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The use of fractional derivation in modeling ferroelectric dynamic
hysteresis behavior over large frequency bandwidth

D. Guyomar, B. Ducharne,a� and G. Sebald
Laboratoire de Génie Electrique et Ferroélectricité—INSA de Lyon, Bât. Gustave FERRIE,
8 rue de la Physique, 69621 Villeurbanne Cedex, France

�Received 10 June 2009; accepted 21 March 2010; published online 7 June 2010�

The present article proposes a dynamical model to obtain ferroelectric hysteresis dynamics based on
fractional derivatives. The consideration of a fractional derivative term widely increases the
frequency bandwidth of the accuracy of the traditional hysteresis models. As a consequence, the
model is suited for successfully taking into account the well-known scaling relations of the
ferroelectric hysteresis area, �A�, versus the frequency, f , and field amplitude, E0. Under low
frequency excitation, simulation tests provided good results regarding the comparison of the
fractional model, experimental results and the well-known nonentire power law �A��f1/3E0

2/3 �where
�A� represents the hysteresis loop area�. These results were followed by comparing the hysteresis
area obtained from the fractional model with that from the well known scaling relations as f →�,
and the results were proposed as validation of the high frequency behavior. Next, the model was
tested on large frequency bandwidths ��6 decades� and validated with success using the comparison
between simulation tests and the only experimental results available in literature obtained in such
conditions by Liu et al. �J. Phys.: Condens. Matter 16, 1189 �2004�� for BNT thin film samples.
© 2010 American Institute of Physics. �doi:10.1063/1.3393814�

I. INTRODUCTION

During the past twenty years, the hysteresis area, �A�,
has been widely studied as a function of the frequency of a
time-varying external field, and represents a major support
for the characterization of numerous industrial
applications.1,2 �A� is related to both the energy dissipation
in one cycle of domain reversal and the nonequilibrium first-
order phase transitions in ferroelectrics. It represents the en-
ergy dissipation �loss� in one cycle of spin order reversal
through irreversible domain wall migration �nucleation and
growth�. In a general way, the hysteresis is formed due to the
relaxation delay of the system responding to the external
field.3,4

Modeling dynamic hysteresis properties over wide range
of excitation frequencies have been widely studied and pre-
sented in the literature. By instance, for ferromagnetic mate-
rials, two-dimensional Ising models5,6 have been used to de-
scribe magnetic hysteresis versus varying frequency but they
are usually not fully consistent with the experimental results.
Other models as extended Preisach models with differential
equations correctly behave but unfortunately through a fre-
quency bandwidth usually restricted to three decades of
frequency.7 Lead zirconate titanate PbZr1−xTixO3 �PZT� ce-
ramics have been extensively employed in a large number of
industrial applications, particularly in the case of donor-
doped PZT with a soft piezoelectric behavior. The under-
standing and modeling of dynamic hysteresis behaviors per-
mits the computation of dissipation losses and dielectric
responses of ferroelectric devices �such as piezoelectric
actuators�.8 Recently, several research efforts have been re-

ported on SrBi2Ta2O9 �SBT� and Bi3.15Nd0.85Ti3O12 �BNT�
thin films with varying Nd compositions. Such materials
present much interest as they are particularly well suited for
nonvolatile random access memory �NvRAM�
applications.9,10

By understanding and modeling the �A� versus the fre-
quency, f , and electrical field amplitude, E0, one may predict
the performances of ferroelectric thin films as used in
NvRAM devices. Physically, it also becomes possible to un-
derstand the dynamics of domain reversal, in particular the
characteristic times of domain nucleation and domain bound-
ary motion as concurrent processes during the domain rever-
sal. Finally, the dynamical hysteresis behavior is universal to
every physical spinlike system, e.g., ferromagnetic materials
exhibit similar dynamic activities.11–13 The exposed theory,
at first developed for dielectric materials, can be universally
applied to other classes of spinlike systems.

Numerous theoretical studies have described the scaling
law of the hysteresis area as a function of f and E0, i.e.,
�A��f�1E0

�2 �where �1 and �2 are real parameters depend-
ing on the geometry and the nature of the system�. It is
necessary to understand and interpret these scaling behaviors
in order to predict the characteristics of ultrahigh-frequency
ceramics. As a result of the high power required at these
frequency levels, the measured information is usually lim-
ited. The three-dimensional models ���2�2 and ��2�3�, from
Rao et al., were based on the study of the magnetic hyster-
esis in model continuum and lattice spin systems, and have
given rise to two scaling relations applicable to low-f and
high-f limits,10,13 i.e.,:

�A��f1/3E0
2/3 as f → 0 �1�
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�A��f−1E0
2 as f → � �2�

Other scaling relations for ferroelectric materials have been
proposed by Yimnirun et al.,4,8,14–16 and Liu et al.17 have
reported on relations for ferroelectric thin films. In these
cases, the �1 and �2 values were adapted to the new sup-
ports. On a large frequency bandwidth, the curve �A��freq�
exhibited a single-peak pattern for which both the value of
the peak and the peak position increased as E0 was raised.
Scaling relations have been also used to described the scaling
behavior in the so-called “subcoercive” conditions, pointed
out in more recent literature.15,16 A future paper will de-
scribed how our fractional model gives good agreement un-
der such particular conditions. Scaling laws were developed
as a first attempt to tackle investigations on those behaviors,
and frequency exponent of 0.3 up to 0.6 were found. It is an
interesting way to understand losses in ferroelectrics but this
doesn’t constitute a model suitable for modeling ferroelectric
behavior. Other approaches have been developed mainly to
be used as a dynamical inverse hysteresis model for the con-
trol of piezoelectric actuators. These inverse models are of-
ten based on a Preisach model of hysteresis18–20 or on a
“generalized Maxwell slip” �GMS� model of hysteresis.21

Other approaches have been investigated, using a neural
network22 or a phase shifting operator23 for hysteresis com-
pensation. But due to the specificity of piezoelectric actua-
tors, all of these approaches exhibit usually various limita-
tions �amplitude, frequency, etc.� and can only be used in the
field of the associated application.

Within the framework of previous research efforts, we
have previously proposed a novel formulation based on non-
entire derivatives for modeling dynamic hysteresis on a large
frequency bandwidth �i.e., over four frequency decades�.24–26

The study was devoted to the modeling of the frequency
dependence of the loop area, �A�, the coercive field, Ec, �as
a shape parameter� and the dielectric permittivity, �33, and
good results were obtained.

The proposed theoretical model comprises two important
terms: a static contribution, with the form of a damping force
�a negative first-order polarization time derivative corre-
sponding to the poling current�; and a time-dependent loss
term, constituted of the product of a material constant, �, and
a fractional polarization derivative term, d�P /dt����R�.
The work presented herein explains how, by using the model,
it is possible to successfully reproduce the asymptotic evo-
lutions of the previously-mentioned well-known scaling
functions over a full frequency span.

II. MODEL

A. Quasistatic contribution

A static contribution signifies observing a looplike hys-
teresis when plotting the spontaneous polarization, P versus
E for very low frequencies �f �1 Hz�. At such frequency
levels, wall movements are assumed to undergo a
mechanical-like dry friction.27,28 A static �frequency-
independent� equation based on its mechanical dry-friction
counterpart has been established in order to account for this
property. The generation of a major P�E� hysteresis loop was

obtained with good approximation by translating an anhys-
teretic curve. The loop also depended on the sign of the time
derivative of the polarization. This translation was equal to
the coercive field, Ec.

if:E�t� � f−1�P�t�� + Ec ,

P�t + dt� = f�E�t + dt� − Ec� ,

if:E�t� � f−1�P�t�� − Ec ,

P�t + dt� = f�E�t + dt� + Ec� ,

if:f−1�P�t�� − Ec � E�t� � f−1�P�t�� + Ec ,

P�t + dt� = P�t� . �3�

Until electric field E reaches the coercive field Ec, the polar-
ization remains constant. An electrical displacement occurs
as soon as E exceeds Ec. After the field reaches E max and
reversing the field the polarization remains constant until E
gets below E max−2Ec, and so on. This explanation is very
close to the static friction used in mechanics.

Here, f�E� �reciprocally f−1�P�� represents the behavior
of a nonlinear dielectric �without hysteresis�, and the func-
tion can be obtained by fitting the parameters 	 ,
 to the
anhysteretic curve of a perfect dielectric function, e.g.,

f�E� = 
 tan−1�E

	
� f−1�P� = 	 tan�P



� �4�

Equation �3� gives a correct description of the major hyster-
esis loops observed during steady state of the ceramic under
a high-amplitude electrical field �E0�Ec�. On the other
hand, the polarization remained null until the value of the
electric field became equal to that of the coercive field. This
signifies that the first polarization curve could not be cor-
rectly reproduced by the first equation, which was true for all
simulated minor loops. It was thus concluded that Eq. �3�
was ineffective for loops observed under asymmetrical exci-
tation field waveforms �e.g., first polarization curve, minor
loops, etc.�.

A good global ferroelectric material model needs to take
into account the set of similar behaviors of each domain wall
and is characterized by its coercive field. More realistic
cycles, including minor loops, are obtained by introducing a
distribution of a basic element �spectrum�, characterized by
its own coercive fields in addition to its own weight. The
most general set of equations for the model, including losses,
is given below. Here, for a quasistatic case, �1=0.

if:E�t� � f−1�Pi�t�� + Eci + �1 .
d�Pi�t�

dt� ,

Pi�t + dt� = f�E�t + dt� − Eci − �1 .
d�Pi�t�

dt� � ,

if:E�t� � f−1�Pi�t�� − Eci + �1 .
d�Pi�t�

dt� ,
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Pi�t + dt� = f�E�t + dt� + Eci − �1 .
d�Pi�t�

dt� � ,

if:f−1�Pi�t�� − Eci + �1 .
d�Pi�t�

dt� � E�t� � f−1�Pi�t�� + Eci

+ �1 .
d�Pi�t�

dt� + Pi�t + dt�

= Pi�t� 	
i=1

k

Spectrum�i� . Pi = P . �5�

The function Spectrum�i� represents the distribution of el-
ementary loops. The protocol that was established in order to
obtain this distribution25 involving, first, determining an ex-
perimental anhysteretic curve. The parameters 	 and k were
obtained when f−1�P� matched the anhysteretic curve �by
way of an identification algorithm using the Matlab® curve
fitting toolbox�. The spectrum distribution was obtained
through deconvolution of the measured first polarization
curve by the previously obtained anhysteretic curve. Based
on this process, it was possible to systematically establish the
static parameters of the material. A large number of results as
well as further information concerning the static model is
available elsewhere.24,26

B. Dynamic considerations

Beyond the quasistatic limit, ferroelectric materials ex-
hibit hysteresis loops that are strongly dependent on the fre-
quency. These states of dependence were clearly considered
in the scaling laws of Eqs. �1� and �2�. As reported in previ-
ous papers,24,26 the dynamical effect is usually considered as
an equivalent dissipative field derived from an Ohm’s resis-
tivity, �, and in system 5, this corresponds to �=1.

As explained in24 and illustrated in Fig. 1, this dynamical
modeling was accurate for a restrained frequency bandwidth.
The identification of the parameter � that perfectly fit the low
frequency part of the �A��freq� curve led to an over-
contribution of the dynamical term � .dP /dt for the high fre-
quency part of the curve. Reciprocally, by adjusting the pa-

rameter � on the high frequency component of the curve, one
can observe large differences between simulated and mea-
sured results as f →0.

This overestimation was corrected in26 by defining a
nonentire operator balancing the low and high frequency
components differently as opposed to a linear time deriva-
tive.

An nonentire derivation generalizes the concept of de-
rivative to noninteger orders. The order of the derivation is
not restricted to an entire but can be a real or a complex
number.29,30 The fractional derivation of a function f�t� is the
convolution between the f�t� function and t�H�t� /��1−��
where ���� is the gamma function and � the order of frac-
tional derivation. From a spectral point of view, the frac-
tional derivation means that the frequency spectrum f�� of
f�t� will be multiplied by �j�� in place of j for a first order
derivation. It physically means that the computation of the
present instant f�t� not only required the previous instant
f�t−dt� but all the past history.

In the present study, dynamical unsymmetrical hysteresis
loops were obtained by introducing the fractional operator
into system 5, i.e., ��0.

The new dynamical contribution � .d�P /dt� gave rise to
a significant increase in the accuracy as illustrated in the loop
area versus frequency curve �Fig. 1� obtained for the given
E0.

Figure 2 is an illustration of the analog electrical circuit
of the model. The fractional component exhibits an admit-
tance written as Y=� . �j�1−� �0���1�. Its behavior is op-
posite to the behavior of usual constant phase elements,
when n is close to zero the fractional component reacts as an
equivalent capacitor and when n is close to one it reacts as a
equivalent resistor.

III. SCALING LAWS CONSIDERATIONS

As portrayed in Fig. 1, on bulk ceramics the measuring
range for the frequency is usually limited to 100 Hz under a
high electrical field �E0�2�106 V /m�. This limitation is
due to the power amplifier that is unable to deliver the re-
quired current. Liu et al.10 have demonstrated on thin films
that, for a large frequency bandwidth ��6 decades�, the loop
area first increases up to a maximum value that depends on
the electrical field amplitude. As E0 experiences arise, �A�
��f� also increases, with the peak position and height shift-
ing to the right and upward, respectively. Subsequently, the
loop area quickly decreases to a value close to zero for very
high frequencies. As shown in Fig. 3�A�, the hysteresis loop

FIG. 1. A comparison between a simulated and measured �A��f� curve.

FIG. 2. Electrical analog circuit of the dynamical model.

114108-3 Guyomar, Ducharne, and Sebald J. Appl. Phys. 107, 114108 �2010�

Downloaded 18 Feb 2013 to 152.3.102.242. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



area shows a peak after decreasing to zero. Moreover, the
peak amplitude depends on electric field as shown experi-
mentally by Liu et al.10 The following figures show then how
to modify the curves shape by changing the different param-
eters of the fractional derivative term.

In Fig. 3�B�, one can see that, for a decreasing �, the
peak of �A� appears at a higher frequency and the rates of the
increasing and decreasing part of the curve are weaker.

Figure 3�C� illustrates the influence of � on the position
of the maximum value of �A�. In this case, the rates of the
increasing and decreasing parts of the curve remain constant,
and a scaling relation can be proposed. A single curve was
obtained for a given � while plotting �A� versus the product
of the frequency and the parameter �1/� �Fig. 3�D��.

Finally, it can be stated that the position of the peak of
the �A��freq� curve was dependent on both � and �, whereas
the rate of the increasing and decreasing parts was only de-
pendant on �. Simulation results on a typical industrial, soft
PZT composition �P188 obtained from quartz and silica,
France type Navy II� allowed the setting and validation of
this coefficient to 0.5 as f →0.24,26 Furthermore, Fig. 4 illus-
trates that the scaling relation proposed by Rao13 was par-
ticularly well suited for the frequency range 10−3–100 Hz.

Rao et al.13 were the first to scale the decreasing part by
using Eq. �2� ��A��f−1E0

2 as f →�� on magnetic materials,
other scaling relations are available:

– �A��f−2/3E0
2 proposed by Liu et al.31 for ferroelectric

thin films.
– �A��f−1/4E0 proposed by Yimnirun et al.8 for soft PZT

bulk ceramics.

FIG. 3. �A� The hysteresis area �A� vs the frequency for various values of
the maximum electrical field E0 ��=0.5, �=10�. �B� The hysteresis area �A�
vs the frequency for various values of the fractional order �. �C� The hys-
teresis area �A� vs the frequency for various values of the parameter �. �D�
The hysteresis area �A� vs the product of the frequency and the parameter
�1/�.

FIG. 4. A comparison between the fractional model and scaling law as f
→0.
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These scaling relations indicate that, depending on the
tested material, the influence of f and E0 on the variation in
the hysteresis area, �A�, will not have the same weight. Yim-
nirun et al. linked these differences to the various energy
levels required for the polarization flip. The exponent for the
E0-term was linked to the polarization-flip kinetics, whereas
the f exponent was dependent on the depolarizing level
through the tested sample.4 A high depolarizing factor re-
sulted in a relatively weak dependence on f of the hysteresis
area, �A�. The three scaling relations proposed for varying
types of materials gave rise to the different simulation results
as it is the case in Fig. 3�b�.

When f →�, the rate of the logarithmic �A� versus freq.
curve became directly linked to the nonentire derivative co-
efficient, �. In the scaling relations, f�1E0

�2, �1=−� pro-
vided the rate of the curve and �2 gave the amplitude �i.e.,
the value at the origin�. After spectrum analysis, it can be
noted that the peak position was given by: 0= �1 /U1/��
where U is a constant equal to Resistor, Capacitor �RC� in a
first-order differential system.

To conclude, the rates of the increasing and decreasing
parts of the �A� versus freq. curve were highly dependent on
the fractional coefficient, and by setting this coefficient to 0.5
as f →0 �i.e., for mechanical creep, measurement of hyster-
esis loops�, it was possible to determine the peak position
and the rate of the decreasing part.

As a final validation of the model, a comparison has
been done between the experimental results obtained by Liu
et al.10 and the fractional model. These experimental results
were obtained for a large frequency bandwidth �1 to 106 Hz�
for Nd-substituted Bi4Ti3O12 thin films. The electrical field
E0 range is 100–400 kV/cm. The characterization of the
samples has been done using Sawyer–Tower circuit. As the
shapes of the hysteresis loops and the physical behaviors are
different to the ceramic sample P188 previously used to de-
fine the model, a new set of parameters is necessary. In the
case of Bi3.15Nd0.85Ti3O12, Liu and al thin film samples, the
best results were obtained with �=0.4, �=7�105.

As it has already been observed as f →0 and →�, we
notice good fitting between the fractional model and the
measures for large frequency bandwidth type excitation. It is
particularly interesting to conclude that a single set of param-
eters allows to perfectly reproduce the characteristics tenden-
cies of the �A��freq� curves �increasing rates, peak position,
decreasing last part, etc.�, we prove here that an only frac-
tional operator is sufficient to take into account with success
all the dynamical behaviors of a ferroelectric material �f
� �10−3 ;106� Hz� �Fig. 5�.

IV. DISCUSSION AND CONCLUSIONS

In summary, the dynamic hysteresis stability for ferro-
electric PZT materials was investigated. From the obtained
results, it was possible to develop a theoretical model based
on two independent contributions such as:

�1� A quasi static contribution, mathematically similar to
dry friction equations and physically linked to wall
movement.

�2� A dynamical contribution, given by fractional derivative
term that represents “viscous” losses.

Power-law frequency dependences, i.e., �A��E0
2/3f� ��

� �0;1�� over the low-frequency range and �A��E0
2f� ��

� �−2;0�� over the high-frequency range, are usually pro-
posed for the characterization of a dynamic hysteresis. The
value of �, which represents the order of the fractional term,
was set equal to 0.5, which rendered it possible to success-
fully reproduce the material behavior as f →0, �as illustrated
with experimental results in Fig. 1� and with a scaling rela-
tion in Fig. 4. By maintaining � equal to 0.5, a high-
frequency behavior �peak position and decreasing rate of the
�A��freq� curve� was then determinate by simulation.

To conclude, the introduction of a nonentire derivative
term to the model permitted a significant increase in the fre-
quency bandwidth ��6 decades�, to our knowledge, this is
the only way to get an accurate modeling on such frequency
span.

Future research will be dedicated to extending the model
in order to incorporate additional excitations, such as me-
chanical stress. The influence of such combined effects on
dynamical wall movements, as well as on the behavior of
other fundamental coefficients, such as the piezoelectric co-
efficient, d33, the dielectric permittivity, �33, and the elastic
compliance, s33, will also be investigated.
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