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Abstract. 

Surface deformation measured by geodetic data is the sum of single strain sources deforming at depth. A 

combination of volume changes from several analytical models (e.g. a point source or dislocation along a plane) 

can be used to model the different sources. However, solving for the best fit of volume variations, dislocations, 

position and orientation parameters of all sources is a non-linear problem, and its solution is generally non-unique. 

This problem can be converted into a linear one by assimilating the sum of sources to a simplified model formed 

by three orthogonal planes of dislocations at fixed position and orientation. This strain source model is equivalent 

to having all neighbouring deformation sources contained in a small size volume. The determination of the strain 

tensor components can be performed by inverting geodetic data. Because of their high resolution, tiltmeters are 

well adapted to survey shallow deformation of volcanoes and geological reservoirs. However, they are known to 

display unknown long-term drift. We propose an approach to jointly estimate the temporal evolution of the strain 

source and time-dependent instrumental parameters. We verify the approach using synthetic data, giving 

confidence intervals for each component of the strain tensor. Finally, we link geological information to the internal 

deformation by interpreting the strain tensor as principal directions of deformation. This approach seems promising 

for the identification of fracture onset and fault reactivation in geothermal, hydrocarbon exploitations or volcanic 

systems. 
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1 Introduction 

Surface ground deformation associated with resource extraction in subsurface or volcanic eruptions is commonly 

interpreted as change in pressure in deep reservoirs (e.g. oil, gas, salt, magma bodies). Analytical models including 

pressure sources (Davis, 1986; McTigue, 1987) and planar dislocations (Okada, 1992) are often used to model and 

characterize the behavior and dynamics of such reservoirs in purely elastic medium. For such models, the 

constitutive equations linearly link the surface deformation to the source at depth: for point source models 

described by McTigue (1987), the linearity lies in the source volume variation, while for Okada’s models, it resides 

in the variation in fracture slip or opening. Others parameters, such as the position of the source, and for planar 

dislocation, azimuth, dip and geometry of the fracture, are non-linearly linked to the geodetic deformation signal. 

These analytical models are suitable to represent the deep strain source at first approximation. They are widely 

used because of their low computational cost due to simple source geometries and homogeneous rheologies (e.g. 

Dvorak & Dzurizin, 1997; Masterlark, 2007). Models of magma plumbing systems often include a magma 

reservoir (pressure source), a conduit (cylinder or ellipsoidal sources) or a dike (planar dislocation), which may or 

may not reach the surface (Bato et al., 2017; Bonaccorso et al., 2008; Montgomery-Brown et al., 2010; Palano et 

al., 2008; Segall, 2013), while models of stimulated reservoir volume in hydraulic-fracture treatment consider the 

superposition of several nearby fractures assimilated to planar dislocations (Astakhov et al., 2012; Warpinski, 

2014; Zhou et al., 2015). 

The deformation of a complex fractured medium can be modelled as the sum of multiple fractures whose azimuth, 

dip, slip, opening and geometry are free parameters. It is fair to assume that the inversion of geodetic data 

considering many sources instead of a single one would improve the fit between observed and modelled ground 

deformation either at a specific time or over a long time period. However, this is made at the expense of the 

uniqueness of the solution of the selected mathematical formulation. For such ill-posed and non-linear formulation 

(when position and orientation is also sought), multiple combinations of parameters can explain the surface 

observations, and assumptions or a priori information are necessary to discriminate between solutions. In this 

paper, we propose to assimilate a given volume of a complex fractured medium (e.g. a fracture network of a 

reservoir) at a fixed position, to a uniformly deforming effective medium. We assume that the size of this unit 

effective medium is small relative to its depth, so that the surface deformation of the unit can be explained by a 

single strain tensor involving 6 independent components. In order to simulate the surface deformation associated 

to this anisotropic source, we use three orthogonal Okada’s planes of fixed position and geometry. Similar study 

from Nikkhoo et al. (2017) has already combined three orthogonal Okada’s planes to build a strain model, 

capturing all possible degrees of freedom and free of artefact singularities along the edges and below and above 
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the vertices of a plane. Nikkhoo et al. (2017) considered arbitrary sizes and orientations of the dislocation planes 

in space, but only for a tensile dislocation. In our model, we consider 6 degrees of freedom: the 6 independent 

components of the strain tensor and their relation to the dislocation parameters along three orthogonal planes. 

Because analytical solutions of ground displacement and tilt given by Okada (1992) depend linearly on the 

dislocation values, we enforce the linearity of the problem. Once the components of the strain tensor are inferred 

by inversion of geodetic data, we can use geological, geophysical or geomechanical information to interpret the 

strain tensor in term of natural or induced fractures, dikes and other deformation features. 

The geodetic techniques, such as Global Navigation Satellite System (GNSS), Interferometric Synthetic Aperture 

Radar (InSAR), tilt and levelling surveys, provide a time-space record of the surface deformation above various 

geologically active areas (volcanoes: e.g, Dzurisin, 2006; Poland & Carbone, 2016; geological reservoirs: e.g, 

Maisons et al., 2006; Vasco et al., 2008; Verdon et al., 2013). Tiltmeters (long-base and borehole) are sensitive 

instruments commonly installed on volcanic systems to monitor structure deformation in real time along with 

geodetic network (Montgomery-Brown et al., 2010; Peltier et al., 2011; Gambino et al., 2014; Alpala et al., 2017; 

Narváez Medina et al., 2017). Due to their high resolution (up to 1 nrad, Jahr et al., 2006), tilt sensors record a 

wide range of geological deformation signals at large distances from the source that are generally outside the 

resolution range of space geodetic techniques. For example, Kamo and Ishihara (1989) and Nishi et al. (2007) 

detected deformation of the order of a nanorad in volcano monitoring, with a maximum precursory tilt change of 

10-200 nrad for periods ranging from 10 minutes to 7 hours prior to eruptions. Hydraulic fracturing of low 

permeable reservoirs (Astakhov et al., 2012; Castillo et al., 1997; Zhou et al., 2015), phreatic eruption (Honda et 

al., 2018), long term injection of water into borehole (Jahr et al., 2006, 2008) or changes in pump rates in the 

vicinity of fluid-producing wells (Chen et al., 2010) produce small deformation signals detectable by tiltmeters. In 

addition to the source signal, tilt signal is altered by other strain sources due to tides, hydraulic loading, temperature 

effect or pressure gradient. In general, installing tiltmeters in deep boreholes leads to a decrease in noise amplitude 

(Jahr et al., 2006). Semi-empirical tidal models permit the time series to be corrected from tidal effects (Van Camp 

& Vauterin, 2005). Nevertheless, the remaining noise in the signal needs to be filtered. Similarly to colored noise 

in GNSS data or Brownian noise in levelling data, the remaining noise in tilt time-series can be considered as a 

white noise accumulation over time, and thus can be considered as Brownian noise (Boudin et al., 2008). Finally, 

a long-term drift plagues the tilt signal, making it difficult to use tiltmeters for determining slow deformation 

processes. Usually, the drift is removed from the tilt data before the inversion by applying a linear regression on 

the time series. However, the source can have a linear term in time. Furst et al. (2019) developed a methodology 

to invert time series of tilt data induced by linearly time-dependent strain variations of a source at a given position 
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and depth. This method permits to automatically separate the instrumental drift from the source signal through a 

two-step approach: first, tilt data are inverted to determine a set of admissible parameters, and second, uniqueness 

of the solution, with regards to the mathematical problem setting, is enforced by assuming the independence 

between instrumental drift and source parameters. This provides a consistent estimate of instrumental and source 

parameters. Because this approach only requires the linearity of the forward model between the data and the strain 

source parameter, it is easily generalizable to the strain tensor model described above. In this paper, we extend the 

methodology to this model to jointly retrieve the components of the strain tensor and drift rates of tiltmeters for a 

given set of fixed model parameters. The paper opens with the description and advantages of the strain tensor 

model. Although our approach may be applied to any geodetic techniques, we illustrate its application to the 

continuous monitoring of small surface deformation using tiltmeters. We then describe the methodology including 

(1) the tilt data parametrization, (2) a two-step approach (optimization and uniqueness enforcement) used to jointly 

retrieve source and instrumental parameters and (3) a resolution analysis performed to discuss the reliability of the 

optimal parameters. This two-step approach is then verified against a synthetic data set: the deformation induced 

by a 3D strain tensor of a single source at depth, lasting for 11 months. Finally, we discuss the potential of the 

developed methodology in fractures mapping in hydrocarbon exploitations and geothermal reservoirs or dike 

opening in volcanic systems. 

2. Strain tensor model 

2.1 Model description 

A deforming fracture at depth can be mathematically assimilated to a planar dislocation. Okada (1992) presents 

complete analytical expressions for the displacements and tilts caused by a strike-slip, dip-slip or tensile 

rectangular dislocation in a homogeneous, isotropic flat and elastic half-space. These expressions depend linearly 

on the dislocation (slip and tensile) parameters of the source and non-linearly on the position (𝑥, 𝑦, 𝑧 ) and 

orientation (azimuth and dip) of the source.  

Now, let us consider a complex fractured medium embedded in an elementary volume at a certain depth (Fig. 1a). 

The surface deformation is the resultant of the slip (or opening) of all single fracture forming the complex unit. 

Looking for the best fit of slip, opening, position and orientation parameters of all fractures by modelling the 

surface deformation is a non-linear problem and its solution is generally non-unique. Therefore, a linear form of 

the strain nucleus is the global strain tensor that sums up the contribution of all individual internal strain tensors. 

This model can be setup by the use of three orthogonal planes of fictitious dislocations at fixed position (the 
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centroid of the considered volume) and orientation. This model is equivalent to a complex source model of the 

deformation at the surface (Figure 1b). A similar relation, linking the mean of the amount of displacement over 

the area of the fracture to the sum of seismic moments (Aki, 1966) occurring during a period of time, was described 

by Brune (1971) and later used by Kostrov (1974).  

To be representative of a complex medium, the size of the equivalent model must be small with respect to its depth. 

The surface deformation can be inverted using this equivalent model, allowing to retrieve a unique solution for the 

effective deformation in the three orthogonal planes. 

 

Fig. 1 a) Sketch of a complex fractured medium (e.g. fracture network in reservoirs characterization) with principal directions 

of deformation. b) Model of the effective unit built with three planar dislocations of edge ℎ and associated frame such that 

(𝑈1
1, 𝑈2

1, 𝑈3
1), (𝑈1

2, 𝑈2
2, 𝑈3

2) and (𝑈1
3, 𝑈2

3, 𝑈3
3) correspond to strike, dip and tensile dislocations for plane 1, 2 and 3 respectively. 

In the far field, this model is parametrized to produce the same deformation as the model in a). 

 

Surface displacement and tilt result from changes of the strain tensor at depth, under the hypothesis of small 

deformations. The equivalent model of the fractured medium is the combination of three orthogonal planar 

dislocations with fixed position and orientation to take advantage of the linear dependency with slip and tensile 

parameters. The approximation of a single strain tensor stands as long as the source is relatively small compared 

to its depth. We estimate that the ratio of the cube edge (ℎ) over the depth of the source (𝑧𝑠) should be smaller than 

0.2. Above this value, the surface deformation pattern produced by the system of fractures significantly differs 
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from the one given by the equivalent strain tensor. The analytical solution for the surface and internal 

displacements, strains and tilts due to shear and tensile on rectangular faults in a semi-infinite elastic half space 

has been described by Okada (1992). The source is a planar facet characterized by its length (𝐿), width (𝑊), 

location (𝑥𝑠, 𝑦𝑠 , 𝑧𝑠), orientation (dip, azimuth) and dislocation type (strike 𝑈1, dip 𝑈2 or tensile 𝑈3). The induced 

deformation is linear with dislocation 𝑈𝑗 and non-linear with all other parameters. 

Geodetic techniques such as GNSS, InSAR, levelling and tiltmeters measure the surface deformation induced by 

such a source. We propose analytical equations only for a tiltmeter network (gradient of vertical displacement). 

Nevertheless, similar equations can be easily derived for other geodetic measurements. We will focus on the long-

term monitoring of a reservoir using a network of tiltmeters. Using solutions given by (Okada, 1992), the tilt signal 

𝑑𝑠
⃗⃗⃗⃗  measured by 𝑁 instruments in both X and Y horizontal directions, can be expressed as the linear combinations 

of the dislocation values 𝑈𝑖 with their associated deformation model vector 𝛼 𝑖 : 

𝑑𝑠
⃗⃗⃗⃗ = ∑ 𝑈𝑖

3
𝑖=1 𝛼 𝑖  (1) 

where 𝑑𝑠
⃗⃗⃗⃗  and 𝛼 𝑖 are vectors of dimensions (2𝑁) and 𝛼 𝑖 correspond to the contribution of dislocation parameter i 

to the signal recorded by each instrument. In this study, we consider three orthogonal Okada’s planes of fixed 

dimension (we consider the edge ℎ of the plane so that ℎ = 𝑊 = 𝐿)  and orientation arbitrarily chosen in the 𝑥𝑦𝑧 

reference system to build the elementary volume (Figure 1b). Okada’s plane can be dipping at an arbitrary angle, 

and be orientated at any arbitrary azimuth angle but no plunge (angle between the upper edge of the plane and the 

free surface) is considered. Our model has a fixed orientation with only potential azimuth variations. In Nikkhoo 

et al. (2017), they address this lack of freedom by considering an extended rectangular dislocation with a full 

rotational degrees of freedom (i.e. characterizing the plunge).  

The frame associated with each plane is represented in Figure 1, permitting the correspondence between 

dislocation types and the components of the strain tensor (Eq. 2). We associate to each plane a slip (strike or dip) 

in one direction and a tensile deformation (𝑈𝑖
𝑗
) representing the strain deformation (𝜺). Due to the static equilibrium 

of the source within the medium, the strain tensor is symmetrical: 

(

𝑈3
1 𝑈1

1 𝑈1
3

𝑈2
3 𝑈3

2 𝑈2
2

𝑈1
2 𝑈2

1 𝑈3
3

) =
1

𝑎
(

𝜀𝑥𝑥 𝜀𝑥𝑦 𝜀𝑥𝑧

𝜀𝑦𝑥 𝜀𝑦𝑦 𝜀𝑦𝑧

𝜀𝑧𝑥 𝜀𝑧𝑦 𝜀𝑧𝑧

) = (

𝑝1 𝑝2 𝑝3

𝑝2 𝑝4 𝑝5

𝑝3 𝑝5 𝑝6

)  (2) 

where 𝑈𝑖
𝑗
 are the dislocation types for all three planes: the subscript 1 to 3 stands for strike, dip and tensile for 

plane 1 to 3 (Figure 1). Hence, the tilt signal produced by a strain tensor source made of three Okada’s planes is 

linear with respect to the 6 components of the strain tensor 𝑝𝑖  (the strain tensor being symmetrical): 
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𝑑𝑠
⃗⃗⃗⃗ = ∑ 𝑝𝑖𝛼 𝑖  

6
𝑖=1   (3) 

The strain tensor source is hence described by 6 characteristic patterns of deformation 𝛼 𝑖 associated to each source 

component whose amplitude depends on the strength of the deformation, represented by the amount of dislocation 

𝑝𝑖 . In the next section, we describe these patterns of deformation as being the sensitivity associated to each 

component of the strain tensor. 

  

2.2 Sensitivity map 

The source tilt signal produced by a strain tensor given by Eq. 3 is the sum of the product between each strain 

parameter 𝑝𝑖  and the associated deformation vector 𝛼 𝑖. These vectors represent the known spatial variability of the 

forward model. They depend on the network distribution relative to the source location, dimension and orientation. 

Thus, for a unit deformation of a strain source at a fixed depth and location, the values of ‖𝛼 ‖ show, for each 

component, the sensitivity of the tiltmeter to the deformation.  

On Figure 2, we perform this general sensitivity analysis to the domain used for the synthetic application. To ease 

the interpretation, we choose to represent the sensitivity of each strain component 𝑠𝑖 =
‖�⃗⃗� 𝑖‖

‖�⃗⃗� ‖𝑚𝑎𝑥
 ( 𝑖 = 1,6 ) 

normalized by the maximum value of ‖𝛼 ‖ for all 𝑖. The scale of sensitivity to the deformation ranges between 0 

to 1, from insensitive to totally sensitive areas (Figure 2). Mean values of sensitivities are estimated for each 

component, over the 10x10 km domain. The 𝜀𝑥𝑧, 𝜀𝑦𝑧and 𝜀𝑧𝑧 components present higher sensitivities with a mean 

value of 𝑠𝜀𝑥𝑧
̅̅ ̅̅ ̅ = 𝑠𝜀𝑦𝑧

̅̅ ̅̅ ̅ = 0.17 and 𝑠𝜀𝑧𝑧
̅̅ ̅̅ ̅ = 0.32 compared to 𝜀𝑥𝑥, 𝜀𝑥𝑦  and 𝜀𝑦𝑦 components (𝑠𝜀𝑥𝑥

̅̅ ̅̅ ̅ = 𝑠𝜀𝑦𝑦
̅̅ ̅̅ ̅ = 0.11 and 

𝑠𝜀𝑥𝑦
̅̅ ̅̅ ̅ = 0.10). Indeed, tiltmeters measure the horizontal variations of the vertical changes of the ground (𝑡 =

−∇⃗⃗ 𝑢𝑧). This suggests that 𝜀𝑥𝑧, 𝜀𝑦𝑧 and 𝜀𝑧𝑧 components should always be better resolved through the optimization 

process regardless of the network design.  
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Fig. 2 Normalized sensitivity distributions for the 6 components of the strain tensor. The sensitivity is estimated using the norm 

of the vector 𝛼  for each component normalized by the maximum value of the norm. The color code indicates low sensitive 

areas in white and highly sensitive areas in black. The locations of the tiltmeters in the synthetic network (see section 4) are 

represented by black dots. 

3. Parameters identification  

We estimate both source and instrument parameters from tilt signals using a two-step approach, employing 1) a 

least-square inversion and 2) a uniqueness enforcement.  

3.1 Model Parametrization 

The input data is measured using an array of 𝑁  tiltmeters composed by 𝑇  monthly-discrete measurements 

associated to the variation of the strain tensor components at depth. Following Furst et al. (2019), we assume that 

the tilt signal 𝑑𝑜
⃗⃗⃗⃗ (𝑡)  (2𝑁×𝑇 ) is the sum of the signal produced by the source 𝑑𝑠

⃗⃗⃗⃗ (𝑡)  (2𝑁×𝑇 ), a time-linear 

instrumental drift 𝑑𝑑
⃗⃗ ⃗⃗  (𝑡) = 𝑎 𝑡 (2𝑁×𝑇) (𝑎  is the drift rate vector of dimension 2𝑁) and coloured noise 𝑐𝑛⃗⃗⃗⃗ (𝑡) 

(2𝑁×𝑇) associated to the tiltmeters (Eq. 3). We assume that the tidal signal has been removed from the tilt signal. 
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This synthetic signal is then used in the inversion process as the observation input. Seeking for source (𝑝𝑖) and 

instrumental (𝑎 ) parameters, we parametrize the modelled tilt as the sum of a source signal evolving in time and a 

time-linear component standing for the drift component.  

3.2 Step 1: Global optimization framework 

Although the problem is presented with linear governing equations for the strain tensor model, we present the 

inverse problem in its nonlinear form and use a global optimization framework. This enables the inversion platform 

to easily account for complex forward models, like poroelasticity and elastoplasticity, or extend the identification 

strategy to source locations.  

This study considers 2𝑁 instrumental parameters and 6𝑇 source parameters to be retrieved using time series of tilt 

data including 2𝑁 ∙ 𝑇  observations. The optimization parameters are initialized with no a priori information, 

providing a first model prediction to be compared with the observations. During this stage of initialization, we also 

estimate the deformation model vector 𝛼 𝑖 of a unit source for both components of each tiltmeter (using Okada, 

1992). Then, the modelled signal estimated at each iteration is simply the product of the parameter 𝑝𝑖(𝑡) by the 

deformation vector 𝛼 𝑖, allowing for a significant gain in computational time. The comparison between observed 

and modelled data is made using the weighted squared error as cost function, integrated over time following the 

trapezoidal rule (Eq. 5 from Furst et al., 2019). The functional needs to converge below one (ideally to 0) for the 

optimization to be complete, i.e. reaching a set of admissible parameters explaining the observations within the 

data uncertainties. To reach this minimum, our inversion process is based on a recursive algorithm defining a 

multi-criteria global optimization, varying not only the parameters of the model, but also the initial guesses (Ivorra 

et al., 2013; Mohammadi & Pironneau, 2009). This ensures that a given set of optimal model parameters achieves 

the global minimum of the cost function.  

At the end of the optimization, the parametrization of tilt data leads to a system of linear equations whose solutions 

are infinite combinations of these parameters producing the same signal (Furst et al., 2019): 

𝑑𝑎
⃗⃗ ⃗⃗  (𝑡) = ∑ 𝛼 𝑖𝑝𝑖𝑎(𝑡)

6
𝑖=1 + 𝑎𝑎⃗⃗⃗⃗ 𝑡 = ∑ 𝛼 𝑖𝑝𝑖

∗(𝑡)6
𝑖=1 + 𝑎∗⃗⃗⃗⃗ 𝑡    (4) 

The subscript a represents any of all admissible sets including the best solution we reach with respect to the data 

uncertainties (expressed by the exponent *), hereafter referred to as the target solution. 

3.3 Step 2: Uniqueness enforcement 

This set of admissible source and instrumental parameters (𝑝𝑖𝑎(𝑡) and 𝑎𝑎⃗⃗⃗⃗  ) is not unique since an infinite number 

of combinations of these parameters leads to the same value of the functional (Furst et al., 2019). This implies that 
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the solution of the optimization process can notably diverge from the target solution. The latter can be recovered 

from the admissible solution (Eq. 4) as, 

𝑎∗⃗⃗⃗⃗ = 𝑎𝑎⃗⃗⃗⃗ − ∑ 𝛼 𝑖𝑅𝑖
6
𝑖=1  ,        (5a) 

with, 

𝑅𝑖 =
p𝑖

∗−𝑝𝑖𝑎

𝑡
        (5b) 

where 𝑅𝑖 are the correction coefficients associated with each component of the strain tensor. Following Furst et al. 

(2019), we assume that the position of the instrument relatively to the source is not correlated to the drift rate 

components. Hence, the distributions of α⃗⃗ 𝑖 and 𝑎  must be statistically independent for each component of the strain 

tensor, that is 𝑐𝑜𝑣(𝑎∗⃗⃗⃗⃗ , 𝛼 𝑖) = 0. Introducing Eq. 5a in the latter equation leads to 

𝑐𝑜𝑣(𝑎𝑎⃗⃗⃗⃗ , α⃗⃗ 𝑖) − ∑ 𝑅𝑘
6
𝑘=1 𝑐𝑜𝑣(𝛼𝑘⃗⃗ ⃗⃗  , α⃗⃗ i) = 0    (6a) 

that we rewrite in matrix form, 

𝐶 − �⃗� 𝑩 = 0     (6b) 

The coefficients �⃗�  can be inferred from Eq. 6b if the square matrix 𝑩 = 𝑐𝑜𝑣(𝛼𝑘⃗⃗ ⃗⃗  , 𝛼𝑖⃗⃗  ⃗) is invertible (det (𝑩) must be 

different from 0). We normalized matrix 𝑩 by its Frobenius norm to evaluate the determinant of the matrix. In our 

study, 𝑩 is invertible but this property should be checked for new instrumental distribution. This allows us to 

determine the coefficients �⃗�  such as: 

�⃗� = 𝑩−1𝐶   (7) 

The uniqueness enforcement produces six independent values 𝑅𝑘 which depend on the covariance matrix between 

admissible drift and deformation model vector, but also involve the covariance between the components of the 

deformation model vector. In Furst et al. (2019), 𝑅 coefficients corresponds to the linear regression between the 

drift rates and the components of the deformation model vector. Here, 𝑅𝑘 also involves the covariance matrix (𝑩) 

between the components of the deformation model vector, and therefore they depend on all 𝛼 𝑖 associated with 

each component of the strain tensor. This implies that the distribution of 𝑎𝑎⃗⃗⃗⃗  as a function of 𝛼 𝑖, would not present 

a clear linear trend. 

Incorporating 𝑅𝑘 into Eq. 5a and 5b provides us with a new admissible set of parameters (target solution) which 

should be closer to the exact solution without altering the residuals between observed and modeled data. 

Nevertheless, the target solution does not necessarily match the exact solution due to data uncertainties that are 

not captured by the model. 
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3.4 Parameters resolution analysis 

We account for the data uncertainties in the inversion process by using the weighted Euclidian norm in 𝐽. Data 

uncertainties propagate through the inversion process to the parameters so that our target solution is the best guess 

with respect to the resolution of the data. For linear problems, we can directly estimate the resolution matrix 

associated with the least-square inversion process. Nevertheless, we propose a generic approach to estimate the 

parameter resolution, regardless of the linearity of the problem. We attempt to estimate ranges of confidence for 

each component of the strain tensor by adding small perturbations on the data. The mathematical development to 

obtain this parameter resolution analysis is detailed in Appendix A. This leads to two confidence intervals of the 

parameters: an instantaneous resolution 𝑃𝐼𝑇
⃗⃗ ⃗⃗  ⃗ that only depends on data residuals, and a long-term resolution 𝑃𝐿𝑇

⃗⃗⃗⃗ ⃗⃗  

linked to a priori range of perturbations on the drift rates (see Appendix A for description of drift rates perturbations 

choice).  

3.5 Algorithm 

The following guideline summarizes the implementation of the method: 

1. Tilt time series. The observed data are corrected from the tidal effect or any other known effects that may 

obscure the effect we are interested in. 

2. Time intervals. Data are discretized in a user-defined number of epochs. This also defines the number of 

different source parameters that are sought. 

3. Initialization. User defines the number of strain sources. For each one, a certain number of model parameters 

are fixed (𝑥𝑠 , 𝑦𝑠, 𝑧𝑠,𝑊, 𝐿). Research intervals are given for free parameters (𝑝𝑖(𝑡)) of each source and for 

instrumental parameters (𝑎 ). The source model vector 𝛼 𝑖 is calculated during the initialization. 

4. Step 1: Inversion.  

4.1. Forward model. A set of modelled data is obtained using the parameters associated to the strain tensor 

model. 

4.2. Functional. Computation of the cost function 𝐽. 

4.3. Optimization. While 𝐽 ≤ 𝜖 (𝜖 is user defined), the solver defines new values of free parameters for the 

forward model (4.1). 

4.4. Admissible solution. Inversion gives a set of admissible solutions for  𝑝𝑖
∗(𝑡) and 𝑎∗⃗⃗⃗⃗ . 

5. Step 2: Uniqueness enforcement. 

5.1. Correction coefficients. Estimation of the coefficient 𝑅𝑘defined by Eq. 7. 
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5.2. Target solution. Admissible solution is corrected using Eq. 5a and 5b producing the target solution. 

In the next section, we apply this algorithm to a synthetic case of a strain source deforming at depth. 

4. Application to synthetic data 

4.1 Model parametrization 

The two-step optimization approach generalized from Furst et al. (2019) provides unique and constrained 

parameters in linearly dependent forward models. We create the synthetic dataset from a single strain source (three 

Okada’s planes) deforming at depth. We assume a continuous deformation during 11 months split into 12 1-month 

intervals (initial step of the model is considered at 𝑡 = 0, final step at 𝑡 = 11 months), so we have 12 steps of the 

strain model to be characterized. The strain source is expressed in the reference frame made of three orthogonal 

planes of 100 m side embedded in an elastic medium at 1500 m depth, at the center of a 10x10 km domain. We 

choose random and independent time steps for each component of the strain tensor (black curves in Figure 3a-b), 

producing a complex surface signal. In Figure 3c, we represent one state (𝑡 = 7 months) of the vertical deformation 

(color scale) and synthetic tilts (black arrows) associated with the values of strain tensor components. The total 

volume variation at depth (Figure 3b) is estimated using the trace of the strain tensor, 

Δ𝑉𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑜𝑛 = (𝑝1 + 𝑝4 + 𝑝6)ℎ
2    (8) 

Besides the signal of the source, a time-dependent linear drift and a Brownian noise are included in the synthetic 

tilt signal. The drift components are randomly chosen using a uniform probability density function. The range of 

probability for drift rates is set to ±2.4 µrad/yr, corresponding to low drifting tiltmeters (Chawah et al., 2015; Furst 

et al., 2019). The Brownian noise is arbitrarily generated by accumulating random values within a standard 

deviation, depending on the time of the experiment. The initial standard deviation fixed using the short-term 

resolution of tiltmeters 𝜎𝑠ℎ𝑜𝑟𝑡 =5 nrad grows towards a maximum standard deviation 𝜎𝑚𝑎𝑥 =180 nrad at the end 

of the experiment. In our synthetic measurements, the covariance matrix is diagonal and uniformly set to the final 

value of standard deviation 𝜎𝑚𝑎𝑥  for all data. The noise signal is significantly smaller than the drift signal but it 

can affect both the instantaneous and long term trend in the tilt signal. Indeed, the linear component of Brownian 

noise can be superimposed to the linear instrumental drift. As a result, the optimization estimates the sum of both 

linear signals and interprets the value as the linear drift only. 

The synthetic deformation induced by the strain source is monitored using an array of 50 tiltmeters randomly 

distributed (Figure 3c, Furst et al. (2019)). From Figure 2, we can see that this network is not optimized to capture 

at best all 6 components of the strain tensor since less than half the instruments are located in sensitive areas.  
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Continuous tilt data are downsampled to monthly time-interval measurements to decrease the number of 

parameters to infer, leading to 72 strain parameters and 100 drift parameters for 1200 tilt observations. In Figure 

3c, we represent the vertical displacement of the surface at 𝑡 =7 months. The components of the strain tensor are 

indicated by red dots in Figure 3a, and the associated total volume variation is of 66 667 cubic meters (red dot in 

Fig 3b). 

 

Fig. 3 a) Evolution of the six components of the strain tensor (𝜀𝑥𝑥, 𝜀𝑥𝑦 , 𝜀𝑥𝑧, 𝜀𝑦𝑦 , 𝜀𝑦𝑧, 𝜀𝑧𝑧) for an anisotropic (black curve) strain 

source. b) Evolution of the total source volume variations (Eq. 8) for the 11 months of experiment. c) Vertical deformation 

(color scale) and synthetic tilts (black arrows) produced by an anisotropic strain source observed at the surface at 𝑡 =7 months 

(red dot on a and b). 

 

4.2 Results 

To retrieve the 6 parameters of the strain tensor, we invert the synthetic tilt dataset using the two-step optimization. 

Once the inversion of tilt data has converged, we obtain a set of optimal parameters including components of strain 

tensor and drift rates given by the tilt residuals. This admissible solution needs to be corrected using the correction 

coefficient to restore uniqueness. We hereafter describe the results of the two-step optimization in terms of tilt 
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residuals, drift rates parameters and strain tensor components. We complement the strain tensor components with 

instantaneous resolutions and long-term ranges of confidence as previously described. 

4.2.1 Residual tilt signal 

The best fit model produces a dataset giving the lowest residual between synthetic and modelled data. The data 

residuals are determined using the norm of the difference between modelled and observed tilt vector for each 

instrument and can be estimated at 3 different scales: 1) at data point scale, 2) at time-step scale and 3) at 

experiment scale. Figure 4a plots these residuals (crosses) as a function of time-steps. The inversion process 

provides a fairly homogeneous tilt residual over time for the whole set of tiltmeters (Figure 4a). Figure 4b displays 

the spatial distribution of data residuals at time 𝑡 = 7 months (blue crosses on Figure 4a). By averaging the 

residuals of all data points at a given time, we obtain a global residual for the considered time interval (red crosses 

on Figure 4a). Finally, we integrate the time-interval residuals over the entire experiment to get a mean global 

residual (green line on Figure 4a).  
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Fig. 4 a) Time distribution of the norm of tilt residuals for all data points (crosses). Red crosses indicate the averaged residual 

for each time interval, blue crosses correspond to residuals displayed in b) and the green line displays the mean experiment 

residual. b) Spatial distribution of the tilt residual vectors at 𝑡 = 7 month (black arrows). The source is located by the orange 

square at the center of the domain. 

 

Time-interval residuals range from 0.007 to 0.024 µrad with an average experiment residual of 0.010 µrad (green 

line on Figure 4a). Compared to the tilt uncertainty of 0.18 µrad, the residuals are significantly smaller. This is 

probably due to the parametrization of the tilt data, as being the sum of source and time-linear signals. Hence, the 

optimization tends to estimate all linear trends which may be present in the tilt signal, including drift rates and any 

noise that would be linear in time.  

4.2.2 Drift rates 

This admissible solution given by the first step of the optimization process belongs to a family of solutions 

described by Eq. 4. In Figure 5a and b, we plot the elements of 𝑎  (𝑥 and 𝑦 components) as a function of 𝛼𝑧𝑧⃗⃗ ⃗⃗ ⃗⃗  

associated to the 𝜀𝑧𝑧-component of the strain tensor (Figure 5b being an enlargement of the grey area of Figure 

5a). We choose to represent and describe only one component of the strain tensor where blue dots stand for 

admissible drift rates after the inversion, red inverted triangles for the corrected values and black crosses for the 

true synthetic values.  

Before the uniqueness enforcement, the distribution of the drift rates was between bounds (given by tiltmeter 

manufacturers) resulting from the first step of the optimization. One can identify a trend between elements of 𝛼  

and elements of 𝑎  inducing some correlation between the drift rates and the position of the instrument relatively 

to the source (blue line). In Furst et al. (2019), the correction is based on removing this correlation. In this study, 

the same process (that is, without taking into account the cross correlation between drift rates and model 

deformation vector) produces the distribution of drift rates (green diamonds), which is far from the true distribution 

of drift rates (black crosses). Here we use a coupled coefficient described by Eq. 7 to correct the optimal drift rates 

leading to values of drift rates (red inverted triangles) almost perfectly retrieved (black crosses). 
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Fig. 5 a) Relation between all components (x and y components) of drift rates 𝑎𝑎⃗⃗⃗⃗  and model coefficient 𝛼𝑧𝑧⃗⃗ ⃗⃗⃗⃗   associated to the 

𝜀𝑧𝑧 component of the strain tensor. Black crosses represent the true synthetic solution. After the first step of optimization, the 

admissible solution given by the blue dots shows a correlation (blue line). Correcting only this correlation leads to a distribution 

(green diamonds) largely dependent on the components of 𝛼𝑧𝑧⃗⃗ ⃗⃗⃗⃗  . In addition to this correlation coefficient, the correction involves 

the covariance of the components of 𝛼  as provided by Eq. 7. The resulting distribution of 𝑎∗⃗⃗⃗⃗  (red inverted triangles) is totally 

uncorrelated with elements of 𝛼  associated to all six components of the strain tensor. b) Enlargement of the grey rectangle in 

a). 
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4.2.3 Strain tensor components and volume variations 

Along with the drift rates, the inversion produces admissible variations of strain tensor components 𝑝𝑖𝑎 (blue line 

in Figure 6) depending on the tilt residuals. The shape of each component variation is preserved compared with 

the target history (black line in Figure 6), but a strong linear trend persists due to non-uniqueness of the solution. 

We interpret this linear trend as the consequence of incorrect estimation of the instrumental drifts. Admissible 

solutions 𝑝𝑖𝑎  are corrected using the coupled coefficients 𝑅𝑖 in Eq. 5b to obtain the target solutions 𝑝∗ (red line in 

Figure 6). For all components, the uniqueness enforcement largely improves the solution. For instance, a slight 

linear trend remains in 𝜀𝑦𝑦 while  𝜀𝑥𝑥 and 𝜀𝑥𝑦 are almost perfectly restored.  

While we demonstrate the efficiency of our strategy on synthetic data, the target solution is not available when 

using real case datasets. As a result, we complement these target solutions 𝑝∗ with two resolution analyses: one 

considering each time-step separately 𝑃𝐼𝑇
⃗⃗ ⃗⃗  ⃗ and a second one involving the entire time series 𝑃𝐿𝑇

⃗⃗⃗⃗ ⃗⃗ . The instantaneous 

resolution is determined using the tilt residuals for each component of a tiltmeter at a given time. The residuals 

associated to each tilt component of the experiment range between 0 and 0.08 µrad (Figure 4a), which is largely 

lower than the Brownian noise generated in the synthetic. We assume that the level of resolution of the tilt in the 

inversion depends on the parametrization of the tilt data. Therefore, the instantaneous resolution (Eq. A.3, blue 

dots in graphs below each parameter variations on Figure 6) is 2 orders of magnitude lower than the parameters. 

In Figure 6, we only represent the positive instantaneous resolution (the negative bound being the symmetric). One 

can notice that the instantaneous resolution is higher for 𝜀𝑥𝑧, 𝜀𝑦𝑧 and 𝜀𝑧𝑧 than for 𝜀𝑥𝑥, 𝜀𝑥𝑦 and 𝜀𝑦𝑦. This difference 

lies in the matrix 𝑨, which contains the deformation model vectors associated to each instrument for all of the 

strain tensor components.  𝜀𝑥𝑧 , 𝜀𝑦𝑧  and 𝜀𝑧𝑧  components show high sensitivity compared to the three other 

components (Figure 2), resulting in almost constant instantaneous resolution for 𝜀𝑥𝑧, 𝜀𝑦𝑧 and 𝜀𝑧𝑧 and more variable 

instantaneous resolution for 𝜀𝑥𝑥, 𝜀𝑥𝑦 and 𝜀𝑦𝑦 components.  

The long-term resolution is built using a constraint on the drift rates (user defined, see Appendix A) and increases 

with time. As part of the optimization parameters, the drift rate distribution is defined by its dispersion around a 

mean value of 0 (i.e. its standard deviation) and by the gradient of the functional for each drift parameter (Eq. A.4). 

Hence, 𝑃𝐿𝑇
⃗⃗⃗⃗ ⃗⃗  depends on inaccuracy in the minimization of the functional and on the quality of the tiltmeters. Indeed, 

highly drifting instruments would present a high standard deviation, increasing the range of sensitivity. 

Perturbations of the drift rates impact all components of the strain tensor in the same way but 𝑃𝐿𝑇
⃗⃗⃗⃗ ⃗⃗  also depends on 

the tilt network through matrix 𝑨  similarly to 𝑃𝐼𝑇
⃗⃗ ⃗⃗  ⃗ . Therefore, the range of sensitivity is different for each 

component as shown in Figure 6 (green area). In our study, the resolution matrix is close to the identity, meaning 
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that the tilt network is not blind to any component of the deformation at depth. All confidence intervals include 

the target solution but as expected from the sensitivity map. 𝜀𝑥𝑥, 𝜀𝑥𝑦 and 𝜀𝑦𝑦 components present a wide range of 

resolution contrarily to that of 𝜀𝑥𝑧 , 𝜀𝑦𝑧  and 𝜀𝑧𝑧 . The values of at the end of the experiment, 𝑃𝐿𝑇
⃗⃗⃗⃗ ⃗⃗  for the 6 

components of the strain tensor are given in Table 1. Optimizing the spatial distribution of the tilt network improves 

the target solution and the range of resolution, but  𝜀𝑥𝑧, 𝜀𝑦𝑧 and 𝜀𝑧𝑧 components will always present a better range 

of resolution than the other components. 

 

𝑃𝐿𝑇(𝑡 = 𝑡11) 

(m) 

𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑝6 

±9.3 ±5.9 ±1.7 ±4.4 ±1.5 ±0.7 

 

Tab. 1 Long-term resolution 𝑃𝐿𝑇  associated with each component of the strain tensor at the end of the experiment (𝑡 = 𝑡11) 
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Fig. 6 Evolution of the 6-strain tensor components over time. For each component, we represent in the upper graphs, the long-

term evolutions and resolutions, and in the lower graph using blue dots, the upper bound of the instantaneous resolution 𝑃𝐼𝑇
⃗⃗ ⃗⃗  ⃗. 

The target values are indicated by the black line, the admissible solution 𝑝𝑖𝑎 from the inversion by the blue line and the target 

solution 𝑝𝑖
∗ from the correction by the red line. Ranges of long-term sensitivity, 𝑃𝐿𝑇

⃗⃗ ⃗⃗⃗⃗  (green areas) bound the corrected solution 

for each component. 

 

From the components of the strain tensor, we can derive the history of volume variations defined by Eq. 8 and 

represented in Figure 7a. Instantaneous and long-term resolutions can also be estimated using the same relation as 

Eq. 8 and involving 𝑃𝐼𝑇
⃗⃗ ⃗⃗  ⃗ and 𝑃𝐿𝑇

⃗⃗⃗⃗ ⃗⃗  associated to 𝜀𝑥𝑥, 𝜀𝑦𝑦 and 𝜀𝑧𝑧 components. Figure 7a shows the target volume as 

a black line, the admissible volume as a blue line and the corrected volume as a red line within a range of sensitivity 
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in green. Because the long-term resolution of each diagonal component is added, the range of sensitivity is wide. 

Figure 7b represent the instantaneous resolution of the volume variation reaching a maximum of ±490 m3 at 𝑡 =

11. 

 

Fig. 7 a) Evolution of the volume variation over time. The black line represents the target volume history, the blue one is the 

admissible volume variation and the red line is the corrected volume variation. The green area indicates the long-term resolution 

of the volume variation associated with the red line. b) Representation of the upper bound of the instantaneous resolution for 

the volume variation. 

 

5. Discussion 

In this study, we present a concept, based on standard Okada’s model, for describing deep complex fracture 

sources. Under the assumption that the source size is small compared to its depth, we state that a strain tensor 

model captures the sum of all tensile, dip and strike-slip fracture motion. Therefore, the surface motion associated 

to the strain tensor is equivalent to the one produced by the fracture network. This strain tensor is an effective 

image, characterized by six parameters, which intrinsically reflects the fracture network constituting the considered 

volume. Associated to the strain components, patterns of deformation describe the sensitivity of tiltmeters to the 

deformation. The sensitivity analysis highlights that all components of the strain tensor cannot be solved equally 

well. This is probably due to the limited capability of tilt data (2-D) to characterize all components of the strain 

tensor (3-D entity). As tiltmeters are more sensitive to the vertical displacement of the source, the strain 

components involving horizontal motion are poorly determined. To overcome the problem, the use of other 
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geodetic measurements sensitive to horizontal displacement of the surface, such as 3-D GNSS data or strainmeters 

may improve the estimation and resolution of the 𝜺𝒙𝒙 , 𝜺𝒙𝒚  and 𝜺𝒚𝒚  components. Such a network design is 

conceivable for oil and gas exploitations but also for some volcanoes where the monitoring involves a wide range 

of geodetic network.  

A major advantage of our approach is to use a well-posed inverse problem. Indeed, the two-step methodology 

developed in the paper allows to retrieve the unique solution of the strain tensor using surface tilt data (or any other 

geodetic measurements). However, the issue remains to associate the parameters of the global strain tensor with 

the individual tensile and slip motions of a fracture set. Without any complementary information, the strain tensor 

can only be analyzed in terms of principal values and directions of the volume. To determine orientation and 

internal slip motions associated with fracture families constituting the volume, the use of external information is 

necessary like geological studies, seismic events (in volcanic systems) and microseismicity (in geothermal, mining 

and oil and gas exploitations). This a priori information permits to characterize active fracture or fault planes in 

terms of position and geometry, and the question is whether or not their dynamic can be obtained using the strain 

tensor. 

In oil and gas exploitations, the injection of fluid in a tight reservoir produces a nanometric scale deformation 

along with a microseismic signal typically aligned to form a fracture. With fracture positions and orientations 

determined through microseismicity (e.g. Wessels et al., 2011), we can infer the type (tensile, strike or dip) and 

amplitude of slip motion. Figure 8 illustrates schematic examples of 2-D fractured domains characterized by 

microseismicity (blue and red dots) with strain tensors (black and with arrows) resulting from the optimization 

approach. For each case, the strain tensor can be interpreted using a priori knowledge about position and orientation 

of the fractures, leading to slip motions of the fractures (tensile for Figure 8a and strike slip for Figure 8b). To do 

so, we solve a system of linear equations. In 2-D the model considers 1 Okada’s plane having an infinite width. 

This system includes 3 equations (number of independent strain parameters) and two unknowns defined by the 

types of slip associated to each fracture family. When only one fracture family is considered (Figure 8a-b), the 

solution is overdetermined. However, this overdetermined system should have solutions because of fracture 

configuration: tensile motion can only occur in the orthogonal direction of the fracture plane. Hence, the associated 

system should contain only two equations (𝜺𝒙𝒙 or 𝜺𝒚𝒚 = 𝟎) for two unknowns. On the other hand, if the system 

truly includes three independent equations, this implies that several fracture families are involved, leading to an 

under-determined problem. In such a case, more assumptions (e. g. fixing type of slip motion) need to be made to 

discriminate between the solutions.  Similarly, in 3-D (3 Okada’s planes) the system of equations is defined by the 

six independent parameters of the strain tensor, while the equivalent fracture model has three unknowns (tensile, 
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strike and dip-slip). Hence, types and amplitudes of slip motions can be fully determined if two fracture families 

have been identified.  The general case involving all slips of a fracture family need to be defined as an inverse 

problem with additional constraints such as the strength and friction of the fractures, in order to reduce its intrinsic 

non-uniqueness. This approach seems to be feasible by using the methods developed by Angelier (1984), Angelier 

et al. (1982) and by Etchecopar (1984) for fault slip and stress inversion. 

 

Fig. 8 Schematic representation of two fractured domains in 2-D. Blue and red circles represent microseismic events defining 

fracking planes (blue and red line). a) The strain tensor given by the inversion is represented by black arrows around the 

elementary volume. Knowing the geometry and orientation of the fracture (blue line), the strain tensor is interpreted as an 

opening along the fracture plane (blue arrows). b) Considering fracture orientation from a priori knowledge (red line), the strain 

tensor represented by black and white arrows around the elementary volume can be interpreted as a strike slip (red arrows). 

 

This model of strain tensor can be used to characterize complex fracture networks occurring in hydraulic fracturing 

in mining, geothermal or oil and gas extraction. Indeed, the injection of material at depth along kilometric scale 

horizontal wells, generates fractures in addition to natural fracking, creating networks with various fracture 

orientations. Therefore, during the exploitation of the reservoir, these fractures may behave differently depending 

on the applied stress. Thanks to the full strain tensor model, we can estimate from the surface data the state of the 

deformation at depth. The strain tensor would allow the identification of preferential deep movements, leading to 

families of fractures or faults that have played to produce the surface signal. In the specific case of oil exploitation, 

this would improve monitoring of exploitations by identifying potential pre-existing fractures or faults at depth, 

that are reactivated during injection or extraction. Furthermore, modelling the deformation of a superficial source 

requires to consider a collection of strain tensors to respect the far field equivalence. Hence, an efficient 

discretization of the strain sources representing stimulated volumes along wells would allow to estimate variations 
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of production but also temporal and spatial strain orientations. Finally, the use of the strain tensor model in volcanic 

systems would provide information on deformation of the magma chamber or magma movements in dikes or sills, 

and potentially identify anisotropic deformation of the various sources. 

 

6. Conclusion 

In this study, we address the issue of monitoring and characterizing complex fracture reservoirs. Such reservoirs 

are common in mining, oil or gas exploitations and need a careful monitoring scheme to optimize the production 

and to follow the induced deformation. Even if the individual characteristics of such complex sources cannot be 

uniquely determined from surface deformation using a classical analytical source, the deformation of a complex 

fracture network still results in a unique surface deformation. When the source considered is significantly small 

with respect to its depth, we can express the deep deformation in a new basis to obtain the global effective 

deformation of the medium. The choice made here for this basis is three mutually orthogonal Okada’s dislocations. 

The resulting strain tensor of the deep source produces the same far field signal as the true complex medium. 

We develop a source model of fixed position, dimensions and orientation that can represent various amplitude of 

shear and tensile deformations at depth. By doing so, we reduce a complex non-linear problem to a linear problem 

with a unique solution between the surface deformation and the source signal. We adapt the two-step methodology 

developed in Furst et al. (2019) to infer the source and instrumental parameters from tilt signal at the surface. The 

linearity of the strain tensor model significantly reduces the computational cost when inverting tilt data (or any 

other geodetic measurements). 

The synthetic study shows the strong dependence of the instrument location with respect to the source and the 

sensitivity of the instrument. In particular, tiltmeters measure the gradient of the vertical displacement and are 

therefore more sensitive to the z-component of the strain tensor than to purely horizontal components. The 

confidence intervals illustrate this dependency with a better resolution for 𝜀𝑥𝑧, 𝜀𝑦𝑧 and 𝜀𝑧𝑧 components than for 

𝜀𝑥𝑥-, 𝜀𝑥𝑦- and 𝜀𝑦𝑦-components. Complementing the tiltmeter network with additional geodetic data, such as GNSS 

or strainmeters network, could bring a better resolution of the parameters in the horizontal components. 

Implemented on real datasets, the unique solution from the tilt data inversion can be interpreted using the principal 

directions of the tensor, leading to main deformations of the complex fracture network. Using available geology 

of the subsurface structures, we could identify families of fractures producing the surface deformation and report 

any reactivation of faults or fractures. 
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Appendix A: parameters resolution analysis 

The approach leading to parameter resolution analysis (Tarantola, 2004) can be extended to a generic formulation. 

Considering small perturbations, Eq. 4 gives: 

𝑑𝑠 (𝑡) = ∑ 𝛼 𝑖  (𝑑𝑝𝑖)(𝑡)
6
𝑖=1 + (𝑑𝑎 ) 𝑡  (A.1) 

Eq. A.1 leads to 2𝑁 equations for both 𝑥 and 𝑦 components of tilt data and instrumental drift and can be rewritten 

as: 

𝑆 = 𝑨 �⃗� + �⃗⃗� 𝑡     (A.2) 

where 𝑆  (2𝑁) and �⃗�  (6) are vectors of source signal and strain parameter perturbations at a given time, �⃗⃗�  (2𝑁) are 

perturbations on the drift rates parameters and 𝑨 (2𝑁, 6) includes all components of the deformation model vector. 

To assess the parameter resolution �⃗� , we invert the matrix 𝑨 using a least-square method. Using Eq. A.2, we define 

the confidence intervals of the parameters �⃗�  as the sum of an instantaneous resolution, 𝑃𝐼𝑇
⃗⃗ ⃗⃗  ⃗ = (𝑨𝑡𝑨)−1𝑨𝑡𝑆  and a 

long-term one 𝑃𝐿𝑇
⃗⃗⃗⃗ ⃗⃗ = (𝑨𝑡𝑨)−1𝑨𝑡(−�⃗⃗� 𝑡): 

�⃗� = 𝑃𝐼𝑇
⃗⃗ ⃗⃗  ⃗ + 𝑃𝐿𝑇

⃗⃗⃗⃗ ⃗⃗   (A.3) 
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Both resolutions depend on matrix 𝑨 which means that they are influenced by the position of the tiltmeter network 

relatively to the source and by the physics of the source itself (i.e. the type of model used, here the strain tensor). 

Instruments placed in sensitive areas should improve determination of the parameter and consequently narrow the 

confidence interval. The difference between the two resolutions lies in the perturbation component: the short-term 

resolution 𝑃𝐼𝑇
⃗⃗ ⃗⃗  ⃗  depends on the perturbation of tilt data 𝑆  while the long-term resolution 𝑃𝐿𝑇

⃗⃗⃗⃗ ⃗⃗  is influenced by 

perturbations on the drift rates �⃗⃗�  and increases with time. 

In this study, we set the perturbations on the data 𝑆  using the residual value for each component of the tilt signal, 

defined by the difference between optimal and observed signal. This residual is linked to both the coloured noise 

𝑐𝑛⃗⃗⃗⃗  and the probable lack of convergence of the inversion due to data uncertainties. Regarding drift rates 

perturbations �⃗⃗� , we only have drift values 𝑎𝑖
∗ (𝑖 = 𝑥, 𝑦) from the optimization process and the gradient of the 

functional for each drift parameters 𝑑𝑗𝑖 =
𝑑𝐽

𝑑𝑎𝑖
 given by the inversion (at the optimum). Small values of gradients 

mean better resolved parameter 𝑎𝑖. We can estimate the dispersion associated to the optimal drift rate distribution 

through its associated standard deviation 𝜎𝑑. We choose to estimate the 𝑃𝐿𝑇
⃗⃗⃗⃗ ⃗⃗  using a 2-𝜎𝑑 uncertainty. However, 

this value being homogeneous for all drift parameters, we weight this standard deviation according to the gradient 

of the functional for the drift parameters such as  

�⃗⃗� = 2𝛾𝜎𝑑⃗⃗⃗⃗    (A.4) 

where 𝜸 = 𝜺𝟏 + 𝜺𝟐
|𝒅𝒋𝒊|−𝒅𝒋𝒎𝒊𝒏

𝒅𝒋𝒎𝒂𝒙−𝒅𝒋𝒎𝒊𝒏
, 𝜺𝟏 and 𝜺𝟐 being user defined. By doing so, we want to increase the uncertainty on 

less resolved parameters. Returning to the interpretation of parameter resolutions, the short-term resolution 𝑷𝑰𝑻
⃗⃗ ⃗⃗ ⃗⃗  , 

depends on the capacity of the inversion to converge towards an optimal and unique solution. Because tiltmeters 

present an excellent instantaneous resolution (up to 5 nrad), 𝑷𝑰𝑻
⃗⃗ ⃗⃗ ⃗⃗   at a given time would be well retrieved. On the 

contrary, the long-term resolution 𝑷𝑳𝑻
⃗⃗ ⃗⃗⃗⃗  ⃗ depends on errors on the drift rate estimation and increases with time. For 

highly drifting tiltmeters, the high value of variance (Furst et al., 2019) implies large ranges of confidence. 
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