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COMPACT REDUCTION IN LIPSCHITZ FREE SPACES

RAMON J. ALIAGA, CAMILLE NOUS, COLIN PETITJEAN,
AND ANTONIN PROCHAZKA

ABSTRACT. We prove a general principle satisfied by weakly precompact sets
of Lipschitz-free spaces. By this principle, certain infinite dimensional phe-
nomena in Lipschitz-free spaces over general metric spaces may be reduced to
the same phenomena in free spaces over their compact subsets. As easy conse-
quences we derive several new and some known results. The main new results
are: F(X) is weakly sequentially complete for every superreflexive Banach
space X, and F(M) has the Schur property and the approximation property
for every scattered complete metric space M.

1. INTRODUCTION

For a metric space M with a distinguished base point 0 € M (commonly called
a pointed metric space), the Lipschitz free space (for brevity just free space in the
sequel) F(M) is the norm-closed linear span of the evaluation functionals, i.e. of
the set {0(z) : € M} in the space Lipy(M)* where §(x): f — f(x). Here the
Banach space Lipy(M) = {f € RM : f Lipschitz, f(0) = O} is equipped with the

191 = sup { HE= T 0

It is well known that F(M) is an isometric predual of Lipy(M). Another main
feature of the free spaces is that every Lipschitz map f : M — N which fixes the
zero induces a linear map f : F(M) — F(N) such that dy o f = f o 6y and
171l = II£I .- For a quick proof of these facts and some other basic properties we
refer the reader to the paper [6].

The study of isomorphic and isometric properties of free spaces has been a very
active research area recently where many deep theorems have been proved but
many basic questions are left hopelessly open. In this paper we focus on isomorphic
properties of free spaces. Our starting point is an innocent looking lemma about
weakly null sequences in free spaces in the fundamental paper by Nigel Kalton [17].
In Nigel’s words: “weakly-null sequences [in F(M)] are almost supported on ‘small’
sets [of M]”. By ‘small’; it is meant unions of finite collections of small-radius
balls in the metric space M for the precise statement see Definition 3.1. Here we
observe that, when M is complete, this lemma can be bootstrapped to obtain a
more user-friendly conclusion: weakly-null sequences in F (M) are almost supported
on compact subsets of M. In fact, this conclusion, which we call tightness (see
Definition 2.1), is not only true for weakly-null sequences but also for all so called
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weakly precompact sets (see Definition 2.2). In light of (a bit more advanced version
of) this principle, a number of intriguing questions obtain straightforward answers.

Thus, we have several “compact reduction” results: F (M) is weakly sequentially
complete (WSC), resp. Schur, resp. ¢;-saturated, if and only if F(K) is for every
compact subset K of M. Similar results are obtained for the approximation prop-
erty and the Dunford-Pettis property. Also if a Banach space X does not contain
a copy of ¢1, then F(M) contains a copy of X if and only if F(K) contains a
copy of X for some compact K C M. Shortly before the original announcement of
our results, a preprint was published by Gartland [11] where restricted versions of
some of our statements (in particular Corollaries 2.6 and 2.7) are proved using a re-
lated technique. It was his suggestion that we try to extend our compact reduction
principle to the approximation property, for which we are grateful.

Combining these compact-reduction results with known results about free spaces
we obtain that F(X) is WSC for every superreflexive Banach space X (which
answers a question posed in [6] by Cith, Doucha and Wojtaszczyk, but we humbly
acknowledge that the heavy lifting was done by Kochanek and Perneckd who solved
the compact case in [19]). Notice that in particular one obtains that F(cg) is
not isomorphic to F(¢,) for 1 < p < oo. Up to our knowledge, these are the
first examples of classical infinite dimensional separable Banach spaces whose free
spaces are not isomorphic. We also obtain that F (M) has the Schur property and
the approximation property for every scattered complete metric space. Further
we (re)prove that non-separable Asplund spaces, WCG spaces and £, cannot be
isomorphic to a subspace of any free space. All of this is detailed in Section 2. The
proof of our user-friendly Kalton’s lemma is to be found in Section 3. It depends
heavily on the notions of support and multiplication operator developed in [3, 4].
Finally, in Section 4 we slightly improve a sufficient condition for the Schur property
of F(M) coming from [21] and disprove (twice!) the conjecture about necessity of
such condition.

1.1. Notation. Let us now introduce the notation that will be used throughout
this paper. For a Banach space X, we will write Bx for its closed unit ball of
a Banach and Sy for its unit sphere. As usual, X* denotes the topological dual
of X and (z*,z) will stand for the evaluation of z* € X* at z € X. We will
write w = o(X, X*) for the weak topology in X and w* = o(X*, X) for the weak*
topology in X*.

The letter M will denote a complete pointed metric space with metric d and base
point 0. The choice of the base point will be irrelevant to our results since, as is well
known, free spaces over the same metric space but with different base points are
isometrically isomorphic. We recall that if N C M and 0 € N, then F(N) can be
canonically isometrically identified with the subspace span {d(z) : © € N} of F(M).
This is due to well known McShane-Whitney theorem, according to which every
real-valued Lipschitz function on N can be extended to M with the same Lipschitz
constant. Further, B(p,r) will stand for the closed ball of radius r around p € M
while for A C M and 6 > 0, we will write

dp,A) = inf{d(p,z) : x € A}
[Als = {peM :dp,A)<d}
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We will also use the notation
rad(4) = sup{d(0,z) : = € A}
diam(A) = sup{d(z,y) : x,y € A}.

These two last quantities will be called the radius of A and the diameter of A,
respectively. Next, for any set B C M we define the Kuratowski measure of non-
compactness «(B) as the infimum of the numbers r such that B admits a finite
covering by sets of diameter smaller than r. Let us recall that Kuratowski’s theorem
(see [20]) states that if (By,), is a decreasing sequence of nonempty, closed subsets
of M such that lim «(B,) =0, then the intersection B of all B,, is nonempty and

n—oo
compact.

Finally, let us recall some notions from [3, 4] that will be used throughout the
proof of our main theorem. Given any Lipschitz function h on M with bounded
support, the pointwise product fh belongs to Lipy(M) for any f € Lipy(M), and
its support is contained in supp(h). In fact, for any S O supp(h) the mapping
Ty, : Lip(S) — Lipg(M) defined by

(1) Tn(f)(@) = {

is a w*-to-w* continuous linear operator, whose norm is bounded by
(2) [Th|[ < [kl + rad(supp(h)) [[A]] L -

Therefore its adjoint operator T; takes F(M) into F(S). See [4, Lemma 2.3] for
the detailed proof of these facts. Also, recall that for each pu € F(M) we can define
its support as the set

supp(p) = ﬂ{K C M : K is closed and pp € F(K)}.

hiz)f(z) ifzeS
0 otherwise

It satisfies u € F(supp(p)), and moreover p € F(K) if and only if K D supp(u).
This notion coincides with the usual one for finite linear combinations of evaluation
functionals, i.e. finitely supported elements of F(M). We refer to Section 2 of [4]
for proofs of this and additional properties.

2. TIGHTNESS OF WEAKLY PRECOMPACT SETS AND APPLICATIONS

The following definition is somewhat reminiscent of the concept of tightness for
subsets of Borel measures on complete metric spaces (see [5]).

Definition 2.1. We will say that a set W C F(M) is tight if for every e > 0 there
exists a compact K C M such that
W c F(K) +eBFu-
For the next one, let us recall that a sequence (x,), in a Banach space X is

weakly Cauchy if the sequence ((z*,x,)), is convergent for every z* € X*.

Definition 2.2. Recall that a subset W of a Banach space X is called weakly
precompact’ if every sequence (x,),, C W admits a weakly Cauchy subsequence.
Equivalently, by virtue of Rosenthal’s ¢;-theorem, W is weakly precompact if it is
bounded and no sequence in W is equivalent to the unit vector basis of ¢;.

Our main technical result is the following.

Do not confuse with relatively weakly compact sets!
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Theorem 2.3. Let M be a complete metric space. Let W C F(M) be weakly
precompact. Then W is tight.
More precisely, for every € > 0 there exist a compact K C M and a linear
mapping T : span(W) — F(K) such that
o ||u—Tu| <e forallpeW, and
e there is a sequence of bounded linear operators Ty, : F(M) — F(M) such
that Ty, — T uniformly on W.

We postpone the proof of this theorem until Section 3 in order to discuss its
most important consequences first.

2.1. Compact reduction for weak sequential completeness. Recall that a
Banach space X is called weakly sequentially complete (WSC) if every weakly
Cauchy sequence in X is weakly convergent.

Corollary 2.4. Let M be a complete metric space. Then F(M) is WSC if and
only if F(K) is WSC for every compact K C M.

Proof. Since the WSC property passes to subspaces we only need to prove the
sufficiency. Let (uy,)n be weakly Cauchy in F(M). Let p be its w*-limit in F(M)**.
We set W := {u, :n € N} and let ¢ > 0 be arbitrary. Let K and T be as in
Theorem 2.3 with ||Tuy, — pn|| < € for all n. We know that there are bounded
linear operators Ty, : F(M) — F(M) such that Ty[y, — Ty uniformly. So for
every fixed f € Lipy(M) we have

bup‘<fa]}<:,un_jj,un>|—>0 as k — oo.
neN

Moreover, every sequence ({f, Ty fin))n is Cauchy (for fixed k). So the usual exchange-
of-limits argument gives that the sequence ({f,Tu,))n is Cauchy, too. Hence
(T'per)p is weakly Cauchy. By assumption, F(K) is WSC so there exists A € F(K)
such that Tu, — A. By the weak lower semicontinuity of the norm we have
[IA — |l < e and so p € F(M) since € was arbitrary. O

In the deep paper [19], Kochanek and Perneckd prove that if M is a compact
subset of a superreflexive Banach space, then the Lipschitz-free space F(M) is
weakly sequentially complete. So Corollary 2.4 implies immediately:

Corollary 2.5. If X is a superreflexive Banach space then F(X) is WSC.

In particular, the space F(¢3) is WSC. This provides a negative answer to Ques-
tion 3 posed by Ciith, Doucha and Wojtaszezyk in [6].

2.2. Compact reduction for the Schur property. A Banach space has the
Schur property if every weakly-null sequence is also norm-convergent to 0.

Corollary 2.6. Let M be complete. The free space F(M) has the Schur property
if and only if F(K) has the Schur property for every compact K C M.

The proof is almost identical to the proof of Corollary 2.4 and is left to the
reader.

Corollary 2.7. Let M be countable and complete metric space. Then F(M) has
the Schur property. More generally, let M be a scattered complete metric space.
Then F(M) has the Schur property.



COMPACT REDUCTION IN LIPSCHITZ FREE SPACES 5

Notice that the above corollary applies in particular to complete metric spaces
which are topologically discrete. The Schur property for free spaces of such spaces
was, up to our knowledge, not known. See Section 4 for more information on this
subject.

Proof of Corollary 2.7. In a countable complete metric space every compact is
clearly countable so the first claim follows from Corollary 2.6 and [16, Theorem
3.1], which states that F (M) is Schur if M is countable and compact (see also [21]).

In a scattered metric space (i.e. without a perfect part) every subset is scattered.
But the only scattered and compact metric spaces are countable compacts (see
Lemma VI.8.2 in [8]). So again we conclude by Corollary 2.6 and [16, Theorem
3.1].

Alternatively, the first claim also follows from the second one using the fact that
perfect sets are uncountable. ([l

2.3. Compact reduction for the approximation property. We recall that a
Banach space X has the approzimation property (AP) if for every € > 0 and every
compact set W C X there exists a finite-rank bounded operator S : X — X such
that || Sz — z|| < ¢ for every z € W.

We are grateful to Chris Gartland for suggesting the possibility of using our main
theorem for proving the following result.

Corollary 2.8. Let M be complete. Then F(M) has the AP if and only if for
every compact K C M there is a subset B C M such that K C B and F(B) has
the AP.

Proof. One direction is clear, let us prove the other one. Let W C F(M) be a norm-
compact set. Let ¢ > 0, we will find a finite rank operator S : F(M) — F(M)
such that sup,,epy [[Sw — w|| < 3e. Solet K, T : W — F(K) and (T5,) be given by
Theorem 2.3. Since T'[yy is the uniform limit of continuous maps, it is continuous.
Thus T(W) C F(K) is norm compact.

By assumption there exists B C M such that K C B and F(B) has the AP.
So there exists a bounded finite-rank operator H : F(B) — F(B) such that
supyew |[HTw — Tw|| < e. Let H : F(M) — F(M) be a Hahn-Banach finite-
rank extension of H. We also know by the uniform convergence of (7,) to T on W

-1 ~
that there is n such that sup,,cyy [|Thw — Tw|| < € HHH . We set S = HT,, which
is bounded and has finite rank. For every w € W we have

|Sw —w]| < HPNIan - fITwH + HI;'Tw - TwH + ||Tw — w||
< HHH | Tpw — Twl|| + ¢ +¢ < 3¢
which we wanted to prove. [l

Notice that the difference between the statement of Corollary 2.4 (or Corol-
lary 2.6) and our last corollary is necessary since the AP does not pass to subspaces.
For instance, consider a Banach space X C ¢ failing the AP such as Enflo’s exam-
ple [9]. It follows from [13, Theorem 5.3] that F(co) has the AP. However, there
is a compact convex subset K C X such that X is isometric to a 1-complemented
subspace of F(K) and thus F(K) fails the AP (see [15, Theorem 4]).

Since free spaces over countable compact spaces have the AP [7, Theorem 3.1],
we obtain in particular:
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Corollary 2.9. Let M be countable and complete metric space. Then F(M) has
the AP. More generally, let M be a scattered complete metric space. Then F (M)
has the AP.

Notice that the above corollary gives a positive answer to the Banach space case
of [2, Question 6.3].

2.4. Compact reduction for the Dunford—Pettis property. A Banach space
X is said to have the Dunford—Pettis property (DPP) if for every sequence (2, )y
in X converging weakly to 0 and every sequence (), in X* converging weakly to
0, the sequence of scalars (z}(zy)), converges to 0. Note that this property does
not pass to subspaces.

Corollary 2.10. Let M be complete. Then F(M) has the DPP if and only if for
every compact K C M there is a subset B C M such that K C B and F(B) has
the DPP.

Proof. The direction “ =" is trivial, so let us prove the other one. Let (t)n C
F(M) and (fn)n C Lipy(M) be weakly-null (so bounded by some constant C' > 0).
We set W := {u, :n € N} and let ¢ > 0 be arbitrary. Let K and T be as in
Theorem 2.3 with || Ty, — pn|| < €. In the same way as in the proof of Corollary 2.4,
we obtain that (T, ), is weakly-null. By assumption, there exists B C M such that
K C B and F(B) has the DPP. Since (T'py, ) is weakly-null in F(K) and thanks
to the canonical isometric identification F(K) C F(B), (Tun)n is weakly null in
F(B). Moreover the sequence (f,[5)n C Lipy(B) is also weakly-null. Therefore
lim,, (fn, Tpn) = 0. Now let ng € N such that |[{f,, Tu,)| < ¢ whenever n > ng.
Using the triangle inequality we deduce that for every n > ng:

[(fros )] S 1y tin = Thn) |+ [, Thn)| < N fallzllon — Tonll + € < (C + 1)e.

Since € > 0 was arbitrary, this yields the conclusion. O

2.5. Compact reduction for copies of spaces not containing ¢;.

Theorem 2.11. Let M be a complete metric space. Let X C F(M) be a closed
subspace which does not contain an isomorphic copy of £1. Then there exists a
compact K C M such that X is isomorphic to a subspace of F(K).

Proof. We apply Theorem 2.3 for W = Bx and € < % Notice that span(Byx) = X.
Since T'[ g, is a uniform limit of bounded operators, it follows that T'[ x is a bounded
linear operator. On the other hand we have for every x € Sx that ||Tz| > 1 —e.
It follows that T : X — F(K) is an isomorphism between X and a subspace of
F(K). O

We get immediately the following compact-reduction result.

Corollary 2.12. Let M be an infinite complete metric space. Assume that for
every infinite compact K C M, the space F(K) is {1-saturated (i.e. every infinite-
dimensional subspace of F(K) contains an isomorph of £1). Then F(M) is {;-
saturated.
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2.6. Consequences for non-separable free spaces. The next result, which fol-
lows immediately from Theorem 2.3, is known.

Corollary 2.13. Let W C F(M) be weakly precompact. Then W is separable.

This fact has been first observed for weakly compact subsets of free spaces over
weakly compactly generated Banach spaces in [13, Proposition 4.1] and later proved
for weakly precompact subsets of free spaces over arbitrary metric spaces in [18,
Theorem 2.1].

We also get easily that some well known (classes of ) non-separable Banach spaces
do not appear as subspaces of free spaces. Consequently, they fail the Lipschitz
lifting property introduced by Godefroy and Kalton in [13]. Recall that a Banach
space X is said to have this property if the map

Bx: Zaqd(:cz) S ]:(X) — Za,ﬂji e X
i=1 i=1
admits a bounded linear right inverse. It was already known that cases (ii) and
(iii) below fail this property (see [13, Theorems 4.3 and 4.6]) but the proof here is
different.

Corollary 2.14. The following non-separable Banach spaces are not isomorphic
to a subspace of any free space:

(i) all non-separable spaces not containing a copy of ¢1 (e.g. Asplund spaces,
JT),
(i) non-separable weakly compactly generated (WCG) spaces,
(111) Lo
In particular, all these spaces fail the Lipschitz lifting property. And also, the free
spaces of all these spaces fail to have unique Lipschitz structure.

Proof. (i) follows directly from Theorem 2.11. The fact that JT™ does not contain
a copy of ¢; is well known and is proved for instance in [10, Corollary 3.c.7].

(ii) If X C F(M) is non-separable and WCG, there is a weakly compact W C X
such that span(W) = X. It follows that W is non-separable, contrary to Corol-
lary 2.13.

(iii) £o contains an isometric copy of the dual of every separable Banach space,
in particular contains JT™*.

Finally, if a Banach space X satisfies the Lipschitz lifting property then F(X)
contains an isomorphic copy of X. This proves the second-to-last statement.

Also, let Bx : F(X) — X be the linear extension of Idx : X — X, i.e. fxo0dx =
Idx. Then it is well known and easy to see that F(X) is Lipschitz equivalent to
ker Sx @ X [13]. But, because of the first part of the corollary, ker fx @ X cannot
be linearly isomorphic to F(X). This proves the last statement. (]

3. PROOF OF THEOREM 2.3

We will in fact prove a (perhaps only formally) more general theorem, and then
show that Theorem 2.3 follows from it. For the general result we need the following
notion.

Definition 3.1. Let us say that a set W C F(M) has Kalton’s property if it is
such that for every €, > 0 there exists a finite set £ C M such that

W C .F([EL;) -+ {:‘B]:(M)
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where [Els = {x € M : d(x, E) < 6}.

In [17, Lemma 4.5] Kalton proved that weakly null sequences in free spaces over
bounded metric spaces satisfy this property — hence the terminology.

Theorem 3.2. Let W C F(M) be such that S(W) has Kalton’s property for every
bounded operator S : F(M) — F(N) and for every N C M. Then W is tight.
More precisely, there exists a linear map T : span(W) — F(K) such that

o ||u—Tul| <e forallpeW, and
o there is a sequence of bounded linear operators Ty : F(M) — F(M) such
that Ty, — T uniformly on W.

Proof. Let us first assume that diam(M) = R < co. Let g9 = &, o = R, and for
n > 1 denote ¢, = 27 "¢ and §,, = R(;T —2)7t Let Wy = W, Ko = M and Sy
be the identity operator on F(M). We will inductively construct sets K,, C M
and operators S, : F(K,—1) = F(K,) for n > 1 such that (K,), is decreasing,
a(K,,) <46, and || — Sppl|| < &, for every u € W,,_1, where W,, = T,,(W) and

Tn:SnO...Osl.

Suppose K,,_1 and S,,_1 have been constructed. Since W,,_; has Kalton’s property
(with respect to the metric space K, _1) by hypothesis, there exists a finite set
FE, C K,,_1 such that

Wi C F([Enls,) + EiBJ:(Kn—l)'

In the above we understand [E,]s, = {z € K,,_1 : d(z, E,) < §,} and similarly for
[En]as, below. Let K, = [E,]as,, which clearly satisfies a(K,) < 46,. By the
McShane-Whitney extension theorem (plus bounding above and below by 1 and 0),
there is a Lipschitz function h,, on K,,_; such that 0 < h,, <1, ||hy]|, < 5% and

1 ze Bl
h"(x)_{ 0 if =€ K, 1\ Ky

Let T}, : Lipg(K,,) — Lipg(K,—1) the weighting operator given by (1) for A = h,,,
and let S, be its preadjoint. Note that ||S,| < (1 + R||hy||;) by (2). Clearly
Sp + F(Kp—1) = F(K,) acts as the identity on F([E,]s, ) and its image is contained
in F(K,). Finally, given p € W,,_1 there exists A € F([E,]s,) with ||z — \|| < &2,
so we have

n

e = Sppll <l = All 1A = SuAll + [[Sn (A = p)
< (L+1Sal)er < 2+ Rllhallp)er < en.
This completes the construction.

For every u € W, the sequence (T, u), is Cauchy by construction, hence it
converges to some A € F(M). Moreover

= Toptl <Y Tkap = Tl <Y e <e
k=1 k=1

and [|p — A|| <e. We denote K = (.-, K,,. Notice that K is compact by Kura-
towski’s theorem [20]. Moreover supp(\) C K. Indeed, A € (2, F(K,,) = F(K)
where the equality follows from [4, Theorem 2.1].
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Now assume M is unbounded. Then we precede the above construction by a
preliminary step as follows: by Kalton’s property, there is a finite set £ C M such
that

9
W C ]:([E]l) + gB}‘(M)

Let R = 2(rad(E) + 1) and Kg = B(0, R). Construct a Lipschitz function h on
M with0<h <1, h=1o0n B(0,R/2), h =0 on M\ Ko, and ||h]|, < 2. Then
similarly || 73| < 3 using (2) and for any u € W we get

5

* 1S
ln=Tinl < 1+ ITDS < 5

Since Ty (W) C F(Kp) with rad(Ky) < R, we can now apply the first part of the
proof to obtain a compact K C Ky such that T (W) C F(K) + 5Bz with the
corresponding operators Ty, : F(Ky) — F(Kp) and the limit map T : F(Ky) —
F(K). Clearly the operators Ty o T} and T o Ty satisfy the requirements in the
second half of the statement. This ends the proof. O

Since continuous linear images of weakly precompact sets are weakly precompact,
in order to prove Theorem 2.3 it is now enough to show that weakly precompact sets
in free spaces have Kalton’s property. This is achieved separately for bounded and
unbounded metric spaces in the following couple of propositions, whose arguments
are inspired by Kalton’s original one from [17, Lemma 4.5].

Proposition 3.3 (Bounded case). Let M be bounded and let W C F(M) be weakly
precompact. Then W has Kalton’s property.

Proof. Let us assume that the assertion is not true. So there exist § > 0 and € > 0
such that the conclusion does not hold, namely, for every finite set £ C M, there
is p € W such that
d(p, F([Els)) > e

We may assume that R6~! > 1 where R = rad(M). We will first construct se-
quences (pn)n C W and (A,), C F(M) such that ||p, — An|| — 0 and every A\, is
finitely supported. Let py € W be arbitrary such that ||u1]] > €. Let Ay € F(M) be
such that ||ug — A1]| < 27'e and By = supp()\;) is finite. By the hypothesis there
exists po € W such that d(use, F([E1]s) > €. Let Ay € F(M) be finitely supported
and such that ||uz — A2| < 272c. We denote E; = E; Usupp(Az). Notice that
d(A2,[F1ls) > €/2. Continuing this way we will get an increasing family of finite
sets (Ep)n and a sequence (A,), C F(M) such that for n € N:

e )\, € F(E,),

o || Ay — tnl <27 and

o d(An, F([En-1]s)) > /2.
Now since W is weakly precompact, there is a weakly Cauchy subsequence (fin, )i
of (fn)n. By construction (A, )x is also weakly Cauchy. Notice that since

d(Ank7]:([Enk*1]6)) >5/27

we also have d(A,,, F([En,_,]s)) > €/2. So we may write (\y),, instead of (An, )k
in the sequel. Denote &, := A\, — A,_1, so that (&), is weakly null. We have
supp(&,) C B, and d(, F([Ern-1ls)) = d(An, F([En-1]s)) > €/2. Here we assume
tacitly that Ag = 0 and Ey = {0}.

We will show that this leads to a contradiction. Let ny = 1 and choose a
positive hy € Brip, (ar) such that [(§,,, h1)| > /4. Now assume that ny has been
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selected, as well as hq,...,hg. We pick ngy1 > ng such that for all n > ngyq
and all i < k we have [(hi,&n)| < gz—3- By the Hahn-Banach theorem there is

Jk+1 € BLip,(n) which is zero on [En,]s and <fk+1’€nk+l> > ¢/2. We define gg11

as either the positive or the negative part of fr11. The choice is made so that
’<gk+1,§nk+1>| > /4. We now define

hesr(@) =max ( swp (gesr(y) — RS (), 0)

y€supp(&ny, 4 )
Since this is the smallest positive ?—Lipschitz extension of gx41 we have

0 < hgs1 < Grt1-

In particular, hp4q is zero on [Ey,]s (and everywhere where gi+1 was zero). Now
if | < k and hyg(x) # 0 then = ¢ [E,,]s. But then hj(x) = 0 by the choice of the
constant of the extension above. So (hy)r have mutually disjoint supports. Thus
letting h = supj, hy, we have h = Y 72 | hy, pointwise and ||h|; < R§~'. Therefore
h € Lipy(M).

To finish, for every k we have

k k-1
|<£nk7h>| = <§nk>z hl>’ > |<§nk7hk>| - Z |<§’ﬂk7h1>|
i=1 i=1
-1
€ € €
> > =
— 4 i:18(k71)_8
contradicting the fact that (&,), is weakly null. |

Notice that Theorem 2.3 is now proved for bounded metric spaces. In order to
remove the hypothesis of boundedness in Proposition 3.3, we need to undergo some
more tedious work.

Lemma 3.4. Let M be a pointed metric space and let (un), be a weakly Cauchy
sequence in F(M). Then for every e > 0 there exists a bounded set C C M such
that

(Un)n C F(C) + <C:BJ-'(M)-

Proof. Without loss of generality, we may assume that all the pu,, are finitely sup-
ported.

We will first prove the lemma under the assumption that (), is weakly null.
Aiming for a contradiction, suppose that the lemma fails, that is, there exists € > 0
such that for every bounded subset C' C M:

sup d(pin, F(C)) > .

Let Ry = 1, ngp = 1 and go = 0, and construct sequences (ng)r in N, (R)r in R
and (gx)r in Lipy(M) by induction as follows. Suppose the sequences have been
defined up to index k — 1. Since (i), is weakly null and by assumption, we can
choose ng > ny_1 such that

d(:unk"F(B(Ov 2R1€—1))) =€

and such that
(b, gi)| < 27CF0e
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for i <k — 1. By the Hahn-Banach theorem, there is fx € By, (a) that vanishes
on B(0,2Ry_1) and such that {u,,, fr) > . By replacing f; with its positive or
negative part, we may assume that fy is positive and |{pin, , fr)| > 5 instead. Now
let Ry, = rad(supp(pin, )) and let gr = fi - by, where

1 , d(m, 0) < Ry,
hi(w) = ¢ 2— 220 Ry <d(x,0) < 2R,
0 5 d(.’E, 0) Z 2Rk

Then gx > 0, [{tnys g6)| = [tiny, fr)l > 5, supp(gr) C B(0,2Ry), and ||gxll, <
31 fell, <3 by (2), since [Ty, || < 3.

Now let g = supy gk, which also equals the pointwise sum of the g;. Then
llgll;, <3 so g€ Lipg(M). For every k we have

)

contradicting the fact that (u,,) is weakly null. This settles the weakly null case.
In the general case where (puy,),, is weakly Cauchy, again assume for contradiction
that the lemma fails. We may again extract a subsequence (i, ) such that

(i F(B(0,2Ry-1))) > €,
where Ry, = rad(supp(tin, )). We let v = pin, — ftn,,_, for every k > 2. It is readily
seen that (yx)x is weakly null. Moreover, since pu,, € F(B(0, Ry)) for every k, we
also deduce that
d(vk, F(B(0,2Ry1))) = d(piny, F(B(0, 2Rg 1)) > €.

As lim Ry = +oo, this contradicts the first part of the proof. ([l

k—+o00

k—1 k—

g
>|ﬂnk79k|_2|ﬂnugz 25 Z

=1 =

,Mm

(b 9)] =

Lemma 3.5. Let M be a pointed metric space and let W C F(M) be weakly
precompact. Then for every € > 0 there exists a bounded set C C M such that

W C f(O) +EB]:(M).

Proof. Aiming for a contradiction, assume that the conclusion is not true for some
fixed € > 0. Let x; € W such that ||z1]| > ¢ and let us write R; = 0. Using our
assumption we may build by induction an increasing sequence (R,), C R and a
sequence (x,), C W such that nhﬂn;(} R, = oo and for every n € N

(3) dist (2, F(B(0, Ru1)) ) > &

Now since (2,,)n, C W, it admits a weakly Cauchy subsequence (x,, )r. But this
together with (3) contradicts Lemma 3.4. O

We now prove the unbounded version of Proposition 3.3.

Proposition 3.6 (General case). Let M be a pointed metric space. If W C F(M)
is a weakly precompact set, then W has Kalton’s property.

Proof. Fixe,d > 0 and let W be a weakly precompact set in F(M). By Lemma 3.5,
there is a bounded set C' C M such that W C F(C) + eBry). Without loss of
generality, assume that C = B(0, R) for some R > 0 and denote C' = B(0,2R).
Next, define a map h : M — R as follows: h(z) = 1 for every x € C, h(z) = 0
whenever z ¢ C’ and extend h on C’ \ C using the McShane-Whitney extension
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formula so that ||h||, < % (plus bounding above and below by 1 and 0 to ensure
0 < h(xz) < 1 for every z). Let T}, : Lipy(C’) — Lipy(M) be the linear operator
defined in (1), and write Sy, : F(M) — F(C’) for its predual operator. Note
that ||Sk|| = |Th]] < 3 by (2) and that S, acts on F(C) as the identity. Since
W is weakly precompact, the set S;, (W) is also weakly precompact in F(C"). By
Proposition 3.3, there exists a finite set £ C C’ such that

Sp(W) C F([Els) + eBrar).

Consider x € W. Since W C F(C) + eBr(u), there exists y € F(C) such that
|l — y|| <e. Consequently we have

[ = Su(@)[| < llz =yl + S (y) — Su(2)|| < 4e.
We now conclude with the following inclusions:
W C Sp(W) + deBr C F([E)s) + S5eBr(ar-
O

Proposition 3.6 together with Theorem 3.2 now prove Theorem 2.3 as promised.

4. A REMARK ABOUT THE SCHUR PROPERTY IN FREE SPACES

It is proved in [21, Proposition 8] that if the set of uniformly locally flat functions
in Lipy(M), i.e.

: . . [f(x) = f()l _

lipg (M) {f € Lipo(M) : lim et i) 0} ,
is 1-norming for F(M) then F(M) has the Schur property. This result is in fact
an extension of a previous result due to Kalton [17, Theorem 4.6]. The fact that
lipy (M) is norming with constant 1 is essential in the proof of those results. How-
ever, thanks to a renorming trick (see also [22, p. 150]) we can slightly generalise
the result.

Proposition 4.1. Let M be a metric space such that lipg(M) is C-norming for
some C > 1, that is

Vye F(M), |yl <C sup  [{f,7)]

FEBiipg(n)
Then F(M) has the Schur property.

Proof. Let us define a new metric don M by the following formula

Ve,y e M, d(z,y)= sup [(f,8(x) — ().

FEBiipg ()

We first notice that d is equivalent to d. Indeed,
d(z,y) < sup  [(f,8(z) = d(y))| = d(z,y)

€BLipg (M)

<C sup  [(f,6(x)—6(y))| = Cd(x,y).
J€Biipg (M)

Next, it is clear that lipg(M, d) is 1-norming for F(M,d). According to [21, Propo-

sition 8], F(M, d) has the Schur property. The conclusion follows from the fact that

F(M,d) and F(M) are isomorphic. O
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It is quite natural to ask whether this last condition is equivalent to the Schur
property. Not very surprisingly, it is not. Our first example shows that it might
happen that lipg(M) does not even separate the points of F(M) while the latter
space has the Schur property. The second example shows that assuming that M is
topologically discrete would not help either.

Example 4.2. There exists a countable complete metric space M such that lip, (M)
does not separate points of F(M) and such that F(M) has the Schur property.

Proof. We first define a metric graph structure as follows:

M ={0,q} U{z} : neN,1<i<n},
with edges (0, %), (¢}, 2}, ) and (z};,¢). The metric d is defined on the edges by
b
n+1’
and then extended as the shortest path distance along the edges. Note that d(0, q) =
1 and that 0 and ¢ are the only accumulation points of M.

The fact that F(M) has the Schur property follows from Corollary 2.7 as M is
countable and complete. Let us now check that lip,(M) does not separate points
of F(M). Indeed, aiming at a contradiction, assume that there exists f € lip,(M)
such that f(q) = 1. For every € > 0, there is §(¢) > 0 such that

Yo,y e M, d(x,y) <6(e) = [f(x) = fy)| < ed(z,y).
Let n be such that n%rl < 6(%) Then we have for every 1 < i < n that

d(0,2}) = d(a}, 27, ) = d(al,q) =

1 1
1D = F@E) < 53—
Thus
n—1 1
F@) < 1f(@) = flam)+ D1 (]) = flaf)| + [fa)) = £(0)] < 3
i=1
which is clearly a contradiction. ([l

The following example is similar.

Example 4.3. There exists a countable, topologically discrete, complete metric
space M such that lip,(M) is not norming for F(M) and such that F(M) has the
Schur porperty.

Proof. The metric space M is defined as the disjoint union, at a suitably large
distance from each other, of metric graphs M,, where n € N and M, is defined by

M, = {pn, g} U{zl : NeN\{1},1<i< N},

with edges (pn, 2% ), (zY,z,) and (2}, ¢,). The metric d is defined on the edges
by 1 1
d(pn,l‘{v) = d(x%,qn) = Ea d(xv{vvsz\-&f-l) = ﬁa
and then extended on each M,, as the shortest path distance along the edges. Note
that d(pn, qn) = % + 1. Let us fix p; to be the base point of M.
The fact that F(M) has the Schur property follows again directly from Corol-
lary 2.7. Let us see that lipy(M) cannot be C-norming for any C' < co. Indeed,

fix C, choose n > 2C and suppose that f € lipy(M) is such that f(g,) — f(pn) =
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d(pn,qn) =14 2. Fix € > 0, then there is § > 0 such that | f(z) — f(y)| < ed(x,y)

wh

enever d(z,y) < 6. Take N such that 2 < &. Then we have

N—-1
Flan) = F(pn) < |Flan) = F@N)] + D |F@l) = F@N)| + [ f@)) = f(pa)]
=1

€
N -1

1 1 2
<= N-1)- - _z _
< Ifl+ (V- 1) =l = 20l +e

Since € > 0 was arbitrary, we get 1+ 2 < 2| f||, and hence | f[|, > 1+ 2 > C.

Th

n = n
us lipy (M) is not C-norming.
(I
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