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OPTIMAL CONTROL WITH FINAL OBSERVATION OF A
FRACTIONAL DIFFUSION WAVE EQUATION

G. MOPHOU AND C. JOSEPH

ABSTRACT. We consider a controlled fractional diffusion wave equation involv-
ing Riemann-Liouville fractional derivative or order a € (1,2). First we prove
by means of eigenfunction expansions the existence of solutions to such equa-
tions. Then we show that we can approach the fractional integral of order
2 — « of the state at final time by a desired state by acting on the control.
Using the first order Euler-Lagrange optimality, we obtain the characterization

of the optimal control.

1. INTRODUCTION

Let n € N* and Q be a bounded open subset of R” with boundary 95 of class C2.
For the time T' > 0, we set Q = 2x]0,7[ and X = 90x]0,T[, and we consider

the following fractional diffusion wave equation:

Dgpy(x,t) — Ay(z,t) v(z,t) (2,1) €Q
y(o,t) = 0 (0,t) €%
(1) IP=oy(z,0t) = ¢° Tz €N
d
%IQ*O‘y(x,Oﬂ = y! x €

where 1 < a < 2,y° € H2(Q)NH(Q), y' € L*(Q) andv € L*(Q). I*°y(z,07) =
}LI)% I*~%y(x,t) and %IQ_Qy(x,O+) = }g?% %Iz_ay(x,t) where the fractional inte-
gral I of order o and the fractional derivative D%, of order o are to be understood
in the Riemann-Liouville sense.

There are many works on fractional diffusion wave equation. For instance,
Mainardi et al. [10, 12] generalized the diffusion equation by replacing the first
time derivative with a fractional derivative of order «r. These authors proved that
the process changes from slow diffusion to classical diffusion, then to diffusion-wave
and finally to classical wave when « increases from 0 to 2. The fundamental so-
lutions of the Cauchy problems associated to these generalized diffusion equation

(0 < a < 2) are studied in [12, 13]. By means of Fourier-Laplace transforms, the
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2 G. MOPHOU AND C. JOSEPH

authors expressed these solutions in term of Wright-type functions that can be in-
terpreted as spatial probability density functions evolving in time with similarity
properties. Agrawal [14] studied the solutions for a fractional diffusion-wave equa-
tion defined in a bounded domain when the fractional time derivative is described
in the Caputo sense. Using Laplace transform and finite sine transform technique,
the author obtained the general solution in terms of Mittag-Leffler functions. Note
also that the formulation of Mainardi et al. is extended to a fractional wave equa-
tion that contains a fourth order space derivative term by Agrawal [15]. In [17],
Yamamoto et al. studied by means of eigenfunctions the initial value/boundary
value problems for fractional diffusion equation and apply the results to some in-
verse problems. We also refer to [11, 28, 16, 30, 31, 32, 34] and the reference therein
for more literature on fractional diffusion equations.

Optimal control of fractional diffusion equations has also been studied by several
authors. In [19], Agrawal considered two problems, the simplest fractional variation
problem and fractional variational problem of Lagrange. For both problems, the
author developed the Euler-Lagrange type necessary conditions which must be sat-
isfied for the given functional to be extremum. In [22], the Euler-Lagrange equations
and the transversality conditions for fractional variational problems is presented by
the same author when the fractional derivatives are defined in sense of Riemann-
Liouville and Caputo. Frederico Gastao et al.[20] used Agrawal’s Euler-Lagrange
equation and the Lagrange multiplier technique to obtain a Noether-like theorem
for the fractional optimal control problem in the sense of Caputo. In [23] Ozdemir
et al. investigated the fractional optimal control problem of a distributed system in
cylindrical coordinates whose dynamics are defined in the Riemann-Liouville sense.
The authors used the method of separation of variables to find the solution of the
problem and the eigenfunctions to eliminate the terms containing space parameters
in the one hand and, on the other hand to define the problem in terms of a set
generalized state and controls variables. Following the same technique, Karadeniz
[29] et al. presented the formulation of an axis-symmetric fractional optimal con-
trol problem when the dynamic constraints of the system are given by a fractional
diffusion-wave equation and the performance index is described with a state and a
control function.

In [26], Baleanu et al. gave formulation for a fractional optimal control problems
when the dimensions of the state and control variables are different from each other.
In [24], Jelici¢ et al. proposed necessary conditions for optimality in optimal control
problems with dynamics by differential equations of fractional order. In Mophou
[7] applied the classical control theory to a fractional diffusion equation involving
Riemann-Liouville fractional derivative in a bounded domain. The author showed
that the considered optimal control problem has a unique solution. In [8], Dorville

et al. showed that existence and uniqueness of a boundary the following boundary



fractional optimal control when the dynamic constraints is described by a fractional
diffusion equation involving Riemann-Liouville fractional derivative. We also refer
to [21, 5, 25, 6, 33] and references therein for more literature on optimal control of
fractional evolution equations.

In this paper, we are concerned with the following optimal control problem: find
the control u € U,4 such that

. 1
J(u)= f o

12500, T) — zall3aqey + 3 0 lagg)

where N > 0, zg € L?(Q), I?~® is the Riemann-Liouville fractional integral of
order 2 — o, 0 < a < 2 and Uyq is a closed convex subset of L2(Q). To solve this
problem, we first prove by means of eigenfunction expansions that the controlled
system (1) has a solution. Then we show that the optimal control problem has
also a unique solution that we characterize by means of first order Euler-Lagrange
optimality condition and adjoint state which dynamic is described by the right
Caputo fractional derivative of order «.

The rest of this paper is organized as follows. Section 2 is devoted to some defini-
tions and preliminary results. In Section 3, we prove the existence and uniqueness
of the solution of (1) using the eigenfunction expansion . In section 4, we show that
the considered optimal control problem holds and give the optimality systems that

characterize the optimal control.

2. PRELIMINARIES

Definition 2.1. [9] Let f : Ry — R be a continuous function on R, and « > 0.

Then the expression

I‘Xf(t):ﬁ/o(t—s)"‘_lf(s)ds7 t>0

is called the Riemann-Liouville integral of order a of the function f.

Definition 2.2. [27]
Let f : Ry — R. The left Riemann-Liouville fractional derivative of order
a € (1,2) of f is defined by

d2 t
rLf(t) = ﬁ@,/o (t— S)liaf(s)ds, t>0,

provided that the integral exists.

Definition 2.3. [2] Let f : Ry — R. The left Caputo fractional derivative of order
a € (1,2) of f is defined by

2) DEI0) = gy [ (=9 s, >0

| NOEe
provided that the integral exists.
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Definition 2.4. [1,27,2] Let f : Ry — R, 1 < @ < 2. The right Caputo fractional

derivative of order « of f is defined by

T
ﬂiégyl(s—ﬂkfﬂwwa 0<t<T,

provided that the integral exists.

(3) D& f(t) =

Lemma 2.5. [1,27,2] Let T > 0, v € C*([0,T]) and a € (1;2),m € N. Then for
t € [0,T], we have the following properties:

(1a) Diyolt) = S P=eu(1)
(4b) D% IPau(t) = v(t);
(4c) DZ.I%(t) = v(t);
(4d) I*DPu(t) = u(t) — u(0) — tu'(0);
a o _ tail —a, \/ ta72 —
(4e) I* D pu(t) = u(t) _>F(a)( ? U)(O)—‘TYE;:jijfz u(0).

Definition 2.6. [1]
For t € RT,a > 0 and 3 > 0 we denote by,

(5) Eop(t) = ]; T(ak+ 3)’

the two-parameters Mittag-Leffler function and we set
Ey1(t) = Eqft).

Lemma 2.7. [1] For a positive integer n, A > 0 and o > 0, we have,

(6) (ZTE&(_/\ta) = _)‘ta_nEa7a—n+1(_)‘ta)7t > 0.
and
d
0 (B a(=X%) = Ea(=X2), £ > 0.

Theorem 2.8. [1] If a < 2, B is an arbitrary real number, u is such that

% < p < min{rm, ra}
and C' is a real constant, then
C
8 Eop(2)] < ;
0 1Bos(D < T3

(n < larg(z)| <7), |2 2 0.
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One can prove as in [7] the following result obtained by a simple integration by
part.

Lemma 2.9. For any ¢ € C*(Q), we have

T
/ / (Dgry(z,t) — Ay(z,t))p(z, t)dzdt =

Q

/; Pl T) G (=g, Do = [ (o, 0) 219,07

/IQ*“@/(%T)@/(xaT)der/f27°‘y(x,0)<P’(x,0)d$+
Q Q

/ / (0,5)=—(0,s)dodt —/ / (0,s)dodt+
o9 o0 0

T
/ / (o)D) — A, 1))l
QJO

(9)

From Lemma 2.9 we have the following result:

Corollary 2.10. Let ID(0,T") be the set of C*> functions on (0,7") with compact
support. Then for all ¢ € D(0,T),

T
/ DSy y(t)p(t)dt = / y(YDE (1)t

where D¢ is right fractional Caputo derivative.

3. EXISTENCE AND UNIQUENESS RESULTS

In this section, we prove the existence and uniqueness of a weak solution of the

following fractional diffusion wave equation:

D%y, t) — Ay(z,t) = o(z,t), (z,t) €@

y(o,t) = 0, (0,t) €X
(10) IZ=oy(0) = %), zeQ
Loy = g, zeo

where 1 < a < 2,4° € H?(Q) N H(Q),y* € L*(Q) and v € L*(Q).
Set

(%) L2y = /Q p()b(@)de, Yo, € L3(Q)

the inner scalar product on L?(2) and denote by ||.|[12(q) the associate norm.

Set also
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(1) o) = [ Ve@ oo, Vb € HY(O).

Then the bilinear form a(.,.) defines an inner scalar product on H}(2). We
denote by
(12) el 0y = ale, ),

the associate norm.

On the other hand, we know that it admits real eigenvalues 0 < A < Xy <
Az < -+ with Ay = oo as k — oo since (—A) is a compact self-adjoint operator
on L?(€2). Moreover there exists an orthonormal basis {wy}7°, of L*(Q), where
w € H&(Q) is an eigenfunction corresponding to A\y: —Awg = A\ywy. This means
that

(13) G(U)k;,p) = )‘k(w/wp)LQ(Q)a vp S H(%(Q)

Furthermore, the sequence {wk} being an orthonormal basis of H}(Q2) for
VAR k=1

the scalar product a(.,.), we have

+oo
(14) Vi€ Hy(),  [1¥llmie) = ZM(% wi)72(0)-
=1

Now, we assume that y € C*®(Q) and we introduce, for all ¢ € (0,T), the
functions y(t) : x € @ — y(x,t) and v(t) : © € Q@ — v(x,t). Then multiplying the
first equation of (10) by a function v € Hg(f2) and integrating by part over €2, we
obtain

(15) /QD%Ly(t)udx—k/QVy(t)Vudx:/Qv(t)udx,

which can be rewritten as

D% (y(t), u)r2() + a(y(t),u) = (v(t), w) L2 ().
Hence for all ¢ € (0,7, Problem (10) becomes

(16)
D%L (y(t)> u)Lz(Q) + a(y(t)> u) = (U(t)a u)L2 () in Q7 Yu € H(% (Q)7
yit) = 0 on 0N
I?7oy(0) = o° in
%12“1/(0) =y in Q@
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We then consider the following problem: Given1 < o < 2, y° € H2(Q)NH (), y! €
L*(Q) and v € L*(Q), find

(17a) y € L*((0,T), Hy(2)),
(17D) 127y € C([0,T1; Hy (),
(17¢) %(IQ‘“y) e C([0,T]; L*(2))
such that

(183> Vu € H(%<Q)’ D%L(:’/(t)a u>L2(Q) + G'(y(t)a u) = (v(t)’u)LQ(Q) vt € (07T)7

d
(18b) I*~y(0) = y° in Q and £12_O‘y(0) =y!in Q.

Theorem 3.1. Let 1 < « < 2. Let also af(.,.) be the bilinear form defined by (11).
Then the problem (17) — (18) has a weak solution y given by:

“+o00
y(t) = Y {t" PPt (=Mt + 177 Baa(=Nit")y} }wi

(19) foé

+ > {/Ot(t =) Eaa(=Xit - S)Q)vi(S)dS} w;

i=1

where \; is the eigenvalue of the operator —A corresponding to the eigenfunction
wi, ¥ = (Y%, wi) 20, ¥i = (y17wi)L2(Q) and v;(t) = (v(t), w;) L2(q) are respectively
the i-th component of y°,y' and v(t) in the orthonormal basis {w;}3°; of L*(9).

Proof. Replacing u by w; in (18a) and using the fact that a(y(t), w;) = A\i(y(t), wi) 120y =
Aiyi, we deduce from (18) that y; = (y(t), w;)r2(q) is solution of the fractional or-
dinary differential equation:

Dfryi(t) + Niyi(t) = wvi(t),vt € (0,7),
(20) I;_a@/i(o) = o,
%szayi(o) = .

Using the Laplace transform, one can easily prove that the solution of (20) is
given by:

yz(t) = ta72Ea,a—1(_)\itQ)y?+ta71Ea,a(_)‘ita)y?
t
+ / (t = )% Baa(—As(t — 8)®)vs(s)ds.
0

+oo
Hence, we obtain (19) since y(t) = Z yi (t)w;.
i=1
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Theorem 3.2. Let 3/2 < a < 2. Let also a(.,.) be the bilinear form defined by
(11). Then the problem (17)-(18) has a unique solution.

Proof. Let V,,, be a subspace of H} () generated by wy,wy, ..., w,,. Consider the
following approximate problem associated to (17) — (18): find y,, : t € [0,7] —
Ym(t) € Vi, solution to

(21a) Dar(ym(t), w) 2y + alym(t),w) = (v(t),w) L2y, Vu € Vin,

(21b) P~ (0) = 42,

where
m m
0o _ 0 1 _ 1
Ym = E y;w; and y,, = E Y w;.
i=1 =1

Then proceeding as for the proof of Theorem 3.1, we show that

ym() = > {t" P Eaa-1(=Nt")y) + 17 Ea o (- Ait®)y} } wi.
(22) + Z {/0 (t— s)aflEO,’a(—)\i(t — s)a)vi(s)ds} w;

i=1

i=1

is solution of the problem (21). To complete the proof of Theorem 3.2, we proceed
in two steps.

d
Step 1: We show that the sequences (y,,), (I2~%y,,) and <dt(12aym)) are re-

spectively Cauchy sequences in L?((0, T'); H{ (£2)),C([0, T]; H} () and C([0, T]; L*(9)).

Let m and p be two integers such that p > m > 1. We have

p

wo() — () = Y ity

1=m-+1

Therefore, we can write,

a(yp(t) = ym (), 4p(8) = ym(t) = D Nlw(®)]

1=m-+1
p
< 2 ) NPTUED o (<t )|y P
i=m-+1
P
+ 02 > NEPOTPER (< Nt)|y) P
i=m-+1
p t
+ 2 ) )\{/ (ts)alEa,a(Ai(ts)a)ui(s)ds}
0

1=m+1

2



Then, we have,

T
Hyp(t) - y"l(t)H%?((O_’T);H%(Q)) = /0 a(yp(t) — Ym (1), yp(t) — Ym(t))dt
< A+ B +C
where
p T
Ap = 2 Z )\i|y?|2/ POTEL (=Nt dt
i=m-+1 0
P T
Bp = 2> Ai|y3|2/ 2022 (= NitY)dt
i=m-+1 0
p T t 2
Cp o= 2y Ai/ {/ (t—s)a—lEa,a(—Ai(t—s)a)ui(s)ds} dt
i=m+1 0 0

Using (8) and the fact that 3/2 < o < 2, we obtain,

a— p

A <202T2 8 by 02

P —= 20[—3 Z 1‘y7,‘ )
i=m-+1

a—1 P
B, <2021 Iyl
p = 1 Yi
1=m-+1

o —
And
p T t t
cr o< 2 A1/ (/ vi(s)|2ds> (/ (t—3)2“‘2E§a(—/\i(t—s)a)ds> dt
i=m+1 0 0 0
p T02 t t
<2y )\i/ ( vi(s)|2ds) (/ (t s)a—2d5> dt
i=m+1 0 )\Z 0
T ~2;0—1 p t
C*te
< 2/ dt (/ viszds)
o X (e
T & /T )
v;(s)|“ds
o 32 ([ e
Thus
2 , T3 ¢ 02
llyp(t) yM(t)HLQ((O’T);H&(Q)) < 2C @ 3) i:;rl/\i|y2|
, To7! - 112
i=m-+1
e & r )
o > (/ o0t )
1=m-+1

We can write,
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(24)
P P P
PP~ (yp(t) — ym(t)) = Z Zyi(t)yiwi + Z Zoi(t)y; wi + Z Zoi (t)w,
1=m-+1 1=m+1 i=m-+1
where
Zi(t) = ﬁfg(t—8)1_0‘3"‘_2Ea7a_1(—/\isa)ds,
1 t

Zoi(t) = —-— t— )17 B, o (—\isY)ds,

(1) F(21_05)/%( ) )
Z3i(t) = ——- t—slo‘[/ S—TalEaa—)\iS—Ta’UdeT]ds.

wl) =m0 | [ = s = )

Observing that

/t(t _ g)lagokrazgy _ takI‘(Q —a)l(ak+a—-1)
0

I(ak +1) ’

I'2—-a)l'(ak + @)
I'(ak + 2) ’

t
/(t_s)l—asalc-i-a—lds — takJrl
0

2 —a)l'(ak + a)
I'(ak +2) ’
and using the definition of the Mittag-Leffler function given by (5), we obtain that

/t(t B S)lfa(s o T)ak+a71d8 _ (t _ T)akJrl F(

(25a) Z1i(t) = Eo(—Nit%),
(25b) Zai(t) = tEq2(—N\it™),
(25¢) Zsi(t) = / (t — 8)Eq2(=Ai(t — 8)%)vi(s)ds.
0
Hence using (6) and (7), we get
(26&) %le(t) = —AitailEOC’a(—)\ita),
(26b) %Zzi(t) = Eo(=\it"),
d t Fv;(s)ds
(260) G7u0 = [ Euloxt = uts)is

From (24) and (25),

Poo(lt) —um®) = D Eal-Attu,

+ > {/Ot 0i(T)(t = 7) oo (=it — T)a)dT} w;,

1=m-+1

which in view of (8), (12) and the Cauchy-Schwartz inequality gives



127 (8) = ym )| F1 0y = (12’“( () = ym (), 1> (yp(t), ym (1))
p
< 202 Z )\|y02—|—202T2 a Z |y1|2
i=m-+1 i=m+1
T3 «
+ 202 Z / lvs (7)|dr
1=m-+1
and
» 1/2
sup |27 (yp(t) = ym ()|l mp @) < H( > /\ily?|2>
t€(0,T] i=m-+1
» 1/2
(27) + H( > y32>
i=m-+1
1/2
—i—l‘[i:(/h;Z |d7'> )
1=m-+1
where

II = sup (C\f 2,CV2I2— C (QTE;>

Using (24) and (26), we obtain that

2

d
H 2 a ym(t)) < 2 Z )\2|yZ t2a 2E2 ( )\zta)]
L2(Q) 1= m+1
+ 2 Z i [P B (=Xt®)
1=m-+1
p 2

+
\'M

which in view of (8) gives

2 p
O] I ) DR
L2(Q) i=m-+1
p
+ 207 > il
1= m+1
+ 202 Z / v (s)]?ds.
i=m-+1

Consequently,

11
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(28)

] » 1/2
sup £I2_°‘(yp(t)—ym(t)) < V20Tt Z M lyiI?
te[0,T) L2(Q) i=m+1

» 1/2
+ V2o ( > y32>
t=m-+1
» r 1/2
+ \/i(](Z / |’Ui(5)|2d$> .
i=m-+170

As ¥ € H2(Q) N HE(Q),y* € L*(Q) and v € L*(Q), we have

P T 1/2
. ) 2 _
dm (3 [ mrs) <o
» 1/2
1 . 0 2 =
g (3 ) <

1=m-+1
» 1/2
. 21,,012
m,lzl)IE)loo Z A1y | 0,
1=m-+1
» 1/2
: 12 —
m};gl@( >l ) =0.
1=m-+1

Then, it follows from (23),(27) and (28) that (y.,), (1>~ “yy,) and (jtﬁ_“ym)
are Cauchy in L?((0,T); H}(2)), C([0,T]; H}(2)) and C([0,T]; L?(£2)) respectively.
We deduce that

(29) ym — y in L*((0,T); Hy()),

(30) Iy, — "%y in C([0,T]; Hy()),
i 2—« i 2—« : 2

(31) dtI Ym — dtI y in  C([0,T], L°(2))

Step 2: We prove that y is solution of the problem (17)-(18).

Let o € D(0,T). Let also > 1 be an integer. Then from (21a), we have for all
mZ i,

T T
/ (0(t)w) 2y p()dt = / D% (g (8), ) 20y 0 0)
0 OT

4 / aym(t), u)p(t)dt, Vu €V,

which according to the Corollary 2.10 , gives
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T T
/ (0(8), u) ooy (B)dt = / (Yo (), 10) 20y D)L
0 0

T
+ /Oa(ym(t),u)cp(t)dt, Yu € V,.

Therefore passing to the limit while using (29), we get

/(v(t),u)Lz(Q)go(t)dt = /(y(t),u)LZ(Q)D%go(t)dt
0 0.,
+ /Oa(y(t),u)ap(t)dt, Yu €V,

since U V,, is dense in H}(£2), we can write

n=>1

/ (0(8), u) ooy (B)dt = / (y(t),w) 2oy Do (t)dt
0 0

+ [ alu®.wevd, vue @)
0

Hence, using again the Corollary 2.10, we obtain that,

T
/ (0(t), ) 2p(t)dt = / D%y (y(t), ) 2y (1)t
0 0

T
T

+ [ a e, vae Hi@),
0

This means that,

Vu € H&(Q)7 (’U(t)’u)Lz(Q) = D%L(y(t)a u)LQ(Q) + a(y(t)’u)7 vt € (O’T)

From (30) and (31), we get that

m “+o0
PP (0) =Y ydwi = > ydw; = I*"*y(0) in HY(Q)
i=1 i=1
and

d 2—a “ 1 <« 1 d 2—«a : 2
%I ym (0) = ;yl w; — ;yl w; = %I y(0) in L*(Q).

d
This implies that I2~%y(0) = y" and ﬁl%‘)‘y(O) =yt
U

Theorem 3.3. Let 3/2 < a < 2. Then the solution y of problem (17)-(18) verifies
the following estimates

(32) lylleeqorysmi)y < A (H?JOHH(}(Q) + 1y 2 o) + ||UHL2(Q))
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33) P Ylleqorpmy < T(18° iy + Iy ) + ol )
d o o, 0 1
(34) %I <O (IW° w2 + 191 L2@) + vl 220))
C([0,T];L%(£2))
where
2T2a—3 Ta—l 2T
A= C C C
max( \/(2a3)’ \/(a1)’ \/(a1)>’
2T3 «@
Il = sup | CV?2,CV2T2— C
B-a)
and

O = max (\/iCTO‘_l, \/56’)

Proof. In view of Theorem 3.2, the solution of problem (17)-(18) is given by

+oo

y(t) = > {t* PBaa 1(=Mt")y) + 2 Baa(=At®)y; } wi
i=1
“+o0o

b S [ Bl )

i=1
Thus using the calculations obtained in the proof of Theorem 3.2, pages 9-12, we

have

T
/0 aly(t). y(t))dt

T20—3 too

202 Z/\ |92

T
Gl

IA

c2re e )
204(041)2(/0 i (8)] dt).

i=1
This means that

T2a 3
||yp(t) _ym(t)||i2((07T);Hé(Q)) < 2C2m”yollHl(Q)
Ta
2
C Ta
+

WHUHH(Q)
Hence we deduce (32).
Using (24), (25), (8), (12) and the Cauchy-Schwartz inequality, we get
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1= YOl = I w0 2 u(0)

< 2022)\ |y02+202T2 aZwl |2
TS a
+ 2023_a2/ lvs (7)|2dr
and
swp 12yl < (I + I By + 0l
t€[0,T]
where

—bup<C’\[ 2,0V2T2—,C (Ti:))

Finally, using (24), (26) and (8), we obtain that

d 2 —+00
FEER I et SV
L2(Q) i=1
+ 2CQZ|y
+oo
+ 2sz/ v (s)|?ds.
Consequently,
d —«
sup @12 y(t) < O (191 m2@) + 1yl 2 @) + Wl 22 (@)
te[0,T] L2(Q)
where

© = max (\/§CTQ*1, ﬁc)

We need the following results to solve the optimal control problem.

Proposition 3.4. Let 1 < a < 2 and p' € L?(2). Denote by D&p, the right
Caputo fractional derivative of the function p. Then problem:

Dep(e,t) — Ap(e,t) = 0 (5,8)€Q
plo,t) = 0 (z,t)€eX
(85) p(z,0) = 0 z€Q
p'(z,0) = p' €

has a unique solution p € C([0, T]; L?(Q2)). Moreover, there exists a positive constant
C such that
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dp
(36) IPleqomyen + | 2 < Ol 220
c([0,T};L*(R))
Proof. Set
7—Tp(t) :p(T—t), te (OaT)

Then

d2

ﬁTTp(t) = p”(T —t) = 7}p"(t).

The left fractional Caputo derivative is defined by,

1 T
D )= —— —t 11—, I ds.
500) = Fgay | (=07 (o)
Making the change of variable t — T — ¢, we obtain,
1 T .
DET~0) = gy [ (- (= s) oW (s)ds
“ L2 —a) o

1 ! 1 "
= — —u) (T — .
G [ (-0 T
This is implies that
(37) D¢ Trp(t) = D& Trp(t)-

Now, making the change of variable t — T'—t, in (35) and using (37), we deduce
that

Dep(z,7) — Ap(z, 7) 0 (z,7)€qQ

plo,7) = 0 (o,7)€X
(38) p(x,0) = 0 z€Q
P(z,0) = p' zeQ

since 7 =T —t € (0,T). Therefore using Theorem 2.3 in [17] we deduce that there
exists a unique p € C([0, T); L?(£2)) solution of (38) such that

< Olp'172(q)-

dp
Illcqo,r):L2 () + Hé’t
C([0,T};L2(2))

Since (38) is equivalent to (35), there exists a unique p € C([0, T]; L?(2)) solution
of (35) such that (36) holds.

Remark 3.5. Since [0, 7] is bounded, the solution p of (35) belongs to L?(Q) and

satisfies

(39) Ipllz2@) < Clp' 172 (0
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4. OpTIMAL CONTROL

In this section, we consider the following problem:

Diye,t) — Aylat) = ot (56) €Q
y(z,t) = 0 (x,t)eX
(40) P=oy(z,0) = ¥ zeQ
d o 1
2o — 0
!l (.0 y. we

where y° € H2(Q)NH(Q), y* € L?(Q2) and the control v € Uy, a closed convex set
of L?(Q). In view of Theorem 3.2, we know that y = y(v,z,t) € L*((0,T); H}(2))
and 1?2~y € C([0,T); H} (). Hence I?~y(v,T) € H}(Q) C L*(Q) and we define
the functional

Lo N
(41) J(v) = SIP Y0, T) = zall20) + S 0l72()

where z4 € L2(Q) and N > 0.

We are concerned with the optimal control problem: find u € U,q such that,

(42) J(u) = inf J(v).

vEUL4

Theorem 4.1. Assume that the state y = y(v,x,t) is solution of the system (40).
Then there exists a unique optimal control u in Uyq such that (42) holds.

Proof. Let (vy,) € Uyq be a minimizing sequence such that,
4 li n) = inf .
(43) i T0on) = 2T
Then, there exists C' > 0 such that
J(v,) < C.

It then follows from the structure of J given by (41) that

(44a) [onll2@) < C
(44b) 112y (v, T) || L2y < C

Moreover y,, = y(vn, x,t) being solution of (40), y,, satisfies:

(45a) Dpyn(z,t) — Ayn(z,t) = vp(z,t) (2,t) €Q,
(45b) Yn(o,t) =0 (0,t) €%,

(45¢) =y, (2,0) =y z€Q,

(454) Doy (2.0) =y zeQ
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and in view of Theorem 3.3, we have

(46a) [ynll 20,7y 013 (2)) < C

(46b) 1727 %yl L2 (0,113 02y < C
d o

(46c) = 20722 (@) < C-

Now using (44a) and (45a), we deduce that,

(47) IDRLYn — AYnllz2() < C.

Hence, from (44a), (47) and (46), we can extract subsequences of (v,,) and (y,)
(still called (v,,) and (y,)) such that
(48a) vp — u weakly in L?(Q),
(48b) D%y — Ay, — 6 weakly in L*(Q),
(48¢) yn — y weakly in L*(Q),
(48d) =%y, — v weakly in L*([0,T], H}(Q)),

d

(48e) —I?7%, — n weakly inL?(Q).

dt

U,q being convex closed subset of L?(Q), we have,
u € Uyy

Set D(Q), the set of C*° function on @ with compact support and denote by D'(Q)
its dual. Then multiplying (45a) by ¢ € D(Q) and integrating by part over @, we

obtain

T T
/ /(D%Lyn(x,t) — Ay (2, 1) p(z, t)dedt = / / vp(x,t) o(z, t)dedt Vo € D(Q).
0o Jo 0o Jo

Therefore using Lemma 2.9, we get

T T
/ /yn(x,t)(Dggp(x,t)—Ago(x,t))dxdt:/ /vn(a:,t) oz, t)dxdt Yo € D(Q).
0o Ja 0o Jo

Passing to the limit in this latter identity while using (48c) and (48a), we obtain
that

T T
[ [ vl txeelet) - Mg )dodt = [ [ utet) pla.)dndt v € DQ),
0 Q 0 Q

which by using again Lemma 2.9 gives

/ /(D%Ly(;v,t) — Ay(z,t))p(z, t)dxdt = / / u(z,t) p(x, t)dedt Vo € D(Q).
0o Ja 0o Jo
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This implies that
(49) D%Ly(x’ t) - Ay(l‘, t) = U(JZ, t) (.13, t) € Q

On the other hand, we have
T
/ / >~y (z,t)p(z, t)dtde =
aJo

g 1 ’ l—a
/Q/O Yn(x,8) (1“(204)/9 (t—s) gp(x,t)dt) dsdx Yo € D(Q).

Passing to the limit in this latter identity while using (48c) and (48d), we get

[ vt (g [ o0t ) i

/ /T I*=y(z, t)p(z, t)dtdr Ve € D(Q).
o Jo

T
/ vp(z, t)dtdx
0

This implies that
I*~%y(x,t) = vin Q.

Hence (48d) can be rewritten as
(50) =%y, — I*"%y weakly in L*([0,T], Hj ().

From (50), we have that

d 2—a d 2—« : /
@I Yn — dtI y weakly in D'(Q)
and because of (48e),

d d

Z2may, % p2-a, klv in L2

gl "y = 7%y =1 weakly in L(Q)

We have y € L?((0,7); H}(R2)) and I?~%y € L%*((0,T); H}(Q)). Therefore,
2

DS,y = %12—%/ € H2((0,7); Hy(2)) € H%((0,T); L*(Q)) on the one hand,

and on the other hand Ay € H=2((0,T); L?(£2)) because we have Ay = D%,y — u.

Thus for almost all ¢t € (0,7)), y(t) € L*(Q) and Ay € L?(2). Hence we de-

0
duce that y|0Q and a—zlm exist and belong respectively to H~/2(9Q) and to
9y

L) € H52(00). (see [3))

On the other hand, y being in L?((0,T); H}(Q)) and u in L%((0,T); L?(2)),
we deduce that Ay € L((0,T); H1(2)) and consequently D%,y = 5—;]2*‘@ =
Ay +u € L*((0,T); H %(Q)). Hence in view of (51), we have that >~ ¢
C([0,T); L*(Q2)) and %IQ*ay € C([0,T]; H () (see [4]).

(51)

Now multiplying (45a) by a function ¢ € C°°(Q) with pjpq = 0 and ¢(x,T) =
¢ (z,T) = 0in £, and integrating by part over ), we obtain
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/OT/QUH(Ivt)<P(Iat)dxdt = / / D%ryn(z,t) — Ay (2, 1)) p(z, t)dxdt

= /ygmedw—l—/yO(p’
Q

n /Q/ (2, ) (Do (2, £) — Ap(x, t))dudt

since (45¢) and (45d) hold. Thus, passing to the limit this latter identity while
using (48&) d (48c), we have that
/ u( (z,t)dxdt = —/ ylgo(x,())d:v+/ y°¢' (x,0)dx
Q Q
T
b [ [ e D2t 1) - Apta,t)dade,
o Jo

Vi € C>°(Q) such that @jp0 =0, o(T) = ¢'(T) =0 in Q,

which in view of Lemma 2.9 gives

/OT /Q u(w, )p(w, t)dedt = / oo, 0)dz + / (. 0)ds

’ /0 /Q Dgry(e,t) — Ay(z, 1)) p(x, t)dedt

+  {p(=,0), @IQ “y(@,0)) i), H-1(0)
— (¢ (2,0), P~ y(2,0)) 12 ()
T 890
- /o (y(o,1), 5(0, ) i-1/2(00),11/2 (00 At
Vo € C>°(Q) such that @g0 =0, o(T) = ¢'(T) =0 in Q,.

Using (49), this latter identity is reduced to

0 = —/ylap(x,O)dx+/y0@’(x70)dx
Q Q

+  (p(x,0), %IQ “y(@,0)) i1 (9,51 (2)

(52) — (¢ (2,0), 127y (2,0)) 12(q)

T
dp
- /0<Z/(07t)75(07t)>H71/2(asz),H1/2(asz)dt
Vo € C*(Q) such that a0 =0, p(T) = ¢'(T) =0 in Q.

Choosing successively in (52) ¢ such that o(z,0) = ¢’(x,0) = 0 and p(z,0) =0,
we deduce that

(53) y(z,t) =0 (x,t) €%,

(54) I~y (z,0) =4° x€Q



21

and

d
(55) aﬂ_”‘y(x, 0) = vtz eq.

From (49), (53), (54) and (55), we have y = y(u, x,t) is solution of the system
(40). It then follows from the lower semi-continuity of the functional J and
J(u) < liminf J(vy,).

Hence in view of (43), we get

J(u) = inf J(v).

vEUL4

From the strict convexity of J, we obtain the uniqueness of the optimal control
u. (]

Theorem 4.2. Let u be solution of (42). Then there exists p € L*(Q) such that
(u,y,p) verifies the following optimality systems:

Dgpy(z,t) — Ay(z,t) = u(z,t) (2,t) €Q,
ylo,t) = 0 (0,t) € %,
(56) Proy(@,0) = y°(z) zew,
P 0) = ) wen
Dgp(z,t) — Ap(z,t) = 0 (z,1) € Q,
t) = t b))
- pot) = 0 (0.1) €%,
p(z, T) = 0 x € Q,
p/(.ﬁ,T) IQ_ay(uvT) —Zd X € Qv
and
(58) (Nu—p,v—u)r2@) =20 Vv € Uyg.

Proof. We express the Euler-Lagrange optimality conditions which characterize w:

lim Ju+ k(v —u)) — J(u)

>0 Yvely
k—0 k

After some calculations, we obtain

/ (I~ (u, T) — zq)I*~*2(w, T)dz+

(59) T 30

/ / Nu(z,t)w(z, t)dtde >0 Yv € Uyg,
o Jo

where w = v — u and the state z(w) associated to w € L?(Q) is solution of ,
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D%, z(x,t) — Az(z,t) = w(x,t) (z,t) €Q
z(o,t) = 0 (o,t) € X
(60) I*=%z(x,0) = 0 z €
d 2—« o
@I z(z,0) = 0 x € Q.

Dep(s,t) — Ap(a,t) = 0 (5,t) € Q,
p(z,T) = 0 x e,
p(z,T) = I*yu,T)—z24 x€.

In view of Proposition 3.4 and Remark 3.5, we have that p € C([0,7], L?(Q2)) C
L?(Q) since I?~*y(u,T) — zq € L*(Q). Multiplying (60) by the solution p of (61),
we obtain that

/oT /Q w(a, t)p(x, t)dadt

This means that

T
- _ ! 2=y (y — 2?2 (w .
(62) / /Q w(a, pla, t)dudt = /Q P (e, T) Iy, T) — 24) >~ =(w, T)d

Combining (59) with (62), we (58).

/ / (D% p2(x,t) — Az(,t))p(z, t)dzdt
0 Q

= f/ﬂp’(x,T)(szay(u,T)—zd)lzfo‘z(w,T)dm.
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