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Abstract

A method to accelerate numerical simulations of composite structures subjected
to complex fatigue loading is investigated. A kinetic (rate) damage model pre-
dicts the damage evolution of composites during fatigue loadings, even for spec-
tral loadings. A non-linear cycle-jump approach designed speci�cally for rate
damage models is proposed, it allows to reduce drastically the computational
time of fatigue Finite Element simulations. The simulations using the proposed
cycle-jump method are compared to reference calculations where all cycles are
conducted and also benchmarked against a classical cycle-jump method. This
approach accounts for the skipped cycles, even under multiaxial loadings, and
leads to large computational cost reductions.
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1. Introduction

Due to their speci�c properties, composites are currently widely used in aero-
nautics for structural applications. Composite materials are much less sensitive
to fatigue loadings than metallic materials, but their mechanical properties do
decrease during repetitive loadings. During service fatigue loadings, their mod-
uli can decrease due to damage, such as matrix cracking, �bre/matrix debonding
or �bre failure. Therefore, the determination of the lifetime of composite struc-
tural parts has become a major issue for design o�ces, especially for the design
of large rotating parts. Determining the fatigue life of composite structures
may turn out to be quite costly compared to most metallic parts, due to the
di�erences between their damage scenarios.

Metals are slightly a�ected by mechanical damage (visible at the macroscopic
scale) during most of their lifetime, but fail shortly after the �rst crack initiation.
Constitutive models are aimed at reaching a stabilized cycle, due to plasticity,
from which the fatigue life of the structure is determined by post-processing.
On the contrary, in composite materials, damage occurs from the beginning
of loading and these materials degrade progressively throughout their lifetime.
Due to load transfers and damage propagation, there is no stabilized cycle.
Consequently, it is necessary to simulate the whole cyclic loading. For this
purpose, a material model describing the evolution of material properties during
loading is required. In addition, computational strategies need to be considered
in order to be able to simulate high cycle fatigue loadings within time durations,
which are acceptable for a design o�ce.

Di�erent numerical approaches have been proposed in the past decades to
obtain a predictive model of fatigue lifetime and simulate the evolution of the
damage mechanisms. Many of them are based on continuum damage models,
describing the progressive degradation through damage variables. Two main
families can be identi�ed. On the one hand, cyclic models propose evolution
laws for damage increment per cycle dd

dN = ..., which have been recently applied
to composite materials [1, 2, 3, 4, 5]. On the other hand, kinetic (rate) models
consider a time evolution of damage ḋ = ... [6, 7, 8]. In the present work, we
focus on a kinetic model, the continuous evolution of damage enabling to nat-
urally consider spectral loadings, representative of real industrial applications.
Moreover, it can be easily implemented in a Finite Element (FE) code through
a standard thermodynamics framework for constitutive equations [9].

However, to determine the lifetime of mechanical components, major com-
putational issues remain. The number of cycles to failure can be as high as
tens of millions or more and it is practically not feasible to perform a cycle-by-
cycle simulation (let alone a simulation with several time steps per cycle) of the
whole structure. To reduce computational costs, several strategies are possible
and have been proposed in the literature.

Numerical methods of model reduction such as the Proper Orthogonal De-
composition (POD) [10] method, which consists in giving a reduced approxima-
tion of the FE solution, could be used. Another alternative is the combination
of the LATIN method (Large Time Increments) [11], which is an iterative pro-
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cedure accounting for the whole loading process in a single (large) time incre-
ment, with the Proper Generalized Decomposition (PGD) [12]. Indeed, these
two methods have recently been coupled for cyclic damage simulations [13, 14].
However, these methods perform well under the condition that all mechanisms
are activated during the training (�rst) cycles, which is not necessarily the case
for composites (activation of �bre degradation for instance). In addition, these
methods remain too intrusive for any simple implementation in a commercial
FE solver.

A di�erent method consists in using a cycle-jump strategy. Such a method
is quite easy to implement into a FE code, and reduces computational costs
by skipping full blocks of intermediate cycles after some �training cycles �, i.e.
when the structure properties evolve slightly. To account for the unsimulated
cycles, called jumped cycles, the internal variables are extrapolated. For metallic
materials, the variables of interest are, �rstly, the plastic strain and, secondly,
the damage variable; for composites, they are usually the damage variables.
This approach is, however, limited to periodic cyclic loadings. This technique
was �rst developped in the late 80's by Lesne and Savalle [15] and Lemaitre
and Doghri [16], shortly afterwards. It enables to quickly achieve a stabilized
cycle and/or to determine the crack initiation conditions in viscoplastic simu-
lations performed on metallic materials. These authors proposed extrapolation
methods based on a �rst or a second order Taylor development. The jump
length may vary throughout the simulation (i.e. may be di�erent from a jump
to another) and the authors provided di�erent methods to calculate its optimal
value. This method was implemented into the FE code Zset by Sai [17]. Kiewel
[18] developed a cycle-jump method during which each internal variable at each
integration point of the FE model is extrapolated, based on a polynomial or a
spline function. Van Paepegem [1] was the �rst to apply a cycle-jump method
to composite structure simulations. The extrapolation method was based on an
explicit Euler integration formula (equivalent to a �rst order Taylor develop-
ment). The jump lengths are also adaptive. Locally, it is calculated using the
Euler's formula with a given maximal allowed damage increment (as in [16]).
Van Paepegem [1] proposed a new method to determine the optimized jump
length at the structure scale, using the cumulative statistical distribution of
local jump lengths. A similar cycle-jump strategy was also applied to simu-
late the propagation of delamination in laminated composites under high-cycle
fatigue loadings [19]. Fish and Yu [20] also used an explicit Euler method to
extrapolate the fatigue damage variable in a multi-scale model dedicated to
brittle composites, where the jump length is controlled through a modi�ed Eu-
ler integrator. Cojocaru [21] proposed a method of cycle-jumps dedicated to
evolving structural properties. His method is based on a trend line, established
during FE analysis for training cycles. This trend is used to extrapolate blocks
of cycles. This cycle-jump method works as a post-processing block where the
extrapolated state is used as initial state for additional FE simulations.

Due to the extrapolation, all these methods induce an error in the simulation,
regardless of the jump length, that may be prohibitive for lifetime predictions.
In addition, they use a cyclic form of damage, dd

dN = ..., even when the model
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evolution law is initially time dependant. However, there is, to our knowledge,
no method directly relying on a kinetic model, ḋ = ..., allowing real consideration
of spectral loadings.

Therefore, this article deals with a new method of non-linear cycle-jumps,
which is based on a kinetic model and applied to composite structures. This
method is applied to cyclic fatigue, the cycles of which may be either min-
max or sine cycles, and to the so-called quasi-random fatigue, which consist of
random cycles repeated over time. The considered cycles may be proportional
or not. Moreover, such a kinetic model enables the simulation of a numerical
reference, where all the cycles are computed. The e�ciency and the interest
of the proposed approach is then assessed against this reference. Its interest
is highlighted by comparisons with a classical method, that uses a �rst order
extrapolation such as that developped in [1].

The kinetic damage model, on which the proposed cycle-jump method is
based, is presented in section 2. Its particularity consists in its kinetic dam-
age evolution law, which is able to automatically switch between static (mono-
tonic) and fatigue cases, without user interaction. The cycle-jump extrapolation
method and its implementation in a commercial FE code are described in section
3. Finally, the method is applied to di�erent test cases of increasing complexity,
from cyclic loadings on an integration point to an open-hole plate subjected to
complex spectral loadings.

2. A kinetic (rate) damage model

2.1. General principle

The model is expressed in the Continuum Damage Mechanics framework
and is de�ned at the macroscopic scale in order to consider large composite
structures. It is a uni�ed damage model, able to predict the strength and
the fatigue lifetime of composite materials under static and complex fatigue
loadings.

The formulation of the present model is based on previous works performed
at Onera and LMT for composites with polymer or ceramic matrix [5, 8, 22,
23, 24]. However, the model is written as a function of the total strain for
numerical reasons, in order to simplify its implementation in a FE code. It could
be used for any composite material which damage mechanisms are oriented by
the microstructure. It is assumed that the observed non-linearities are only
due to the two following di�use damage mechanisms, a relevant assumption for
ceramic composite materials at room temperature, which are represented by 2
in-plane scalar damage variables: (i) matrix cracking in the warp direction noted
d1 and (ii) matrix cracking in the weft direction noted d2, which are induced by
combined in-plane normal and shear loadings. The composite material being
considered as thin with high through-the-thickness strengths and subjected only
to high cycle fatigue (low loading level); delamination is not considered in the
present study.
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The present approach is thermodynamically consistent and thus the macro-
scopic behaviour, expressed in Eq.(1), derives directly from the Helmholtz free
energy density,

σ = Ce� : ε− C0 : εr (1)

with Se� =
(
Ce�

)−1
= S0 +

2∑
k=1

dkHk (2)

where σ is the stress tensor, Ce� the e�ective elastic sti�ness tensor taking
into account the e�ects of the two di�erent damage mechanisms, C0 the initial
elastic sti�ness tensor, ε the total strain tensor and εr the residual strain (due
to damage). In the present approach, the e�ects of damage mechanisms on
the macroscopic behaviour are applied through the increase of the initial elas-
tic compliance, S0, with an additional term,

∑
k dkHk, which depends on the

damage variables, dk, and the corresponding e�ect tensors, Hk, describing the
e�ect of an open crack on the di�erent components of the e�ective sti�ness. The
subscript k refers to the considered damage mechanism (k = 1 for the damage
mechanism in the warp direction and k = 2 for the damage mechanism in the
weft direction).

2.2. Damage variables

2.2.1. Damage equivalent strain

The driving forces associated with the damage variables are formulated in
a so-called non-standard thermodynamic framework [5, 25, 23]. They are ex-
pressed, using Voigt notation, as scalar equivalent strains (Eq.(3)), as in [8]. εeq,1 =

√
(ε
d+

1
1 )2 + e15(ε

d+
1

5 )2 + e16(ε
d+

1
6 )2

εeq,2 =

√
(ε
d+

2
2 )2 + e24(ε

d+
2

4 )2 + e26(ε
d+

2
6 )2

(3)

They depend on (i) the material parameters, eij , associated with the dam-
age thresholds for pure tensile or shear loadings and (ii) on the positive strain

tensors, εd
+
k , related to each damage mechanism. The material parameters (e15,

e16, e24, e26) are de�ned as functions of the in-plane tensile strains at the onset
of damage in the material directions (ε0s

1 ,ε0s
2 ) and of the in-plane and out-of-

plane shear damage thresholds (ε0s
6 ,ε0s

5 ,ε0s
4 ) for static loadings. These threshold

strains can be determined using quasi-static tensile tests at 0o, 90o and 45o, and
ILSS tests for the out-of-plane shear thresholds. These material parameters are

given by the relation eij = 4
(
ε0si
ε0sj

)2

− 1
4 with i=(1, 2) and j=(4, 5, 6). It allows

predicting accurately the onset of damage for pure tensile, pure shear, and also
for combined tensile/shear or compressive/shear loadings.

The positive strain tensors εd
+
k correspond to the positive part, as proposed

initially by [26] and used later in [5], of the total strain tensor εdk where all
the components are zeros except those inducing damage associated with the
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variable dk, as reported in Eq. (3) and in AppendixA. The use of the positive
strain tensors is an elegant way to capture the reinforcement of the apparent
onset of damage for combined compressive and shear loading.

2.2.2. Evolving mean equivalent strain to take into account the mean stress e�ect

To take into account the mean stress e�ect in the present model, an evolving
mean equivalent strain, ε̆eq, is introduced in the kinetic damage evolution law,

ḋk = . . . , presented in the next paragraph. It is calculated using a kinetic mean
(frequency independent where time, t, is the current time), based on the past
history of loading and described in [7, 8],

ε̆eq(t) =
1

εaceq

∫ t

0

εeq |dεaceq | with εaceq(t) =

∫ t

0

|dεeq| (4)

The proposed formalism of the kinetic mean has been validated through
comparisons on basic cyclic loadings (i.e. using constant sine or triangular
cycles) with the arithmetic mean value which can be easily determined in such
tests, as reported in Eq. (5).

ε̆eq(t)
t→∞−−−−−−−−→

cyclic loading

∫
1 cycle

εeqdt =
1

2

(
εmineq + εmaxeq

)
(5)

2.2.3. Damage evolution law

Previous works on Polymer Matrix Composites (PMCs) [4, 27] have shown
that damage induced by static or by fatigue loadings present the same e�ects on
the behaviour and the same damage saturation level, but have di�erent evolu-
tion laws (the fatigue kinetics being much slower than the static one). Therefore,
a unique thermodynamics (state) damage variable and a unique damage evo-
lution law have been proposed for each damage mechanism, k, that merge the
contributions from both types of loadings.

Following Angrand [8], the evolution laws for the damage variables, dk, rep-
resent a key point in the present approach. They are formulated as kinetic
(rate) damage laws (Eq.(6)), that describe the time evolution of damage and
are expressed in a rate form: ḋk = ....

For both mechanisms, k = 1 or k = 2:

ḋk =(d∞,k − dk)

〈
εmaxeq,k − ε0s

eq,k

Ssk

〉ssk
+

〈
dεmax
eq,k

dt

〉
+

+(d∞,k − dk)γk

〈
εeq,k −mkε̆eq,k − ε0f

eq,k

Sfk

〉sfk
+

(〈
dεeq,k
dt

〉
+

−
dεmax
eq,k

dt

)
(6)

where < . >+ are the classical Macauley brackets, d∞,k corresponds to the satu-

ration level of damage, dk, (S
s
k, s

s
k) and (mk,S

f
k ,s

f
k ,γk) are material parameters,

which allow for calibrating respectively static and fatigue damage evolution laws.
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The parameters (ε0s
eq,k, ε

0f
eq,k) stand for the static and fatigue damage thresholds.

The fatigue threshold, ε0f
eq,k, which is lower than the static one, corresponds to

the fatigue limit of the material. The identi�cation procedure of the damage
evolution law is presented in [28] and necessitates the analysis of tests performed
in the warp and weft directions: two quasi-static tensile tests, two cyclic fatigue
tests with di�erent maximal stress levels but with the same �xed stress ratio
and two Locati tests with two di�erent stress ratios.

The static and fatigue contributions to damage cannot be activated simul-
taneously. Indeed, the evolution of εmax

eq,k = supt<τ (εeq,k(τ)), which is the maxi-
mum value of the equivalent strain, εeq,k, over the whole loading history, allows
to automatically switch between the static and fatigue evolution. For static
loadings, εmax

eq,k increases in a similar manner as the current equivalent strain,
εeq,k; therefore, only the �rst term of Eq.(6) is activated. Conversely, for fa-
tigue loadings, εmax

eq,k remains constant and only the second term of Eq.(6) is
responsible for the damage evolution. Moreover, the use of the equivalent strain
is convenient for multiaxial loadings. It should be noted that the damage is only
allowed to increase (between 0 and d∞,k) during the loading phases, in order to
ensure the second principle of thermodynamics.

This kinetic formulation enables naturally the model to simulate any kind of
loading: monotonic, cyclic or spectral [7, 8]. It decomposes time into intervals
of either static or fatigue loading, a property that will be useful to implement
e�ciently cycle jumps. Consequently, the damage evolution law can be analyt-
ically integrated with the assumption that, during a time increment, the mean
equivalent strain does not evolve. The static (resp. fatigue) damage increment
can then be calculated over one cycle.

2.3. E�ect tensors Hk
Concerning the e�ect of the di�erent damage mechanisms, in the warp di-

rection for instance (k = 1), the e�ect tensor, H1, associated with the damage
variable, d1, is de�ned as a function of a deactivation index, η1, and the e�ect
tensors, H+

1 and H−1 . These two tensors describe the e�ects of an open crack or
a closed crack on the e�ective sti�ness. The tensors H1, H+

1 and H−1 are given in
Eq.(7), in Voigt notation. The parameters (h+

11, h
+
66) are material coe�cients,

which must be identi�ed. These two material parameters can be determined
using a micromechanical approach [29] which necessitates only the knowledge
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of the elastic properties of the material.

H1 = η1H+
1 + (1− η1)H−1 (7)

with η1 =

{
1 if σn11 ≥ 0, σn = Ceff : ε
0 instead

and

H+
1 =


h+

11S
0
11

0 (0)
0

0
0

(0) h+
66S

0
66

 , H−1 =


0

0 (0)
0

0
0

h+
66S

0
66


2.4. Residual strains

The speci�c strain tensor, εr, accounts for the residual strains after unload-
ing that are due to the evolution of the di�erent types of damage. Its growth
rate is directly related to the damage rate variables, ḋk, as shown in Eq.(8),

dεr

dt
=

3∑
k=1

[
χke

rkdk ḋkRke∗k
]

(8)

with e∗k =
ε

|maxi εki|
, i = [1, 3] and Rk = Hk : C0

where χk and rk are material parameters, that can be identi�ed using quasi-
static tensile tests with regular unloading/loading until failure in the warp and
weft directions, as detailed in [28]. The direction, e∗k , for each mechanism
k, is considered constant over the time increment. This assumption is exact
for a uniaxial loading. This formulation complies with the need of reducing
computational cost at each increment, as it enables to compute analytically the
residual strains, as proposed in [8].

This type of model has already been validated through comparisons with
experimental results on PCMs [7, 30]. In the present article, the model is applied
to a 2D woven oxide/oxide composite with a 50/50 warp/weft ratio. Therefore,
the material parameters associated with the warp direction are considered equal
to those associated with the weft direction. The oxide/oxide composite material
considered in this study has been developed by Safran Group and the material
parameters, used in section 4, are con�dential. Nevertheless, other similar 2D
woven oxide/oxide composite materials can be found in the literature and have
been subjected both to static [24, 31] and fatigue [32, 33] loadings.

3. Modelling of cycle-jumps dedicated to damage models for compos-
ites

The cycle-jump procedure, �rst developped by [15, 16], enables to speed
up cyclic fatigue simulations while maintaining their predictive capacities. For
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metals, the variable of interest that pilots the non linearity of the material, is
the plastic strain whereas for composites, damage is the key quantity.

The general approach for cycle-jumps, also applied in this work, is illustrated
in Fig. 1, where N stands for the number of cycles, each of period T . The
simulation can be decomposed as follows:

• Monotonic loading ramp-up,

• Conduct training cycles: a set of cycles are fully computed with the model
to establish the trend of the damage variable evolution,

• Jump (in dotted line): extrapolation of the internal variables, based on
the damage increments calculated during the previous cycle, at the end of
the unsimulated cycles.

• Control cycles (in bold): a set of cycles fully computed before jumping
again to update the damage increment variables with accurate values not
disturbed by the previous jump.

These last two steps are repeated until the end of the simulation.

Figure 1: Illustration of the cycle-jump principle [1] (where D accounts for the damage vari-
able, dk, in the present work).

We propose here a non-linear extrapolation method, which relies closely on
the model damage law (Eq. (6)).

The damage value integration during a jump of ∆N cycles is detailed in
section 3.1. Under some hypotheses, which will be described next, the extrap-
olation of the damage value is quasi-exact.

It should be emphasized that the proposed cycle-jump procedure applies to
complex loadings, with the proper de�nition of a cycle. In fact, periodicity in all
the variables is not required but only in the applied loading, formulated either
as applied displacements or applied loads at some boundaries of a structure.
One does not make use of the notion of stabilized cycle. Moreover, the cycles
can be complex, i.e. multiaxial and quasi-random, as in [34]. By quasi-random,
we mean transient loading, but repeated. The only required hypothesis is that
damage does not evolve much (compared to a saturation value, d∞, or to a
critical value, dc) over a cycle.

9



The subscript k = 1, 2 is omitted in this section and we set dN = d(tN )
and dN+∆N = d(tN+∆N ) as the damage values before and after the jump,
respectively.

3.1. Non-linear extrapolation scheme

The present method is based on the damage law property according to which
static and fatigue damage contributions cannot evolve at the same time. There-
fore, the damage evolution law (Eq.(6)) can be rewritten as follows, considering
that M represents the static (monotonic) contribution to damage and F the
fatigue contribution.

ḋ = (d∞ − d)
dM
dt

+ (d∞ − d)
γ dF
dt

(9)

with
dM
dt

=

〈
εmaxeq − ε0s

eq

Ss

〉ss
+

dεmax
eq

dt

dF
dt

=

〈
εeq −mε̆eq − ε0f

Sf

〉sf
+

〈
dεeq
dt

〉
+

(10)

Let us remind, as expressed in Eq. (11), that when the fatigue part is
activated, there is no static damage, which justi�es the modi�cation of the
fatigue damage evolution law in Eq. (10):{

ε̇maxeq 6= 0⇒ dM
dt > 0⇒ dF

dt = 0

ε̇maxeq = 0⇒ dF
dt > 0⇒ dM

dt = 0
(11)

The same idea of contribution separation is applied during the jumps. In-
deed, after some training cycles, the damage growth per cycle is very low or
constant (assumption often relevant in fatigue [35]). Moreover, in cyclic load-
ings, the equivalent strain mean, ε̆eq, de�ned by Eq.(4), has reached or is close
to the classical mean value, ε̄eq (Eq.(5)).

When its value is assumed constant during a cycle, this allows for a closed
form integration of dF

dt over a cycle (please refer to AppendixB for analytical

calculations of dM
dN and dF

dN for sine/triangular periodic loadings, of period T ).

In the general case, however, the calculation over a cycle of the quantities dM
dN

and dF
dN is performed numerically, time step by time step over the cycle preceding

the jump (between times tN−1 and tN ), with no simplifying assumption. These
quantities represent the increase in both static and fatigue parts of damage per
cycle.

The damage increment per cycle (Eq.(12)) is therefore obtained by integra-
tion of Eq.(9) over one cycle,

dd

dN
≈ (d∞ − d)

dM
dN

+ (d∞ − d)
γ dF
dN

(12)

10



In the numerical scheme, the quantitiesM and F are calculated incremen-
tally, summing the contributions of every computed time step, as internal vari-
ables of time integration of standard subroutines. Their evolutions per cycle,
dM
dN and dF

dN , calculated during the last cycle before the jump, are then con-

sidered constant during the whole ∆N cycles of the jump. This is the main
hypothesis allowing for analytical calculation of the damage variable, by reso-
lution of the following simple equation,

∆N =

∫ N+∆N

N

dN =

∫ dN+∆N

dN

dd

(d∞ − d) dM
dN + (d∞ − d)

γ dF
dN

(13)

As the dependency on the damage itself is kept, note that ∆N is in fact non-
linear in d during the cycle-jump.

Two cases are distinguished:

• If the simulation is strain-controlled, static damage cannot be generated
(dMdN = 0 and εmaxeq,N = εmaxeq,N−1). Moreover, the assumption that dF

dN is
constant during the jump is ensured. Indeed, the mean equivalent strain
converges very quickly towards the mean value of a cycle and remains so
as long as the equivalent strain is cyclic. In this case, the extrapolation is
quasi-exact, as it will be illustrated in section 4.1.

• On the contrary, for stress-controlled fatigue, both the maximal equiva-
lent strain and the mean equivalent strain increase, due to damage, even
though they are considered constant during the jump. The fatigue damage
increment, dF

dN , is then not constant over the jump and our approximation
induces an error directly related to the size of the jump.

Details of the integration of Eq.(13) are presented in AppendixC. Eq.(14)
and Eq.(15) give the two separate closed-form solutions, which provide the dam-
age value after the cycle-jump, depending on whether or not new static damage
is generated.

If dM
dN = 0,

dN+∆N = d∞ −
[
−∆N(1− γ)

dF
dN

+ (d∞ − dN )1−γ
] 1

1−γ

(14)

If dM
dN > 0,

dN+∆N = d∞−
[
exp

(
−∆N(1− γ)

dM
dN

)
(

(d∞ − dN )1−γ +
dF
dN
dM
dN

)
−

dF
dN
dM
dN

] 1
1−γ

(15)

Due to the closed-form integration of the extrapolated damage state, con-
vergence is achieved with a single increment. Let us remark that, in both cases,
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damage can only increase: dN+∆N ≥ dN . Moreover, the damage value cannot
exceed the saturation value: dN+∆N ≤ d∞. The latter statement ensures the
convergence of the simulation.

In all the applications described in section 4, the jump lengths, ∆N , are
prescribed and constant throughout the simulations. Indeed, the aim of this
paper is to evaluate the e�ciency of the proposed strategy and to compare it
with another cycle-jump method, for equivalent computational costs, i.e. for
the same number of simulated cycles and, consequently, identical jump lengths.
However, several authors [1, 15, 16] pilot the jump length by its damage incre-
ment, ∆d, to prevent jeopardizing the accuracy of the cycle-jumps. The present
method can also achieve such a jump length control: Eq.(14) and (15) can be
inverted to obtain ∆N , for a given user-prescribed value of damage increment:
∆d = dN+∆N − dN .

3.2. Implementation of the strategy into a Finite Element code

This section aims at explaining the key points of the implementation of the
non-linear cycle-jump procedure in a FE code. Let us recall that the present
kinetic damage model is formulated as standard (thermodynamics) rate form
constitutive equations. They are �rst implemented as a behaviour law subrou-
tine, using the kinetic constitutive equations presented in section 2. The model
is thus compatible with a multithreading computational strategy.

The proposed cycle-jump procedure is su�ciently general to be relevant ei-
ther for a prescribed constant cycle-jump length, ∆N , (in terms of number of
cycles) or for an updated cycle-jump length, calculated from a prescribed dam-
age increment, ∆d. Originality of the method, it is directly implemented inside
the behaviour law subroutine and does not need to create any additional �le
with the Gauss points informations.

The �ow chart reported in Fig. 2 presents the di�erent steps of the inte-
gration of the behaviour law at local scale, including the cycle-jump procedure.
The damage cycle-jump procedure can be decomposed into two steps, which can
be illustrated through a simple uniaxial cyclic loading as reported in Fig. 3.

On the one hand, during the training and the control cycles, a program
(the behaviour law subroutine) integrates the constitutive equations, including
damage. Its inputs are the usual inputs of standard rate form constitutive
equations (material properties, time, strain tensor, strain increment and state
variables at the previous converged increment). At the end of each cycle and
once global equilibrium is satis�ed, the next increment jump length, ∆N , may
be updated. Indeed, this jump length can either be a �xed user input or,
better, can be derived from the past state variables, as detailed in AppendixC.
In any case, its value is applied over the whole structure. It takes information
from the Gauss point with the highest damage evolution during the control
cycles, more speci�cally of its updated jump length, calculated locally in the
behaviour law subroutine (dashed green box in Fig. 2). Moreover, during
this step, the increments per cycle dMk

dN and dFk
dN (de�ned by Eq. (16), for

each degradation mechanism k) are estimated. The outputs are therefore the
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updated state variables, the stress tensor and the consistent tangent matrix,
which are standard �nite element outputs, but also the updated jump length
∆N , and dMk

dN and dFk
dN , which are mandatory for the cycle-jump procedure

described in the second step.
On the other hand, during the cycle jump, the behaviour law subroutine

also integrates the constitutive equations, including damage, but the damage
evolution law is estimated using the non linear extrapolation scheme detailed
in section 3.1. Its inputs consist �rst of usual inputs of standard rate form
constitutive equations, second of the �possibly complex� loading period, T ,
the jump size ∆N and, novelty, dMk

dN and dFk
dN (which are assumed constant

during the cycle jump). The outputs are the updated state variables, the stress
tensor and the consistent tangent matrix. Note that the tangent matrix is given
in a closed form.

Figure 2: Numerical algorithm used to integrate the constitutive equations (including dam-
age), either by time-step by time-step or by cycle-jump procedure.

The damage extrapolation is performed at the local scale in the damage
cycle-jump procedure (continuous red box in Fig.2). The analysis automatically
switches between a kinetic resolution or a cycle-jump, depending on the value of
the jump length, ∆N , which is an input data for the local program integrating
the constitutive equations.

• When ∆N = 0, the simulation uses kinetic (rate) equations and damage
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is calculated by Eq.(6).

• Otherwise, if ∆N > 0, then a cycle-jump is conducted. Damage is calcu-
lated using either Eq.(14) or Eq.(15). The increments of static and fatigue
damage, dMk

dN and dFk
dN , for each mechanism, k, are calculated over the cy-

cle prior to the jump, characterized by two time indicators de�ning its
beginning and its end, as

dMk

dN
=M(tN )−M(tN−1),

dFk
dN

= F(tN )−F(tN−1) (16)

where tN (resp. tN−1) is the time at the end (resp. the beginning) of
cycle N , ∆M(tN ), ∆F(tN ) being numerically updated at each time step,
at each Gauss point. The damage variables, Mk (resp. Fk), and its
increment over a cycle, dMk

dN (resp. dFk
dN ), are stored at each time step.

The extrapolation during the jump is conducted on the damage variables.
However, since the residual strain and the e�ective sti�ness depend solely on
the damage variables (see Eq.(8) and Eq.(2)), they are automatically updated.
The stress is then calculated using Eq.(1). The FE solver, in which the input
data is the strain tensor, iterates until equilibrium is reached.

To sum up, the stored variables useful from pass to pass are for each inte-
gration point: (i) the equivalent strains, εeq,k, (ii) the mean equivalent strains,
ε̆eq,k, (iii) the damage variables, dk, and (iv) the residual strains, εr. The addi-
tional state variables required by the cycle-jump procedure are static and fatigue
damage variables (Mk and Fk) and static and fatigue damage increments (dMk

dN

and dFk
dN ).

Particular attention has been paid to the numerical scheme, in order to min-
imize the computational costs. Data exchange between programs is performed
through global variables. In particular, the jump size, ∆N , and the time indica-
tors are frequently updated and must be accessible from all considered programs
of the FE code.

The FE model is decomposed into several steps, according to the di�erent
loading phases presented in section 3. Fig. 3 is a schematic representation of the
applied loading. It is illustrated on a triangular loading, but a more complex
loading could be considered, without any change in the implementation. In
this paper, the number of control cycles is taken equal to 2, the �rst cycle is
performed to take into account the load transfers within the structure and the
second to actualize the damage increments.
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Figure 3: Example of prescribed loading for simulations with cycle-jumps.

Thus, the implementation of the cycle-jump procedure is non-intrusive, as
everything is programmed at the local scale, and generalisable for several jump
length calculation methods. There is, moreover, no need to restart the analysis.
The post-processing is standard.

4. Applications

An advantage of using a kinetic model consists in being able to simulate
continuously (time-step by time-step in a FE code) every cycle. Consequently,
a simulation computing all the cycles is exact from a numerical point of view. It
can be considered as a reference against which simulations with computational
strategies can be compared. The proposed method of cycle-jumps is applied to
test cases of increasing complexity.

4.1. Application to simple cyclic loadings at the material scale

The simulations with cycle-jumps are compared to the reference simulation,
as illustrated in Fig. 4.

Figure 4: Schematic description of the comparison between (a) a numerical reference and (b)
a simulation with jumps. The relative error due to jumps is reported in (c).

The relative error is calculated through Eq.(17), using the �nal value of
damage, because it a�ects failure mechanisms and seems critical for the fatigue
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lifetime of structures.

err =
|dfjump − d

f
ref|

dfref
(17)

where dfref and d
f
jump correspond, respectively, to the �nal values of damage in

the reference simulation and in a simulation with cycle-jumps. All comparisons
could be made with the classical Root Mean Square Error (RMSE) indicator,
with unchanged conclusions.

This comparison is conducted on simulations with the proposed cycle-jump
method as well as with a classical cycle-jump method, which extrapolation
scheme is based on a �rst order integration (Eq.(18)), issued from a Taylor
expansion or an explicit Euler's formula [1, 16].

dN+∆N = dN +
dd

dN
∆N (18)

with
dd

dN
=

∫ tN

tN−1

dd

dt
dt = dN − dN−1

The �rst application case is an integration point subjected to simple cyclic
loadings (tension-tension fatigue) at 1 Hz. The loading is either strain or stress-
controlled. For each con�guration, the loading has been chosen to reach the
same �nal value of damage (d ≡ 0.2).The load ratio is �xed at Rσ/ε = 0.05. All
simulations are run with Matlab on the same desktop computer with 1 Central
Processing Unit (CPU), for comparison of the computational costs. In each
case, the reference is a simulation where all the cycles are simulated without
jump (∆N = 0).

To facilitate the comparison of the methods, the simulations are performed
with a prescribed and constant jump length, ∆N . The cycle-jumps start after
the 100th cycle and each jump is followed by two control cycles to update the
static and fatigue damage increments.

4.1.1. Imposed strain cyclic loading

The method is �rst of all applied to strain-controlled cyclic loadings. In
that case, the model being written in total strain, there is no creation of static
damage during fatigue. Fig. 5a and 5b show that an accurate value of damage
can be reached, even with a single jump, for two cyclic loadings with two dif-
ferent maximum strains. That corroborates the statement reported in section
3, according to which the extrapolation is quasi-exact under strain-controlled
fatigue. To be more quantitative, the relation between jump length and error
for both extrapolation methods is also illustrated (Fig. 5c and 5d). The aber-
rant results, obtained with the �rst order extrapolation, are banned from the
graphs. Indeed, nothing prevents the �nal damage value, dN+∆N , to exceed the

saturation level, d∞, in Eq.(18), for large jump lengths, ∆N .
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(a) (b)

(c) (d)

Figure 5: Cycle-jump procedure applied to pure fatigue loading at several maximum applied
strains (a,c) 0.78 × 10−3 (106 cycles), (b,d) 0.88 × 10−3 (105 cycles). (a) and (b): damage
evolution of the reference and of the cycle-jump simulations. (c) and (d): evolution of the
relative error as a function of the prescribed jump length. The red dots correspond to simu-
lations with non-linear cycle jumps and the black dots to the same simulations with the �rst
order extrapolation, banning those presenting aberrant results.

As the errors remain within the scope of numerical noise with the proposed
method, simulations are both more precise and a lot faster than the classical
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�rst order method (see Fig. 6).

err
(%)

1st order Non-linear Time
gain(%)∆N t(s) ∆N t(s)

0.01 220 63.46 9×105 0.25 253

Figure 6: E�ciency of the proposed cycle-jump method as a function of computational time
for the 0.88 × 10−3 strain-controlled loading case (Fig.5b).

4.1.2. Imposed stress cyclic loading

The same procedure is then applied to stress-controlled cyclic loadings (see
Fig. 7). The conclusions are similar to the imposed strain case: the simulations
with cycle-jumps (i) overtake the reference simulation (in black), (ii) converge
towards the reference with decreasing jump lengths and (iii) even with large
blocks of skipped cycles, the �nal damage value does not exceed the saturation
level. To ensure satisfactory results, the user has, in this case, to choose an ap-
propriate value of jump length or to prescribe varying jump lengths throughout
the simulation.
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(a) (b)

(c) (d)

Figure 7: Cycle-jump procedure applied to fatigue loading at several maximum applied
stresses: (a,c) 80 MPa (106 cycles), (b,d) 90 MPa (105 cycles). (a) and (b): damage evolution
of the reference and of the cycle-jump simulations. (c) and (d): evolution of the relative
error as a function of the prescribed jump length. The red dots correspond to simulations
with non-linear cycle-jumps and the black dots to the same simulations with the �rst order
extrapolation, banning those presenting aberrant results.

All the simulations with cycle-jumps induce an error related to the jump
length (see Fig. 7c and 7d), even with a non-linear extrapolation because the
assumption of constant damage increments, dM

dN and dF
dN , is not ensured.

Fig. 8 shows the trade-o� between computational time and accuracy for
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both extrapolation methods. The bene�t of the proposed method is slight for
very short jump lengths but is still interesting for large jump lengths. For a
given allowable error, the relevant jump length is larger with non-linear cycle-
jumps and simulations run faster. It is illustrated in Fig. 8 for 1% and 5%
errors. Conversely, if the computational time is set, the proposed method is
more precise for large jump lengths.

err
(%)

1st order Non-linear Time
gain(%)∆N t(s) ∆N t(s)

1 830 29.0 1080 21.0 27
5 1175 18.5 6000 4.4 76

Figure 8: E�ciency of the proposed cycle-jump method as a function of computational time
for the 90 MPa stress-controlled loading case (Fig.7b).

For simple periodic fatigue loadings, the proposed cycle-jump procedure can
describe the non-linearities of the damage curves quite accurately and reduces
computational cost e�ciently. Moreover, convergence is achieved for any loading
and any prescribed number of cycles, which is not necessarily the case with the
classical �rst order method.

4.2. Application to an open-hole plate under simple periodic loadings

In this section, an open-hole plate subjected to tensile loading is considered.
It is representative of a more complex structure because load transfers and stress
concentrations must be taken into account. It is constituted of a single composite
ply, oriented at 45◦, in order to highlight the fact that damage is oriented by
the microstructure. Moreover, this orientation activates all damage mechanisms
at the same time in the whole structure, thus constituting a discriminant test
case. The boundary conditions consist in clamping the plate on one side and
subjecting it to an e�ort on the opposite side, as illustrated in Fig. 9:
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Figure 9: Finite element model of an open-hole plate used as a simple structure. The dimen-
sions of the plate are 100 mm × 30 mm × 1 mm with a 2.18 mm in diameter central hole. The
mesh is constituted with one layer consisting of 2500 hexahedral elements and 5232 nodes.
The total amount of degrees of freedom reaches 15696.

From now on, the non-linear extrapolation is used for cycle-jumps, since
its performance was demonstrated on simpler examples in section 4.1. The
performance of the cycle-jump procedure is assessed in terms of precision as well
as computational time gain with respect to a reference cycle-by-cycle simulation.
The relative error in the damage variable, dk, calculated for each integration
point, i, is given by:

err(%) =
|dfk,jump − d

f
k,ref|

maxi d
f
k,ref −mini d

f
k,ref

× 100 (19)

The open-hole plate is subjected to simple cyclic loadings (with triangular
waves). The load is applied through a concentrated force and is representative
of current experimental tests. The load evolves between 0N and 900N (RF = 0)
during 1021 cycles at 1Hz.

The proposed non-linear cycle-jump procedure is applied to this test case.
The jumps, 48 cycles in length (∆N = 48), start after 20 training cycles and are
followed by 2 control cycles. Fig. 10 presents the damage �eld, d1, at the �nal
time of the reference (left) and at the �nal time of the cycle-jump simulation
(right). The damage scaling is the same for the two simulations. The relative
error, which map is also represented in Fig. 10, does not exceed 6.1% in the
damage variable, d1. The maximal error is located at the location of maximum
damage, i.e. at the stress concentration points.
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Figure 10: Comparison of the damage �elds, d1, after 1021 cycles and the associated error
�eld.

Concerning the simulation cost, the reference lasts 12618 seconds (about
3.5 hours) with 4 CPUs but only 641 seconds for the simulation with jumps
of 50 cycles. Once the training cycles are run, the control cycles account for
most of the remaining computational time (88% for the simulation with 50-
cycle long jumps). The gain of time is expected to increase with increasing
jump lengths and it corroborates with the obtained results. Table 1 provides
the maximal relative error among integration points and time gain with respect
to the reference simulation, for simulations with three di�erent jump lengths.

∆N err. max. on d1 speed-up factor
100 10.67% 34
50 6.07 % 20
20 3.36 % 10

Table 1: Error and time gain in simulation with cycle-jumps with respect to the reference
simulation.

The more cycles are skipped, the more time gain is obtained. Therefore, the
bene�t of the procedure should be more important for simulation with higher
cycle numbers. These conclusions have been con�rmed by performing fatigue
simulations on open-hole plates subjected to 10 000 cycles. The reference lasts
178771 seconds (about 49 hours) while only 6169 seconds for a simulation with
50 cycles long jumps, meaning a speed up by a factor of 29.

This method of non-linear cycle-jumps is consequently able to accelerate
fatigue simulations with an acceptable precision. It is, in addition, able to
predict the behaviour of composite structures under high cycle fatigue loadings.

4.3. Application to quasi-random loadings

The methodology is �nally applied to more complex periodic loadings, that
are denoted as quasi-random loadings. It consists in a random loading sequence,
called unit pattern, which is representative of a �ight loading history. To predict
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fatigue lifetime of composite structures, thus considering several �ights, this unit
pattern is repeated over time. An example of such a loading is illustrated in
Fig. 11.

Figure 11: Example of quasi-random loading, with period-jumps of constant length, ∆N .

The advantage of using a kinetic model is its capacity to consider random
loadings. As the signal is repeated, the cycle-jump procedure can be applied.
The model should then be able to compute the damage evolution during quasi-
random loadings.

First, an integration point (at the local scale) and, then, an open-hole plate,
both subjected to tensile fatigue loadings, are considered.

4.3.1. Local scale

As previously (section 4.1), it was demonstrated that the non-linear cycle-
jump procedure is quasi-exact for strain-controlled quasi-random loading, as
long as the cycle-jumps start after at least 2 periods (see the black curve in Fig.
13).

We focus now on a stress-controlled loading. Its unit pattern, represented
in Fig. 12a, has a period T = 10s and is repeated 104 times. The period-
jumps start after 13 periods and are followed by two control periods. Fig. 12b
presents the results of the period-jump simulations and Fig. 13 quanti�es the
relative error with respect to the reference simulation, where all the periods are
simulated, for both strain and stress-controlled loadings.
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(a) (b)

Figure 12: (a) Considered stress unit loading pattern, (b) Damage evolution during period-
jump simulation.

Figure 13: Relative error in the period-jump simulations versus the computational time gain
with respect to the reference simulations for both strain and stress-controlled loadings.

This study demonstrates that the proposed cycle-jump method is applicable
to all kind of periodic fatigue loadings.

4.3.2. Structural scale

A quasi-random load is applied to an open-hole plate, with the boundary
conditions presented in section 4.2. The load unit sequence of 20 points is
reported in Fig. 14a and repeated 103 times.

The reference simulation lasts 9015 seconds (about 2.5 hours) using 4 CPUs.
The cycle-jump procedure is then applied to the same test case. The jumps
start after the 4th period, because the damage variable evolution is already
slowing, and are followed by 2 control periods. The jump length, constant on
the whole simulation, is set at 9 periods. Fig.14b presents the error maps of
the damage �elds. The simulation lasts 870 seconds using 4 CPUs. Most of
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(a) (b)

Figure 14: Application of the period-jump procedure to an academical structural test case.
(a) Unit loading sequence. (b) Relative error map (%) of damage variable, d1, between the
reference simulation and a period-jump simulation after 103 periods.

the computational time is devoted to the training and control cycles (each unit
sequence lasts approximately 35 seconds). Thus the time gain of about a factor
of 40 for 100 cycles, will be higher for larger jump lengths and longer time
loadings.

The kinetic model enables us to treat random loadings and this example
illustrates the possibility of applying the proposed cycle-jump procedure to ac-
celerate fatigue simulations of composite structures subjected to complex quasi-
random loadings.

5. Conclusion and perspectives

This paper presents a method to reduce the simulation time of structures
subjected to fatigue loadings, either simple periodic (triangular or sine waves)
or more complex ones (quasi-random).

It combines a cycle-jump technique with �nite element simulations (and from
a numerical point of view within a commercial FE code). The key point of the
method is its extrapolation scheme. It has been designed speci�cally for kinetic
damage models, enabling a non-linear extrapolation of the damage variables.
The non-linearities in the composite behaviour are accurately described.

The accuracy and performance of the cycle-jump procedure is assessed by
comparison with reference simulations where all cycles are explicitly computed.
However, no prior result of such simulations are required before performing
cycle-jump simulations.

The method remains close to the cycle-by-cycle simulations even for complex
loadings, while reducing markedly the computational costs. Illustrated with
constant jump lengths, it has been implemented into a FE code for constant or
variable jump lengths.

This extrapolation scheme provides promising satisfactory results in fatigue,
both at the integration point scale and at the structural scale. This method can
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consequently give reliable results for high cycle fatigue loadings, while drastically
reducing the computational costs.
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AppendixA. Equivalent positive strain tensors

The methodology adapted by Rakotoarisoa [5] from [26] is reported in the

next equations, in Voigt notation, for the calculation of εd
+
1 in the warp direction:

λd+
1

=
1

2

(
ε1 +

√
ε2

1 + ε2
5 + ε2

6

)
(A.1)

Ωd+
1

= (λd+
1

)2 +
1

4

(
ε2

5 + ε2
6

)
(A.2)

ε
d+

1
1 =

(λ
d
+
1

)3

Ω
d
+
1

ε
d+

1
5 =

ε5(λ
d
+
1

)2

Ω
d
+
1

ε
d+

1
6 =

ε6(λ
d
+
1

)2

Ω
d
+
1

(A.3)

The other tensor, in the weft direction, is obtained through permutation of
indexes.
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AppendixB. Static (monotonic) and fatigue contribution for sine/triangular
loadings

For sine/triangular loadings, the monotonic part is

dM
dN

=

∫ tN

tN−1

dM
dt

dt =

∫ εmaxeq,N

εmaxeq,N−1

〈
εmaxeq − ε0s

Ss

〉ss
+

dεmaxeq (B.1)

=
Ss

ss + 1

〈εmaxeq,N − ε0s

Ss

〉ss+1

+

−

〈
εmaxeq,N−1 − ε0s

Ss

〉ss+1

+


and the cyclic part is

dF
dN

=

∫ tN

tN−1

dF
dt
dt =

∫ εmaxeq,N−1

εmineq,N−1

〈
εeq −mε̄eq − ε0f

Sf

〉sf
+

(B.2)

=
Sf

sf + 1

〈εmaxeq,N−1 −mε̄eq − ε0f

Sf

〉sf+1

+

−

〈
εmineq,N−1 −mε̄eq − ε0f

Sf

〉sf+1

+


assuming that the evolving mean strain, ε̆eq, has reached standard (here con-
stant) value, ε̄eq.

AppendixC. Damage integration over a cycle-jump

The damage law, written as a cycle-function (Eq.(12) = Eq.(C.1)), comes
from the integration of Eq.(6) over a cycle, with the assumption that the damage
value, d, is quasi-constant during a cycle, and is given by:

dd

dN
≈ (d∞ − d)

dM
dN

+ (d∞ − d)
γ dF
dN

with
dF
dN

> 0,
dM
dN

≥ 0 (C.1)

By integration over a jump, the damage value after the jump, dN+∆N , is
provided by Eq.(13):∫ dN+∆N

dN

dd

(d∞ − d) dM
dN + (d∞ − d)

γ dF
dN

=

∫ N+∆N

N

dN (C.2)

Let us consider two cases:

• dM
dN = 0 (Pure fatigue)

After training cycles, the mean equivalent strain does not evolve any more
and dF

dN is constant. The hypothesis of static and fatigue damage incre-
ment being constant during the jump is satis�ed. It follows that:

∆N =− 1

(1− γ) dF
dN

∫ dN+∆N

dN
− dd(1− γ)

(d∞ − d)
γ (C.3)
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The integral of a power function can be identi�ed, and thus:

∆N =
1

(1− γ) dF
dN

[(
d∞ − dN

)1−γ − (d∞ − dN+∆N
)1−γ

]
(C.4)

dN+∆N = d∞ −
[(
d∞ − dN

)1−γ −∆N(1− γ)
dF
dN

] 1
1−γ

(C.5)

• dM
dN > 0

Eq.(C.2) cannot be simpli�ed. It is assumed that both dF
dN and dM

dN are
constant. This assumption is nevertheless not satis�ed because of the
evolution of the mean equivalent strain due to static damage. It follows
that:

∆N =

∫ dN+∆N

dN

(d∞ − d)
−γ

dd

(d∞ − d)
1−γ dM

dN + dF
dN

=
1

(1− γ)dMdN

∫ dN+∆N

dN

(1− γ) (d∞ − d)
−γ

dd

(d∞ − d)
1−γ

+
dF
dN
dM
dN

(C.6)

The derivative of a logarithm function can be identi�ed in the integral;
consequently, for material parameter γ 6= 1:

∆N =− 1

(1− γ)dMdN
ln

 (d∞ − dN+∆N )1−γ +
dF
dN
dM
dN

(d∞ − dN )1−γ +
dF
dN
dM
dN

 (C.7)

dN+∆N = d∞−
[
exp

(
−∆N(1− γ)

dM
dN

)
(

(d∞ − dN )1−γ +
dF
dN
dM
dN

)
−

dF
dN
dM
dN

] 1
1−γ

(C.8)
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Highlights 

 Method reducing the simulation time of structures subjected to fatigue loadings. 

 Method designed for kinetic models, enabling a non-linear extrapolation of variables. 

 The accuracy and performance of the cycle-jump procedure is assessed. 
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