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A B S T R A C T 

The goal of this paper is to propose a single interface treatment, based on the Dirichlet-Robin interface condition to deal 
with all steady CHT scenarios. These scenarios depend on the so-called numerical Biot number that controls the 
stability process and the optimal coefficient that ensures, in theory, unconditional stability. It is shown that this 
coefficient is closely related to fundamental thermal quantities. For very large thermal fluid-solid interactions, the 
Dirichlet-Robin condition may result in profound stability issues. A thorough examination of the stability behavior has 
highlighted a narrow and slow-varying stable zone located around the optimal coefficient. This allows us to determine 
coupling coefficients valid in any case and the reasonable value of these coefficients avoids significantly impairing the 
accuracy of CHT solutions. A flat plate, partially protected by a thermal barrier coating, is presented as a test case. 
 
 
1. INTRODUCTION 
 
Conjugate heat transfer (CHT) is a coupled approach that allows to solve complex thermal problems where 
both structures and flows interact together [1][2]. CHT is one of the fundamental features in a wide range of 
engineering fluid flow applications. The scope of the CHT analysis could be expanded in the future and 
systematically employed if robust, reliable, and efficient numerical procedures are implemented. In recent 
years, the behavior of CHT interface conditions has mainly been studied using a normal mode analysis 
[3][4][5][6][7]. However, other methods exist to account for the thermal fluid-solid coupling, such as the 
energy method [8], a matrix analysis [9], a steady-state approach [10], or a frequency-domain method [11]. 
Currently, the computational cost of a CHT model can be prohibitive if a dynamic coupling process is 
considered, such as in the context of LES-CHT problems, and different solutions were suggested to 
accelerate CHT computations [12][13][14][15]. In the current paper, only steady solutions are sought and 
thus the CHT strategy adopted is such that time consistence is not of concern.  

 
Fluid and solid domains can interact in a variety of ways from low fluid-structure interaction (FSI) 

characterized by low Biot numbers to high FSI (high Biot numbers). It is well known that for weak/moderate 
FSI, the Dirichlet-Robin interface condition is well-suited. For higher interactions, another interface 
treatment must generally be considered. The goal of this paper is to provide a single interface condition that 
is stable and accurate for all interactions, i.e. regardless of the aero-thermal problem encountered.  
 

Implementing a single interface condition to deal with all situations is extremely interesting. Indeed, the 
Dirichlet-Robin condition is widely used and it is judicious to be able to extend its application. On the other 
hand, although it is natural to make use of a Neumann condition when the Biot number is high [10][16], this 
condition must be implemented according to a criterion that is difficult to estimate. Finally, in the presence 
of a very heterogeneous surface, for example a metallic wall partially protected by a thermal barrier coating 
(TBC), one is then confronted with a particularly delicate situation involving a succession of disparate 
thermal problems much easier to deal with if a single interface condition can be used. 

 
This study is based on the formulation of the optimal coefficient highlighted for the first time in [17]. 

This concept has proved to be relevant and effective in academic test cases [18] [19] as well as in complex 
industrial applications [20]. This concept, based on a prototyping study, has provided a foundation for 
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efficient methods of resolving high interaction thermal coupled problems, as discussed below. The goal of 
this paper is to define coupling coefficients that never introduce stability restrictions. 

 
2. CONJUGATE INTERFACE NUMERICAL METHOD 
 
2.1. CHT steady strategy 

The simulation of multiphysics problems is generally accomplished by partitioned staggered schemes 
[21]. In a multiphysics strategy based on a partitioned approach, each system should be treated by the 
discretization techniques and algorithms that are known to perform well for the single subsystem. As a result, 
a stable fluid-solid steady solution will be sought by coupling a transient fluid solution with a steady solid 
state. In this paper, the steady-state Navier-Stokes (laminar or RANS) equations are resolved in the fluid 
domain and advanced using a time-marching scheme, and a Laplace heat equation is resolved in the solid 
domain. These strategies, which perform well as single sub-systems, are taken together and assembled in a 
multiphysics approach. This coupling strategy is thus adopted in this work with a special focus on stability 
and accuracy issues. Note that this constitutes a traditional loosely-coupled algorithm; the individual physics 
models are solved independently from one another, and the interface fluxes are balanced only at steady state. 
However, strong coupling approaches may also be considered to encompass models in which updates are 
performed together and thus conservation of energy is maintained throughout the whole coupling process 
[5][22][23]. 

2.2. Dirichlet-Robin interface conditions 

Interface conditions are needed on either side of the fluid-structure interface, where coupling conditions 
are applied. It is well known that Robin conditions have many attractive features and thus a Robin (mixed) 
condition, currently used in FSI problems [17][24][25][26], is applied on the solid side  

[ ] [ ]fffsfs TqTq αα +=+ ˆˆ  (1) 
 

The subscripts f and s denote the fluid and solid domain respectively and the super-imposed hat symbol (^) 
indicates the sought values. q  is the interfacial heat flux [W.m-2] and T [K] is the interface temperature. The 

general Robin condition (1) introduces the coupling  parameter fα  [W.m-2.K-1] the choice of which directly 

influences  the  stability  of  the  CHT process. On the fluid side, a Dirichlet condition is imposed ( sf TT =ˆ ). 

2.3. Stability analysis 

The Godunov-Ryabenkii (G-R) stability analysis [27] is very similar to the standard Fourier stability 
method, although unlike the Fourier method, the G-R method takes into account the boundary conditions. A 
normal mode solution is thus applied to the case defined by the discrete model problem [17][18], and after 
elementary transformations, we obtain the following temporal amplification factor   
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fK  and sK are the fluid and solid conductances respectively [W.m-2.K-1], that is fff ykK ∆= ν  ( 21=ν in a 

finite volume method and 1=ν  in a finite element method) and sss kK Λ= . fy∆  is the size of the fluid cell 

adjacent to the wall, sΛ  is the solid thickness and k  is the thermal conductivity [W.m-1.K-1]. Without going 

into too much detail, let us mention that the parameter β  in Eq. (2) accounts for the contributions from the 
physical and geometric solid characteristics and controls the external boundary condition ( 1=β , for a 

temperature imposed at the external boundary). fκ  is the “spatial” amplification factor that depends on fα  

and on the Fourier number fD , expressed by 
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Where fa [m2.s-1] is the thermal diffusivity and t∆ [s] is the time step. 

 
2.4. Numerical Biot number 

The stability condition 1),( <fzg α  applied to (2) leads, after some basic calculus manipulations [16] 

[18], to a lower stability bound min
fα  
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This coefficient can be conveniently represented in a shorthand notation 
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This notation introduces the numerical Biot number, νBi , defined by  
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νBi  is a local time-dependent parameter that drives the CHT process as long as the fluid may be considered 

as transient. Note that at steady state ( )0=fD , the thermal conductance of the fluid domain shall be taken as 

the heat transfer coefficient, hK f = . 

 
2.5. Weak and strong thermal FSI 

Special attention must thus be given to condition (5) from which, one can define : 
 
•  Weak interaction : 1≤νBi . If this condition holds,  the "transient" thermal resistance of the fluid domain at 

the shared interface is greater than the resistance offered by the whole solid domain. Note that this 
"transient" resistance" is strongly influenced by the time step. Accordingly, temperature can be assumed to 
vary slightly throughout the material's volume. A Dirichlet condition on the fluid side is therefore 
appropriate. There is no stability restriction. 

•  Moderate interaction 1>νBi . This means that the solid thermal gradients are not negligible or that the 

thermal fluid conductance is larger than that of the solid. Stability is obtained for .min
ff αα >  

•  Strong interaction : 1>>νBi . This indicates that either the solid thermal gradients are predominant or that 

the thermal fluid conductance is much larger than that of the solid (the fluid temperature remains almost the 
same in the vicinity of the surface). This can lead to a highly non-spatially-uniform temperature field within 
the solid body. As a result, on a practical level, a Dirichlet condition imposed on the fluid does not seem to 
provide the most efficient solution. However, we shall see hereafter that this condition can be applied under 
specific precautions. The stability condition is obtained for a large value of fα . 

 
2.6. Optimal coefficient 

The modulus of the amplification factor defined by (2) does not have a monotonic variation in terms of 

fα , but goes through an absolute minimum, denoted opt
fα . At this point, the shape of the curve of the 

amplification factor switches and turns back as can be seen in Figure 1. Simply stated, the existence of a 
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transition value for fα  is identified. This fundamental result was first highlighted in [17]. The amplification 

factor is represented in Fig. 1 for weak ( )47.0=νBi , moderate ( )03.3=νBi  and strong interaction 

( )08.7=νBi . These three different FSI have been obtained easily by varying only the solid thermal 

conductivity as indicated in Figure 1. 
 

 
                 Figure 1 - Amplification factor for three different numerical Biot numbers 

 
 The shape of the three curves exhibits a transition when the curves switch and this transition occurs at a 

unique and remarkable value opt
fα  whose exact expression (see [17] , [18] for more details) is given by   
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When the optimal value defined by (7) is employed, we obtain, in theory, the best-case scenario with no 
additional computational effort. Note that νBi can also be seen as the y-intercept of the curves in Figure 1. 

This number can also be estimated as a function of a normalized Fourier number D  [16][18] as indicated in 
this figure, with  

( )
f

f
D
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211

2
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++
=−  (8) 

 
Note that the expression of the optimal coefficient given by Eq.(7) contains only "fluid parameters". This is 
directly linked with the Dirichlet condition imposed on the fluid side. Indeed, this defines a perfect 
conducting condition ( ∞=sα ) and thus totally erases the influence of any "solid parameter" in the 

definition of opt
fα .  

 
2.7. Optimal coefficient : A link to the penetration depth and to the thermal effusivity  

Realistic and accurate thermal conjugate heat transfer solutions require high-resolution CFD meshes. 
Consequently the placement of the first fluid grid point should fall in the near-wall boundary-layer region, in 

order to ensure y+ values close to unity. It is therefore essential to examine, as a first step, the nature of opt
fα  
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as .0→∆ fy  To this regard, contrary to what may seem evident upon examining (7), opt
fα does not tend to 

infinity. From (7), we obtain the following limit 
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Interestingly enough in (9), the optimal coefficient is inversely proportional to ta f ∆2 , that can be seen as 

an approximation of the thermal penetration depth or in other words to the diffusion distance,  the depth to 
which the temperature has significantly changed. This shows that for a low penetration, stability must be 
enhanced by increasing the coupling coefficient to allow for a certain amount of relaxation. Conversely, a 
large penetration means that more heat is transmitted from the interface to the fluid and this large diffusion 
naturally translates into a low coupling coefficient. 
 
Another interesting form of (7) can also be obtained  

t

E fopt
f

y
f

f ∆
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→∆ 2
lim

0

max

ν
αα  (10) 

 

where pff CkE ρ=  [ W.s1/2/m2K] is the thermal effusivity of the fluid. It is the rate at which a medium can 

absorb heat. This property determines the contact temperature of two bodies that touch each other. It is an 
interesting fact to note how the optimal coefficient and the thermal effusivity are linked. Seen in this light, 
one can understand why this coefficient describes the ability of the fluid to exchange heat with the solid at 
any time in the coupling process. In addition, it should be noted that only the fluid effusivity is present in 
(10) and not the ratio of the fluid and solid effusivities. As already stated in § 2.6, the Dirichlet condition 
employed in the current paper (perfect conducting) eliminates any "solid parameter" in the stability analysis. 
  

Finally, it is worth pointing out that the optimal coefficient is a decreasing function of the sizefy∆ of the 

fluid cell. As a result, directly using either (9) or (10) in any CHT case, regardless of the cell size fy∆ , 

presents an obvious possibility that avoids the necessity of estimating the length of the cell. This is true as 
long as the near-wall treatment is based on a low-Reynolds modeling. In this case, we may consider that 

max
fα  is very close to opt

fα , and thus, max
fα  can be used directly as is. This will lead to a very slight 

overestimation (in general, opt
ff αα 1.1max ≈ ) of the value of opt

fα , which does not adversely affect stability. 

 
2.8. Nature of the thermal FSI 

At low or moderate interaction, there is no stability issue when a Dirichlet-Robin is employed. However, 
a good choice of the coupling coefficient is needed. Figure 2 displays the temperature profile at the leading 
edge of a flat plate in a CHT computation (see details in [16]). Two coupling coefficients have been used : 

opt
ff αα *61.0= and opt

ff αα = . The numerical Biot number is .26≈νBi  
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Figure 2 - Convergence history for two coupling coefficients. 

 

It is clear from this figure that opt
ff αα *61.0=  generates oscillations during the initial coupling steps. The 

oscillations tend to grow at the beginning. Although the amplitude of these oscillations does not exceed 2%, 
they can become a critical issue if they do not decrease rapidly. Finally, we can see that the oscillations die 
out after approximately 40 fluid-solid coupling periods, indicating that the coupling coefficient is too low 

and consequently producing under-relaxed solutions. On the contrary, the choice of opt
ff αα =  avoids all 

oscillations, and a monotonic behavior can be observed even during the particularly difficult initial instants. 
An oscillatory behavior can ultimately lead to a divergent process, and thus these oscillations must be 
avoided at all costs. 

In the region ,opt
ff αα <  the amplification factor is a decreasing function of fα , as shown in Figure 1. It is a 

time-dependent hyperbola that strongly relies on the Fourier number fD . This dependence can lead to 

serious stability problems. As fD decreases, the amplification factor increases. In the region [ ]opt
ff αα ,min , the 

CHT problem is theoretically stable but oscillations may occur as shown in Figure 2. It is therefore 
absolutely necessary to further limit the range of fα  to avoid adopting a coupling coefficient in this zone, 

even if opt
ff αα =  theoretically leads to a monotone and fast convergence as predicted by the stability 

analysis.  However, the problem becomes even more significant if thermal interactions are strong, as shown 
below.  

2.9. Biot number and numerical Biot number 

Let us recall that the conventional Biot number needs a heat transfer coefficient, h 

sK

h
Bi =  (11) 

 
This number is a key parameter that determines the stability of the fluid-solid equilibrium and the conditions 
for relevant transmission procedures, see Verstraete et al. [10][26]. It is not an easy task to set up a coupling 
method on the basis of the conventional Biot number if fluid transients are involved in the coupling process. 
However, at convergence, stability bounds may be expressed as a function of this number. 
 
The numerical Biot number is a dimensionless number introduced by Eq.(6), and is defined at any time in the 
transient state of a CHT computation. It is the result of a balance between the fluid and solid domains. It can 
also be expressed quite simply 

s

opt
f

K
Bi

α
ν
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It is a key parameter for stability since it measures the strength of the fluid-solid thermal interaction, and 
accounts for the transient fluid flow at the interface. This number controls the stability process and guides the 
interface condition choice. Note that the expressions of (11) and (12) have the same  denominator. The first 
number represents the steady fluid-solid equilibrium while the second is defined during the transient 
processes. 

As for the optimal coefficient, an upper bound of νBi  is given for 0=∆
f

y    

tak

k
BiBi

f

s

s

f

y f ∆
Λ==

→∆ 2

2
lim

0

max

ννν  (13) 
 

As νBi  is a decreasing function of fy∆ , 11max <⇒< νν BiBi . As a result, it is an easy matter from (13) to 

determine any quantity that ensures unconditional stability, i.e. a large diffusion of heat in the fluid domain 
from the interface, which can be characterized by a weak thermal FSI, as defined in Section 2.5. However, 
this is an aside, as the goal of this work is to prioritise very large FSI. 
 

Finally, let us recall that it was shown recently [19] that for stability reasons, the following condition in the 
fluid domain, must be verified to avoid a "spatial" exponential growth of fκ in Eq.(2): 

2

h
K f >  (14) 

 
This stability condition indicates that the fluid conductance in the near-wall region (diffusion) must be higher 
than half of the convective heat transfer coefficient. Clearly, this condition holds in the vast majority of 
situations in the fluid. However, this relationship should not be overlooked when the heat transfer coefficient 
is expected to be very high (in the case of an impinging jet, for instance). 

 

3. A SINGLE INTERFACE TREATMENT : A STABILITY CHALLENGE 

3.1. Strong thermal interaction 

It is the purpose of this article to propose a single interface treatment, based on the Dirichlet-Robin 
condition. Why this condition in particular ? First, because it is the most widely used in CHT computations. 

Second, because the numerical Biot number can be lowered thanks to the temporal term [ ] 1
211

−
++ fD , 

presenting a powerful argument in favor of the Dirichlet condition. It is the reason why, only this condition 
will be used in the current paper. 
 
As mentioned before, a Dirichlet condition imposed on the fluid side may be delicate and difficult for 
stability in the case of very strong thermal interactions ( 1>>νBi ). Nevertheless, one can also argue that 
the optimal coefficient provides, even in this case, unconditionally stable CHT computations. However, 
this result has been obtained from a 1D model and, unfortunately, at very strong thermal interactions, the 
optimal value becomes very close to the stability limit. This can easily be shown. Combining the 

definition of  min
fα  (Eq. (5)) and opt

fα (Eq. (7)) , we obtain  

να
αα

Biopt
f

f
opt
f 1

min

=
−

 (15) 
 

Thus, as νBi  increases, two undesirable consequences are observed : the interval [ ]opt
ff αα ,min  shrinks rapidly, 

and the amplification factor approaches unity. 
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In summary, νBi measures the strength of the thermal FSI (y-intercept in Figure 1) and 
1−

νBi is the distance 

between opt
fα and the unstable zone (relative distance along the x-axis). 

 
3.2. A stable slow-varying zone 

It is now useful to intensively examine the influence of the coupling coefficient on convergence by 
scanning a field for fα  from 0 (no negative values are admitted for stability reasons)  to fK .  The curve in 

Figure 3 shows the number of coupling iterations necessary to converge (to a specified tolerance), as a 
function of the coupling coefficient. Each point of the curves indicates a converged CHT computation. The 
convergence criterion is based on the infinity norm of the absolute interface temperature fT∆ . Three 

tolerances have been adopted ( )852 10;10;10 −−−=ε . All the curves show a divergence up until or rather shortly 

after min
fα , after which a strong decay can be seen. Interestingly, in each case, a stable minimum level 

around opt
fα is observed, characterized by a slight slope. After this nearly flat zone, this slope increases 

abruptly after opt
fα*.3 , indicating a sudden decrease in the speed of the convergence. Accordingly, we 

should make use of the potential of this narrow slow-varying zone [ ]opt
f

opt
f αα 3,  to guarantee stable and fast 

coupled computations for all cases. 

 
                          

Figure 3 - Coupling iterations to converge for 3 different tolerances. 
 

Beyond the limit opt
fα*.3 , the CHT process is slowed down uselessly. The existence of this flat stability 

zone which varies little with fα , as illustrated if Fig.3, provides a range of values for fα  that resolves the 

problem presented by a very large numerical Biot number, brought to light by Eq.(15). 
 
3.3. Stability conditions for very strong thermal interactions  

On the basis of the above, it is clear that the coupling coefficient must be chosen such that opt
ff αα 3≤ , 

since large values of fα ensure stability but lead to needlessly long calculations. Let us recall [18] that the 
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amplification factor for opt
ff αα ≥ , always located in the stable zone, is a time-independent hyperbola whose 

equation is  

fs

f
f K

g
α

α
α

+
=)(  (16) 

 

As can be seen from Figure 1, the slope of the right half-curve is very steep at opt
ff αα = . The right-

derivative of )( fg α is given by   

( )2
' )(

fs

s
f

K

K
g

α
α

+
=  (17) 

 

When the interval [ ]f
opt
f αα ,  is too small, the risk of instability remains high. Systematic numerical 

investigations have revealed that when the slope of the right-hand side becomes three times lower, the 

distance opt
ff αα −  becomes sufficiently large and any risk of instability is avoided. Thus, fα  must be 

determined such that the slope of the amplification factor is at least three times lower than that of the optimal 
coefficient. This translates to the requirement 

( ) ( )22 3

1
opt
fs

s

fs

s

K

K

K

K

αα +
≤

+
 (18) 

 
Whence 
 

The issue at hand is with regard to very strong thermal interactions, i.e., ,1>>νBi  which implies 

1>>s
opt
f Kα . Thus, (19) becomes  

     opt
ff αα 3>  (20) 

 
 

 
          Figure 4 - Zoomed view of the amplification factor.  
 

( ) ( )22
3 fs

opt
fs KK αα +≤+  (19) 
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Figure 4 shows a zoomed view of the amplification factor and the position of min
fα , opt

fα , and .3 opt
fα  

 
3.4. A significant example 

Figure 5 has been obtained in the conjugate case generated for testing and demonstrating the efficiency 
of the optimal coefficients. This figure illustrates the convergence history for various values of the coupling 
coefficient by plotting the interface temperature residuals as a function of the coupling coefficient.  

 

 
 
                  

  
 
The details of the CHT test case are provided in [16]. It is quite interesting to mention that the results of the 
figure were obtained for a very high numerical Biot number .428=νBi , due to a very low solid conductivity 

( )210−=sk . 
 
In [16], only the Dirichlet-Robin (with the optimal coefficient) and the Neumann-Robin conditions were 
shown. As we can see, the first condition is divergent while the second converges rapidly (104 coupling 
iterations are needed). However, we have now introduced the coefficients provided by the current study, 

namely condition (20) with an upper limit of opt
ff αα 3< . For opt

ff αα 3= , a rapidly convergent behavior is 

observed (99 coupling iterations) which suggests that this coefficient provides an efficient condition. 
However a small non-uniform behavior is detected since an obvious "step-off" is noted in the initial coupling 
steps. The other two coefficients lead to oscillation-free solutions but at a slightly larger cost (106 iterations 

and 127 iterations, respectively). Values greater than opt
fα3  are acceptable, albeit at the cost of a poor 

convergence rate. 
 
Note that such a high numerical Biot number seldom or never occurs, as the solid conductivity used is 100 
times smaller than that of typical ceramics ! It is the reason why Figure 5 is entirely representative of 
extreme CHT cases. 

 
3.5. Computational efficiency  

The number of fluid iterations necessary to converge must be compared to that for an uncoupled steady 
flow solution. For low or moderate fluid-structure interactions, it has been shown [16] that the number of 

Figure 5 - Convergence vs coupling iterations for Dirichlet-Robin & Neumann-Dirichlet conditions. 
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fluid iterations of the CHT process is shorter than the one required for a CFD computation only. At very high 
interactions, such as the one shown in Figure 5, the number of fluid iterations increases by only 15% with 
respect to the CFD computation. 

 
3.6. Stability, accuracy and validation 

Emphasis has been put in this paper on stability issues, mainly for large thermal fluid-structure 
interactions. This was a necessary step to complete before dealing with accuracy issues such as how the 
numerical treatment at the interface affects the overall spatial convergence and accuracy. However, in 
loosely coupled problems, the heat fluxes are not balanced at the interface and only a steady state is sought. 
On the contrary, in strong thermal coupling, conservation of energy must be maintained continuously. Note 
that, for this specific issue, the method of manufactured solutions [28][29] has been used by Veeraragavan et 
al. to verify that the spatial discretisation used at the fluid-solid interface does not affect the overall spatial 
convergence and that the coupling is implemented correctly. Lastly, it should be observed that there are few 
analytical solutions. They are available only for simple cases with linear boundary conditions. For 
incompressible flows, analytical solutions have already been used in CHT for instance in a parallel plate duct 
[30] [31], in circular ducts [31], with periodic inlet fluid temperature [32] or in laminar pipe flows [33]. For 
compressible flows, no exact solution is available. 
 
4. A SINGLE INTERFACE TREATMENT : AN ACCURACY CHALLENGE 

4.1. Background 

In theory,  the convergence of the conjugate problem implies the continuity of temperature and heat flux 
at the fluid-solid interface : introducing the continuity of temperature sf TT =  into the Robin condition (1)  

leads to sf qq = . In practice, the situation can be quite different. The problem is twofold :  

(1) the interface conditions are satisfied to a specified tolerance  ε  : 

     ε<− sf TT  (21) 
 

(2) The "relaxation term" in (1), namely  ( )sff TT −α ,  may be significant. This term, which is meant to tend 

towards zero at convergence, may, on the contrary, have significant influence on the solution. Indeed, it can 
be of equal or greater order of magnitude as fq , leading to an erroneously converged result. 

At this stage, it is worth noting that a criterion based on the difference between the fluid and solid heat fluxes 
could have been considered, but this would have led to quite similar conclusions. Indeed, from Eq.(1), we 
obtain  

     )( sfffs TTqq −=− α  (22) 
 

and thus, when criterion (21) holds, the convergence error on the heat fluxes is 

     εα .ffs qq ≈−  (23) 
 

Therefore, this difference is all the more important when the coupling coefficient is large (strong thermal 
interactions) or when the tolerance criterion is not restrictive enough. 
 
4.2. Non-Uniqueness of the CHT solutions  

On a discrete level, on the solid side, at time n+1, it is not Eq.(22) that is solved but rather : 

     )
~

(~ 11 ++ −+= n
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n
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n
f

n
s TTqq α  (24) 
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where fq~  and fT
~

 are the spatially interpolated values from the fluid grid to the solid grid. This may be re-

written as : 

     )
~

()(~ 11 n
s

n
ff

n
s

n
sf

n
f

n
s TTTTqq −+−+= ++ αα  (25) 

 

And thus, as we can see, convergence on the solid side ( )n
s

n
s TT =+1 , does not imply continuity of heat flux 

( )n
f

n
s qq ~1 =+ , due to the interpolated fluid temperature. This convergence error is accentuated as thermal 

interactions get stronger, since increasingly large coupling coefficients become necessary. Consequently, a 
single interface treatment based on a Dirichlet-Robin condition presents a real accuracy challenge. All this 

upholds the necessity of a coupling coefficient that remains close to opt
fα  in the case of high thermal FSI. 

The test case, presented in Section 4, illustrates that a family of solutions can be obtained at large thermal 
fluid-solid interaction. 
 
As a result, in the framework of the Dirichlet-Robin condition, the interpolation error can be substantially 
reduced if only one thermal quantity - the heat flux - is interpolated at the shared interface. In this way, there 
is no need to transfer the fluid temperature to the solid and the relaxation term is simply taken as 

)( 1+− n
s

n
sf TTα . This has a minor influence in the case of low numerical Biot numbers where small or zero 

coupling coefficients are acceptable, but it is vital when higher thermal interactions are considered.  
 
4.3. TBC test case 

4.3.1. Operating conditions 
 
Figure 6 shows a 300 mm long and 9.8 mm thick rectangular flat plate with a thermal conductivity 
10=sk Wm-1k-1. The CHT analysis consists of the problem of convective heat transfer over, and conductive 

heat transfer within, this plate. The upper face of the plate is partially protected by a ceramic thermal barrier 
coating (a ceramic of 0.2 µm thickness from probe 2 to probe 3- 1.0=TBCk Wm-1k-1). The external faces of 
the solid plate ( 10=sk Wm-1k-1) are assumed to be adiabatic and a constant temperature (1000 K) is imposed 
on the lower side of the solid. The solid contains 22 mesh-points uniformly distributed in the y-direction.  
 

 
Figure 6 - Thermal barrier coating on a flat plate. 

 
The fluid domain is a rectangular channel of the same length as the solid plate with a symmetry boundary 
condition on the upper side. Turbulent air flows from the inlet and interacts with the upper wall of the solid 
before exiting. A near wall well-refined mesh (∆yf =2.5·10-5 m - y+~1) is employed to correctly capture the 
boundary layer. This allows us to best calculate the heat transfer and as a result, no wall functions are 
employed. The fluid Mach number is 0.1 and the total temperature is 1200 K. The CFL is set at 20. The 
figure indicates the position of four probes. 
 

4.3.2. Numerical tools 
 

The fluid code, referred to as the elsA software package (ONERA-Airbus-Safran property), is a multi-
purpose tool for applied aerodynamics and multi-physics, which capitalizes on the innovative results of CFD 
research [34][35]. The solid software package, called Z-set, is a comprehensive suite of integrated analysis 
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programs for general purpose structural analysis [36]. The exchange of data between the two aforementioned 
solvers is carried out through the CWIPI library [37]. This library takes into account the grids, as well as the 
processes in which the data are located.    

 
4.3.3. Results 
 
The converged interface temperature, within a specified tolerance 510−=ε , is represented vs the coupling 

coefficient in Figure 7. Along the x-axis, the indices 1, 2, etc ...represent  opt
fα*.1 , opt

fα*.2 , etc. The value of 

the thermal conductivity of the TBC and of the solid body is indicated in this figure. 
 
It can be seen that the temperature levels at probes 1 and 4, i.e. in the metallic body, are independent of the 
coupling coefficient. On the contrary, at the two boundaries between the metal and the TBC, the coefficient-
dependency on the steady coupled solution is evident and notable differences can be observed despite the 
very low tolerance level required. This confirms what one would expect. It is more difficult to obtain good 
convergence properties with a small solid thermal conductivity when a temperature is prescribed on the fluid 
side. 

 
 

 
 
 
At this point, it is essential to illustrate the convergence of the temperature for the different coefficients. As 
can be seen from Figure 7, temperature at Probe 1 and Probe 2 are not affected by the value of the coupling 
coefficient. This does not hold true when the numerical Biot number is large, as in the case of the probes by 
the thermal coating. Consequently, the convergence history of the temperature is shown in the TBC at 
probe 3. 

Figure 7 - Interface temperature at convergence at 4 different locations vs coupling coefficient. 
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The variation in the solutions at steady state cannot be considered to be negligible, as the difference in 
temperature can be as large as 8 K when considering the lowest and largest coefficients. As explained in 
Section 4.2, these non-unique solutions are due to the relaxation term that becomes predominant with strong 
FSI. It is then crucial to specify that if the relaxation term contains only "solid temperatures", as suggested 
before, all the interface temperatures presented in Figure 8, for 4 coupling coefficients, are superimposed, 
which means that a unique solution is obtained. 
 

Finally, it is highly significant to note that a Neumann-Dirichlet condition imposed at the TBC interface 
(between probes 2 and 3) and a Dirichlet-Robin condition imposed in the rest of the interface lead to a 
rapidly divergent process (not shown in this paper). This is because switching from a Dirichlet-type 
condition ( )∞=sα to a Neumann condition ( )0=sα  is very brutal. It is thus far better to implement, at least in 
the case in point, a single interface condition. This fully justifies the approach presented in the current study. 
 
 
5. CONCLUSION 

A single interface treatment to deal with all steady CHT scenarios has been presented in this paper. This 
treatment is based on adaptive and local coupling coefficients, with no arbitrary relaxation parameters, and 
with no assumptions on the temporal advancement of the fluid domain. This was achieved by leveraging the 
concept of optimal coupling coefficients and by extending their functionalities to include high thermal FSI.  

 
Accordingly, stability is maintained in any CHT event, and in particular for a thermal coupling 

characterized by very large Biot numbers. In addition, it has been shown how this approach is closely related 
to the thermal effusivity as well as the thermal penetration depth, making this interface treatment a highly 
physics-based approach. Finally, in order to avoid significantly impairing the accuracy of a CHT solution, a 
reasonable range of values for the coupling coefficient has been stressed. However, we must also bear in 
mind that the time step involved in the CHT analysis is a significant variable in the stability model. This 
procedure could thus be generalized by calculating the optimal coefficient with a diffusion time scale. The 
most direct application under study consists in heterogeneous coupled surfaces, such as a metallic wall 
partially protected by a thermal barrier coating. 

 

Figure 8 - Interface temperature at convergence at probe 3, for different coupling coefficients. 
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