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ON THE HYDROSTATIC APPROXIMATION OF THE NAVIER-STOKES

EQUATIONS IN A THIN STRIP

MARIUS PAICU, PING ZHANG, AND ZHIFEI ZHANG

Abstract. In this paper, we first prove the global well-posedness of a scaled anisotropic
Navier-Stokes system and the hydrostatic Navier-Stokes system in a 2-D striped domain with
small analytic data in the tangential variable. Then we justify the limit from the anisotropic
Navier-Stokes system to the hydrostatic Navier-Stokes system with analytic data.
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Radius of analyticity.
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1. Introduction

This paper is concerned with the study of the Navier-Stokes system in a thin-striped do-
main and the hydrostatic approximation of these equations when the depth of the domain
and the viscosity converge to zero simultaneously in a related way. This is a classical model
in geophysical fluid dynamics where the vertical dimension of the domain is very small com-
pared with the horizontal dimension of the domain. In this case, the rescaled viscosity is
not isotropic and we have to use the anisotropic Navier-Stokes system with a “turbulent”
viscosity. The formal limit thus obtained is the hydrostatic Navier-Stokes equations which
are currently used as a standard model to describes the atmospheric flows and also oceanic
flows in oceanography (see [23, 24]).

The other motivation of this paper comes from the boundary layer theory obtained by
vanishing viscosity limit of Navier-Stokes system with Dirichlet boundary condition. The
governing equation to describe the motion of the fluid in this thin boundary layer was derived
by Prandtl [25] in 1904 in order to explain the disparity between the boundary conditions
verified by ideal fluid and viscous fluid with vanishing viscosity. Heuristically, these boundary
layers are of amplitude O(1) and of thickness O(

√
ν) where ν = ε2 is the viscosity of the

fluid. In order to focus only on the boundary layer, we shall consider here the Navier-Stokes
equations in a thin strip,

{
(x, y) ∈ R2 : 0 < y < ε

}
, which is consistent with the physical

parameters in geophysical flows.

When we consider Dirichlet boundary conditions on the top and the bottom of a 2-D striped
domain, we are able to prove the global well-posedness of both the anisotropic Navier-Stokes
system and the hydrostatic/Prandtl approximate equations when the initial data is small and
analytic in the tangential variable. This should be regarded as a global Cauchy-Kowalevskaya
theorem for small analytic data, which originates from [5]. The proof of this type of results
requires the control of the loss of the radius of the analyticity of the solution and the estimate
of the solution itself simultaneously. Taking the advantage of the Poincaré inequality in the
strip, we are able to control the analyticity of the solution globally in time. We also rigorously
prove the convergence of the anisotropic Navier-Stokes system to the hydrostatic/Prandtl
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equations in the natural framework of the analytic data in the tangential variable. We now
present a precise description of the problem that we shall investigate.

We consider two-dimensional incompressible Navier-Stokes equations in a thin strip: Sε def
={

(x, y) ∈ R2 : 0 < y < ε
}
,

(1.1)

{
∂tU + U · ∇U − ε2∆U +∇P = 0 in Sε×]0,∞[,
divU = 0,

where U(t, x, y) denotes the velocity of the fluid and P (t, x, y) denotes the scalar pressure
function which guarantees the divergence free condition of the velocity field U . We comple-
ment the system (1.1) with the non-slip boundary condition

U |y=0 = U |y=ε = 0,

and the initial condition

U |t=0 =
(
u0

(
x,
y

ε

)
, εv0

(
x,
y

ε

))
= U ε0 in Sε.

As in [2, 16], we write

(1.2) U(t, x, y) =
(
uε
(
t, x,

y

ε

)
, εvε

(
t, x,

y

ε

))
and P (t, x, y) = pε

(
t, x,

y

ε

)
.

Let S def
=
{

(x, y) ∈ R2 : 0 < y < 1
}

. Then the system (1.1) becomes the following scaled
anisotropic Navier-Stokes system:

(1.3)


∂tu

ε + uε∂xu
ε + vε∂yu

ε − ε2∂2
xu

ε − ∂2
yu

ε + ∂xp
ε = 0 in S×]0,∞[,

ε2
(
∂tv

ε + uε∂xv
ε + vε∂yv

ε − ε2∂2
xv
ε − ∂2

yv
ε
)

+ ∂yp
ε = 0,

∂xu
ε + ∂yv

ε = 0,
(uε, vε) |t=0 = (u0, v0) ,

together with the boundary condition

(1.4) (uε, vε) |y=0 = (uε, vε) |y=1 = 0.

Formally taking ε→ 0 in the system (1.3), we obtain the hydrostatic Navier-Stokes/Prandtl
equations:

(1.5)


∂tu+ u∂xu+ v∂yu− ∂2

yu+ ∂xp = 0 in S×]0,∞[,
∂yp = 0
∂xu+ ∂yv = 0,
u|t=0 = u0,

together with the boundary condition

(1.6) (u, v) |y=0 = (u, v) |y=1 = 0.

The goal of this paper is to justify the limit from the system (1.3) to the system (1.5).
The first step is to establish the well-posedness of the two systems. Similar to the Prandtl
equation, the nonlinear term v∂yu in (1.5) will lead to one derivative loss in the x variable
in the process of energy estimates. Thus, it is natural to work with analytic data in order to
overcome this difficulty if we don’t impose extra structural assumptions on the initial data
[10, 26]. Indeed, for the data which is analytic in x, y variables, Sammartino and Caflisch
[27] established the local well-posedness result of (1.5) in the upper half space. Later, the
analyticity in y variable was removed by Lombardo, Cannone and Sammartino in [17]. The
main argument used in [27, 17] is to apply the abstract Cauchy-Kowalewskaya (CK) theorem.
We also mention a well-posedness result of Prandtl system for a class of data with Gevrey
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regularity [11]. Lately, for a class of convex data, Gérard-Varet, Masmoudi and Vicol [12]
proved the well-posedness of the system (1.5) in the Gevrey class.

Our result complete the result of [17] in the sense that we obtain the global well-posedness
for the hydrostatic Navier-Stokes equations in bi-dimensional strip with small analytic data.
We also prove the convergence of the rescaled 2D Navier-Stokes equations (1.3) to the hydro-
static equations (1.5) in the analytic spaces. We remark that Kukavica et al [15] proved the
local existence of analytic solutions for the hydrostatic Euler equations, and in [14], the au-
thors derived the hydrostatic Euler equations as the zero viscosity limit for analytic solutions
of the primitive equations.

Now let us state our main results.

The first result is the global well-posedness of the system (1.3) with small analytic data in x
variable. The global well-posedness and the global analyticity of the solutionis to the classical
2-D Navier-Stokes system are well-known (see [9] for instance). However, the main interesting
point here is that the smallness of data is independent of ε and there holds the global uniform
estimate (1.8) with respect to the parameter ε. Moreover, all our results are valid in the multi-

dimensional case, by changing the space B
1
2 (see (2.1)) into the corresponding space B

d−1
2

where d is the dimension of the space, with the obvious change in the definition and in the
proofs.

Theorem 1.1. Let a > 0. We assume that the initial data satisfies

(1.7)
∥∥ea|Dx|(u0, εv0)

∥∥
B

1
2
≤ c0a

for some c0 sufficiently small. Then the system (1.3) has a unique global solution (u, v) so
that

‖eKt(uεΨ, εvεΨ)‖
L̃∞(R+;B

1
2 )

+‖eKt∂y(uεΨ, εvεΨ)‖
L̃2(R+;B

1
2 )

+ε
∥∥eKt(uεΨ, εvεΨ)‖

L̃2(R+;B
3
2 )
≤ C

∥∥ea|Dx|(u0, εv0)
∥∥
B

1
2
,

(1.8)

where (uεΨ, v
ε
Ψ) will be given by (3.1) and the constant K is determined by Poincaré inequality

on the strip S (see (3.6)), and the functional spaces will be presented in Section 2.

The second result is the global well-posedness of the hydrostatic Navier-Stokes system (1.5)
with small analytic data in x variable. We remark that similar global result seems open for
the Prandtl equation, where only a lower bound of the lifespan to the solution was obtained
(see [13, 28]).

Theorem 1.2. Let a > 0. We assume that the initial data satisfies

(1.9)
∥∥ea|Dx|u0

∥∥
B

1
2
≤ c1a

for some c1 sufficiently small and there holds the compatibility condition
∫ 1

0 u0dy = 0. Then
the system (1.5) has a unique global solution u so that

(1.10) ‖eKtuΦ‖
L̃∞(R+;B

1
2 )

+ ‖eKt′∂yuΦ‖
L̃2(R+;B

1
2 )
≤ C

∥∥ea|Dx|u0

∥∥
B

1
2
,

where uΦ will be determined by (4.3). Furthermore, if ea|Dx|u0 ∈ B
5
2 , ea|Dx|∂yu0 ∈ B

3
2 and

(1.11)
∥∥ea|Dx|u0

∥∥
B

1
2
≤ c2a

1 +
∥∥ea|Dx|u0

∥∥
B

3
2
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for some c2 sufficiently small, then exists a positive constant C so that for λ = C2
(
1 +∥∥ea|Dx|u0

∥∥
B

3
2

)
and 1 ≤ s ≤ 5

2 , one has

‖eKtuΦ‖L̃∞(R+;Bs) + ‖eKt∂yuΦ‖L̃2(R+;Bs) ≤ C
∥∥ea|Dx|u0

∥∥
Bs ,

‖eKt(∂tu)Φ‖
L̃2(R+;B

3
2 )

+ ‖eKt∂2
yuΦ‖

L̃∞(R+;B
3
2 )
≤ C

(∥∥ea|Dx|∂yu0

∥∥
B

3
2

+
∥∥ea|Dx|u0

∥∥
B

5
2

)
.

(1.12)

The main idea to prove the above two theorems is to control the new unknown uΨ defined
by (3.1), where u is the horizontal velocity and uΨ is a weighted function of u in the dual
Fourier variable with an exponential function of (a − λη(t))|ξ|, which is equivalent to the
analyticity of the solution in the horizontal variable. By the classical Cauchy-Kowalewskaya
theorem, one expects the radius of the analyticity of the solutions decay in time and so the
exponent, which corresponds to the width of the analyticity strip, is allowed to vary with
time. Using energy estimates on the equation satisfied by uΨ and the control of the quantity
which describes “the loss of the analyticity radius”, we shall show that the analyticity strip
persists globally in time. Consequently, our result is a global Cauchy-Kowalewskaya type
theorem.

The third result is concerning the convergence from the scaled anisotropic Navier-Stokes
system (1.3) to the hydrostatic Navier-Stokes system (1.5), which corresponds to [27] for
the vanishing viscosity of the analytical solutions of Navier-Stokes system in the half space.
Compared with [27], here we proved the convergence globally in time.

Theorem 1.3. Let a > 0 and (uε0, v
ε
0) satisfy (1.7). Let u0 satisfy ea|Dx|u0 ∈ B

1
2 ∩

B
5
2 , ea|Dx|∂yu0 ∈ B

3
2 , and there holds (1.11) for some c2 sufficiently small and the com-

patibility condition
∫ 1

0 u0dy = 0. Then we have

‖(w1
Θ, εw

2
Θ)‖

L̃∞t (B
1
2 )

+ ‖∂y(w1
Θ,εw

2
Θ)‖

L̃2
t (B

1
2 )

+ ε‖(w1
Θ, εw

2
Θ)‖

L̃2
t (B

3
2 )

≤ C
(∥∥ea|Dx|(uε0 − u0, ε(v

ε
0 − v0))

∥∥
B

1
2

+Mε
)
.

(1.13)

Here w1 def
= uε − u, w2 def

= vε − v and v0 is determined from u0 via ∂xu0 + ∂yv0 = 0 and
v0|y=0 = v0|y=1 = 0, and (w1

Θ, εw
2
Θ) will be given by (5.3).

We remark that without the smallness conditions (1.7) and (1.11), we can prove the con-
vergence of the system (1.3) to the system (1.5) on a fixed time interval [0, T ] for T < T ∗,
where T ∗ is the lifetime of the solution of the hydrostatic Navier-Stokes equation with the
large initial data u0.

We end this introduction by the notations that will be used in all that follows. For a . b,
we mean that there is a uniform constant C, which may be different on different lines, such
that a ≤ Cb. We denote by (a|b)L2 the L2(S) inner product of a and b. We designate
by LpT (Lqh(Lrv)) the space Lp(]0, T [;Lq(Rx;Lr(Ry))). Finally, we denote by (dk)k∈Z (resp.
(dk(t))k∈Z) to be a generic element of `1(Z) so that

∑
k∈Z dk = 1 (resp.

∑
k∈Z dk(t) = 1).

2. Littlewood-Paley theory and functional framework

In this work, since the solution is analytic in x and Sobolev in y, we have to establish the
product laws in anisotropic regularity spaces. On the other hand, in order to prove a version
of global Cauchy-Kowalewskaya type theorem, we need to control simultaneously the analytic
radius and the estimate of the solution itself. For these purposes, it seems more convenient
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to introduce the Littlewood-Paley decomposition in the horizontal variable x. Let us recall
from [1] that

∆h
ka = F−1(ϕ(2−k|ξ|)â), Sh

ka = F−1(χ(2−k|ξ|)â),(2.1)

where Fa and â denote the partial Fourier transform of the distribution a with respect to x
variable, that is, â(ξ, y) = Fx→ξ(a)(ξ, y), and χ(τ), ϕ(τ) are smooth functions such that

Supp ϕ ⊂
{
τ ∈ R /

3

4
≤ |τ | ≤ 8

3

}
and ∀τ > 0 ,

∑
j∈Z

ϕ(2−jτ) = 1,

Supp χ ⊂
{
τ ∈ R / |τ | ≤ 4

3

}
and χ(τ) +

∑
j≥0

ϕ(2−jτ) = 1.

Let us also recall the functional spaces we are going to use.

Definition 2.1. Let s in R. For u in S′h(S), which means that u belongs to S′(S) and

satisfies limk→−∞ ‖Sh
ku‖L∞ = 0, we set

‖u‖Bs
def
=
∥∥(2ks‖∆h

ku‖L2

)
k∈Z
∥∥
`1(Z)

.

• For s ≤ 1
2 , we define Bs(S)

def
=
{
u ∈ S′h(S)

∣∣ ‖u‖Bs <∞}.
• If k is a positive integer and if 1

2 + k < s ≤ 3
2 + k, then we define Bs(S) as the subset

of distributions u in S′h(S) such that ∂kxu belongs to Bs−k(S).

In order to obtain a better description of the regularizing effect of the diffusion equation,

we need to use Chemin-Lerner type spaces L̃λT (Bs(S)).

Definition 2.2. Let p ∈ [1, +∞] and T ∈]0, +∞]. We define L̃pT (Bs(S)) as the completion
of C([0, T ]; S(S)) by the norm

‖a‖
L̃pT (Bs)

def
=
∑
k∈Z

2ks
(∫ T

0
‖∆h

k a(t)‖p
L2 dt

) 1
p

with the usual change if p =∞.
In order to overcome the difficulty that one can not use Gronwall type argument in the

framework of Chemin-Lerner space, we need to use the time-weighted Chemin-Lerner norm,
which was introduced by the first two authors in [20].

Definition 2.3. Let f(t) ∈ L1
loc(R+) be a nonnegative function. We define

(2.2) ‖a‖
L̃pt,f (Bs)

def
=
∑
k∈Z

2ks
(∫ t

0
f(t′)‖∆h

ka(t′)‖p
L2 dt

′
) 1
p
.

For the convenience of the readers, we recall the following anisotropic Bernstein type lemma
from [7, 19].

Lemma 2.1. Let Bh be a ball of Rh, and Ch a ring of Rh; let 1 ≤ p2 ≤ p1 ≤ ∞ and 1 ≤ q ≤ ∞.
Then there holds:

If the support of â is included in 2kBh, then

‖∂αx a‖Lp1h (Lqv) . 2
k
(
|α|+

(
1
p2
− 1
p1

))
‖a‖Lp2h (Lqv).

If the support of â is included in 2kCh, then

‖a‖Lp1h (Lqv) . 2−kN‖∂Nx a‖Lp1h (Lqv).
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In the following context, we shall constantly use Bony’s decomposition (see [4]) for the
horizontal variable:

fg = T h
f g + T h

g f +Rh(f, g),(2.3)

where

T h
f g

def
=
∑
k

Sh
k−1f∆h

kg, and Rh(f, g)
def
=
∑
k

∆h
kf∆̃h

kg

with ∆̃h
kg

def
=

∑
|k−k′|≤1

∆h
k′g.

3. Global well-posedness of the system (1.3)

In this section, we establish the global well-posedness of the scaled anisotropic Navier-
Stokes system (1.3) with small analytic data.

Proof of Theorem 1.1. As in [5, 6, 8, 21, 22, 28], for any locally bounded function Ψ on
R+ × R, we define

(3.1) uεΨ(t, x, y)
def
= F−1

ξ→x
(
eΨ(t,ξ)ûε(t, ξ, y)

)
.

We introduce a key quantity η(t) to describe the evolution of the analytic band of uε :

(3.2)

{
η̇(t) = ε‖∂xuεΨ(t)‖

B
1
2

+ ‖∂yuεΨ(t)‖
B

1
2
,

η|t=0 = 0.

Here the phase function Ψ is defined by

(3.3) Ψ(t, ξ)
def
= (a− λη(t))|ξ|.

In the rest of this section, we shall prove that under the assumption of (1.7), there holds
the a priori estimate (1.8) for smooth enough solutions of (1.3), and neglect the regularization
procedure. For simplicity, we shall neglect the script ε. Then in view of (1.3) and (3.1), we
observe that (uΨ, vΨ) verifies

(3.4)


∂tuΨ + λη̇(t)|Dx|uΨ + (u∂xu)Ψ + (v∂yu)Ψ − ε

2∂2
xuΨ − ∂2

yuΨ + ∂xpΨ = 0,
ε2
(
∂tvΨ + λη̇(t)|Dx|vΨ + (u∂xv)Ψ + (v∂yv)Ψ − ε

2∂2
xvΨ − ∂2

yvΨ

)
+ ∂ypΨ = 0,

∂xuΨ + ∂yvΨ = 0 for (t, x, y) ∈ R+ × S,
(uΨ, vΨ) |y=0 = (uΨ, vΨ) |y=1 = 0,

where |Dx| denotes the Fourier multiplier with symbol |ξ|.
By applying the dyadic operator ∆h

k to (3.4) and then taking the L2 inner product of the

resulting equation with
(
∆h
kuΨ,∆

h
kvΨ

)
, we find

1

2

d

dt

∥∥∆h
k(uΨ, εvΨ)(t)

∥∥2

L2 + λη̇
(
|Dx|∆h

k(uΨ, εvΨ) | ∆h
k(uΨ, εvΨ)

)
L2

+ ε2
∥∥∂x∆h

k(uΨ, εvΨ)
∥∥2

L2 +
∥∥∂y∆h

k(uΨ, εvΨ)
∥∥2

L2

=−
(
∆h
k (u∂xu)Ψ |∆

h
kuΨ

)
L2 −

(
∆h
k (v∂yu)Ψ |∆

h
kuΨ

)
L2

− ε2
(
∆h
k (u∂xv)Ψ |∆

h
kvΨ

)
L2 − ε2

(
∆h
k (v∂yv)Ψ |∆

h
kvΨ

)
L2 ,

(3.5)

where we used the fact that ∂xuΨ + ∂yvΨ = 0, so that(
∇∆h

kpΨ | ∆h
k(uΨ, vΨ)

)
L2 = 0.
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While due to (uΨ, vΨ) |y=0 = (uΨ, vΨ) |y=1 = 0, by applying Poincaré inequality, we have

(3.6) K‖∆k(uΨ, εvΨ)‖2L2 ≤
1

2

∥∥∂y∆k(uΨ, εvΨ)
∥∥2

L2 .

Then by using Lemma 2.1 and by multiplying (3.5) by e2Kt and then integrating the resulting
inequality over [0, t], we achieve

1

2
‖eKt′∆h

k(uΨ, εvΨ)‖2L∞t (L2) + λ2k
∫ t

0
η̇(t′)‖eKt′∆h

k(uΨ, εvΨ)(t′)‖2L2 dt
′

+
1

2

∫ t

0
e2Kt′

(
‖∆h

k∂yuΨ‖2L2 + cε2
(
22k
(
‖∆h

kuΨ‖2L2 + ε2‖∆h
kvΨ‖2L2

)
+ ‖∆h

k∂yvΨ‖2L2

))
dt′

≤
∥∥ea|Dx|∆h

k(u0, εv0)
∥∥2

L2 +

∫ t

0

∣∣(eKt′∆h
k (u∂xu)Ψ |e

Kt′∆h
kuΨ

)
L2

∣∣ dt′
+

∫ t

0

∣∣(eKt′∆h
k (v∂yu)Ψ |e

Kt′∆h
kuΨ

)
L2

∣∣ dt′ + ε2

∫ t

0

∣∣(eKt′∆h
k (u∂xv)Ψ |e

Kt′∆h
kvΨ

)
L2

∣∣ dt′
+ ε2

∫ t

0

∣∣(eKt′∆h
k (v∂yv)Ψ |e

Kt′∆h
kvΨ

)
L2

∣∣ dt′.

(3.7)

In what follows, we shall always assume that t < T ∗ with T ∗ being determined by

(3.8) T ∗
def
= sup

{
t > 0, η(t) < a/λ

}
.

So that by virtue of (3.3), for any t < T ∗, there holds the following convex inequality

(3.9) Ψ(t, ξ) ≤ Ψ(t, ξ − η) + Ψ(t, η) for ∀ ξ, η ∈ R.

The estimate of (3.7) relies on the following lemmas. The first two lemmas concern the
estimate of the horizontal component of the velocity. The first one is the energy estimate in
analytic framework for the convection term u∂xu.

Lemma 3.1. For any s ∈]0, 1] and t ≤ T ∗, there holds

(3.10)

∫ t

0

∣∣(eKt′∆h
k(u∂xw)Ψ | eKt

′
∆h
kwΨ

)
L2

∣∣ dt′ . d2
k2
−2ks‖eKt′wΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
.

The next lemma is concerned with the analytical energy estimate for the term v∂yu, which
is the term responsible for the loss of one derivative in the tangential direction. It is the
estimate of this term that the analyticity in the tangential variable is crucially used.

Lemma 3.2. For any s ∈]0, 1] and t ≤ T ∗, there holds

(3.11)

∫ t

0

∣∣(eKt′∆h
k(v∂yu)Ψ | eKt

′
∆h
kuΨ

)
L2

∣∣ dt′ . d2
k2
−2ks‖eKt′uΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
.

The last lemma will be useful to control the vertical component of the velocity field in the
analytic spaces.

Lemma 3.3. For t ≤ T ∗, there holds

(3.12) ε2

∫ t

0

∣∣(eKt′∆h
k(v∂yv)Ψ | eKt

′
∆h
kvΨ

)
L2

∣∣ dt′ . d2
k2
−k∥∥eKt′(uΨ, εvΨ)

∥∥2

L̃2
t,η̇(t)

(B1)
.
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Let us admit the above lemmas for the time being and continue our proof. Indeed, thanks
to Lemmas 3.1-3.3, we deduce from (3.7) that

1

2
‖eKt′∆h

k(uΨ, εvΨ)‖2L∞t (L2) + λ2k
∫ t

0
η̇(t′)‖eKt′∆h

k(uΨ, εvΨ)(t′)‖2L2 dt
′

+
c

2

∫ t

0
e2Kt′

(
‖∆h

k∂y(uΨ, εvΨ)‖2L2 + ε222k‖∆h
k(uΨ, εvΨ)‖2L2

)
dt′

≤
∥∥ea|Dx|∆h

k(u0, εv0)
∥∥2

L2 + Cd2
k2
−k∥∥eKt′(uΨ, εvΨ)

∥∥2

L̃2
t,η̇(t)

(B1)
.

By multiplying the above inequality by 2k and then taking square root of the resulting
inequality, and finally by summing up the resulting ones over Z, we find that for t ≤ T ∗

‖eKt′(uΨ, εvΨ)‖
L̃∞t (B

1
2 )

+
√
λ‖eKt′(uΨ, εvΨ)‖

L̃2
t,η̇(t)

(B1)
+ c‖eKt′∂y(uΨ, εvΨ)‖

L̃2
t (B

1
2 )

+ cε
∥∥eKt′(uΨ, εvΨ)‖

L̃2
t (B

3
2 )
≤
∥∥ea|Dx|(u0, εv0)

∥∥
B

1
2

+ C‖eKt′(uΨ, εvΨ)‖
L̃2
t,η̇(t)

(B1)
.

Taking λ = C2 in the above inequality leads to

‖eKt′(uΨ, εvΨ)‖
L̃∞t (B

1
2 )

+ c‖eKt′∂y(uΨ, εvΨ)‖
L̃2
t (B

1
2 )

+ cε
∥∥eKt′(uΨ, εvΨ)‖

L̃2
t (B

3
2 )
≤
∥∥ea|Dx|(u0, εv0)

∥∥
B

1
2

for t ≤ T ∗.
(3.13)

Then for t ≤ T ∗, we deduce from (3.2) that

η(t) =

∫ t

0

(
ε‖∂xuεΨ(t′)‖

B
1
2

+ ‖∂yuεΨ(t′)‖
B

1
2

)
dt′

≤
(∫ t

0
e−2Kt′ dt′

) 1
2
(∫ t

0

(
ε‖eKt′∂xuεΨ(t′)‖

B
1
2

+ ‖eKt′∂yuεΨ(t′)‖
B

1
2

)2
dt′
) 1

2

≤C
∥∥eKt′(ε∂xuεΨ, ∂yuεΨ)

∥∥
L̃2
t (B

1
2 )

≤C
∥∥ea|Dx|(u0, εv0)

∥∥
B

1
2
.

In particular, if we take c0 in (1.7) to be so small that

(3.14) C
∥∥ea|Dx|(u0, εv0)

∥∥
B

1
2
≤ a

2λ
,

we deduce by a continuous argument that T ∗ determined by (3.8) equals +∞ and (1.8) holds.
This completes the proof of Theorem 1.1. �

Now let us present the proof of Lemmas 3.1 to 3.3. Indeed, we observe that it amounts
to prove these lemmas for K = 0. Without loss of generality, we may assume that û ≥ 0 and
v̂ ≥ 0 (and similar assumption for the proof of the product law in the rest of this paper, one
may check [6] for detail).

Proof of Lemma 3.1. We first get, by applying Bony’s decomposition (2.3) for the horizontal
variable to u∂xw, that

u∂xw = T h
u ∂xw + T h

∂xwu+Rh(u, ∂xw).

Accordingly, we shall handle the following three terms:

• Estimate of
∫ t

0

(
∆h
k(T h

u ∂xw)Ψ | ∆h
kwΨ

)
L2 dt

′
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Considering the support properties to the Fourier transform of the terms in T h
u ∂xw, we

infer

∫ t

0

∣∣(∆h
k(T h

u ∂xw)Ψ | ∆h
kwΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1uΨ(t′)‖L∞‖∆h
k′∂xwΨ(t′)‖L2‖∆h

kwΨ(t′)‖L2 dt′.

However, it follows from Lemma 2.1 and Poincaré inequality that

‖∆h
kuΨ(t)‖L∞ .2

k
2 ‖∆h

kuΨ(t)‖L2
h(L∞v )

.2
k
2 ‖∆h

kuΨ(t)‖
1
2

L2‖∆h
k∂yuΨ(t)‖

1
2

L2

.2
k
2 ‖∆h

k∂yuΨ(t)‖L2 . dj(t)‖∂yuΨ(t)‖
B

1
2
,

(3.15)

so that

‖Sh
k′−1uΨ(t)‖L∞ . ‖∂yuΨ(t)‖

B
1
2
,

which implies that

∫ t

0

∣∣(∆h
k(T h

u ∂xw)Ψ | ∆h
kwΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

2k
′
∫ t

0
‖∂yuΨ(t)‖

B
1
2
‖∆h

k′wΨ(t)‖L2‖∆h
kwΨ(t′)‖L2 dt′.

Applying Hölder inequality and using Definition 2.3 gives

∫ t

0

∣∣(∆h
k(T h

u ∂xw)Ψ | ∆h
kwΨ

)
L2

∣∣ dt′ . ∑
|k′−k|≤4

2k
′
(∫ t

0
‖∂yuΨ(t′)‖

B
1
2
‖∆h

k′wΨ(t′)‖2L2 dt
′
) 1

2

×
(∫ t

0
‖∂yuΨ(t′)‖

B
1
2
‖∆h

kwΨ(t′)‖2L2 dt
′
) 1

2

.dk2
−2ks‖wΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )

( ∑
|k′−k|≤4

dk′2
(k−k′)(s− 1

2)
)

.d2
k2
−2ks‖wΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
.

• Estimate of
∫ t

0

(
∆h
k(T h

∂xw
u)Ψ | ∆h

kwΨ

)
L2 dt

′
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Again considering the support properties to the Fourier transform of the terms in T h
∂xw

u
and thanks to (3.15), we have

∫ t

0

∣∣(∆h
k(T h

∂xwu)Ψ | ∆h
kwΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1∂xwΨ(t′)‖L∞h (L2
v)‖∆h

k′uΨ(t′)‖L2
h(L∞v )‖∆h

kwΨ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2−
k′
2

∫ t

0
dk′(t)‖Sh

k′−1∂xwΨ(t′)‖L∞h (L2
v)‖∂yuΨ(t′)‖

B
1
2
‖∆h

kwΨ(t′)‖L2 dt′

.
∑

|k′−k|≤4

dk′2
− k
′
2

(∫ t

0
‖Sh

k′−1∂xwΨ(t′)‖2L∞h (L2
v)‖∂yuΨ(t′)‖

B
1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kwΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2
.

Yet we observe from Definition 2.3 and s ≤ 1 that

(∫ t

0
‖Sh

k′−1∂xwΨ(t′)‖2L∞h (L2
v)‖∂yuΨ(t′)‖

B
1
2
dt′
) 1

2

.
∑

`≤k′−2

2
3`
2

(∫ t

0
‖∆h

`wΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

.
∑

`≤k′−2

d`2
`(1−s)‖wΨ‖

L̃2
t,η̇(t)

(Bs+
1
2 )

.2k
′(1−s)‖wΨ‖

L̃2
t,η̇(t)

(Bs+
1
2 )
.

So that it comes out∫ t

0

∣∣(∆h
k(T h

∂xwu)Ψ | ∆h
kwΨ

)
L2

∣∣ dt′ .d2
k2
−2ks‖wΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
.

• Estimate of
∫ t

0

(
∆h
k(Rh(u, ∂xw))Ψ | ∆h

kwΨ

)
L2 dt

′

Again considering the support properties to the Fourier transform of the terms inRh(u, ∂xw),
we get, by applying lemma 2.1 and (3.15), that

∫ t

0

∣∣(∆h
k(Rh(u, ∂xw))Ψ | ∆h

kwΨ

)
L2

∣∣ dt′
.2

k
2

∑
k′≥k−3

∫ t

0
‖∆̃h

k′uΨ(t′)‖L2
h(L∞v )‖∆h

k′∂xwΨ(t′)‖L2‖∆h
kwΨ(t′)‖L2 dt′

.2
k
2

∑
k′≥k−3

2
k′
2

∫ t

0
‖∂yuΨ(t′)‖

B
1
2
‖∆h

k′wΨ(t′)‖L2‖∆h
kwΨ(t′)‖L2 dt′.
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Applying Hölder inequality and using Definition 2.3 yields∫ t

0

∣∣(∆h
k(Rh(u, ∂xw))Ψ | ∆h

kwΨ

)
L2

∣∣ dt′
.2

k
2

∑
k′≥k−3

2
k′
2

(∫ t

0
‖∆h

k′wΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kwΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

.dk2
−2ks‖wΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )

( ∑
k′≥k−3

dk′2
(k−k′)s

)
.d2

k2
−2ks‖wΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
,

where we used the fact that s > 0 in the last step.
By summing up the above estimates, we conclude the proof of (3.10). �

Remark 3.1. In the particular case when w = u in (3.10), (3.10) holds for any s > 0, that
is

(3.16)

∫ t

0

∣∣(eKt′∆h
k(u∂xu)Ψ | eKt

′
∆h
kuΨ

)
L2

∣∣ dt′ . d2
k2
−2ks‖eKt′uΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
.

It follows from the proof of Lemma 3.1 that we only need to prove

(3.17)

∫ t

0

∣∣(∆h
k(T h

∂xuu)Ψ | ∆h
kuΨ

)
L2

∣∣ dt′ . d2
k2
−2ks‖uΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )

for any s > 0.

Indeed in view of (3.15), we infer∫ t

0

∣∣(∆h
k(T h

∂xuu)Ψ | ∆h
kuΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1∂xuΨ(t′)‖L∞‖∆h
k′uΨ(t′)‖L2‖∆h

kuΨ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2k
′
∫ t

0
‖∂yuΨ(t′)‖

B
1
2
‖∆h

k′uΨ(t′)‖L2‖∆h
kuΨ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2k
′
(∫ t

0
‖∆h

k′uΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kuΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2
,

which leads to (3.17).

Proof of Lemma 3.2. We first get, by applying Bony’s decomposition (2.3) for the horizontal
variable to v∂yu, that

v∂yu = T h
v ∂yu+ T h

∂yuv +Rh(v, ∂yu).

Accordingly, we shall handle the following three terms:

• Estimate of
∫ t

0

(
∆h
k(T h

v ∂yu)Ψ | ∆h
kuΨ

)
L2 dt

′
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We first observe that∫ t

0

∣∣(∆h
k(T h

v ∂yu)Ψ | ∆h
kuΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1vΨ(t′)‖L∞‖∆h
k′∂yuΨ(t)‖L2‖∆h

kuΨ(t′)‖L2 dt′

.
∑

|k′−k|≤4

dk′2
− k
′
2

∫ t

0
‖Sh

k′−1vΨ(t′)‖L∞‖∂yuΨ(t′)‖
B

1
2
‖∆h

kuΨ(t′)‖L2 dt′.

Due to ∂xu + ∂yv = 0 and (1.4), we write v(t, x, y) = −
∫ y

0 ∂xu(t, x, y′) dy′. Then we deduce
from Lemma 2.1 that

‖∆h
kvΨ(t)‖L∞ ≤

∫ 1

0
‖∆h

k∂xuΨ(t, ·, y′)‖L∞h dy′

.2
3k
2

∫ 1

0
‖∆h

kuΨ(t, ·, y′)‖L2
h
dy′ . 2

3k
2 ‖∆h

kuΨ(t)‖L2 ,

(3.18)

from which and s ≤ 1, we infer(∫ t

0
‖Sh

k′−1vΨ(t′)‖2L∞‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

≤
∑

`≤k′−2

2
3`
2

(∫ t

0
‖∆h

`uΨ(t)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

.
∑

`≤k′−2

d`2
`(1−s)‖uΨ‖

L̃2
t,η̇(t)

(Bs+
1
2 )

.2k
′(1−s)‖uΨ‖

L̃2
t,η̇(t)

(Bs+
1
2 )
.

(3.19)

Consequently, by virtue of Definition 2.3, we obtain∫ t

0

∣∣(∆h
k(T h

v ∂yu)Ψ | ∆h
kuΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

dk′2
− k
′
2

(∫ t

0
‖Sh

k′−1vΨ(t′)‖2L∞‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kuΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

.d2
k2
−2ks‖uΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
.

• Estimate of
∫ t

0

(
∆h
k(T h

∂yu
v)Ψ | ∆h

kuΨ

)
L2 dt

′

Notice that∫ t

0

∣∣(∆h
k(T h

∂yuv)Ψ | ∆h
kuΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1∂yuΨ(t′)‖L∞h (L2
v)‖∆h

k′vΨ(t)‖L2
h(L∞v )‖∆h

kuΨ(t′)‖L2 dt′,
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which together with (3.18) ensures that∫ t

0

∣∣(∆h
k(T h

∂yuv)Ψ | ∆h
kuΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

2k
′
∫ t

0
‖∂yuΨ(t′)‖

B
1
2
‖∆h

k′uΨ(t′)‖L2‖∆h
kuΨ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2k
′
(∫ t

0
‖∆h

k′uΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kuΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2
.

Then thanks to Definition 2.3, we arrive at∫ t

0

∣∣(∆h
k(T h

∂yuv)Ψ | ∆h
kuΨ

)
L2

∣∣ dt′ .d2
k2
−2ks‖uΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
.

• Estimate of
∫ t

0

(
∆h
k(Rh(v, ∂yu))Ψ | ∆h

kuΨ

)
L2 dt

′

We get, by applying lemma 2.1 and (3.18), that∫ t

0

∣∣(∆h
k(Rh(v, ∂yu))Ψ | ∆h

kuΨ

)
L2

∣∣ dt′
.2

k
2

∑
k′≥k−3

∫ t

0
‖∆h

k′vΨ(t′)‖L2
h(L∞v )‖∆̃h

k′∂yuΨ(t′)‖L2‖∆h
kuΨ(t′)‖L2 dt′

.2
k
2

∑
k′≥k−3

2
k′
2

∫ t

0
‖∆h

k′uΨ(t′)‖L2‖∂yuΨ(t′)‖
B

1
2
‖∆h

kuΨ(t′)‖L2 dt′

.2
k
2

∑
k′≥k−3

2
k′
2

(∫ t

0
‖∆h

k′uΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kuΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2
,

which together with Definition 2.3 and s > 0 ensures that∫ t

0

∣∣(∆h
k(Rh(v, ∂yu)Ψ | ∆h

kuΨ

)
L2

∣∣ dt′ .dk2−2ks‖uΨ‖2
L̃2
t,η̇(t)

(Bs+
1
2 )

( ∑
k′≥k−3

dk′2
(k−k′)s

)
.d2

k2
−2ks‖uΨ‖2

L̃2
t,η̇(t)

(Bs+
1
2 )
.

By summing up the above estimates, we achieve (3.11). �

Proof of Lemma 3.3. We first get, by applying Bony’s decomposition (2.3) for the horizontal
variable to v∂yv, that

v∂yv = T h
v ∂yv + T h

∂yvv +Rh(v, ∂yv).

Let us handle the following three terms:

• Estimate of
∫ t

0

(
∆h
k(T h

v ∂yv)Ψ | ∆h
kvΨ

)
L2 dt

′
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Due to ∂yv = −∂xu, one has

ε2

∫ t

0

∣∣(∆h
k(T h

v ∂yv)Ψ | ∆h
kvΨ

)
L2

∣∣ dt′
.ε2

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1vΨ(t′)‖L∞‖∆h
k′∂yvΨ(t)‖L2‖∆h

kvΨ(t′)‖L2 dt′

.ε
∑

|k′−k|≤4

2−
k′
2

∫ t

0
‖Sh

k′−1vΨ(t′)‖L∞ε‖∂xuΨ(t′)‖
B

1
2
‖∆h

kvΨ(t′)‖L2 dt′

.ε
∑

|k′−k|≤4

2−
k′
2

(∫ t

0
‖Sh

k′−1vΨ(t′)‖2L∞ε‖∂xuΨ(t′)‖
B

1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kvΨ(t′)‖2L2ε‖∂xuΨ(t′)‖
B

1
2
dt′
) 1

2
.

Yet we get, by a similar derivation of (3.19), that(∫ t

0
‖Sh

k′−1vΨ(t′)‖2L∞ε‖∂xuΨ(t′)‖
B

1
2
dt′
) 1

2
. dk′2

k′
2 ‖uΨ‖L̃2

t,η̇(t)
(B1)

.

Hence we deduce from Definition 2.3 that

ε2

∫ t

0

∣∣(∆h
k(T h

v ∂yv)Ψ | ∆h
kvΨ

)
L2

∣∣ dt′ ≤ d2
k2
−k‖uΨ‖L̃2

t,η̇(t)
(B1)

ε‖vΨ‖L̃2
t,η̇(t)

(B1)
.

• Estimate of
∫ t

0

(
∆h
k(T h

∂yv
v)Ψ | ∆h

kvΨ

)
L2 dt

′

Notice that∫ t

0

∣∣(∆h
k(T h

∂yvv)Ψ | ∆h
kvΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1∂xuΨ(t′)‖L∞‖∆h
k′vΨ(t)‖L2‖∆h

kvΨ(t′)‖L2 dt′,

which together with (3.15) ensures that∫ t

0

∣∣(∆h
k(T h

∂yvv)Ψ | ∆h
kvΨ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

2k
′
∫ t

0
‖∂yuΨ(t′)‖

B
1
2
‖∆h

k′vΨ(t)‖L2‖∆h
kvΨ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2k
′
(∫ t

0
‖∆h

k′vΨ(t)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kvΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

Then thanks to Definition 2.3, we arrive at∫ t

0

∣∣(∆h
k(T h

∂yvv)Ψ | ∆h
kvΨ

)
L2

∣∣ dt′ .d2
k2
−k‖vΨ‖2L̃2

t,η̇(t)
(B1)

.

• Estimate of
∫ t

0

(
∆h
k(Rh(v, ∂yv))Ψ | ∆h

kvΨ

)
L2 dt

′
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Due to ∂xu+ ∂yv = 0, we get, by applying lemma 2.1 and (3.18), that∫ t

0

∣∣(∆h
k(Rh(v, ∂yv))Ψ | ∆h

kvΨ

)
L2

∣∣ dt′
.2

k
2

∑
k′≥k−3

∫ t

0
‖∆h

k′vΨ(t′)‖L2‖∆̃h
k′∂xuΨ(t′)‖L2

h(L∞v )‖∆h
kvΨ(t′)‖L2 dt′

.2
k
2

∑
k′≥k−3

2
k′
2

∫ t

0
‖∆h

k′vΨ(t′)‖L2‖∂yuΨ(t′)‖
B

1
2
‖∆h

kvΨ(t′)‖L2 dt′

.2
k
2

∑
k′≥k−3

2
k′
2

(∫ t

0
‖∆h

k′vΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2

×
(∫ t

0
‖∆h

kvΨ(t′)‖2L2‖∂yuΨ(t′)‖
B

1
2
dt′
) 1

2
,

which together with Definition 2.3 and s > 0 ensures that∫ t

0

∣∣(∆h
k(Rh(v, ∂yu))Ψ | ∆h

kuΨ

)
L2

∣∣ dt′ . d2
k2
−k‖vΨ‖2L̃2

t,η̇(t)
(B1)

.

By summing up the above estimates, we obtain (3.12). This concludes the proof of Lemma
3.3. �

4. Global well-posedness of the system (1.5)

In this section, we study the global well-posedness of the hydrostatic approximate equations
(1.5) with small analytic data.

Due to the compatibility condition ∂x
∫ 1

0 u0dy = 0, we deduce from ∂xu+ ∂yv = 0 that

∂x

∫ 1

0
u(t, x, y)dy = 0,

which together with the fact: u(t, x, y)→ 0 as |x| → +∞, ensures that

(4.1)

∫ 1

0
u(t, x, y)dy = 0.

Then by integrating the equation ∂tu+ u∂xu+ v∂yu− ∂2
yu+ ∂xp = 0 for y ∈ [0, 1] and using

the fact that ∂yp = 0, we obtain

(4.2) ∂xp = ∂yu(t, x, 1)− ∂yu(t, x, 0)− 1

2
∂x

∫ 1

0
u2(t, x, y) dy.

We now define

(4.3) uΦ(t, x, y)
def
= F−1

ξ→x
(
eΦ(t,ξ)û(t, ξ, y)

)
with Φ(t, ξ)

def
= (a− λθ(t))|ξ|,

where the quantity θ(t) describes the evolution of the analytic band of u, which is determined
by

(4.4) θ̇(t) = ‖∂yuΦ(t)‖
B

1
2

with θ|t=0 = 0.

We remark that as in the previous section, the damping obtained by the Poincaré inequal-
ity in the strip helps to obtain this global control of θ(t) which describes the “loss of the
analyticity”.
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Proof of Theorem 1.2. In view of (1.5) and (4.3), we observe that uΦ verifies

∂tuΦ + λθ̇(t)|Dx|uΦ + (u∂xu)Φ + (v∂yu)Φ − ∂2
yuΦ + ∂xpΦ = 0,(4.5)

where |Dx| denotes the Fourier multiplier with symbol |ξ|.
By applying ∆h

k to (4.5) and taking L2 inner product of the resulting equation with ∆h
kuΦ,

we find

1

2

d

dt
‖∆h

kuΦ(t)‖2L2 + λθ̇
(
|Dx|∆h

kuΦ | ∆h
kuΦ

)
L2 + ‖∆h

k∂yuΨ‖2L2

=−
(
∆h
k (u∂xu)Φ |∆

h
kuΦ

)
L2 −

(
∆h
k (v∂yu)Φ |∆

h
kuΦ

)
L2 −

(
∆h
k∂xpΦ|∆h

kuΦ

)
L2 .

(4.6)

Thanks to (1.6) and ∂xu+ ∂yv = 0, we get, by using integration by parts, that(
∆h
k∂xpΦ|∆h

kuΦ

)
L2 =−

(
∆h
kpΦ|∆h

k∂xuΦ

)
L2

=
(
∆h
kpΦ|∆h

k∂yvΦ

)
L2 = −

(
∆h
k∂ypΦ|∆h

kvΦ

)
L2 = 0.

Then by using Lemma 2.1, (3.6) and by multiplying (4.6) by e2Kt and then integrating the
resulting inequality over [0, t], we achieve

1

2
‖eKt′∆h

kuΦ‖2L∞t (L2) + λ2k
∫ t

0
θ̇(t′)‖eKt′∆h

kuΦ(t′)‖2L2 dt
′ +

1

2
‖eKt′∆h

k∂yuΨ‖2L2
t (L

2)

≤
∥∥ea|Dx|∆h

ku0

∥∥2

L2 +

∫ t

0

∣∣(eKt′∆h
k (u∂xu)Φ |e

Kt′∆h
kuΦ

)
L2

∣∣ dt′
+

∫ t

0

∣∣(eKt′∆h
k (v∂yu)Φ |e

Kt′∆h
kuΦ

)
L2

∣∣ dt′.
(4.7)

In what follows, we shall always assume that t < T ? with T ? being determined by

(4.8) T ?
def
= sup

{
t > 0, θ(t) < a/λ

}
.

So that by virtue of (4.3), for any t ≤ T ?, there holds the following convex inequality

(4.9) Φ(t, ξ) ≤ Φ(t, ξ − η) + Φ(t, η) for ∀ ξ, η ∈ R.

Then we deduce from Lemma 3.1 that for any s ∈]0, 1] and t ≤ T ?∫ t

0

∣∣(eKt′∆h
k(u∂xu)Φ | eKt

′
∆h
kuΦ

)
L2

∣∣ dt′ . d2
k2
−2ks‖eKt′uΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

Whereas it follows from Lemma 3.2 that for any s ∈]0, 1] and t ≤ T ?∫ t

0

∣∣(eKt′∆h
k(v∂yu)Φ | eKt

′
∆h
kuΦ

)
L2

∣∣ dt′ . d2
k2
−2ks‖eKt′uΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

Inserting the above estimates into (4.7) gives rise to

1

2
‖eKt′∆h

kuΦ‖2L∞t (L2) + λ2k
∫ t

0
θ̇(t′)‖eKt′∆h

kuΦ(t′)‖2L2 dt
′ +

1

2
‖eKt′∆h

k∂yuΨ‖2L2
t (L

2)

≤
∥∥ea|Dx|∆h

ku0

∥∥2

L2 + Cd2
k2
−2ks‖eKt′uΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

Then for any s ∈]0, 1], by multiplying the above inequality by 22ks and then taking square
root of the resulting inequality, and finally by summing up the resulting ones over Z, we
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obtain

‖eKt′uΦ‖L̃∞t (Bs) +
√
λ‖eKt′uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖eKt′∂yuΦ‖L̃2
t (Bs)

≤
∥∥ea|Dx|u0

∥∥
Bs + C‖eKt′uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

Taking λ = C2 in the above inequality leads to

(4.10) ‖eKt′uΦ‖L̃∞t (Bs) + ‖eKt′∂yuΦ‖L̃2
t (Bs)

≤
∥∥ea|Dx|u0

∥∥
Bs for s ∈]0, 1] and t ≤ T ?.

In particular, we deduce from (4.10) for s = 1
2 and (4.4) that

θ(t) =

∫ t

0
‖∂yuΦ(t′)‖

B
1
2
dt′

≤
(∫ t

0
e−2Kt′ dt′

) 1
2
(∫ t

0
‖eKt′∂yuΦ(t′)‖2

B
1
2
dt′
) 1

2

≤C‖eKt′∂yuΦ‖
L̃2
t (B

1
2 )
≤ C

∥∥ea|Dx|u0

∥∥
B

1
2
.

Then if we take c1 in (1.9) to be so small that

(4.11) C
∥∥ea|Dx|u0

∥∥
B

1
2
≤ a

2λ
,

we deduce by a continuous argument that T ? determined by (4.8) equals +∞ and (1.10)
holds. Then Theorem 1.2 is proved provided that we present the proof of (1.12), which relies
on the the following propositions. The first proposition states the propagation of any Bs
regularity on the solution of the hydrostatic Navier-Stokes equations.

Proposition 4.1. Under the assumption of (1.11), for any s > 0, there exists a positive

constant C so that for λ = C2
(
1 +

∥∥ea|Dx|u0

∥∥
B

3
2

)
, there holds

(4.12) ‖eKtuΦ‖L̃∞(R+;Bs) + ‖eKt∂yuΦ‖L̃2(R+;Bs) ≤ C
∥∥ea|Dx|u0

∥∥
Bs

The second proposition allow to control two derivatives in the normal direction ∂2
yu in any

Bs, despite de difficulties raised by the boundary conditions. This will be useful in the section
last section when we prove the global convergence in the Theorem 1.3.

Proposition 4.2. Under the assumption of (1.11), for any s > 0, there exists a positive

constant C so that for λ = C2
(
1 +

∥∥ea|Dx|u0

∥∥
B

3
2

)
, there holds

‖eKt′∂yuΦ‖L̃∞t (Bs)+‖e
Kt′∂2

yuΦ‖L̃2
t (Bs)

≤C
(∥∥ea|Dx|∂yu0

∥∥
Bs +

∥∥ea|Dx|u0

∥∥
Bs +

∥∥ea|Dx|u0

∥∥
Bs+1

)
.

(4.13)

We admit the above propositions for the time being and continue our proof of Theorem
1.2.

As a matter of fact, it remains to present the estimate of ‖eKt(∂tu)Φ‖
L̃2(R+;B

3
2 )
. Indeed, by

applying ∆h
k to (1.5) and then taking L2 inner product of resulting equation with e2Kt∆h

k(∂tu)Φ,
we obtain

‖eKt∆h
k (∂tu)Φ ‖

2
L2 =e2Kt

(
∆h
k∂

2
yuΦ|∆h

k(∂tu)Φ

)
L2

− e2Kt
(
∆h
k(u∂xu)Φ|∆h

k(∂tu)Φ

)
L2 − e2Kt

(
∆h
k(v∂yu)Φ|∆h

k(∂tu)Φ

)
L2 ,
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Using the fact that (∂tu)Φ = ∂tuΦ + θ̇(t)|Dx|uΦ, we remark that

e2Kt
(
∆h
k∂

2
yuΦ|∆h

k(∂tu)Φ

)
L2 = −(

1

2

d

dt
‖eKt∆h

k∂yuφ‖2L2 + θ̇(t)2k‖eKt∆h
k∂yuΦ‖2L2)

from which, we deduce that

‖eKt′∆h
k (∂tu)Φ ‖L2

t (L
2) + ‖eKt′∆h

k∂yuΦ‖L∞t (L2) ≤ C
(
‖∆h

k∂ye
a|Dx|u0‖L2

+
∥∥eKt′∆h

k(u∂xu)Φ

∥∥
L2
t (L

2)
+
∥∥eKt′∆h

k(v∂yu)Φ‖L2
t (L

2)

)
.

This gives rise to∥∥eKt′(∂tu)Φ

∥∥
L̃2
t (B

3
2 )

+ ‖eKt′∂yuΦ‖
L̃∞t (B

3
2 )
≤ C

(∥∥ea|Dx|∂yu0

∥∥
B

3
2

+
∥∥eKt′(u∂xu)Φ

∥∥
L̃2
t (B

3
2 )

+
∥∥eKt′(v∂yu)Φ

∥∥
L̃2
t (B

3
2 )

)
.

(4.14)

Yet it follows from the law of product in anisotropic Besov space and Poincaré inequality
that∥∥eKt′(u∂xu)Φ

∥∥
L̃2
t (B

3
2 )
.‖uΦ‖

L̃∞t (B
1
2 )

∥∥eKt′∂yuΦ

∥∥
L̃2
t (B

5
2 )

;∥∥eKt′(v∂yu)Φ

∥∥
L̃2
t (B

3
2 )
.‖uΦ‖

L̃∞t (B
1
2 )

∥∥eKt′∂yuΦ

∥∥
L̃2
t (B

5
2 )

+ ‖uΦ‖
L̃∞t (B

5
2 )

∥∥eKt′∂yuΦ

∥∥
L̃2
t (B

1
2 )
.

Inserting the above estimates into (4.14) and then using (1.9), (1.10) and Proposition 4.1, we
achieve∥∥eKt′(∂tu)Φ

∥∥
L̃2
t (B

3
2 )

+ ‖eKt′∂yuΦ‖
L̃∞t (B

3
2 )
.
∥∥ea|Dx|∂yu0

∥∥
B

3
2

+
∥∥ea|Dx|u0

∥∥
B

5
2
.

This completes the proof of Theorem 1.2. �

Now let us present the proof of the above two propositions.

Proof of Proposition 4.1. We first deduce from Remark 3.1 that for any s > 0

(4.15)

∫ t

0

∣∣(∆h
k (u∂xu)Φ |∆

h
kuΦ

)
L2

∣∣ dt′ . d2
k2
−2ks‖uΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

While it follows from the proof of Lemma 3.2 that∫ t

0

∣∣(∆h
k(T h

∂yuv +Rh(v, ∂yu))Φ|∆h
kuΦ

)
L2

∣∣ dt′ . d2
k2
−2ks‖uΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

In view of (3.18), we have

‖∆h
kvΦ(t)‖L∞ . dk(t)2

k
2 ‖uΦ(t)‖

1
2

B
3
2
‖∂yuΦ(t)‖

1
2

B
1
2
,



HYDROSTATIC APPROXIMATION OF THE NAVIER-STOKES EQUATIONS 19

so that there holds∫ t

0

∣∣(∆h
k(T h

v ∂yu)Φ | ∆h
kuΦ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1vΦ(t′)‖L∞‖∆h
k′∂yuΦ(t)‖L2‖∆h

kuΦ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2
k′
2 ‖uΦ‖

1
2

L∞t (B
3
2 )
‖∆h

k′∂yuΦ‖L2
t (L

2)

(∫ t

0
‖∂yuΦ(t′)‖

B
1
2
‖∆h

kuΦ(t′)‖2L2 dt
′
) 1

2

.d2
k2
−2ks‖uΦ‖

1
2

L∞t (B
3
2 )
‖∂yuΦ‖L̃2

t (Bs)
‖uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

(4.16)

As a result, it comes out∫ t

0

∣∣(∆h
k(v∂yu)Φ|∆h

kuΦ

)
L2

∣∣ dt′ . d2
k2
−2ks‖uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

×
(
‖uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖uΦ‖
1
2

L̃∞t (B
3
2 )
‖∂yuΦ‖L̃2

t (Bs)

)
.

(4.17)

By virtue of (4.15) and (4.17), we deduce from (4.7) that

1

2
‖eKt′∆h

kuΦ‖2L∞t (L2) + λ2k
∫ t

0
θ̇(t′)‖eKt′∆h

kuΦ(t′)‖2L2 dt
′ +

1

2
‖eKt′∆h

k∂yuΦ‖2L2
t (L

2)

≤1

2

∥∥ea|Dx|∆h
ku0

∥∥2

L2 + Cd2
k2
−2ks‖eKt′uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

×
(
‖eKt′uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖uΦ‖
1
2

L̃∞t (B
3
2 )
‖eKt′∂yuΦ‖L̃2

t (Bs)

)
,

from which, we infer

‖eKt′uΦ‖L̃∞t (Bs) +
√
λ‖eKt′uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖eKt′∂yuΦ‖L̃2
t (Bs)

≤ C
(∥∥ea|Dx|u0

∥∥
Bs

+ ‖eKt′uΦ‖
L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖uΦ‖
1
4

L̃∞t (B
3
2 )
‖eKt′∂yuΦ‖

1
2

L̃2
t (Bs)
‖eKt′uΦ‖

1
2

L̃2
t,θ̇(t)

(Bs+
1
2 )

)
.

Applying Young’s inequality yields

C‖uΦ‖
1
4

L̃∞t (B
3
2 )
‖eKt′∂yuΦ‖

1
2

L̃2
t (Bs)
‖eKt′uΦ‖

1
2

L̃2
t,θ̇(t)

(Bs+
1
2 )

≤ C‖uΦ‖
1
2

L̃∞t (B
3
2 )
‖eKt′uΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+
1

2
‖eKt′∂yuΦ‖L̃2

t (Bs)
.

Therefore if we take

(4.18) λ ≥ C2
(
1 + ‖uΦ‖

L̃∞t (B
3
2 )

)
,

we obtain

(4.19) ‖eKt′uΦ‖L̃∞t (Bs) + ‖eKt′∂yuΦ‖L̃2
t (Bs)

≤ C
∥∥ea|Dx|u0

∥∥
Bs .

which in particular implies that under the condition (4.18), there holds

‖uΦ‖
L̃∞t (B

3
2 )
≤ C

∥∥ea|Dx|u0

∥∥
B

3
2
.
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Then by taking λ = C2
(
1+
∥∥ea|Dx|u0

∥∥
B

3
2

)
, (4.18) holds. Therefore under the condition (1.11),

both (4.11) and (4.18) hold, and thus (4.19) holds for any t > 0, which leads to (4.12). This
completes the proof of the proposition. �

Proof of Proposition 4.2. Due to ∂xu+ ∂yv = 0, we get, by applying ∂y to (1.5), that

∂t∂yu+ u∂x∂yu+ v∂2
yu− ∂3

yu+ ∂x∂yp = 0,

from which, using that −∂2
yu+ ∂xp is vanishing on the boundary, we get, by using a similar

derivation of (4.7), that

1

2
‖eKt′∆h

k∂yuΦ‖2L∞t (L2) + λ2k
∫ t

0
θ̇(t′)‖eKt′∆h

k∂yuΦ(t′)‖2L2 dt
′ +

1

2
‖eKt′∆h

k∂
2
yuΦ‖2L2

t (L
2)

≤1

2

∥∥ea|Dx|∆h
k∂yu0

∥∥2

L2 +

∫ t

0

∣∣(eKt′∆h
k (u∂x∂yu)Φ |e

Kt′∆h
k∂yuΦ

)
L2

∣∣ dt′
+

∫ t

0

∣∣(eKt′∆h
k

(
v∂2

yu
)

Φ
|eKt′∆h

k∂yuΦ

)
L2

∣∣ dt′ + ∫ t

0

∣∣(eKt′∆h
k∂xpΦ|eKt

′
∆h
k∂

2
yuΦ

)
L2

∣∣ dt′.
(4.20)

It follows from the proof of Lemma 3.1 that for any s > 0∫ t

0

∣∣(∆h
k

(
T h
u ∂x∂yu+Rh(u, ∂x∂yu)

)
Φ
|∆h

k∂yuΦ

)
L2

∣∣ dt′ . d2
k2
−2ks‖∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

While we deduce from Lemma 2.1 and Definition 2.3 that∫ t

0

∣∣(∆h
k(T h

∂x∂yuu)Φ | ∆h
k∂yuΦ

)
L2

∣∣ dt′
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1∂x∂yuΦ(t′)‖L∞h (L2
v)‖∆h

k′uΦ(t′)‖L2
h(L∞v )‖∆h

k∂yuΦ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2k
′
∫ t

0
‖∂yuΦ(t′)‖

B
1
2
‖∆h

k′∂yuΦ(t′)‖L2‖∆h
k∂yuΦ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2k
′
(∫ t

0
‖∂yuΦ(t′)‖

B
1
2
‖∆h

k′∂yuΦ(t′)‖2L2 dt
′
) 1

2

×
(∫ t

0
‖∂yuΦ(t′)‖

B
1
2
‖∆h

k∂yuΦ(t′)‖2L2 dt
′
) 1

2

.d2
k2
−2ks‖∂yuΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

(4.21)

As a result, it comes out that for any s > 0,∫ t

0

∣∣(∆h
k(u∂x∂yu)Φ|∆h

k∂yuΦ

)
L2

∣∣ dt′ . d2
k2
−2ks‖∂yuΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )
.(4.22)
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On the other hand, we deduce from Lemma 2.1 and (3.18) that for any s > 0

∫ t

0

∣∣(∆h
k

(
Rh(v, ∂2

yu)
)

Φ
|∆h

k∂yuΦ

)
L2

∣∣ dt′
.2

k
2

∑
k′≥k−3

∫ t

0
‖∆h

k′vΦ(t′)‖L2
h(L∞v )‖∆̃h

k′∂
2
yuΦ(t′)‖L2‖∆h

k′∂yuΦ(t′)‖L2 dt′

.2
k
2

∑
k′≥k−3

∫ t

0
‖uΦ(t′)‖

1
2

B
3
2
‖∂yuΦ(t′)‖

1
2

B
1
2
‖∆̃h

k′∂
2
yuΦ(t′)‖L2‖∆h

k′∂yuΦ(t′)‖L2 dt′

.2
k
2

∑
k′≥k−3

‖uΦ‖
1
2

L∞t (B
3
2 )
‖∆̃h

k′∂
2
yuΦ‖L2

t (L
2)

(∫ t

0
‖∂yuΦ(t′)‖

B
1
2
‖∆h

k′∂yuΦ(t′)‖2L2 dt
′
) 1

2

.d2
k2
−2ks‖uΦ‖

1
2

L∞t (B
3
2 )
‖∂2

yuΦ‖L̃2
t (Bs)
‖∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

And the proof of (4.16) ensures that

∫ t

0

∣∣(∆h
k(T h

v ∂
2
yu)Φ | ∆h

k∂yuΦ

)
L2

∣∣ dt′
.d2

k2
−2ks‖uΦ‖

1
2

L∞t (B
3
2 )
‖∂2

yuΦ‖L̃2
t (Bs)
‖∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )
.

Finally, by using integration by parts, we have

∫ t

0

∣∣(∆h
k

(
T h
∂2yu

v
)

Φ
|∆h

k∂yuΦ

)
L2

∣∣ dt′ ≤∫ t

0

∣∣(∆h
k

(
T h
∂yu∂yv

)
Φ
|∆h

k∂yuΦ

)
L2

∣∣ dt
+

∫ t

0

∣∣(∆h
k

(
T h
∂yuv

)
Φ
|∆h

k∂
2
yuΦ

)
L2

∣∣ dt.
Due to ∂xu+ ∂yv = 0, we deduce from a similar derivation of (4.21) that

∫ t

0

∣∣(∆h
k

(
T h
∂yu∂yv

)
Φ
|∆h

k∂yuΦ

)
L2

∣∣ dt
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1∂yuΦ(t′)‖L∞h (L2
v)‖∆h

k′∂xuΦ(t′)‖L2
h(L∞v )‖∆h

k∂yuΦ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2k
′
∫ t

0
‖∂yuΦ(t′)‖

B
1
2
‖∆h

k′∂yuΦ(t′)‖L2‖∆h
k∂yuΦ(t′)‖L2 dt′

.d2
k2
−2ks‖∂yuΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )
.
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While we observe that∫ t

0

∣∣(∆h
k

(
T h
∂yuv

)
Φ
|∆h

k∂
2
yuΦ

)
L2

∣∣ dt
.

∑
|k′−k|≤4

∫ t

0
‖Sh

k′−1∂yuΦ(t′)‖L∞h (L2
v)‖∆h

k′vΦ(t′)‖L2
h(L∞v )‖∆h

k∂
2
yuΦ(t′)‖L2 dt′

.
∑

|k′−k|≤4

2k
′
∫ t

0
‖∂yuΦ(t′)‖

B
1
2
‖∆h

k′uΦ(t′)‖L2‖∆h
k∂

2
yuΦ(t′)‖L2 dt′

.d2
k2
−2ks‖∂yuΦ‖

L̃2
t (B

1
2 )
‖uΦ‖L∞t (Bs+1)‖∂2

yuΦ‖L̃2
t (Bs)

.

This gives rise to∫ t

0

∣∣(∆h
k

(
T h
∂2yu

v
)

Φ
|∆h

k∂yuΦ

)
L2

∣∣ dt′ .d2
k2
−2ks

(
‖∂yuΦ‖2

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖∂yuΦ‖
L̃2
t (B

1
2 )
‖uΦ‖L∞t (Bs+1)‖∂2

yuΦ‖L̃2
t (Bs)

)
.

By summarizing the above estimates, we obtain∫ t

0

∣∣(∆h
k(v∂2

yu)Φ|∆h
k∂yuΦ

)
L2

∣∣ dt′
.d2

k2
−2ks

(
‖uΦ‖

1
2

L∞t (B
3
2 )
‖∂yuΦ‖

L̃t,θ̇(t)(B
s+1

2 )
‖∂2

yuΦ‖L̃2
t (Bs)

+ ‖∂yuΦ‖2
L̃t,θ̇(t)(B

s+1
2 )

+ ‖∂yuΦ‖
L̃2
t (B

1
2 )
‖uΦ‖L∞t (Bs+1)‖∂2

yuΦ‖L̃2
t (Bs)

)
.

(4.23)

To handle the last term in (4.20), we denote

Ik(t)
def
=
(
eKt∆h

k∂xpΦ(t)|eKt∆h
k∂

2
yuΦ(t)

)
L2 .

Then in view of (4.2), we write

Ik(t) =

∫
R
eKt∆h

k∂xpΦ · eKt
(
∆h
k∂yu(t, x, 1)−∆h

k∂yu(t, x, 0)) dx

=

∫
R

(
eKt∆h

k(∂yuΦ(t, x, 1)− ∂yuΦ(t, x, 0))
)2
dx

− 1

2

∫
R

(
eKt
∫ 1

0
∆h
k∂x(u2)Φ dy

)
· eKt∆h

k(∂yuΦ(t, x, 1)− ∂yuΦ(t, x, 0)) dx,

from which, we infer

|Ik(t)| ≤ C
(
‖eKt∆h

k∂yuΦ(t)‖2L∞v (L2
h) + ‖eKt∆h

k∂x(u2)Φ(t)‖2L1
v(L2

h)

)
.

Applying the Bony decomposition yields for any s > 0,

‖eKt′∆h
k∂x(u2)Φ‖L2

t (L
1
v(L2

h)) ≤‖eKt
′
∆h
k∂x(u2)Φ‖L2

t (L
2)

.dk2
−ks‖uΦ‖L2

t (L
∞)‖eKt

′
uΦ‖L̃∞t (Bs+1)

.dk2
−ks‖∂yuΦ‖

L2
t (B

1
2 )
‖eKt′uΦ‖L̃∞t (Bs+1)

.
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While notice that ∫ 1

0
∆h
k∂yu(t, x, y) dy = 0,

for any fixed (t, x), there exists Y k
0 (t, x) so that ∆h

k∂yuΦ(t, x, Y k
0 (t, x)) = 0. Then we have(

∆h
k∂yuΦ(t, x, y)

)2
=

∫ y

Y k0 (t,x)
∂y

(
∆h
k∂yuΦ(t, x, y′)

)2
dy′

≤2‖∆h
k∂yuΦ(t, x, ·)‖L2

v
‖∆h

k∂
2
yuΦ(t, x, ·)‖L2

v
,

which implies

‖eKt∆h
k∂yuΦ‖2L∞v (L2

h) ≤ 2‖eKt∆h
k∂yuΦ(t)‖L2‖eKt∆h

k∂
2
yuΦ(t)‖L2 .

As a result, it comes out∫ t

0
|Ik(t′)| dt′ ≤

1

4
‖eKt′∆h

k∂
2
yuΦ‖2L2

t (L
2) + C‖eKt′∆h

k∂yuΦ‖2L2
t (L

2)

+ Cd2
k2
−2ks‖∂yuΦ‖2

L2
t (B

1
2 )
‖eKt′uΦ‖2L̃∞t (Bs+1)

≤Cd2
k2
−2ks

(
‖eKt′∂yuΦ‖2L̃2

t (Bs)
+ ‖∂yuΦ‖2

L2
t (B

1
2 )
‖eKt′uΦ‖2L̃∞t (Bs+1)

)
+

1

4
‖eKt′∆h

k∂
2
yuΦ‖2L2

t (L
2).

(4.24)

By inserting (4.22), (4.23) and (4.24) into (4.20) and then repeating the last step of the
proof of Proposition 4.1, we obtain

‖eKt′∂yuΦ‖L̃∞t (Bs) +
√
λ‖eKt′∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖eKt′∂2
yuΦ‖L̃2

t (Bs)

≤
∥∥ea|Dx|∂yu0

∥∥
Bs + C

(
‖eKt′∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖eKt′∂yuΦ‖L̃2
t (Bs)

+ ‖∂yuΦ‖
L2
t (B

1
2 )
‖eKt′uΦ‖L̃∞t (Bs+1)

+ ‖eKt′∂2
yuΦ‖

1
2

L̃2
t (Bs)

×
(
‖uΦ‖

1
4

L∞t (B
3
2 )
‖eKt′∂yuΦ‖

1
2

L̃t,θ̇(t)(B
s+1

2 )
+ ‖∂yuΦ‖

1
2

L̃2
t (B

1
2 )
‖eKt′uΦ‖

1
2

L∞t (Bs+1)

))
.

Applying Young’s inequality yields

‖eKt′∂yuΦ‖L̃∞t (Bs) +
√
λ‖eKt′∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖eKt′∂2
yuΦ‖L̃2

t (Bs)

≤
∥∥ea|Dx|∂yu0

∥∥
Bs + C

((
1 + ‖uΦ‖

1
2

L∞t (B
3
2 )

)
‖eKt′∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖eKt′∂yuΦ‖L̃2
t (Bs)

+ ‖∂yuΦ‖
L̃2
t (B

1
2 )
‖eKt′uΦ‖L∞t (Bs+1)

)
+

1

2
‖eKt′∂2

yuΦ‖L̃2
t (Bs)

,

from which, (1.9), (1.10) and Proposition 4.1, we infer

‖eKt′∂yuΦ‖L̃∞t (Bs) +
√
λ‖eKt′∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+ ‖eKt′∂2
yuΦ‖L̃2

t (Bs)

≤
∥∥ea|Dx|∂yu0

∥∥
Bs + C

((
1 +

∥∥ea|Dx|u0

∥∥ 1
2

B
3
2

)
‖eKt′∂yuΦ‖

L̃2
t,θ̇(t)

(Bs+
1
2 )

+
∥∥ea|Dx|u0

∥∥
Bs +

∥∥ea|Dx|u0

∥∥
Bs+1

)
.



24 MARIUS PAICU, PING ZHANG, AND ZHIFEI ZHANG

Taking λ = C2
(
1 +
∥∥ea|Dx|u0

∥∥
B

3
2

)
in the above inequality leads to (4.13). This completes the

proof of Proposition 4.2. �

5. The Convergence to the hydrostatic Navier-Stokes system

In this section, we justify the limit from the scaled anisotropic Navier-Stokes system to the
hydrostatic Navier-Stokes system in a 2-D striped domain. As in the first sections, the main
idea will be to obtain a control of the difference between the two solutions in analytic spaces,
by using energy estimates with exponential weights in the Fourier variable. As previously,
the exponent of the exponential weight is depending on time but shall take into account
now the “loss of the analyticity” for both solutions, of the rescaled Navier-Stokes system and
respectively of the hydrostatic Navier-Stokes equations.

To this end, we introduce

w1
ε

def
= uε − u, w2

ε
def
= vε − v, qε

def
= pε − p.

Then (w1
ε , w

2
ε , qε) verifies

(5.1)


∂tw

1
ε − ε2∂2

xw
1
ε − ∂2

yw
1
ε + ∂xqε = R1

ε in S×]0,∞[,

ε2
(
∂tw

2
ε − ε2∂2

xw
2
ε − ∂2

yw
2
ε

)
+ ∂yqε = R2

ε,

∂xw
1
ε + ∂yw

2
ε = 0,(

w1
ε , w

2
ε

)
|y=0 =

(
w1
ε , w

2
ε

)
|y=1 = 0,(

w1
ε , w

2
ε

)
|t=0 = (uε0 − u0, v

ε
0 − v0) ,

where v0 is determined from u0 via ∂xu0 + ∂yv0 = 0 and v0|y=0 = v0|y=1 = 0, and

R1
ε = ε2∂2

xu−
(
uε∂xu

ε − u∂xu
)
−
(
vε∂yu

ε − v∂yu
)
,

R2
ε = −ε2

(
∂tv − ε2∂2

xv − ∂2
yv + uε∂xv

ε + vε∂yv
ε
)
.

(5.2)

Let us define

(5.3) uΘ(t, x, y)
def
= F−1

ξ→x
(
eΘ(t,ξ)û(t, ξ, y)

)
and Θ(t, ξ)

def
=
(
a− µζ(t)

)
|ξ|,

where µ ≥ λ will be determined later, and ζ(t) is given by

ζ(t) =

∫ t

0

(∥∥(∂yu
ε
Ψ, ε∂xu

ε
Ψ) (t′)

∥∥
B

1
2

+ ‖∂yuΦ(t′)‖
B

1
2

)
dt′.

Similar notation for (w1
ε)Θ and so on.

It is easy to observe that if we take c0 in (1.7) and c1 in (1.9) small enough, then Θ(t) ≥ 0
and

Θ(t, ξ) ≤ min (Ψ(t, ξ),Φ(t, ξ)) .

Thanks to Theorem 1.2, we deduce that

(5.4) ‖uεΨ‖L̃∞(R+;B
1
2 )

+ ‖uΦ‖
L̃∞(R+;B

1
2∩B

5
2 )

+ ‖∂yuΦ‖
L̃2(R+;B

1
2 ∩B

5
2 )

+ ‖(∂tu)Φ‖
L̃2(R+;B

3
2 )
≤M,

where uεΨ and uΦ are determined respectively by (3.1) and (4.3) and M ≥ 1 is a constant
independent of ε.

In what follows, we shall neglect the subscript ε in (w1
ε , w

2
ε).
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Proof of Theorem 1.3. In view of (5.1), we get, by using a similar derivation of (3.7), that

‖∆h
k(w1

Θ, εw
2
Θ)‖2L∞t (L2) + µ2k

∫ t

0
ζ̇(t′)‖∆h

k(w1
Θ, εw

2
Θ)(t′)‖2L2 dt

′

+

∫ t

0

(
‖∆h

k∂y(w
1
Θ, εw

2
Θ)(t′)‖2L2 + ε222k‖∆h

k(w1
Θ, εw

2
Θ)(t′)‖2L2

)
dt′

≤
∥∥ea|Dx|∆h

k(uε0 − u0, ε(v
ε
0 − v0))

∥∥2

L2

+

∫ t

0

∣∣(∆h
kR

1
Θ|∆h

kw
1
Θ

)
L2

∣∣ dt′ + ∫ t

0

∣∣(∆h
kR

2
Θ|∆h

kw
2
Θ

)
L2

∣∣ dt′.
(5.5)

We now claim that∫ t

0

∣∣(∆h
kR

1
Θ|∆h

kw
1
Θ

)
L2

∣∣ dt′ . d2
k2
−k
(
ε‖∂yuΘ‖

L̃2
t (B

3
2 )
‖εw1

Θ‖L̃2
t (B

3
2 )

+ ‖uΘ‖
1
2

L∞t (B
3
2 )
‖∂yw1

Θ‖L̃2
t (B

1
2 )
‖w1

Θ‖L̃2
t,ζ̇(t)

(B1)
+ ‖w1

Θ‖2L̃2
t,ζ̇(t)

(B1)

)
,

(5.6)

and ∫ t

0

∣∣(∆h
kR

2
Θ|∆h

kw
2
Θ

)
L2

∣∣ dt′ . d2
k2
−k
{∥∥(w1

Θ, εw
2
Θ

)∥∥2
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+ ε2

∥∥(∂yw
2
Θ, ε∂xw

2
Θ)‖

L̃2
t (B

1
2 )

×
(
‖(∂tu)Θ‖

L̃2
t (B

3
2 )

+ ‖∂yuΘ‖
L̃2
t (B

3
2 )

+ ε‖∂yuΘ‖
L̃2
t (B

5
2 )

)
+ ε2‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)

(
‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)
+ ‖uεΘ‖

1
2

L∞t (B
1
2 )
‖∂yuΘ‖L̃2

t (B2)

+ ‖uΘ‖
1
2

L∞t (B
3
2 )

(
‖∂yw2

Θ‖L̃2
t (B

1
2 )

+ ‖∂yuΘ‖
L̃2
t (B

3
2 )

))}
.

(5.7)

By virtue of (5.4), (5.6) and (5.7), we infer

2∑
i=1

∫ t

0

∣∣(∆h
kR

i
Θ|∆h

kw
i
Θ

)
L2

∣∣ dt′ .d2
k2
−k
(
Mε
∥∥(ε∂x(w1
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(5.8)
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Applying Young’s inequality gives rise to
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Taking µ = C2M2 leads to (1.11). This completes the proof of the theorem. �

Now let us present the proof of (5.6) and (5.7).

Proof of (5.6). According (5.2), we write
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By applying Bony’s decomposition (2.3) for the horizontal variable to w1∂xu, we obtain
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While observing that
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we deduce ∫ t
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Along the same line, we have∫ t
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• The estimate of
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It follows from (3.15) that
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Along the same line, we obtain∫ t
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• The estimate of
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By applying Bony’s decomposition (2.3) for the horizontal variable to w2∂yu, we write
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so that we get, by applying Hölder’s inequality, that∫ t
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By summing up (5.9-5.14), we conclude the proof of (5.6). �
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Proof of (5.7). We first observe from ∂xu+ ∂yv = 0 and Poincaré inequality that
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By applying Bony’s decomposition for the horizontal variable to uε∂xv gives
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1
2

L∞t (B
1
2 )
‖∂yuΘ‖L̃2

t (B2)
‖w1

Θ‖2L̃2
t,ζ̇(t)

(B1)
.
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Along the same line, we obtain∫ t

0

∣∣(∆h
k(Rh(uε, ∂xv))Θ | ∆h

kw
2
Θ

)
L2

∣∣ dt′
.2

k
2

∑
k′≥k−3

∫ t

0
‖∆h

k′u
ε
Θ(t′)‖L2

h(L∞v )‖∆̃h
k′∂xvΘ(t′)‖L2‖∆h

kw
1
Θ(t′)‖L2 dt′

.2
k
2

∑
k′≥k−3

2
3k′
2 ‖uεΘ‖

1
2

L∞t (B
1
2 )
‖∆h

kuΘ‖L2
t (L

2)

(∫ t

0
‖∂yuεΘ(t′)‖

B
1
2
‖∆h

kw
2
Θ(t′)‖2L2 dt

′
) 1

2

.d2
k2
−k‖uεΘ‖

1
2

L∞t (B
1
2 )
‖∂yuΘ‖L̃2

t (B2)
‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)
.

This gives rise to∫ t

0

∣∣(∆h
k(uε∂xv)Θ | ∆h

kw
2
Θ

)
L2

∣∣ dt′ . d2
k2
−k‖uεΘ‖

1
2

L∞t (B
1
2 )
‖∂yuΘ‖L̃2

t (B2)
‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)
.(5.17)

• The estimate of
∫ t

0

∣∣(∆h
k(vε∂yv

ε)Θ|∆h
kw

1
Θ

)
L2

∣∣ dt′.
We first note that

vε∂yv
ε = v∂yw

2 + w2∂yw
2 + v∂yv + w2∂yv.

We first deduce Lemma 3.3 that

ε2

∫ t

0

∣∣(∆h
k(w2∂yw

2)Θ | ∆h
kw

2
Θ

)
L2

∣∣ dt′ . d2
k2
−k∥∥(w1

Θ, εw
2
Θ)
∥∥2

L̃2
t,ζ̇(t)

(B1)
.

It follows from (5.13) that∫ t

0

∣∣(∆h
k(v∂yw

2)Θ | ∆h
kw

2
Θ

)
L2

∣∣ dt′ . d2
k2
−k‖uΘ‖

1
2

L∞t (B
3
2 )
‖∂yw2

Θ‖L̃2
t (B

1
2 )
‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)
.

And (5.11) ensures that∫ t

0

∣∣(∆h
k(w2∂xu)Θ | ∆h

kw
2
Θ

)
L2

∣∣ dt′
.d2

k2
−k‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)

(
‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)
+ ‖uΘ‖

1
2

L∞t (B
3
2 )
‖∂yw2

Θ‖L̃2
t (B

1
2 )

)
.

We deduce from the proof of (5.13) that∫ t

0

∣∣(∆h
k(v∂yv)Θ | ∆h

kw
2
Θ

)
L2

∣∣ dt′ .d2
k2
−k‖uΘ‖

1
2

L∞t (B
3
2 )
‖∂yvΘ‖

L̃2
t (B

1
2 )
‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)

.d2
k2
−k‖uΘ‖

1
2

L∞t (B
3
2 )
‖∂yuΘ‖

L̃2
t (B

3
2 )
‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)
.

As a result, it comes out

ε2

∫ t

0

∣∣(∆h
k(vε∂yv

ε)Θ|∆h
kw

1
Θ

)
L2

∣∣ dt′ . d2
k2
−k
(∥∥(w1

Θ, εw
2
Θ)
∥∥2

L̃2
t,ζ̇(t)

(B1)

+ ε2‖uΘ‖
1
2

L∞t (B
3
2 )

(
‖∂yw2

Θ‖L̃2
t (B

1
2 )

+ ‖∂yuΘ‖
L̃2
t (B

3
2 )

)
‖w2

Θ‖L̃2
t,ζ̇(t)

(B1)

)
.

(5.18)

Summing up (5.15-5.18) gives rise to (5.7). �



32 MARIUS PAICU, PING ZHANG, AND ZHIFEI ZHANG

Acknowledgments

The authors would like to thank the referee for pointing to us the references [9, 15, 14] and
profitable suggestions for the writing of this paper.

Part of this work was done when Marius Paicu was visiting the Chinese Academy of Sciences
and the Peking University in June 2018. We appreciate the hospitality and the financial sup-
port of these institutions. M. Paicu was also partially supported by the Agence Nationale de
la Recherche, Project IFSMACS, grant ANR-15-CE40-0010. P. Zhang is partially supported
by NSF of China under Grants 11371347 and 11688101, and innovation grant from National
Center for Mathematics and Interdisciplinary Sciences. Z. Zhang is partially supported by
NSF of China under Grant 11425103.

References

[1] H. Bahouri, J. Y. Chemin and R. Danchin, Fourier analysis and nonlinear partial differential equations,
Grundlehren der mathematischen Wissenschaften 343, Springer-Verlag Berlin Heidelberg, 2011.

[2] O. Besson and M. R. Laydi, Some estimates for the anisotropic Navier-Stokes equations and for the
hydrostatic approximation, RAIRO Modél. Math. Anal. Numér., 26 (1992), 855-865.

[3] D. Bresch, A. Kazhikhov and J. Lemoine, On the two-dimensional hydrostatic Navier-Stokes equations,
SIAM J. Math. Anal., 36 (2004/05), 796-814.

[4] J. M. Bony, Calcul symbolique et propagation des singularités pour les équations aux dérivées partielles
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[25] L. Prandtl, Über Flüssigkeitsbewegung bei sehr kleiner Reibung, Verhandlung des III Intern. Math.-
Kongresses, Heidelberg, 1904 484-491.

[26] M. Renardy, Ill-posedness of the hydrostatic Euler and Navier-Stokes equations, Arch. Ration. Mech.
Anal., 194 (2009), 877-886.

[27] M. Sammartino and R. E. Caflisch, Zero viscosity limit for analytic solutions, of the Navier-Stokes equation
on a half-space. I. Existence for Euler and Prandtl equations, Comm. Math. Phys., 192 (1998), 433-461.

[28] P. Zhang and Z. Zhang, Long time well-posedness of Prandtle system with small data, J. Funct. Anal.,
270 (2016), 2591-2615.
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