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ON THE CENTER OF MASS OF THE ELEPHANT RANDOM WALK

BERNARD BERCU AND LUCILE LAULIN

University of Bordeaux, France

ABSTRACT. Our goal is to investigate the asymptotic behavior of the center of mass
of the elephant random walk, which is a discrete-time random walk on integers with a
complete memory of its whole history. In the diffusive and critical regimes, we establish
the almost sure convergence, the law of iterated logarithm and the quadratic strong law
for the center of mass of the elephant random walk. The asymptotic normality, properly
normalized, is also provided. Finally, we prove a strong limit theorem for the center
of mass in the superdiffusive regime. All our analysis relies on asymptotic results for
multi-dimensional martingales.

1. INTRODUCTION

Let (S,,) be a standard random walk in R?. The center of mass G,, of S, is defined by

1 n

1.1 G, =— Sk

(11) >

The question of the asymptotic behavior of G,, was first raised by Paul Erdds. Very
recently, Lo and Wade [18] extended the results of Grill [14] by studying the asymptotic
behavior of (G,). More precisely, let S, = X1 + - -- + X,, where the increments (X,,) are
independent and identically distributed square integrable random vectors of R¢ with mean
1 and covariance matrix I'. They proved the strong law of large numbers

1 1
(1.2) 71113;@ ;Gn = 5H a.s.
together with the asymptotic normality,
1 n L 1
1.3 —(G _n ) N (0, 7r>.
(1.3) T (6= 5m) (o

Curiously, no other references are available on the asymptotic behavior of the center of
mass. The proofs of many results on GG, rely on independence and exchangeability of the
increments of the walk. For example, one can observe that
1o 1o
14 G =— Sy = — n—k+1)X

shares the same distribution as
1 n
¥, = — kEXp.
n n ; k

2010 Mathematics Subject Classification. Primary: 60G50 Secondary: 60G42; 60F05.
Key words and phrases. Elephant random walk; Center of mass; Multi-dimensional martingales; Almost
sure convergence; Asymptotic normality.
The corresponding author is Bernard Bercu, email address: bernard.bercu@math.u-bordeaux.fr.
1

© 2020 published by Elsevier. This manuscript is made available under the CC BY NC user license
https://creativecommons.org/licenses/by-nc/4.0/


https://creativecommons.org/licenses/by-nc/4.0/
https://www.sciencedirect.com/science/article/pii/S0304414920304191

2 BERNARD BERCU AND LUCILE LAULIN

A natural question concerns the asymptotic behavior of GG, in other situations where the
increments of the walk are not independent and not identically distributed. Moreover,
geometrical features of the random walk paths of (.S,,) is a subject of ongoing interest.
For example, the convex hull C,, = Conv(Sy,...,Sy) of the n first steps of (S,) have
recently received renewed attention [16], [26]. More particularly, for the random walk in
R?, the strong law of large numbers and the asymptotic normality of the perimeter and
the diameter of C), were established in [19], [27].

In this paper, we investigate the asymptotic behavior of the center of mass of the multi-
dimensional elephant random walk. It is a fascinating discrete-time random walk on Z¢
where d > 1, which has a complete memory of its whole history. The increments depend on
all the past of the walk and they are not exchangeable. The elephant random walk (ERW)
was introduced by Schiitz and Trimper [21] in the early 2000s, in order to investigate
how long-range memory affects the random walk and induces a crossover from a diffusive
to superdiffusive behavior. It was referred to as the ERW in allusion to the traditional
saying that elephants can always remember where they have been before. The elephant
starts at the origin at time zero, So = 0. At time n = 1, the elephant moves in one of the
2d directions with the same probability 1/(2d). Afterwards, at time n 4 1, the elephant
chooses uniformly at random an integer £ among the previous times 1,...,n. Then, it
moves exactly in the same direction as that of time k with probability p or in one of the
2d—1 remaining directions with the same probability (1—p)/(2d—1), where the parameter
p € [0,1] stands for the memory parameter of the ERW [4]. One can observe that the
special case p = 1/(2d) reduces back to the simple random walk on Z?%. Therefore, the
position of the elephant at time n + 1 is given by

(15) Sn_l,_l = Sn + Xn+1

where X1 is the (n + 1)-th increment of the random walk. The ERW shows three
differents regimes depending on the location of its memory parameter p with respect to
the critical value pg lying between 1/(2d) and 3/4,

2d + 1
1. = .
( 6) Pd Ad

A wide literature is now available on the ERW in dimension d = 1 where p; = 3/4. A
strong law of large numbers and a central limit theorem for the position S,, properly
normalized, were established in the diffusive regime p < 3/4 and the critical regime p =
3/4, see [1], [10], [11], [21] and the recent contributions [3], [6], [7], [9], [13], [20], [25]. The
superdiffusive regime p > 3/4 is much harder to handle. Bercu [2] proved that the limit of
the position of the ERW is not Gaussian. Quite recently, Kubota and Takei [17] showed
that the fluctuation of the ERW around its limit in the superdiffusive regime is Gaussian.
Finally, Bercu and Laulin in [4] extended all the results of [2] to the multi-dimensional
ERW where d > 1.

Our strategy for proving asymptotic results for the center of mass of the elephant random
walk (CMERW) is as follows. On the one hand, the behavior of position S, is closely
related to that of the sequence (M,,) defined, for all n > 0, by M,, = a,S,, with a; =1
and, for all n > 2,

ok I'(a + 1)T'(n)
(1.7) o =11(5) = T e
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where I' stands for the Euler Gamma function and a is the fundamental parameter of the
ERW defined by

2dp — 1
1.8 = .
(18) 2d — 1
We assume throughout all the paper that @ > —1 inasmuch as a = —1 only appears in the

singular case where d = 1 and p = 0. It follows from the very definition of the ERW that
at any time n > 1,

(19)  EXuilFl = (- gy 2L) - S XK= (A2 Dyg, = %5, as

Hence, we obtain from (1.5) and (1.9) that for any n > 1,
a
(1.10) E (S| F] = (1 + E)Sn a.s.
Therefore, we deduce from (1.7) and (1.10) that
(1.11) E [My41]Fn] = st (1 v %)sn = ap,Sp =M,  as.

It means that (1) is a locally square-integrable martingale adapted to the filtration (F,)
where F,, = 0(X1,...,X,). It can be rewritten [4, page 7] in the additive form

(1.12) M, =Y ajey,
k=1
where €1 = 57 and, for all n > 2,
- _ Ap—1 . _ a
(1.13) En = Sn ( )S,H =S, (1 +— 1)5,%1.

n

On the other hand, an analogue of equation (1.4) is given by
1 1 1 Ien 1 @ 1o "1
Go = L2 Sk= 2 M=) o) aee= 1) wEk)
k=1 k=1 k=1 """ =1 k=1 =k

1 n
1.14 = — bn — bi_
(1.14) n;ak( k—1)Ek

where the sequence (b,,) is given by by = 0 and, for all n > 1,
1
(1.15) by = kz_:l o

In the particular case of the simple random walk on Z%, one can notice that a = 0 so
an = 1/n and b, = n(n + 1)/2. Hereafter, denoting

n
(1.16) N, = Zakbkqé“k,
k=1

it is straightforward to see that E [N,41|F,] = N, a.s. since E [,,11|F,] = 0. Hence, (V,,)
is also a locally square-integrable martingale adapted to the filtration (F,). We deduce
from (1.14) that

(1.17) G = %(bnMn _ N
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Relation (1.17) allows us to establish the asymptotic behavior of the CMERW via an
extensive use of the strong law of large numbers and the central limit theorem for multi-
dimensional martingales [8], [12], [15], [24].

The paper is organized as follows. The main results are given in Section 2. We first
investigate the diffusive regime p < pg and we establish the almost sure convergence, the
law of iterated logarithm and the quadratic strong law for the CMERW. The asymptotic
normality of the CMERW, properly normalized, is also provided. Next, we prove similar
results in the critical regime p = p4. Finally, we establish a strong limit theorem in the
superdiffusive regime p > py. Our martingale approach is described in Section 3 while all
technical proofs are postponed to Appendices A, B and C.

2. MAIN RESULTS

2.1. The diffusive regime. Our first result deals with the strong law of large numbers
for the CMERW in the diffusive regime where 0 < p < pg. The following strong law for
the CMERW will be deduced as a simple consequence of the strong law for (S,,). We recall
that we assume a > —1 as a = —1 only occurs in the singular case where d = 1 and p = 0.

Theorem 2.1. We have the almost sure convergence

1
(2.1) lim -G, =0 a.s.

n—oo M

More precisely, for any o > 1/2,

1
(2.2) lim —G, =0 a.s.

n—oo N,

—100 A

-200 0 200 400 600

FIGURE 1. The 2-dimensional ERW in blue, the CMERW in black and the convex
hull in red, for n = 10° steps and a diffusive memory parameter p = 1/2.

The almost sure rates of convergence for CMERW are as follows.

Theorem 2.2. We have the quadratic strong law

n

1 1 2
2.3 li — GG = I 5.
(2.3) nroo logn;kQ kT30 22 —ayd t "
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where 1y stands for the identity matrixz of order d. In particular,

1 ||Gk”2 2
2.4 li = 8.
(24) 60 lognz 3(1 —2a)(2—a) s

Moreover, we also have the upper-bound in the law of iterated logarithm

a7\ 2
(2.5) lim sup |Gl < (V3 +V1-2a) a.s
' n—oo 2nloglogn — 3(a+1)%(1 — 2a)d o

Remark 2.1. The law of iterated logarithm for G, involves the difference between b, M,
and N, both satisfying a law of iterated logarithm with the same speed. It is not possible
to make the addition of the two limits superior. Consequently, we were only able to obtain
an upper-bound in (2.5). However, it is worth saying that for the simple random walk on
74 for which a = 0, Strassen’s invariance principle [23] implies that

lim sup M i a.s.
nooo 2nloglogn  3d

which is not very far from the upper-bound (1 ++/3)?/(3d) given in (2.5).
We are now interested in the asymptotic normality of the CMERW.

Theorem 2.3. We have the joint asymptotic normality

(2.6) \/1% (gz) £>N(0,rd)

where I'y stands for the covariance matriz

r 1 ( Lo ) ® I
4= 1" 2a)d | 1 2 d-
(1-2a)d G—a) 302-a)

In particular,

1 L 2
2.7 — G, (o, 1)
27) Tt N0 s e — ey
Remark 2.2. One can observe from Theorem 3.3 in [4] that the ratio of the asymptotic
variances between the CMERW and the ERW is given by

2
3(2—a)

In the diffusive regime, this ratio lies between 2/9 and 4/9 and it is always smaller than
1, as one can see in Figure 1. Moreover, in the special case where the elephant moves in
one of the 2d directions with the same probability p = 1/(2d) < pa, it follows from (1.8)
that the fundamental parameter a = 0. Consequently, we deduce from (2.7) that

1 L

G N (o, 3dId)

We find again the asymptotic normality (1.3) where the mean value = 0 and the covari-
ance matriz I' = éfd- An alternative approach to prove the asymptotic normality (2.7)
via a functional central limit theorem for the multi-dimensional ERW can be found in [5].
One can observe from Theorem 1 in [1] that (2.7) also holds in the singular case a = —1
which only appears when d =1 and p = 0.

R(a) =
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2.2. The critical regime. Hereafter, we investigate the critical regime where the memory
parameter p = pgy.

Theorem 2.4. We have the almost sure convergence

) 1
More precisely, for any o > 1/2,
1
(2.9) lim ———G, =0 a.s.

w00 \/i(log )"

—200 A

—400 -

—600 A

—800 ~

—1000 A

—1200 A

—1400 A

0 250 500 750 1000 1250 1500 1750

FIGURE 2. The 2-dimensional ERW in blue, the CMERW in black and the convex
hull in red, for n = 10° steps and a critical memory parameter p = 5/8.

The almost sure rates of convergence for the CMERW are as follows.

Theorem 2.5. We have the quadratic strong law

1 = 1 4

2.1 li =1 5.
(2.10) e 1oglognk22 (iTog k)2 CHCk = ggld a8
In particular,

: 1 lG> 4
2.11 1 = - 5.
(2.11) 00 log log n kZQ (klogk)2 9 a5
Moreover, we also have the law of iterated logarithm

|G _ 4

2.12 li = —
( ) lisip 2nlognlogloglogn  9d

a.s.

Our next result concerns the asymptotic normality of the CMERW.

Theorem 2.6. We have the joint asymptotic normality

(2.13) \/15 (g’D £, N(0,%4)
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where ¥4 stands for the covariance matriz

1(1 3
Ed:d<2 4>®Id.
39

In particular,
1 L 4
2.14 G, SN0, =1, .
(2.14) Vnlogn " < 9d d)
Remark 2.3. In the critical regime, the ratio of the asymptotic variances between the
CMERW and the ERW is 4/9.

2.3. The superdiffusive regime. Finally, we focus our attention on the superdiffusive
regime where p > py. The almost sure convergence of (S,,), properly normalized by n?,
yields the following strong limit theorem for the CMERW.

Theorem 2.7. We have the almost sure convergence

1
(2.15) lim —G, =G a.s.

n—oo NG

where the limiting value G is a non-degenerate random vector of R%. Moreover, we also
have the mean square convergence

1 2
(2.16) lim E[H—Gn - GH } ~0.
n—0o00 ne
Remark 2.4. The expected value of G is zero and its covariance matriz is given by
1
E[GGT] = 1.

d(a+1)%(2a — 1)’I'(2a — 1)

The distribution of G is far from being known.

3500 A

3000 A

2500 A

2000 A

1500 1

1000 1

500 A

0 5000 10000 15000 20000 25000

FIGURE 3. The 2-dimensional ERW in blue, the CMERW in black and the convex
hull in red, for n = 10° steps and a superdiffusive memory parameter p = 3/4.
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3. A MULTI-DIMENSIONAL MARTINGALE APPROACH

We already saw from (1.17) that the CMERW can be rewritten as
1
Gn = —(bnM,, — Ny).
n

In order to investigate the asymptotic behavior of (G,,), we introduce the multi-dimensional
martingale (M,,) defined by

(3.1) M, = (%g)

where (M,,) and (N,,) are the two locally square-integrable martingales given by (1.12)
and (1.16). The main difficulty we face here is that the predictable quadratic variation of
(M,,) and (N,,) increase to infinity with two different speeds. A matrix normalization is
necessary to establish the asymptotic behavior of the CMERW. Let (V},) be the sequence
of positive definite diagonal matrices of order 2d given by

1 b, O
(3.2) Vo = m <0 1> ® 14
where A ® B stands for the Kronecker product of the matrices A and B.

Lemma 3.1. The sequence (M,) is a locally square-integrable martingale of R*?. Its
predictable quadratic variation (M), satisfies in the diffusive regime where a < 1/2,

(3.3) lim VM) VE =V a.s.
where the limiting matrix V' 1is given by

1 I 12 %
3.4 V=———|('"7% “7°%|®I1,
34 o () e

Remark 3.1. Via the same lines as in the proof of Lemma 3.1, we find that in the critical
regime a = 1/2, the sequence of normalization matrices (V,,) has to be replaced by

1 b, 0O
3.5 Wp=—r—roes | 2 1.
(3:5) ny/nlogn (0 1) @ la

Moreover, the limiting matriz in (3.3) must be changed by

4 (1 0
(3.6) Wzgd(o 0>®Id.

Proof. The increments of the ERW are bounded by 1, that is for any time n > 1, || X,|| = 1.
Hence, it follows from (1.5) that ||.S,|| < n and |G| < n which imply that ||M,| < na,
and || N,|| < nayb, +n? We already saw in Section 1 that (M,) is a locally square-
integrable martingale. Denote AM,, = M, — M,_1, and similarly for other processes. It
follows from (1.12), (1.13) and (1.16) that the predictable quadratic variation associated
with (M,,) is the square matrix of order 2d given, for all n > 1, by

T n
AMk AMk o 2 1 bk:fl T
(av) (o) ‘f’“”]‘kzl“k (b 8702l 7).

(B7) (M=) E
k=1

Moreover, we deduce from formulas (A.7) and (B.3) in [4] that for all n > 1,

B.
1 1 1 2
(3.8) E [ent1el 1| Fn] = gfd + a(EEn - E[d) — (%) S, ST a.s.
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where 3, is a random positive definite matrix of order d satisfying
1 1
(3.9) lim =%, = =1 a.s.

n—oo N d

Consequently, we obtain from (3.7) together with (3.8) that

n n—1
. 1 2 1 bk_l 2 1 bk ]- 1
(310) (M)n = g ;ak <bk—1 bi_1> ® Id + a;akﬂ bk b% ® (%Ek - &Id) - gn

where

nl ar+1\2 /(1 b
_ 2 + k T
b =a kzl( = <bk bz> © SuST.
According to Theorem 3.1 in [4], the remainder &, plays a negligible role as

(3.11) lim S =0 a.s.

n—oo n
Hereafter, it is not hard to see that

- L b 1 B2 a2 by 7 a2bpg
R T e
; k\bp_1 bi_l d n3 \b Y0, aibkq Sr, aibi_l d

Furthermore, from a well-known property of the Euler Gamma function, we have

(3.12) lim LAy

n—oo I'(n)n®
Hence, we obtain from (1.7), (1.15) and (3.12) that

b 1
) a. . n
(3.13) Jm nfan =Tla+1)  and  lim S = w5y

Consequently, as soon as a < 1/2, we immediately find from (3.13) that

b2 - 1
lim -2 -
00 13 %“k (1—2a)(a+ 1)’
by o 1
nhi‘éoﬁz_:“kbk—l T 2-a)(a+1)?
B B 1
s 2 e = e
Therefore,
~ o1 by T 1 T
3.14 lim V,, oLVl = —— (7 ) ek
Gy lm V(2 ok (00 #0) oW = e (52 ) o
Finally, it follows from the combinaison of (3.9), (3.10), (3.11) and (3.14) that
T 1 1 1
3.15 lim V,(M), V) = ———— [ 1722 27¢ 1. .S.
(3.15) g, VnlMon Ve d<a+1>2(21a 1)@ ta s

which is exactly what we wanted to prove. U
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APPENDIX A. TWO NON-STANDARD RESULTS ON MARTINGALES

The proofs of our main results rely on two non-standard central limit theorem and
quadratic strong law for multi-dimensional martingales. A simplified version of Theorem
1 of Touati [24] is as follows.

Theorem A.l. Let (M,) be a locally square-integrable martingale of R? adapted to a
filtration (Fy,), with predictable quadratic variation (M),,. Let (V;,) be a sequence of non-
random square matrices of order & such that ||Vy,|| decreases to 0 as n goes to infinity.
Assume that there exists a symmetric and positive semi-definite matriz V' such that

P

(H.1) Vi)l 2
Moreover, assume that Lindeberg’s condition is satisfied, that is for all € > 0,
- P
(H2) > E[IVaAMUPL v am > [ Fia] =2 0
k=1

where AM, = My, — My _1. Then, we have the asymptotic normality

(A1) VoM, £ N(0,V).

The quadratic strong law requires more restrictive assumptions. The following result is a
simplified version of Theorem 2.1 of Chaabane and Maaouia [8] where the normalization
matrices (V,,) are diagonal.

Theorem A.2. Let (M,,) be a locally square-integrable martingale of R? adapted to a
filtration (Fy,), with predictable quadratic variation (M),. Let (V,,) be a sequence of non-
random positive definite diagonal matrices of order § such that its diagonal terms decrease
to zero at polynomial rates. Assume that (H.1) and (H.2) hold almost surely. Moreover,
suppose that there exists [ €]1,2] such that

[e.e]

1
H.3 E[|| Vi, AM, |28 Fpi] < 00 a.s.
(1.3) > vl 2% F ]

Then, we have the quadratic strong law

n

A2 1 Vi Vi =V .8.
(4.2) novoo log(det V,; 1)2 ;( (det Vi )? ) MMV a8

APPENDIX B. PROOFS OF THE ALMOST SURE CONVERGENCE RESULTS

B.1. The diffusive regime.
Proof of Theorem 2.1. We already saw from Theorem 3.1 in [4] that
(B.1) lim — =0 a.s.

Consequently, the almost sure convergence (2.1) immediately follows from (B.1) together
with the Toeplitz lemma given e.g. by Lemma 2.2.13 in [12]. Moreover, we also have from
Remark 3.1 in [4] that for any o > 1/2,

lim — = a.s.

Hence, we obtain (2.2) using once again Toeplitz lemma.
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O

Proof of Theorem 2.2. Our goal is to check that all the hypotheses of Theorem A.2
are satisfied. Thanks to Lemma 3.1, hypothesis (H.1) holds almost surely. In order to
verify that Lindeberg’s condition (H.2) is satisfied, we have from (3.1) together with (1.12),
(1.16) and V;, given by (3.2) that for all 1 <k <n

ag bner
Vi A = ,
M ny/n (bk1€k>

which implies that

2a2b2
(B.2) VA AMG[* < =K leg]|*.

Consequently, we obtain that for all € > 0,

n 1 n
ZE[HVTLAMIC||21{||VnAMk||>€}‘Fk—l] < 3 ZE[||VnAMkH4|fk—1],

k=1 k=1
4b) &
N (CTRE N
k=1
4 n
(B.3) < 226 SUP E[H%H | Fee1] > aj.
k=1
However, it follows from the right-hand side of formula (4.11) in [4] that
4
(B.4) sup E[Hakﬂ‘l’fk_l] <= a.s.
1<k<n 3
Therefore, we infer from (B.3) that for all ¢ > 0,
16 b
(B.5) ZE ”V AMI@H I{lanAMk||>E}}fk 1] > 362 6 Z a.s.
k=1
Moreover, we have from (3.13) that
n
(B.6) bk Zai =0(n®
k=1

Consequently, (B.5) together with (B.6) ensure that Lindeberg’s condition (H.2) holds
almost surely, that is for all € > 0,

(B.7) nlij;oZE[HVnAMkHQI{||VnAMkH>s}\]:kq] =0 a.s.
=1

We will now check that condition (H.3) is satisfied in the special case 8 = 2, that is

(B.8) Z

=1 (log(det Vi~ ))

We have from (3.2) that

E[||VnAMn||4|}"n,1] < 00 a.s.

(B.9) det V! = (”E/Q)d.




12 BERNARD BERCU AND LUCILE LAULIN

Hence, we find from (3.13) and (B.9) that
1 —1)2
(B.10) iy L08(det Vi )”

n—00 logn

=d(1 — 2a).

Consequently, we can replace log(det V,,1)? by logn in (B.8). Hereafter, we obtain from
(B.2) and (B.4) that

- 1 4 _ - n n
> g Bl a Ml 1] = O3 o i Bl 171,
0 4b4
(B.11) (; (logn)2 nS )
However, we have from (3.13) that
. arvt B 1
(B.12) nh—>Holo prall PR TS

Therefore, (B.11) together with (B.12) immediately lead to (B.8). We are now in a position
to apply the quadratic strong law given by Theorem A.2. We have from (A.2) and (B.10)
that

) 1 =/ (det Vi)? — (det Viyp)? T
B.1 1 § —d(1—2 s.
(B.13) i 8 logn k:1< (det V)2 >VkMkMk Ve =dl OV a3

where the limiting matrix V' is given by (3.4). However, it follows from (1.14), (3.1) and
(3.2) that

1
(B.14) ﬁGn =0TV, M,, where v = (_11> ® 1.
Consequently, we deduce from (B.13) and (B.14) that

) 1 =/ (det V)% — (det Viy1)?\ 1 T T
B.1 lim —— - =d(l -2 S
( 5) n1—>Hc;lo IOgTL kZ:l( (det Vk)2 ) kazG d( a)U Vo a.s

Furthermore, we obtain from (B.9) and (3.13) that

. (det V,)? — (det Viy1)?
e

Hence, (B.15) clearly leads to convergence (2.3),

) — d(1 — 2a).

n—o0

2
3(1—-2a)(2—a)d

(B.16) lim Z 12 GkGT =vTVe = I, a.s.

n—o0 log n

By taking the trace on both sides of (B.16), we also obtain that

1 |Gl 2
(B.17) lim ZH il = a.s.

n—o0 logn
g k=1

Finally, we shall proceed to the proof of the upper-bound (2.5) in the law of iterated
logarithm. Denote

n
(B.18) o= apbi_,
k=1
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We already saw from (B.12) that aib? 7,2 is equivalent to 9n=2. It implies that
= ibi |
Moreover, we have from (3.9), (3.10), (3.11) and (B.18) that
1 1
nh—>n<}o E<N>n = gId a.s.

Consequently, we deduce from the law of iterated logarithm for martingales due to Stout
[22], see also Corollary 6.4.25 in [12], that (NV,) satisfies for any vector u € R?,

1 1/2 1 1/2
lim sup<7> (u, Np) = —lim inf(i) {(u, Np)
n—oo \27, loglog T, n—oo \ 27, loglog 7,
(B.20) = —||u|| a.s.
f
However, since 7, is equivalent to n3/3(a + 1)2, (B.20) immediately lead to
1 /21 1 /21
lim sup <7> —(u, N,) = —lim inf<7) —(u, Ny
n—oo \2nloglogn n n—oo \2nloglogn n
1
B.21 = —||u a.s.
B.21) vl
Furthermore, it was already shown by formula (5.17) in [4] that for any vector u € R?
2a 1/2 2a 1/2
lim sup (717) (u, M) = —lim inf(ni) (u, My)
n—oo \2nloglogn n—oo \2nloglogn
r 1
(B.22) _ Tt s
d(1 — 2a)

Therefore, we deduce from (1.17) and (3.13) together with (B.21) and (B.22) that for any
vector u of R%,

limsup< ! )1/2<u, Gn) = 1imsup< ! )1/2 ! (u, by My, — Np)

n—oo \2nloglogn n—oo \2nloglogn n

< limsup< ! )1/21(u b M, >+limsup( ! )1/21

n—oo \2nloglogn n n—oo \2nloglogn

(u, —Np)

) 1 1/21 . 1 /21
< hmsup<7> —(u, by M) — hmlnf(i) —(u, Ny)
n—oo \2nloglogn n n—oo \2nloglogn n

[l 1 1

< Tdasn\v=m T )

By the same token, we also find that for any vector u of R¢,

(B.23) a.s.

liminf<¥> 1/2(u, Gpn) = liminf(é) 2l —(u, by My, — Ny)

n—oo \2nloglogn n—oo \2nloglogn n
[l 1 1
B.24 > — ( + —) a.s.
( ) \/&(a +1)\W1—-2a V3
Consequently, we obtain from (B.23) and (B.24) that for any vector u of R?,
. 1 [|lu)|? 1 1\2
b2 dmew(s b Jwaurs ER
( ) PO loglogn {u, Gn) dla+1)2\\/1 —2a * V3 .
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One can observe that the upper-bound in (B.25) is close to the optimal bound

2/ul?
3(1—2a)(2 —a)d

(vu)TVou =

Finally, by taking all rational points on the unit sphere S¥~! in R, the bound in (B.25)
holds simultaneously for all of them, which implies that

. 1Gll? . (u, Gp)? (\/§+ \/1—261)2
limsup——— < sup limsup < 5 a.s.
n—oo 2nloglogn =, cqingi-1 nsoo 2nloglogn = 3(a+1)*(1 — 2a)d

completing the proof of Theorem 2.2. O

B.2. The critical regime.

Proof of Theorem 2.4. We have from Theorem 3.4 in [4] that

(B.26) lim

v msn =0 a.s.

Hence, (2.8) clearly follows from (B.26) together with the Toeplitz lemma. Moreover, we
also have from Remark 3.3 in [4] that for any o > 1/2,

lim Sn

ntoo \/in(log 1)

Hence, we obtain (2.9) using once again Toeplitz lemma.

=0 a.s.

O

Proof of Theorem 2.5. The proof of the quadratic strong law (2.10) is left to the reader
as it follows essentially the same lines as that of (2.3). The only minor change is that the
matrix V,, has to be replaced by the matrix W,, defined in (3.6). We shall now proceed
to the proof of the law of iterated logarithm given by (2.12). On the one hand, it follows
from (B.21) with a = 1/2 that for any vector u € R,

. 1 1/21 o 1 1/21
hmsup(i) —(u, N,) = — hmlnf(7> —(u, Np,)
n—oo \2nloglogn n n—oo \2nloglogn n

a.s.

21y
3v/3d

which immediately leads to

—(u, Ny,) = S.
n(u, )=0 a.s

. ( 1 )1/ 21
imsu
,Hoop 2nlog nlogloglogn

On the other hand, we obtain from the law of iterated logarithm for S,, given in Theorem
3.5 of [4] that for any vector u € R,

1 1/2
lim sup ) e
lﬁsiip 2n log nlogloglogn {1, Gn)
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= limsu < ! >1/21<ub M, — Ny,)
B nﬁoop 2nlognlogloglogn
1/2 1
= 1
1£S£p < 2nlogn log log log n> M)
li s 1 bnSn
N lgl_fip<2n lognlog log logn> (U, an )
= limsu < >1/ 2
B nﬁoop 2nlognlogloglogn
1 1/22
== 71 i f by n
s (inognlogloglogn) 3<U’S )

(B.27) = a.s.

= Jul
—||u
3vd
Hence, we clearly deduce from (B.27) that for any vector u € R%,

1 4
(B.28) lim sup (u, Gp)? = 9d

2
n—oo 2nlognlogloglogn HUH a.s.

By taking all rational points on the unit sphere S¢~! in R?, the bound in (B.28) holds
simultaneously for all of them, which implies that
(u, Gp)? 4

|Gl
li li = — 8.
I,ILILSOICl)p 2n log nlogloglogn _ue&l;%d 1 lqlmnjgp 2nlognlogloglogn  9d e

In addition, for any single u € S*!, we also obtain the reverse inequality

lim su Gl > limsu {u, Gn)? i a.s
THOOp 2nlognlogloglogn nﬁoop 2nlognlogloglogn  9d o

It immediately leads to (2.12) which achieves the proof of Theorem 2.5. O

B.3. The superdiffusive regime.

Proof of Theorem 2.7. It follows from Theorem 3.7 in [4] that

(B.29) lim —Sn =L a.s.

n—oo N

where the limiting value L is a non-degenerate random vector of R%. Hence, (B.29) together
with the Toeplitz lemma imply (2.15) where the limiting value

G= ! L.
a+1
Moreover, we have from (1.17) that
1 2 1 2
Bl[mwen el = |z - —cf]
1 2
= 2E[Hn“+1 GH } +2E[Hn“+1 ]
On the one hand, we already saw from (3.13) that
anbn 1

lim = .
n—oco M a+1
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Consequently, we deduce from the mean square convergence (3.12) in [4] that

nbn g Gm —0.

(B.30) lim E[ |22

n—00

On the other hand, E[||N,||?] = E[Tr(N,))] < 7, where 7, is given by (B.18). Since 7, is
equivalent to n3/3(a + 1) and a > 1/2, it is not hard to see that

2} —0.

Finally, we obtain (2.16) from (B.30) and (B.31), completing the proof of Theorem 2.7. [J

, 1
(B.31) lim E[HWM

n—oo

APPENDIX C. PROOFS OF THE ASYMPTOTIC NORMALITY RESULTS

C.1. The diffusive regime.

Proof of Theorem 2.3. On the one hand, it follows from (B.14) that
1 Sn T [ Un 1
% <Gn> =U, VoM, where U, = < 0 _1> ® 1,

with w, = n/a,b,. On the other hand, we deduce from (3.3) and (B.7) that the two
conditions (H.1) and (H.2) of Theorem A.1 are satisfied. In addition, (3.13) ensures that

lim U, =U where U—<a+1 1>®Id.

n—00 0 —1

Consequently, we obtain that

L (5") £>/\/(o,rd).

Vvn \Gn
The asymptotic covariance matrix I'y = U7 VU where V is given by (3.4). It clearly leads
to (2.6) as
AATI /S — < ! (;“)) o1
~ (1= 1 2 d-
(1—2a)d G—a) 30—a)

O

C.2. The critical regime.

Proof of Theorem 2.6. The proof follows exactly the same lines as that of Theorem 2.3
replacing V,, by W,,. The details are left to the reader. ]
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