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A martingale approach for Pélya urn processes

Lucile Laulin

Abstract

This paper is devoted to a direct martingale approach for Pdlya urn
models asymptotic behaviour. A Pélya process is said to be small when
the ratio of its remplacement matrix eigenvalues is less than or equal
to 1/2, otherwise it is called large. We find again some well-known
results on the asymptotic behaviour for small and large urns processes.
We also provide new almost sure properties for small urns processes.

1 Introduction

At the inital time n = 0, an urn is filled with & > 0 red balls and 3 > 0 white balls. Then, at
any time n > 1 one ball is drawn randomly from the urn and its color observed. If it is red
it is then returned to the urn together with a additional red balls and b > 0 white ones. If it
is white it is then returned to the urn together with ¢ > 0 additional red balls and d white
ones. The model corresponding replacement matrix is given, for a,b,c,d € N, by

R = <ch Z) . (1.1)

The urn processe is said to be balanced if the total number of balls added at each step is a
constant, S = a+b = c+d > 1. Thanks to the balance assumption, S is the maximum
eigenvalue of RT. Moreover, the second eigenvalue of R is givenby m = a —c = d — b.
Throughout the rest of this paper, we shall denote

c=m/S<1

the ratio of the two eigenvalues. It is straightforward that the respective eigenvectors of RT

are given by
S [c d S 1
T htc\b an 2T\ 1)

We can rewrite RT under the following form

1 c 1 S 0 1 1
T _ -1 _
R =PDP = b+c (b —1> (0 m) (b —c)'

Hereafter, let us define the process (U, ), the composition of the urn at time 1, by

u, = (i:) and Uy = (g)

where X, is the number of red balls and Y;, is the number of white ones. Then, let T =
a+ 3 > 1and 1, = T+ nS be the number of ball inside the urn at time 7. In particular, one
can observe that X,, + Y, = 7, is a deterministic quantity.
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The traditionnal Pélya urn model corresponds to the case where the replacement matrix
R is diagonal, while the generalized Pélya urn model corresponds to the case where the
replacement matrix R is at least triangular.

The questions about the asymptotic behavior of (U,) have been extensively studied, firstly
by Freedman [9] and by many after, see for example [5} 7, 8, [13} [15, [14]. We also refer the
reader to Pouyanne’s CIMPA summer school lectures 2014 [16] for a very comprehensive
survey on Pélya urn processes that has been a great source of inspiration. The reader may
notice that this paper is related to Bercu [4] on the elephant random walk. This is due to the
paper of Baur and Bertoin [2] on connection between elephant random walks and Pélya-type
urns.

Our strategy is to use the martingale theory [6] [11] in order to propose a direct proof of the
asymptotic normality associated with (U, ). We also establish new refinements on the almost
sure convergence of (U, ). The paper is organized as follows. In Section 2, we briefly present
the traditional Pélya urn model, as well as the martingale related to this case. We establish
the almost sure convergence and the asymptotic normality for this martingale. In Section 3,
we present the generalized P6lya urn model with again the martingale related to this case,
and we also give the main results for this model. Hence, we first investigate small urn regime
where 0 < 1/2 and we establish the almost sure convergence, the law of iterated logarithm
and the quadratic strong law for (U,). The asymptotic normality of the urn composition is
also provided. We finally study the large urn where o > 1/2 and we prove the almost sure
convergence as well as the mean square convergence of (U,) to a non-degenerate random
vector whose moments are given. The proofs are postponed to Sections 4 and 5.

2 Traditional Pdlya urn model

This model corresponds to the case where the replacement matrix is diagonal

R:<§ g)

It means that at any time n > 1, one ball is drawn randomly from the urn, its color observed
and it is then returned to the urn together with S > 1 additional balls of the same color. Let
us define the process (M, ) by

X
Mn - 7”
Tn
and write ;
Xn:oH—SZsk (2.1)
k=1

where the conditional distribution of ¢, 1 given the past up to time nis £(e,11|Fn) = B(My).
We clearly have
EHA4n+lLFﬁ]::A4n

which means that (M,,) is a martingale. We have AM,, ;1 = %H (€n+1 — Mn). Hence,

52 52A4 1-M
E[AM%+1|IH:| = TT(E [£%+1"Fn] B Mﬁ) = nT(Zn)
n+1 n+1

We now focus our attention on the asymptotic behavior of (M,).

Theorem 2.1. The process (M,,) converges to a random variable My, almost surely and in any L¥
for p > 1. The limit M, has a beta distribution, with parameters § and g
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Remark 2.2 This results was first proved by Freedman, Theorem 2.2 in [9].

Our first new result on the gaussian fluctuation of (M,) is as follows.

Theorem 2.3. We have the following convergence in distribution

ViMoo = Mu £, zro,1) 2.2)

Mn<]- — Mn) n—00

3 Gereralized Pdlya urn model

This model corresponds to the case where the replacement matrix is not diagonal,
a b
R=(2 ).

n n
Xn:oc—l—asz—l—cZ(l—ek)
k=1 k=1

Let us rewrite

where the conditional distribution of ¢,41 given the past up to time n is L(ey41|Fn) =
B(t,;1X,). We have

un+1 = un + RT ( Ent1 >
1—¢n11

and
U~ Bl = (32 g ) = (=B () = 255 (% Bl

Hence, we obtain that

oy | Ent1l
Bt ~BllA] = U B RE (00 ) Bl 0 )11
= (b+7'R") (Un —E[Us))
= (Xp— E[X4]) (L +7,'RT) (_11>
1
= (1 + Tn—lm) (X,1 — E[Xn]) <_1>
= (1+7,'m) (U, — E[U,]). 3.1)
Finally, denote
n_l 1 T+ 3)N(E+0)
o=l +7 m) =S T (3.2)
= 0= g )
One can observe that F( )
sto
: [ S
’}Lrglon oy = 16 . (3.3)
Hereafter, we define the process (M, ) by
M, = 0, (U, — E[U,]). (34)
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Thanks to equation (3.1) we immediatly get that
E[M1|Fu] = My,

Hence, the sequence (M,) is a locally bounded and square integrable martingale. We are
now allowed to compute the quadratic variation of (M,). First of all

1 _ 1
AMy 11 = moyi1 (€11 — Elens1| Fa)) <_1) = MmOu41 (€ns1 — T, 1Xn) (_1> . (3.5)

Moreover, )
E[(ent1— Ty ' Xn) | Fu) = 1 ' X (1 — 7, 1 Xo0). (3.6)

Consequently, we obtain from and that

_ _ 1 -1
E[AM, 1AM} | Fa) = mPor 11, X (1 — 7,1 X,) <_1 ) ) (3.7)
Therefore
n—1 T
(M), = Y E[AMy 1AM, |F]
k=0
(1 —1\'E o -1
= m (5 4 zcx%)ak+lTk Xe(1— 7 ' Xy). (3.8)

It is not hard to see that

n
Tr(M), < m*w, where wy, = Z 0,3. (3.9)
k=1

The asymptotic behavior of (M,) is closely related to the one of (w,) with the following
trichotomy
— The diffusive regime where 0 < 1/2: the urn is said to be small and we have

o wy A2 _NE+o0)
AT T g Vhee A= T

— The critical regime where 0 = 1/2 : the urn is said to be critically small and we have

1
lim Wn_ _ F(%—:z)
n—oo logn rs)

— The superdiffusive regime where o > 1/2 : the urn is said to be large and we have

& Tk + DT +0))2
Ii — S S

fm =Y (r(g)r(k+ T+ 0))
Proposition A. We have for small and large urns

ba —cp
S

E[U,] = nv + crn_]< )vz + Ivl. (3.10)

S
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Proof of Proposition @ First of all, denote Ay, = L + 7, 'RT = P(L +7,;'D)P~'and T;, =
HZ;S Ak. For any n € N, T}, is diagonalisable and

_ 1 /(¢ 1 T, /T 0 1 1
_ 1 _ n
fn = POl =0 <b —1> < 0 cf;l) (b —c>'
Since E[Uy41|Fu] = AnU, we easily get that E[U,] = T,,Up, which leads to
B 1 T, (¢ ¢ 4 (b —c
Elt] = b—f—c(? <b b>+0” <—b C))Uo

= noy+ <o +0‘1b0€_c[5
— 1 [ 1 n I3

0).

3.1 Small urns

The almost sure convergence of (U, ) for small urns is due to Janson, Theorem 3.16 in [13].

Theorem 3.1. When the urn is small, o < 1/2, we have the following convergence
lim — =1 (3.11)

almost surely and in any LP, p > 1.
Our new refinements on the almost sure rates of convergence are as follows.

Theorem 3.2. When the urn is small and bc # 0, we have the quadratic strong law

no1 r_ 1 bem® (1 -1

1 & |Ug—kon|> 2 bem?
nlggo logn k; k2 1—20(b+c)? - (313
Moreover, we have the law of iterated logarithm
_ 2 2
lim sup Uy = nen |7 2 bem a.s. (3.14)

noseo. 2nloglogn  1—20 (b+c)?

Remark 3.3 The law of iterated logarithm for (X, ) was previously established by Bai, Hu
and Zhang via a strong approximation argument, see Corollary 2.1 in [1]].

Theorem 3.4 . When the urn is small and bc # 0, we have the following convergence asymptotic

normality

u,—nvy r
T N(0,T) (3.15)

where ' = 1 b (1 -1
C1-20(b+c)2\~-1 1)

Remark 3.5 An invariance principle for (X, ) was proved by Gouet, see Proposition 2.1 in
[10].
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3.2 Critically small urns

The almost sure convergence of (U,) for critically small urns is again due to Janson, Theorem
3.16 in [13].
Theorem 3.6 . When the urn is critically small, o = 1/2, we have the following convergence

lim & — o, (3.16)

n—oo 1n
almost surely and in any LP, p > 1.

Once again, we have some refinements on the almost sure rates of convergence.

Theorem 3.7. When the urn is critically small and bc # 0, we have the quadratic strong law

. 1 < 1 T 1 -1
nh—?go IOg IOng kgl (k 10gk)2 (Uk - kvl)(Uk — kvl) = bc <_1 1 > a.s. (3.17)
In particular,
1 i HUk—kvl||2 o

1 =2 5. A
o loglogn k;l (klogk)? be -5 (3-18)
Moreover, we have the law of iterated logarithm
. Uy — no1 >
1 =2 5. Ad
lfffofp 2lognlogloglogn be a5 (3.19)

Remark 3.8 The law of iterated logarithm for (X,) was also established by Bai, Hu and
Zhang via a strong approximation argument, see Corollary 2.2 in [1].

Theorem 3.9. When the urn is critically small and bc # 0, we have the following asymptotic nor-
mality

Un —nor c, N(0,T) (3.20)

v nlogn n—oo

1 -1
whereF-bc(_l 1).

Remark 3.10 An invariance principle for (X, ) was also proven by Gouet, see Proposition 2.1
in [10].

3.3 Large urns

The convergences of n~? (U, — nvy) to Wo; first appeared in Pouyanne [15], Theorem 3.5.
The almost sure convergence of (U,) for large urns is again due to Janson, Theorem 3.16 in
[13]. The explicit calculation of the moments of W are new.

Theorem 3.11. When the urn is large, 0 > 1/2, we have the following convergence

lim 2" — o, (3.21)

n—oo 1

almost surely and in any P, p > 1. Moreover, we also have

lim L{f”vl — Wo, (3.22)
n— 00 n

6
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almost surely and in 1.2, where W is a real-valued random variable and

_ N(g) ba—cB
n o T(3) bc T ba—cfB (b —cp)?
EW] =0 N5 +20) (20— st (b—c) o5 T o252 ) (324)

4 Proofs of the almost sure convergence results

4.1 Generalized urn model — small urns

Proof of Theorem[3.1  We denote the maximum eigenvalue of (M), by Ayax(M),. We make
use of the strong law of large numbers for martingales given e.g. by Theorem 4.3.15 of [6],
that is for any y > 0,

M = 0((10gTr<M>n)1+’/) a.s.
/\max<M>n
It follows from that
| My ||* = o(wy(log wa)'17) a.s.
which implies
| My || = o(n' 27 (log n)'*7) a.s.

Hence, we deduce from and that
Uy — E[Uy]||* = 0(n(logn)'*?) a.s.

which completes the proof for the almost sure convergence. The convergence in any IL” for
p > 1 holds since n~!||U,, — E[U,]|| is uniformly bounded by 2v/2(7 + S).

[
Proof of Theorem @ We shall make use of Theorem 3 of [3]. For any u € R? let M,,(u) =
2
(u, M) and denote f,, = Z]—”. We have from (3.3) that f, is equivalent to (1 — 20)n~! and
converges to 0. Moreover, V\?e obtain from equations (3.8), (3.11) and Toeplitz lemma that

lim i<M> _om (1 nilaZ T X (1 — 11 Xy)
n=co Wy, T oS eow, \ -1 1 = A ko ok
 bem* (1 -1 s
© (b+c)2\-1 1 o
which implies that
.1
nh_}rgo w—n<M>n =(1-20)r a.s. (4.1)

Therefore, we get from (4.1) that

B A g s

k=1

lim
n—00 ]og Wy,
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which leads to

lim logn Zf (U — E[U) (U, — E[U ) Tu = (1 —20)*u'Tu a.s.

Furthermore, we have from (3.10) that E[U,] is equivalent to nv;. Consequently, we obtain

that
. 1
lim logn E k2 (U — ko) (U — ko))" =T a.s.

n—o0

We now focus our attention on the law of iterated logarithm. We already saw that

Lie

Hence, it follows from the law of iterated logarithm for real martingales that first appeared
in Stout [17,[18], that for any u € R4,

lim sup ! (u) = —liminf ! M, (u)

My,
n—oo /2wy loglogw, n—oo /2w, loglog wy,

= (1—20)uTTu a.s.

:gm ‘ Equk

Consequently, as M, (1) = o, (u, U, — E[U,]), we obtain that

lim sup;@@ u, —E[U,]) = —lim inf; (u, U, —E[U,])

n—co y/2nloglogn n—oo /2nloglogn

= ullTu a.s.

In particular, for any vector u € R?

lim sup ul (U, — E[U,) (U, — E[U,])u = u'Tu a.s.

nooo 2nloglogn

Finally, we deduce once again from (3.10)

lim sup (U, —novp) (U, — nv1)T =T a.s.

n—ooo 2nloglogn

which completes the proof of Theorem

4.2 Generalized urn model — critically small urns

Proof of Theorem Again, we make use of the strong law of large numbers for martin-
gales given e.g. by Theorem 4.3.15 of [6], that is for any y > 0,

1M1

Ay, = O((osTe(M))™™7)  as.

Since Tr(M), < m?w,, and the quadratic version of M, is a semi-definite positive matrix we
have Ay (M), < m?w, so that

My ||* = o(wn(logw,) ') a.s.
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which implies
|My||* = o(logn(loglogn)'*Y) a.s.

Moreover, by definition of M, and using o;, equivalent we get
U, — E[Uy]||* = o(v/nlogn(loglogn)'*7) a.s.

which completes the proof for the almost sure convergence. The convergence in any LL” for
p > 1 holds by the same arguments as in the proof of Theorem

Proof of Theorem We shall once again make use of Theorem 3 of [3]. For any u €
2

R? let M, (u) = (u, M,) and denote f, = %' We have from that f, is equivalent to

n
(nlogn)—1 and converges to 0. When o = 1/2 we have b 4+ ¢ = m. Moreover, we obtain
from equations (3.8), (3.16) and Toeplitz lemma that

li i<M> ~ fm ™1 nz_*‘l 21X (1 11X
L S G B | k:00k+1Tk k T Ak
1 -1
= bc (_1 1) a.s.
which implies that
.1
nlg{)lo w—n(M),, =T a.s. 4.2)

Therefore, we get from (4.1) that

1S M)y p
;}Ln;ologwnl;fk( Wi >—u Fu as.
which leads to
1 n
lim ———— Y f2u" (U — E[Uy]) (U, — E[Ug])"u = u"Tu a.s.

n—oo loglogn /=
Consequently, we obtain from (3.10) that
1 w 1

nh—>1£10 loglogn kg‘l (klogk)?

(Uk—kv1)(uk—kv1)T =T a.s.
We now focus our attention on the law of iterated logarithm. It is not hard to see that

Hence, it follows from the law of iterated logarithm for real martingales that first appeared
in Stout [17,[18], that for any u € R4,

:81\; ‘ quh

lim sup ! M,(u) = —liminf L M, (u)

n—oo /2wy loglogw, " n—oo /2w, loglog wy,
= VulTu a.s.
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Consequently, we obtain that

) 1 1
lim su

i v/2lognlogloglogn

n—eo /2lognlogloglogn
= VulTu a.s.

In particular, for any vector u € R2

U, - Eu,)(U, — E[U,])u = u'Tu a.s.

1
li
lin_iljp 2lognlogloglogn !

Finally, we deduce once again from (3.10) that

. 1
lim sup

2lognlogloglogn (Uy — no1) (Uy — o)t =T a.s.
n—o00

which completes the proof of Theorem

4.3 Generalized urn model - large urns

Proof of Theorem @ First, as Tr(M), < m*w, < oo, we have that (M,,) converges almost
surely to a random vector Muv,, where M is a real-valued random variable and

. S 1
nh_)rgocrn(Xn —E[X,]) = b—l—cM =1 UM a.s.

Hence, it follows from that

nh_}m o, (U, — E[U,]) = Mo, a.s. (4.3)
which implies via that
. . A
lim 0, (UL, — E[U,)) = lim 2|, ~ B[] = Mo s

Therefore, we obtain that

i U — B[
n—r00 n

Hence, we deduce (3.21) from (4.3) and (4.4). The convergence in any LL” for p > 1 holds
again by the same arguments as before. We now focus our attention on equation (3.22). We

have from (3.10) and (4.3) that

=0 a.s. (4.4)

. . ba —c¢
nlgg() on (U — E[U,)) = nh_)n(r)lo o (U — novy) — ( S ﬁ)vz = Mo, a.s.
Consequently,
lim M = Wuv, a.s.
n— 00 no

where the random variable W is given by

1 ba —cf3
W—X(M%— 3

) (4.5)

10

(u, U, — E[U,]) = -liminf (u, U, — E[U,)])
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Hereafter, as
E[||M,|*] = E[Tr(M),] < m*w,,

we get that
sup E[|[My]]?] < o

n>1

which means that (M,,) is a martingale bounded in IL?, thus converging in 2. Finally, as
E[M,] = 0 and (M, ) converges in ! to M, E[M] = 0. Hence, we find from that

ME) ba—cB

E[W] = ng+o) S

We shall now proceed to the computation of E[W?]. We have from that

(ba — cp)?
sz

so that we only need to find E[M?]. It is not hard to see that

E[M?] = A*E[W?] — (4.6)

E[(Xut1 — E[Xu41))?] = (14 2m7, HE[(Xy — E[X4])?] + m?1, 'E[X,] (1 — 7, 'E[X,])
wich leads to

2 ST+ F+20)15 Tk+1+7F)
E[X: ~E[X,]]" = r(n+ 3 Zr(k+1+ +2)

o2 T(n+3§+20)
(1-0)2 T(n+%)

It follows from (3.10) that

7 E[Xd (1 - 7 B [X4])

n-1 - Nk+1+ %)
_ 2 1 | S
Sn - (b+C) kgoTk E[Xk](]‘ Tk E[Xk]>r(k+1+%+20-)
- ba—cp (%) (bae — B T()?
= AT e T e o

where A,, B,, and C,, are as follows, and we obtain from lemma B.1 in [4] that

i Tk+ %) 1 ns+1) Mn+35+1)

k; Nk + 5 —1—20) 20—1(F(%+20) B F(n+§—|—20))'

[y

:ir(k—1+§+a):l(r(g+a) B r(n+%+o))
" ATkt LIt20)  o'N(E+20) Tn+i+20)

C—i Nk—1+7%+0)? _i( Nn+%+o0)? _ T(§+o) )
AT+ DNk+E+20) o2 \T(n+DN(n+ T +20) T(HN(E+20)"

Consequently, we have

E[M?] =

o?A°T(%)  bc T ba—cB  (ba—cp)? (b — cB)?
r(§+2o)<2a—1s+(b_c) o5 | o2 )_ s? 47

and we achieve the proof of Theorem [3.11]via (4.6) and (4.7).
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5 Proofs of the asymptotic normality results

5.1 Traditional urn model

Proof of Proof[2.3l  We shall make use of part (b) of Theorem 1 and Corollaries 1 and 2 from
[12]. Let

k=n
It is not hard to see that
lim s, =
Y s
since
o) SZ o] 1
Z E[AM;] < = Y — < +oo
n=1 4 n=1 Ti%

Moreover, using the convergence of (M, ) in L2 and the moments of a beta distribution with
parameters § and B we get that

X1 N1 afS?
lim — §2 = ,
n—>oo<k§1’r]g+1) n ((X+[3)(0€+[5+S)
leading to
_ xp
nlggons =/ where g_((x—l—ﬁ)(oc—l—[a’—i—S)'
Hence
. 1 & Csz(l — Mk)
Jim ; Z E[AMc, 5] = lim 5 ) — 55—  as
n k=n n k=n k+1
1 X 1 1 & SZMk(l—Mk)
= lim — B I a.s.
n—oo (S <k;1 Tz?+1> kga TI?H
B Moo (1 — Mo) as
7 .

Consequently, the first condition of part (b) of Corollary 1 in [12] is satisfied with n> =
EilMoo(l — My). Let us now focus on the second condition of Corollary 1 in [12] and let
¢ > 0. On the one hand, we get that for all ¢ > 0

1 & 75 &1 e
52 Z E[AMk+1]1|AMk+1‘>55n] < 254 Z E AMkH < 244 Z 7 < 254 Z K
n k=n 75y k=n £°5p k=n k £°5p k=n

On the other and, using that s} increases at speed n? and that
. 3v 1
fm Y =
we can conclude that

o1
lim 57 Z E[AM]%]}“AM;(|>£S”] =0 a.s.

n—oo S5 =
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Hereafter, we easily get that

18
»m»h‘ =

S 1
B[AM{7i] <7 Y 5 <+ (5.1)

»
I
—_

Noting that

n

1
) 57(|AM1<|2 —E[|AM|?|Fi1])
k=1 5k

is a martingale, the equation (5.1) proves that its bracket is convergent, wich implies that the
martingale is also convergent. Thls gives us

Pk
Hence, the second condition of Corollary 1 in [12] is satisfied. Therefore we obtain that

Moo = Mu £, ar(0,1). (5.2)
(M)oo — (M) ne0

(JAM > — E[|AM[*| Fi_1]) < +o0 a.s.

»N\

Moreover, since

lim\/ M, (1 = M,) =1 a.s
n=oo \| n({M)os — (M)n) -

we finally obtain from Slutky’s Lemma that

My, — M, c
—_— 0,1). 5.3
Vn () — N(0,1) (5.3)

which achieves the proof of Theorem 2.3

5.2 Generalized urn model — small urns

Proof of Theorem We shall make use of the central limit theorem for multivariate mar-
tingales given e.g. by Corollary 2.1.10 in [6]. First of all, we already saw from (4.1)) that

lim i(M},l =(1-20)T a.s.

n—00 ’(,Un

It only remains to show that Linderberg’s condition is satisfied, that is for all ¢ > 0,

1 n—1 5 P
E&E[”AMk—s—lH Lyamy, | ze a1 k] —2 0.
We clearly have
1 n—1
winkgb NAMa [P ap. e | Fr) < w2 Z E[|AMii4]1%] wz Z o as.

However, it is not hard to see that

lim Z‘Tk =0

n—oo w2
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which ensures Lindeberg’s condition is satisfied. Consequently, we can conclude that

My,
Ner 55 N(0,(1-20)T).

As M, = 0, (U, — E[U,]) and v/noy, is equivalent to /(1 — 20)wy, together with (8.10), we

obtain that

u,—nvy r
7TSZN(O,F).

5.3 Generalized urn model — critically small urns

Proof of Theorem 3.9 We shall also make use of the central limit thoerem for multivariate
martingales. We already saw from (4.2) that

n—o0 wn

.1 1 -1
hm(M>n—bc(_1 1>.

Once again, it only remains to show that Linderberg’s condition is satisfied, that is for all
>0,

n—o0

1 n—1 P
o Y E[AMa 1P amy 2 | Fi] — 0.
" {=0

As in the proof of Theorem (3.4), we have

1 n—1 ) 1 n—1 s 7712 n—1 s
o, k;)E[HAMkHH L AM, [ zevan [ Fk) < cw? kng[HAMkHH | < 2ew? & Oy - a.s.
It is not hard to see that once again
n—1
Jim, 2 X oe =0

Hence, Lindeberg’s condition is satisfied and we find that

Mn L

As M, = oy, (Un — E[Un]) and o0, y/nlogn is equivalent to /w;,, together with (3.10), we can

conclude that U
n—Nnoyp L
— — N(0,T).
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