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The research field of magnetic frustration is dominated by triangle-based lattices but exotic phe-
nomena can also be observed in pentagonal networks. A peculiar noncollinear magnetic order is
indeed known to be stabilized in Bi2Fe4O9 materializing a Cairo pentagonal lattice. We present
the spin wave excitations in the magnetically ordered state, obtained by inelastic neutron scatter-
ing. They reveal an unconventional excited state related to local precession of pairs of spins. The
magnetic excitations are then modeled to determine the superexchange interactions for which the
frustration is indeed at the origin of the spin arrangement. This analysis unveils a hierarchy in
the interactions, leading to a paramagnetic state (close to the Néel temperature) constituted of
strongly coupled dimers separated by much less correlated spins. This produces two types of re-
sponse to an applied magnetic field associated with the two nonequivalent Fe sites, as observed in
the magnetization distributions obtained using polarized neutrons.

Magnetic frustration, expected to occur when all spin
pair interactions cannot be simultaneously satisfied, is
one of the major ingredients at the origin of the flurry
of discoveries in magnetic studies for the last 20 years.
One of the basic experimental signatures of frustration is
the difficulty of a system to order magnetically in spite
of significant magnetic interactions, the extreme case be-
ing the absence of magnetic order at zero temperature
as a consequence of the macroscopic degeneracy of the
ground state [1–4]. In materials where the magnetic mo-
ments order eventually at finite temperature, this leads
in the region above the ordering temperature but well
below the temperature characterizing the strength of the
interactions, to a classical spin liquid state also called
cooperative paramagnetic, where the magnetic moments
are highly correlated although fluctuating. This disor-
dered state can sustain not only well-defined excitations
[5] but also zero energy modes, which are the signature of
local motions connecting the ground-state spin configura-
tions. These modes acquire a gap on entering the ordered
phase [6] and are alternatively described in a molecular
approach [7]. This rich physics has been well established
for triangle-based lattices, for instance the Heisenberg
kagome antiferromagnet with nearest-neighbor interac-
tions [5, 8]. Many other exotic manifestations of magnetic
frustration have been revealed in quantum systems or
with additional ingredients such as strongly anisotropic

∗ current address: Institut Laue Langevin, 38000 Grenoble,
France; beauvois@ill.fr
† virginie.simonet@neel.cnrs.fr

Hamiltonians [9–11].

Another direction has been opened with the identi-
fication of an equivalent for the pentagonal Cairo lat-
tice in the real material Bi2Fe4O9 [12]. The Cairo lat-
tice is not based on triangles but on edge-sharing pen-
tagons. It is then still prone to magnetic frustration due
to the odd number of bonds in the elementary pentagonal
units. This pentagonal lattice has a complex connectivity
with three- and fourfold connected sites at variance with
triangle-based lattices, which fosters alternative ways to
accommodate frustration. This leads in Bi2Fe4O9 to an
unconventional ground state consisting of an orthogonal
arrangement of the magnetic moments. This classical
ground state was also obtained theoretically, as well as
other interesting phases, including, in the presence of
quantum fluctuations, a resonating valence bond liquid
or an orthogonal dimer ground state (valence bond crys-
tal) [13, 14]. The latter recalls the exactly solvable dimer
ground state of the Shastry-Sutherland lattice [15] largely
investigated for its exotic physics [16, 17]. These findings
stimulated further theoretical [18–24] and experimental
[25–28] studies on pentagon-based physics, even spread-
ing beyond the field of magnetism. In spite of this inter-
est, an experimental determination of the Hamiltonian
of the prototypical material Bi2Fe4O9 has never been re-
ported yet that would solely ascertain the crucial influ-
ence of frustration on its exotic properties.

In this Letter, we present the experimental determina-
tion of the magnetic interactions in Bi2Fe4O9 materializ-
ing a Cairo lattice with spins 5/2 using inelastic neutron
scattering. A minimum of five exchange interactions al-
lows us to account for the magnetic order and for the as-
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sociated excitations including a peculiar quasiflat mode.
We also show the magnetic density maps measured us-
ing polarized neutron scattering under a magnetic field.
They reveal a correlated state above the ordering tem-
perature, resulting from the hierarchy of interactions and
characteristics of the underlying dimer physics.
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FIG. 1. (a) ab plane projection of the Fe atoms in Bi2Fe4O9

forming an equivalent of the Cairo pentagonal lattice. The
Fe1 (in blue) and Fe2 (in orange) have a different connectiv-
ity. Blue ellipses underline strongly coupled antiferromagnetic
Fe1 spins. (b) Magnetic arrangement stabilized below TN : the
orange and blue rectangles materialize the two sets of orthog-
onal antiferromagnetic pairs in the ab plane [12]. The Fe2
form ferromagnetic pairs sandwiching the Fe1 planes. The
five exchange interactions within and between the pentagonal
planes are labeled.

The unit cell of the orthorhombic oxide Bi2Fe4O9 con-
tains eight magnetic Fe3+ ions equally distributed on two
different Wyckoff sites of the Pbam space group: 4h for
Fe1 and 4f for Fe2. These sites have a different connec-
tivity and different oxygen coordination, tetrahedral for
Fe1 and octahedral for Fe2. They form a lattice closely
related to the Cairo pentagonal one with noticeable dif-
ferences (see Fig. 1): the site with fourfold connectivity
in the perfect lattice is actually constituted by a pair of
Fe2 atoms located below and above the pentagonal plane.
The projected lattice in the ab plane is also slightly dis-
torted compared to the perfect Cairo lattice as far as
the bond lengths and bond angles are concerned. The
Heisenberg Hamiltonian with isotropic exchange inter-
actions is a good starting point to describe the mag-
netic properties of this frustrated lattice of Fe3+ ions
(J = S = 5/2, L = 0)

H =
∑
〈i,j〉

JijSi · Sj (1)

where Si is a spin operator and Jij = J1-J5 are the

five superexchange interactions between pairs of spins,
inferred from the structure [12]. There are three ex-
change couplings in the ab plane (J3, J4, and J5) and
two additional ones out of the plane of the pentagons (J1
and J2), which connect only the stacked Fe2 [see Fig. 1
(b)]. Bi2Fe4O9 exhibits below TN ∼ 240 K a long-range
antiferromagnetic order characterized by a propagation

vector ~k = (1/2, 1/2, 1/2). The resulting spin configu-
ration was elucidated by neutron diffraction (see Fig. 1)
and is made of two sets of orthogonal pairs of antifer-
romagnetic spins in the ab plane corresponding to each
Fe site, with a global rotation by an angle α = 155◦

relative to each other [12]. Despite the deviation of the
experimental system from the perfect Cairo lattice, this
orthogonal magnetic structure matches the one identi-
fied in theoretical studies on the perfect lattice and is
shown to be rather robust while varying the ratio of the
exchange interactions and increasing the quantum fluc-
tuations [14]. This peculiar magnetic structure actually
results from both frustration and complex connectivity.

All our experiments were performed on a single crystal
of Bi2Fe4O9 of dimensions ∼ 2.5×2×1.5 mm3, grown by
the high flux temperature solution method using a flux
of Bi2O3. The magnetization distributions were obtained
from two neutron scattering experiments performed on
the CRG D23 two-axis diffractometer at Institut Laue
Langevin (ILL) in its polarized neutron mode, with an in-
coming neutron wavelength λ = 2.37 Å from a graphite-
Heusler double monochromator configuration. Measure-
ments were performed with a magnetic field of 6 T ap-
plied along the sample c axis at T = 250 K (paramag-
netic state) and along the a-b crystallographic direction
at T = 250 K and 15 K (ordered state) (see Supplemental
Material [29]). Inelastic neutron scattering (INS) experi-
ments were performed on the CRG IN22 triple-axis spec-
trometer at ILL in an orange cryostat at a constant final
wave vector kf = 2.662 Å−1, with an energy resolution
equal to about 1 meV. The sample was oriented in order
to access the (h, h, `) scattering plane.

In order to measure the magnetic excitations, several
constant-Q energy scans have been performed at 1.5 K
along the reciprocal space directions (1/2, 1/2, `), (h,
h, 0) and (2, 2, `) sketched in Fig. 2(a). The excita-
tions along (2, 2, `) were fitted using the takin software
[35, 36], which includes the spin wave model as input
and the instrument resolution [see Fig. 2(b)] (see Sup-
plemental Material [29]). This treatment was necessary
to disentangle two overlapping modes. The excitations
in the other two directions were simply fitted by the sum
of two Lorentz functions,

S(Q, ω) = bg+A(ω, T )

(
1

(ω − ε)2 + σ2
+

1

(ω + ε)2 + σ2

)
(2)

where bg is the background, A(ω, T ) = [1 +
n(ω, T )]Zωσ/2, n(ω, T ) = 1/(eω/kBT −1) is the Bose fac-
tor, Z is the weight of the excitations, ε is their energy
and σ is the half width at half maximum. The resulting
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energy position of the excitations is reported as black
dots in Figs. 2(c)-2(h). All Q scans have been combined
into the experimental maps presented in Figs. 2(c)-2(e).
The magnetic nature of the excitations has been checked
through the temperature dependence. Well-defined spin
waves are observed, as expected for this ordered com-
pound. An acousticlike mode emerging from the antifer-
romagnetic Bragg position (1/2, 1/2, 1/2) is clearly visi-
ble, as well as a high-energy branch along (h, h, 0). Ad-
ditionally, an almost nondispersive mode located at the
energy of about 19 meV is observed along (2, 2, `). Higher
energy modes are inferred from Raman spectroscopy with
two magnetic excitations identified at the energies 32.2
and 58.5 meV, out of the energy window of our neutron
experiments [37].

Our INS measurements were then compared with spin
wave calculations performed using the SpinWave soft-
ware [38, 39] based on the linear spin wave theory us-
ing the Holstein-Primakoff formalism [40]. The starting
point was the model hamiltonian of Eq. 1 involving five
isotropic superexchange interactions (see Fig. 1). Two
additional constrains were used to limit the number of
refined parameters. First, it was shown in 12 that the
rotation angle α =155 ° between both iron sublattices is
obtained for J3/J5 = 2.15. A second relation between
the exchange interactions was inferred from the Curie-
Weiss temperature θCW ≈ −1670 K estimated from
magnetic susceptibility measurements [12]. We used the
local Weiss molecular field model on the stabilized mag-
netic structure and the equipartition theorem [41]

2× 3

2
kBθCW = S1

∑
j

J1j < Sj > +S2

∑
j

J2j < Sj >,

(3)
where S1 (S2) is the spin on site Fe1 (Fe2). This allowed
us to further reduce the model to three independent pa-
rameters, which were systematically varied in the calcula-
tions. We checked the capability of each of the sets of pa-
rameters to reproduce the measured spin waves, as well as
the magnetic structure of Bi2Fe4O9 through a real-space
mean-field energy minimization of the spin configuration.
Finally, a model Hamiltonian compatible with the ex-
periments was obtained with the values of the exchange
constants given in Table I. The calculated spin waves are
displayed in the lower panels of Figs. 2(f)-2(h) and show
a very good agreement with the experimental data. The
calculations indicate that the spin waves dispersion ex-
tends at higher energies up to 80 meV (see Supplemental
Material [29]), with, in particular, two zone center modes
at the energy positions of the Raman excitations, which
further validates our model.

Our analysis establishes that all five interactions are
antiferromagnetic. Because of the geometry of the pen-
tagonal lattice, this implies competition between the J3,
J4 and J5 interactions within the ab planes confirming
the role of magnetic frustration in the stabilization of
the 90◦ magnetic order previously reported [12].

The antiferromagnetic interaction J1 between the Fe2
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FIG. 2. (a) Sketch of the scattering plane (h, h, `) investi-
gated by INS in Bi2Fe4O9, with the nuclear (blue spheres)
and magnetic (red spheres). Bragg peak positions and the
measurement cuts along the (1/2, 1/2, `), (h, h, 0) and (2,
2, `) reciprocal space directions. (b) Along (2, 2, `), series of
measured constant-Q energy scans and fit of the excitations
(black lines). Measured (c)-(e) and calculated (f)-(h) dynamic
structure factor S(Q, ω) using the exchange constants of Ta-
ble I and a small single-ion anisotropy term constraining the
spins in the ab plane. The color scale of the calculations was
truncated for the spectra along (1/2, 1/2, `), (h, h, 0) in or-
der to emphasize the weaker flat mode along (2, 2, `). The
width of the calculated excitations was taken as the energy
resolution of 1 meV. The empty (filled) black points on top
of the measured (calculated) S(Q, ω) give the fitted energy
positions of the experimental spin wave dispersion.

J (meV) J1 J2 J3 J4 J5
IN22 3.7(2) 1.3(2) 6.3(2) 24.0(8) 2.9(1)

TABLE I. Values of the antiferromagnetic exchange interac-
tions of Bi2Fe4O9 deduced from the INS measurements. The
uncertainties on J1, J2, and J3 are estimated from the stan-
dard deviations of the fit of the experimental spin wave dis-
persion. The J4 and J5 uncertainties have been obtained by
error propagation: J5 is imposed by the constraint J3/J5 and
J4 by the relation (3).

pairs of spins sandwiching the pentagonal planes is ac-
tually overcome by an effective ferromagnetic coupling
resulting from the interactions of the Fe2 spins with the
Fe1 spins in the ab planes via J3 and J5. Moreover, this
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indirect coupling produces the same local field on both
Fe2 spins. This configuration leads to a nearly flat optical
mode visible around 19 meV in all directions of reciprocal
space and associated with these pairs of Fe2 spins [see Fig
2(e)]. Along (1/2, 1/2, `) and (h, h, 0), this mode was
not visible in our experimental data. However, we inves-
tigated in purpose the (2, 2, `) direction where this mode
was strongest in the calculations. We indeed observed it
experimentally along this reciprocal space direction. This
excited state corresponds to the out-of-phase precession
of both Fe2 spins around their local field, which does
not influence the neighboring Fe1 spins and thus remains
localized. A weak dispersion is actually calculated due
to the J2 interplane couplings in the c direction, which
is beyond the instrumental resolution of the experiment
(see Supplemental Material [29]).

Also noticeable in Table I is the fact that the J4 inter-
action is significantly stronger than the other ones, which
is compatible with the 180◦ superexchange path through
the central oxygen ion according to the Goodenough-
Kanamori rules [42]. This hierarchy of interactions re-
sults in a lattice with dominant pairs of antiferromagnet-
ically coupled spins Fe1 on almost orthogonal bonds [see
Fig. 1(a)], a picture that is expected to survive above the
Néel temperature. Note that the exchange interactions
deduced from our spin wave analysis are slightly different
from those obtained from ab initio calculations [29, 43]
in the LSDA+U approximation. However, the positive
sign of all exchange couplings (antiferromagnetic) and
the overall hierarchy of the interactions are identical in
both cases.

T (K) m (µB) mFe1 (µB) mFe2 (µB)
250 0.220(5) 0.001(5) 0.045(5)
15 0.263(5) 0.014(8) 0.041(7)

TABLE II. Values of the magnetization measured in Bi2Fe4O9

at T = 250 and 15 K and under a magnetic field µ0H = 6 T:
macroscopic magnetization m per unit cell (second column)
obtained with an extraction magnetometer with the field di-
rection along a-b at 15 K and along a-b or c at 250 K; mag-
netization per site mFe1 and mFe2 (third and fourth columns)
deduced from the flipping ratio neutron experiments. At
T = 15 K the magnetic density was obtained for H ‖ a-b. At
T = 250 K, the magnetic density is the average of the values
obtained for H ‖ c and H ‖ a-b since the same macroscopic
magnetization is measured.

In order to investigate the fingerprint of these Fe1
dimers in the paramagnetic state, we measured the mag-
netization distributions under a magnetic field of 6 T
with two orientations with respect to the crystallographic
axes, as shown in Fig. 3. The magnetization per site
has been extracted from these maps in the dipolar ap-
proximation implying a spherical electronic distribution
around the atoms. Several fitting processes were per-
formed taking into account the presence of magnetic mo-
ments on the iron sites only, or on all the iron, oxygen
and bismuth sites. A magnetic contribution can indeed
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FIG. 3. Spatial distributions of the magnetization of
Bi2Fe4O9 in µB projected along the c axis measured with
polarized neutrons under a magnetic field µ0H = 6 T applied
(a) along c at T = 250 K and (b) along a-b at T = 250 K and
(c) along a-b at T = 15 K (c).

be present on the oxygen atoms and, due to their 6s lone
electron pairs, on the Bi atoms. The final averaged mag-
netizations per Fe sites are given in Table II.

Interestingly, in the paramagnetic state [Figs. 3(a) and
3(b)], the two iron sites have radically different behav-
iors: whereas the Fe2 ions carry an induced magnetic
moment of 0.045(5) µB aligned along the field, the in-
duced magnetization on site Fe1 is vanishingly small (see
Table II). This is in contrast with the ordered magnetic
moments on both sites refined from previous neutron
diffraction experiments below TN which are rather simi-
lar, equal to 3.52 and 3.73 µB respectively [12]. Our mea-
surements performed with two different directions of the
magnetic field yield the same result, which show that the
anisotropy is not responsible for this behavior as expected
for Fe3+ ions with zero orbital angular momentum. The
most noticeable difference between the two maps in Figs.
3(a) and 3(b) is the presence of magnetic density on the
Bi sites for H ‖ c and not for H ‖ a− b. This could be
real or an artifact due to an imperfect reconstruction for
H ‖ c since a smaller number of observations has been
used compared to H ‖ a-b. The magnetization distribu-
tion has also been measured at low temperature (see Fig.
3(c)). A larger field-induced polarization on the Fe2 com-
pared to the Fe1 one is actually preserved in the ordered
state. As detailed in Table II, the magnetization on the
Fe1 is actually slightly larger at 15 K than at 250 K and
also more delocalized (see Supplemental Material [29]).

These results point to an original paramagnetic state.
A calculation assuming free spins 5/2 in a 6 T field at 250
K yields a field-polarized magnetization of 0.19 µB , which
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is 4 times larger and almost 200 times larger than the
one measured on the Fe2 and Fe1 respectively. This sug-
gests, that slightly above TN , the Fe1 form an assembly
of strongly correlated antiferromagnetic dimers in agree-
ment with the dominant J4, while the Fe2 spins are much
less correlated. Since the Fe1 ions form a spin arrange-
ment with great similarities to a Shastry-Sutherland lat-
tice, we suggest that the temperature regime slightly
above TN could be reminiscent of this original physics
[15–17]. At higher temperature, the correlations among
dimers should vanish, while at lower temperature, cor-
relations involving Fe2 spins grow, driving the system
to the physics of the Cairo pentagonal lattice. Below
TN , the long-range magnetic order is finally triggered by
the weakest J2 interaction, connecting the pentagonal
planes. Note that Bi2Fe4O9 is not the unique materi-
alization of the Cairo lattice as it is related to a wide
family of compounds including the multiferroic RMn2O5

(R a rare-earth/Y, Mn occupying the pentagonal lattice)
whose complex magnetodielectric phase diagrams could
be investigated in the renewed perspective of pentagonal
physics [27, 44, 45].

Our neutron scattering investigation of Bi2Fe4O9 al-
lowed us to achieve a complete determination of its com-
plex magnetic interactions and to unveil various facets

of unconventional magnetism including frustration and
dimer physics, with distinct behaviors associated with
the two inequivalent Fe sites of the pentagonal lattice.
The Fe1 ions produce strongly coupled antiferromag-
netic pairs of spins dominating the correlated param-
agnetic state, whereas in the ordered state, the pairs
of Fe2 spins produce original spin dynamics, associated
with protected local motions, coexisting with dispersive
spin waves. Beyond the canonical examples of frustrated
systems like kagome or pyrochlore lattices with first-
neighbor interactions, our Letter discloses novel behav-
iors that should be more generally observed in materials
where the frustration is interlocked with complex connec-
tivity and hierarchal interactions.
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I. MAGNETIZATION MAPS

To obtain the magnetic density maps, the flipping ratio method was used. Bragg reflexions were collected up to
sin θ/λ = 0.36 Å−1 and the intensities were reduced and corrected for extinction. The polarization for the incident
neutron beam was 0.90(1). Accurate magnetic structure factors were extracted from the flipping ratios using the
Cambridge Crystallography Subroutine Library [S1]. The magnetization distribution in real space was reconstructed
using a uniform prior density and the Maximum of Entropy technique [S2] in order to minimize the noise and
truncation effects. 28 and 49 independent magnetic structure factors FM (Q) were used in the reconstruction for
H ‖ c and H ‖ a− b respectively, as well as a value of the macroscopic magnetization measured with an extraction
magnetometer at Institut Néel.
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FIG. S1. Same spatial distribution density maps of Bi2Fe4O9 as those presented in the main paper (Figure 3) but drawn with
a different intensity scale for the magnetization in order to emphasize the weak features. This highlights the delocalization of
the magnetization in the ordered state compared to the paramagnetic state.
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FIG. S2. Calculation of the spatial distribution density maps of Bi2Fe4O9 in the dipolar approximation with 0.006 µB per Fe1
and 0.049 µB per Fe2 (a) or 0.016 µB per Fe1 and 0.049 µB per Fe2 (b). These maps have the same intensity scale than those
presented in Figure 3 of the main paper and give an insight about the sensitivity of the technique.
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II. MAGNETIC EXCITATIONS

A. Inelastic neutron scattering
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FIG. S3. Series of measured constant-Q energy scans along (1/2, 1/2, `) (orange circles) and (h, h, 0) (purple circles) and fit
of the excitations using the model described in the text.

In order to fit the magnetic excitations along (2, 2, `), we used the open-source software, Takin, for triple-axis
experiments analysis [S3, S4]. We simulated the experimental spectra by convoluting a theoretical dynamical structure
factor S(Q, ω) model with the instrumental resolution of the IN22 triple axis spectrometer. The resolution function
has been calculated using the Popovici algorithm. We used as theoretical model two simple dispersions, one sinusoidal
and one flat, for excitations with a lorentzian shape of full width at half maximum equal to 4 meV. The input of the
software were the spin wave dispersions and intensities calculated with the SpinWave program allowing a first fit
for each constant-Q ω-scan of the global intensity scale factor and of the offset in ω only. In a second step, all the
parameters were let free to vary and a fit of the dispersions, intensities and width of the excitations was performed.
This procedure allowed us to distinguish the quasiflat mode from the lower dispersive mode and to determine precisely
its energy position at about 20 meV. The excitations in the other two directions (1/2, 1/2, `), (h, h, 0) were simply
fitted by the sum of two Lorentz functions as explained in the main paper.
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B. Spin waves calculations

FIG. S4. Calculated dynamic structure factor of Bi2Fe4O9 up to 75 meV along the reciprocal space directions (1/2, 1/2, `), (h,
h, 0) and (2, 2, `) showing the complete magnetic spectrum. This was obtained using the SpinWave software [S5, S6] with the
five exchange interactions reported in Table I of the main article and a single-ion anisotropy within the ab-plane of 0.03 meV.
The red crosses indicate the two magnetic excitations identified in Raman scattering [S7].
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III. ADDITIONAL INFORMATION ABOUT THE QUASIFLAT EXCITATIONS

As explained in the main text, the spin excitation spectrum includes a peculiar nearly flat optical mode. It involves
deviations of the Fe2 spins from their equilibrium position, that remain decoupled from the fluctuations of the four
Fe1 to which they are in principle connected in triangular pathways (see Figure S5). For the sake of simplicity, we
consider in this reasoning a single pair (S1i,S2i) in each unit cell i. We assume this pair is located on the y axis,
hence the index i refers to the x axis. The case of the second pair (along x) can be treated in the same way, the
index i being associated to the y axis. Furthermore, we set J2 = 0.

For the purpose of this derivation, we define the equilibrium and fluctuations as: S1i = So
1i + s1i. The local field

Hi experienced by the spins of the same pair is also written: Hi = Ho
i + hi where Ho

i is the equilibrium mean value
and hi the corresponding fluctuations.

Owing to the magnetic structure, we have: So
1i = So

2i = So (the two Fe2 are parallel) and Ho
i = Ho

i−1 = Ho

(according to the propagation vector, the spins of the Fe1 pairs belonging to neighboring cells and connected to a
given Fe2 spin are parallel). Up to first order, the equations of motion write:

ds1i
dt

= (Ho
i × s1i + Ho

i−1 × s1i + hi × So
1i + hi−1 × So

1i) + J1S2i × S1i

ds2i
dt

= (Ho
i × s2i + Ho

i−1 × s2i + hi × So
2i + hi−1 × So

2i) + J1S1i × S2i

We then define auxiliary variables:

Di = S1i − S2i = s1i − s2i

Si = S1i + S2i = 2So + s1i + s2i

hence:

dDi

dt
=
d(s1i − s2i)

dt
= (Ho

i ×Di + Ho
i−1 ×Di + (hi + hi−1)× (So

1i − So
2i)) + 2J1S2i × S1i

= 2Ho ×Di + 0 + 2J1S2i × S1i

= 2Ho ×Di + J1Si ×Di

= (2Ho + 2J1S
o)×Di

This equation shows that Di is decoupled from the H and S fluctuations and only feels the effective magnetic field
(2Ho + 2J1S

o). As a result, the spectrum encompasses an infinite number of resonances, (with no dispersion), whose
energy essentially depends on the molecular field (2Ho + 2J1S

o). Similarly, we can derive the equation of motion for
~Si, leading to the acoustic counterpart:

dSi

dt
=
d(s1i + s2i)

dt
= (Ho

i × si + Ho
i−1 × si + (hi ×+hi−1)× (So

1i + So
2i)) + 2J1S2i × S1i

= 2Ho × si + 2(hi + hi−1)× So

For J2 6= 0, the calculations performed with the SpinWave software [S5, S6] show that the dispersion of this
mode only depends on J2, connecting the pentagonal planes. For the sake of illustration, Figure S6-b displays the
dispersion calculated along (2, 2, `) for several values of J2 ranging from J2 = 0.1 up to J2 = 3.1 meV. Importantly,
with increasing J2, the bandwidth of the mode increases and finally connects to the acoustic modes stemming from
zone centres. Indeed, the localized character of this mode is ensured by small values of J2. Figure S6-c shows constant
energy cuts (at 5, 10, 15 and 19 meV) across the dispersions. Classical cones are observed stemming from the magnetic
Bragg peaks, corresponding to the acoustic modes. Those modes become essentially 1-dimensional, forming lines along
`. The flat mode has a peculiar dynamical structure factor, which can be deduced from the 19 meV cut. As expected,
it essentially depends on `, with stronger intensities at ` = 0, 1, 2, ...
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≈ 20 meV 

c c 

Fe2 
Fe1 

J1#

FIG. S5. Schematic description of the frustrated mechanism responsible for the quasiflat mode observed at 19 meV in the
inelastic spectrum. It involves the out-of phase precession of both Fe2 spins of one ferromagnetic pair connected via a triangular
exchange path to four Fe1 neighbors.

FIG. S6. (a): Dependence of the energy position of the quasiflat mode with respect to the value of the J1 (red) and J2 (green)
antiferromagnetic interactions connecting directly the two Fe2 spins along the c direction. (b) Dispersion of the spinwaves
calculated along (2, 2, `) for several values of J2. The bandwidth of the flat mode is found to increase with increasing J2 up to
a point where it connects to the acoustic mode. (c) Cuts at various constant energies across the dispersions for J2=1.3 meV.
The energies are shown as dotted lines on the dispersion along (2, 2, `).
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IV. COMPARISON WITH AB-INITIO CALCULATIONS

We discuss the difference mentioned in the main text between the exchange interactions deduced from our spin
wave analysis of the magnetic spectra measured by inelastic neutron scattering and the ones obtained from ab-initio
calculations [S8]. In Table I, one can see that the values for the interactions are in the same energy range. There
are however some discrepancies and, in particular, our J4 value is twice larger. Moreover, the ab-initio J3/J5 ratio
does not yield the correct angle between the Fe1 and Fe2 magnetic sublattices. Figure S7 shows the calculated spin
waves from the ab-initio interaction values. Contrary to the spin waves calculated with the set of values deduced from
our spin wave analysis, the energy and shape of the dispersing branches do not match well with the experimental
results. Due to the lower J1 value, the energy position of the quasiflat mode is too high, at about 30 meV instead of
19 meV. These discrepancies might be accounted for by some limiting assumptions in the ab-initio calculations that
are recalled in the reference [S9].

J (meV) J1 J2 J3 J4 J5
IN22 3.7(2) 1.3(2) 6.3(2) 24.0(8) 2.9(1)
Ab-initio 1.7 2.1 6.2 12.6 4.0

TABLE I. Comparison of the antiferromagnetic exchange interactions of Bi2Fe4O9 deduced from the inelastic measurements and
obtained from ab-initio calculations (U = 4.5, JH = 1) [S8]. The values reported in reference [S8] for the ab-initio calculations
have been multiplied by a factor two to compare with ours due to a different definition of the Hamiltonian.
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FIG. S7. Comparison of the measured spin waves (middle panel) with the ones calculated from the ab initio set of interaction
(top panel) and the ones obtained from our spin waves analysis (bottom panel) already shown in Figure 2 of the main article.
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V. CLASSICAL SPIN DYNAMICS CALCULATIONS OF THE MAGNETIC STRUCTURE FACTOR

We have computed the dynamical structure factor through classical spin dynamics simulations. More specifically,
S(Q,ω) was solved numerically by combining a Monte Carlo method to an integration of the equations of motion,
therefore taking into account non-linear effects associated with thermal fluctuations (see Ref. [S10–S12] for technical
details about the method). The calculations have been performed using the Hamiltonian determined by our spin
wave analysis. Intensity maps of S(Q,ω) are shown in Figure S8 for different relative temperatures. The evolution
of the structure factor highlights strong spin pair correlations persisting even at temperature much higher than the
Néel temperature and several regimes in the paramagnetic state. Just above the Néel temperature, the Fe1 and
Fe2 are correlated within the pentagonal planes but the correlations along the c axis through J2 is lost. At higher
temperatures, typically 7 × TN , only the Fe1 dimers remain correlated forming a classical dimer state recalling the
Shastry-Sutherland physics, but where the Fe1 quasi-orthogonal dimers are separated by paramagnetic free Fe2 spins.
Finally, the system is expected to become completely uncorrelated at very high temperature. The dimer regime is
identified from a comparison with a calculation taking into account only the Fe1 spins, which are responsible for the
high-energy features, as shown in Figure S9.

En
er

gy
 (m

eV
)

S(Q, ω) S(Q, ω0) S(Q, ω1)

← ω0
← ω1

T/TN ≃ 0.01

T/TN ≃ 1

T/TN ≃ 1.3

T/TN ≃ 3.3

T/TN ≃ 7

← ω1

← ω1

(a) (b)(a.u.) (a.u.) (a.u.)

FIG. S8. Calculated S(Q,ω) by classical spin dynamics for different relative temperatures T/TN through (a) Q-cuts and (b)
constant ω-cuts, including zero energy ω0 and the energy corresponding to the nearly flat mode ω1 (indicated by the arrows).
The intensity scale is the same for all the (a) maps and varies for the (b) maps in order to emphasize the main features.
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Bi2Fe4O9 Fe1 only
S(Q, ω) (a.u.)

S(Q, δω2)
(a.u.)

(a)

(b)

δω2

FIG. S9. Comparison of the calculated S(Q,ω) for Bi2Fe4O9 using the set of exchange coupling obtained from our spin waves
analysis with the one taking into account only the Fe1 spins coupled via J4, at T/TN ' 7 through (a) Q-cuts and (b) constant
ω-cuts over an energy range δω2 (between the dotted lines). The intensity scale is the same for all the (a) maps and varies for
the (b) maps in order to emphasize the main features.
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