphism classes of strictly compatible line V -bundles L on Mη and isomorphism classes
of pairs (E,Φ), where E is a V -bundle of rank n over M and Φ : E → E ⊗ L a homomorphism with
characteristic coefficients ηi. For ρ : Mη →M , it is ρ∗(L) = E.

Proof. The proof follows from Proposition 5.7 (also Theorem 4.2) and Theorem 5.2. The correspon-
dence is obtained from the following diagram:

line V -bundles over Mη L-twisted Higgs V -bundles over M

parabolic line bundles over Xη parabolic L-twisted Higgs bundles over X.

Proposition 5.7 Proposition 5.7

Theorem 5.2

�
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For our purposes, we are particularly interested in the following two cases of L-twisted Higgs V -
bundles:

(1) L = K(D) with trivial monodromy around each puncture x ∈ D;
(2) L = K with monodromy 1

2 around each puncture x ∈ D.

In the first case, dz
z is a local section of K(D), which is Z2-equivariant. It is easy to check that the

corresponding local section for the chart of X is dw
w , where w = z2. Therefore we use the same notation

K(D) for the corresponding parabolic line bundle over (X,D), of which the parabolic structure is trivial
over each point x ∈ D. In this case, the correspondence studied in Proposition 5.7 and Theorem 4.2
is exactly between K(D)-twisted Higgs V -bundles and parabolic Higgs bundles.
In the second case, dz is a local section of K. Under the same calculations as in §4, the section dz is
also Z2-equivariant. Let w = z2; then

dz = z
dw

w
.

The variable can be considered as the local coordinate of the corresponding chart of X. More precisely,
we consider the local section φf(z)dz, where φ is some holomorphic section of a V -bundle End(E).
We have

φf(z)dz = φz
dw

w
.

This formula implies that the corresponding parabolic Higgs field not only preserves the filtration, but
also maps the filtration Fj strictly to Fj+1 ⊗ K(D). Therefore the corresponding twisted parabolic
Higgs bundle in this case is a strongly parabolic Higgs bundle. Details of this correspondence can be
found in [6].

The above discussion gives another interpretation of the correspondence between parabolic Higgs
bundles and Γ-Higgs bundles:

Proposition 5.9. [6, §3]

(1) Let L = K(D) with trivial monodromy around each puncture x ∈ D. There is a one-to-one
correspondence between L-twisted Higgs V -bundles and parabolic Higgs bundles.

(2) Let L = K with monodromy 1
2 around each puncture x ∈ D. There is a one-to-one correspon-

dence between L-twisted Higgs V -bundles and strongly parabolic Higgs bundles.

5.3. Hitchin Fibration. Analogously to the classical BNR correspondence, Theorem 5.2 and Corol-
lary 5.8 provide a way to describe the fiber of the parabolic Hitchin map (K(D)-twisted). Let
tot(K(D)) be the total space of the line bundle K(D). It can be written as

tot(K(D)) = Spec
(
Sym•((K(D))−1)

)
.

We have the canonical projection π : tot(K(D)) → X. Let λ ∈ H0(π∗K(D)) be the tautological
section. The characteristic polynomial of the Higgs field

det(λ · id− π∗Φ) = λn + η1λ
n−1 + . . .+ ηn ∈ H0(tot(K(D)), π∗(K(D)n))

defines the sections ηi ∈ H0(X,K(D)i). The parabolic Hitchin map

h :Mpar(X,D,α, n)→
n⊕
i=1

H0(X, (K(D))i)

sends (E,Φ) to (η1, . . . , ηn), where (η1, . . . , ηn) is the coefficient of the characteristic polynomial of
Φ. If Φ is strongly parabolic, then the eigenvalues of Φ will vanish at the divisor. Therefore, ηi ∈
H0(X,KiDi ⊗OX(D)−1) = H0(X,KiDi−1), and the Hitchin fibration is the map

h :Ms
par(X,D,α, n)→ H =

n⊕
i=1

H0(X, (K(D))i ⊗OX(−D))
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sending E to ηi, whereMs
par(X,D,α, n) denotes the moduli space of strongly parabolic Higgs bundles

with parabolic structure α. More generally, we have

Mpar(X,D, n)→
n⊕
i=1

H0(X,K(D)i).

The parabolic Hitchin map Mpar(X,D) →
n⊕
i=1

H0(X,K(D)i) does not interact with the parabolic

structure. More precisely, the parabolic Hitchin fibration of a regular point η ∈
n⊕
i=1

H0(X,K(D)i) may

contain two elements (E,α,Φ) and (E,α′,Φ) for distinct parabolic structures α 6= α′.
Considering weights as rational numbers with denominator m, for a fixed positive integer m ≥ 2,

we want to describe the fiber of the parabolic Hitchin map Mpar(X,D, n,m) →
n⊕
i=1

H0(X,K(D)i).

Note that we can construct the V -surface M over (X,D) such that the action around each x ∈ D is
the cyclic group Zm of order m. Then any point inMpar(X,D, n,m) corresponds to a V -bundle over
M . This correspondence is bijective by Theorem 4.2, thus providing the following:

Proposition 5.10. The moduli space Mpar(X,D, n,m) is isomorphic to the moduli space of rank n
V -bundles over M , where M is the V -surface uniquely determined by the data (X,D,m).

The Beauville-Narasimhan-Ramanan correspondence for V -surfaces provides now the following de-
scription of the fibers:

Proposition 5.11. The fiber of the parabolic Hitchin map

Mpar(X,D, n,m)→
n⊕
i=1

H0(X,K(D)i)

over a regular point η ∈
n⊕
i=1

H0(X,K(D)i) is isomorphic to the V -Picard group of the spectral covering

Mη of M , where M is uniquely determined by the data (X,D,m).

Now let us consider a special case: n = 2. For the moduli space of SL(2,R)-Higgs bundles (resp.
GL(2,R)-Higgs bundles), N. Hitchin [18] proved that the fiber of the Hitchin fibration of a regular
point η ∈ H0(X,K2) with a given determinant is biholomorphic to the Prym variety of the spectral
covering Xη → X. The Prym variety Prym(Xη, X) is defined as

Prym(Xη, X) = {L ∈ Jac(Xη)|τ∗L = L−1},
where τ : Xη → Xη is the involution of the double covering Xη → X.

On the moduli space of parabolic SL(2,R)-Higgs bundles Mpar(SL(2,R), X,D, n) (resp. GL(2,R)-
Higgs bundles Mpar(GL(2,R), X,D, n)), the parabolic Hitchin fibration of a regular point η in the
Hitchin base H0(X,K(D)2) is exactly the Prym variety

Prym(Mη,M) = {L ∈ PicV (Mη)|τ∗L = L−1},
of the spectral covering Mη → M , where M and Mη are the corresponding V -surfaces of X and Xη,
and τ : Mη →Mη is the involution of Mη.

Recall that we have the following short exact sequences for the V -Picard groups PicV (M) and
PicV (Mη)

0→ Pic(X)→ PicV (M)→
s⊕
i=1

Z2 → 0,

0→ Pic(Xη)→ PicV (Mη)→
2s⊕
i=1

Z2 → 0.
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These exact sequences together with the Γ-equivariant condition give us the following short exact
sequence for PrymV (Mη,M):

0→ Prym(Xη, X)→ PrymV (Mη,M)→
s⊕
i=1

Z2 → 0.

The results of this section imply the following:

Proposition 5.12. The fiber of the parabolic Hitchin map

Mpar(X,D, 2, 2)→ H0(X,K(D)2)

is a finite number of copies of the Prym variety Prym(Mη,M). This number of copies only depends
on the parabolic structure α.

5.4. BNR Correspondence for L-Twisted Higgs Bundles over a Root Stack. In this subsec-
tion, we discuss the BNR correspondence for L-twisted Higgs bundles over a root stack. Although we
do not use this version of the correspondence in this paper, we include it here for completeness. In
fact, the V -manifold has a natural structure as a root stack, thus the correspondence for V -bundles
implies the correspondence for bundles over a root stack.

We first review the definition of a Higgs bundle over an algebraic stack X. A coherent sheaf F on
X is defined as follows. Let U, V be two schemes, and let

fU : U → X, fV : V → X

be two étale morphisms. Let h : U → V be a morphism of schemes such that the following diagram
commutes

U V

X

fU

h

fV

A coherent sheaf F on X consists of a collection of coherent sheaves FU for each étale morphism
fU : U → X along with isomorphisms ah : FU → h∗FV . The coherent sheaf F is locally free if FU is
locally free for any étale morphism U → X. If F is a locally free sheaf, we say F is a bundle over X.
Let X be the coarse moduli space of X. If X is a Riemann surface, denote by ωX the canonical bundle
over the stack X, which is locally defined as ωXU

:= ωU/C.
Let F be a locally free sheaf on X. A Higgs field Φ on F is a homomorphism Φ : F → F ⊗ ωX.

Locally, ΦU : FU → FU ⊗ ωU and the following diagram is commutative:

FU FU ⊗ ωU

h∗FV h∗FV ⊗ h∗ωV

ah

ΦU

aFh⊗a
ωX
h

ΦV

Now we consider the root stack. Let X be an algebraic stack and let L be an invertible sheaf over
X. We fix a positive integer r and take a section s ∈ Γ(X, L). The pair (L, s) provides a morphism
X→ [A1/Gm]. Denote by θr : [A1/Gm]→ [A1/Gm] the morphism induced by the r-th power maps on
both A1 and Gm. Clearly, the map θr sends a pair (L, s) to its r-th tensor product (Lr, sr). The root
stack X(L,s,r) is defined as follows

X(L,s,r) := X×[A1/Gm],θr [A1/Gm].

As a special case, let X = X be a scheme. Then the objects of X(L,s,r) over a scheme S are quadruples
(f,M, t,$), where f : S → X is a morphism, M is an invertible sheaf on S, t is a section in Γ(S,M)
and $ : Mr → f∗L is an isomorphism such that $(tr) = f∗s. If X = A1 with coordinate x, then we
have

XOX ,x,r
∼= [A1/µr].
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Now we consider the root stack XOX(D),s,r, and in the rest of this subsection, the notation X shall
denote the root stack XOX(D),s,r. For each point x ∈ D, there is an open affine neighborhood Spec(Ax)
of x such that X is locally isomorphic to

[(Spec(Ax[tx]/(trx − sx))) /µr],

where sx is the restriction of s to Spec(Ax). Abusing the language of orbifolds and root stacks, X is
locally isomorphic to [C/Zm] (see the notation in §4.1). Therefore, the results in §5.2 (Proposition 5.7
and Corollary 5.8) still hold for root stacks, and we omit the proofs.

I. Biswas, S. Majumder and M. L. Wong proved an equivalence of categories of Higgs bundles on
X and strongly parabolic Higgs bundles on X, where X = XOX(D),s,r (Theorem 4.7 in [6]). Their
approach can be easily extended to the L-twisted case. Let L be a line bundle over X, and let L be the
parabolic line bundle over (X,D) corresponding to L. With respect to the above notation, we have
the following proposition.

Proposition 5.13. There is a one-to-one correspondence between L-twisted Higgs bundles over X and
L-twisted parabolic Higgs bundles over (X,D).

The idea in the proof of this proposition is similar to those of Theorem 4.2 and Proposition 5.7.
Now Let η = (η1, ..., ηn) ∈

⊕n
i=1H

0(X,Li) be an element in the Hitchin base for the stack X. We
can define the spectral covering Xη as the zero locus of

λn + η1λ
n−1 + · · ·+ ηn.

Let Xη be the underlying space of Xη. Denote by B the set of branch points in X with respect to
the covering Xη → X. We assume that the intersection of B and D is empty. Since X = XOX(D),s,r

is a root stack, Xη is also a root stack with the same argument for Mη in §5.2. The version of the
correspondence for a root stack is then given in the following:

Corollary 5.14 (BNR Correspondence for Stacks). There is a one-to-one correspondence between line
bundles over Xη and L-twisted Higgs bundles over X.

Proof. Similar to the proof of Corollary 5.8, this Corollary is directly implied by Proposition 5.7 and
Proposition 5.13. �

5.5. Conclusion. With respect to the discussion in §4 and §5, we have one-to-one correspondences
among the following six categories:

L-twisted Higgs V -bundles over M line V -bundles over Mη

parabolic L-twisted Higgs bundles over X parabolic line bundles over Xη

L-twisted Higgs bundles over stack X line bundles over Xη.

Corollary 5.8

Proposition 5.7 Proposition 5.7

Theorem 5.2

Proposition 5.13 Proposition 5.13

Corollary 5.14

In §7 later on, we will use the BNR correspondence and the V -Prym variety to prove the connect-
edness of the components of the moduli space Mpar(Sp(2n,R)) under several considerations for the
parabolic structure.

6. Topological Invariants of the Moduli Space of Parabolic Sp(2n,R)-Higgs Bundles

Definition 6.1. Let (V, β, γ) be a parabolic Sp (2n,R)-Higgs bundle over (X,D). The parabolic Toledo
invariant of (V, β, γ) is defined as the rational number τ = par deg (V ).

In [20], it is shown that for a semistable parabolic Sp (2n,R)-Higgs bundle, the parabolic Toledo
invariant satisfies the inequality

|τ | ≤ n
(
g − 1 +

s

2

)
,
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where s is the number of points in the divisor D. We call maximal the parabolic Sp(2n,R)-Higgs
bundles for which τ = n

(
g − 1 + s

2

)
and denote the components containing those by

Mmax
par (Sp(2n,R)) :=Mn(g−1+ s

2 )
par (Sp(2n,R)).

In this maximal case and for a fixed square root L0 of K(D) there is a one-to-one correspondence,
called the parabolic Cayley correspondence, which maps every maximal triple (V, β, γ) to a triple
(W,φ, c) for W := V ⊗ L−1

0 and for φ, c defined by

φ = (β ⊗ 1L0
) ◦ (γ ⊗ 1L−1

0
) : W = V ⊗ L−1

0 → V ⊗ L
3
2
0 = W ⊗K(D)2,

c = γ ⊗ 1L−1
0

: W = V ⊗ L−1
0 → V ∨ ⊗K(D)⊗ L−1

0 = W∨.

Note also that the map γ is an isomorphism in the maximal case, implying that c is also an isomorphism
and φ : W → W ⊗K(D)2 is a K(D)2-twisted parabolic Higgs field for W . Moreover, the parabolic
structure on the bundle V provides the construction of the corresponding V -surface M , where M is
the V -manifold with s-many marked points p1, ..., ps, around which the isotropy group is Z2, and X
is the underlying surface of M . Let us use the same notation (V,Φ) or (V, β, γ) for the corresponding
V -Higgs bundle over M . On the other hand, since the parabolic degree is equal to the degree as a
V -bundle, we use the notation par deg(L) to also mean the degree of L as a V -bundle, while deg(L)
is the degree of L over the underlying surface X = |M |. As a V -bundle morphism, the isomorphism c
induces a quadratic form on W . Hence, the structure group of W is O(n,C).

Topological Invariants of Mmax
par (Sp(2n,R)). We determine the topological invariants for maximal

parabolic Sp(2n,R)-Higgs bundles as elements in H1
V (M,Z2), the first V -cohomology group. We briefly

review next the definition and calculations of V -cohomology groups (see [20, §7] for more details).
One can consider a V -surface M by gluing two charts U1 and U2, for U1 = X\{x1, ..., xs} and

U2 =
∐s
i=1D/Z2. With respect to this atlas, we define MV as

MV = V1

⋃
V2, V1 = X\{x1, ..., xs}, V2 =

s∐
i=1

D ×Z2 EZ2,

where D is a disk around the punctures xi and X is a compact Riemann surface of genus g. Define
the V -cohomology group as

Hi
V (M,Z2) := Hi(MV ,Z2).

If there is no confusion, we omit Z2 in the cohomology group.
Now we are ready to calculate the rank of H1(MV ) and H2(MV ). By the Mayer-Vietoris sequence,

we have

0→ H0(MV )→ H0(V1)
⊕

H0(V2)→ H0(V1

⋂
V2)

j1−→ H1(MV )→ H1(V1)
⊕

H1(V2)→ H1(V1

⋂
V2)

j2−→ H2(MV )→ H2(V1)
⊕

H2(V2)→ H2(V1

⋂
V2).

Note that V1 = X\{x1, ..., xs} and V1

⋂
V2 =

∏s
i=1 S

1. We have

rk(H0(V1

⋂
V2)) = s, rk(H0(V1)) = 1,

rk(H1(V1

⋂
V2)) = s, rk(H1(V1)) = 2g + s− 1,

rk(H2(V1

⋂
V2)) = 0, rk(H2(V1)) = 0,
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where rk(•) denotes the rank of the cohomology group with coefficient in Z2. We use the Leray spectral
sequence to calculate the cohomology group of V2, and we have

rk(H0(V2)) = s,

rk(H1(V2)) = s,

rk(H2(V2)) = s.

Therefore,

rk(H1(MV )) = 2g + s− 1,

rk(H2(MV )) = s.

For the Sp(4,R)-case we see the following:

(1) If
∧2

W 6= 0, the structure group of W is O(2,C) and every pair (u, v) is a topological invariant
for W , where 0 6= u ∈ H1

V (M,Z2) and v ∈ H2
V (M,Z2). Thus, there are clearly 2s(22g+s−1− 1)

many distinct pairs (u, v). Denote by Mu,v
par the moduli space corresponding to (u, v).

(2) If
∧2

W = 0, then the structure group can be reduced to SO(2,C) ⊂ O(2,C). From the
identification SO(2,C) ∼= C∗, W can be decomposed as a direct sum W = L⊕ L∨, where L is
a line V -bundle and L∨ is the dual of L. Now, stability for the map φ : W → W ⊗K(D)2,
provides the existence of a non-trivial holomorphic map L → L∨ ⊗K(D)2, therefore it holds
necessarily that pardeg(L) ≤ 2g − 2 + s.

a. If par deg(L) 6= 2g − 2 + s, then every possible value of the degree gives at least one
topological invariant, thus providing at least 2g − 2 + s different non-negative values.
Now we want to describe all possible topological invariants for line V -bundles with degree
smaller than 2g − 2 + s. Recall from §4.2 that the V -Picard group PicV (M) classifies all
line V -bundles over M . The V -Picard group has the following short exact sequence

0→ Pic(X)→ PicV (M)→
⊕
x∈D

Z2 → 0.

By definition, the parabolic degree is the sum of the classical degree and the weights

par deg = deg +weights.

In fact, we can understand this definition from the above exact sequence about PicV (M).
The classical deg comes from Pic(X) and the weights come from

⊕
x∈D

Z2. From the exact

sequence, it is also clear that PicV (X) is not necessarily connected. Then every pair
(d,w), where d ∈ Pic(X) the classical degree and w ∈

⊕
x∈D

Z2 the weight, describes a

topological invariant for the line V -bundles. Although different pairs (d,w) may have the
same parabolic degree, they provide different topological invariants for line V -bundles.

Denote by M0,(d,w)
par the moduli space in this case.

b. If par deg(L) = 2g− 2 + s, we have L2 ∼= K(D)2. This describes parabolic Sp(4,R)-Higgs

bundles (E = V ⊕ V ∨,Φ) with V = N ⊕N∨K (D), for a line bundle N = K(D)
3
2 . Thus,

square roots of K (D) parameterize components containing such Higgs bundles, and this
contributes to 22g+s−1 topological invariants. Denote by M0,2g−2+s,L

par the moduli space
in this case.

The investigation of the Sp(2n,R) case, n ≥ 3, is analogous to the one for Sp(4,R). We define
the Cayley partner (W, c, φ) similarly and describe the topological invariants for all possible Cayley
partners. By Proposition 3.4, we can discuss this problem in two cases: β = 0 and β 6= 0.

(1) If β = 0, it means that the corresponding morphism φ in the Cayley partner is also triv-
ial. Therefore the Cayley partner reduces to (W, c), where c is an isomorphism of the para-
bolic GL(n,R)-bundle W , or equivalently the V -bundle W . Thus the V -cohomology groups
H1
V (M,Z2), H2

V (M,Z2) are topological invariants for such bundle W . In this case, we have
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2s · 22g+s−1 many topological invariants. Denote by Mu,v
par(Sp(2n,R)) the component of V -

Higgs bundle (E,Φ) such that the topological invariants of its Cayley partner (W,φ, c) are
u ∈ H1

V (M,Z2) and v ∈ H2
V (M,Z2).

(2) If β 6= 0, in either Case (2) or Case (3) of Proposition 3.4 one needs to fix a square root
L of the bundle K(D). Note that we are taking the square root of a V -bundle. Denote

by M0,n(g−1+ s
2 ),L

par (Sp(2n,R)) the moduli space in this case and there are 22g+s−1 many such
choices for the square root L.

7. Connected Components of Mmax
par (Sp(2n,R))

Based on the previous two sections, we will now prove that the moduli spaces Mu,v
par, M

0,(d,w)
par

andM0,2g−2+s,L
par for each possible value of the corresponding topological invariants are connected. As

explained in §3, it is enough to prove that the subspace of local minima N for each of those components
is connected. The proofs below are for the case G = Sp (4,R); for the case G = Sp (2n,R) when n ≥ 3
the proofs are no different, thus we state directly the analogous results.

Proposition 7.1. Mu,v
par is connected, where u 6= 0.

Proof. As seen in Proposition 3.3, u = w1 (W ) 6= 0 only for triples (V, β, γ) of the type (1), that is,
for those when β = 0. This implies that the Higgs field φ in the Cayley partner vanishes, hence we
consider the moduli space for the pairs (W, c).
Notice that the first V -cohomology group is isomorphic to Hom(π1

V (M),Z2). Moreover,

Hom(π1
V (M),Z2) ∼= Hom(π1(X/D),Z2).

Thus, given an element u ∈ H1
V (M,Z2), we can construct a degree two étale covering over the under-

lying surface with punctures

πu : Xu/π
−1
u (D)→ X/D,

where Xu is a compact surface. The existence of Xu is provided by Theorem 1.1 in [9]. Clearly,

π∗uW |X/D = L|X/D
⊕

L−1|X/D,

where L is a line bundle over Xu, with π∗c an isomorphism of π∗uW . A V -surface MXu with underlying
surface Xu can be constructed with local charts given by

φy : Uy → Dk/Z2, y ∈ π−1
u (D);

φp : Up → Dk, p ∈M\π−1
u (D).

There is also a natural covering of V -surface πu : MXu
→M , thus there are three covering morphisms

summarized below

étale: Xu/π
−1
u (D)→ X/D,

ramified: Xu → X,

V -surface: MXu →M.

We shall use the same notation πu for all these coverings.

Xu/π
−1
u (D) Xu MXu

X/D X M

πu πu πu

The direct sum

π∗uW |X/D = L|X/D ⊕ L−1|X/D
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can be extended to the V -surface MXu . Let τ : MXu → MXu be the involution interchanging the
coverings and clearly τ∗L = L−1. From the discussion following Proposition 5.11, L is a well-defined
element in the Prym variety Prym(MXu

,M) of V -surfaces.
We now turn to these line V -bundles L in the Prym variety Prym(MXu

,M). In our case, the mon-
odromy group is Z2, hence there are only two possible monodromy actions around p ∈ π−1

u (D), namely
0 and 1

2 . If p1, p2 ∈ π−1
u (D) and πu(p1) = πu(p2), then the monodromy action around these two points

should be the same described by the condition τ∗L = L−1. The short exact sequence

0→ Pic(Xu)→ PicV (MXu
)→

s⊕
i=1

Z2 → 0

implies the following sequence for the Prym variety

0→ Prym(Xu, X)→ Prym(MXu ,M)→
s⊕
i=1

Z2 → 0.

Since the covering Xu → X is a ramified covering, Prym(Xu, X) is connected. Therefore, each element
in
⊕s

i=1 Z2 provides a connected component of the Prym variety Prym(MXu ,M).
The above argument implies that given a weight w and an element in the first V -cohomology group
u ∈ Hom(π1

V (M),Z2), the space of all such pairs (W, c) is connected. Now we only have to show that

we can use the second V -cohomology H2
V (M,Z2) to describe all possible weights in

s⊕
i=1

Z2.

For the V -manifold MV of M , the exact sequence

0→ Z→ OMV
→ O∗MV

→ 0

provides that

H1
V (M,OMV

)→ H1
V (M,O∗MV

)
$−→ H2

V (M,Z).

The first cohomology group H1
V (M,O∗MV

) is exactly the V -Picard group PicV (M). Therefore, there
is a morphism

$ : PicV (M)→ H2
V (M,Z).

By taking the Z2 coefficient, it is easy to see that the morphism $ induces the isomorphism
s⊕
i=1

Z2
∼= H2

V (M,Z).

�

Corollary 7.2. The number of all the connected components of the form Mu,v
par is 2s(22g+s−1 − 1).

Proof. Follows from the fact that rk(H1(MV )) = 2g + s− 1 and rk(H2(MV )) = s. �

Proposition 7.3. M0,(d,w)
par is connected.

Proof. Denote by N 0,(d,w)
par the subspace of local minima of M0,(d,w)

par . We show that N 0,(d,w)
par is con-

nected. From the discussion in §4.2 and §5.3, we know the V -Picard group PicV (M) is not necessarily
connected. If we consider the subgroup Picw(M), which consists of all line V -bundles with a given fixed
weight w, this subgroup Picw(M) is isomorphic to the classical Picard group Pic(X) and so Picw(M) is

connected. Denote by Picdw(X) the subvariety of Picw(X) with fixed degree d. It is clear that any line

V -bundle in Picdw(X) has the same parabolic degree; denote by l the corresponding parabolic degree.
We shall prove the statement in two cases, namely when d = 0 and when d > 0.
When d = 0, we claim that the parabolic Higgs field Φ is zero. In other words, the parabolic Higgs

field of any point in N 0,(0,w)
par is zero. By Proposition 3.3, the moduli space N 0,(0,w)

par of local minima
is isomorphic to the moduli space of pairs (W, c), where W = L ⊕ L∨, L is a degree 0 line bundle,
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and c =

(
0 1
1 0

)
with respect to the above decomposition. There is a surjective continuous map

Pic0w(X)→ N 0,(0,w)
par given by taking L to the pairs (W, c). Hence, the moduli space N 0,(0,w)

par of local
minima is connected. Now we claim that the parabolic Higgs field Φ is zero. If Φ is not zero, then
L∨ is a Φ-invariant sub-line bundle of W . This means that W is semistable, but not stable, and thus
finishes the proof for the first case d = 0.
In the second case d > 0, the parabolic Higgs field Φ cannot be zero, otherwise the subbundle L would
violate the stability condition. Therefore, critical points should be as described in case (2) of Propo-

sition 3.3. The parabolic Higgs field Φ of a critical point can be written in the form Φ =

(
0 0
γ 0

)
,

where γ ∈ H0
(
X, (L∨K(D))2

)
. Thus, the subvariety N 0,(d,w)

par fits into the following pullback diagram

Picdw(X)

N 0,(d,w)
par Picd(X)

S4g−4+2s−2l(X) Pic4g−4+2s−2l(X)

∼=

π L→ (L∨K(D))2

D → [D]

where π(W,C,Φ) = (Φ). This shows that N 0,(d,w)
par is connected also when d > 0. �

Corollary 7.4. The number of all the connected components of the form M0,(d,w)
par is (2g − 2 + s)2s.

Proof. We calculate the number of all possible pairs (d,w), where d ∈ Pic(X) is the classical degree

of the parabolic line bundle and w is an element in
s⊕
i=1

Z2; it is a combinatorial problem to determine

the number of all pairs (d,w). Let k(w) be the corresponding weight of w which is a rational number
with denominator 2. In general,

k(w) =
the number of 1’s in w

2
.

Given an integer 0 ≤ k ≤ s, there are
(
s
k

)
many choices for the weight w such that 2k(w) = k.

Now we fix a weight w ∈
s⊕
i=1

Z2. We calculate the number of all possible degrees d depending on the

parity of 2k(w). By the definition of parabolic degree, we have

0 ≤ d+ k(w) < 2g − 2 + s.

Therefore, the range for d is

−k(w) ≤ d < 2g − 2 + s− k(w).

Fixing k(w), the number of all possible values for d is 2g − 2 + s. Based on the above discussion, the
number of all possible pairs (d,w) is

s∑
2k(w)=0

(
s

2k(w)

)
(2g − 2 + s) = (2g − 2 + s)2s.

�

Proposition 7.5. M0,2g−2+s,L
par is connected.
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Proof. In this case, the bundle W is completely determined by L. Thus the moduli spaceM0,2g−2+s,L
par

is isomorphic to the moduli space of parabolic Higgs fields Φ ∈ H0(End(W ) ⊗ K(D)2) such that Φ

commutes with the matrix c =

(
0 1
1 0

)
. Therefore, the Higgs field Φ (more precisely the map γ) is of

the following form

Φ =

(
φ11 φ12

φ12 φ22

)
.

Hence, the moduli space M0,2g−2+s,L
par is isomorphic to the connected space

H0(X, (K(D))2)︸ ︷︷ ︸
φ11

⊕
H0(X, (K(D))4)︸ ︷︷ ︸

φ12

⊕
H0(X, (K(D))2)︸ ︷︷ ︸

φ22

.

�

Corollary 7.6. The number of all the connected components of the form M0,2g−2+s,L
par is 22g+s−1.

Combining the results of this section, we deduce an exact component count for the moduli space of
maximal parabolic Sp (4,R)-Higgs bundles:

Theorem 7.7. The moduli space Mmax
par (Sp (4,R)) of parabolic maximal Sp (4,R)-Higgs bundles with

all weights rational having denominator 2 over a compact Riemann surface X of genus g with a divisor
of s-many distinct points on X, such that 2g − 2 + s > 0, has (2s + 1)22g+s−1 + (2g − 3 + s)2s many
connected components.

The proof that the analogous subspaces of Mmax
par (Sp (2n,R)) for n ≥ 3 are connected is similar,

thus providing the following:

Theorem 7.8. For n ≥ 3, the moduli space Mmax
par (Sp (2n,R)) of parabolic maximal Sp (2n,R)-Higgs

bundles with all weights rational having denominator 2 over a compact Riemann surface X of genus
g with a divisor of s-many distinct points on X, such that 2g − 2 + s > 0, has (2s + 1)22g+s−1 many
connected components.

8. Connected Components of Mmax
par (Sp (2n,R)) with Fixed Weight 1

2

In this section we further restrict to the moduli space Mmax
par (Sp (2n,R) , α̂) of maximal parabolic

Sp(2n,R)-Higgs bundles (V, β, γ) for a fixed parabolic structure α̂ on the parabolic bundle V described
by a trivial flag over each point x ∈ D and weight 1

2 .
The maximality of (V, β, γ) defines a Cayley partner (W, c, φ) with W having also a fixed parabolic

structure induced by the one on V . We now notice that among the three apparent cases (1), (2a) and
(2b) from §6 there is a difference appearing only in Case (2a). In this case W = L⊕ L∨, however the
parabolic degree of L is now also fixed satisfying

0 ≤ par deg(L) < 2g − 2 + s.

The parabolic degree par deg(L) defines a topological invariant and with a similar proof as in Propo-
sition 7.3, we can prove that the corresponding component of the moduli space Mmax

par (Sp (4,R) , α̂)
is connected. Therefore, we have the following corollary which verifies the prediction for the exact
number of connected components from [20]:

Corollary 8.1. The number of connected components of the moduli space Mmax
par (Sp (4,R) , α̂) with

fixed trivial filtration and weight 1
2 is

22g+s−1(2s + 1) + (2g − 2 + s)− 2s.

Remark 8.2. The number of connected components is the same for any parabolic structure α in which
all the weights are rational numbers with denominator 2, in other words, the above component count
does not depend on the fixed filtration of the parabolic bundle.
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9. The Case of rational Weights

We can analogously consider maximal Sp(2n,R)-Higgs bundles for a more general choice of weights.

Definition 9.1. The parabolic Sp(2n,R)-Higgs bundle (V, β, γ) with weight type of (mi)1≤i≤s is de-
fined to be the parabolic Higgs bundle with (β, γ) as in Definition 2.7, and the weight αi,j at each
point xi ∈ D in the parabolic structure of V is an integral multiple of 1

mi
for 1 ≤ i ≤ s, 1 ≤ j ≤ n.

Since the proof for maximality of the Toledo invariant does not depend on the parabolic structure,
we still have |par deg V | ≤ n

(
g − 1 + s

2

)
. So when par deg V = n

(
g − 1 + s

2

)
, we may still call V

the maximal parabolic Sp(2n,R)-Higgs bundle with weight type of (mi)1≤i≤s. The moduli space of
polystable maximal parabolic Sp(2n,R)-Higgs bundles with weight type of (mi)1≤i≤s is denoted by

Mmax
par,(m1,...,ms)(Sp(2n,R)).

With respect to the data (X,D, (mi)1≤i≤s), we can construct the V -surface M , which is given by
gluing two charts U1 and U2, where U1 = X\{x1, ..., xs} and U2 =

∐s
i=1D/Zmi

. Then, we define MV

as follows

MV = V1

⋃
V2, V1 = X\{x1, ..., xs}, V2 =

s∐
i=1

D ×Zm
EZm.

This construction is similar to what we did in §6, and the only thing we change is the weight mi.
By the Mayer-Vietoris sequence, we have

0→ H0(MV ,Z2)→ H0(V1,Z2)
⊕

H0(V2,Z2)→ H0(V1

⋂
V2,Z2)

j1−→ H1(MV ,Z2)→ H1(V1,Z2)
⊕

H1(V2,Z2)→ H1(V1

⋂
V2,Z2)

j2−→ H2(MV ,Z2)→ H2(V1,Z2)
⊕

H2(V2,Z2)→ H2(V1

⋂
V2,Z2).

Note that V1 = X\{x1, ..., xs} and V1

⋂
V2 =

∏s
i=1 S

1. We have

rk(H0(V1

⋂
V2)) = s, rk(H0(V1)) = 1,

rk(H1(V1

⋂
V2)) = s, rk(H1(V1)) = 2g + s− 1,

rk(H2(V1

⋂
V2)) = 0, rk(H2(V1)) = 0.

Now, if we want to calculate the Z2-cohomology group of MV , we have to figure out the cohomology
group Hi(V2,Z2) for 0 ≤ i ≤ 2, which is equivalent to calculate the Z2-cohomology group of D ×Zm

EZm. We use the Leray spectral sequence and the group cohomology of Zm to calculate Hi(D ×Zm

EZm,Z2). We have

H0(D ×Zm
EZm,Z2) = Z2,

H1(D ×Zm
EZm,Z2) = m− torsion submodule of Z2 =

{
Z2 if m is even
0 if m is odd

H2(D ×Zm
EZm,Z2) = Z2/mZ2 =

{
Z2 if m is even
0 if m is odd

Remark 9.2. Recall that, in §6, the coefficient in the group cohomology is Z2, which coincides with
the group Z2 acting around punctures in the orbifold M . Indeed, the reason why we take Z2 as the
coefficient in the group cohomology comes from the discussion of the various cases in §6. We consider
the real structure of the bundle W , and then take the Stiefel-Whitney classes as the topological
invariants of W . On the other hand, the Z2-action around punctures comes from the assumption that
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all weights in the parabolic structure can be written as a fraction with denominator 2 (see Definition
2.7 and §6).

Now we come back to the setup in this section. In Definition 9.1, the weights around the puncture
xi can be written as a fraction with denominator mi. This property determines the group Zmi

, which
is acting on the puncture in the corresponding orbifold. On the other hand, the coefficient Z2 in the
cohomology still comes from a similar discussion as in §6 (see Case (1)).

Denote by s0 the number of the even mi’s in the collection (mi)1≤i≤s and by s1 the number of the
odd mi’s, so clearly s = s0 + s1. From a similar Mayer-Vietoris sequence as the one considered in §7
of [20], it follows that the corresponding V -cohomology for the corresponding V -surface MV has rank

rk(H1(MV ,Z2)) = 2g + s0 − 1; rk(H2(MV ,Z2)) = s0.

Topological invariants for elements in Mmax
par,(m1,...,ms)(Sp(2n,R)) can be similarly obtained, simply

replacing s by s0 in §6.
For the case of Mmax

par,(m1,...,ms)(Sp(4,R)):

(1) If ∧2W 6= 0, the structure group is O(2,C) and we still have 0 6= u ∈ H1
V (M,Z2) and v ∈

H2
V (M,Z2), thus giving 2s0(22g+s0−1−1) many different pairs (u, v). Denote byM(u,v)

par,(m1,...,ms)

the moduli space of pairs with fixed (u, v).
(2) If ∧2W = 0, then we still have W = L⊕ L∨ and par deg(L) ≤ 2g − 2 + s.

(a) If par deg(L) 6= 2g − 2 + s, we need to describe all possible positive degrees less than
2g − 2 + s. Note that now the exact sequence of the Picard V-group is

0→ Pic(X)→ PicV (M)→
s⊕
i=1

Zmi → 0,

while for each choice of an element (wi) ∈
⊕s

i=1 Zmi
we have an integral degree d such

that d+
∑ wi

mi
< 2g − 2 + s. These form the moduli space M0,(d,w)

par,(m1,...,ms).

(b) If par degL = 2g − 2 + s, then L2 = K(D)2, and the number of square roots of K(D) is
similarly the rank of 2-torsion in H1(MV ,Z), which is 22g+s0−1 as expected. Denote the

pairs in this case by M0,2g−2+s0,L
par,(m1,...,ms).

For the case of Mmax
par,(m1,...,ms)(Sp(2n,R)), we similarly get:

(1) If β = 0, then our moduli spaces are parametrized by u ∈ H1
V (M,Z2) and v ∈ H2

V (M,Z2).
(2) If β 6= 0 then there are 22g+s0−1 choices of square roots of K(D).

The only case for which the weight with odd monodromy does contribute is that of Sp(4,R), when
W = L⊕ L∨, with degL 6= 2g − 2 + s. In this situation, we can first choose the number (k1, . . . , ks),
and d must satisfy the inequality

−
s∑
i=1

ki
mi
≤ d < 2g − 1 + s−

s∑
i=1

ki
mi

.

Therefore, there are 2g − 1 + s choices for d, for any choice of (k1, . . . , ks). The total number of such
components is thus

(2g − 1 + s)

s∏
i=1

mi = (2g − 1 + s0 + s1)

s∏
i=1

mi.

From Propositions 7.1, 7.3, 7.5, the components M(u,v)
par,(m1,...,ms), M

0,(d,w)
par,(m1,...,ms), M

0,2g−2+s0,L
par,(m1,...,ms)

are all connected.
In conclusion, we have the following theorems
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Theorem 9.3. Let X be a compact Riemann surface of genus g with a divisor D of s-many distinct
points on X, such that 2g − 2 + s > 0. Then, the moduli space of poly-stable maximal parabolic
Sp(4,R)-Higgs bundles on (X,D) with weight type (mi)1≤i≤s has

(2s0 + 1)22g+s0−1 − 2s0 + (2g − 2 + s)

s∏
i=1

mi

connected components, where s0 is the number of the even mi in the collection (mi)1≤i≤s.

The case when n ≥ 3 is simpler:

Theorem 9.4. Let X be a compact Riemann surface of genus g with a divisor D of s-many distinct
points on X, such that 2g − 2 + s > 0. Then, for n ≥ 3 the moduli space of poly-stable maximal
parabolic Sp(2n,R)-Higgs bundles on (X,D) with weight type (mi)1≤i≤s has

(2s0 + 1)22g+s0−1

connected components, where s0 is the number of the even mi in the collection (mi)1≤i≤s.

Before we move on to the next Corollary, we introduce the reduced and non-reduced parabolic
structure α with respect to the given weight type (mi)1≤i≤s. By definition, the parabolic structure is
uniquely determined by the weights over each puncture x ∈ D, thus let α = (αij)1≤i≤s,1≤j≤n, where

(αij)1≤j≤n is the set of weights over the puncture xi with the same denominator mi. Let αij =
kij
mi

,
where kij is a positive integer. For any 1 ≤ i ≤ s, if there is at least one enumerator kij such that
kij and mi are co-prime, the parabolic structure α is called non-reduced. Otherwise, the parabolic
structure α is called reducible.

By using the same arguments as in §8, we also obtain

Corollary 9.5. Let X be a compact Riemann surface of genus g with a divisor D of s-many distinct
points on X, such that 2g − 2 + s > 0. Then, the moduli space of polystable maximal parabolic
Sp(4,R)-Higgs bundles on (X,D) with any non-reduced parabolic structure α has

(2s0 + 1)22g+s0−1 − 2s0 + (2g − 2 + s)

connected components, where s0 is the number of the even mi in the collection (mi)1≤i≤s.

To deal with the reducible case, we can turn a non-reduced parabolic structure into a reducible one
by fraction reduction. Then, this goes back to the non-reduced case as in Corollary 9.5.
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