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GLOBAL EXISTENCE FOR NAVIER-STOKES SYSTEM WITH STRONG
DISSIPATION IN ONE DIRECTION

MARIUS PAICU AND PING ZHANG

ABSTRACT. We consider the 3D incompressible Navier-Stokes equations with different vis-
cous coefficients in each variables. In particular, when one of this viscous coeflicient is large
enough compared to the initial data, we prove the global well-posedness of this problem. More
generally, we obtain the existence of a global strong solution when the initial data verify an
anisotropic smallness condition which take into account the different role of the horizontal
and vertical viscosity.

1. INTRODUCTION

We consider the anisotropic incompressible Navier-Stokes system with different vertical and
horizontal viscosities. Our goal is to study the role that plays the large viscous coefficient in
one direction in the global existence of the strong solution for the Navier-Stokes system. Let
us recall the anisotropic Navier-Stokes equations which describes the evolution of a fluid with
”turbulent viscosity” in R?

oiu + uVu — vpApu — Vvagu =—-Vp in  [0,7] xR3
(1.1) (NSy) ¢ divu=0

’U,‘t:() = Uuo,

where A;, = 831 + 6%2 is the horizontal Laplacian, 1, > 0 and v, > 0 are respectively the
horizontal and the vertical viscous coefficients, u = (u1,ug,u3) denotes velocity field of the
fluid, and p the scalar pressure, the Lagrange multiplier which assure the divergence free
condition on the velocity field.

When v, = v, we obtain the classical Navier-Stokes system, whereas when v, = 0 (NS,) is
the anisotropic Navier-Stokes system arising from geophysical fluid mechanics (see [7]). The
Navier-Stokes system with large vertical viscosity is an usual model to study the evolution
of the fluid in a thin domain in the vertical direction (see [30]). Our main motivation for us
to study Navier-Stokes system with large vertical viscous coeflicient comes from the study of
Navier-Stokes system on thin domains.

The first important result about the classical Navier-Stokes system, was obtained by J.
Leray in the seminar paper [22] in 1933. He proved that given a every finite energy initial
data, (1.1) has a global in time weak solution which verify the energy estimate. This solution is
unique in R? but unfortunately the solution is not known to be unique in dimension three. The
Fujita-Kato theorem [15] give a partial answer to the construction of global unique solution to
(1.1). Indeed, the theorem of Fujita-Kato [15] allows to construct local in time unique solution

to (1.1) in the homogeneous Sobolev spaces H %(R3), or in the Lebsegue space L3(R?) (see
[18]). Moreover, if the initial data is small compared the the viscosity, that is, Hu0||H 1 S v,
the the strong solution exists globally in time. This result was generalized by M. Cannone,
Y. Meyer et F. Planchon [5] for initial data in Besov spaces with negative index. The end-
point result in this direction is given by D. Tataru and H. Koch [19]. They proved that given
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initial data in the derivatives of BMO space with the norm sufficiently small compared to the
viscosity, then (1.1) has a unique global solution.

. —142
We remark that all the norms in H%(R?’), L3(R?), Bp,o;r” (R3) and VBMO, are sclaing-

invariant under the following scaling transform:
(1.2) up(t,z) = (N, \z) and  ug(x) = Mug(Ax).

We notice that any solution u of (1.1) on [0,T], uy is also a solution of (1.1) on [0,7/)2].
We remark that the largest space, which belongs to S'(R?) and the norm of which is scaling
invariant under (1.2), is Bo_ofoo(R?’). So, a large initial data means a large data compared to

the viscosity coefficient in the space Bgofoo (R3).

We recall also some examples of large initial data generates unique global solution to (1.1).
G. Raugel and G. Sell [30] obtained the global well-posedness of (1.1) in a thin domain. This
result was generalized by G. Raguel, G. Sell and D. Iftimie in [17] where loosely speaking,
they proved that (1.1) has a unique global periodic solution provided that if the initial data
ug can be splitting as ug = vg + wo, with vy being a bidimensional solenoidal vector field in
L*(T?) and wy € H%(']I‘?’), such that

||u0”%2(']1‘}2])
”w0|’H%(T3)eXP 2 < cv.

J.-Y. Chemin and I. Gallagher construct in [10] the first example of initial data which is ef-
fectively large in Bo_ol,oo and gives rise to a global strong solution. The initial data is highly oscil-
lating in the vertical variable and is give by u)) = (Nuy(z1,) cos(Nx3), — divy, up(z)sin(Nx3)),
where ||uy|| ) <0 (In N )% They also consider the case of large quasi-2D initial data and
more generally the case of slowly varying in one direction data in the well-prepared situation
in [12]. More recently, the case of slowly varying in one direction data in the ill-prepared situa-
tion was studied in [13] by performing estimates in analytic functions spaces and by obtaining
a global Cauchy-Kowalewkaya type theorem.

Our goal in this paper, is to study the role of a large vertical viscosity in order to obtain
the global well-posendess of the (N S,) system.

As a consequence of ours results is that, we obtain the global well-posedness of (NS,)
system for any large initial data, if the vertical viscosity is large enough. Moreover, we obtain
the result of the global existence and uniqueness of the solution even in the case of a small
horizontal viscosity converging to zero and a large enough vertical viscosity.

The first main result of this paper states as follows:

Theorem 1.1. Let @ be in H'(R3) N L®(Ry; H~%(Ry,)) N L®(Ry; H'(Ry)) for some § €
10,1[. Let us assume also that al}, 9,ul and 0?ul belongs to LQ(RV;EV% N H%(]Rh)) Let
vy € B%’O(R?’) N BO’%(R?’) be a solenoidal vector field. We assume that vy, > v, > 0. Then for
some 0 € [0,1/2], there exists a positive constant €;,, (4), which depends on the norms of
uh above, such that if v, is so large that

1 5 1 %)

. -2 _ = 6 —5 _h . def
(13) (Agw, T et 0 ) s, (i) < comn with Ao L ool g o (00l o + 10l 53.0)
for some cy sufficiently small, the initial data
(1.4) U (Th, x3) = (ﬁg(xh,sxg),O) + vo(x)

generates a unique global solution u to (1.1) in the space C’b(RJr;BO’%(R?’)) with Vu €
L2(RT; B2 (R3)).



The definitions of the Besov norms will be presented in Section 3. The exact form of the
constant €;,, (uh) will be given by (5.8).

We remark that the norms of vg in B%’O(R?’) and BO’%(R?’) are scaling invariant under the
scaling transformation (1.2).
In the case when v, =0 in (1.1), that is

ou+u-Vu—1y03u=—Vp for (t,r) € RT x Q,
(1.5) divu =0,
ul=o = o,

u|x3:O = u|mg:1 =0,
where Q = R?x]0, 1[, we have the following global well-posedness result for (1.5):

Theorem 1.2. Given solenoidal vector field ug € L*(R®) N B2(R?), then there exists a small
enough positive constant ¢ so that if

(1.6) luollz2 + [luollgz < ey,
(1.5) has a unique solution u € Cy([0, 00[; L2 N B2(R?)) with d5u € L*(R*; L2 N B2(R?)).

Let us complete this section by the notations of the paper:

Let A, B be two operators, we denote [A; B] = AB — BA, the commutator between A and
B. For a < b, we mean that there is a uniform constant C, which may be different on different
lines, such that a < Cb. We denote by (a|b) the L?(R3) inner product of a and b, (dy)ecz will
be a generic element of /!(Z) so that djezdi =1

For X a Banach space and I an interval of R, we denote by C(I; X) the set of continuous
functions on I with values in X, and by Cy(I; X) the subset of bounded functions of C(I; X).
For ¢ € [1,+o0], the notation Li(I; X) stands for the set of measurable functions on I with
values in X, such that ¢t — || f(¢)||x belongs to L(I).

2. IDEAS OF THE PROOF AND STRUCTURE OF THE PAPER

Let us construct vy, via

(2.1) {8tvL — mApvr — v 0?vp =0 for (t,zy,2) € RT x R3,
vplt=0 = vo.

We construct (@, p?) through

gyul + @ - Vya — mApat — vye20? P = —Vpp? for (t,7n,2) € RT x R3,
(2.2) divy, @ = 0,

" |i—g = up.
We write
(2.3) w=uvp+[@"). +R and w=p—p" with [f].(t, 2y, 23) = f(t, Th,e23).

Then it follows form (1.1) and (2.1), (2.2) that (R, V) verifies

OR+u-VR+R-V(vg+ [@".) — AR — 1 02R+ Vr = F,
with F = (F" FY) and
(2.4) FP = —vp - V(0! + [aM).) — [a"]e - Vpo!  and
FY = —vp - Vi — [l - Vo — 050",
divR =0,
| Rlt=0 = 0,



where pP is determined by
2
(2.5) ph= (ATl (ae),
ij=1
which is obtained by taking divy to the momentum equation of (2.2).
In order to explain the main idea to the proof of Theorem 1.1. Let us first assume af = 0

in (1.2). Instead of assume vy in the critical spaces, we assume vo € H'(R?) N L>(R?). Then
we have the following simplified version of Theorem 1.1.

Theorem 2.1. Let vg € H'(R?) N L>®°(R?) be a solenoidal vector field, we denote

def
(2.6) E(vo) = [lvol 72l Vol 2 + [[vollZe llvoll72-
We assume that v, > vy, > 0. Then there exist two positive constants ¢, C so that if
E(vo) HUOHZ}{O 1 3
2.7 e ( . ) < cv
( ) \/m Xp Cl/ﬁ = h»

then (1.1) has a unique global solution u with
u € C([0,00[; H*'(R?)) and Vue L*(Ry; H*(R3)).
We begin the proof of the above theorem by the following useful lemmas.

Lemma 2.1. Let a be a free divergence vector field in H%' with Vya belonging to H*!. Let
b e HO%' with Vi,b € H%'. Then one has

1 1 1 3
(aVb‘b)Ho,l < CHQH;IOJ ”Vha||12{o,1 Hbeqo,l ||vhbH12{0,1~

Proof. We recall that [lal|goa = ([lal|F2 + HagCLHQLQ)%. Then It is easy to observe that due to
diva =0, (aVb|b) ;2 = 0, so that there holds
(aVb|b) o0 =(aVDID) ,, + (93(aVD)|D3b) |
:(aV33b|33b) 2t (83(1Vb|83b) 12
= (030, V1| 33b) ; , + (D3a303b|03D) ;.
Notice that

1 1
1z zzy S NFIZ2 051172
and d3ag = — divy, ap, we deduce from the law of product in Sobolev spaces that

. . 2
’ (leh ahagb’agb)LQ ‘SHleh ahHL3°(H;%)H(83b) ”L},(Hh%)

<[Vnal _; [|0sb]?
LX(H, %) L2(

v h

HY)

1 3
Slall, 3, 19581 22 1V L.

v

(11
On the other hand, we write
d A . .
a6l s =2 [ |16 za)05 6. 0) d
T3 JRr? R?
Integrating the above inequality over | — oo, 23] and using Holder’s inequality, we achieve

1 1
1, i, S 2005152

4



As a result, it comes out

1 1 1 3
(2.8) | (divy, andsbldsh) ;o |S llall .1 Vidsall 2, [|0sb]| 3. ][ Vidsbl| ..
Whereas observe that
| (93anVnb|93b) 5 |<[I03an]|L2(La) Vil Lo (12) 1056 L2 24

1 1 1 1 1 1
Sll03anl| 72 VeOsan|| 72 [[Veb| 72 [[V6O3b| 7 2 [|03b]| 7 2 [ VL O3 7 2

which together with (2.8) ensures the lemma. O
The next lemma is concerned with the linear equation (2.1), which tells us the small quan-
tities that will be used in what follows

Lemma 2.2. Let vy € L*(R3) with Vv € L?(R3). Let vg, be the corresponding solution of
(2.1). Then we have

[voll32 [VhvollZ»

and H&thULH%?(LQ) S

dsvr||? <
H 3'UL”L§(L2) =~ Y Uy

Proof. Indeed by applying standard energy method to (2.1), we get

t t
s O + 200 [ [0l e+ 20 [ 000l = ol
0 0

t t
VoL (6)]22 + 20, / IV20L(t)|25 dt’ + 20, / 105V os ()22 = [ eo] 2,
0 0
which implies the lemma. O

Lemma 2.3. Let E(vg) be given by (2.6). Then under the assumptions of Lemma 2.2, one

has - (o)
E(ug

%00 dt < —=2.

/0 lvr @ v (t) o dt < e

Proof. We begin by writing that

/0 lor, ® vp()|20n dt = /0 (Jor ® v (1) |12 + [Bs(vr, @ vr) (B) 2
(2.9)

<c / (o)L + lordsvr()[22) dt.
0

Applying Lemma 2.2 gives

/0 lodsvn(t)]12 dt < /0 ok ()12 B0 (£) 2

Mol llwollZ.

(2.10)

Vy

To handle the other term in (2.9), by applying the Sobolev embedding of H T (Ry) = LA(Ry),
we obtain

3 1
loL(t; 2, ),y < Cllon(t, zn, )72 1850L (8 2, )l 72

which together with Lemma 2.2 implies that
oo oo
/0 los ()l dt < /0 /R s (b, ) 3 950 ()| v
h
3 2
Slvelize@r g g 19sve iz )

_1
SVV 2 HULHiG(RJr;Lg(Lg))||UOHL2'
5



Whereas notice that Sobolev imbedding Theorem implies H i (R?) «— L5(R?), we write

1 2
lor(t, - zs)llLg < Cllon(t, - w3)llza [Vior(t, - zs)ll -

Taking the L2 norm leads to

1 2
loe(®)lzg 2y < e ®)lzzgy < CHOLON g IV30E O 2 g
which together with Lemma 2.2 ensures that
”ULH%a(RJr;Lg(Lg)) §||UL||LO<>(R+;L2)||VhULHLoo(R+;L2)”VhUL||L2(R+;L2)

1
<y, 2 ool 2] Vivol 7.

This gives rise to

[ o < Lol Vool
’ N

Along with (2.9) and (2.10), we complete the proof of the lemma.

Proof of the theorem 1. Let vy, be determined by (2.1). We write
u=vr, + R.
Inserting the above substitution into (1.1) yields

6tR+R'VR—VhAhR—VV6§R+Vp: —R-Vvr, —vr-VR—wv, - Vug,
(2.11) divR =0,

R(0) =0.
By taking H%! scalar product of R equation of (2.11) with R, we obtain
orp gl Rl VuR s + 03Bl = —(R- VRIR) o,
— (v - VRIR) ;0. — (R VL|R) 0.0 — (vr - VULIR) 1o
Applying Lemma 2.1 gives
| (R VRIR) o1 < | Bll o ViR Fpo,
and
| (vr VRIR) o, 1< Cllonlou I Vwvelgon 1Rl on [V RI 0
Then by applying Young’s inequality, xy < %x% + iy‘l, we achieve
| (v - VRIR) o |< O [vrlFoa Vol 3o | BIIFj0. + %HWRHEOJ-
Similarly, notice that H %(Rﬁ) c L4(R?), we get
| (R VoL|R) o, ’§||R”2Lﬁ(H3)”VULHHO»1
<[|R[[goa | VuR| o [[VoL|[ groa
<O VoLl |1 Rl + 155 VaR .

100
For the last term in (2.11), we first get, by using integrating by parts, that

(UL . VUL|R)H0,1 = —(UL ® ,UL‘VR)HO,D
6



which implies
| (UL . VUL|R)H0,1 |<||vr ® v || foa HVRHHO 1

<OV Mlor @ vrlfpon + s IV Rl gos.

100
Let us denote

def % Vh
(2.13) T = { T <t [|Rllggs(ron) < T }.
Then by substituting the above estimates into (2.12), for t < T*, we arrive at

d _
.11 I RllZ01 ol VaBlfZo.1 + vellOs Rl 00 < Cog o © vi 30

+ (V00 + 14 lon o IV nen . ) | Rl
Applying Gronwall’s inequality gives rise to (2.14)
HRH%?O(HO,I) SCIjh_l”UL ® ULH%%(HOJ)

X exp (V{l||UL”%;>°(H0,1)HthLH%g(Ho,l) + Vh_l”vaH%%(HO,l))a

from which, Lemmas 2.2 and 2.3, for t < T™, we infer
3 1
VRIZ s g0y < v 22 Bwo) exp (Cv ol on + O 0]
Then under the smallness condition (2.7), we have
(2.15) IR e (rroy < % for ¢t < T*,

which contradicts with (2.13). This in turn shows that 7% = T™ = co. Furthermore inserting
the estimate (2.15) into (2.14) shows that VR € L?(R*; H*!). this completes the proof of
Theorem 2.1. O

The organization of this paper is as follows:

In the third section, we shall recall some basic facts on Littlewood-Paley theory.

In the fourth section, we present the priori estimates for smooth enough solutions of (2.1)
and (2.2).

In the fifth section, we prove Theorem 1.1.

In the sixth section, we present the proof of Theorem 1.2.

3. BASICS ON LITTLEWOOD-PALEY THEORY

Before we present the function spaces we are going to work with in this context, let us
briefly recall some basic facts on Littlewood-Paley theory (See e g. [6]). Let ¢ and x be smooth
functions supported in C def {reRf, 2 <7 <3} and & { € RT, 7 < 2} respectively
such that

Z@Qﬂ)—l for 7>0 and x(7 —i—ZgoQ])—l for 72>0.
JEZ 3>0

For a € S'(R?), we set

Apa € F e Maa),  Sta S F (@ Ha)a).
(3.1) Ala ¥ F e gGha),  Sfa® F (2 g))E), and
Aja ¥ F(p(27¢)a), Sja & F (277 |¢)a),

7



where &, = (£1,&2), £ = (&n,&3), Fa and a denote the Fourier transform of the distribution a.
The dyadic operators satisfy the property of almost orthogonality:

(3.2) ApAja=0 if |k—j|>2 and Ak(S;j—1aQjb)=0 if |k—j|>5.
Similar properties hold for A}; and AJ.

Due to the anisotropic spectral properties of the linear equation, (2.1), we need also the
following anisotropic type Besov norm:

Definition 3.1. Let s1,52 € R and a € S}, (R?), we define the norm

def
lallgeiea (27 (25| AR A all12) 0 )

o
In particular, when s; = 0 we denote B2 by B%*2 with
‘
lall go.ss = 22| AYal 2.
LeZ

We recall the classical homogeneous anisotropic Sobolev norm as follows
1
def 2ks1 620 h 2 )2
lallgeroe < (3 2251222 ARAal 32 ) .
kLEZ

In order to obtain a better description of the regularizing effect for the transport-diffusion
equation, we will use Chemin-Lerner type spaces:

Definition 3.2. Let p € [1,400] and T' €]0, 400]. We define the norms 01"5"'}(1’551’52 (R3)) and
Lip(B**) by

HQHZI%(BSLSQ) = (2 S92 (2 SlHAkAZaHL?(L%)p)El,
and )
de ¢
|’aHE§(30»82) = 22 | Avallpp (12
LeZ
respectively.

In particular, when p = 2, we have

1
lallz goeay =D 22 (D 1ARATalT3 12)) 2

(33) LET , kEeZ
= 3 2 AVl ) = lall g g
LET

In order to study a fluid evolving between two parallel plans, namely to prove Theorem
1.2, we also need the following norms:

Definition 3.3. Let s € R and p € [1, ], we define

def

def
(3-4) lalls; = .

S ot fakalle and alz s XS0 2%AR 1y i)
keZ keZ

To over come the difficulty that one can not use Gronwall’s argument for the Chemin-Lerner
type norms, we also need the time-weighted Chemin-Lerner norm introduced by the authors
in [28]

Definition 3.4. Let f(t) € L} (R.), f(t) > 0. We define

loc

T 1
_ ls v 2 2
Il g gy = 202 ([ FOIATUO o)

LETL
8



We also recall the following anisotropic Bernstein type lemma from [14, 27].

Lemma 3.1. Consider By, a ball of ]Rfl and Cy, a ring of R% ; fix 1 < pg < p; < oc0. Then the
following properties hold:
- If the support of @ is included in 2*By, then

k 2(1/pa—1
105, all g1 S 2H0H20P2 /) o
- If the support of @ is included in 2FCy,, then
lall e S 27F(Vnal o1 -
h h
To study product laws between distributions in the anisotropic Besov spaces, we need to

modify the isotropic para-differential decomposition of Bony [4] to the setting of anisotropic
version. We first recall the isotropic para-differential decomposition from [4]: let a and b be
in §'(R3),

ab=Tyb+ Tya + R(a,b) or ab=T,b+ R(a,b) where

T.b=_ S 1aAb, R(a,b)=> AjaSjsb and

(3_5) JEL JEL
~ ~ Jj+1
R(a,b) = Z AjaA;b, with Ajb= Z Aya.
JEZ l=j—1

In what follows, we shall also use the anisotropic version of Bony’s decomposition for both
horizontal and vertical variables.

As an application of the above basic facts on Littlewood-Paley theory, we present the
following product laws in the anisotropic Besov spaces.

Lemma 3.2. Let 71,70 €] — 1/2,1/2[ with 71 + 7 > 0. Let a € B®™ with Vya € B%™, let
b € B%™2 with Vb € B%™. Then one has

1 1 1 1
(3.6) 1abll yory1my-3 S llall oy V@l oo 110l 5o, V1 0.7, -
Proof. We first get, by applying Bony’s decomposition in vertical variables, that
(3.7) ab=T)b+T)a+ R"(a,b).
Next, we just handle term by term above. Indeed due to 71 < %,
A'%4 g v
157 all pee sy S Z 27 || Ajall gz
0<t—1

i 1 1
S D 27lAVall 2l A) Vial 2,
<e-1

we have

) 1 1 1
<2!G=)a|| 2, || Vnal| 2

from which, and the support properties to the Fourier transform of the terms in 7/b, we infer

IATIb e S 30 ISE sallse i) | AVBlL 2 )
e/ —]<4

1 1
Y 150 10l poo 2y | A0l 72 [[ A7 Vb 72
j—e<4

1 1 1 1
Sdeu2 ™0 0l 20, [V nal Bovry 1Bl 2o, 1] 20,

The same estimate holds for Ty a.



Whereas by applying Lemma 3.1, one has

£
AR (a,b)|| 2 S22 Z ”Ae'aHH L4)”AZ’bHL2(L4
0'>0—3
< L v % v % AV % AV %
S22 Z ”AZ’GHL2HAé’vhaHL2HAZ’bHL2HAZ’VhbHL2
0'>0—3

B 1 1 1 1 1
Sde2 73 a2 Vel Bo (181 30,m VD1 B0 7
where in the last step, we used the fact that = + 7 > 0, so that

Z dp2~ O(T1+72) < d,2—trtm2)
0'>0-3

This completes the proof of the lemma. O

Remark 3.1. We remark that the law of product (3.6) works for Chemin-Lerner norms as
well.

4. THE ESTIMATE OF v; AND 4"

The goal of this section is to present the estimates of vy, and @".

Proposition 4.1. Let vy € B20 N B%2 and vy, be the corresponding solution of (2.1). Then
we have

IVhvLliza pogy S (vaiw) ™  [lvoll ;3

o,l) 82 00

(4.1)

lozllz.. +Vh IVivLlizy o) + ve ).z S vl

1 1 1.
(8™ ) L3(B"%) B

')

Proof. We get, by first applying the operator AEAZ to the system (2.1) and then taking L?
inner product of the resulting equation with A},;AZU 1., that

5 S IARATOL O3 + | LAYV [, + | AT 3 = 0.

Integrating the above equality over [0,¢], and taking square root of the resulting equality, we
write

IARAT VL Lo (22) + VIRl ARAT VWLl 2 (12) + VIR ARAT 001 ()| 212y < IARA ol 2

Taking ¢? norm with respect to k € Z and then taking ¢! norm with respect to ¢ € Z, we
achieve

(4.2) lLllz e g0y + VERIVEULI 2o 4.0 + VIRNIOz0Ll 7o g1 0) < Hlvoll g0

Whereas it follows from Fourier-Plancherel equality that

2EHszthH%§(L2) =2 Z |’A2szth”%§(L2)
keZ

4 k h
S2 Z 2? ”AkAZULH%g(p)

keZ

1 1
<223k||Ah vLHL2 LQ)Q(Zz’fz%HAh vLHL2 Lz))Q,
keZ keZ

10



from which and (4.2), we infer

£
IVvrllzy o) S > 2|8} Vhorl )
tez

1 1
< (Z (Z z’fHAl,;Agvth|yig(L2)> ) ’

(€ keZ

1\ &
X <Z(Z QkHA};AZazUL||%§(L2)> 2) :

L€l keZ

o=
Nl

_1
Son) 75 (Yol Viveliz 1.0))

_1
Snvy)”# lvoll 41.0-

(Vw050 53.0))

This leads to the first inequality of (4.1).
On the other hand, we get, by first applying the operator A} to the system (2.1) and then
taking L? inner product of the resulting equation with Ajvr, that
1d

) dtHAZUL(t)H%z + | VaAJvL |72 + |0 Af v |72 = 0.

Integrating the above equality over [0, ¢], and taking square root of the resulting equality, and
then taking ¢! norm with respect to £ € Z, we obtain the second inequality of (4.1). This
completes the proof of the proposition. O

Lemma 4.1. Let @ and Vyal be in L*>(R3) N L= (Ry; L>(R?)). Then (2.2) has a unique
global solution so that

(4.3) 12| 5o (nee 22)) < 1Tl e r2)-

If moreover, @ € L®(Ry; H-%(R?)) for some & €]0, 1[, then we have

|10 Ol e 13 e <A o) with
0 v
Aoy 5(T8) =Cis xp(Covi 8 3 e 1) (1 + 1321831 1)

s

2
~h||2 5
I Vhig]| (L2 HL\O,O((BigC)h)

’ ( |

Proof. Theorem 1.2 of [14] ensures the global existence of solutions to (2.2). Moreover, (2.4)
of [14] gives (4.3). To prove the estimate (4.4), we introduce

~hy2
=, 181 g )
0l 2o (22)

1 1 1
(4.5) wh(t, zy, 2) def v 2ah(¢, vy, 2) and ¢ (t, xn, 2) def V{lph(t, Vg Ty, 2).
Then in view of (2.2), we write
O™ + wh - Vi — Apw? — %528210}1 = —Vug" for (t,z) € RT x R3,

(4.6) div, wh = 0,

_1 1
whli—g = wl = v, 2uf (1 T).
11



It follows from Theorem 1.2 of [14] that

| IV Ol e i)t <Coesp(Collwble gy (1 + b e 13,)

4.7 2
(4.7) e R,
X N 2 + H HLoo(L2)
Bl e
Yet by virtue of (4.5), we have
1
bl ey = v N ez IVneBlgqeey = v 21908 ety
h —1=3.h
|’w0||Lgo((B;§o)h) =v, "u0||L3°((B£go)h)u and
JA L el A O
0 0

from which and (4.7), we deduce (4.4). O

Proposition 4.2. Under the assumptions of Lemma 4.1, for any t > 0, we have

(g v ul| Vet~ o1, + VvelO: uhH~ 1 SBsu, (Ug)  with
L2(B%2)

L BO

E))
(4.8) o
By () © @) o,y exp(Cv b2 Lz)Ayh5<u8>)
where A,, s(ub) is given by (4.4).

Proof. Let us denote

¢
def || _ def
(4.9) o) L Ot 2 sy and (0 70 exp (—A NG dt') .
v 0
Then by virtue of (2.2), we write
Ol + Ng()ah + a" - Vil — vy Apih — 1?0508 = —Viph.
Applying A] to the above equation and then taking L? inner product of the resulting equation
with A}’ﬂh we obtain
HA Y072+ g ()1 ATE" (1)][72

(4.10) 2 dt
Funl|AY Va2 + 2 || A5 |2 = — (" @ @b |AYVLah)

L2
By applying Bony’s decomposition (3.5) for the vertical variable, one has
a" @ al =27 (a", ah) + R (a, @}).

Due to the support properties to the Fourier of the terms in TV (@, a&l), we have

t
/ (AT ) 8 Vit) o

_h h h
<D / 155 18" | Lo £y AL T | L2 (28) | AF Vi || 2 at’
wf <4

h h h
S ) / |G oo 2y | AV T IILQHAzIth IILQIIAVth 2 dt'.
\w o|<4
12



Applying Hélder’s inequality and using Definition 3.4, we get
¢
[l @ ayasviat) ) ar

—~h _
<3 / 1 NAB T2 ) DAT VAT | ATV
\z' o|<4

1 3
<d22—€ ~h 2 v ~h| 2 .
~% ”u/\HZ?’g(BU’% H hU)\HZ?(BO’%)

Along the same line, we have
t
s I ay ) ) ar

S Y [ I IR ey | ATV 07

TSt
Y / HuhHLOO(L4 1A% a3 172 dt) [FAV VhﬁAHLz 2) |AY VRS 1212
TSt
—0yh 3 gh et
Sde2 ”%H% 1 [V ”2 Z dp?2

0,5
Lig(B72) z'>£ 3

which implies

t 1 3
A (RY (@™, a8) A V@) | dt' < d72~F||ak||2 Va2 :
J I @ aarvad) ol s di2 Ly I

As a result, it comes out

t 1 3
—h ~h —h 20—L0||sh 2 ~h| 2
(411) /(; ‘(AZ(U ®UA)‘szhuA)L2‘dt§ dez HU/)\H%%*](BO’%)HVhU/)\H%?(BOV%)

Integrating (4.10) over [0,¢] and then inserting (4.11) into the resulting inequality, we obtain

t
AT ot [ oONATTROI dt+ A0 1o

1 3
e ||AY 0.3 12y S d7271lER 12 (e :
wll Ay zu,\HL2T(L2)N ¢ Hu’\HLig(BO’%)H hUAHL%(BO’%)

Multiplying the above inequality by 2¢ and taking square root of the above inequality and
then summing up the resulting inequality over Z, we achieve

1880 g gy * VAT oty VIRIVHE iy ot + VIR0 g ot
< bl g + cuuAH;g(Boé)uvhu&r;(BO,%)
T R L
Taking A = C2Vh_ 3 in the above inequality leads to
880 e o3, + VIITRTR N o) + VRO oy < 20

13



from which, and (4.9), we infer

t
(170 e gt + VIRV g+ VIRENOT | oy ) exP (—A /O g(t'>dt’)

TR0 g gty VIRV ot + VIREI0TR g )
< 2||uoHBO,%,
Note that

1
18" (0) e oy < CIT O F e ) IVHE" ()] £ g
we deduce that

(1" e g, + VI 4y + VRO )

< QHQBHBO,% eXP(y}?HUh‘%go(Lgo(Lﬁ))/o thﬂh(t/)nigo@ﬁ) dt/>'
This together with (4.3) and (4.4) ensures (4.8). O

Proposition 4.3. Let " be a smooth enough solution of (2.2). Then for any s €] —1,0[, we
have

C def
h h —h e _
(4123 s 0y + RIVRE N3 ) < 16070 exp (VhAyh,&(u >) €, 5(@8, 5);

i _ C def _
(A1 )+ T8y < 1080 (A p(0) ) 225 o)

AL im0 + 002, ) < (102 + €2, ()
C B C def
< exp (%Ayh,aw*.&) Gl >) 1o s (b, 5).

Proof. In fact, (4.12) and (4.13) hold for s €] — 1, 1], which is a direct consequence of Lemma
4.2 of [14] and Lemma 4.1. To prove (4.14), we get, by first applying 6% to (2.2) and then
taking Hy inner product of the resulting equation with 0?uP, that

2azt||62 @(t, -, 2) [, + I VedZat(t, -, )5, + e |02a (¢, 2) 13,
h h h

(15) o P = — (it 2)VadRa (1, -, )] 0)
2 h h
h _h 2-h 2-h _h 2-h
—2(8Zu (t,-, 2)Vno.u'(t,-, z)|07u )Hf] — (8Zu (t,-, 2)Vna'(t, -, z)|0u )H}S]'
Applying Lemma 1.1 of [9] yields
|(@"(t, -, 2)Vno2a"(t, -, 2)020") ;.
h

_h _h _h
(8, ) 2 I VaZa" (¢, -, 2) || o |02 (2, - )l e
Due to s €] — 1,0], the law of product in Sobolev spaces implies that

‘ (agﬁh(tv " Z)Vhﬂh(t, K Z)‘agﬁh)Hﬁ ~ LU (tv % z)”Hﬁ thﬁh(tv " Z)"Lfl“azah<t7 K Z)HHﬁ

Similarly, one has
(02" (¢, 2) Vids (1, -, )| 020" .

SV (2, -, 2) | s V0 0:a" (E, -, 2) | 2 102" (-, 2) -
14




Inserting the above estimates into (4.15) and integrating the resulting equality with respect
to z gives rise to

thHaQ @)oo+l VaOZG (1) 300 < C(HVhﬂhHLgO(L%)||vh8,zﬂhHH5,0HagahHHS»O

00T e ) | V00 121925 )
Due to

1
thazﬂhHLgo(Hﬁ) A<J thazﬂhu2 ‘vhaQ h”

HSO‘ HsO’

we get, by applying Young’s inequality, that

9 02ab (s )12 + vull VnoZul (t) vahaQ b (p)

HH@O — ”HGO

2dt
_ c _
+ ]| V04" (1) |} + - (IIthhIILoo 2) + Va0 @[ 72) 028" | js.0-

Applying Gronwall’s inequality and using (4.13) leads to (4.14). O
Corollary 4.1. Under the assumption of Proposition 4.3, for any 6 €]0,1/2[, we have

Ul

| v (la 4—wa¢u21LQSQWM%>Wm

B2°2
guh, def (Z Q:l/h é uO’ 1/2 % + Z Q:V} s\ _1/2) >

Proof. Indeed it follows from interpolation inequality in Besov spaces that

> (B22Y) 2(B2

(4.16)

_h h
17 e 538 -y +Vﬁ||u I 2340,
1 1 1 1
< —h §+9 _h 7_9 3 ’U,h §+9 8 th 5—9
N X o] L N L X e

and

—h < —h 2 2-h| 32

1021 140y S N0 15 02150

which together with Proposition 4.3 ensures (4.16). O

5. THE PROOF OF THEOREM 1.1
The goal of this section is to present the proof of Theorem 1.1.

Proof of Theorem 1.1. Let 6 € [0,1/2[, we denote

A @O, IV O, . fa(6) © [Vt O, ;.
def

(5.1) f3(t) = ||ah(t)|

l\.’)

50, oAt @), o and

1
2370 B2°2

Ra(t) ' R(t) exp Zx/fz dt

And similar notations for 7y and Fy. Then it follows from (2.4) that

o]

M\H

3
0B + (D Aifs(t) Ratu- VRy + Ry - V(vg + [a"):)

(5.2)

- VhAhR)\ - I/VagR)\ + Vﬂ')\ = F)\,
15



where F) = (FP, F) with (F", F3) being given by (2.4).
Applying the operator A} to (5.2) and taking L? inner product of the resulting equation
with Aj Ry yields

|A7RA(8)]I72 + ZA FIATRAW)IT2 + vnl VAT RAlI72 + v [ 93A7 Ral72
=1

—(AY(u-VRyx+ Ry - V(v + [ah]e))\A}’R)\)LQ + (AJFA\|AYRy) ;.

(5.3) 2 dt|

The estimate of the above terms relies on the following lemmas:

Lemma 5.1. There holds

1 1
(A¥( )ALD) .| dt < d72 a2 Vhal|2 b~ :
[ ela o A) o S Nl IS0l W

Lemma 5.2. There holds

|(A}([@"]e - Vwor)|AYa) | dt’ S df2 levthH~ o1 lla ||2 1 || na ||2
/ (B~ 5 ,fl(B 2(B” 7)
Lemma 5.3. There holds
t / 1
—A2 fg fa(7)dr AV vi —h dt' < d Z)\ 4 2
e (70 - (Vo)) ol e S 205 ol
1 1 1
\% 2 2 Vhial 2 .
LN I RPN S

Lemma 5.4. Let p® be given by (2.5). Then for 6 € [0,1/2[, we have

/exp /\3/ f3 Afag[ ]|AZCL> Q‘dt/

< 29t1-0 3|, ||1—0 6
dg2™"e " 2 lall i, (0 19517, .4

Let us admit the above Lemmas for the time being and continue to handle the terms in the
second line of (5.3). We first get, by using integration by parts, that

t t
/(AZ(R-VRAMA}RA)H dt’:—/ (AY(R® R)|AYVR,) , dt.
0 0

t t
/ (AZ(’UL ‘V'UL)/\|AZR)\)L2 dt’ = / (AZ(UL®UL)A|AZVR)\)L2 dt’.
0 0

Then applying the law of product, Lemma 3.2, gives

t
18R TRIALR) s a <187 (RS R)ligu ATV RalLa

Sdi2f|R@ RAHH(BO b IV Bz ot
SAE2 N R b IV BAl 7 o3 IV 75 00
and
t
/0 (A7 (e Vo) ATR) pa| @t SdZ27 orll o oy IVR0LI s oy IV RALZ oy -

16



Along the same line, by using integrating by parts, one has
t
/ (AZ(’UL -VR) + Ry - VUL)‘AZR)\)LQ dt’
0

t
__ / (AY(vp, ® Ry + Ry @ vp)|AYVRY) , dt.
0
It follows from the law of product in anisotropic Besov space, Lemma 3.2, that
1 1
Rl < 2 \V4 2 Ry||2 ViRy||2
lvr ® AHLf( Sllvcll2 Teo(50h) [Vpv L|| 1)|| AHL?O(BO,%)H h AHL%(
which implies
t
/ ‘(AZ(UL -VR)+ R) - VUL)|AZR)\)L2‘ dt’
0
< 2ot 1 1 1 1
- 2 2 2 2
S A2 o2y ||thLHE§(BO,%)||RA||Z?O(BO,%)||VhRAHE%(BO,%)||VRA||

Ly (B™2)
Whereas we get, by using integrating by parts, that

t
U, ViR + Ry VISR
0

t t
:_/ (A} ([E"): ® Ry)|AYVLR)) ;s dt’—/ (AY(R ® [@"]2)|AYVR,) , dt'.
0 0

Then applying Lemma 5.1 yields
/ |(AY([@") - VuRA + Ry - V[@"].)|AVR)) | dt’

1 1
< d227YR||2 Vi RA|2 VR -
Sd2™| HL2 (Bo,%)\l h AHL?(BO,%)H AHLg(

B"2)’
t,f1

Applying Lemma 5.2 gives

JALCS T RS N R S e PN LN

Applying Lemma 5.3 yields

1

1@t st R ol S 20 el

HthLll2 ,

AH2 b VLR A||2 2504’

I
2301 tf2(

Finally applying Lemma 5.4 gives rise to

t 1
v h v p3 20— _1—-0y 2 3(1-06 3110
/0 ‘(Ae(ai%[p JeAlAFR )LQ‘ di' S dg27"e N5 7|05 R H L7 1, (BU,%)|| sft HZ?(Bo,%

Let us denote
def

A = ||’UL||LOO B 2)HVhULH 3y
Then it follows from Proposition 4.1 that
(5.4) A S (mn) 75 Ao with Ao luol g o (llvoll o3 + 1ol 43.0)-
B2 B%3 B2

17

B%2)’

~ 1. .
Ly(B*2)

1
ViwRy|2
0.1 IVn AllL?(

)

B%3)



Integrating (5.3) over [0,¢] and inserting the above estimates into the resulting inequality,
then we take the square root of resulting inequality to achieve

3.1 t 1
I eSS § WGINENGT L
=1
1 1
+ I/h2 ||thZR>\HL%(L2) + 12 Ha?’AZR)\HLf(L?)

) 1 1 1 1
Sd2 2 (IVAZ, oy [P IRIZ oy IR,
t

L2(B%2) B%%)
1 1 1
Ry AM|IR|A VinRy|*
R, gy +AIRIL oy DIV AntO |
sJ1
1 1 1
8 A4 1 2 4
+ [ A4 ||RAH%(BO,%)+thmn RPN L N

1 1— 1 1-0 0
1 =\ 4| p3 2 32
VAL, oy S ENIRE o R ).

Bovj) L?va(B 2)

Multiplying 95 to the above inequality and summing the resulting inequality for ¢ € Z leads
to

3
1 1
.9 2
1R oo 0.4 + ;)\ IR, Laoh T v2 FIVIBAll o3, + VIO RAIl o)
1 1 1
<C(IVEA)2 ® 4 ||R|? Vil
<C(IVRAL, oy [AHIBIE L 190,
1 1 1
5.5 Af|R|| 2 Ry||2 4
(55) HARLL oy IR o IV A|| L)
_1 1 1 1
P AR oy Il oy DA, o)
1 _
1 3 R3
VB, g+ TR ;fs(BO,%)Hag H; ody)
Let us assume that v, > vy,. Then by applying Young’s inequality, we obtain
1
3 |VR ||% <CuTPAR Ll IVR || ;
ALV E f2B3) — P Tt T 100 A '3y
- L : L
1
1
1 4 2 < 2 ~ _—h .
CIRI, oty 10 o IVRAL o) < € R o b+ IR
and
~i 48 i i 3\Td 2
<
O AR, oy VWAL oy SCAD
s v
2 .

18



1
[Vhor |2

i VnR
L%(BO’%)” Ry||2 B2, (5 [V )\H 0d)
L8 N
1
%)

4 3 2 3 2 < 2 2 3 -V
L L Car R L PR ST AP
Inserting the above estimates into (5.5) leads to

L ZA > HRH ,t % N e % P19 Bl 3 o4
1 _e
SC(AE Vh 2 4 Atz)\Q 41/h + 1y, 3 HthLH~ %) + 51791/\/ 2)
1
_3 VP

+ O 2(|!RH + HRH% (Bo,%p + HR3H
»J2

1 ~ 1
L?, (BO Lf’f3(BO’2)

Let us denote

« def x
(5.6) T —{T<T.HML W)§1Mﬂ}

and we take
(5.7) M=X=0C%" and N\y=1.
Then for ¢ < T*, we deduce from (5.4) that

1 _5 _1 )
IRAN e 0 )+Vh||VhRAH~ o o 198Ral py oy, < O (MG o™ 6102,
t

which implies that

1 _5 _1 C
IRl g, + 28 VAR oy, + 08 10sRI, oy, < C(Adoy n 42100 %)

t
< exp(Cv? /( + @), ) IV @2,y dt
2
—h 2
‘e / [T, + l0ah 02, ) dr).

from which and Proposmon 4.2 and Corollary 4.1, we deduce that for t < T™*,

1
0] VARl gy g+ 14 193RI,

HRHLOO(BO 3 ) BO’%)
é _0
(5.8) <C(A0 v el "0 ) € (W) with

_hy def — _hy 2 _
€4, (1) Cexp (th (1+ B3, (@) + vy (Do (W) 77 + Do (5)?).

Now let us present the proof of Lemmas 5.1 to 5.4.

Proof of Lemma 5.1. Applying Bony’s decomposition yields

a® [ah]a = T;[ah]a + Rv(a7 [ﬂh]E)-
19



We first observe that

/ (AYTY [ AD) |

< > / 158 _1all oo (1) | AT [@")e | L2 1) AT 2 dt!

w fl<4
1
S )2 /def Mall oz I [@"]e1® 0,%II[Vhﬂh]eH;O,%HAZbHLzdt'
[0 —g|<4
S Y de2 /HaHLoo L) HuhHQO1|!thh|!201HAVbHL2dt
|0 —e|<4

On the other hand, it follows from Lemma 3.1 that
v g v
||Aea||L3°(L;§) S22 HANHLg(Lﬁ)
¢ 1 1
S22[|AfallZ 1Ay Va2,

from which and Definition 3.4, we infer

h h
/ 171 03 190" o el ')

1

1
<398 / 18 03 IV, 1 AF 2| A7 Va2 )

LET
1 1
SICTYWAGINTRTGRISERIPN
LET
<la|? Va : .
Sl g 1900l

As a result, it comes out

t 1
(5.9) /0|(A; Vah .| AY )LQ\dtgdgz—fHaH% ;@) Vha ||22( 0b, 12 HLQ (84"

Exactly along the same line, we have
t
/ |(AYRY ([a")2,a)|AD) o | dt!

D /HAZ’CLHLQ )12 (13" | oo () | AT B 22 d

£’>£ No
< Y / "] oo 1AL alleIIAe/VhallellAebHLzdt
é’>é No
© 3 ([ A Iavals ) 185 Tl 1Tz
é’>é Ny
1 1
<d,27Yall2 Vial? b~ d@**

which implies

t ~ 1
1R 1030 o S il oy Il
»J1

20
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Along with (5.9), we complete the proof of Lemma 5.1.

Proof of Lemma 5.2. Applying Bony’s decomposition in the vertical variable gives
[@"]z - Vior = Ty, Vior + R ([2"2, Vior).
We first observe that

t
/0 ‘ (A}’T[%h]svhvdA}’a) LQ‘ dt’

t
<Y / 1551 (@) e (2 I AF Vior L2 | AYall ) 0

=<4
t 1 1
Y /HﬂhHLgo(Lﬁ)HAZthvLHBHAZGHEzHAWhaHizdt’
e~ <a”0
t 5 i 1
S Y 180Vl ([ A1 ) 1A} Vual Gy e
0 t
<4
< 29— i 1
- 2 2
Sdg2 HthLIIZ?(Bo,%)HGHE%(BO,%)H ha||z2(30,%)

Similarly, we have

t
/o |(AY(RY([a")., Viwor)|AYa) .| d

t
S Z /0HAZ/([Uh]s)HLg(Lﬁ)”SZ'+2VhUL”Lgo(L§)HAZGHLg(Lﬁ)dt/
#>0—Ng

T
v ho i T 1 1
IS / Ao @OIFwerl o 1712, | IVRaI12, AT al 221 A7 Vaall, dt.
0'>0—Ng

then applying Holder’s inequality and using Definition 3.4, we obtain

3 _
/o | (A} (R ([@")e, Vior)|AYa) o] dt

_ K i 1
S Y A F Il gy ([ ATl ) 1A} Thal gy
¢>0—Np

1 1
<d?27| Vo ||~ 2 Vhal? .
S th”L?(BO’%)HaHL?,fl(BO»%)H ha”L%(BOv%)

This completes the proof of the lemma.

Proof of Lemma 5.5. By applying Bony’s decomposition in the vertical variable, we get
v - [Ved]. = Ty, V.. + RY (v, [V.4.).

Note that

t /
/ e lo PO |(AYTY [V.ab].|Afa) .| dF
0

t o
S 5 [ e B Sy ol e g AUV 12 Al gy
o —e]<4

A g [t B 1 1
s Y 2 / dpr(t)e ™2 Jo OV |y [V oy |ATal 2| AT Thal 22 dt.
o —¢|<4 0
21



Applying Holder’s inequality gives
t ’
/ e2ho POGT|(AYTY [V.ab].|Afa) .| dF
0

i 1 1 1
> de27 7 |Jug||2 Vhor||2 IVhAjall?
e L)) I

(8%
(5.10)

t ’ 1 1
% (/ f2(t/)e—4>\2f(;t fQ(T)det 4 / f2 ||A a”%Q dt/)4

1 1
—0\ "1 5
SETO Il oy IVl 0y el

s 01|| h||2

5, (B2 2(B" ?)

On the other hand, we observe that

t ¢ _
| e B O (AR v, (Vo) AY) |
0
t +
DY /O e o POV A g 1542V el gs ) 1A el ) At
£'>4— Ny

< Y / e IS PO A |2, | AL Vs | V23 gy |8Vl 22| AYVral 22 d'
Z’>Z No

Then along the same line to proof of (5.10), we arrive at

t Y _
/ e=2 Jo fa2(7) dT‘ (A}/[RV(UL [Vsﬂh]e)”Aza) LQ‘ dt’
0

1 1
< dZQfﬂAfl 2 \v4 2 2 \v4
SO oy IVl ol oy IVl
This together with (5.10) completes the proof of the lemma. O

Proof of Lemma 5.4. Inview of (2.5), we get, by applying Bony’s decomposition in the vertical
variable that

s’ =23 (- 05 ((0-'-[w).)
i,7=1
(5.11)
2y (- (T3 o [#)e + B (0.0, [1).)).
,j=1

We first observe from Bernstein inequality that for any 6 € [0,1/2]

t
| exn (= f3() (20 09T (W]l AV a) | d
<Y / exp(4s [ S ) 872 0051 e V(10 g 2
w 1|<4
t/
20 5 [en(-x [ )il 180D
|0 —0]<4 vk

% || A} dsal| a1l AV all 12" dt,
22



where \Dh\% denote Fourier multiplier with symbol ]fh]%. Then applying Holder’s inequality
yields

t t
/0 exp(—)\g/o f3(7’) dT }((—Ah)*lai(‘)jAZT["f i [ﬂ]]glAZa)Lg‘ at’

<g=Op—t0 Z 9 (3 /dg/( "Yexp >\3/ fa(r d7)|]|8 || sh

o/ —¢]<4

h
o [

3-ollATsal 7217 aHLzedt'

<g 09—t Z dp2~ (5 / fa(t' eXp —2)3 / fa(T d7‘ dt)

|/—e|<4

2
([ I asale ) T il

—0 120 1-0
Seldj27" 2||a|| , [19sall?
f

2, (BY2) 2(B%2)

Along the same line, we have
tl
/ —A3 / f3(7’) dT) ‘ ((—Ah)’lc‘)iajAZ(Rv([8311’]6, [ﬂ]]e)‘AZQ) L2| dt’

t’ . .
< / exp(<Xs [ £a(r)ar) 1B g o) V55 oo (1) s | Al
>0—

¢ 4
el 3 d€,2—f'(§—9)/ exp(—)\s/ fs(T)dT>||a3ﬂhH5%%
0 0

£'>4—No
|| gy 3o IATO R T2 | AV R

which together with the fact that 6 € [0,1/2[ implies that

[exo(=x [ eyan) (a0 00,83 (R (21 [ﬂﬂa)lAZa)La} a

Y 1 /
St D all 0 1050l oy DD de2
f( £/>£ No
1
< —9d22—f>\_§ 1-0 ) %,
f\/e ¢ 3 ||a||~f’f3(B0’1 || 3 ” (BO )

6. THE CASE OF FLUID EVOLVING BETWEEN TWO PARALLEL PLANS WITH DIRICHLET
BOUNDARY CONDITION

The goal of this section is to study the global well-posedness result to the anisotropic Navier-

Stokes system with only vertical viscosity, (1.5). To do it, let us first present the following
lemmas:

Lemma 6.1. Let f satisty flo = 0 and 95f € B}(R?) (see Definition 3.3). Then one has

[fllze < Cll0sf 51
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Proof. We first get, by applying Lemma 3.1, that
e <D AR F Iz S D25 1ARf | poe 22y

keZ kEZ
<) 2N|Ag fHLz |\Ah63f||L2
keZ

Recalling that the Poincar’e inequality holds in the strip 2 with Dirichlet boundary condition
(6.1) 1 fllz2) < CllO: £l L2

So that we obtain

e S D 28 1AROs flle S 105/ s -

keZ

This completes the proof of the lemma. O

Lemma 6.2. Let u = (u®,u3) be a smooth solenoidal vector field. Then one has
t
/0 [ (A% Vu)lAju) o | dt S di 2™ |lul poe oy (1050l 3 2y + 1105l F 452))-

Proof. To estimate the trilinear term (Afl(u - Vu)|Alu) 72+ we have to distinguish the terms
containing the horizontal derivatives with the term containing the vertical derivative. We write
62) (AR(u-Vu)|Aju),, = I, + I, with

Iy dlef (Ai(uh . th)‘Aku)m and I « (AZ(U383U)|A};U).

We start with the estimate of Ij,. Applying Bony’s decomposition (3.5) in the horizontal
variables gives

ul - Vyu = T};hvhu + R(u®, Vyu).
Then through a commutator’s argument, we write

A(AkT thU‘AkU)LQ dt = Z / AIWSIC’ 1U] Ak”u|Aku)L2d
k' — k| <4

t
+ / ((Sp_yul — Sp_ju) - AR ARu|ARu) dt’)
0

t
+ / (Sp_yu™ - VAR ARy) , dt!
0

L) + 1200) + 130

it follows from standard commutator’s estimate (see [6]) and Lemma 3.1 that
1AL, S u" Ve ARu || 2 <C27M|[ViSh_yu || e | AR Vi 22
<C||Vull oo | ARl 2,
so that we deduce from (6.1) and Lemma 6.1 that
1S Y IVt p2epeey | ARl oo (22) [ AR Bsul| 1212
k' —k|<4

—4k
Sdi2™ " |lull 7o (B2) ||33UHL2 (52)°

The same estimate holds for I2(t).
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To handle Iﬁ (t), we first get, by using integrating by parts and using divu = 0, that
1

t
- / (Sk_l divy, uhA2u|A2u)L2 dt’
0

HOEEE:

1 t
=3 / (Sk-105u Afu| Aju) ,, dt,
0

from which, we infer
t
| BO1S [ 15050 iggage| Al ) 0¥

t 3 1
h, 13 | Ah 3
< [ 10w gy lAbul falAosul s .
Applying (6.1) gives

t 1 1
2 2 h h
| I (t) 5/0 H83u||z2||63U3Hé}21”AkuHL2”Aka?vu”L? dt’

1 1
3 3 b b
Sl0sull 7z e H33U3||f;2(32 [ARullzee (22) |1 AROzul[ L2 (12

—4k
S ull ey 9 5O 25

As a result, it comes out

t
(6.3) | /0 (ART 3 ViulAju) po dt' |S di2™ |l e gs2) (105l 7 12) + 10502 )

Whereas observing that
t ¢
/O(AERh(uh,VhU)!AEH)Ladt' S > /OHAk/uhHLz\Sk/ | Vit oo | Aful| g2 dt’
k'>k—No

h h h
< Z ”VhUHLf(Lw)HAk/“ ||L§°(L2)||Aku||L§(L2)a
k' >k—No

which together with (6.1) and Lemma 6.1 ensures that Whereas observing that

t
[ AR T A ot [S027 3D e ful e g 00l

(B})
k'>k—Ny
SA27 [l e 52 1950l 22 g
Along with (6.3), we infer
(6.4 | 1 5 02l e g (10 ) + 0501 )

To handle I, (t), we first get, by applying Bony’s decomposition (3.5), that
udOgu = Tf}g@gu + Rh(u?’, J3u).
We first observe from Lemma 6.1 that
/ | (ARTROsulALu) o | dt' S D / 18 1P| poe || AR Bl 2 | Abul | 2 d
0 k' —k|<4
S Z ||33u3||L2 Bl)”Ak/ai%UHL? L2) ||Aku||L°° (L2)
K/ —k|<4
SR |ul oo 2 |03UI|L2 L2)||<93UHL2 52
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Similarly, we get, by applying (6.1), that
t
[ 1@kR vl abu) . | e
0

< ¥ / A 6 o 154 005l 2 1oy | ALl 2

k’>k No
1 1
S > /||83UHBI\Ak/u?’\liz|A2/33U3IIEQIIA2UHL2dt’
k/>k No
3 h h
S Z [|Osu HL?(Bl)HA /83UHL§(L2)HAWHL;”(B)
k' >k—No

—4k
<d22 4 HuHLoo 82)‘63UHL2 L2)‘|83UHL2(32)

This leads to
‘I ‘< d22 4kHUHLoo 32)‘83UHL2 L2 Ha3u”L2(B2)

Together with (6.4), we complete the proof of the lemma. a
Let now present the proof of Theorem 1.2.

Proof of Theorem 1.2. By taking L? inner product of the momentum equation of (1.5), we
get
1d
2 dt
Integrating the above inequality over [0,t] leads to

— ()22 + vy ||O3ul2, = 0.

1
(6.5) lull oo (z2) + v2[|05ull 222y < 2[|uollL2-
On the other hand, by applying the operator AZ’ to the momentum equation of (1.5) and

performing L? inner product with the resulting equation, we obtain

S Akl + w9 kule <1 (Abu- Vu)Aku) . |

Integrating the above inequality over [0,¢] and applying Lemma 6.2 yields
h h
HAkuH%EX’(L?)'H/VHa?)A UH%Q (L2)

—4k
<||Akuoll72 + Cdf27" [l zoo 2y (l105ull 272 + |!33UI|L2 52))-

Taking square root of the above inequality and multiplying the resulting inequality by 22
and then summing up the resulting inequality for k € Z, we achieve

(66) ullzesp) + 24 195l 73y < C (ol + 1wl o (1950l2z2) + 1050l ) ).
Summing up (6.5) with (6.6) gives rise to

1
ol eyl 7 sy + 73 (1000 23(2) + 195l )
(6.7)
<C (Jluoll + lluollsg + Nl . o, (10l zay + sl )

Let us denote

(6.8) < AC | oo 2y < 0 }-
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Then for t < T*, we deduce from (6.7) that

1
V2
(6:9) Nl (zz) + lullzpe sz + 5 (10l 2y + 105l s2)) < C(lluolz2 + uollsg).

In particular, under the assumption of (1.6), for ¢ < T, we have

[

V2 Vy
lullzooqrz) + lulzpe ey + 5 (10l ey + 195wl 22 s2y) < 5

This contradicts with the definition of T* given by (6.8). This in turn shows that 7* = T* =
We complete the proof of Theorem 1.2.
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