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We analyse the system of A-atoms in a cavity QED of semi-transparent mirror and driven by laser
fields. We derive effective models and connect concepts (photonic flux, input-output operators,
photonic state) characterizing the propagation of the resulting leaking photons. We propose an
atom-cavity non-resonant scheme for single- and 2-photons generation. The pulse shapes of outgoing
single photons are tailored using a specifically designed driving field envelope. For the production
of 2-photon states, two trapped atoms are used with two driving pulses. Their pulse shapes are
characterized and it is shown that the multiphoton outgoing photonic states cannot be Fock states,
since the photons are not generated strictly simultaneously.

I. INTRODUCTION

Single photons are nowadays key elements in quantum
technologies, as quantum networking for distributed com-
putation, communication and metrology [1, 2]. Sources
producing single photons have been widely developed
[3, 4]. Tts quantization and its treatment as a wave
function in connection with a corpuscular viewpoint have
been debated until recently [5-7]. From a practical point
of view, one can for instance mention its need in quan-
tum cryptography [8] over the use of attenuated laser
pulses for making the security of quantum key distribu-
tion device-independent or for extending quantum com-
munication over very long distances [9]. An envisioned
quantum network makes use of single photons wave-
packet as carriers of quantum information (encoded for
instance in the polarization state giving flying qubits) to
map the states between distant quantum nodes [2], such
as individual atoms in cavity QED [10-13], atomic en-
sembles [14, 15], trapped ions [16], or spins in quantum
dots [17]. One key point is to control the node-photon in-
terfacing in order that the node can send, receive, store
and release photonic quantum information, which is in
general achieved by control laser pulses. Recent studies
have investigated the control of the shape of the single-
photon wavepacket in A-atoms by a resonant stimulated
Raman process [18] in order for instance to improve the
impedance matching of the atom-photon interface [13].
The possible production of more complex traveling pho-
tonic states featuring N > 1 photons [19-21] can be en-
visioned for the transport of complex information. For
instance, the delays and relative amplitudes between the
pulse-shaped individual photons offer a large variety of
encoding, which generalizes the possibility of producing
train of well-separated pulses [22].

The goal of this paper is first to derive effective models
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for atoms driven by laser fields and cavity QED with a
semi-transparent mirror and for characterizing the result-
ing propagating photon field. To this aim we revisit and
connect concepts defined in literature, namely photon
fluxes, input - output operators, effective master equa-
tion, and multiphotonic wavepackets and states. We ap-
ply the model for a non-resonant scheme in a A-atom
trapped in a cavity QED and show that it allows a direct
and simple way to design the photonic wavepacket on de-
mand. This is extended for a two-atom scheme and the
resulting photonic wavepacket is characterized and com-
pared to an ideal traveling Fock state. We show that the
resulting multiphoton outgoing photonic states cannot be
Fock states, since the individual constituent photons are
not generated strictly simultaneously.

This paper is organized as follows: In Section II we
connect the photon flux, corresponding to the propaga-
tion of the photonic state in free space leaking from the
cavity, to the quantum average of a reservoir photon num-
ber operator, in the Heisenberg representation, using the
quantized Poynting vector. The condition of correspon-
dence of this reservoir photon number operator to the
standard output photon number operator is derived. We
next establish that the photon flux is proportional to the
quantum average of the cavity photon number operator
in the condition of an initial ground state reservoir. The
master equation, which allows one to determine the state
of the atom-cavity-laser field system that are used to cal-
culate the needed quantum averages, is finally derived.
In section III we use the derived model to show that one
can produce a single-photon wavepacket of give shape
using one A-atom driven with a non-resonant laser pulse
in a cavity mode. Section IV is devoted to the case of
two single photons emission from two atoms in the cav-
ity, where the resulting two-photon state is analyzed. We
conclude in Section V.



II. DERIVATION OF THE MODEL

In this Section, we connect the photon flux [23, 24],
corresponding to the propagation of the photonic state in
free space leaking from the cavity, to the quantum aver-
age of a reservoir photon number operator, in the Heisen-
berg representation, constructed with an integrated bath
operator. We follow the formulation of Ref. [23], using
the quantized Poynting vector, adapting it for the case
of the presence of the cavity. We derive the condition of
correspondence of this bath photon number operator to
the standard output photon number operator derived in
the input-output formulation [25]. We next establish that
the photon flux is proportional to the quantum average
of the cavity photon number operator when the reservoir
is initially in the ground state [22]. We finally derive
the master equation [25-27] in tracing out the bath de-
grees of freedom, which allows one to determine the state
(and the operator density) of the atom-cavity-laser field
system that are used to calculate the quantum averages
needed to calculate the photon flux.

A. Hamiltonian in the Schrédinger picture
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FIG. 1. Representation of the CQED system: N atoms are
coupled to a single cavity mode of annihilation-creation op-
erators ¢, ¢!, with the atom-cavity coupling g. Each operator
012]2 corresponds to the |k) <> |£), k,£ = g,e, f transition of
the j-th atom, and photons leak through the right semitrans-

parent mirror with decay rate I'c.

We consider a set Ay of N identical A-atoms of a
ground |g), metastable |f) and excited |e) states trapped
in a cavity QED. They are coupled to the (linearly po-
larized) cavity field, of volume V and frequency we,
through the atomic transition |f) <> |e) of frequency
wes and dipole moment dy. with the coupling factor
g = —dfe\/we/2hegV (one-photon Rabi frequency). It
is assumed that g is constant for each atom. They are
pumped by a (classical) laser field &;(t) cos(wot + ¢),
with the pulse-shaped Rabi frequency Q; = Q;(t) =
—&;(t)dge/2h (assumed real), on the transition |g) <> |e)
of frequency we, and dipole moment dg.. We consider
a two-photon resonance: wyy = w. — wp. The cavity
(C) leaks into a reservoir (R) through a semi-transparent
mirror (see Fig. 1 for the schematic representation of the
full system and Fig. 3 for the coupling scheme for a sin-
gle atom). For brevity of the derivation, we simplify the
model considering no spontaneous emission on the atomic

transitions. In the rotating wave approximation (RWA)
for both the modes and the driving field, the Hamiltonian
of the full system Ay @& C & R reads, in the Schrodinger
picture, in a rotating frame defined by the unitary op-
erAator [A]RWA: exp [iwot Z;V:l o + iwpgt Z;VZI U}j) +
iHct/h+ iHgt/hl:

H(t) = Ha(t) + Hac + Hgs (la)
N
Ha =Y [hAcY) + 1;(0{) + o)) (1b)
j=1
He = hw.c'e, Hac = ﬁg\/ﬁ(cta + aTc) (1c)
400
Hp= [ dwhwblb, (1d)
0

+oo .
Hps = zh/ dw k(w) (ch e wemw)t _ Hc.). (le)
0

We have introduced here the collective operator o =
ﬁ Z;\Ll o) with the atomic operators a,(f[) = |k)((|W)

for the A-atom j, O'](Cj) = a,(jk) and o) = O';Je). The
annihilation operator ¢ corresponds to the cavity mode.
The output reservoir annihilation and creation operators
b, bl satisfy the commutation relation:

(b, bl] = S(w — ). (2)

The reservoir R couples to the cavity mode through (w).
In Eqs. (1), Hy = H4(t) denotes the atomic RWA
Hamiltonian where A = wey — wp is the detuning be-
tween the frequencies of the laser driving atom j and of
the transition |e) <> |g), Hc is the free cavity Hamilto-
nian, Hac describes the coupling between the atoms and
the cavity, Hpg is the free reservoir Hamiltonian, and Hrg
describes the coupling between the system S = Ay & C
of corresponding Hamiltonian

Hg(t) = Ha(t) + Hac (3)

and the reservoir R.

We emphasize that this model featuring well defined
inside (cavity) mode and outside modes has been well
justified in [29] from the consideration of the full global
modes in a coarse-graining description, when the trans-
mission of the cavity is sufficiently weak.

B. Heisenberg-Langevin equations, Markov
approximation, Poynting vector, and photon fluxes

We wish to derive the dynamics of the atoms+cavity
system S, coupled to the reservoir. Our aim is to control
the production of an outgoing photon leaking from the
cavity by driving specifically the atoms in the cavity by
the external field. The effective model is derived in two
steps: we first define an outgoing flux of photon which is
connected to the quantum average of the Heisenberg evo-
lution of the cavity operator cfc. Next we derive a master



equation of the system S by eliminating the reservoir de-
grees of freedom, which will allow the calculation of the
quantum averages.

1. Equations of motion for the operators

First, we derive the equations of motion in the
Heisenberg picture for the reservoir operator b, (t) =
Ut(t, to)b,U(t,to) with U(t,t) being the propagator of
the total Hamiltonian H(t), whose Heisenberg repre-
sentation reads H)(t) = UT(t,t0)H(t)U(t,to). From
0= —+[O(t), HUD (1] for an operator O, assumed time-
independent in the Schrodinger representation, and writ-
ten as O (t) = O(t) = U (t, ) OU (t, to) in the Heisen-
berg representation, we write the Heisenberg-Langevin
equations:

b (t) = —iwby, (t) + K(w)c(t), (4a)
é(t) = —iwee(t) — / dwri(w)b, (t) —igVNa(t). (4b)

In the following, we omit the (H) superscript for the
Heisenberg picture Hamiltonian H)(t) = H(t). The
energy carried by the photons leaking from the cavity can
be characterized by the Poynting vector operator in the
Heisenberg representation [23], where we have assumed a
propagation with increasing z and the cavity emitter at
position z = 0 (see Fig. 2):

dwdw'vVww'd! (t)b,,

S(zt) = R )

2 A

with the use of the quantized fields [7, 30, 31] and A is the
area of the free field modes propagating at the speed of
light ¢. The range of integration for determining S(z,t)
is made clearer below. We emphasize that the time de-
pendence arises only from the Heisenberg representation
of the bath operator b,,,.

2. Integrated bath operators - Input output relation

Integrating (4a) from an initial time ¢y to ¢, we define
and calculate the integrated bath operator

bz, t) = V% / dusb, (1) % (6a)

t
= bin<t— E) +/ dt’
c to
with the input operator

(o)

We can proceed with the Markov approximation, consist-
ing in assuming the flatness of k(w) over the width of the

. N
t/)e—zw(t—t )elwc

(6b)

1 - .
= ﬁ/d&]bweilw(titoiz). (7)

resonance: k(w) = k(we) =: (Ie/27)2, and the extension
of the integral over w on the range | — 0o, +oo[. This
allows one to invoke a J-function in the time integral:

+oo . ,
§(s—t) =5 [ dw e iw(s—t) (8a)

Ji vt — =
This gives for the integrated bath operator:

. P 5 - ;
bz, 8) = bin (£ — E) + \/Fc@(g)(—)(t -2 —to)e(t - (69))

with the step function ©(u) = {0, for u < 0;1/2 for u =
0;1 for w > 0}. Tt takes a propagating form for z > 0

— #)e(t!) = O(2)(t — £ — to)e(t — 2). (8b)

b(t - f) =b(z > 0,t) (10a)

c

—bm(t—f)+\/>@< —f—to) (t—%). (10b)

For t > to + % and z > 0, we define the output operator

b(z > 0,t > tg+ z/c) =b(t — z/c > ty)
(11)

bout(t — 2z/¢) =

and we obtain
bout (t_%) = bin (t-%) ++vTe C(t

which is recognized as the input-output relation [25]. We
emphasize that we have here derived the output operator
and the input-output relation taking into account prop-
agation effects. This allows one avoiding considering a
(not well-defined) late time as usually done, but rather
the well-defined integrated bath operator l;(t, z) for z > 0.
This way of formulating allows a direct and transparent
interpretation of the by, operator through the Poynting
vector as shown below [see Eq. (16)].

At the cavity position, z = 0, for ¢t > t(, we obtain the
integrated bath operator:

—f), t>tots, (12)
C C

f (13)

This expression (13) is used in the next subsection to
derive the master equation in the cavity.

We can also simplify the Heisengerg-Langevin equation
for c(t) as:

bo(t) = b(z = 0,t) = by (¢

— /Tebin(t) —igV'No(t). (14)

This shows a fast oscillating term exp(—iw.t) in c(¢),
leading to a peaked shape of b, (t) as a function of w
centered at the resonance w. and of width I'..

&(t) = —(iwe + T /2)c(

3. Poynting vector

Using the definition (6a) of the bath operator and inte-
grating over a bandwidth around the resonance w. from



FIG. 2. Sketch of the photodetection: the source system S
emits a photon with decay rate I' at position 0, towards a
detector D at a position z through the reservoir R. The
photon flux ® is measured using the data on the averaged
quantum Poynting vector (S(z,t)).

the result of Eq. (14): we — Aw/2 < w < w, + Aw/2
with Aw ~ T’y < w,, the Poynting vector operator be-
comes S(z,t) = %BT (2,t)b(z,t) which takes a propagat-
ing form for z > O:

S(z>0,t) = hjch(t—z)b(t—f). (15)

c

For a given state (or density matrix), the amount of
energy going through the field mode area A, during
the time d¢, is the quantum average of the flux of
the Poynting vector through this area: A(S(z,t))dt =
Fwe (bt (z,1)b(z, t))dt. Normalizing by hw,, we get the av-
eraged number of photons dn(t, z) = (b (z,)b(z, t))dt go-
ing through the mode area during dt, defining the photon
flux (written here for z > 0):

(2, 1) = d”ift’t) = (ot (t=2)o(t-2)). o)

C C

Recalling that b(t — z/¢) is the output operator (11) (for
t > z/c and z > 0), we emphasize that this relation gives
the connection between the photon flux and this output
operator.

If we choose the state of the reservoir to be initially a
vacuum state: p(tg) = ps(to) ® |vac)(vac|, the average of
the terms involving b;,, bfn in the expression of the flux
nullifies. This gives the expression of the outgoing photon
flux through the semi-transparent mirror for ¢ > ¢o + £:

O(z,1) = rc<cf (t - z)c(t - §)> (17)

This key result shows that one can determine the flux
from the quantum average of the dynamics of the cavity
photon number in the Heisenberg representation [22].

In the following subsection, we derive the effective mas-
ter equation reduced to the system S which is used to
calculate the quantum average of (16) in order to derive
the flux.

C. The master equation

We here recall for consistency a standard way to get
the master equation [25, 26, 32, 33]. We need first to

derive the Heisenberg equation of motion of the oper-
ators Xg(t) = UT(t,t9)XsU(t,ty) of the system in the
Heisenberg representation. The dynamics of Xg(t) is de-
termined from the Heisenberg equation (in the Markov
approximation):

SXs(0) = 3 [Xs 0,8 ()] + D], (Xs()

+T (M (#) Xs(t)e(t) — 2{c(t)e(t), Xs(t)}), (18)

where {A,B} = AB + BA denotes the anticommu-
tation relation, DiTn’t(~) is a time-dependent dissipator
part involving b;,(t), acting on Xg(t), and ﬁéH)(t) =
UT(t, to)Hs(t)U(t, to). We have used the bath integrated
operator (13) at the position z = 0 of the cavity.

We define the expectation value of Xg:

(Xs)(t) = Trs{Xsps(t)} = Tr{Xs(t)p(to)},  (19)

where p(tg) = ps(to) ® pr(to) is the complete density
operator and pg(t) = Trr{U(t,to)p(to)UT(t,t0)} is the
reduced density operator describing S with partial trace
Trr{-} eliminating the degrees of freedom corresponding
to its subscript.

We here assume that the reservoir is initially a vac-
uum state pgr(tg) = [vac)(vac| such that D;rn’t() can-
cels out in averaging. Finally, averaging Eq. (18), using
(19), the cyclic property of the trace, and the property
VA Tr{AB} = Tr{AC} & B = C, we find the master

equation of Lindblad form for pg(t):

 ps(t) = 1 [Hs(t), ps )

+Te(eps()e! — 3cleps(0)),  (20)

where, here, all system operators o,c are time-
independent (Schrodinger representation), and the re-
maining time-dependence of Hg(t) is due to the driving
fields ©Q;(¢).

If several cavities QED are considered, where the out-
put of one cavity is fed into that of the next cavity, the
systems can be “cascaded” [25, 27, 33].

IIT. PRODUCTION OF A SINGLE PHOTON BY
ONE DRIVEN ATOM TRAPPED IN CAVITY

We derive from the preceding analysis the model for
the generation of a single photon using a leaking cav-
ity containing one atom driven by a pulsed laser of Rabi
frequency (t). The production of a single photon in
such a system has been demonstrated with an atom fly-
ing through the cavity in a resonant stimulated Raman
adiabatic passage configuration [18, 34] and for a trapped
ion in a cavity [28]. We next show that a large cavity
detuning and a bad cavity allows the direct an simple
control of the photon shape.
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FIG. 3. Atom-field interaction in the cavity: (left panel) a
single A-atom is driven by an external classical laser field of
Rabi frequency €2, and a quantized cavity field with coupling
strength g. (Right panel) The fields are in two-photon reso-
nance, the one-photon detuning is A. Initially the atom is in
the ground state |g). In the course of the excitation process,
one photon is taken from the laser field and transferred to
the cavity, which eventually leaks out of the cavity through a
semi-transparent mirror characterized by the decay rate I'..

A. The model

In a dressed basis, one denotes states |i)|n) = |i,n)
with ¢ labelling the atomic states and n is the number
state in the cavity. We assume an initial condition with
zero photon in the cavity, such that the basis splits into
four relevant dressed states {|g, 0), |e,0), | f,1),|f,0)} (see
Fig. 3). Such dynamics involves the Lindblad equation
derived previously (we omit the subscript S for p):

S olt) = —ilHs(0), o)) + LGo(0),  (21)

with the dissipator £(p) = Tc(cpc’—1{p, cfc}). Equation
(21) can be rewritten as

S olt) = —i(H(Dp(t) — pH (1) + T colt)e!, (22)

where we introduced an anti-Hermitian dissipative
Hamiltonian H(t) = Hg(t) — iiecfe. Expressing the
Hamiltonian in a matrix form in the dressed basis

Hﬂt)zhhﬁ]‘fi)s [0]3“ ] (23a)
0 Q) 0

A= | Q2t) A g, (23b)
0 g 0

shows two decoupled dynamical blocks A(t) and {0}.
From the density matrix

_ | paa(t) pao(t)
=0l i | e

we split Eq. (22) into two equations:

paa = —i(A(t)paalt) — paa(t)AT(t)),
poo =T':Dpaa(t)DF,

(25a)
(25b)

where D = [0,0,1] is a block from the matrix rep-
resentation ¢ of the annihilation operator ¢, A(t) =
A(t) — iI':D'D. Choosing the initial condition in |g, 0)
makes the dynamics not involving p4o and Eq. (25a) cor-
responds thus to a Schrodinger equation with losses (i.e.
with a non-Hermitian Hamiltonian), i.e. Trpaa < 1:

9 0 Qi) o0
ia\%ﬁ = Q) A g ||Pa) (26)
0 _q7ic
g —i%
with [4) = cg0lg,0) + ceole, 0) + ez1lf,1). The pop-
ulation lost from the subspace spanned by the states
{lg,0),le,0),|f, 1)} (on which the block A is defined)
is collected in state |f,0) (on which the block {0} is
defined), so that the whole system is closed: P, o(t) +
P.o(t) + Psa(t) + Pro(t) = 1 with the population
Pl,n(t) = (z,n|p(t)|z,n> = |Ci,n 2
Rewriting (25b) we get:

d

gpﬁo(t) =T Py 1(t). (27)
On the other hand, from the definition of the average
(O) = Tr(p0O), one can write the photon flux (17) in
terms of the populations:

_dn

o) = =

(1) = TePra(t). (28)
We can then identify Py (t) as the number of the out-
going photons: Py (t) = n(t). The scheme enables us to
derive the shape of the leaking photon, through its flux
®(t) from the atom-cavity dynamics, which is determined
by the Schrédinger equation (26).

B. The scheme for a large detuning and a bad
cavity

The direct control of production of the shape of a
single leaking photon can be achieved for a large de-
tuning A > Q, ¢ (allowing the adiabatic elimination of
the excited state |e,0) [35]) and a bad cavity regime:
.> G, ¢?/A with G = —gQ/A the (assumed positive)
effective Raman coupling (allowing the adiabatic elimi-
nation of the state |f,1)). A discussion about the charac-
teristic atomic and cavity rates can be for instance found
in Ref. [28]. In particular, ¢ and T'. can be modified
through the length L of the cavity for a given transmis-
sion T (w,) of the lossy mirror: I', = ¢T (w.)/L.

The adiabatic eliminations lead to:

o(t)

oolt) = 0" (298)
C(t) = /t | dt’Q A<t/), (29Db)
o(t) = / t dt’4G;(t/). (29¢)



We denote the initial time ¢;.  From c¢g0(t), ie.
for given g, A, and Q(¢), one can infer cp1(t) =
—12(G(t)/T¢)eq0(t) and Eq. (28) then gives the shape
of the photon flux:

B(t) = O(t)e 0, (30)

The inverse calculation allows one to tailor a desired pho-
ton flux by deriving explicitly the corresponding Q(t) (for
given g and A). This is achieved by determining 6(t) from
(30):

0(t) = —In {1 — /tf dt’fI)(t’)] : (31)

We get the simple expression for the Rabi frequency by
deriving this latter equation and from (29c):

AT, ()
29 \[1- [ ara)

Q) = (32)

We remark that this definition of the Rabi frequency can
diverge at large time. To prevent it, we introduce an
efficiency parameter n < 1 which will ensure that Q(t —
+00) = 0 when ®(t — +o00) =0 [18].

Numerical results for a chosen Gaussian probability for
the single photon shape

n o\2 +o00

o) = 7= e ()7, /_Oo dt)ydt =n,  (33)
of width T are shown in Fig. 4a. Using I'. = 50/T,
we obtain max; G(t) ~ 5.5/T <« T'.. We have also
checked numerically the resulting flux by determining it
from the numerical solution of the Schrodinger equation
(26) (without considering the adiabatic elimination) with
the Rabi frequency (32). The derived photon flux closely
follows the desired shape as expected.

Other more complex forms can be investigated through
(32) such as the ones obtained by the resonant process
with flying atoms in [18].

Figure 4b shows a different situation with a cavity
of better effective quality: T'. = 5/7 and max; G(t) =
6.25/T =~ T'., where the second adiabatic elimination
cannot be made. In this case, the leakage of the pho-
ton occurs earlier and faster due to the earlier peak of
the coupling. The better quality of the cavity leads to a
deformation of the tail of the photonic shape.

IV. PRODUCTION OF A TWO-PHOTON
STATE BY TWO DRIVEN ATOMS TRAPPED IN
CAVITY

The generation of a N-photon state has been investi-
gated using, for instance, the Zeeman sublevels of a single
alkali atom [21]. Here we determine the property of the
derived two-photon state when two driven A-atoms are
in a cavity.
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FIG. 4. (a) Rabi frequency Q(¢)T (32) with (g,T'¢c,A) x T =
(25,50,100), n = 0.99, determined from the desired Gaus-
sian shape flux ®(¢) (33) [desired (dashed line) and numerical
from the original model (26) (thick line)] of the single photon
through the semi-transparent mirror (1n units of T'); number
of outgoing photons n = fﬁ dt'd(t') =T, f dt'|cpa(t)]?
during the process (thin line). (b ) Same as above but for
I = 5/T and a chosen Gaussian Rabi frequency Q(¢) =
25 exp[—t%/T?]/T.
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FIG. 5. 2-atom-cavity system. States |i) ® |j) = |ij), 4, ]
g,e, f describe A-atoms 1 and 2. Rabi frequencies Q, k=1,
drive the transitions |g) — |e).
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A. The model and the scheme

We consider the system shown in Fig. 5: We assume
that each atom can be driven independently by two Rabi
frequencies €27 and 5. The atom-cavity coupling g for
the transition e <> f allows the production of photons in
the cavity mode leaking outside with the rate I'.. The
Hamiltonian of the system is given by (3) for N = 2.
We proceed as for the case of one atom and consider a
large detuning (A > Q;,g). Stark shifts proportional to
Q?/A and ¢g?/A appear from the elimination of the ex-
cited states, but the second condition of leaking cavity
T'. > G; make them negligible in the dynamics, as they
are in the same order of magnitude than the effective
Raman couplings G; = ¢9;/A. The effective Hamilto-
nian in the dressed basis {|1)=|gg,0),|2)=|fg,1),|3)=|gf,1),|4)=
|££,2),15)=1£9,0),16)=[g£,0),|T)=| £ £,1),[8)=| £ £,0)} (We have rela-
beled the basis elements for convenience) writes:

A [0]4x3 [0lax1
Hsap(t)= | [Olsxa B  [Osx1 |, (34a)
| [0]ixa [Olixs O
rT0 Gy Go2 0
e o 0 a6
A=l 0 0 6 | (34b)
L 0 Gy Gi 0
[0 0 G
B=|0 0 G (34c)
Gy G1 0

It features three blocks A, B and {0}. Due to the strong
cavity leakage, the dynamics flows from block to block, as
in the preceding case starting from the initial condition
|i) = |gg,0) in the block A. The corresponding dynam-
ics is schematically depicted in Fig. 6. The dynamics
is given by the Lindblad effective equation (22), which
can be reformulated with a non-Hermitian Schrédinger
equation for the block A:

0 Gt Go 0
0 |G =i 0 Gy
= e 0t Lt q

2
0 G Gi —il.

[pa). (35)

In the limit of strong leakage I'. > G;, one can solve
this equation. The dynamics for the block B features a
Lindblad equation with a probability source

d o~ -
;BB = —i(Bpee — pB') + T.CpaaCl  (36)

with

) 0 0 G 010 0

B=|0 0 G [,Cc=]|001 0|, (37
Gy Gi —ile 000 V2

which becomes in the Redfield representation

d - ~ —
/e =—iBols - Ip® BN)gge +I.Y, (38)

that is of the form X(t) — M(t)X(t) = Y(t), where
BB = [044,0457P46,0547P55,P567P6470657/)66]t corre-
sponds to the column form of the density matrix ppp
associated to the block B, and Y is the Redfield repre-
sentation of the source term.

19 (t:))

!

A(t) B(1)
[al(t)) - opp(t) V@kflfﬁ 0)

FIG. 6. Dynamical map of a two-atom system driven by two
laser fields and trapped in a cavity. The dynamics splits into
3 blocks [from left to right, A, B, and {0}, see Eq. (34)]
connected by the cavity decay rate I'. = 22,

The outgoing photon flux reads

(1) = Te(Prgigra(t) +2Prp2(t) + Prpa(t)) (39a)
= Drggra(t) + @rpa(t) +Pppa(t),  (39b)

where, here, Pss o can be neglected as I'c. > G; and the
term Ppg.g51(t) = Ppg1 + Pyp1 describes the emission
of a single photon. One finds thus that the photon flux
is a sum of partial photon fluxes: ®(t) ~ ®fg.0r1(t) +
®s1(t), each one corresponding to the production of a
single photon.

B. Numerics

Figures 7 and 8 show the photon fluxes, for Gaussian
pulse shapes of peak amplitude Qq: Q1 (t) = Qp exp[—(t—
to + 7)2/T?], Qa(t) = Qoexp[—(t — to — 7)%/T?], deter-
mined numerically for the following two respective cases:
(i) sequence of laser pulses (the laser 1 is switched on be-
fore the laser 2), and (ii) simultaneous laser pulses. They
confirm that Py o is negligible. In the first case, we ob-
tain @rg.0¢,1(t) = P4,1(t) and the photons are produced
one by one with the time delay as the delay between the
laser pulses. Numerical results of Fig. 8 show that the
partial photon fluxes overlap, but not fully: The photons
are not generated separately. The resulting multipho-
tonic state is then not a Fock state as defined in [36, 37].

C. Characterization of the photonic state
1.  Multi-mode representation

According to Ref. [37], general one and two-photon
state |14), |2w) can be fully characterized from the knowl-
edge of a function ¢(w) for the single photon and a two-
variable function ¥ (w1, ws), both defined in the frequency
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FIG. 7. (Upper panel) Rabi frequencies (in units of T') of

delay 27 = 2.87. (Middle panel) Populations in the dressed
basis for (Q0, A, g,I'c) x T = (15,100, 40, 40). (Lower panel)
Outgoing photon flux ® = @41 + Pysy1 + Pyr 2 (in units of
T) and outgoing photon number (dark blue).

domain:

1) = alfvac), af, ::/_mdw(w)iﬂ(w), (40a)

1
29) =

+oo
- J\T/ dwlde\IJ(wl,wg)bT(wl)bT(wgﬂvac),
2 J

(40b)

where Nj is a normalization factor, and bf(w) is a cre-
ation operator for a photon in the vacuum, outside of
the cavity. In the time domain, the same states write
equivalently:

14) = al [vac), al, := /_mdté(t)zﬁ(t), (41a)

12) = A1//+°° dbrdts B (ty, £2)8 (1) (t2) vac). (41D)
2 J -

where we introduce the one and two-time Fourier trans-
forms of ¢(w), ¥(wy,ws), respectively:

5= [ 7 dwd(w)e . (42a)

. 1 +oo .
U(ty,t2) = (27r)2/ dwy dws U (w1, wo e~ Wititwata)
(42b)

and, considering the previous functions to be square-
integrable and normalized, the two-photon normalization
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FIG. 8. Same as Fig. 7 but for Q,(¢) = Qa().

factor is shown to be (for the time domain):
+oo ~ ~
NQ =1 + / dtldtzqf(tl,tg)\:[/*(tg,tl). (43)

In the following, we make the connection between

U(t1,t2) and the photon flux in the vacuum:

(1) == (b (1)b(1)) = (20| b (£)b(t)|24).

Using equation (42b) with the expression of the flux, we
show that it splits into a sum of two partial fluxes of the
form:

(44)

D(t) = 21 (t) + o(1), (45a)
O (t) = A% /+M at’ (\if*(t,t’) + \i/*(t’,t)) G(t, 1),
- (45b)
By (t) = /%2 /M at’ (\I/*(t,t’) + \i/*(t’,t)) Gt 1).
- (45¢)

The expression for the photon flux derived here can be
used to recover the photon number, by integration over
time . We see from the latter expression that the inte-
grated partial fluxes both provide a single photon num-

ber, that is:
+oo
/ dt @1 0(t) =1,

which naturally brings a two-photon number for the total
flux. However, we have to pay attention to the meaning
of the partial fluxes ®; 5. Their time integral being one
does not mean that they carry one single photon, whose
general state representation is given by equation (41a).

(46)



Well-separated single photon fluxes

The flux of a single photon is given, using the commu-
tation relation [b(t),b(t')] = 6(t —t') and the temporal
function ¢(t):

up(t) = {Ls| BT (1)b()[16) = |S(D) . (47)

If two single photons are emitted with a time delay 7 such
that 7 > T, where Ty, is a characteristic pulse width
for a single photon, then the two photon state function
writes:

U (ty,ta) = d1(t1)pal(ta), (48)

where ¢ o(t) are the temporal functions of the first and
second single photons, respectively. Those two functions
respect ¢1(t)p2(t) = 0 for all ¢, as the single photons are
well separated. As a consequence, we have My = 1 and
the partial photon fluxes (45) become simply:

Dy 5(t) = |Pr2(t)]*. (49)

As a consequence, the state (41b) writes as two orthogo-
nal single photon states:

120) = [14,)]14,)s

o1 = [ B 0)da(t) = 0.

(50a)

(50b)

General two-photon Fock state

A Fock state with two photons has a temporal function
which must be factorizable into two identical functions:

Dop(ts, t2) = G(t1)o(ta), (51)

such that the general two-photon state (41b) can take
the form:

(a5)°
NGT]

The criteria on producing a two-photon Fock state is then
to have the partial photon fluxes (45) overlapping com-
pletely:

[24) = |vac). (52)

1 (1) = () = |9(1) . (53)

Outgoing two-photon state with two atoms in a cavity

We analyze the results showed in fig. 7,8: for the first
case, we have two non-overlapping partial photon fluxes,
each carrying one single photon. The outgoing photon
state is then |14,)|14,), where:

é1(t) = (1), (54)
Ga(t) = Gt +71), (55)

71, being the delay between the two single photons, cor-
responding to the delay between the laser pulses. The
wavefunction of this state can be fully determined from
the partial fluxes:

O (b1, 12)] = VA 0 (1) (1), (56)

where we have labelled the wavefunction and the partial
fluxes with a superscript (0) to specify that they don’t
overlap.

We consider the intermediate situation of Fig. 8 with
partially overlapping fluxes. We determine W(¢1,¢2) us-
ing the following procedure: We assume the form

U(t,ta) = VN>

D1 (t1) P2 (t2) (57)

where

t Ti(o) o (t+7 .
0:() ~ o ( o ) i=12 (58)
with &1 = ®gr.701, P2 = Py taken from Fig. 8 and
(I)go) =41, @éo) = @y from Fig. 7. The coeflicients
Ti(o), T; and 7; are adapted to satisfy at best (58).
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FIG. 9. Photon flux fit (dashed lines) of the partially over-
lapping photon fluxes (®1 = Pygi97,1, P2 = Psy,1 in Fig. 8),
using non overlapping flux shapes () = ®,; 1, ®Y) =,
in Fig. 7).

The result is shown in Fig. 9. We can observe very
close shapes between the exact and fitted ones. This
allows the characterization with a good accuracy of the
two-photon state of Fig. 8 by a state of the form (41b)
with (57).



2. Second-order correlation function

We study the behavior of the unnormalized second-
order correlation function G (t, 1) associated with the
outgoing field of the cavity. Based on the results of Sec.
IIB3, GA(t,7) is defined as:

G (t,7) = (M) (t+ m)e(t +7)e(t)) . (59)
The two-time second order correlation function is not de-
fined in the Schrédinger picture, because of the two time
arguments. We apply the quantum regression theorem to
compute numerically this function [38]. Using the prop-
agator U (t,to) of the total system and environment, and
the Markov assumption, one finds:

G (t, 1) = Trs{A(t +7,t) cp(t)c'}

= Trs{clcA(t +7,1)} (60)
with A(t + 7,t) and A(t + 7,t) being defined as follows:

At 4 7,t) == Tep{U(t +7,t) cp(t)c! pr UT(t +7,1)} (61)

At +7,t) = Tep{Ut +7,t) T Ut +7,t) pr}.  (62)
We see from Eq. (60) that
Trs{A(t +7,t) cp(t)c'} = Tre{cic At +7,t)}, (63)

and this equality still stands if ¢p(t)c! is replaced by p(t),
leading to

Trg{]\(t +7,t)p(t)} = Trs{cTcp(t +7)}= <cTc>(t + 7(64)

The density operator obeys the master equation

%p(t +7)=L{Et+T)p{t+T),

where L(t)p(t) = —i[Hs(t),p(t)] + VTc(ep(t)e! —
(1/2){cte, p(t)}), and the solution of this equation reads

(65)

p(t+7)=V({E+T1,t)p(t). (66)

According to (61) and (65), the same equation applies to
At + 7,t):

%A(t—‘rﬂ t)=L(t+ 7)A(t + T,1), (67)
leading to
At +7,8) =V ([t +1,t)A(L, t)
=V(t+7t)(cp(t)eh). (68)

Therefore, to determine G (t, ), ep(t)c’ is propagated
from time ¢ to ¢ + 7, and we finally get

GO (t,7) = Trs{eleV(E+7.8) (ep(t))}y.  (69)
We show the unnormalized two-time second order corre-

lation function in Fig. 10. In this calculation, we chose a
reference time ¢,cak corresponding to the peaked value of
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FIG. 10. Unnormalized two-time second order correlation
function G (tpear, 7) = G (7), with respect to the refer-
ence time tpeax corresponding to the maximum of ®(t).

the total photon flux, and we propagated the solution of
the master equation A(fpeak + T, tpeak) t0 get the results.
The figure shows a small bump due to the coincidences at
zero delays (7 = 0), indicating that the probability of a
joint generation of two photons is higher than any other
delayed generation of two single photons. However, re-
garding the sum over all possible delays, this probability
of 7 = 0 coincidence is very small.

V. CONCLUSION

In this paper, we have derived and analyzed models
for a system of A-atoms trapped in a cavity QED, fea-
turing a semi-transparent mirror, and driven by laser
pulses. Concepts, such as Poynting vector, photon flux,
input-output operators, photon state, that characterize
the propagation of the resulting leaking photons, have
been connected: We have formulated an input-output re-
lation taking into account the propagating effects, which
allows a direct interpretation of the b, operator through
the Poynting vector and the photon flux. The generated
flux is then determined from the quantum average of the
dynamics of the photon number in cavity, which results
from a standard master equation that we have derived
using the operators at z = 0.

Two particular systems have been analyzed: A single
atom or a two-atom system trapped in the cavity. In the
case of a single atom, the master equation can be refor-
mulated by a Schrédinger equation with a non-Hermitian
Hamiltonian. For the problem with two driven atoms,
the formulation leads to a Schrodinger equation with a
non-Hermitian Hamiltonian whose probability is a source
to a reduced Lindblad equation. We have considered the
simplest situation with a large detuning and a bad cavity.
In the case of a single trapped atom, one can directly link
the envelop of the driving field to the pulse shape of the



outgoing single photon which can be tailored at will. The
use of two driven atoms allows the production of a prop-
agating two-photon state. We have characterized such
generated states using a second-order correlation func-
tion and a multi-mode representation. We have shown
that, whatever the shape of the driving fields, the result-
ing two-photon outgoing photonic state cannot be a Fock
state, since the two photons cannot be generated strictly
simultaneously.

The production of multiphoton states may find appli-
cations for quantum algorithms processing and transmis-
sion of quantum information, as e.g. dense coding. In
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view of these applications, generating propagating mul-
tiphoton Fock states is of interest. We envision the si-
multaneous use of a ion trap and a cavity QED to achieve
producing such states.
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