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Abstract

We investigate in this manuscript an optimal control problem for a fractional wave
equation involving the fractional Riemann-Liouville derivative and with missing initial
condition. For this purpose, we use the concept of no-regret and low-regret controls.
Assuming that the missing datum belongs to a certain space we show the existence
and the uniqueness of the low-regret control. Besides, its convergence to the
no-regret control is discussed together with the optimality system describing the
no-regret control.

Keywords: Riemann-Liouville fractional derivative; Caputo fractional derivative;
optimal control; no-regret control; low-regret control

1 Introduction

Let us consider N € N* and Q a bounded open subset of RN possessing the boundary 92
of class C2. When the time T > 0, we consider Q = 2x ]0, T[ and = = 2% ]0, T[ and we
discuss the fractional wave equation:

Drry(x, t) — Ay(x, t) = v(x, t),
y(o’,t):o, (O',t)E Ey
Iy(x,0%) =y°, x€Q,
%12“";1(96,0*) =g, x€9,

(1) € Q,
1)

such that 3/2 < a <2, )° € H*(Q) N H(R), I**y(x,0*) = lim,,o I*“y(x,£) and Z1*"*y(x,
0*) = lim;_¢ %12‘“3/(96, t) where the fractional integral I* of order « and the fractional
derivative D}, of order « are within the Riemann-Liouville sense. The function g is un-
known and belongs to L2(£2) and the control v € L2(Q).

Since the initial condition is unknown, the system (1) is a fractional wave equations with
missing data. Such equations are used to model pollution phenomena. In this system g
represents the pollution term.

According to the data, we know that system (1) admits a unique solution y(v,g) =
y(x, t;v,g) in L2((0, T); H3(R2)) C L2(Q) [1]. Hence, we can define the following functional:

J0,8) = [y0n@) = 2l 2y + NIVIIE2 )

where z; € L>(Q) and N > 0.

© 2016 Baleanu et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.
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In this manuscript, we discuss the optimal control problem, namely

inf J(v,g), Vge L(Q). (3)
vel2(Q)

If the function g is given, namely g = go € L*(R2), then system (1) is completely determined
and problem (3) becomes a classical optimal control problem [2]. Such a problem was
studied by Mophou and Joseph [1] with a cost function defined with a final observation.
Actually, the authors proved that one can approach the fractional integral of order 0 <
2 — a < 1/2 of the state at final time by a desired state by acting on a distributed control.
For more literature on fractional optimal control, we refer to [3—11] and the references
therein.

Since the function g is unknown, the optimal control problem (3) has no sense because
L%(Q) is of infinite dimension. So, to solve this problem, we proceed as Lions [12, 13] for
the control of partial differential equations with integer time derivatives and missing data.
This means that we use the notions of no-regret and low-regret controls. There are many
works using these concepts in the literature. In [14] for instance, Nakoulima et al. utilized
these concepts to control distributed linear systems possessing missing data. A generaliza-
tion of this approach can be found in [15] for some nonlinear distributed systems possess-
ing incomplete data. Jacob and Omrane used the notion of no-regret control to control
a linear population dynamics equation with missing initial data [16]. Recently, Mophou
[17] used these notions to control a fractional diffusion equation with unknown bound-
ary condition. For more literature on such control we refer to [18—23] and the references
therein.

In our paper, we show that the low-regret control problem associated to (1) admits a
unique solution which converges toward the no-regret control. We provide the singular
optimality system for the no-regret control.

Below we present the organization of our manuscript. In the following section, we show
briefly some results about fractional derivatives and preliminary results on the existence
and uniqueness of solution to fractional wave equations. In Section 3, we investigate the

no-regret and low-regret control problems corresponding to (1).

2 Preliminaries
Below, we give briefly some results about fractional calculus and some existence results
about fractional wave equations.

Definition 2.1 [24, 25] If f: R, — R is a continuous function on R,, and « > 0, then the
expression of the Riemann-Liouville fractional integral of order « is

o _L ! _ -l
If(t)_f‘(a)/o(t )" f(s)ds, t>0.

Definition 2.2 [25, 26] The form of the left Riemann-Liouville fractional derivative of

order 0 <m-1<a<n,neNoffis given by

1

Pf 0 gy

dn t 1
ﬁ/o(t_S) 'f(s)ds, t>0.

Page 2 of 20
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Definition 2.3 [25, 26] The left Caputo fractional derivative of order 0 <n-1<a < n,
n e Nof f is given by

DY f(t)— / (t—s)"1f"(s)ds, t>0. (4)

We mention that in the above two definitions we consider f : R, — R.

Definition 2.4 [25-27] Let f:R, - R, 0 <n-1<a < n, n € N. Then the right Caputo
fractional derivative of order « of f is

("

- 7 _ p\n-l-a £(n)
C(n-a), (s—2)"""f"(s)ds, O0<t<T. 5)

DEf(2) =
In all above definitions we assume that the integrals exist.

Lemma 2.5 [1] Let y € C*(Q) and ¢ € C*(Q). Then we have
/ (DR, ) — Ay(x, 1)) o, £) dx di
Q

9 2-a 9 2—-a +

= [ o, T)=—I"%yx,T)dx— | ¢(x,0)—I y(x,O )dx
Q ot Q Jat

_ f Py (x, T)aa—‘:(x, T)dx + / P (x,O) (x,O)dx

/y(o s)— (o s)do dt — / —y(a,s)go(a,s)do dt

> av

" /Q ¥, 0)(DE (%, £) - Ag(x, 1)) dx dt. ©6)

In the following we give some results that will be use to prove the existence of the low-
regret and no-regret controls.

Theorem 2.6 [1] Let3/2 <a <2,y° € H*(Q) NH(R), y* € L*(Q) and v € L*(Q). Then the
problem

D y(x, t) — Ay(x, t) = v(x, t), (%,t) € Q,
y(o,8)=0, (o,t)eX,

7
P2y(x,0%) =y°, x€Q, @)
IPy(x,0%) =y, x€Q
has a unique solution y € L*((0, T); Hy(R2)). Moreover, the following estimates hold:
20 mpmtian = AU e + 19 2y + 1VI2000): (8)
”12 ay”c (0, TLHA(@) = (”y ”Hl ”9’1 ||L2(Q) +1Vlli2); )
9 o 0 1
5 200 b+ P o) 10

Page 3 of 20
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with

Ao C 2T2a—3 C Ta—l C 2T
‘max< 2a-3) \(@=-1’ a(a-1))’

2T3—Ot
nzsup<cﬁ,cv2T2a,C G )),
-

and
®= max(ﬁCT"’l, «/iC)

Consider the fractional wave equation involving the left Caputo fractional derivative of
order 3/2 <o < 2:

Dgy(x,t) - Ay, t) =f, (v,t) €Q,
y(o,8)=0, (o,t)eX,

y(x,0)=0, x€,

%(x,O):O, x € Q,

where f € L2(Q).

Theorem 2.7 Letf € L*(Q). Then problem (11) has a unique solution y € C([0, T1; Hy(2)).

Moreover, % € C([0, T); L*(2)) and there exists C > 0 in such a way that

Ta—l
”J/Hc([o,T];H(l)(Q)) =< CV w1 |lf||L2(Q) (12)

and
ay T2a—3
H —= =Cy I ll2(0)- (13)
3t llcqoriz@) 20 -3
Proof Below we proceed as was mentioned in [28]. O

Corollary 2.8 Let3/2 <o <2 and ¢ € L*(Q). Consider the fractional wave equation:

Deyr(x,t) - Ay (x,t) =9, (x,t) € Q,
Y(o,6)=0, (o,t)eX,

YvxT)=0, xeg,

%(x,T):O, x € 8,

(14)

where D¢, is the right Caputo fractional derivative of order 1 < a < 2. Then (14) has a unique
solution Y € C([0, T]; Hy(S2)). Moreover, % € C([0, T); L*(R2)), and there exists C > 0 ful-
Sfilling

Te-1
1 o maman < €y -7 19120 (15)

Page 4 of 20
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and

v
ot

<o Z7 g (16)
= 12(Q)
(0, TH2(2) 200 -3

Proof If we make the change of variable ¢t — T — ¢ in (14), then we conclude that lﬁ(t) =
¥ (T - t) verifies

1/} =0 onk, 17)
¥(0)=0 ing,
M(0 =0 inQ,

where ¢(¢) = ¢(T — t) and D¢ is the left Caputo fractional derivative of order 3/2 < o < 2.
Because T —t € [0, T] when t € [0, T'], we say thatq3 € L?(Q) due to the fact that ¢ € L2(Q).

It then suffices to use Theorem 2.7 to conclude. O
We also need some trace results.

Lemma 2.9 [1] Let f € L*(Q) and y € L*(Q) such that Dy — Ay = f. Then:
(i) yjoq and %wg exist and belong to H™2((0, T); HV2(0R)) and
H™2((0, T); H32(3Q)) respectively.
(i) 17y € C([0, T]; L*(%)).
(i) 21~y e C([0, T HX(Q)).

3 Existence and uniqueness of no-regret and low-regret controls
Below, we show the existence and the uniqueness of the no-regret control and the low-

regret control problem for system (1).

Lemma 3.1 Letv e L*(Q) and g € L*(Q). Then we have

J(v,g) =J(0,8) +](v,0) - J(0,0)

+2 /Q [%(0,g) - ¥(0,0)][y(v,0) - ¥(0,0)] dt dx. (18)

Here ] denotes the functional given by (2) and y(v,g) = y(x, t;v,g) € L*(0, T; H)(R)) C L*(Q)
is the solution of (1).

Proof Let us consider y(v,0) = y(x,£v,0), ¥(0,2) = y(x,£0,g), and ¥(0,0) = y(x,£0,0) be

the solutions of

D y(v,0) = Ay(v,0)=v inQ,
y=0 onk,

I*y(0;v,0)=y° inQ,
217y(0;1,0)=0 in,

(19)

Page 5 of 20
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D} y(0,8) — Ay(0,) =0 inQ,
y=0 onk,

20
1>99(0;0,g) =9° in €, (20)
219(0;0,9) =g in,
and
Dg;9(0,0) — Ay(0,0) =0 inQ,
y=0 onk, on

I*%9(0;0,0)=y° inQ,
217*9(0;0,0)=0 in <,

where I>=y(0;v,g) = lim;—o+ I**y(x,£;v,g) and Z1**y(0;v,) = lim,,.o+ Z1>y(x,5v,g).
Sincev € L*(Q),y° € H{(Q)NH?($2) and g € L*(R2), we see from Theorem 2.6 that y(v, 0),
¥(0,g) and y(0, 0) belong to L*((0, T); Hy(2)).

Observing that
J(v,0) = fQ [y(,0) = 24] [y(+,0) - z4] dt dx + N|[v[ 72, (22a)
10.0= [ [0.0-2][0.0 -] dea, (22b)
J(0,0) = /Q [5(0,0) - 24][(0,0) - z4] dt dx, (22¢)

and using the fact that

y(v,g) = y(v,0) + ¥(0,g) - ¥(0,0),

we have

J,9) = |y(,8) ~ 2a] 2 + NIVI22 g
= |9(v,0) + 3(0,8) - %(0,0) — za 120y + NIIVIIZ2(q,
=J(v,0) +2 /Q [y(v,0) — z4][(0,2) — ¥(0,0)] dt dx
+[(0,8) = 5(0,0) ~ za] 2,
= J(5,0) +2 /Q [(,0) — 5(0,0)][(0, 8) - 5(0,0)] de dx
+2 /Q [5(0,0) - 24][5(0, g) - ¥(0,0)] dt dx + || (0, ) - ¥(0,0) — z4 ||§2(Q).
Using

5(0,8) = 7(0,0) — za 2 ) = J(0,€) +1(0,0)

. fQ [7(0,0) - 24] [5(0,¢) - (0, 0)] de dx ~ 2710, 0),

Page 6 of 20



«ADE 13662 layout: Onecolumn v.1.0 file: ade970.tex (Aurimas) class: bmc-onecol-vl v.2016/09/01  Prn:2016/09/15;14:36  p.7/20»
« doctopic: OriginalPaper numbering style: ContentOnly reference style: mathphys»

Baleanu et al. Advances in Difference Equations _#######H#H###H #H## 41 Page 7 of 20

283 we conclude that
284

285 J(v,g) =J(0,8) +J(v,0) - J(0,0)

286 T
287 + 2/9 /0 [y(v, 0) — (0, 0)] [y(O,g) - (0, 0)] dtdx. N

288

g Lemma3.2 Letve L*(Q) and g € L*(Q). Then we have

290

o T =T0.9+70,0)-10,0)+2 [ gen0m)d, 23)
Q

292
s03  Wwhere L (v) = L (x,8;v) € C([0, T1; Hy(2)) be solution of

294
. DEL(W) - AL() =3(1,0)~5(0,0) inQ
296 £=0 onx, ) (24)
207 L, T;v)=0 in<,
208 %—i(x, T;v)=0 inQ.
2% Proof Since y(v,0) — (0,0) € L*(Q), from Proposition 2.8, we know that the system (24)
30 dmits a unique solution ¢ (v) € C([0, T]; Hy(2)). Also, there exists C > 0 such that
301
302 Ta-1
303 ||§(v) ”C([O,T];H(l)(sz)) =C w-1 ||y(v,0) -(0,0) ||L2(Q) (25)
304
and

305
306 ac T2a-3

il < Cy/——|y(v,0) - (0,0 . 26
307 H o) corpz) ¥ 2«3 I7:0)=0.0l 2 26
308

309 Set z = y(g,0) — y(0,0). Then z verifies

310
I Dyz—Az=0 inQ,
312 Z; 0 onZ, ‘ (27)
313 I%z(0)=0 ing,
14 2I2(0)=g inQ.
" Since g € I2(Q), it follows from Theorem 2.6 that z € L2((0, T); H(S)), 1>z € C([0, T},
316

H}(R)), and 21>z € C([0, T],L*(R2)). So, if we multiply the first equation of (24) by z
- utilizing the fractional integration by parts provided by Lemma 2.5, we conclude
318
319

/(y(V,O) - (0, 0))zdtdx
320 0
321
125 = /(;(ch(v) — AL (v))zdtdx
323 5
34 = f ¢ (x,0;v) —I*2(0) dx. (28)
Q ot

325

326 Thus, replacing z by (y(0,g) — ¥(0,0)), we obtain

327
328 / [y(v,0) - ¥(0,0)][5(0,2) — ¥(0,0)] dt dx = / £ (x, 0;v)g dx,
329 Q ¢
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and (18) becomes

) ~10.9)=J0:,0)~J(0,0) +2 [ (5, 0)gals. .
Q
Now we consider the no-regret control problem:

inf sup (J(v,g) -J(0,9)). (29)
veLZ(Q)geLZ(Q)

From (23), this problem is equivalent to the following one:

inf  sup [](V,O)—](0,0)+2/ ;(x,O;V)gdx]. (30)
Q

veLZ(Q)gGLZ(Q)

As the space L*(2) is a vector space, the no-regret control exists only if

sup (fQ ¢ (x,0; v)gdx) =0. (31)

gL (Q)

This implies that the no-regret control belongs to U/ defined by

U= {VGLZ(Q)K/Q((x,O;v)gdx) =0,VgeL2(Q)}.

As a result such control should be carefully investigated. So, we proceed by penalization.
For all y > 0, we discuss the low-regret control problem:

inf sup (J(v,g) -J(0,2) - ¥1gl*2c)- (32)
VGLZ(Q)geLZ(Q)( 4 8 gl

According to (23), the problem (32) is equivalent to the following problem:

inf [](V,O)—](O,O)+2 sup (/ {(x,O;v)gdx—gllg“%z(m)].
y\Je

vel2(Q) gel2(Q

Using the Legendre-Fenchel transform, we conclude

1 1y 1 s
R <f ¢ 0vigds =~ el )=— (00 gy
2@ \Ja v y 2@ )y, ” ||L2(Q)

and problem (32) becomes: For any y > 0, find u” € L*(Q) such that

]y (u}/) = veng{Q)]y (V)’ (33)
where
J, (V) =J(v,0) =J(0,0) + %Hz(-,o; ) 2 (34)

Proposition 3.3 Lety > 0. Then (33) has a unique solution u", called a low-regret control.

Page 8 of 20
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Proof We recall that
1
MWﬂmm4mm+ﬂammm®szm

Thus, we can say that inf,.;2 (), exists. Let (v,) € L?(Q) be a minimizing sequence such
that

n—+00

lim J,(v,) = VEiLI%fQ) J, (). (35)

Then y, = y(x,£;v,,0) is a solution of (19) and y,, satisfies

DRiyn(x,t) = Ay, (x,8) = vu(x,t) inQ, (36a)
yn(x; t) = 0 on E; (36b)
Iy,(x0) =y inQ, (36¢)
d

512_“)1,,(96,0) =0 inQ. (36d)

It follows from (35) that there exists C(y) > 0 independent of # such that
1
0. =0 0) + 0w 12 = C(¥) +7(0,0) = Cy).

From the definition of /(v,, 0) we obtain

1Vall2iq) < C(¥), (37a)
[£G 03w 20) < VPCW): (37b)

Therefore, from Theorem 2.6, we know that there exists a constant C independent of n
such that

”J’n”LZ((o,T);H(l)(Q)) <C(y), (38a)
2,

|12y, ||L2((O,T);H(1)(Q)) =C(y) (38b)
d 2—a
="y < C(y). (38¢)
at L2((0,THI2(Q)

Moreover, from (36a) and (37a), we have
| Diyn = Ayl 20y < CO). (39)

Consequently, there exist u” € L*(Q), y* € L*((0, T); Hy(R2)), § € L*(Q), n € L*((0, T);
H()), 6 € L*((0, T); L*(2)) and we can extract subsequences of (v,,) and (y,,) (still called
(v») and (y,)) such that:

v, —u’  weaklyin L*(Q), (40a)

D% yn — Ay, — 8 weaklyin L*(Q), (40b)

Page 9 of 20
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470

¥, — 9"  weaklyin L? ((0, T);H(l)(Q)), (40¢)
“y, —n weaklyin LZ([O, T],H(l)(Q)), (40d)

d
Elz’o‘yn — 6 weakly in L*((0, T); L*()). (40e)

The remaining part of the proof contains three steps.

Step 1: We show that (u?,y") fulfills (19).

Set D(Q), the set of C* function on Q with compact support and denote by I'(Q) its
dual. Multiplying (36a) by ¢ € D(Q) and using Lemma 2.5, (40a), and (40c), we prove as
n [1] that

D}y yn — Ayy — Dy’ — Ay' weakly in D'(Q).

From (40b) and the uniqueness of the limit, we conclude

DRy’ - Ay” =8 e LX(Q). (41)
Hence,
DS yu — Ay, — D% 9" — Ay’ weakly in L*(Q). (42)

Then passing to the limit in (36a) and using (41) and (40a), we obtain
DYy (x,8) — Ay (x,8) = u” (x,8), () € Q. (43)

On the other hand, we have

/ Py, (x, ) (x, t) dt dx
Q

r 1 ’ l-a
_L/O y,,(x,s)(mfs (t-3s) <p(x,t)dt>dsdx, VYo € D(Q).

Thus using (40c) and (40d), while passing to the limit, we get

/W(x,t)dtdx // x,s)( /(t st (x,t)dt)dsdx

= /QI2"‘yV (x, Dox, t)dtdx, Vo eD(Q).
This implies that
Iy (x,t)=n inQ.
Thus, (40d) becomes

“y, —~I**y"  weakly in L*([0, T], Hy()). (44)

Page 10 of 20
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471 Inview of (44), we have

472
d d
:;3‘ 512"“3/,, — 512_“3/” weakly in '(Q),

475 and as we have (40e), we obtain

476
477 %12“")1” — %Iz“"y}’ =6 weaklyin L*(Q). (45)
478
479 Since y” € L*(Q) and Df; y” — Ay” € L*(Q), in view of Lemma 2.9, we know that yf,, and
480 % g €xist and belong to H™2((0, T); HY2(32)) and H~2((0, T); H~>2(3R2)), respectively.

481 Moreover, we have I>"y” € C([0, T]; L*(2)) and 21>y € C([0, T]; HY()).

482 Now multiplying (36a) by a function ¢ € C*(Q) such that ¢pe =0 and @, T) =
483 %(x, T) =0 in €, and integrating by parts over Q, we obtain

484

485 / vu(x, ), t) dx dt = / (DﬁLy,, (2, 8) — Ay,(, t))(p(x, t)dxdt
486 Q Q

0
457 _ / 7% (x,0) dx
488 o 0t

489 + / Yo%, £) (D% o, t) — Ap(x, L‘)) dxdt
490 Q

¥ because we have (36¢) and (36d). Thus, using (40a) and (40c) while passing to the limit

2 in the latter identity, we get

493
d

4 /u"(x,t)w(x,t)dxdt:/yo—(p(x,O)dx

495 Q Q 0t

496
a7 E /ny (5,0)(DE g (x, 1) - Ap(w, 1)) da,

498

499 Yo € C*(Q) such that g =0, ¢(T) = %—“;(T) =0 in 2, which, according to Lemma 2.5,

500  can be rewritten as

dg

Y _ 0%¥

502 _/QM (%, t)g(x, t) dx dt /S;y E)t(x,O)dx
503

04 +/(DﬁLJ’y(x,t)—Ayy(x, f))(ﬂ(x, t)dxdt
505 Q )

%0 + <<ﬂ(x, 0), 51“;% (x, 0)>

507

d
zzz - /;2 a—(f(x, 0), 1>~y” (x,0) dx

Hy(Q),H-1(Q)

510 ap
—<yy((7:t): E(O’tt)> )

s H=2((0,T);HY2(39)),H3 (0, T):HY2(3%))

512
513 Vo € C%(Q) such that ¢jaq = 0, ¢(T) = z;—f(T) =0in Q.
514 Using (43), we obtain
515 3
@

0= [ y»*~(x0)d
516 /Qy o (x,0)dx
517
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527
528
529
530

532
533

535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550

552
553
554
555
556
557
558
559
560
561
562
563
564

0
+ <¢)(x) 0): _Iz_ayy (?C, O)>
dt HY(Q).H(®)

9
- / a—(f(x,()),lz’“yy(x,o) dx
Q

—<yy(a,t>, f)—‘f(a,t)> , (46)

H=2((0,T);H-12(0Q)),H3 ((0,T):H2(3))

Vo € C*(Q) such that g3 = 0, p(T) = %—‘f(T) =0in Q.
Choosing successively in (46) ¢ such that ¢(x,0) = Z—‘f(x,O) =0 and ¢(x,0) = 0, we de-
duce that

)’V (x; t) = O, (x: t) € E, (47)
Py’ (x,0)=9°, xeg, (48)
and then
0 2—a
— x%,0)=0, «x .
Btl ¥’ (x,0)=0 e (49)

In view of (43), (47), (48), and (49), we see that y" =y (x,t; 4", 0) is a solution of (19).
Step 2: We show ¢, = { (%, t;v,) converges to ¢V = (x, &;u”).
In view of (24), ¢, = ¢ (%, t; v,) verifies

D¢y — ALy =y(vy,0) —9(0,0)  in Q,
=0 on%,

{VI(T) = 0 in Q;

2:(T)=0 inQ.

(50)

Set z, = y(v,,,0) — ¥(0, 0). In view of (19) and (21), z, verifies

DRz — Az, =v, inQ,
z,=0 on%,
I*2,(00=0 ingQ,
I172,(0)=0 inQ.

It follows, from Theorem 2.6 and (37a), that

I2nll 20, Tyt ) = |4 (v 0) = (0, O)HLZ((O,T);H(l)(Q)) =CW).

Hence, from Corollary 2.8, we deduce that

||§n||c([o,T];H(l)(Q)) <C(y), (51)

a
_gn

” Y =C). (52)

C((0,T1:L2 ()

Since the embedding of C([0, T]; H3(2)) into L%((0, T); Hi(£2)) and the embedding of
C([0, T];L*(S2)) into L*(Q) are continuous, we can conclude that there exists {? €

Page 12 of 20
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565 L%((0, T); Hy(2)) such that

566
567 ¢ —¢7  weakly in L*((0, T); Hy (). (53)
568
569  Therefore,
570
9 9 o
571 —¢ = —¢¥  weakly in D'(Q)
579 ot ot
573 and, consequently,
574
>7 34 N E;V weakly in L2(Q) (54)
576 ar " ot Y ’
577
o Since ¢7 € L*((0, T); Hy()) and 27 € L*(Q), we see that £¥(0) and ¢ (T) belongs to
5 L*(R2). In view of (50)3, we have
580 vor -
581 ¢"(T)=0 in (55)
582
ses and in view of (50),4 and (52), we set
584 3
s ~¢(1)=0 ing (56)
586

587 From (37b), we deduce that there exists p € L2(R2) such that

588

589 ¢(,0;v,) = p  weakly in L*(R). (57)
590

591 Multiplying the first equation of (50) by ¢ € ID(Q) then, using the integration by parts
592 given by Lemma 2.5, we obtain

593

o [ (v 0) -5 50,0) gl 1) e d

595 Q

59 = / [D§L¢(x, t) — Ag(x, t)]{n(x, t)dtdx.

597 Q

> Hence, using (40c) and (53) while passing to the limit in the latter identity, we have

599

600

601 /Q(y(x, tu’, 0) —y(x,£0, 0))¢(x, t)dtdx

602

" . / (D& b6, 0) — Al )¢ (O ded, Vb € D(Q), (58)
Q

604

605  which by using again Lemma 2.5 gives

606

o / (y(x £u”,0) - y(x,£0,0))p(x, 2) dt dx

608 Q

~ :/(D%CV(M)—AKV(x,t))qb(x,t)dtdx, Vé € D(Q).
610 Q

611
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612 This implies that

613

614 DE¢” - Ag” =y(u”,0) - ¥(0,0) inQ. (59)
615

616 Now, if we multiply the first equation of (50) by ¢ € C*(Q) with By = 0and I>¢(0) = 0
617 in 2 and integrating by parts over Q, we obtain

618

19 / (e £) = (2, 50,0)) b, £) it dix
620 @
o - [ (P20 - g )oto ) e
622 Q
ad
623 = / (DﬁL¢(x, t) — Ag(x, t)){n (%, t)dtdx + / £(x,0,v,) —I>$(0) dx.
o ot
624 Q
625 Using (40c), (53), and (57) while passing the latter identity to the limit, we obtain
626
627
/ (yy (%, £) — y(x, £ 0, 0))¢>(x, t)dtdx
628 Q
o D A V(o 0)dtd 9 pg0)d
630 _L( RL¢(x:t)_ d)(xrt)){ (xrt) t x+\/§‘2p5 d)( ) %
. Vo € C*(Q) such that ¢, = 0,/>“¢(0) = 0 in <, (60)
632
3 Wwhich by using again Lemma 2.5, (55), (56), and (59) gives
634
635 0 0 5
— | —¢(0,0)¢"(o,t)dodt + | plx)—I""$(0)dx
636 z v Q ot
d
= - [ oo
638 Q ot
639 V¢ € C*(Q) such that ¢;,, = 0,I>*¢(0) = 0 in .
640
641 Hence, choosing ¢ € C*(Q), such that ¢}, = 0, I*“¢(0) = Z1*~*¢(0) = 0, we get
642
643 =0 ony, (61)
644
645 and then
646
647 ’(0)=p inQ. (62)
648
640 In view of (55), (56), (59), and (61), we see that ¥ = ¢ (u”) is a solution of
650
D%CV—ACV:J’(MV,O)—J’(O;O) in Q,
651
Y =0 3,
652 £ on . (63)
cV(T)=0 inQ
63 W(T)=0 inQ.
654
655 Moreover, using (62), equation (57) becomes
656
657 (-, 0;v,) — £7(0) = g“(-, O;M”) weakly in L*(2). (64)

658
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694
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700
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Step 3: The function v — J, (v) being lower semi-continuous, we have
J, (w) < timint , (v,),
which in view of (35) implies that

J, () = inf J,(v).

vel2(Q)

The uniqueness of #” comes from the fact that the functional J, is strictly convex. [

Theorem 3.4 For any y > 0, let u” be the low-regret control. Then there exist q" €
L2((0, T); HL () and p” € C([0, T]; HY(R)) such that (u”,y” = y” (u”,0),q”,p") satisfies
the following optimality system:

DRy’ = Ay’ =u¥  inQ,
y=0 onZ,
Py (@) oy in© (65)
y =9y’ inQ,
2Py (0)=0 inQ,
Dg’ —-Aq" =0 inQ,
q' =0 onZ, (66)
Pg"(0)=0 inQ,
#q0) = eOu) inQ
Dep’ —Ap’ =y ~za+ q" inQ,
p'=0 onk, (67)
p'(T)=0 inQ,
ap .
%(T) =0 inQ,
and
Nu” +p" =0 inQ. (68)

Proof Equations (43), (47), (48), and (49) give (65). To characterize the low-regret control

u, we use the Euler-Lagrange optimality conditions:

d
ﬂjy (uV + k(v - u”)) |k:0 =0, Vvel?Q). (69)
After some calculations, we obtain

/(y(u”,O) -2z4) (y(v,0) —y(uy,O)) dtdx + / Nu” (v-u")dtdx
Q Q

+%/(C(x,o;u”),;(x,o;v—uy))dxzO, vv e L*(Q), (70)
Q
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where from (24), {(v—u”) = ¢ (x, ;v —u”) € C([0, T]; H}(S2)) is a solution of

D¢(v-u’) - AL(v—-u’) =y(v,0) - y"(u”,0) inQ,
(v—-u’)=0 onXZ,

(T;v—u’)=0 ing,

E(T;v-u’)=0 inQ.

(71)

Letz(v—u") = y(x,;v,0) —y" (x, t; u”, 0) be the state associated to (v —u") € L*(Q). Then
in view of (19), z = z(v — u”) € L*((0, T); H}(R2)) is a solution of

Drz—Az=v-u’ inQ,
z=0 onX,

I>z(0)=0 inQ,
2P2(0)=0 inQ.

(72)

To interpret (70), we introduce g” = ¢”(u”,0) as a solution of equation (66). As
ﬁ;(.,o;m) € L%(R2), according to Theorem 2.6, g” is unique and belongs to L%((0, T);
H}(S2)). Moreover,

”q ”L2 (©,TsHL (@) = —HC(O u )HLZ(Q (73)

where C > 0 is a positive constant independent of y.
Multiplying the first equation of (71) by #q” and using Lemma 2.5, we obtain

1
03V — 1 ,0;”d=/ : Y.0)—qg” dtdx,
/ng‘(x v—u’)¢ (%, 0;u") dx y(v,0) — y(u )fq X

which combining with (70) gives

/Q[y(v’ 0) —y(uV’O)]Ky(MV,O) ~z4+ %qyﬂ dt dx

+ / Nu” (V - uy) dtdx=0, VvelL*Q). (74)
Q

Now, let p” verify (67). Then, in view of Corollary 2.8, p” € C([0, T1; H3(2)), and %pl’ €
C([0, T); L% (R2)) since y —z; + %qy e L*(Q).

Thus, multiplying the first equation of (72) by p?, a solution of (67), then, utilizing the
fractional integration by parts provided by Lemma 2.5, we conclude

fz(v—uy)(D%pV—Apy)dxdtzf(v—u”)dexdt.
Q Q

Replacing in the latter identity z(v — ") by y(x, £; v, 0) — ¥ (x, t; u”, 0), which is a solution
of (72), we obtain

/ (V - uy)p’” dxdt
Q
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1
= [ |y tv,0)—y" (x,u”,0 |:<yy u’,0)—z; + —q’”)] dtdx,
[ (ut,0)]| (7 (0) -2+
which combining with (74) gives
/ (Nu” +py)(v - uy) dxdt=0, VYvelL*Q).
Q

Consequently Nu” + p” =01in Q. d

Proposition 3.5 Foranyy >0, let u¥ be the low-regret control. Then u” converges to u, a
solution of the no-regret problem (30).

Proof As u” is a solution of (33), we have
]y (u}/) S]y(o) =0,

because in view of (24), £(0) = {(x,£0) = 0 in Q. It then follows from the definition of J,
given by (34) that

1
|y, 0) ‘Zd”iZ(Q) + N HiZ(Q) + v l¢(-05u7) HEZ(Q)
< ](Or 0) = ||y(07 0) —Z4 ||§42(Q)

Therefore, we deduce that

||y(uy’ O) ||L2(Q) = ||y(0’ 0) —Z4 “LZ(Q)? (753)
1

” u’ ||L2(Q) = N ”y(O’ 0)-zq ”LQ(Q)r (75b)

||§(, O;MV) ||L2(Q) < ﬁ||y(0,0) - Zd||L2(Q)~ (75¢)

Hence from (75b) and (65);, we have

1
||D(11<LJ’(”V’0) - AJ’(”V’O) ||L2(Q) = N ||y(0, 0) ‘Zd”LZ(Q)' (76)

Since y(u”,0) is solution of (65), we see from Theorem 2.6 that there exists a constant
C independent of y such that

o
[y 0) 2o, = 37 190000 =2 12 @7

Thus there exist u € L*(Q), y € L2((0, T); H}(R2)), § € L*(Q), and subsequences extracted
of (u”) and (y”) (still called (#”) and (y")) such that

u’ —u weaklyin L*(Q), (78a)
y' —y weaklyin L2 ((0, T);Hé(Q)), (78b)
D& y¥ — AyY —§ weakly in L*(Q). (78c)
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If we proceed as in pp.10 to 14, using (78a)-(78c), we show that y = y(x, £; u, 0) is such that

Dpy—Ay=u inQ
y=0 onk,

7 2y(x,0)=9° inQ,
21y(x,0)=0 in,

(79)

and ¢ = ¢ (x, t;u) € C([0, T]; HA(S2)) is a solution of

D¢ — A¢ =y(u,0) —»(0,0) inQ,
=0 onk,

(T)=0 in<,

£(T)=0 inQ.

(80)

Moreover, in view of (75c¢), we have
¢(0;u”) = ¢(-0;u) =0 strongly in L*(<Q). (81)

Consequently, [, g¢ (x,0;u)dx = 0.
This implies that u is solution of the no-regret control problem (30). d

Theorem 3.6 Let us consider u =1lim,_,ou” be the no-regret control corresponding to the
state y(u,0). Then there exist q € L*((0, T); Hy(R2)) and p € C([0, T]; H}(2)) in such a way
that (u,y = y(u,0), q, p) fulfills the following optimality system:

Dry—Ay=u inQ,
=0 %,
y on ‘ (82)
2y(0)=y° inQ,
IrPy(0)=0 inQ,
Dra-Aq=0 inQ,
=0 %,
q on (83)
g(0)=0 in<,
Irq0)=7 inQ,
DE¢p-Ap=yu,0)—zg+12 inQ,
=0 %,
P on 2 (84)
p(T)=0 inQ,
9 .
£(T)=0 inQ,
and
Nu+p=0 inQ. (85)

Proof We have (82) (see system (79)).
From (75c), we get

0,0) — .
2@ =< ”J’( ) Zd”LZ(Q)

H%C(O;u”)

Page 18 of 20



«ADE 13662 layout: Onecolumn v.1.0  file: ade970.tex (Aurimas) ~class: bmc-onecol-v1 v.2016/09/01  Prn:2016/09/15; 14:36 ~ p.19/20»
« doctopic: OriginalPaper numbering style: ContentOnly reference style: mathphys»

Baleanu et al. Advances in Difference Equations _##t#####H#H###H #H## 4 #HHH##Y

847
848
849
850

852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870

872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890

892
893

Consequently, equation (73) becomes
”‘IV ||L2((O,T);Hé(§2)) = C||y(0,0) _Zd||L2(Q)' (86)

Thus, there exist 7 € L*(R) and g € L*(0, T; H)(2)) such that

1
—¢(,0;u”) =1 weaklyin L3(S), (87)
7 (ou) = y
q —q weaklyian((O, T);Hé(Q)). (88)

Using (87) and (88) while passing to the limit in (66), we show as for the convergence of
¥Yn = ¥(vy, 0) (see pp.10 to 12) that g satisfies (83).
From (68) and (75b), we have

”py ”LZ(Q) = ”y(O, 0) -z ||L2(Q)'
Therefore there exists p € L?(Q) such that
p’ —p weaklyin L*(Q). (89)

In view of (67) and (75a), we know that there exist 7, € L2(Q) such that

1
ﬁq” — 1, weaklyin L*(Q). (90)

Then we prove as for the convergence of ¢, = { (x, £;v,,) (see pp.12 to 14) that p is solution
of (84). Using (75b) and (89) while passing to the limit in (68), we conclude (85). O

4 Conclusions

We study an optimal control problem associated to a fractional wave equation involving
Riemann-Liouville fractional derivative and with incomplete data. Actually, the initial con-
dition is missing. In order to solve the problem, we assume that the missing data belongs
to an infinite dimensional space. Using the notions of no-regret and low-regret controls,
we show that when 3/2 < @ < 2, such a control exists and is unique. Then we give the

singular optimality system that characterizes the control.
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