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INCOMPRESSIBLE LIMIT FOR A TWO-SPECIES MODEL WITH COUPLING
THROUGH BRINKMAN’S LAW IN ANY DIMENSION

TOMASZ DEBIEC', BENOIT PERTHAME?, MARKUS SCHMIDTCHEN?, AND NICOLAS VAUCHELET*

ABSTRACT. We study the incompressible limit for a two-species model with applications to tissue
growth in the case of coupling through the so-called Brinkman’s law in any space dimensions. The
coupling through this elliptic equation accounts for viscosity effects among the individual species.
In a recent paper DEBIEC & SCHMIDTCHEN established said result in one spacial dimension,
with their proof hinging on being able to establish uniform BV-bounds. This approach is fun-
damentally different from the one-species case in arbitrary dimension, established by PERTHAME
& VAUCHELET. Their result relies on a kinetic reformulation to obtain strong compactness of the
pressure. In this paper we fill this gap in the literature and present the incompressible limit for the
system in arbitrary space dimension. The difficulty stems from jump discontinuities in the pres-
sure not only at the boundary of the support of the two species but also at internal layers giving
rise to the question as to how compactness can be obtained. The answer is a combination of tech-
niques consisting of the application of the compactness method of BRESCH & JABIN, an adaptation
of the aforementioned kinetic reformulation, and several parallels to the one dimensional strategy.
The main result of this paper establishes a rigorous bridge between the population dynamics of
growing tissue at a density level and a geometric model thereof.

2010 MATHEMATICS SUBJECT CLASSIFICATION: 35B45; 35K57; 35K55; 35K65; 35Q92; 76N10; 76599;
KEYWORDS: TUMOUR GROWTH, INCOMPRESSIBLE LIMIT, FREE-BOUNDARY PROBLEMS, VISCO-ELASTIC MEDIA

1 INTRODUCTION

In recent years there has been an increasing interest in multi-phase models applied to tumour
growth. Traditionally, tumour growth was modelled using a single equation describing the
evolution of the density of tumorous cells. This paper is dedicated to studying the two-species
model
()
Iy, (i)

—vAWL + Wi = py,

where n(® represents the density of the healthy (resp. cancerous) cells, for ¢ = 1,2, and py,
denotes the joint population pressure generated by the two species, i.e.,

ko
Pk = mnk )

where
ng = n,(:) + n,(f),

denotes the total population. The model parameters £ € N and v > 0 model the stiffness of the
pressure and the level of viscosity, respectively. Note that the velocity field, W, is generated
by the joint population pressure through so-called Brinkman’s law, for instance cf. [1]. Unlike
Darcy’s law, the Brinkman flow incorporates viscosity effects into the model. In addition to the
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2 INCOMPRESSIBLE LIMIT

advection, the two cell densities are assumed to proliferate. This effect is encoded in the two
functions G®, for i = 1,2, which are assumed to be decreasing in their variable, pj, similar to
[10, 26]. This accounts for an inhibited growth whenever the joint pressure gets too large.

The total population plays an important role in the analysis of these types of models that was
exploited in many related results, cf. [11, 14].

It is easily verified that the total population density, ny, satisfies

on
1) 8—: — V- (ngVWy,) = ny, <rkG(1)(pk) + (1 —rp)GP (pk)>,
where 7, denotes the concentration
) ri =) [,

also referred to as the population fraction. Related models have been extensively studied in the
past. We refer to [23, 25], and references therein, for a study of the stiff limit for a single-species
visco-elastic tumour model. As above, the velocity field is given by Brinkman’s law. Another
approach was taken in [21] where the authors construct viscosity solutions to the same visco-
elastic single-species tissue growth model. Their result extends the result of [25] in that they
obtain pointwise convergence and, what is more, uniform convergence away from the boundary
of the support. Similarly to [25], a part of the paper is dedicated to studying the evolution of the
support as a geometric flow. However, they observe that a regularisation of the velocity field is
sufficient to apply the method of characteristics, to pass to the limit later, and to obtain the same
complementarity relation of the limiting pressure.

In their case, the pressure is directly linked to the density itself, rather than the sum of the two
densities.

As a matter of fact, coupling the two equations for the individual species through Brinkman'’s
law, this time generated by the joint population pressure, changes the behaviour dramatically
and the strategy of a kinetic reformulation used in [25] cannot be applied directly. Two of the
authors were able to establish the incompressible limit in the one dimensional case, cf. [14].
Their proof mainly relies on establishing uniform BV -bounds for the two species as well as the
total population. In conjunction with the compactness criterion [18, Lemma A] they infer the
strong compactness of the pressure which suffices to pass to the limit. In their paper, the authors
already note that the BV -strategy fails in higher dimensions and they posit new techniques be
indispensable in the quest of extending the result to higher dimensions.

Even in the inviscid case, i.e., v = 0, the system nature of the problem causes serious analytical
difficulties, cf. [9, 11, 16]. In this case, the pressure does gain a bit in regularity. Yet, this gain
in regularity is just about sufficient to obtain strong compactness of the pressure gradient. We
highlight that similar difficulties arise when the pressure is not given in form of a power law
but blows up at a finite threshold, cf. [12,13, 17]. All these results have one thing in common —
their minute study of the equation satisfied by the population pressure, ¢f. [9,11-13, 16, 17, 20—
22,24, 25], which allows for proving the existence of solutions and obtaining estimates that are
uniform in the stiffness parameter, .

The innovation of this work is to combine techniques for the one-species case in any space
dimension and the two-species case in one dimension. In conjunction with a nonlocal com-
pactness criterion, originally introduced and devised by BRESCH & JABIN, cf. [19], the required
compactness is obtained and the passage to the incompressible limit is accomplished.

This technique, just like the aforementioned results, rely on a clever choice of auxiliary variables:
it is readily checked that the joint population pressure satisfies

0 E—1
% = Vb VWi = ——pj, [Wk — pr +vreGY (pr) + v(1 = 1) GO (Pk)]v
where the population fraction ry, satisfies
ark

Sr = Ve VWi =ri(1 =) GO (1) = GO (py)].

This change of variables was first introduced in [3-5] in the context of a two-species system
where the two species avoid overcrowding, paving the way for more modern approaches to
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tumour models linked through Darcy’s law, cf. [6, 9, 11, 16].

The rest of this paper is organised as follows. In the subsequent section, Section 2, we give a
precise statement of the problem. In addition, we introduce the key assumptions on the growth
terms and the initial data. Finally, we state the main result of this work, the incompressible limit
and the complementarity relation. Section 3 is dedicated to establishing certain a priori esti-
mates on the individual species, the pressure, and the velocity field given through Brinkman’s
law. Section 4 is devoted to establishing the strong compactness of the two individual species
as well as the total population. Note that this is where we deviate from the strategy of [25]
and, instead, follow [28]. A key step in the argument is to study not only the individual species
but to include the total population in the estimates. At first glance, this approach may seem
rather absurd and the reader might wonder what could possibly be gained by incorporating the
total population into the estimates that has not already been obtained from the two individual
species. However, this strategy already proved most useful in [14] as certain cancellations can
be obtained in doing so. Having established the strong compactness of the individual species,
we address the compactness of the pressure in Section 5. Here, we borrow the technique of the
kinetic reformulation from [25] to lift the strong compactness of the individual species to the
joint population pressure. In Section 6 we gather all preceding results and establish the proof of
the main result of this work, i.e., the incompressible limit and the complementarity relation.

2 PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

We study the system
MG (v G0
o v <nk k) =Ny (Pk)7
(3a) )
on 2 2
=V (W) = 6P ),
posed on (0,7) x R<. Tt is coupled through an elliptic equation, the so-called Brinkman’s law
(3b) —vAWL + Wy, = pp.

The system is equipped with non-negative initial data
(4a) ny) € LY(RY) N Lo (RY),
for any £ > 2, such that
Do,k € Ll(Rd) N LOO(Rd), aswellas pgj < Py,
for some positive constant Py > 0. In addition, we assume that the initial data are compact, i.e.,
for i = 1,2, there exist non-negative functions ni) e Ll (R%) N L>(R?), such that

0,00
(4b) g — n,

strongly in L*((0,T) x RY), as k — oc.
As before, the pressure is given in form of a power of the joint population, i.e.,

L Y A R ) L S S|
©) p"“‘_k—1<”k +”k) Tk—1k
Recall that the pressure satisfies
0 k-1
(6) % = Vb VWi = ——pi [Wk — pi +vreGY (pr) + v (1= 1) GP) (Pk)]7

with the population fraction, ry, := n,(gl) /nk, given by

(7) % — V- VW, =r,(1 — 1) {G(l)(pk) - G(z)(pk)} '
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Throughout the paper we assume the following regularity and properties of the growth func-
tions, G,

8) GV eCc'(R), GY<-a<0, and max G(Py) =0,

=1,

fori = 1,2, and some « > 0, where Gg) denotes the derivative of the function G with respect
to the pressure. We remark that the constant Py is usually referred to as the homeostatic pressure.

Remark 2.1 (Existence of solutions). Let us point out that existence of bounded weak solutions
to System (3) has been recently established by DEBIEC & SCHMIDTCHEN, cf. [14], using a fixed
point argument. For the reader’s convenience we recall here the precise statement.

Theorem 2.2. Let T' > 0. For any initial data satisfying (4), System (3) admits a unique distributional
solution (n{", n?), with n{") € L*(0,T; L*°(RY)).

In fact, in this paper we establish compactness of the sequences of individual densities, which
would allow for another proof of existence, via a viscosity approximation approach, see also [2].

Below we formulate the main result of the current work.

Theorem 2.3 (Incompressible limit and complementarity relation). We may pass to the limit k —
oo in the pressure equation, Eq. (6), using strong compactness of the pressure and the two species. This
yields the so-called complementarity relation

(9) Poo [Woo — Pt l/nglo)G(l)(poo) + Vnc()QO)G(Q) (poo) =0,
almost everywhere, where n((fo), satisfies

anl) _ o

V- (09w ) = nQe0 (),

VAW + W = Poo,
in the distributional sense, for i = 1,2. Moreover, the following holds true almost everywhere
Poo(Noo — 1) = 0.

In other words, Theorem 2.3 provides a rigorous link between the description of the evolution
of the two populations, ¢f. Eq. (3a), and a geometric free-boundary model of Hele-Shaw flavour.
Regions with positive pressure correspond to fully saturated areas, since poo(n.o — 1) = 0, and
on such domains, the pressure is given by the so-called complementarity relation, cf. Eq. (9). The
rigorous derivation is already known in one spatial dimension, cf. [14] and, for one species, in
any dimension, cf. [25]. In both works the authors emphasised the possibility of jump disconti-
nuities in the pressure which renders the problem of obtaining compactness rather challenging.
An extension of the strategy of [14] to higher dimensions appears futile, as does the extension
of [25] to two species due to the contribution of the individual species and their role in the iden-
tification of weak-* limits in the kinetic reformulation. The subsequent sections are concerned
with the proof of the main theorem.

3 A PRIORI ESTIMATES

The proof of Theorem 2.3 relies on certain uniform bounds for the main quantities of interests,
i.e., the population densities, the pressure, and the velocity field. These will be vital when
passing to the limit £ — oo. The proofs of most of these assertions are rather straightforward,
and have been carefully written in previous works of the authors, ¢f. [14, 25]. We therefore skip
them here for brevity.

The first lemma establishes uniform bounds for the densities and the pressure.

Lemma 3.1 (A priori estimates I). The following hold uniformly in k for any T > 0.
(i) n,(f) >0, for i = 1,2,
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(i) ni € L=(0,T; L' (RY)),
(iii) p € L>°(0,T; L>°(R%)), with 0 < p;, < Py,
(iv) ny, € L>=(0,T; L>(R%)),
(v) pr € L(0,T; L} (RY)), and
(0i) n{) € L=(0,T; L>*(RY)), for i = 1,2.
The second lemma states some useful observations regarding regularity of the sequence (W}),.

Recall that a solution W}, to Brinkman’s equation, Eq. (3b), may be written as W}, = Rxpy, where
R is the fundamental solution to the equation —vAR + R = dy, i.e.,

R(z) = ﬁ /000 exp [—(77|3:|2/45V + S/47T)]S_d/2 ds.
Then & > 0, [f#(z)dz =1and
R e LYRY),
for1 < g <d/(d—2),aswellas,
VA& e LI(RY),

for 1 < ¢ < d/(d — 1). By the elliptic regularity theory we have W}, € L>(0,T; W*%(R?)), for
1<qg< o0

Lemma 3.2 (A priori estimates II). The following hold uniformly in k for any T' > 0.
(i) Wy € L>®(0,T; L' 0 L=(RY)),

(ii) Wy € L0, T; WH(RY)), for 1 < q < oo,

(iii) V2W), € L>=(0,T; L9(RY)), for 1 < q < oo,

(iv) Wy, € LY(0,T; LY(RY)), for 1 < q < oo, and

(v) ;VW;, € LY(0,T; LI(RY)), for1 < q < d/(d —1).

Using the above lemma and the boundedness of W}, we have the following result.
Lemma 3.3 (Integrability and Segregation). If both species are segregated initially, i.e.,
rok(l —rox) =0,
almost everywhere, then there holds
r(t, x) (1= ri(t,z)) =0,

almost everywhere, for all times 0 < t < T. Moreover, r (1 — rox) € L*(R?) implies 7,(1 — 1) €
L>=(0,T; L' (RY)).

It is easy to infer from the preceding lemma that the population fraction itself is integrable.
Remark 3.4 (The population fraction is locally integrable). The population fraction rj, is bounded

in L>°(0,T; L} _(R%)).

loc

Finally, the following lemma establishes an L!-bound on the right-hand side of the pressure
equation.

Lemma 3.5 (A priori estimates III). The following estimate holds for any T > 0

T
k / / el Wi — i + w16 (pg) + v(1 = 1) G (py)| dr dt < O(T),
0 R4

for a constant C(T'), independent of k.
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This estimate follows directly from studying the dissipation of the quantity
= w60 )+ o6 )|
R

along solutions of System (3). Since the proof is parallel to the one dimensional case, we refer
the reader to [14, Lemma 4.3] for a detailed derivation of this bound.

4 STRONG COMPACTNESS OF THE DENSITIES

The aim of this section is to establish local strong compactness of the two individual species, i.e.,
(n,(;)) i for i = 1,2. To this end, we follow the strategy originally proposed by BRESCH & JABIN,
cf. [8], (see also [7]) in the context of compressible Navier-Stokes equations with non-monotone
pressure law and anisotropic stress tensor. Their approach has also been adapted to the case
of the whole space, R?, with a growth term on the right-hand side of the continuity equation
in [28].

Here we adapt their strategy to the case of a system of two interacting species, where the inter-
action is given by the elliptic Brinkman’s law and the individual growth terms. The main result
of this section reads

Theorem 4.1 (Compactness of the species). Suppose the initial data n&z is compact, in the sense of
Eg. (4b), and suppose the growth terms satisfy Eq. (8). Then both the individual species and the total

population density (ny),,, (nlgl))k, (nl(f))k are compact in L}, .((0,T) x RY).

loc

In particular, this will be used to conclude the following.

Corollary 4.2 (Strong compactness of ;). The sequence (r},),., of population fractions, is compact in
LP(0,T, L} (RY)), forany 1 < p,q < oc.

loc

Remark 4.3. It is worth pointing out that even though our ultimate objective is to obtain strong
compactness of the pressure, we cannot apply the method presented below directly to the pres-
sure in order to accomplish this task. This is due to the fact that the right-hand side of the
equation satisfied by the pressure, cf. Eq. (6), is merely in L!, ¢f. Lemma 3.5, which turns out
to be borderline for obtaining estimates independent of the parameter k. As we will see, to
establish compactness of the pressure, we need compactness of the densities, n,(j), and the re-
markable aspect of Theorem 4.1 is to prove compactness of the densities when the pressure is

merely bounded (and not necessarily compact).
For clarity of exposition, throughout this section we will omit time dependence in the quantities

of interest, writing ny(x), rather than ny(t, x).

4.1 The Compactness Criterion. We begin the proof of Proposition 4.1 by setting out the com-
pactness criterion of Jabin et al. We omit the proof, referring the reader to [2, Lemma 3.1], or [8,
Proposition 4.1], for a detailed motivation and explanation thereof.

Lemma 4.4. There exists a family (Kp,)o<n<1 of smooth, non-negative, symmetric functions on R? such
that ||KChl 11 ray ~ |log h| as b — 0, and satisfying

(10) |2[[VER(2)| < CKh(2),

such that the following holds. Let (ny,),, be a uniformly bounded sequence in L((0,T) x R%), for some
1 < q < oo. If (Oyny),, is uniformly bounded in L*(0,T; W ~15(R%)) with s > 1 and

1
limsup ( ————— [ Ku(z —y)lnk(z) — ni(y)|?dzdy | — 0,
k 1Al L1 (ray Jr2

as h — 0, then (ny),, is compact in L{ _((0,T) x RY). Conversely, if (ny,), is compact in L}, ((0,T) x
RY), then the above quantity vanishes as h — 0.
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We refer the reader to the Appendix, where we provide further details of a possible choice for
the kernels Cj,.

The above lemma is the cornerstone of our compactness argument for the individual species and
the total population. However, rather than directly investigating the quantity introduced in the
above lemma, let us first consider a weighted version. The weights shall be chosen specifically
to fit the problem at hand, as described below.

4.2 Definition of the Weights. We define the weights vy, as solutions of the transport equation

B
Pk Yy, - VWi = —\Byug,

(11) ot
ve(0,2) =1,

where By, = M|V2W}|. Here ) is some non-negative constant which will be fixed later on. By M
we denote the maximal operator, defined by

1

Mf(x) = sup ———
f@) 02eer [Bo(e)] Bo(e)

flz+2) dz,

where By(¢) denotes the Euclidean ball of radius € centred at zero. Recall that for any p > 1, the
maximal function is a bounded operator on L?, and we have the following inequality (see, e.g.,

[271)
[@(2) = @(y)| < Clz —y|[(M|VO|(z) + M|VO|(y)),
for any ® € WL (RY). Note that, due to the estimates in Lemma 3.2 and Eq. (3b), we have that

By, defined in Eq. (11), is uniformly bounded in L?((0,7") x R%). This allows us to deduce the
following properties of the weight vy.

Proposition 4.5. Let us assume that VW), is given and that it is bounded in L? ((0,T) x R%) N

loc

L>(0,T; HY(RY)) uniformly in k. Thus, there exists a unique solution to Eq. (11). Moreover, we have
(i) 0 < wi(t,z) < 1, for almost every (t,x) € (0,T) x R%

(ii) If we assume moreover that (ng), W).) satisfies System (3) and n,(f) is uniformly bounded in
L2((0,T) x RY), there exists C > 0, such that

(12) / ng)\ logvg|dax < CA.
R4

Proof.

(i) Since V2W; € L%((0,T) x R%), we have that B, € L?((0,T) x R%). Since also VIV, €
L2 ((0,T) x RY) N L>(0,T; H'(R?)), by standard theory of renormalised solutions to the trans-
port equations, cf. [15], we may construct a non-negative solution to Eq. (11). Moreover, since
By, is non-negative, we clearly have that v, < 1, since it is satisfied initially.

(77) From part (i), we have |log vi| = —log vi. By renormalisation of Eq. (11), we have
0
E‘ log vi,| = VW, - V|log vi| = ABk.

Therefore, using also the continuity equations, Egs. (3), we get

9 ( @ i i i i
gy <n;(€)\ log Uk’) -V (n;(g)’ log Uk’VWk) =y [log vy |G (p) + Anj) By.
Upon integrating in space and using the assumptions on G, cf. Eq. (8), we deduce
i/ n,(;)\ log vg|da < G(i)(O)/ n,(;)\ log vi,| do + )\/ n,(j)Bk dz.
dt R4 R4 R4

Using Gronwall’s lemma, we obtain

. . T )
/ n,(;)| log vg|(T, x) dz < AeCPOT / / n,(;)Bk dx dt.
R4 0 JRd



8 INCOMPRESSIBLE LIMIT

Finally, since Bj, and nl(f) are uniformly bounded in L2((0,7) x R%), we conclude using the

Cauchy-Schwarz inequality. Note that this part of the proposition is also true for the total pop-
ulation 7y, replacing “G(*(0)” with “max G (0)” in the proof. O

4.3 Propagation of Regularity for the Transport Equation. Here we carry out a preliminary

calculation, which will be used in the following subsection. We first compute the equation

satisfied by the difference ‘ng) (x) — ng) (v) ‘ Using the equation for nl(f), we get

O (@) = w) + Ve - (~IWe@) (o (@) ) ) + V- (Il (0 @) ~ 0l )

S (AWy(@) + W) (1) (@) ~ 0 0)) + 3 (AWi(z) ~ AWi(y)) (n (@) +n (1)
+ (@G (o)) = W)ED (pr()) )
Upon multiplying by o = sign (n{” (z) — n{’ (y)), we deduce
=|nt @) =l )] + V.- (—vvmw)(nﬁ’(w) =0 (w)]) + 9y - (~IWiw) o (@) = (v)])
S (AW (@) + AW() | (@) — ) ()] + S (AW () — AW (1)) (n (@) + ) (1))
+ (nﬁf’ (@G (pr(a)) = (1) G <pk<y>>)a<">.

Similarly, with o = sign(n(x) — ni(y)), we obtain

0

5 k() = ng(y)| + Vi - (=VWi(z)|ni(x) — ne(y)]) + Vy - (=VWi(y)[ne(z) — ne(y)|)

= S(AWL() + AWL) k(@) — ()| + 5 (AWe(a) — AWe()) (na(x) + naw)or
+ (n @D u(@) ~ n )G Gr(w) + 1 @GP (@) — ) WGP (pr(w))) o

for the total population. The above computations can be made rigorous, for a fixed k, using the
renormalisation technique of DIPERNA & LIONS, cf. [15].

4.4 Calculation towards Gronwall’s Lemma For i = 1,2, we now introduce

Ry (1) = L nla = 9)[ng (@) = 0 )| (n() + on()) de dy,

where the weights vy, satisfy Eq. (11). Similarly, for the total population n; = ng) + nl(f), we

define

R () = /R Kn(x = y)lni(@) = ni(y)|(von(2) + vn(y)) de dy.
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Using Eq. (13) we have, fori = 1,2,

d

D) gy — (1) (Z) Iy,
RO =2 [ fnl@) - n)

5 (@) dzdy

-2 o Kn(z — y)AWk(w)‘ng) (2) — ng) »

(v () + vi(y)) dedy

+ [ Knle = ) (AWi(a) — AWi() (0} (@) + 1 () o Ve drdy

+ [ e =) () @G ) = ) )G r0)) ) 0 (on(0) + vx()) d dy

—_ o ViKn(x —y) - (VWg(z) — ka(y))"l’Lg) (z) — ng) )

(v () + vi(y)) dedy

= |, Knle = y)(VWi(a) - Vo) + TWiy) - Ver(y)) g (@) = nf! (v)| do dy.

Upon integrating by parts and using symmetry of the kernel XC;,, we obtain

ARy = [ Toknle - v) - (VW) — VWil N|nf ) = 0 (v)
dt R2d

(v () + vi(y)) de dy

v2 [ K@ —y|n @) - nS’(y)( (G = YW0) - Vor(o)) docty

R2d

+2 [ Kn(x = y)(AWk(z) — AWi(y))ny (@)o D vy (x) dz dy

R2d
=2 | Knlw =) AWi(e) | () = ) (9)| o) d dy
+ e =) () @G0 @) = 1 )G (r()) ) oV wn(e) + () dr dy.

Using Brinkman’s law and the a priori bounds on p;, and W}, we therefore obtain

(14) th () < AY 4 A + AD 4 L 1ORO (1) 4 React®,
where
L » VEL(z —y) - (VWg(z) — VIWi(y ‘ — nk )‘(vk(x) + vi(y)) dz dy,
i )
AP =2 [ Ko =)ol ) ol )((5’5( >—vwk<y>-wk<y>> drdy,

A =2 /de Kn(z — y)(AWk(x) — AWi(y))n)) (2)0 Doy (x) da dy,
as well as
React® = | Ki(e —v) (@G (pr() = 0 WGP (pr(y)) ) oD () + vi(y)) dz dy.

Similarly, we obtain for the total population,

o gy < AL 4 AL 4 ALY 1L OREN (1) 4+ React ),

(15) 1
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where

AL == [, VEn(z = y) - (TWi(a) = TWe()lne(e) = ma(y)l (@) + vey) dody,

A =2 [ Kl = inate) ~ m)l (G - VW) - Voulo)) oty

H
|

Al _ o . Kn(x — y)(AWi(z) — AWy (y))ng(z)ovg (x) dz dy,

and

[\

React ) = Kp(x — Z( G(l (pr(x)) — /(;) (y)G(i) (Pk(y)))a(vk(5'3) + vk (y)) do dy.

2d
R i=1

In what follows, we consider the quantity
R(t) := RW(t) + RO (1) + R (1).
As it turns out, this quantity allows for convenient cancellations in the reaction terms, and in

the terms “A3”. This strategy is reminiscent of the BV-norm propagation argument employed
in the one-dimensional case, cf. [14]. Accordingly, we define the following notation

A= AW + AP 4 AlD),
forj=1,2,3, and
React = React) 4+ React® + React*).
Combining Eq. (14) and Eq. (15) yields

d

(16) i@

R(t) < A + Ay + A3 + v 'CR(t) + React.

The terms A; and A, are (almost) the same as in previous works, cf. [7, 8, 28], and can be
handled using only the uniform bound on the velocity field —VW}. We therefore begin by
estimating the reaction terms and the term As.

4.5 Treating the Reaction Terms. First let us address the contribution coming from the reac-

tion terms, React*!). Recalling the notation o(?) = &gn(né )( ) — ng) (y)), we obtain for the two
individual species

react( ( )G (py()) - nEZ’ OERICAMIER
=GV \ V)| + (V) = 6D ory) ) ny o
< HG@HM(n,&” (z) - n;&” <y>\ + |G wr(@) = GO ry))|nf) ),

having used the fact that [o(?)| < 1.
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Similarly, an expression for the sum, n; = né ) + nf), may be obtained, i.e.,

react(*) = (ng)(x)G( )(pk(x)) — nlgl)(y)G(l)(pk(y) + nl(f) (ﬂU)G(Q) (pr()) — nl(f) (y)G(Q) (Pk(y))U
= GO (@) (n (@) = () )0 + (GO r() = GO 1) )l ()
+ GO () (12 (@) = 02 () ) o + (GP (prla) = G2 (pi(y) ) (v)er
< 16D o[ @) = )| + 162 |0 () = nf ()]
+ (G<1><pk<:c>> =GO () ) n o + (GO (pe() = G2 (i) )1l ()
Using the fact that
o = sign(ng(z) — ng(y)) = sign(pr(z) — pr(y)),

and that the functions G are decreasing, it is readily verified that adding up all three contri-
butions yields

for some constant C' > 0, independent of £. It follows that the whole term can be estimated as
React < CR(t).

react™™ + react® + react®? < C(‘ng)(x) - nlgl)(y)‘ + ‘nf) (x) — nl(f) (v)

4.6 Treatment of the Highest Order Terms. We now address the contribution of the term As.
Recall that

./43—/ ]Ch.%'— )(AWk AWk ZO'(Z () Uk )dxdy

- Kn(z — y)(AWk(z) — AWi(y))ong(z)vg(z) dz dy.

Next, notice that
ai(,f) = (AW (z) — AWk(y))a(i)ng)(x)

= v (W) = pela) = Wil) + pe(®))on @)

v W) = Wi [

o @) — i) g (@),

having used the fact that o) < 1, as before. Finally, the term stemming from the joint popula-
tion reads

ay™ = (AWi(2) — AW(y))oni ()
= v (Wi(2) — pr() = Wi(y) + pr(y))on(z)
= v o (Wi(x) = Wi(y)nw(z) — v pr() — prly)lne (@)
< v Wi(z) = W)kl oo — v~ pw(x) = pr(y)|nn(z).
Again, using the a-priori bounds, it is immediate that adding up all three terms yields
o + 0 + ol <v7ICWi(@) - Waly),

(1) (2)

due to the cancellation n; ’ 4+ n, "’ — n; = 0. Therefore we obtain the following bound

17) da 0710 [ Kl = p)IWie) = Welo)lon(o) dady.
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This concludes the estimate of the highest order term for now. Let us just remark at this stage
that the quantity on the right-hand side vanishes, as h — 0, due to local compactness of W, and
the “converse” statement of Lemma 4.4.

4.7 Estimates of A; and A,. For the readers’ convenience we recall how to estimate the re-
maining terms in Eq. (16).
First, we make use of the following inequality

where
1 |V2Wk(az + z)‘

D(;VWk( ) ‘Z’d_l dZ,

5 Jizi<o

see, for example, [19, Lemma 3.1]. We recall also that DsVW}, < M‘Vsz ,
inequality in Eq. (10) and the symmetry of K, we get

A0 [ o= lVE(w = )| (Do V(o) + Doy VW)

(Z‘nk )‘ + |y (z) — nk@)‘) (v () + v (y)) dae dy

<C | Kp@—=y) Dy VWi(z) + Diyy VWi(y))

R2d
(Z‘nk )‘ + |nk(z) — nk@)‘)vk(y) dx dy.

Using that
D|x—y|VWk‘(x) + D\x—y\vwk(y) = D\x—y\VWk(x) - D|x—y|vwk(y) + 2D|x—y|vwk(y)a

and changing the variables z = z — y, we may apply the Cauchy-Schwarz inequality and use

the uniform L2-bounds on n,(;) and ny, to deduce

Ap < C/Rd Kn(2)||Do) VWi(-) = Do VWi (- + 2)]| , dz
+C - Kn(z — y)Djg—y VIWi(y) ‘ )‘ vg(y) dz dy

+C » Kn(z = y)Dja—y| VWi (y)|nk(z) — nx(y)|vk(y) dz dy.

We may bound Dy, _,VW}, by the maximal operator M|V2Wk ,

A < C/ Kn(2)|| Do) VWi() = D VWi (- + 2) ||, dz
Rd
(18) +c/ Kn(x — y)M| V2T \Z( )( w(y) da dy
+C [ | Knla = )MV () o) = mao) o 4) s .

The last two terms on the right-hand side of inequality (18) will be controlled by the term As
and the equation for the weight vy
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From Eq. (11), we have

Ao = [ Kl =) |0 (@) = 0 @) (~2ABu(v)vi(v) dar dly

2d
R =1

4 / Kn(w — y)lna(x) — ni ()] (—27Bi () vk (v) da dy.
R2d

Therefore, combining the latter equality with Eq. (18), we deduce

A+ A; < C/d Kn(2)|| Do VWi () = D VWi(- + 2)|| ,, dz
R

+ Kl =) Y |nid @) = )] u) (OMIT0.5em] Wi ()|~ 20Be(y)) drdy
i=1

+ [ Kae = p)lnale) = ma)lon () (CMIV*Wily)| — 2ABu) dody.
From the choice of By, in Eq. (11), we can find A large enough such that
i+ Ay < C [ KDL VIC) = Dy TIAC +2)]| 2

We shall now employ the following lemma, which we state without proof, referring the reader
to [8].

Lemma 4.6 (Lemma 6.3 in [8]). There exists a constant, C > 0, such that for any u € H*(R?),

]Ch(Z)HD‘Z‘u() - D|z|u(' +z dz < C’ log h‘l/QHUHHl(Rd)'

B M ey

In our case we take u = VW, which indeed belongs to H L uniformly. Thus, we have the
estimate

(19) AL+ Ay < Cllog bV [Willy22(ga) < Clloghl'2.

4.8 Conclusions from the Estimates. Departing from Eq. (16), we obtain, in conjunction with
Estimate (17) (coming from the term .A5) and Estimate (19) (coming from the terms 4; and As3),

d
ERh(t) < CRy(t) + C|log h|"/? + V_lc/w Kn(z —y)|Wi(x) — Wi(y)lvk(z) dz dy.
R

Then, integrating in time, we obtain, for all ¢ € [0, T,

e 'Ry, (1) < Rp(0) + Cr|log h|'/?

(20) T
e /0 [ e = p)IWile) = Wi(w)loi(x) drly .

Regarding the last term we observe that

T
v [ Ko = p)IWile) = Welo)lun (o) da dy
0 2

T
<v ey / [ (e = ) Wila) — Wily)| do dy .
0

Since (Wp)y, is locally compact in L((0,T) x R%), the right-most integral vanishes in the limit
h — 0, due to the “converse” statement of Lemma 4.4.
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4.9 Removing the Weights and Application of the Compactness Argument. Let 0 < n < 1.
We define

wy = {z € R : vy(z) < ),

and denote by wy its complement in R9. We then split integration over the domain R?¢ as follows

/ Kz — ) ln(x) — ni(y)| dz dy = / Kz — ) |n(x) — ng(y)| da dy
R2d {rewgtu{yews}

@
+ (e = lns(a) = ma(y)| dody.
{zewn}n{yewn}

These integrals can now be estimated separately, in turn we have

2
/ Knlo = plne(a) — nal)| dody < 2Ry ()
{zewgtu{yews} n
and
/ (o = )lne(e) — ma)| dody <2 | (o = (o) do dy
{zewn}n{ycwn} {zewyn{yewn}
<2 [ Kp(z) dz/ ng(z)dz
R4 {zewn}
< Cllog b ng(z) dz,
{z€wy}

where we used the symmetry of £C;, and the fact that ||ICp,|| ;1 ~ |log h|. In order to treat the last
integral we observe that

/ ng(z)dx < / nk(x)w dx < C;,
{w€wn} {w€wn} | log | | log 7|

where the last inequality holds due to the uniform bound on ny|log vx|, ¢f. Eq. (12), Proposition
4.5, and the fact that, for n < 1, [logvg(z)| > |logn|, whenever z € w,. Substituting these
estimates into Eq. (21), we arrive at

Cllog h|
[logn|

2
[, Knte = plne(a) — nao)| dedy < ZRi(0) +
R2d n
Therefore, from Eq. (20), we deduce
C
[, Knte = plneta) — nao)| dedy < < (Ra(0) + logh]'?)
R2d n

C T
L or / Kn(x — ) [Wi(x) — Wi(y)| dt dz dy
vn Jo Jr2d

Clog h|
|logn|
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Since we have ||y ||z ~ |log k|, we obtain

1

TorTor Jras (@ = Wlns(e) =i (y)] d dy

Cr —1 ~1/2
< —
< ( r(0)|log h|™" + | log h| )

— — did
b / [ e = ) Wi(e) = Wi(y)| didady

_C
|log |

‘71/4

Choosing n = |log h ,wehaven — 0as h — 0. Then

" [ Knle = pln(e) = ()] de dy

1Kl 1
< Cr(Ra(0)|10g h| /4 + [10g b /%)

C T
i W /0 R2d Kn(x —y)[Wi(x) — Wi(y)| dt dzdy

+L
|log |log h||”

Of course, the above calculations are oblivious to replacing n;, with ng). Hence, finally, we

obtain the desired compactness of the sequences (n;), and (n,(j)) w © = 1,2, as stated in Theo-
rem 4.1, by applying the compactness criterion in Lemma 4.4. Indeed the estimate on the time
derivative is a direct consequence of the a priori estimates.

Proof of Corollary 4.2. From Remark 3.4 in conjunction with the fact that 0 < r;, <1, we infer the

boundedness of the sequence () in L>(0,T; L}, . N LS (R)). Since both n,(j) and nj, converge
not only strongly but also pointwise, we deduce the strong compactness of the sequence (7),,

in any LP(0,T; L1 (R%)), for1 < p,q < oo. O

loc

5 STRONG COMPACTNESS OF THE PRESSURE

In order to be able to pass to the incompressible limit, stated in Theorem 2.3, we require strong
convergence of the pressure sequence (py),. As pointed out before, cf. Remark 4.3, we cannot
hope to propagate initial compactness for the pressure and therefore the strategy of Section 4
cannot be employed. Accordingly, a different approach has to be found. The main challenge
in this endeavour is the absence of any estimates on the derivative of pj, unlike in the inviscid
case, cf. [9, 20, 22-24]. To remedy this, we follow the idea of kinetic reformulations developed
in [25], and thus investigate possible oscillations of the sequence of pressures. Let us recall the
equation satisfied by the pressure, py, i.e.,

Op: k—

(22) ot Vpp - VW, =

We now introduce a farmly of functions {H,}, as follows. Let

k—1

1
P Wi = i+ v GO () 4+ v(1 = )G ()| =

PrQk-

HA(W) i= H(r, W) i= [1d=rGO () = v(1 = )G ()] (),

where the inverse is to be understood in the p-variable. For a fixed r, we then have that H, is
increasing and has a bounded derivative, i.e., H. < C, for some C' > 0. Moreover, notice that
for any fixed r € [0, 1] we have H,.(0) > 0. We point out that, for the subsequent analysis, it will
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prove useful to introduce the number

(23) Pm = min H(r,0) > 0.
rel0,1]

The remainder of this section is dedicated to proving the following result.

Lemma 5.1 (Strong convergence of py). Up to a subsequence, py, converges strongly in L;,.((0,T) x
Rd) towards a function p~,. Moreover, the limit function is characterised by poo = H (7o, Weo)1 {poo>0}

a.e.. Furthermore, we have that
Q(t) = {pOO('vt) = H(TOO7 WOO(vt))} = Rd\{pm('at) = 0}7
is the image of Q° := {peo(t = 0) > 0} by the limiting flow Y, (t), defined by

{ %y(x)(t) = —VWao(t,Y(5) (1)),

Finally, we have for all T' > 0,

T
(24) k:/o /dek(t,x)\Qk(t,x)\dmdt k—>—+>oo 0.

5.1 Proof of the Lemma. Step 1. Representation of Nonlinear Weak Limits. We follow
closely the proof in [25], making appropriate adaptations to our current case. To this end, we
need a representation of weak limits of p;, which we can obtain thanks to a kinetic representa-
tion.

Our first result is to establish the existence of a measurable function 0 < f(¢,z) < 1 such that,
for all smooth functions S : [0,00) — R, we have, up to a subsequence,

25) Stoe) = SO)1L= 1) + S(Hlroe, W),
in the weak-* sense in L>°((0,7) x R%) and

(262) S(O)(1 = 1)+ S(Hra W) f = SO)+ [~ S0 s
where

(26b) X(E36) = [t 2) L0t Hroo (t,2),Woo (£,2)) }-

In particular, notice that for S(p) = p, we find

(27) Poo = f H(roo, Woo).

In order to prove these results, we define

Xk (t, 23€) = Ljoce<py(ta))s

and we write
8) S = 50) = [ S'€)0(t.i€) de

We can extract a subsequence, still denoted (py, ), such that {x;}, converges in the weak-* sense
in L°((0, 00) x R?) towards a function x(t, z; ) which satisfies 0 < x(t,z;¢) < 1.
We define f to be the weak-* limit of 1y, (¢ 2)>p,n 2}/ i-€.,

f(t, @) = weak-"—lim 1y, (12)>p,,/2)
where we recall that p,, is defined in Eq. (23).
To prove the convergence in Eq. (25) we first split S(py) as follows

S(pr) = S0 L ipy<pmy2y T SOk Lipy>pm /25
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and pass to the weak-* limit in each term separately. Let now ¢ € C°((0,T) x RY) be a test
function. We then have

(29)

T

T
¢S(pk)]l{pk<pm/2}dxdt—/0 quﬁS(O)(l—f)dxdt'

T
Rd¢ (pk) = S(0))Lgp, <pp /2y dz dt| + /O Rd¢5(0)(1{pk<pm/2}_(1_f)) dx dt|,

and the last term converges to zero by definition of f. To deal with the other term on the right-
hand side of Eq. (29) we proceed as follows.

T T
[ 04500 = SOy | < 10l |8 [ [ pitrcprn da.
Notice that H (7o, Woo) > P Therefore on the set {p; < p,,/2} we have
Pk < H(Tom Woo) - pm/27

and thus
H;oi(pk) < H;;(H(Too, Weo) = Pm/2) < Woo — w(pm),
for some w(py,) > 0. In particular, on the set {p; < p,,/2} we have

1
1< Wy — H, ! :

< w(pm)( (pr)
Therefore
(30)
/ / pkl{pk<pm/2}dﬂ?df<c/ /dpk\W (pr)| dadt

R

<c/ / P Wi Wk|dxdt+0/ / ph[Wie — H:- (po)| de dlt

+C// pk‘H (pk) pk ‘dxdt.

Recalling that p;, < Py, and using the definition of the function H,(-), we arrive at

T T T
/ / pk]l{pk<pm/2}dxdt§0/ / PH‘WOO—Wk’dxdt-i-C/ / pk\ledmdt
0 JR4 a 0 JR4 0 JR4

T
+ C/ / Py <VG(1)(O) +vG? (O)) |7k — roo| da dt.
0 JRrd
Note that the last three integrals vanish in the limit £ — oo. In fact, the first integral converges
to zero due to strong convergence of W, the second one due to Lemma 3.5, and third integral

vanishes due to strong convergence of ry, cf. Corollary 4.2.

Similarly, we have

T T
/ / ng(pk)]l{kapm/Q} dxdt—/ QSS(H(TOO,WOO))fd:Udt'
0 JRd 0 JRd

T
< /0 /Rd|¢||s(pk) _S(H(TOO,WOO))Ul{kapm/Q} dxdt

T
+ / GS(H (roo, Weo)) (f — l{pkzpm/Q})dﬁvdt',
0 Jrd

and again we need only work on the first term on the right-hand side. We have
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T
|16l = SH (e Wa) 5, 21
T
<C [ [ 1500) = S WLy, 2 do
T
4 [ [ IS0 W) = S Wac)[ Ly, o) drd
0 JR

T
+C/O Rd|S(H(7’k,Woo)) — S(H (ro0, Woo)) | Lipy 5pp /2y dz dt.

For the first term on the right-hand side of the last inequality we write
T
| L1800 = S0 W) 1,59,
0
T
e [ = He W15, dr
T 1
IS L e [ ] V00 = W[5, Al

(32)

2 (T _
<1 e 1T, e — / / P H2 (o) — Wi| dardt
Pm Jo JRrd

9 T
:!!S’HLoo!!HLkHLoo—// pr|Qk|dz dt
Pm Jo JRrd

as k — oo, having applied Lemma 3.5 and used the fact that H)., is uniformly bounded due to
0 <7, < 1. In a similar fashion the last two terms in Eq. (31) vanish in the limit £ — oo, due to
strong convergence of W}, and ry, respectively.

This concludes the proof of the representation of weak limits, ¢f. Eq. (25). The final statement,
Eq. (26b), follows from passing to the limit £ — oo in the identity

S(0) +/0 S"(E)xk(t,x;6) dE = S(pr) = S(Pk) Lipy (t,2)2pm/2} T S0k) L ip<pm/2}-

Using the fact that p;, does not oscillate we deduce

5(0) + /0 S (€)x(t x:£) A€ = S(H (oo, Wa))f + S(O0)(1 — ).

Rearranging this expression yields

f(t.z) /0 S'(6) L oseni(r vy (€) A€ = /O S'(¢)de,

whence x(t,7;§) = f(t, 2) Ljo<¢<H(roo,Woo)}- @S claimed.

5.2 Proof of Lemma. Step 2. Equation satisfied by x;. Let S € C?(][0,00)). Upon rewritting

Eq. (22) in divergence form and multiplying by S’(py) we obtain

0 Wip—pr k
— =

575 (08) = V- (S(p) VW) + 5 (pr)

QS ) = [ S (Om(de),
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where the measure y, is defined via
kE—1
v

k—1

= » Pk | Wk — pr + VTkG(l)(pk) +v(l - Tk)G(Q) (Pk)} 6{§:Pk}'

Then, using Eq. (28) and the fact that S(py)pr, = fooo (S(f) + fsl(f))Xk d¢, we have
(34)

7510 % - v cavmy et g [THEI S ae = [T s@mis).

Since x(§) = — 0« fgoo Xk(t, z; 1) dn, integrating by parts yields
/ 5€)-50 )ch d¢ = / F1) / Xk (£, z5m) dn d€.
0 14 0 14 13

Therefore, Eq. (34) is equivalent to

0 W, — 1 [°°
(35) Xy, Ok VWi) + xp— < _ > / Xk(t, z;m) dn = .
3

p(t, ;&) = PrQkO{e=p,}

(33)

ot v

One can simplify this relation and write

0 Wy, — -
(;;k LV (VW) + v § =98+ _ e
v v
Finally, Eq. (35) is equivalent to
0 Wy, —
_ath — V- 0 VW) + xe— P =
1%

In particular, integrating in £ we recover the expected formula

a o0
%—V'(kaWk)Jr%[Wk—m] :/ e d€.
v 0

5.3 Proof of Lemma. Step 3. Equation satisfied by f. We may pass to the limit in Eq. (35).
For all T > 0, the sequence (y4),, is uniformly bounded in L' ((0,7) x R? x R) thanks to esti-
mate from Lemma 3.5. Thus we may extract a subsequence, converging, in the weak sense of
measures, towards a measure 1 € M, ((0,T) x R? x R). Due to the fact that

Qr(t,2;6) = Wy, — &+ vrg G (&) + v(1 — 71,)GP)(¢),
which is positive for £ < p,,,, we have

p(t,z;6) >0,

for ¢ < py,. Therefore passing to the limit & — +o0 in Eq. (35), we obtain, in the sense of
distributions,

8)( Woo B 5 1 >~ . —
5~V VWeo) +x— —;/5 x(t,z;m) dn = p.
Using Eq. (26), this equation can also be written as
ox We —§ (H(roo, Woo) — &) 4 _
5~V VW) +x— f(t,x) ” = H,
and thus
8 Woo - H 00 Woo
(36) 5~ V- (VW) + X Voo W) _

Using the assumption of compactness of initial data, ¢f. Eq. (4b), this equation is complemented
with the initial condition

X(t=0,2;8) = 100(2) L{0<t<H (roo (t=0,2), Wao (t=0.2))} (£,
and

F(t=0,2) = Too(x) = ().
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It is useful to keep in mind the equivalent form of this equation,

00 —H 00y 00
AR AR oo Wee) _ /5,
ot v
and thus, using Eq. (27),
0 -1
(37) %_VX'VWW+XH(TM7Ww)fT:MZO-

We can also integrate Eq. (36) and recover

ODso oo *
Do _ V- (pooVWoo) + i [Woo - H(Tocn Woo)] = / ng
3t 1% 0

It is useful to consider the function

g(t, :C) = fo (X(t,m)(s = 0))’
with the characteristics defined by

d
{ &X(t7m)(8) - _VWOO(SaX(t,JB)(S))7

This function g is a solution, in the distributional sense, of the transport equation

dg B
o Vg VWa =0,
equipped with ¢° = f°. Using Eq. (37) and 0 < f < 1, we find
1—
39 o F YW = (1, 236) F x Hroe, Wae) 2L >0

From the comparison principle, we conclude not only that f(¢,z) > g(¢, x), but also that on the
set {g(t,x) = 1} there holds f(t,z) = 1, and, moreover, u(t, z;£) = 0, whenever & < p,,.

5.4 Proof of Lemma. Step 4. Identification of the function f. Another wording for the con-
clusion of the previous step is that

Q(t) = Yoy (1)[Q°] = {poo(-,1) > 0},

with Y(,)(t) being the limiting flow of the forward flow Y(g:k)) (t) corresponding to the velocity
field —-VW,, i.e.,
d

YO = -y (LY ),

Yt =0) =1d.

We point out that VIV, is slightly less regular than uniformly Lipschitz. Nevertheless, the flow
Y((mk)) (t) is well-defined almost everywhere thanks to the DIPERNA-LIONS theory, cf. [15]. Ob-
serve that we have

(39) pr(t,x) =0,

for z € R?\ QF(t) where, QF(t) == Y((:)) (t)[Q°]. From Eq. (39) and the strong convergence of the
flow, we infer that

Poo(t,?) =0,
on the set Y, (¢)[R? \ Q°]. Then we have f(t,2) = Loy = Ly @t2)>01- We recall that, by
definition, f = weak-"—1limy_, oo L {p, >p, /2}-
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5.5 Proof of Lemma. Step 5. Strong Convergence of the Pressure. We show that this implies
the strong convergence of py, in L}, ((0,T) x R?) towards the function H (reo, Woo) 1. >0} Let
U be an open and bounded subset of R¢, we have

(40) //\pk— (Tocs Woo) Lipoo >0y | dav < Iy, + 1T, + 11,

with

T
I = /0 /U Ly o /23 Pk — H (roos Wo)| dz,

T
11, = / / Lpy<ppn/2yPrk A,

1y —/ / H (100, Woo) (Lip 2 /2) (1= Lip>0}) + Lip<pr/2) L poc>03) A2
We have already shown that I}, and II;, converge to zero as k — oo, ¢f. Eq. (32) and Eq. (30),
respectively.

Using the fact that W, is bounded in L*°, the last term may be estimated

e <C /U (l{pkzpm/z}(l — L) + (1 - ﬂ{pkzpm/z})ﬂ{pmw}) dz,

for some non-negative constant C. We have shown above that 1y, >, . /21 converges weakly
towards 1y, ~¢;. Then passing to the limit k¥ — +o0 in the latter inequality, we deduce that
limy_, 4 o 11T}, = 0. We conclude from the inequality in Eq. (40) that

/ /|Pk— (To0s Woo) Lip,o >0y d k_)—+>000
for any open and bounded set U C R? By uniqueness of the weak limit, we deduce that
Poo = H(r00, Woo) L{p.. >0y almost everywhere in (0,77) x R,

Finally, from definition of the measures yi, ¢f. Eq. (33), the limit in Eq. (24) is now a consequence

f
) k/vammmmmm ///IwmﬁMMMt

and the fact that u; vanishes for k — oo. Indeed recall that from Eq. (38) we infer that 4 = 0
both when f = 1 and f = 0. Therefore, we recover Eq. (24) which concludes the proof of
Lemma 5.1.

6 INCOMPRESSIBLE LIMIT AND COMPLEMENTARITY RELATION

Now, the proof of the Theorem 2.3 is easily deduced from Lemma 5.1. First, up to a subsequence,
we have that p; converges almost everywhere towards p.. On the one hand, recalling that
the sequence (py), is uniformly bounded in L>°, we use the Lebesgue dominated convergence
Theorem to show that, for any open and bounded set U,

T
| oW =i om0 )+ 1 = 1) 6 ) ot
0

/ /poo‘W — Poo + VTG (Do) + (1 — rog) G (pso ) | dz dit.
k—>+oo

On the other hand, from estimate Lemma 3.5 we have that
T
/ / pk‘Wk — pi + v GY (pr) + v(1 — 1) GP (Pk)‘ dzdt — 0.
0 U k——+oco

We deduce that
Poo (poo — Woo —vnDGW (pog) —vnPG®@ (poo)> =0,
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almost everywhere in (0,7") x R?, which is the required complementarity relation.
Since the sequences (n,(;)) w (G(pr)), and (W), converge strongly, we readily pass to the limit

in Eq. (3a) and Eq. (3b), to obtain the claimed limiting equations. Finally, passing to the limit in

the relation,
(RN e
kPk 2 Py )

we deduce that (1 — ns )poc = 0.

Keeping Lemma 3.3 in mind, we know that phase segregation is preserved by the equation, i.e.,
initially segregated data remains segregated for all times. This allows us to characterise the free
boundary motion more precisely.

Remark 6.1 (Segregation Patches). In the case of segregated densities the limiting equation may
be simplified on each populated patch. Indeed, we can define three disjoint subsets

Qo= {Poo =0}, Q1 ={poo>0,n) =1}, and Q= {pe >0, n¥ =1}.
On Qy, the limiting system reduces to —vAW, + W, = 0, coupled with the equations for ngg .
This, in turn, implies that VW, = 0, whence
on L
0 a@a® (g
i.e., the two species grow exponentially, yet at different rates, depending on the growth term, in
the absence of pressure.

On the sets ), for ¢ = 1, 2, the complementarity relation takes on the form W, + vGW (Pso) =0,
ie., Pog = (G(i)) 71(—WOO /v), and it remains to solve the elliptic equation

—VAWao + Wao = (GO =W /v),
on each patch ;,7 = 1,2.

In summary, we only have to solve the elliptic equation
— VAW + F(Ws) =0,
where

f W, on o,
FOVa) = { W (@), oo i 12

The speed of each interface is given by v = —VWi..

7 CONCLUSIONS

In this work we establish the incompressible limit for a viscous two-species tissue model in arbi-
trary dimension. The two species are linked through growth and death processes and an elliptic
equation, the so-called Brinkman law. In addition, we were able to show the phase segregation
property, i.e., the fact that the two species remain segregated if they were segregated initially.
Our results extend those in the literature to higher dimensions and to two species. Albeit tech-
nical, the proof hinges on three key observations: the transport of regularity a la BRESCH &
JABIN, the observation of incorporating the total population as in [14] as an additional or “aux-
iliary” variable, and the kinetic formulation of [25]. We stress that no additional information is
gained from the estimates on the total population, on the contrary, its purpose is to make up for
a change in regularity in the individual species.

The same strategy may also be employed in order to perform the rigorous limit for cross-
reacting species, for instance, to account for a fraction of normal cells that become abnormal
upon cell division. As a matter of fact, the a priori estimates are obtained in the same way,
and estimating the two individual species and the total population simultaneously leads to the
same beneficial cancellations. Finally, the kinetic reformulation requires a re-definition of the
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function H, however its core properties remain unchanged. Therefore no additional conceptual
difficulties are to be encountered.

While the result of this paper answers an important question it gives rise to a range of new
and interesting problems. One cannot help but wonder as to whether the compactness of the
initial data is, indeed, necessary. In the one species case, this is not a requirement, and the
equation has, in some sense, an intrinsic regularising effect. Since the method of BRESCH &
JABIN has a flavour of propagating compactness the initial compactness is a strong requirement.
It would therefore be interesting to understand if this requirement is only necessary for this type
of argument or if it can be removed.

ACKNOWLEDGEMENTS

This work was completed while T.D. was a visitor at Laboratoire Jacques-Louis Lions, whose
kind hospitality he appreciates. T.D. recognises the support of the Polish National Agency for
Academic Exchange and National Science Center (Poland), grant no 2018/30/M/ST1/00423.
B.P. has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No 740623). M.S.
fondly acknowledges the support of the Fondation Sciences Mathématiques de Paris (FSMP) for
the postdoctoral fellowship.

APPENDIX

For the readers’ convenience we provide a short and formal recapitulation of the compactness
criterion employed in this work to propagated the compactness of the two individual species as
well as the total population.

To the best of the authors” knowledge, the method was first introduced in [2] in the context of
nonlinear transport equations. It hinges on the observation that (local) compactness in Lebesgue
spaces is equivalent to controlling quantities like

1
@ o L B = winte) = )P dady,

as h — 0, for certain families of kernels Kj. In particular, compactness in the sense of the
well-known Frechet-Kolmogorov-Riesz shift property is implied as it can be shown that

@ [ In—n) @l de~ oo [ K= g)in() - n()P dedy + Cll

R [log h| Jra

For more details and a rigorous argument we refer the reader to [2, Lemma 3.1]. The key obser-
vation of their paper is that this quantity is propagated along the flow induced by the transport
equations under consideration. A subsequent Gronwall-type estimate allows them to infer the
compactness of solutions at any time solely from the compactness of the initial data.

With this formal motivation at hand, we shall now present a possible construction of a suitable
family of kernels as in the statement of Lemma 4.4, while refering the reader to [8, Section 4] for
further guidance.

As in the main body, we denote by B, (z¢) the Euclidean ball centred at the point =y € R¢ with
radius €y > 0. Next, we define an auxiliary family, (K} )x~0, of smooth, non-negative, symmetric
functions given by

Ch
(lof2 +h2)"*
The constants ¢, are chosen in such a way that each K, is normalised, ie., || Kp|[ ;1 ge) = 1. One
can then obtain the inequality

(43) |z[[VEp ()] < CKp(),

which holds for some non-negative constant C, independent of /, due to the specific choice of
Kj,. We remark that this property is not essential as far as the compactness criterion is con-
cerned. However, applied to conservation laws, the property is indispensable for this allows to
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estimate the divergence of the flux after an integration by parts. Finally, we introduce the family
of functions

! ds
Kite) = [ K@)
h S
which has the following properties
1Ehll 1 ray ~ llog A,

and, for each > 0,
sup/ Krdz < co.
ko J{|z|>n}
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