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CONCERNING THE PATHOLOGICAL SET IN THE CONTEXT OF
PROBABILISTIC WELL-POSEDNESS

CHENMIN SUN AND NIKOLAY TZVETKOV

ABSTRACT. We prove a complementary result to the probabilistic well-posedness for the nonlinear wave
equation. More precisely, we show that there is a dense set S of the Sobolev space of super-critical
regularity such that (in sharp contrast with the probabilistic well-posedness results) the family of global
smooth solutions, generated by the convolution with some approximate identity of the elements of S,
does not converge in the space of super-critical Sobolev regularity.

Résumé. On démontre un résultat complémentaire a ceux manifestant le caractére bien posé
probabiliste de I’équation des ondes avec des données initiales de régularité de Sobolev super critique
par rapport au changement d’échelle laissant invariant ’équation.

1. INTRODUCTION

In this work, we are interested in the three dimensional nonlinear wave equation
O2u—Au+ |u*u=0, (t,z)€Rx T3
{ (u, Byu)|i=0 = (f,9) € H*(T?),
where u is a real-valued function and

HE(T3) == H*(T3) x H~Y(T3).

(1.1)

The nonlinear wave equation (I.1]) is a Hamiltonian system with conserved energy
1 1
Hiu) = / Vulds + / 22 dg.
2 T3 20 + 2 T3

It was shown (see [Gr90, [SSt94]) that when o < 2, the problem (LI]) possesses a global strong solution
in the energy space H!(T?). By replacing T? to R?, the scaling

u— uy(t,x) == )\%u()\t, Az)

keeps the equation (ILI]) invariant. This leads to the critical regularity index s, = % — % < 1

Intuitively, for s < s. if the initial data is concentrated at the frequency scale > 1 and is of size 1
measured by the H* norm, then the nonlinear part in the dynamics of (I.I]) is dominant and it causes
instability of the H® norm of the solution. This is called a norm inflation and it was extensively
studied, see [CCTO03],|Le01],[Le05] in the context of nonlinear wave equations. For instance, it was
shown in [CCTO03| that there exists a sequence of smooth initial data whose H® norms converge to
zero, while the H?® norms of the obtained sequence of solutions amplifies at very short time. We also
refer to [Li93] where a different concentration phenomenon, related to the Lorentz invariance of the
wave equation, is observed.
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In [BTZ08| and [BTz14], by using probabilistic tools, N. Burq and the second author showed that
problem (L)) with cubic nonlinearity still possesses global strong solutions for a ”large class” of

functions of super-critical regularity. The result was further extended to 1 < o < 2 in [OPol6] and
[SXial6]. More precisely, the following statement follows from [BTz14],[OPo16],[SXial6].

Theorem 1. Let 1 <o <2 and 1 — % <5< 8 = % - % Then there is a dense set X C H*(T?)
satisfying X N H (T3) = 0 for every s' > s such that the following holds true. For every (f,g) € %,
let (fn,gn) be the sequence in C°°(T3) x C(T3) defined by the regularization by convolution, i.e.

fn:pn*f7 dn = Pn * G,

where (pp)nen is an approximate identity. Denote by (uy(t), Orun(t)) the smooth solutions of (.1
with the smooth initial data (fn,gn). Then there exists a limit object u(t) such that for any T > 0,

nh_}ngo H(un(t),(‘)tun(t)) — (u(t),(%u(lﬁ))|’Lm([_T7T};HS(T3)) =0.

Moreover u(t) solves (L)) in the distributional sense.

When 1 < o < 2, the above theorem can be extended to s = 1 — %, thanks to [BTz14] (the case
o =1) and a recent result [Lal8](the case 1 < o < 2).

In Theorem [ the set X is a full measure set with respect to a suitable non degenerate probability
measure £ on the Sobolev space H*(T?) such that u(#* (T?)) = 0 for every s’ > s . One proves more
than Theorem [ in [BTz14],[OP016],[SXial6] but the statement of Theorem [Ilis the suitable one for
our purpose here.

Theorem [I] is inspired by the seminal contribution of Bourgain [Bo96]. There are however several
new features with respect to [Bo96]. The first one is that more general randomisations compared to
[Bo96] are allowed. This led to results similar to Theorem [Iin the context of a non compact spatial
domains (see e.g. [BOP15], [LM14]). Next, the argument allowing to pass from local to global solutions
in Theorem [lis very different from [Bo96]. It is based on a probabilistic energy estimate introduced in
[BTz14] (see also [CO12]) while the argument giving the globalisation of the local solutions in [Bo96] is
restricted to a very particular distribution of the initial data. Finally, Theorem [1] deals with functions
of positive Sobolev regularity which avoids a renormalization of the equation, making the results more
natural from a purely PDE perspective.

Strictly speaking, the result of Theorem [I] is not stated as such in [BTz14],[OP016],[SXial6]. One
may however adapt the argument presented in [Tz] which proves Theorem [Il for o = 1 to the case of
o€l,2].

The regularization by convolution used in Theorem [l is essential. We refer to [Tz, Xia] for results
showing that other regularizations of (f,g) € ¥ may give divergent sequences of smooth solutions.

The main result of this paper is that even if we naturally regularize the data by convolution, there
is a dense set of (pathological) initial data giving not converging smooth solutions. This is in some
sense a complementary to Theorem [I] result.

In order to state our result, we fix a bump function p € C>°(R?) such that

0<p() <1, plysa =0, /RS p(z)dr = 1.

100
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For any € > 0, we define p.(z) := e 3p(x/¢). With this notation, we have the following statement.

Theorem 2. Let % <o <2 and max{O,% — %} <5< 8. = % — % There exists a dense set

S C H*(T3), such that for every (f,g) € S, the family of global smooth solutions (u¢)¢~o of (L)) with
initial data (pe * f, pe x g) does not converge. More precisely,

fin sup ([ ()] oo ((0,17;125 (13)) = +00. (1.2)
Remark 1.1. Furthermore, when o > 1 (including the cubic nonlinearity), we are able to show that
b [ (8)] oo (0,1]; 1) (3) = 00 (1.3)

See Remark 231

It turns out that as a consequence of Theorem [2] the pathological set
P :={(f,g) € H*(T?) : the solution u(t) of (II)) with initial data p, * (f,g),
satisfies the property — limsup [[u“ ()| Loo j0,1]; 5 (T3)) = +00 }
e—0

contains a dense Gy set:

Corollary 1.2. Under the same condition as Theorem [2, the pathological data set P of (L) such
that ([L2)) holds contains a dense Gs subset of H*(T3).

Consequently, by the Baire category theorem, the good data set ¥ in Theorem [l cannot be Gs. On
the other hand, the pathological set is negligible with respect to the measures used in the probabilistic
well-posedness of (I.I]). This shows that the topological and the measure theoretic notions of genericity
are very different. For examples of Gs dense sets giving solutions of Hamiltonian PDE’s with growing
Sobolev norms for large times, we refer to [GeGl],[GeG2],[Ha], while in Corollary [[.2] the Sobolev
norms are growing in very short times, depending on the frequency localization of the initial data.

The main ingredient of the proof of Theorem 2is a refined version of the ill-posedness construction
in [BTZ0§| (see also [STz19]) which uses an idea of Lebeau [Le01] exploiting the property of the finite
propagation speed of the wave equation. It is an interesting problem to extend the result of Theorem 2]
to the case of the nonlinear Schrédinger equation. Such a result would be a significant extension of
[AC09].

The results of Theorem [Iland Theorem 2] show that for data of supercritical regularity two opposite
behaviours coexiste. Both behaviours are manifested on dense sets which makes that it would be
probably interesting to try to observe these behaviours by numerical simulations.

Acknowledgement. The authors are supported by the ANR grant ODA (ANR-18-CE40-0020-01).
The authors wish to thank Nicolas Burq and Patrick Gérard for pointing out that our construction in
the previous version of this article implies that the pathological data set contains a dense Gy set.

2. UNSTABLE PROFILE

2.1. Explicit estimates for the ODE profile. Let V(¢) be the unique solution of the following
ODE:
V'+ VPV =0, V(0)=1, V'(0)=0. (2.1)
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It can be shown that V (¢) is periodic (see Lemma 6.2 of [STz19]). We choose the following parameters:
1
100n
where 0 < 01 < d2 < 1 and their precise values are to be chosen according to different context.

Take ¢ € C°(Jz| < 1), radial, 0 < p < 1,and Vo #0 on 0 < |z| < 1. Let

fin = (logn) ™, €, = y b = ((logn)‘;?n_(%_s))g, An = (nnn%_s)g, (2.2)

v (0, ) := mnn%_sgp(nzn), v5,(0) 1= pe * vy, (0). (2.3)
Define
oy, (t, @) = vy (0, 2)V (¢ (v, (0, 2))7). (2.4)
Then one verifies that vf, solves
Ay, + [vg [P7v5, = 0, (vy,, Byvp) =0 = (v3,(0),0). (2.5)
Lemma 2.1. Let 0 < s < s, then for parameters defined in ([2.2)),
(1) Hvrezn(tn)HHS(’]TS) 2 Fn(Antn)’.
(2) vg @) lerersy S fn(Antn) nF=s, for k=0,1,2,3,--- and t € [0,t,].
1
(3) [l () oo (m3) S Af - 1
(4) 0% ()| poe (13) S Agnlel(1 4+ M\at), for a € N3, |a] =1 and t € [0,t,,].

Proof. The proof follows from a direct calculation as in [BTz08], with an additional attention to the
convolution. We denote by Ty, the scaling operator T\(f) := f(\-). Without loss of generality, we will
do all the computation in R? instead of T3, since all the functions involved are compactly supported
near the origin.

By definition, for a € N3, |a| = k,
€ % 1 Y a, € % k o 1 Yy
v (0,2) = A5 | pn(e —y))Zp(=)dy, 0% (0,2) = Ain” [ T.(0%)(z —y)Zp(=)dy.
R3 € €n Rd € €n

Using Young’s convolution inequality, we have from (2.4]) that

1 1
1070 (0) |z S Al [0%05m ()2 S man!™ =%, Jlog (8)l|zee S A%

~

and
o Ol Lz < IV llzee l[or 0)[ L2 S snn ™"
This proves (2) and (3) for the case k = 0. From direct calculation using (2.4)),

Vo (t, z) =at(vg(0,2))7 Vug (0,2) V' (¢(vg (0,2))7) + Vi (0, z)V (¢ (v (0,2))7). (2.6)

1
Thus ||[Vuer (t)||ze < (Ant + 1D)AZn. Note that \,t, = (logn)?©®2=9) > 1, the dominant part in
0% (t,x) comes from

(5 (07w (0) iz )V D),
if we estimate ¢ by t,,, hence ||[v5" ()| gr < kin(Antn)fnF=3, for all k =0,1,2,---. This proves (2).

The only non-trivial part is (1). Since 0 < s < 1, from the interpolation
1 1-s
oz @l S llow Ol 777 g (1] ="
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and the upper bound of ||v5(t)|| 72 that we have proved, it suffices to show that
lor (t) |1 2 (At )t~ (2.7)
It is reduced to get a lower bound for the dominant part
Hatn (fu;" (0, a:))UVUfL” (0, m)V'(tn(Uf{L (0, a:))") HL2
1+2 o o
=otyndn 7 ||[(Tn (V@) * pe, | [(Tn(#)) * pe, |V (Antn(Tn®) * pe,)7) || 12
Note that (T, f) * pe,(z) = [ f(nz — nepy)p(y)dy, hence
_3. 142 - 34 -
(RHS. of @) ~ tan' AL V(g5 ) - (0% )7V (Aata(nen) ™ (o5 97 () |

~ 1+1
where p = T 1 p = Tigop and we used ne, = ﬁ. Note that tnnl_%)\n+“ = A\tn,n! ™%, hence (7))

follows from the following lemma;

(2.8)

Lemma 2.2. Assume that 1) € C°(R?) and (x) > 0 for all |z| < 1. Assume that there exist two
constants 0 < a < b < 1, such that dip # 0 on {x : a < |z| < b}. Let W be a non-trivial periodic
function (i.e. W #0). Then there exist co > 0, Ao > 0, such that for all A > Ao,

V@) [ (@)W (@) 2 oy = €0 > 0.

Proof. We follow the geometric argument in [STzI19]. Denote by C,p = {z : a < |z| < b}. By
shrinking a, b if necessary, we may assume that ¢)(C, ) is foliated by 3, := {x : ¢(z) = s}. From the
hypothesis on 9, there exist 0 < ¢; < C; < o0, such that ¢; < |Vy| < C; on Cpp. Let B = maxc, , 1
and A = ming, , 1, then we have for F(s) = [s|*?|W (Xs)|* that

IVoFou) 2 = [ Pla)ds.
a,b
By the co-area formula,

_ B doy, / B 20 2
/Cabe(Qp(:n))dx—/A F(s)ds/s o ZC/A 15[27 [T (As) 2ds,

thanks to the fact that the mapping s — M?~1(X,) is continuous, where M9~ is the surface measure
on Y. By changing variables, we obtain that

B 2 1 M 2 1 AP 2 /

[ WO s = g [P Rs = Canrre [ WGP > Clp,
where the last constant does not depend on A, if X\ is large enough. This completes the proof of
Lemma 2.2] ]

The proof of Lemma 2.1] is now complete. O

Remark 2.3. When ¢ > 1, the statements of Lemma 1] hold for all ¢ < ¢2. Indeed, all the
inequalities hold automatically for € < €, except for (1), the lower bound of |[v, (tn)]| g=(1s). To get

n’

(1), it suffices to prove (Z.7) when replacing ¢, by € < €2. It is then reduced to show that
(T V) (Tp) V' (Aatn(Tnp)?) — (Ta V) * pe - (Tnp * pe)” V' (Antn(Tng * pe)7) || 2
<o(n"3), (2.9)
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as n — oco. Note that
TV * pellz + 1T # pellzee S 1, [VE Antn(Tae * )l S 1,

for £k = 1,2, with constants independent of €. By taking the Fourier transform, for any Schwartz
function F, uniformly in € < €2, we have

T F = ToF 5 pell 2 < 072 |(B(ne€) — pO)F(E) |12 = o(n"2), n — o0,

thanks to the dominated convergence theorem. Together with the fact ¢ > 1 and the mean value
theorem, we obtain (2.9]). The above argument, combed with slight modifications of the analysis
below, allows us to prove (L3).

2.2. Perturbative analysis. Fix (ug,u;) € C*®(T3) x C*°(T?), denote by u&" the solution of
Ofusy — Aug + |ug [*Tusy = 0

with the initial data (u$(0), Oyug (0)) = pe,, * (w0, u1) + (vn(0),0)), where v, (0) is given by e
denote by
SE)(f,g) = cos(tvV/—A) f + %g

the propagator of the linear wave equation.

Proposition 2.4. Assume that max {%—%,O} <s< s = %—%, then for any 0 < 0 < %(%—s) —%

and (ug,u1) € C®(T3) x C°°(T3), there exist C >0, d5 > 0, such that for any &1 € (0,02), we have

sup [|usg* (t) = pe, * S(t)(uo, ur) — v (t) || o3y < Cnl=*17% W = 0,1,2,
te[0,tn]

where the function v (t) is defined in (2.4]) with parameters as in ([2.2)), and the constant C' only
depends on the smooth data (ug,u1) and 6 > 0. Consequently, we have

sup. [ (1) — pe, * S(0)(ug, ur) — w52 (1) ey < On ™.
te[0,tn]
In particular, for 61 sufficiently small,

[y (tn) || s rsy 2 (log )@ =070 — 00 as n — o0,

Proof. Denote by u"(t) = pe, * S(t)(uo,u1) the linear solution with regularized data pe, * (uo,ul)ﬁ.
Then for £ =0,1,2, 3,

9% (1) o sy S 1. (2.10)
uniformly in n, where the implicit constant depends only on finitely many norms of the smooth linear
solution S(t)(uo, u1).

Denote by f(v) = |v|**v. Consider the difference w, = uf® — u$ — v, it satisfies the equation
Ofwn — Awn = Avir — (F(of +uf +wa) = f(v7")), (W, rwn)li—o = 0.

1Since we work on T3, the convolution p. commutes with free propagators cos(tv/—A) and % V;A). For the wave

equation on general manifolds, one should take the linear solution as S(t)(pe, * (uo,u1)).
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Define the semi-classical energy for w, as in [BTz08]|

1
E, () ::m(ﬂﬁtwn(t)lliz(m) + ||an(t)||%2(1r3)) 2.11)

1
+m(||8twn(t)||§{1(qr3) + ||an(t)||%{1(1r3))-
Here the second line in (2Z.I7]) is needed since we need to use it to control the L norm of w,,.

Let F,(t) = —Avs + f(vir +ur +wy) — f(v57). From the energy estimate for the inhomogeneous
linear wave equation, we have

1d —(1—s —(1—s
52 Ea(t) SO0~ 0=9 0 ()] 2 a0 1P ()l 2

+Cn~ ) =G g, (1) | 71 (o3 [ Fn ()] 2 (103

and this implies that

d —(1—s —(2-s
E(En(f))l/2 < C(n~ I Ey ()l 2 (xsy + 0~ F N Ea(0) | 19y ) - (2.12)

To simplify the notation, we denote by

enlt) i= sup (Ea(8)*.

l\'}l)—l

Our goal is to show that supcpos,j€n(t) S n=% Write
Gn(t) := fluog" +ui +wn) — f(o7"),
from Lemma 2.1] we have, for ¢ € [0,t,] that
IFa(®)ll2m3) S fon(Antn)*n? ™ + |Gn(t)l| L2 (13)- (2.13)
By the Taylor expansion,
|Gl S (Jug |+ [wa ) (Jv5 27+ [ug 27 + [wn[*),

hence
1Gn ()2 15y S Nwn ()22 () (1 + 057 ()1 7% 3y + Nwn () 7% rsy) + o5 )22 sy o (01175, }]rs

where we used (2.10). By writing w,(t,z) = fg Opwn (T, x)dT (since wy,(0,-) = 0), we obtain that
G ()]l 2 (w2 / 18w (7) L2y - (1 + (o (8) 7% psy + 1w (D175 (s )
Hlog (O] 2 ooy oy (1 7 sy +
<t ()2 + (0% o) + nnAi‘én—s, (2.14)
where we have used Lemma [2.1] to control ||[vs" ()| . Similarly, for ¢ € [0,t,], we have
IVE() 223y S BnAntn)*n ™ + VG (8)| L2179y (2.15)

We need to estimate [[w,(t)[| o (13). From the Gagliardo-Nirenberg inequality,

(ten (t)n'=*)

alw
Al

ISES
~
N
3

3 1
[ ()| oo 3 S Nwn ()| 2 sy ln (O f2. sy S (0*en(t)) “Cen(t),  (216)
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where we used wy,(t) = fot Oywy (7, -)dT again. Since t < t,, = (log n)‘752n_(%_8)° and o (3 —s) > 1, we
have

3_g
[[wn (8)| oo (13) S 12 en (). (2.17)

Therefore,
3 3

I Fa (@)l sy Shinatn)n o+ (a2 =) 0™ e (1) ((man2 =) + (02 en (1))
<(log n)2o(52—51)—51n + (log n)_2051n(2‘7—1)(%_3)—1

(372076, (1) [0g 1)°C250) - (log n)** (e (1)].

Since s > 3 — 52—, we have (20 —1)(3 —s) — 1 < 1, thus

=09\ B, (0)]| 2y < (log )72 =305 1 (log )00 (372) ¢, (£)(1 + (en(£))). (2.18)
Next we estimate |VG,,| as
VG| SIVOS | (14 |05 [P + w27 (1 + [w,))
(14 [0 + [ [*) (1 + [Vawy|),

where the implicit constants are independent of n, thanks to (ZI0). To estimate the L? norm of VG,
we organize the terms as

IV (1 o5 P70+ fwn P Dwall 2 < [lwn 2 V05 [z (1+ o 1757 + lwallZ57),
1L+ o5 27+ |wn*7) Vewn|| 2 < [ Vwall g2 (1 + [Jog7 125 + llwallZ%),
Vo (1 o P77+ w7 e < IV llze (1+ log 15557 + lwall 7571,
1L+ o5 27+ Jwa*) g2 < (1 + ot 75 o 2 + llwnll75 lwnll22).

Putting them together and using

t
_ 1+k—s _
e ()] g7 moy = H /0 atwn(f)dTHHk(TS) <l Ste, (), k=01, (2.19)
we have
=) |V G (8) [ 2zey SClogm)?®n (37976, (1) (1 + (en(8))27)
+(10g n)o(52—51)n(20—1)(%—8)—1 (1 + (en(t))2cr—1) (220)

S(log n)aézn(%_s)aen(t)(l + (en(t))*) + (log n)72n(1 + e, ()% 71).
We observe that

o = ‘dt " ))1/2"

Therefore,
ddit" < (log n)3052n + (log n)aézna(%—S) en(t)(l + (en(t))za)‘ (2‘21)

By the Grownwall type argument, we obtain

en(t) <n'” ~o(3- )(log n)30626(l°g")2062, Vt € [0, t,].
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Since 1 < a(% — s), for any 0 < 0 < %(% — s) — %, we can choose d2 > 0 sufficiently small, such that

the right hand side is smaller than n~?. Consequently, from (219,

|wn ()] L2(rs) < n' e, (1)t < nl_s_(%_s)a(log n)2on =0 <n=50 vt <t

Finally, the bound for the H® norm of w,(t) follows from the interpolation. This completes the proof
of Proposition 2.4 O

3. PROOF OF THE MAIN THEOREM

First we recall the following property of finite propagation speed for the wave equation.
Lemma 3.1. Let wy,ws be two C*° solutions of the nonlinear wave equation
OPw — Aw + |w|*w = 0.

If the initial data (w1(0), O;w1(0)), (wa(0), Byws(0)) coincide on the ball B(xg,r9) C RY, then for
0 <t<rg, (wi(t),pwy(t)) = (wa(t), dpwa(t)) on B(xg,ro —t).

Proof. Without loss of generality, we may assume that o = 0. Take the difference u = wq — wo, then
0P — Au+u = V(t,z)u,
where
V(t,z) = (20 +1) /01 [(1 = Nwy (t, ) 4+ Moo (t, ) [27dA + 1 € LS.

For 0 < t; <t < rg, denote by Ci, 1,(ro) := {(t,z) : t1 <t < tg,|x| < ro—t}. Define the local energy
density

et z) = %(!Vu(t,x)]z F10u(t )| + lut, 2)).

Then a direct calculation yields

to to
/ Opu(0F — A + 1)udxdt :/ / ie(t, x)dxdt — / / Oyud,udo(x)dt,
Co,to(r0) 0 J|z|<ro—t dt 0 Jl|z|=ro—t

where 0,u = ﬁ - Vu and r = |z|. Notice that %1\90\90—16 = —0|g|=ro—t, We have
2 t=to o 1 2 2
/ Ou(0; — A+ 1)udxdt :[/ e(t,x)dm] —I—/ / —[10u — Opul? + |ul?|do(z)dt
Co,to (T0) |z[<ro—t t=0 0 |z|=ro—t 2

t=t
> [/ e(t, x)dm] .
|z|<ro—t t=0

Using the equation 0?u — Au + u = Vu, we have

to

E(to) gE(0)+(/C ( )Vu-(‘)tudxdt‘ < E(0) + IVl oo ([0,r0) x B(070)) ; E(t)dt,
0,tg T0

for all 0 < tg < rg, where E(t) = f|m|<r0—t e(t, xz)dx is the local energy. Since E(0) = 0, from Gronwall’s

inequality, we deduce that E(t) =0 for all 0 < ¢ < r¢. This completes the proof of Lemma [B3.1] O
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To prove Theorem 2, we need to do some preparations. We use the coordinate system z = (z1,2’)
near the origin. Let 2% = (2f,0) with 2f = +. Let ny = e, and define

3_
vo k() := (log ng) ~n? “olnp(zy — 28), npa’) = v, (0,- = 25),

where v,(0) is the initial data of the ill-posed profile defined in ([23]). Note that there exists kg, such
that for all £ > ko, the supports of vg ; are pairwise disjoint. Moreover, for ky < k1 < kg,
1 1
dist(supp(vo,kl),Supp(vo,kz)) ~ k‘_l — k—2
Denote by By, = B(zk, ), where r = % With sufficiently large ko, the balls By, k > ko are mutually
disjoint. Moreover, supp(pe,, * vok) C By (recall that e,, =
that

) Another simple observation is

1

dist (supp(pe,,, * (vo — vok)); Br) 2 R~

where
Vo = Z Vo,k € HS(Tg).
k>ko
In particular, for any (f,g) € C* x C*, p, *((f,9) + (v0,0)) coincides with p, *((f,g) + (vo,0))

on By. Let By, = B(zF,7,/3) be a slightly smaller ball. We observe that for k large enough,

supp(pe,, * vo.x) C B.

Now we are able to prove Theorem [2

Proof of Theorem [2. Define

S = C%(T3) x C(T%) + {(Zvok,>:k12ko}.

K=k
Using
o
S
H > ok HHS ) Z [[vo,kll s (13) e R 5 0 as ky — oo,
k=k1 k=k, k=k;

we deduce S is dense in H*(T?). Now fix (f, g) € S. Then by definition, there exists (ug, u;) € C°°xC>

and k1 > kg, such that
(f,9) = (uo,u1) <Zvom >
k=k1

Our goal is to show that, for any N > 0 and any § > 0, there exist 7y € [0,1] and 0 < € < §, such
that the solution u€ to (ILI]) with initial data pe % (f, g) satisfies

||U€(TN)||H3('H‘3) > N. (31)
First we choose k > ki, large enough, such that
1
1)
100n <

This can be achieved by choosing §; < ;3 such that so(dy — d1) > d;. Recall that the parameters
LD el02=00)ko are given by (ZZ). Let Uy be the solution of (LI) with the initial
data pe, * (uo,u1) + pe,, * (vok,0). Let vy be the solution of O?0r + |0p|*?0p = 0 with the initial

Ky, ()\nktnk)s >N, €=



CONCERNING THE PATHOLOGICAL SET IN PROBABILISTIC WELL-POSEDNESS 11

data pe,, * (vok,0). We remark that v,y are just Un® uyt® in Proposition 2] up to translation. In

particular,
[ (b ) 123y 2 (log my)*7 (0201 =01, (32)
and
[ty ) = Pen,, * S (tny) (w0, u1) = Tk (b ) | 1o sy S 777 (3.3)
We have that supp(Tj(t)) C By, for all ¢ € [0, tn, ). Now we apply Lemma Bl to @ and u‘". Since
at t =0, (u™*(0), 0ux(0))|, = (ur(0), 0rur(0))|B,, we deduce that
(u (t), Opu™ ()| g sk pp—ty = (Uk(t), Otk ()| B(ok p—pys VO < E < g
In particular, for large k,
(uk (), Opu™x ()| ok v 2) = (Wk(t), Otk ()| Bak ryj2)> Tt € [0, ] (3.4)
Lemma 3.2. Assume that s; > 0. Let u € H*'(T3) and x € C°(T3). Then there exists A > 0,
depending only on the function x and sy, such that for any R > 1
(1 = x(R2))ul| g (r3) + [IX(R2)ul[ ey (r3) < AR [|ul| o1 (73).-

Proof. First for s; € N, the proof follows from the direct calculation. For general s; > 0, the conclusion
follows from the interpolation. O

Take x € C2°(R3), such that x(z) = 1if |z| < % and x = 0if [z| > 3. Define yx(z) = x((z—2*)/r¢),
hence Xk‘ék =1 and Xk|(p(sk 1 2))c = 0. Then (B.) is translated to
Xk (@) (us (£), Opus (t)) = xr (@) (g (t), Opug(t)), Vit € [0, ].
From Lemma [3.2]

s (tny ) s ) 2 Tallxet™ (bny )l s 13y ~ (log log 1) ™| x (@) 8k (b )|l 11 (73 -
Therefore,
[0k (@)t (b ) s 3y 2 W (B ) s 3y — 10 = X )tk (B ) | s (3
=[x (tn )| s (r3y — 1L = ) @ (Eny,) — Ok (En )l s (135
where in the last equality, we use the fact that (1 — x)Uk(tn,) = 0, thanks to the support property of
vy.. Therefore, we have
[k (b )L s 13y Z (log log k) ™ [k (b )| s sy — (loglog ny) (11 = Xk ) peny, * S (tny) (0, wr) || s 73)

—(log log 1) > ||(1 = xk) (@k (tny,) = Pen, * S (tny) (w0, ur) = Ty(tny,)) s (79)-
(3.5)
Applying Lemma again, we have

02070 —lpe, * S(tn,) (w0, ur) s (rs) —13,". (3.6)

[u (tne) | o (rsy Z (log log ny,) > (log ny,)
Since
1Pen, * S (Eny) (w0, ur)l[ gs(rsy S 1,
uniformly in €,, , by choosing d; > 0 small such that so(d2 — d;) — 61 > 0, the left hand side of (3.6
tends to +00 as k — oco. This completes the proof of Theorem [2L O
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Finally, we prove Corollary Recall the definition of the pathological set:

P :={(f,g) € H*(T?) : the solution u(t) of (LI)) with initial data p. * (f,g),
satisfies the property  limsup [[u(#)|| oo jo,1]; 5 (T3)) = +00 }.

e—0

For simplicity, below we will denote u(t) = ®(¢)(pe * (f,g)) the solution of (I with initial data
pe * (f,g). Obviously, the set

O :={(f,g9) € H*(T?) :liglsup |2(t)(Pen,, * (fs )|l Loo (0,1 H (13)) = o0}
—o0

is contained in P. From the proof of Theorem Plin the last paragraph, S C O, hence O is dense. It
remains to show that O is a Gy set, that is, a countable intersection of open sets. Note that

0= () On,
N=1
where
On = {(f,9) € H*(T?): liglsup 19 (t)(Pen, * (f1 )|l Lo ([0,1];m5(T3)) > N}
—00

By definition,

o
Ox = {1 U Ow
ko=1 k=ko

where

Ok i={(f,9) € H(T?) : | ®(t)(pe,, * (f+ )l Loe (o175 (x2)) > N}

It suffices to show that, for fixed N, k, On is an open set. Indeed, pick (fo,g0) € On k, denote by

To = H‘P(t)(Penk * (fo,90))||L°o([0,1];Hs(1r3)) -N>0.
From the inequality
1w, * (F:9) Iz (rs) < Cen PN, 9) a4 (13,

the Sobolev embedding H?(T?) < L*(T?), and the global well-posedness theory in H2(T?),we deduce
that there exists a uniform constant Cy > 0, such that

s [9(0)(pe, * (s 90)) = B0, = (9Dl o (3.7)
t€|0,
<Coer @ (| fo, go)% gy + 1 (F DIBZ cxs) IS = for g — 90) s rs)- (3.8)

Choosing

7‘067(12k_8)(20+1) 9 9 1
s U+ 100, 90) I3 czsy + 10 93 ) ™

then if ||(f, g) — (fo,90)ll3s(r3) < 9, by B.1) we deduce that
[9(t)(pen, * (f )l (3) > N.

This shows that Oy is open. The proof of Corollary is now complete.

o<
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