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EMERGENCE OF WANDERING STABLE COMPONENTS

PIERRE BERGER AND SEBASTIEN BIEBLER*

To Mikhail Lyubich on his 60th birthday.

ABSTRACT. We prove the existence of a locally dense set of real polynomial automorphisms of C2
displaying a wandering Fatou component; in particular this solves the problem of their existence,
reported by Bedford and Smillie in 1991. These Fatou components have nonempty real trace
and their statistical behavior is historic with high emergence. The proof is based on a geometric
model for parameter families of surface real mappings. At a dense set of parameters, we show
that the dynamics of the model displays a historic, high emergent, stable domain. We show that
this model can be embedded into families of Hénon maps of explicit degree and also in an open
and dense set of 5-parameter C"-families of surface diffeomorphisms in the Newhouse domain,
for every 2 < r < oo and r = w. This implies a complement of the work of Kiriki and Soma
(2017), a proof of the last Taken’s problem in the C* and C*-case. The main difficulty is that
here perturbations are done only along finite-dimensional parameter families. The proof is based

on the multi-renormalization introduced in [Ber18].
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INTRODUCTION: STATE OF THE ART AND MAIN RESULTS

The aim of this paper is to reveal two new phenomena in the dynamics of analytic surface
diffeomorphisms. In Sections 0.1 and 0.3, we will describe these two phenomena in the iconic
Hénon family of diffecomorphisms of the (real and complex) plane. Then in Section 0.2, we will
present the general set up of our study. Finally an outline of the proof and of the manuscript
is given in Section 0.4. The proof will occupy most of the manuscript and lies to combinatorics,

geometry and real or complex analysis.

0.1. Wandering Fatou components. Given a holomorphic endomorphism f of a complex man-
ifold X, the Fatou set consists of the set of points x € X which have a neighborhood U such
that (f™|U), is normal. By definition, it is open and invariant by the dynamics. In particular the
connected components of the Fatou set, called Fatou components, are mapped to each other under

the dynamics. A main question is:
Question 0.1. Is the dynamics restricted to the Fatou set always “simple”?

To answer this “philosophical” question it is fundamental to know whether a dynamics may
admit a wandering Fatou component, that is a component which is not sent by an iterate of the

dynamics to a periodic one.

When X is the Riemann sphere P!(C), in a seminal work [Sul35], Sullivan showed that a
rational mapping does not have any wandering Fatou component. This result, together with the
classification of Fatou components due to Fatou himself, Siegel and Herman, allows for a complete
description of the dynamics restricted to the Fatou set: the orbit of every point in the Fatou set
eventually lands in an attracting basin, a parabolic basin or a rotation domain (that is, a Siegel
disk or a Herman ring). Hence, in this context the answer to Question 0.1 is positive. This was
later generalized by Eremenko and Lyubich [EL87] and Goldberg and Keen [GI<86] who showed

that entire mappings with finitely many singular values have no wandering Fatou component.



EMERGENCE OF WANDERING STABLE COMPONENTS 3

The absence of wandering Fatou component for another class of entire maps has been studied in

[ J

On the other hand, when X = C, Baker | ] gave (prior to Sullivan’s result) the first example
of an entire map displaying a wandering Fatou component, see also[ 1 [ I, [ ]. In all
these examples, the singular set is unbounded. Bishop introduced in [ ] another example

displaying this time a bounded singular set. The rich history of wandering Fatou components for

entire maps includes the more recent examples | , , , , ]

In higher dimension, the fundamental problem of the existence of wandering Fatou components
was first studied in 1991 in the work of Bedford and Smillie | , Theorem 5.6], in the context
of polynomial automorphisms of C? (see also | , page 275]). These are the polynomial maps
of two complex variables which are invertible with a polynomial inverse. In this setting, a Fatou
component is either the open set of points with unbounded forward orbit (which is invariant by the
dynamics) or a connected component of the interior of the set KT of points with bounded forward
orbit. Later the question of the existence of wandering Fatou components was generalized by
Fornaess and Sibony in | , Question 2.2] to a holomorphic endomorphism of P*(C), for k > 2.
This question was completely open until the recent breakthrough of Astorg, Buff, Dujardin, Peters
and Raissy | ] who proved, following an idea of Lyubich, the existence of a wandering
Fatou component for holomorphic endomorphisms of P?(C). Their example is a skew product
of real polynomial maps and possesses a parabolic point (two eigenvalues equal to 1). Their
proof uses parabolic implosion techniques. Developments of this construction allowed recently
Hahn and Peters to build examples of polynomial automorphisms of C* displaying a wandering
Fatou component in | ] and then Astorg, Boc Thaler and Peters to replace the parabolic
fixed point by an elliptic point for two-dimensional dynamics in | ]. However it does not
seem possible to adapt these techniques to the long standing problem of the existence of such
components for polynomial automorphisms of C2, for two reasons. First by | ], there is no
polynomial automorphism of C? which is a skew product and has a wandering Fatou component.
Secondly, the Jacobian of an automorphism is constant and so the existence of a parabolic fixed
point implies that the Jacobian is 1, which is incompatible with their construction (a real disk
is shrunk along its orbit). In the same topic, let us mention the example of a transcendental

biholomorphic map in C? with a wandering Fatou component oscillating to infinity by Fornsess and

Sibony in [ ] and other examples of wandering domains for transcendental mappings in higher
dimension in [ , ]. About the non-existence of wandering Fatou components in
higher dimension, a few cases study have been done proved | , ] in some particular cases

(skew products with a super-attracting invariant fiber).

The problem of the existence of a wandering Fatou component for polynomial automorphisms
of C? increased its interest with the recent conjecture of Bedford | ] stating the existence of
wandering Fatou components for polynomial automorphisms of C2 and the spectacular develop-
ment | ] giving a complete classification of the periodic Fatou components for some polynomial

1

automorphisms ', see also | ]

1. called moderately dissipative, but in a different meaning as we will use.
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The (first) main result of the present work is an answer to the original problem raised by Bedford
and Smillie | |:

Theorem A. For any sufficiently small real number b # 0, there exists a nonempty open subset
Py C R® such that for a dense subset of parameter p = (pi)o<i<a € Ps, the following polynomial
automorphism displays a wandering Fatou component C in C?:

4
fp:(z,w)E(CQH(ZG—i—Zpi-zi—w,b-z)6@2.
i=0

Moreover the Fatou component C satisfies the following properties:

(1) the real trace C NR? of C is nonempty,

(2) for any compact set C' € C, it holds lim, . diam f}'(C") = 0,

(3) for every (z,w) € C, the limit set of the orbit of (z,w) contains a (real) horseshoe K,

(4) for every (z,w) € C, the sequence (€n), of empirical measures €, := % Z;:Ol 5f£(z’w) diverges.
Furthermore, there exists  in the set of invariant probability measures M, (K) of f,|K such
that the limit set of (€n)n contains t-p+ (1 —1t)- My(K) for some 0 <t < 1.

We recall that a property P(a) depending on a € R is said to be true for any (sufficiently) small
a if there exists ag > 0 such that P(a) is true when |a| < ag. We recall that a horseshoe is both
a Cantor set and a hyperbolic basic set. We will see in the sequel (Theorem 0.9) that its set of

invariant probability measures M, (K) is huge.

Remark 0.2. We will see in Theorem 1.46 that for every b # 0, there is a neighborhood of
Vi of b such that ﬂb'evb Py has nonempty interior. This implies that the set P of parameters
((pi)o<i<a,b) € R® xR for which there is a wandering Fatou component is locally dense in RS: its

closure has nonempty interior.

Remark 0.3. Our techniques give also new examples of endomorphisms of P?(C). For instance,
the conclusion of Theorem A holds true also for the family of maps:
4
fo i [z,w,t] € P2(C) > [2° + Zpi 2wl b 20 19)
i=0
0.2. Historical behavior and wandering stable components in the Newhouse domain.
Given a (general) differentiable dynamical system f of a compact manifold M, since the seminal
works of Boltzmann and Birkhoff, one is interested in describing the statistical behavior of most
(Lebesgue) of the points. The statistical behavior of a point x is described by the sequence (€, (x)),

of empirical measures
1 n—1
En(,f) = g Z(Sfl(x) .
i=0

The point  has a historic behavior if its sequence of empirical measures (e, (z)), does not converge
[ ]. The method used to prove Theorem A basically comes from real, smooth dynamical

systems and is related to the following well-known:
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Takens’ Last Problem (| ). Are there persistent classes of smooth dynamical systems for
which the set of initial states which give rise to orbits with historic behavior has positive Lebesgue

measure?

We recall that a surface diffeomorphism is a smooth diffeomorphism of a real surface. A strategy
to solve this problem is deduced from a scenario introduced by Colli and Vargas | |, and takes
place in the dissipative Newhouse domain. The dissipative C"-Newhouse domain N is the open set
of surface diffeomorphisms leaving invariant a hyperbolic basic set displaying a C"-robust quadratic
homoclinic tangency and an area contracting periodic point (see Definition 2.13 for more details).
This strategy was recently implemented by Kiriki and Soma | ] to solve this problem in the
case of finitely differentiable diffeomorphisms of surface. For every 2 < r < oo, they proved the
existence of a dense set in N of diffeomorphisms f displaying a wandering open set U whose
points are asymptotic, but do not lie in the basin of a periodic orbit. Let us formalize this by
introducing the following terminology:

Definition 0.4. A point x is asymptotically stable if it has a neighborhood U formed by asymptotic
points: for everyy € U, it holds d(f™(x), f*(y)) — 0 as n — +oo. A stable domain is a connected
open subset formed by stable points. A stable component is a stable domain which is mazimal. In
other words, a stable component is a component of the set of asymptotically stable points. A stable

component is wandering if it does not intersect its iterates.
Note that the first example of a wandering stable component goes back to Denjoy | ].
Question 0.5. Is a stable component either wandering or the basin of a periodic point?

It can be shown that the construction of Colli, Vargas, Kiriki and Soma yields a wandering
stable component 2. Moreover they showed that the sequence of empirical measures of points in
their stable domain does not converge.

We will introduce a geometric model for parameter families of dynamics, and we show that
the scenario of | , | occurs at a dense set of parameters of such families, using a new
perturbation method. The proof is based on a technique of composed Hénon-like renormalizations
[ , Theorem D and Remark 3.5] originally devoted to such pathological behaviors®. Also, we
prove that this geometric model appears both in the setting of Theorem A and densely inside the
Newhouse domain. This implies the second main result of this paper, which gives a positive answer

to Takens’ last problem in the smooth and even the real analytic category:

Theorem B. For every r € [2,00] U {w}, every f € N can be C"-approzimated by f € N
such that for each C"-family (f,)pers in an open dense set of f’s unfolding (i.e. fo = f), there
exists a subset of parameters p € RS which is dense in a neighborhood of 0 for which f, displays a

wandering stable component C satisfying the following:

(1) for every x € C, the limit set of the orbit of x contains a horseshoe K,

2. The argument is contained in the proof of Corollary 1.49.
3. The renormalizations we will deal with have unbounded combinatorics, in the case of bounded combinatorics,

Ou [ | showed recently the nonexistence of wandering stable components.
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(2) for every x € C, the sequence (€y), of empirical measures €, := %Z;:Ol 5f;7(z) diverges.

Furthermore, there exists p in the set of invariant probability measures My(K) of fp|K such
that the limit set of (en)n contains t-p+ (1 —1t) - M,(K) for some 0 <t < 1.

This theorem extends Kiriki-Soma’s work [ ]. First it solves the C*°-case and the real
analytic case (among analytic mappings displaying a complex extension on a uniform complex
strip) among surface diffeomorphisms. Secondly, it does not only show that the set of dynamics
displaying a wandering domain with historic behavior is dense in N, but also that this phenomenon
is of codimension < 5. Thirdly, it implies a stronger description of the statistical behavior of the
wandering domain, as we will see in Corollary B via the notion of emergence (see §0.3).

Theorem A, Remark 0.3 and Theorem B are basically consequences of the following result:

Theorem C (Main). Let (fp)yers be a C*-family of surface diffeomorphisms. Assume that fo has

an area contracting periodic saddle point displaying 5 different quadratic homoclinic tangencies.
If these quadratic tangencies unfold® non-degenerately with (f,),, then there is a parameter

subset D C R® such that cl(D) > 0, int(cl(D)) # 0 and for every p € D the map f, displays a

wandering stable component C satisfying:

(1) for every x € C, the limit set of the orbit of x contains a horseshoe K,

(2) every x € C has its sequence (e, (x))n>0 of empirical measures which diverges. Furthermore,
the limit set of (€n(x))n containst-p+ (1 —t)- My(K) for some 0 <t <1 and p € My(K).

(3) If moreover f, is real analytic, then C is the real trace of a wandering (complex) Fatou com-

ponent which is a stable component of the complex extension of f,.

All the holomorphic mappings we found with a wandering Fatou component are actually real
(even if the Fatou component is an open subset of C? or P?(C)). Nevertheless, it seems to us
possible to develop the techniques presented in this work to show the following:

Conjecture 0.6. There is a locally dense set in the space of polynomial automorphisms Aut(C?)
of C? formed by dynamics displaying a wandering Fatou component.

Even if Theorem A is about Hénon maps of degree 6, we know that there exists a family of
polynomial automorphisms of degree 5 satisfying the assumptions of Theorem C, hence possessing

a wandering Fatou component. We do not know if it is possible for lower degree:

Question 0.7. Does there exist a polynomial automorphism of C? with degree < 4 which displays

a wandering Fatou component?

To answer to this question, one might use a mix of the parabolic renormalization techniques
of | ] together with those of the present paper. A reasonable problem to develop these

techniques is:

Problem 0.8. Give an explicit lower bound on the Hausdorff dimension of the set of parameters

having a wandering Fatou component in the space of polynomial automorphisms of C? of degree 5.

4. See Definition 2.9.
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The last item in Theorem A indicates that the statistical complexity of the dynamics is high.
More specifically this implies that its emergence is high, and even that its order is positive and at

least the order of the unstable dimension of K. We explain this in the sequel.

0.3. Statistical complexity of the dynamics: Emergence. The recent notion of emergence
is a natural way to quantify how far from being ergodic a system is. In this subsection we deduce
from Theorems A, B and C that the emergence of some dense set of dynamics is more than high.

Roughly speaking, the emergence of a dynamical system is the growth rate as e — 0 of the
number of e-balls necessary to describe the statistical behavior of the system — in mean — up to
precision €. The statistical behavior is given by the empirical measures; a natural distance between
them is the Wasserstein distance. Recall that by the Kantorovich-Rubinstein’s theorem, the (1%¢)
Wasserstein distance between two probability measures p, v on M is equal to:

duw (11, v) = max /¢d —),

quLlp

where Lip' stands for the space of 1-Lipschitz real functions. Let us also recall that on the set
of probability measures on any compact metric space, the Wasserstein distance induces the weak
x topology. To quantify the complexity of the statistical behavior of typical orbits for general
dynamical systems, the notion of emergence has been introduced in | ]

Definition. The emergence E¢(€) of f at scale € is the minimal number N of probability measures
(Hi)1<i<n satisfying:
limsup/ mln dw (en (), p;)dLeb < €.

n—oo

We are interested in understanding the asymptotic behavior of £¢(e) when € — 0. For example,
the emergence of a uniformly hyperbolic system is finite (since there are finitely many physical
probability measures whose basins cover a full measure subset of M). On the other hand, the
emergence of the geodesic flow on the unit tangent bundle of the flat torus R™/Z™ is of the order

of €™, hence polynomial. When the emergence is not polynomial:

1
) imsup 28510 _ o
0 —loge

then the global statistical behavior of the system is deemed very complex. Let us recall:

Conjecture ([ D). Super polynomial emergence is typical in many senses and in many cate-

gories of dynamical systems.
In the recent work | ], it has been shown that the order of the emergence O&:
loglog ¢ (e
O& ¢ := limsup 0808 cfE) G
=0 —loge
of a system f on a compact manifold of dimension d is at most d. Furthermore, it has been shown
that this upper-bound is generically attained among conservative, surface C'°°-diffeomorphisms
displaying an elliptic periodic point. Note that if a dynamics has emergence of positive order,
then its emergence is not polynomial. Thus this confirmed the main Conjecture of | ] in the

category of surface conservative diffeomorphisms with local genericity as a version of typicality.
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In the situation of Theorem A, we are able to estimate the order of emergence using Theorem
A.(4) and the following consequence of [ , Theorem A]. Let f be a surface diffeomorphism.
Given an invariant set K, we recall that M ¢(K) denotes the set of invariant probability measures
of f|K.

Theorem 0.9. If K is a horseshoe of a C'*%-surface diffeomorphism f, the covering number
N (€) at scale € of My (K) for the Wasserstein distance has order at least the unstable dimension®
dy >0 of K:
lim inf M
e—0 —loge
This together with Theorem A and Remark 0.2 imply:

>d, .

Corollary A. There exists a locally dense set in the space of real polynomial automorphisms of C?

whose emergence has positive order Oy (for the canonical normalized, volume form on P2(C)).

To this extent, Corollary A gives a negative answer to Question 0.1 in the case of polynomial au-
tomorphisms of C? and confirms the main conjecture of | ], in the category of real polynomial
automorphisms with local density as a (weak) version of typicality.

Note that in contrast to the nowhere dense example of | ] whose emergence of the
wandering domain is linear (as for the well-known Bowen eye), Theorem A and Corollary A exhibit
a locally dense set of polynomial automorphisms of R? whose emergence has positive order.

Let us communicate the following question raised by Ledrappier:

Question 0.10. Are there typical examples of transcendental maps of C with super-polynomial

emergence?

In the same spirit, a positive answer to this question would lead to a negative answer to Ques-
tion 0.1 in the category of transcendental maps of C. Also the concept of emergence enables to

strengthen Conjecture 0.6:

Conjecture 0.11. There is a locally dense set in the space of polynomial automorphisms Aut(C?)

of C? formed by dynamics displaying a wandering Fatou component with high emergence.

In the real setting, we notice that Theorems B and 0.9 imply the following contribution to the

main conjecture of [ B
Corollary B. In the setting of Theorem B, the emergence of fp|U,>¢ f, (C) has order > d,,(K).

This corollary extends the very recent work | | developing | ], where super-polynomial
emergence was shown to occur locally densely in the C"-Newhouse domain for r < co. We obtained
that the emergence of this wandering component C has positive order (and so super polynomial),
and this locally densely (with codimension < 5) in any topology 2 < r < oo and r = w.

In this sense, Theorem B and its Corollary B confirm the main conjecture of | ] on typicality
of high emergence in the category of C"-surface diffeomorphisms, 2 < r < oo, r = w and even in
the category of real polynomial automorphisms of R?, with density of codimension < 5 as a weak

version of typicality.

5. This is the Hausdorff dimension of K N W*

loc

(z) for any z € K.
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0.4. Outline of the proof and organization of the manuscript. Theorem C follows from
a general result (Theorem 1.44) on a geometric model. We are going to briefly describe the
mechanism behind this result. The proofs that Theorem 1.44 implies Theorem C which implies
Theorems A and B, are done in Section 2.

Let us first fix a few notations. Given two sequences (a;); and (b;); of non-zero real numbers:

— we say that a; is small when j is large and write a; = o(1) if lim; o, a; = 0,

— we say that a; is small compared to b; when j is large and write a; = o(b;) if lim;_, Z—j =0,

— we say that a; and b; are equivalent when j is large and write a; ~ b; if lim;_, Z—; =1.

The starting point of the proof is to work with a wild hyperbolic basic set A. This is a hyperbolic
set such that for any perturbation of the dynamics, there is a local unstable manifold which displays
a quadratic tangency with a stable manifold. For such dynamics there are sequences of points
(P;)i>o in AN which define chains of heteroclinic quadratic tangencies: the local unstable manifold
WE.(P;) of P; is sent by f tangent to the local stable manifold W} (P;11) and the tangency is
quadratic. For the sake of simplicity, let us begin by assuming that each P; is periodic of some

period ¢; and the dynamics f% near P; is affine with diagonal linear part:
oi

In particular the local stable manifold of P; is vertical and the local unstable manifold of P; is
horizontal. Now we consider the tangencies slightly unfolded such that f folds the local unstable
manifold W} _(P;) close to a point T; with L; 1 o f(T;) close to Tj41 (see Fig. 1). A toy model of
the dynamics nearby a homoclinic tangency is given by a Hénon map:

fiTi+ (2y) = L (Tin)+(0 = y/2 + ag, be + ;) , with (ai,¢;) = f(T) = Ly (Tiga) -

I/Vlf)c(j?i—l) VVlj)c(PJ) I/Vlf)c(Pj‘Fl)
D f(Tj-1) D f(T)
L Ljyi
 — I
Wige(Pj-1) Tir - Wige(F;) T; Wige(Pj+1) Tjn

F1GURE 1. Toy model for the heteroclinic tangencies chain leading to a wandering domain.

Then we have:
2% —y/2 + a;
Liyiof : T+ (z,y) = Tip1 + <y/

Oi+1

, /\Z‘+1(b$ + Cz)> .



10 PIERRE BERGER AND SEBASTIEN BIEBLER*

In this toy model, if there exists a sequence of neighborhoods (B;); of (T};); such that diam B; — 0
and L;y1 o f(B;) C Bjt1, then the point Ty belongs to a stable domain. To find the necessary
conditions on a;, ¢;, 04, A; to achieve this, we use a variation of the rescaling formula of | ,

Theorem D]. We define the rescaling factors and maps by:

vi=]o%; and ¢i:(X.Y) > T+ (1:X,72Y).

j=1
We assume that v; > 0. Observe that 72 = 0;117i+1. We now consider the renormalized map
R f(X,)Y):= ¢;+11 oLijt10 fo¢i(X,Y). A simple computation gives:

Y a A
RAXY) = (X2 5+ 522 x4 )
Vi Vit

This is a quadratic Hénon map. Thus the idea is to state conditions implying that its coefficients
are small, so that the image by ¢; of the ball of radius 1/3 centered at 0 is contracted and sent
into the image by ¢;+1 of the same ball by these iterations (since 1/3% +1/(2 x 3) < 1/3). Namely

our conditions express as:

(C1) [I;s0 U?ij > 0 or equivalently =527/ logo; > —o0.

(C2) a; = o(y?) when i is large; this implies that the first coordinate of R;f is close to X% — Y/2.
(C3) v — 0 and Ai41 = o(72,); this ensures that the second coordinate of R; f is small.

To go from this toy model to actual surface diffeomorphisms (including polynomial automor-
phisms), we first work with a more general model where (in particular) the mapping is not nec-
essarily linearizable at its periodic points. This model of geometrical and combinatorial type is
a variation of the one used in [ ]. The precise definition is given in Section 1.1 under the
name of systems of type (A,C). A basic and simple example of such system is depicted Fig. 4
Page 21. Then an analogue of the above conditions (C4)-(C3)-(C3) is shown to imply the conclu-
sions of Theorem C in Theorem 1.32 (real case) and Theorem 1.34 (complex case). Their proofs
occupy the whole Section 3. In Section 3.1 we recall the notion of the implicit representations
for hyperbolic transformations of Palis-Yoccoz | | and introduce a real-analytic generalization.
These representations allow us to obtain sharp uniform distortion bounds, without assuming any
linearization (i.e. non-resonance) conditions, which is very crucial for our problem. In Section 3.2,
we show that the assumptions of Theorems 1.32 and 1.34 imply a normal form for the folding maps
which is "uniformly’ close to be Hénon-like (and more precisely close to the assumptions of | ,
Theorem D and Remark 3.1]). In Section 3.3, we prove Theorems 1.32 and 1.34. The main point
is to show that the domain B; is well included in the boxes where the implicit representations
are defined and where the folding maps are defined. To handle the complex analytic case which
is presently not included in [ , Theorem D], we use the Cauchy inequality as a shortcut to

obtain the complex distortion bounds. Details are given in Appendix B.

At this point, it is not straightforward at all to see that the assumptions of Theorems 1.32
and 1.34 are satisfied for infinitely smooth surface diffeomorphisms, let alone for polynomial auto-
morphisms of R?. This context requires to work with a fixed d-parameter family of diffeomorphisms

and consider perturbations only along such a family (contrarily to | | where bump functions
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are used to perturb the dynamics). Thus in Section 1.2, we consider families (F},),cgae of systems
of type (A, C). We ask that at every parameter p, there are d pairs of points (Qj', @, ;); in A such
that Fj, maps the local unstable manifold W} (Q¥) of Q} tangent to the local stable manifold
Wi .(Qi, 1) and the tangency is quadratic. Then to apply Theorems 1.32 and 1.34 as above, we
shadow each (Qf,Q¥); by a periodic orbit P; such that if the eigenvalues of P; are (1/0;,A;), the
curves W _(QF) and W _(P;) are O(o;)-close whereas W _(Q¥) and W} (F;) are O();)-close. To

satisfy (C4), we take:
o; < 58 ,  with g € (1,2) and 6 small.

This implies that
i = H al(ﬂ/Q)J _ Uiﬂ/(2—6) .
Jj=1

So if we do not perturb the parameter, a priori a; is of the order of o;11 + A;, which is often
28/(2—8)

large compared to v? = o; (since y; — 0). So we have to perturb the parameter p to obtain
a wandering stable component (otherwise we would have found an open set of mappings with a
wandering Fatou component!). But then a new difficulty appears: when we perturb the parameter
p so that the i*"- homoclinic tangency is neatly unfolded, the others are possibly badly unfolded
by a length o511 + A; > 0;41. We recall that all a; must be small compared to 7]2. So if the points

i); are inductively constructed, for j < 7 we must have at step ¢, for every 7 < i:
Pj); inductivel tructed, f t h t st f
ois1=0(7) .
Note that ,sz_ = Yj41 - 0j4+1. So this is equivalent to ask for:

2/(2—
o1 =o(vi41 - 0j1) = o(071 ).

i
And with k =i — j, we have 0,11 = UﬁH. So this is equivalent to ask:

B >2/(2-B)

This inequality does not have any solution 8 € (1,2) for kK =0,1,2,3, but 8 = 3/2 is a solution of
this inequality for every k > 4. One main new trick of this work is to work with a several parameters
family: while we unfold the i*" tangency to plug it at a neat position using one parameter, we
use 3 other parameters to maintain the (i — 1)!* (i — 2)*" (i — 3)*" folds in their neat position
(see Fig. 2). But there is an extra difficulty. Once we have perturbed the parameter in this way,
W (Qi+1) might be not anymore tangent to the stable local manifold W} (Q;42). Even worst,
W (Qiy1) might be o;11-far from being tangent to any stable manifold. So we need to work with a
5-parameter family. The fifth parameter is used to restore this heteroclinic tangency. This explains
why all our main results on wandering stable components are stated for 5-parameters families. To
handle such an argument we will need five groups of persistent homoclinic tangencies which unfold
non-degenerately at every parameter. These are assumptions (Hy) and (Hz) of Definition 1.42 of
unfolding of wild type (A, C), with Card C = 5.

To satisfy (C3) we must also have that \; = o(v7). Using that »; < O’f/@_ﬁ) = o3, this

condition is equivalent to (\;/0;) - 0"

the orbit of P; while 0;5 is approximately the fifth power of the differential of the dynamics along

= 0(1). Actually \;/o; is the Jacobian determinant along
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FIGURE 2. This figure depicts the parameter selection; the motion blur reflects

how the dynamics varies when the parameter is changed at each inductive step.
We assume by induction the existence of a chain of periodic points (P;);<; such
that W} _(P;) is in nice position w.r.t. W2 _(Pj+1) (i.e. satisfying (Cy)), Wik .(P;)
is tangent to W3 (Q7, ;) and W (Q},,) is tangent to the stable lamination of A.
We consider a periodic point P;4q such that W} _(Pi11) and W} _(Pi+1) are o;41-
close to W (@7, ) and W _(QF,,). We handle a 0;;-small perturbation of two
parameters such that W% _(P;) is in nice position w.r.t. W _(P;1) (i.e. satisfying
(Cy)) and W% (P;41) is tangent to the stable lamination of A. Then we use three
others parameters in order that W} _(P;) is in nice position w.r.t. W (Pj+1) for
every i —3 < j <i—1. We need a fifth parameter to make W} (P, +1) tangent to a
leaf W*(Q3, ) of the stable lamination of A. By construction, the curve W} (P;)

is in nice position w.r.t. W (Pj41) for every j <i— 4 since ;41 = o(77).

the orbit of P;. Hence in order to satisfy this equation, we will require the following moderate

dissipativeness hypothesis in Section 1.2:

DS - [det Df[ <1 with e = %
Let us now explain a tricky point of the parameter selection. The number a; is a function of T4
which is itself a function of the manifold W*(P;12). However this manifold is not yet defined by the
induction, and depends on the parameter which is moving at the step in progress. So we will need
to define the point Tj;; independently of W*(P;2) in a very sharp way. This will be done using
an adapted family (mp), of projections, which is basically a C'-extension of the stable lamination
which is equivariant by the dynamics nearby the set A. Such a family of projections is actually
part of the structure of unfolding of wild type (A, C). In Appendix C, we show the existence of
such a family of projections given any hyperbolic set for a C?-surface diffeomorphism, following
classical techniques.

The main technical theorem in the paper is Theorem 1.44. It asserts that given a moderately
dissipative, unfolding (F,, 7p) of wild type (A, C) with Card C = 5, there is a dense set of parameters
at which there is a stable component C satisfying the conclusions of Theorems 1.32 and 1.34
(wandering combinatorics) and moreover the points in C satisfy conclusions (1) and (2) of Theorem
C (w-limit set of z containing A and large emergence). Its proof occupies Section 4. We start in
Section 4.1 by showing some uniform bounds on the parameter family for the iterations near a
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hyperbolic set. Then in Section 4.2, we give uniform bounds on the parameter family for the
normal form nearby the folding map. In Section 4.3, we proceed to the parameter selection using
the argument explained above. In Section 4.4, we prove the first part of Theorem 1.44 by showing
the existence of a wandering stable component by applying Theorems 1.32 and 1.34. Finally in
Section 4.4, we will use some room in our estimates to make the stable component having a large
emergence and accumulate onto all the hyperbolic set A.

At this stage what remains to do is to show that the families of Theorems A, B and C can be
put in the framework of Theorem 1.44. We say that a dynamics satisfies the geometric model if an
iterate of it leaves invariant a moderately dissipative wild unfolding with Card C = 5. Corollary 1.49
of Theorem 1.44 then asserts that such a system displays a wandering stable component which
accumulates onto the embedding of A and has stretched exponential emergence. Moreover if
the embedding and the dynamics are real analytic this wandering domain is the real trace of a
wandering Fatou component.

In Section 2, we show that the families of Theorems A, B and C satisfy the geometric model.
We start in Section 2.1 with a proof that the basic and simple example depicted in Fig. 4 defines
a moderately dissipative wild unfolding. We remark that this simple example already enables
to find a family of polynomial automorphisms which display a wandering Fatou component, of
some controlled degree. In Section 2.2 we show that Theorem C implies Theorems A and B.
In order to do so we recall some celebrated results of Newhouse | ], and its extension by
[ , ]. These results imply that in the unfolding of a homoclinic tangency there is a
wild hyperbolic set with uncountably many tangencies. In Section 2.3 we show that under the
assumptions of Theorem C the geometric model occurs. The techniques of the proof are classical
but rely on rather sophisticated techniques from real bifurcations theory and uniformly hyperbolic
dynamics.

Let us finally emphasize that Section 2 and Appendix C using classical tools from real uniform
hyperbolicity theory are completely independent from Sections 3 and 4 and Appendices A and B
using tools from both real and complex analysis. All these are independent of Appendix E which
is devoted to the proof of Theorem 0.9.

The authors are thankful to Romain Dujardin for his comments on the introduction of this paper.

We are grateful to the referees for their deep reading and their valuable suggestions.

1. THE GEOMETRIC MODEL

The geometric model is devoted to offer a nice framework for showing the main theorem on
the existence of a wandering stable component and which applies to the following situation: a
wild horseshoe which is strongly dissipative and displays five robust homoclinic tangencies which
unfold non-degenerately for a 5-parameter family, as we will see in Remark 2.11. Actually, we will
show that the geometric model implies the density of the parameters at which there is a wandering
stable component, in Corollary 1.49.

Let us define the functional spaces involved in this model. Let K C R™ and K’ C R™ be two
compact subsets, with n,m > 1. For r € [1,00]U{w}, amap f: K — K’ is of class C" if it can be
extended to a C"-map from an open neighborhood of K to R™. It is a C"-diffeomorphism if f is
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bijective and f~! is of class C". Then n = m. We recall that C* is the class of real analytic maps.
Likewise, given two compact subsets K C C" and K’ € C™, a map f : K — K’ is holomorphic
if it can be extended to a holomorphic map from an open neighborhood of K to C™. It is a

biholomorphism if f is bijective and f~! is holomorphic (and again n = m).

1.1. System of type (A,C). In this subsection, we introduce the notion of hyperbolic map of
type A through the definition of hyperbolic transformations. One should think about a hyperbolic
map of type A as a horseshoe A and about hyperbolic transformations as the restriction of the

dynamics to a neighborhood of a rectangle of a Markov partition (see Propositions 1.13 and 2.25).

Let I := [—1,1] with topological boundary 0I := {—1,1}. We fix for this subsection p > 0 and
we put I := I + - [—p, p] with topological boundary I ¢ C. Put Y®:= 2 Y*®:= I? ¢ C? and:

Ve =) x I , 9“Ye:=Ixdl , Y :=0@I)xI , 9"Y®:=1x0dl.

The sets Y® and Y will be associated to the transformations F© equal to the identity. The

definition of hyperbolic transformations depends on fixed § > 0 and A > 1. For convenience, fix:
f=—- and A=2.
Definition 1.1 (Box). A box is a subset Y of R? which is diffeomorphic to Y® and of the form:

Y ={(z,y) eY®: ¢~ (y) <z <ot (y)},

where ¢~ and ¢ are C'-functions on I such that ¢~ < ¢+ with ||¢pF||co < 1 and |Dé*||co < 6,
for £ € {—,+}. Weput 9*Y =9*YeNY and 0°Y = cl(JY \ o*Y).

We notice that the set Y© is a box. Also in general, a box Y satisfies:

Y ={(z,y) eI x0:¢~(y) <z <¢T(y)} and &Y ={(z,y) e I’z € {¢~(v),¢" (v)}} .

For analytic tranformations we will consider the following complex extensions of boxes.

Definition 1.2 (Cy-box). A C-box Y is a subset of Y such that Y N'Y*® is a box and Y is the
range of a biholomorphism of the form ¢ : (z,w) € I? — (Z(z,w),w) € Y satisfying |0,2| < 6.
Let 0*Y = 0"Y°*NY and 9°Y =cl(Y \ 0"Y).
Similarly we notice that Y is a C-box. Also in general, a C};’-box Y satisfies:
9UY :=(¢(I xdl) and &°Y := () x I).
The definition of hyperbolic transformation will involve cones.
Definition 1.3 (Cones). We define the two following cones xp and xy:
Xn = {(ug,uy) € R? : luy| <0 lugl} and x, = {(us,uy) € R? : Ju,| <0 luyl} -
The real cones xn and X, admit a canonical extension to C2:
Xn= {(uz,u0) € C? ot fug| < 0-|uzl} and Yo = {(uz,uw) € C?: Jus| <0 - |uy|} .

Definition 1.4. A hyperbolic transformation (Y, F) is the data of a box Y and a C?-diffeomorphism
from'Y onto its image in Y such that either Y =Y® and F is the identity or:
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(1) F(Y)CY® and F(0°Y) C 0°Y® whereas Y N9Y® =0 and F(Y)No*Ye=10.

(2) For every z € Y, every non-zero vector in the complement of x, is sent into xp, by D, F

and has its first coordinate which is more than \-expanded by D, F .

(8) For every z € F(Y), every non-zero vector in the complement of xn is sent into x, by
D.F~! and has its second coordinate which is more than \-expanded by D,F~!.

\/F(auye)

F1GURE 3. A hyperbolic transformation.

Here is the complex counterpart of the latter notion.

Definition 1.5. A Cj-hyperbolic transformation (Y, F) is the data of a C} -box Y and a biholo-
morphism F from Y onto its image in Y® such that either (Y, F) = (Y®,id) or:

(1) F(Y)CY® and F(8°Y) C &°Y® whereas Y N3°Y® =0 and F(Y)Nd“Ye =0.

(2) For every z € Y, every non-zero vector in the complement of X, is sent into X, by D.F

and has its first coordinate’s modulus which is more than \-expanded by D, F'.

(8) For every z € F(Y), every non-zero vector in the complement of Xp is sent into X, by

D,F~! and has its second coordinate modulus which is more than \-expanded by D,F~!.
(4) The restriction of F to the boxY := Y NR2 is a real analytic hyperbolic transformation.

We denote also by F its restriction F|Y. The pair (?,F) 1s called the complex extension or
Cy-extension of (Y, F).

We define the following operation on hyperbolic transformations.

Definition 1.6 (x-product). Given two hyperbolic transformations (Y, F) and (Y', F'), we define:
(V,F)« (Y F'):=(YNFY(Y'),F'oF).
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Given two C} -hyperbolic transformations (Y,F) and (Y',F'), we define:
(V,F)« (Y F'):=(YNF YY), F' oF).
The %-product is a binary operation on the set of hyperbolic transformations:

Proposition 1.7. The x-product (Y, F) * (Y', F') of any pair of hyperbolic transformations is a
hyperbolic transformation. The -product (Y, F)x (Y', F') of any pair of C% -hyperbolic transfor-
mations is a Cy-hyperbolic transformation, moreover (Y ,F)x (Y',F') is a complex extension of
(Y,E)x(Y',F") if (Y,F) and (Y', F') are respective complex extensions of (Y, F) and (Y', F").

Proof. In | , 83.2.1] it is noticed that the proof is immediate in the real case. The proof for
the complex case is postponed to Appendix A. O

The x-product is associative. In particular, it will not be necessary to use brackets while taking
*-products of more than two factors. Also for every hyperbolic transformation (Y, F') it holds:

(Y, F)* (Y, F®) = (Y, F) « (Y, F) = (Y, F) ,
where [ is the identity of Y. The same occurs for C;-hyperbolic transformation. This implies:

Proposition 1.8. The set of (resp. Cy-) hyperbolic transformations endowed with the operation
* is a monoid with neutral element (Y, F®) (resp. (Y, F®)).

Let (V,A) be an oriented graph where V is a finite set of vertexes and A a finite set of arrows.
The maps o : A — V and t : A — V associate to each arrow a € A, its origin vertex o(a) and its
target vertex t(a) € V. Let B C A? be the set of pairs (a,a’) of arrows such that t(a) = o(a’).
Then we will always assume that the subshift of finite type defined by (A, B) is transitive and has
positive entropy. This is equivalent to say that the graph is strongly connected and there are two
different paths with the same length and the same origin and target vertexes.

The following is inspired from the notion of regular Cantor set | ] and of the Markovian

structure of | ]

Definition 1.9. A hyperbolic map of type A is a map of the form:

FA:(z,0(a)) € |_| Y2 x {o(a)} — (F?(2),t(a)) e Y x V
acA
where (Y2, F?)aca is a finite family of hyperbolic transformations (Y2, F?) satisfying that Y? is
disjoint from Y?' for every a # a’ € A such that o(a) = o(a’).
The map F* is Cy-hyperbolic if there exists a family (Y2 x {0(a)})aca of complex extensions
(Y2, F?) of (Y2, F?) satisfying that Y? is disjoint from Y2 for every a # a’ € A such that o(a) =
o(a’). We put:

D(A) = |_| Y? x {o(a)} and in the Cy- case D(A) := |_| Y2 x {o(a)} .
acA acA

We notice that a hyperbolic map of type A is a local C?-diffeomorphism.
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Example 1.10. Let (V,A) be the graph with a single vertex V = {0} and N > 1 distinct arrows
A ={ay, - ,an} with both origin and target vertezes equal to ©. Let § > 0 be small compared to
1/N. For every 1 < j < N, put:

2 2
I j—l)—1+52,ﬁj—1—62

= N(
For1<j <N, let C; be the affine, orientation preserving map from I onto I, let:
Yo :=I;xI and F%:=(z,y) €Y% — (C;'(x), V3 Ci(y)) -

We notice that (Y2 ,F?%) is a hyperbolic transformation for every 1 < j < N. The domains
(Y% )1<j<n are disjoint since the intervals (I); are disjoint. Also the ranges of (F?); are (I x
Vo1 ;)i which are disjoint from the one other. Thus the following diffeomorphism is hyperbolic
of type A:
FA:(z,0) € | |V x {0} = (F(2),0) if z € Y.
acA
This hyperbolic map with N = 6 is depicted on Fig. 4.

We are going to associate geometric and dynamical objects to the following symbolic objects:

Definition 1.11. Let A* ¢ A™ be the set of admissible finite words w := a;---a; € AF: for
each j < k we have (a;,a;11) € B. We denote by e the empty word in A*. The origin and target

vertexes of w are defined by the maps:
o:a;---a, € A"\ {e} —~o(a;) eV and t:a;---a,€ A"\ {e} —~t(ay) eV

If the pair (w,w') € (A*)? is admissible (t(w) = o(w’)), we denote by w-w’ € A* the concatenation

of these two words. The length |w| of w € A* is its number of letter.

There are three ways of taking limits of these admissible words: by both sides, the right side
and the left side. This defines three sets.

Definition 1.12. Let by be the set of sequences (a;)icz € A” which are admissible: (aj,aj11) € B
for every j; it is the space of the orbits of the aforementioned transitive subshift of finite type.
Let K) be the set of sequences s := (a;)i>0 € A" such that (aj,aj41) € B for every j > 0.
Let X be the set of sequences u := (a;);<o € A%~ such that (a—j—1,a_;) € B for every j > 0.

= = s .
We endow the sets A, A and A with the topologies induced by the product topologies of A%~
A" and A” which are compact by Tychonoff’s theorem.

The map o can be canonically extended from A* to A by o((a;)i>0) := o(ap). We extend
similarly t to A by t((a;)i<o) := t(a—;). We extend canonically the concatenation operation
to the sets B, B and B of pairs (d,d’) in respectively (A*)2, A* x R and A x A* such that
t(d) = o(d’). For w € A", we denote:

(11) A*-w:={d-weA :(dw)eB"} and w-A:={w-sc A:(ws)c B}

and <;K~w::{u~w€<xz(u,w)G(E}.
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Given a hyperbolic map of type A, by associativity of the x-product, we denote for every
w:=a;---a; € A"

(1.2) (Ve F®) := (Y®,id) and (Y™, F™):= (Y™, F) %% (Y% F)

which is a hyperbolic transformation by Proposition 1.7. If F'is C7-hyperbolic of type A, we denote
similarly (Y¢, F¢) := (Y®,id) and (Y™, F™) the x-product of the C;/-hyperbolic transformations
associated to the letters of w.

We recall that a hyperbolic basic set is a hyperbolic compact set which is transitive and locally

maximal.

Proposition 1.13. The mazimal invariant set A = (o, (F*)"(Y® x V) is a hyperbolic basic set.

Proof. First note that A is compact since it is an intersection of compact sets. Furthermore, it is
locally maximal since:
AC FAYex V)N (FA) 1 (Yex V) = U Y2NF¥ (Y?) x {o(a)}
(a,a’)EA2:0(a)=t(a’)

which is strictly included in Y® x V by property (1) of hyperbolic transformation’s Definition 1.4.
Furthermore it is hyperbolic by the cone properties (2) and (3) of Definition 1.4.

The transitivity of A follows from the one of the shift A defined by (A,B) and the next
remark. ]

<
Remark 1.14. If FA is a diffeomorphism, the dynamics of A is conjugate to the shift on A . In
general, the dynamics of the inverse limit A := {(z;,V;)iez € A : (zip1,Vit1) = FA(2zi,v;)} of A

—
s conjugate to the shift on A wvia the map
— — a
h:(zi,Vi)iez € A — (a;)icz € A with a; € A such that z; € Y?* and v; = o(a;) .

Conversely, we will see in Proposition 2.25 Page 40 that modulo iterations, any C?-horseshoe is

conjugate to a hyperbolic map F® of a certain type A.

— <—
Definition 1.15. Given a hyperbolic map of type A, for s = (a;);>0 € A and u = (a;);<0 € A,
we denote:

W= (Y% % and W":= () F> o (Y2,

i>0 i>0

The following is immediate:

Proposition 1.16. For everys € K, the set Wex{o(s)} is a local stable manifold of the hyperbolic
set A with tangent spaces in x, and endpoints in the two different components of 0“Y©.

For every u € X, the set W x {t(u)} is a local unstable manifold of A with tangent spaces in
Xn and with endpoints in the two different components of 0°Y€.

— —
By Proposition 1.16, for every u € A and s € A, there are 6-Lipschitz functions w" and w® on
I whose graphs satisfy Graphw" = W*" and *Graph w® = W*.

Proposition 1.17. The maps x* € I — w'(z) € R and y € I — ws(y) € R are of class C? and

depend continuously on u and s in the C?-topology.
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Proof. This is the continuity of the local stable and unstable manifolds of the hyperbolic set A. [

The following enables to consider quadratic homoclinic tangencies of the basic set A. It is
defined using a finite set C of (new) arrows c between vertexes of V.

Definition 1.18. Given ¢ € C, a folding transformation (Y€, F€) is the data of a filled square
Y = I¢ x JC included in Y®\ 0°Y® and a C?-diffeomorphism F€ from Y onto its image in
Ye\ o“Ye, which satisfies:

(1) The following subset is nonempty and clopen:
— —
Ac:={ue A:tlu)=o0(c), W'NY £D&W"NIY* =0} withd"Y*®:=1°x dJ.
— - — -
(2) With Ac := {s € A :0(s) = t(c)}, for any u € A and s € Ay, if the curves W" and
(F)~Y(W?®) are tangent, then the tangency is unique, quadratic and lies in int Y.
The folding transformation is of class C; if F© extends to a biholomorphism from Ye.=ye+ [—i-
p,i - p)? onto its image in C?.
Here is the main dynamical object of this subsection.
Definition 1.19. A system of type (A, C) is a C?-local diffeomorphism F of the form:

FA(z,v) if (z,v) € D(A),

F: (,v) € D(A)UD(C) { Fe(z,v) if (2,v) € D(C)

for a hyperbolic map F® of type A and the map FC is the disjoint union of a finite family of
folding transformations (Y, F€)cec for FA by

F€: (z,0(c)) € D(C) == | | Y® x {o(c)} = (FS(2),t(c) € Y x V
ceC

— <—
and such that for every c # ¢’ € C, the sets Ac and Ao are disjoint.

Summary of symbolic notations

Any object in the category of symbols will be denoted in this style. Moreover the following letters
will be used canonically:

v denotes a vertex; these form a set V of vertices.

a denotes an arrow associated to a hyperbolic transformation; these form a set A of arrows.

c denotes an arrow associated to a folding transformation; these form a set C of arrows.

w denotes an admissible finite word in an alphabet of arrows.

s denotes an admissible forward infinite word in an alphabet of arrows.

u denotes an admissible backward infinite word in an alphabet of arrows.

o(-) and t(-) are maps assigning to an arrow or word its origin and target vertices, when defined.
Sets with a star, like A*, are formed by all the admissible finite words in the given alphabet.

W denotes a subset of admissible words satisfying a certain extra property.

Sets with a right arrow, like Z}, are formed by admissible forward infinite words.

Sets with a left arrow, like A, are formed by admissible backward infinite words.

<
Sets with a left-right arrow, like A, are formed by admissible bi-infinite words.
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Example 1.20. Let FA be the example of hyperbolic map of type A of Example 1.10 with N even
and § > 0 small. We recall that (V,A) is a graph with a unique vertex ¢ and N arrows aj. Let
C={c;:1<j<N—1} be aset of N—1 other arrows satisfying o(c;) = t(c;) = . For p in:

P = {(pi)i eRNV:VI<i<N—1, p;€lips andp; is V5-distant from 811'“} ,

we define a folding transformation Fy’ for F® by:

Foiiz=(o,y) €Y% o (a2 4y +p;,~Vo - 2)

with Y9 =1°x J9 , 1= [-62/4,6*/4] and J9 :=V5-1;.
Note that F,’ depends on a parameter p € P but its definition domain Y is independent of p, see
Fig. 4.
¢ . . . A o~
Fact 1.21. The map Fy’ is a folding transformation at & adapted to F* with A¢, := A -a;.
Proof. First note that the segment I° is disjoint from | |, I = | |, [#(k —1) — 1+ 6%, £k —1— §2].
Thus Y is disjoint from (Jp_, Y. Also the image of Fy’ is included in (—1,1) x [—§2/4, 82 /4],
which is in the interior of Y®. We notice that for every u € A, there exists y" such that
WY =T x {y"}. Note also that y" belongs to the interior of | |, V6 - I, and so W" is disjoint
<_

from I x | ], V-9l D 9"Y%. Also W" intersects Y% iff u € A, := A -a; which is indeed a

— .
clopen set. Also, for u € A, the image by Fy7 is:

C; u C; u 62 62
(1.3) Fyi(W ﬂY-?):{(x2+y +pj,—\[6-x):—4§a:§4}.

4 .
As every stable manifold W, for s € A, is of the form {xs} x I, if F,? (WY NY%) is tangent to
W* then the tangency is quadratic. O

As the boxes (Y )1<j<n—1 are disjoint, we can define:

N N-1 .
: L|you|]ve (F2(z),0) ifzeY? acA
fos(noe j:lY N YE o) { (Fg(x),0) ifzeYs ceC.

j=1
Fact 1.22. The map F, is a system of type (A, C) which is a diffeomorphism for every p € P.

Proof. We already saw that F'A is a diffeomorphism. Looking at the definition of P and sz:, we
see that the folding transformations Fj; have disjoint images from the one other. These images are
included in (—1,1) x [—42/4, 2 /4] which is disjoint from the range of FA. O

In order to do the parameter selection in Section 4, we will need the following object enabling

to follow the tangency point of the homoclinic tangencies in a neat way:

Definition 1.23. An adapted projection to a map F of type (A, C) is a Ct-submersion:
m:(z,v) ERXI XV (7'(2),v) eRXx V

such that with P(x,) C P(R) the set of lines spanned by vectors in Xy :

(0) For every (z,d) € Ugeauc Y x {0(d)}, the 7@ -fiber of = is included in Y®.

(1) The map (z,v) € Y x V = ker D7 is of class C' and takes its values in P(x,).
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FIGURE 4. An example of a system of type (A, C).

(2) For anyv €V, for every x € R, it holds n¥(x,0) = x.
(8) Foralla€ A and z,2' € Y?, if 7°@(z) = 7°@)(2') then 7t o F3(2) = 7@ o F2(2').

(_
(4) For every u € A, with ¢ € C, the curve W" is tangent to a unique fiber of () o F€ at a

unique point (" € intY¢, and the tangency is quadratic.

FC

FI1GURE 5. Definition of (Y.
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Let us comment this definition. Item (0) says that for any a € AUC, any 7°®-fiber intersecting
Y? is fully included in Y. Item (1) implies that the fibers of 7V are C2-curves with tangent space
in x, and with two endpoints, one in each of the components of R x 1. Item (2) implies that 7 is
a retraction. Item (3) implies, as we will prove in Proposition 1.25 that each curve W* is a fiber of
7°0) for s. Thus 7 defines an extension of the stable lamination which is invariant by the dynamics
FA. The last item is equivalent to say that for every u € ic, the map = — 7% o F€ o (z,w"(z))
has a unique critical point which is non-degenerate. It enables to describe how far an unstable
curve WY, u € i is to be folded tangent to a stable curve. The definition of (" is depicted in
Fig. 5.

Example 1.24. The projection 7 : (z,y,0) — (x,©) is adapted to the map F,, of Example 1.20.

Proof. The three first items of Definition 1.23 are obviously satisfied. Item (3) as well since FA
leaves invariant the vertical foliation. Finally we observe that by Eq. (1.3), forevery 1 < j < N—1,
for every u € icj the curve F,’ (WY NY®) has a unique quadratic tangency with a vertical line.
This implies the last item. O

More generally, we will see in Proposition 2.25 that any horseshoe of a surface C2-diffeomorphism
can be modeled by a hyperbolic map of a certain type endowed with a map = satifying items (0-
1-2-3-4) of Definition 1.23. As promised let us show:

Proposition 1.25. If 7 is adapted to F then for everys € X, the curve W* is a fiber of m°®).

Proof. Let s = ag---a;--- € Z), v=o0(),zec W. As W* = (5, Y%, it follows that
(FA)"(z,v) is in Y@ x {o(a,)}. Thus by Definition 1.23-(0), the -fiber of (FA)"(z,v) is included
in Y® x V for every n. By Definition 1.23 (3), the w-fiber of (z,v) is sent into the m-fiber of
(FA)"(z,v) by (FA)". The tangent spaces of the fibers of 7 are in y, by Definition 1.23-(1), and
every vector in x, has its second coordinate which is more than A-expanded by D, (F?)~! for any
a € A and z € F2(Y?) by Definition 1.4 (3). Thus the m-fiber of (z,v) is a local stable manifold

of (z,v). By Proposition 1.16 and uniqueness of the local stable manifold of the hyperbolic set A,
it follows that W* x {v} is equal to the m-fiber of (z,v). O

We are going to give sufficient conditions for a system F' of type (A, C) to display a wandering
stable component. We will use the following:

Definition 1.26. For every w € A*, let HY := F*¥(I x {0} NnY™).

Definition 1.27. For any w € A, let |YY| be the mazimum of the lengths of I x {y} NY™ among
y €I and |FY(YY)| be the mazimum of the lengths of {x} x I N FY(YY) among x € I.

The following enables to extend the tangency point ¢* for some finite words w € A*.

Proposition 1.28 (definition of A] and ¢%). For every ¢ € C, there exists ne > 0 minimal such

that for any w in:
F
A :={w e A" :|w| > nc and w equals the |w| last letters of a certain u € Ac}

the curve HY intersects Y but not d“YC, the curve HY is tangent to a unique fiber of w4 o '

at a unique point (" € int Y€, and the tangency is quadratic.
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Proof. 1t is sufficient to prove that for every sequence (w;)>¢ of words w; € A" such that |w;| — oo
and such that there exists u; € <Kc finishing by w;, the following properties hold true when i is
large enough: the curve H": intersects Y¢ but not 0“Y€, the curve HYi is tangent to a unique
fiber of 7€) o F€ at a unique point in int Y, and the tangency is quadratic. By compactness of
ic, we can assume that (u;); converges to u € ic. By continuity of u — W", the curve W" is
C?-close to WY when i is large.

We notice that each of the H"¢ is a component of the image by (F*)!W:l of the curve I x {0} x V
which is uniformly transverse to the stable lamination of A. When ¢ is large, by the Inclination
Lemma, the curve H%: is C2-close to W' and so to W".

By definition of ic, the curve WY intersects Y'¢ but not 0“Y€. This is equivalent to say that
W intersects the interior of Y€ but not 0“Y© which is an open condition on curves. Thus for i
sufficiently large H"i intersects the interior of Y€ but not 9*Y*.

Also W has a tangency with the foliation defined by 7t(®) o F'¢ which is unique, in int Y and
quadratic. This is equivalent to say that the curve TW" C Y® x P(R) is transverse to the surface
{(z,ker D7t ®) 0 D_F®) : 2 € Y°} C Y® x P(R) and intersects it at a unique point in int Y'¢ x P(R).
This is an open condition on C'-curves in Y x P(R). Thus H": satisfies the same property when
i is large. 0

<_
Remark 1.29. We have shown that th(i_set of C?-curves {H™ : w € A} U{W"Y :u € A} is
compact. Also the subset {¢" :w € A7 U A} of R? is compact.

When F is real analytic, we define p > 0 and the sets (?a)aeA and Y© by the following:

Proposition 1.30 (and definition of p > 0). If F is real analytic, then there exists p > 0 such
that for every w € A*, the hyperbolic transformation (Y™, FY) extends to a Cy -hyperbolic trans-
formation ()7""7 ™) and the map F* is of class C; on Y*® for every c € C.

Proof. The first condition on F* is proved in Proposition A.3 and the second condition on F€ is
obvious by Definition 1.18. a

Definition 1.31. If F is analytic, for any w € A*, let |[F™(Y™)| be the mazimum of the diameters
of {z} x IN F¥(Y™) among z € I.

Here is the proposition which gives sufficient conditions to ensure the existence of a wandering
stable component. It is a variation of Theorem D of | ] and its Remark 3.5.

Theorem 1.32. Let F' be a system of type (A,C) endowed with an adapted projection w. Let
(cj)j>1 € CV and let (w;);>1 be a sequence of words wj € A, such that o(w;) = t(c;—1) and

satisfying the following assumptions when j is large:
(i) the limit exists and is non-zero ¥, := |YWi+1|}/2. [y Wir2|L/2 L |y Wk \1/2k ey
ii) the distance between wtWi+1) _fibers of FWi+' o F< (%) and (Wit is small compared to 5,41,
i+

(11) the width [Y*3| is small and the height |[F™i (Y™3)| is small compared to %3 :

|[Y“i|=o0(1) and |F“i (YY) = 0(’??)
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Then there exist J > 0 and a sequence of nonempty open subsets (Bj)j>; of Y® such that:

B; CYS, FS(B;)C Y%+, F%+ioF%(B,)C By, and lim diamF*(B;x{o(c;)}) =0.

k—o0

Remark 1.33. We can show that (i) is equivalent to ask that log|Y™i| =< |w;| satisfies that
> 277 |w;| < co. We will see, using distortion bound, that assumption (ii) is equivalent to say
that the distance between the w°Wi+1)_fibers of the points F (¢Wi) and (FWi+1)~1({Wi+1) ds small

compared to ﬁjz. The first part of assumption (iii) implies that |w;| is large when j is large.

Theorem 1.34. Under the assumptions of Theorem 1.32, if moreover F is analytic and if

(iii) %, is small compared to |YWi+1| and |F™3 (YWi)| is small compared to f”yJQ when j is large:

35 = o(|YM]) and [P (YM7)| = o(37).
then each Bj is the real trace of an open subset Ej C C? such that:

B; CY%, F%(B;)C Y%+, FYi+oF%(B;)C Bjy1 and lim diamF*(B;x{o(c;)}) =0,

k—o0

where Y and YWi+' are defined by Proposition 1.30.

We notice that B; x {o(c;)} and B, x {o(c;)} are stable domains for the dynamics F' which are in
wandering stable components (for their combinatorics are wandering). The proof of Theorems 1.32
and 1.34 will occupy all Section 3.3 and will need a development of the techniques of implicit
represention of Section 3.1 and a normal form defined in Section 3.2.

1.2. Unfolding of wild type. In this section we are going to state natural conditions on families
of systems of type (A, C) so that at a dense set of parameters the map will satisfy the assumptions
of Theorems 1.32 and 1.34.

We recall that a closed subset is reqular if it is nonempty and equal to the closure of its interior.
Let P be a nonempty, regular compact subset of R%. For the proofs of our main theorems, P will
be a hypercube of R®. Let n,m > 1 and let (K},), be a family of compact sets of R". For r > 0, a
family (f,)per of maps f, : K, = R™ is of class C" if p € P — K, is continuous for the Hausdorff
topology and the map (p, z) € K = Upep{p} x Kp — fp(z) € R™ is of class C" in the sense we
defined Page 14.

We are now going to consider an unfolding of the stable and unstable laminations of a C?-family
of maps (F})pep of type (A, C).

Definition 1.35. A family (F))yep of systems of type (A, C) is regular if each F, is a system of
P

type (A, C) with a same set A¢ for every p € P at each fixed c € C and so that the family (Fp)pep

is of class C*. Note that for every p € P, the map F, is of the form:

{ FA2,v) if (2,0) € Lpea V7 x {0(a)},
Ff(w,v) if (2,v) € Ueee Y5 % {0(0)}-

A family of projections (m,), is adapted to (Fy), if each m, is a projection adapted to F,, the family

Fp:(z,v) € | | V2 x{o(@}u| | Vs x{o(e)}

acA ceC

(mp)p is of class C1 and the family (ker D,m,)pep is of class C*.
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Example 1.36. For instance the family (F,), of systems of type (A, C) of Example 1.20 is reqular
and the trivial family of projections (m)pep of Example 1.24 is adapted to it.

Let us fix a regular family (F,), of type (A,C) endowed with an adapted family (m,), of
projections. As in Definition 1.35, for every p € P, we add an index p to all the geometric
objects defined in the last subsection. For instance, we denote also by A, the maximal invariant
set of F defined in Proposition 1.13. For every w = a;---a; € A", we denote (Y, F¥) :=
(Y, Fgn) s - (Y, F2%). Fors € A and u € X, we denote by Wy and W' the corresponding
local stable and unstable manifolds of F}'.

The following is immediate:
Proposition 1.37. For every w € A™, the family ((Y,", F'))pep is of class C2.

— -
By Proposition 1.16, for every u € A and s € A, for every p € P, there are #-Lipschitz functions
wy, and wy, on I whose graphs satisfy:

u u t
(1.4) Graphw, = W' and “Graphw, =W, .

p

The following states that the stable and unstable laminations depend C? on the parameter:

Proposition 1.38. The maps (p,x) € P x I = wp(x) € R and (p,y) € P x I — w}(y) € R are of

class C?. Moreover, the two following maps are continuous:
— -
uc A (wp)pep € C*(PxI,I) ands e A (w3)pep € C*(Px1I,I).

Proof. This is an immediate consequence of Theorem C.5 of the Appendix applied to the family
of hyperbolic sets (Ap)p. O

Definition 1.39. For every c € C, we define:
%
— The map p € P+ ayp, := wzt,(c) o F5(Cp), for everyu € Ac.
_)
— The map p € P+ b;, := w,(0), for everys € A.

-~ —
— The map p € P+ V(u,s,p) =ap — by, foralluc Ac ands € Ac.

As my(z,0) = x for every (z,v) € I x V, it holds Wg(s)(W;) = {b3,}. We recall that by Defini-
tion 1.18, ¢ is the unique critical point of W;(c) o I, Thus aj is the critical value of 7'(';;((:) o F§owy
and V(u,s, p) quantifies how far F(W}') is to be tangent to W = (Trt(c))*l({b; ). In particular

we have:

Remark 1.40. The curve F (W} NY5) is tangent to Wy if and only if V(u,s,p) = 0.

Proposition 1.41. For every ¢ € C, the following are C'-functions depending continuously on
< —
ue A, se€ A

p—= G eintYy, pePr—ayel, peP=b,el and p—V(usp) eR.

Proof. We recall that (p, ) — wp(x) and (p,y) — w}(y) are C*-functions depending continuously

— —
onue A ands e A by Proposition 1.38. Thus the map p — b5 = w$(0) is of class C* and depends

continuously on s. By Definition 1.23 (4), the curve Wy NYy displays a unique tangency with a
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FIGURE 6. Definition of V.

fiber of w;(c) o Ff and this tangency is quadratic. This means that the curve TW3' N Y x P(R) of
Y® x P(R) intersects the surface {(z,ker D7%(©) o D,F€): z € Y} of Y® x P(R) at a unique point
(G Teu W") and this intersection is transverse. As this curve and this surface vary C* with p and
continuously with u, by transversality we obtain the sought regularity of p € P+ (. Then the

sought regularities of p € P+ ap = W;;(c) o Fi(¢y) and p — V(u,s,p) = ap — bj, follow. O

The next definition regards a regular family (F),),cp of systems of type (A, C) endowed with an
adapted family (m,), of projections.

Definition 1.42. The family (F,, m)pep s an unfolding of wild type (A, C) if:

— —
H,) For everyp € P, for everyc € C, there existu € Ac ands € A satisfying that FS(WYNY¢C
Y Y ying p WYy
has a quadratic tangency with Wp.

— =
(H2) For all (ue,sc)c € [[ccc Ac X Ac, the following is a C'-diffeomorphism onto its image:

p € int P — (V(ue,Se,P))ecc € RCardC

Let us comment this definition. Property (H;) asks for Card C simultaneous homoclinic tan-
gencies, each of which being associated to a different ¢ € C. By Proposition 1.41, we already
now that the map involved in (Hz) is of class C1. What is required is its invertibility. It means
roughly speaking that the unfoldings of the tangencies are independent and non-degenerated along
the parameter space int P whose dimension is equal to Card C.

We introduced the notion of unfolding of wild type (A, C) to show the existence of a dense set
of parameter p for which the the system Fj, has a wandering stable domain. To this end, a form
of dissipation is necessary:

Definition 1.43. A hyperbolic map F® of type A is moderately dissipative if it holds:

1
|DFA|| - ||[det DFA||€ <1 with e = T
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An unfolding (F,,m,), of wild type is moderately dissipative if F; is moderately dissipative for
every p € P.

Here is the main (abstract) result of this manuscript:

Theorem 1.44 (Main). Let (Fp, m,)pep be a moderately dissipative unfolding of wild type (A, C)
with Card C = 5. Then there exists a dense set of parameters p € P for which (F),, m,) satisfies the
conclusions of Theorem 1.32 (and of Theorem 1.3/ if F, is analytic) with subsets (B;j x{o(c;)});>s
such that every point (z,v) € By x {o(cy)} satisfies:

(E) There exist 0 < t < 1 and p in the set of invariant probability measures M »(Ap) of FplA,,

such that the limit set of the sequence of empirical measures €, = + Zz 0 5Ft(zv contains

topt (1 —1) - Mp(Ap).

The proof of this theorem will occupy the whole Section 4. In this proof we will first show that
the assumptions of Theorem 1.32 are satisfied at a dense set of parameter. Finally in Section 4.4,
we will show conclusion (€) by selecting the combinatorics of sequences of words (w;),;. We recall
that Condition (&) is useful to show using Theorem 0.9 that the selected dynamics have emergence
of positive order in Corollaries A and B.

Theorem 1.44 being admitted for now, let us show how it implies the main theorems. To this

end, we define the following geometric model which applies to surface maps families.

Definition 1.45 (C"-Geometric model). A C"-family (f,)per of surface diffeomorphisms f, €
Diff?(M) displays the geometric model if there is a moderately dissipative unfolding (Fp, Tp)pep
of wild type (A, C) with CardC = 5 so that (F},), is embedded into M via a C*-family (Hp), of
C"-embeddings Hp : Y x V — M:

fooHyl || Y x{o(d)}=H,oF, VpeP.
deAUC

In Section 2.1 we will prove that the families of maps defined in Example 1.36 define a moderately
dissipative unfolding of wild type (A, C) for any ¢ > 0 small enough depending on an even N > 2
and so the conclusions of Theorem 1.44 when moreover N = 6.

In Section 2.2, we will state a general Theorem 2.10 implying that the geometric model is
displayed in any non-degenerate unfolding of five homoclinic tangencies of a same dissipative saddle
periodic point. This will imply Theorem C. Then we will show that this implies the two following
theorems. The first one states that the geometric model appears locally densely among generalized

Hénon maps:
Theorem 1.46. For every b # 0 small, there is a reqular compact set P, C R® such that with:

4
fpi(z,y) € R? = (25 + Zpi x' —y,b-x) for every p = (pi)o<i<a € P,
i=0

the family (fp)pep displays the C¥-geometric model 1.45.
Moreover there is a neighborhood Vi, of b such that ﬂb’evb Py has nonempty interior.
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Remark 1.47. The same holds true for the family of maps:
4
fo i [z,w,t] € P2(C) = [2° + Zpi 25wl b 20,19]
i=0
The second states that the geometric model appears openly and densely in the space of unfolding
of a dissipative homoclinic tangency. We recall that a saddle periodic point displays a homoclinic
tangency if its unstable manifold is tangent to its stable manifold. The homoclinic tangency is

dissipative if the determinant of the differential at the periodic cycle has modulus less than 1.

Theorem 1.48. For every r € [2,00] U {w}, if f € Diff" (M) displays a dissipative, quadratic
homoclinic tangency, then there exist a C”-perturbation f of f, a C"-open-dense set of families
(fp)pers satisfying that fo = f such that for n > 1 and a reqular compact neighborhood P of
0 € R, the family (fp )pep satisfies the C"-geometric model 1.45.

These theorems together with Corollary 1.49 imply the first proof of the existence of a wandering
Fatou component of a polynomial automorphism of C? and a proof of the last Takens’ problem in
any regularity:

Proof of Theorems A and B. These theorem are direct consequences of respectively Theorems 1.46
and 1.48 and the following consequence of main Theorem 1.44. |

Corollary 1.49 (Main). For every r € [2,00]U{w}, if a family (fp)pep satisfies the CT-geometric
model 1.45 with a family of embeddings (Hp)pep, then there ezists a dense subset of P of parameters

p at which the map f, has the following properties:

(1) There ezists a wandering stable component C. If r = w, then the holomorphic extension of f,

has a wandering Fatou component containing C.

(2) For every x € C, the limit set of the orbit of & contains the horseshoe K, := Hy(A,).

(3) For every x € C, the sequence (ef), of empirical measures e} = L3y~ Ofi(x) diverges.

Furthermore, there exist 0 < t < 1 and p' in the set of invariant probability measures Mp(K),)
of fo|K, such that the limit set of the sequence (€]), containst- ' + (1 —t) - Mp(Kp).

Proof. Let(F),, m,)pep be the moderately dissipative unfolding of a certain wild type (A, C) with
Card C = 5 which is embedded into M via (Hp), and such that f, o H, = H, o F,,. Let p € P be
in the dense set of parameters given by Theorem 1.44. Let (B; x {o(c;)});>s and (w;) € (A*)N
be the associated sequences of stable domains and words for the fixed parameter p satisfying both
the conclusions of Theorem 1.32 (resp. Theorem 1.34 if F), is analytic) and condition (£). Put
Dj := H,(B; x {o(c;)}) which is the real trace of D; := H,(B; x {o(c;)}) in the analytic case.
By the conclusions of Theorem 1.32, it holds for every 7 > J:

Dj C Hy(Yyi x0(c))), fy(Dj) C Hy(Y"7*' x {o(wj41)}) and f)*7+ (D)) C Dy

and respectively in the analytic case by the conclusions of Theorem 1.34, it holds for every j > J:

D; € Hy(Y x o(c;)), fo(D;) C Hy(Y"** x {o(w;4+1)}) and f+*1(D;) C Djy .
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The last conclusion of Theorem 1.32 (vesp. 1.34) implies that D; (resp. D;) is a stable domain:
hm dlamf (Dj) =0 and resp. hm d1amf (Dj)=0.

Thus D; (resp. D;) is included in a stable component C (resp. C) . We now prove (1)-(2)-(3) for
this fixed parameter p.

Proof of (1). Assume for the sake of contradiction that C is preperiodic. By taking j larger, we
can assume it ¢ periodic for some ¢ > 1: f#(C) =C . Let D € D; be with nonempty interior. We
have D’ € C and so

A:=DjU fi(Dj) eC
Since C is a stable component, it holds lim,, o, diam f;'(A) = 0.

We recall that Dy (A) := | |,ca Y, x {0(a)} and Dy(C) := | J.cc Yy x {o(c)}. We observe that

for k> j +1, with Ny := 14 |w;q1|+---+ 14 |wg, it holds that:

{ fU(D;) C Dy, C Hy(D,(C)) ifl= Ny

[p(Dj) C Hy(Dp(A)) ifle{Ny+1,...,Nyp1— 1}
The sets H,(D,(A)) and H,(D,(C)) are disjoint and compact. As Ny — oo and Ny — Ni_1 — 00,
for k large enough, it holds:

(i) the diameter of fN*~7(A) is smaller than the distance between H,(D,(A)) and H,(D,(C)).
(i) the set f¥*~7(A) contains fN’“*q(fq(D;-)) = f;,\"“(D;-) and so intersects H,(D,(C)).
(iii) the set f'*~(A) contains fN*~%(D}) and so intersects Hy(D,(A)) since Ny — ¢ € {Np_1 +
., N, — 1} for k sufficiently large.

Conclusions (i) and (ii) contradict (iii). Thus C is a wandering stable component.

Literally the same argument (by replacing C by c ) proves that the open set C C M is wandering.
We observe that C is included in a Fatou component F. Let 7' € F be a precompact open subset
of F which intersects the interior of B;. Then any cluster value for ( Jy|F")n is a holomorphic map
constant on B; N F' and so is constant. Thus any cluster value of (diam fy (F'))n is zero and so
F' is included in C. Since F can be written as an union of such open sets F’ it follows F = C and
so F is a wandering Fatou component.

Proof of (3). Let j = J. By (1) the stable component C containing D; is wandering. Let
(z,v) be a point of By x {o(c;)} and =z := H,(z,v) € D; C C. By Theorem 1.44 (£), there
exist 0 < ¢ < 1 and p € M,(A,) such that the limit set of the sequence of empirical measures

=150 5F7 (2v) contains t- pu+(1—1)- My(A,). We notice that the pushforward of €,, by H,
is equal toef = 1 Z?fo Oyi(x) since fpo Hy = HpoF,. Also the pushforward by H), of M p(Ap) is
equal to M,,(K,) since K, is the image of A, by the embedding H,,. As the pushforward operation
on probability measures by an embedding is an embedding in the spaces of probability measures,
the limit set of (ef),, contains ¢- ' + (1 —t) - M,(K,) with p/ := Hy.u € M,(K,). In particular
(ef), diverges. Finally, for every 2’ in C, the limit set of (£ Z?:o Ofi(ar))n i equal to the limit
set of (ef),>0 and so contains ¢ -y’ + (1 —t) - M, (K,), since C is a stable component.

Proof of (2). We now recall that any open set U of K, has positive mass for a measure
puy € Mp(K,), and so for the measure ¢ -y + (1 —¢) - py. Hence by (3) the limit set of any point
in C intersects U and so is dense in K. As the limit set is compact, it must contain K. O
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2. EXAMPLES OF FAMILIES DISPLAYING THE GEOMETRIC MODEL

In this Section, we give examples satisfying the geometric model (Definition 1.45).

First we show that the family (F,, 7,)p,ep of Example 1.36 is an unfolding of wild type (A, C)
and we give a sketch of proof of how to deduce simply from this an example of wandering Fatou
component for a real polynomial automorphism of C2.

The main result of this Section is Theorem 2.10 from which we will deduce Theorem 1.46 (and
thus examples of wandering Fatou components for real polynomial automorphisms of C?) and
Theorem 1.48. Namely, Theorem 2.10 states that an unfolding of wild type is embedded into
some iterate of any d-parameter family which displays a non-degenerate unfolding of d-quadratic
homoclinic tangencies. When d = 5 and up to a dissipativeness assumption, the geometric model
is satisfied. To prove both Theorems 1.48 and 2.10 we will need to recall classical results about
Newhouse phenomenon (Theorems 2.15 and 2.16). Let us point out that the proof of Theorem 2.10

is technical and could be omitted in a first reading.

2.1. A simple example of unfolding of wild type (A, C). We are going to prove that for any
even N > 2 and § > 0 small enough, the family (F,,mp,)pep of Example 1.36 is a moderately
dissipative unfolding of wild type (A, C). To this end we must show that it satisfies (in particular)
Property (Hj) of Definition 1.42, which by Remark 1.40 is equivalent to say that the Cantor sets
{ay :u € Ag} and {b, : s € ch} intersect for all p € P and 1 < j < N — 1. This robust
intersection will be obtained using the following well-known notion:

Definition 2.1 (Thickness of a Cantor set). Given a Cantor set K C R, a gap of K is a connected
component of R\ K. Given a bounded gap G of K and x in the boundary of G, the bridge B of
K at x is the connected component of x in the complement of the union of the gaps larger or equal
than |G|. The thickness of K at x is T7(K,u) = |B|/|G|. The thickness of K, denoted by 7(K) is

the infimum of these 7(K,u) among all boundary points x of bounded gaps.
The following is the celebrated Newhouse gap Lemma.

Lemma 2.2 (] , Lemma 4]). Let K1, Ko C R be Cantor sets with thicknesses 1 and 72. If
T - o > 1, then one of the three following possibilities occurs: K; is contained in a component of
R\ Ks, Ky is contained in a component of R\ Ky or K1 N Ky # 0.

We are now ready to prove:
Proposition 2.3. For every even integer N > 2 and § > 0 smaller than a positive function of

N, the family (F,, mp)pep of Example 1.56 is an unfolding of wild type (A, C) which is moderately

dissipative.
Proof. We recall that A ={a; : 1 < j < N} and the hyperbolic transformations are
Yo :=I;xI and F%:=(z,y) €Y" = (C;'(x),Vd- Cj(y))

with I := [%(y —1)—1+62, %] —-1- 52] and Cj the affine, orientation preserving map from I
onto I;. We notice that with e = 0.1, if 0 is sufficiently small, then for every a € A,
1

D.F?|| - |det D,F?| = (— — &%) 15/2 < 1.
peg}‘cgéya\l | - |de | (N ) <
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Thus FA is moderately dissipative. Also the family of systems (F},m,)yep of type (A, C) satisfies
1 =

property (Hs). Indeed, for (u;,s;), € Hf\[:ll A, x A, by Eq. (1.3) of Example 1.20, we have for

every 1 <j< N -—1:

(2.1) a =y" +p;, by =2% and V(uj,sj11,p) =y —a¥ T +p;.

Thus the map p € P+ (V(uy,s2,p),- -, V(un_1,sn,p)) € R¥~! is an affine map of linear part
Id, and so a diffeomorphism.

Let us show that the regular family (F),, m,)pep of systems satisfies (H;). To this end, we shall
study the following Cantor sets:

Kszz{xs:sez} and K ::{y":uei}

The Cantor set K is the limit set of the IFS given by the contractions (C’j)j\’:1 The Cantor
set K, is the limit set of the IFS given by the contractions (v/ - Cj)iL,. Tt suffices to show that
for every p = (p;); € P and 1 <k < N — 1, the Cantor set Vo - Crp(Ky) + pr intersects K. To
show this we compute the thicknesses of these Cantor sets and their diameters. To this end, it is
worth to recall:

Fact 2.4. The intervals (1;); are disjoint and display the same length 2/N —26%. The complement
of their union in [—1 + 82,1 — §2] is made by intervals of length 26%. The left endpoint of I is
—1+62 and the right endpoint of In is 1—32. The component of 0 in I\Uj\/:1 I; is V€= (=62, 62%).

We are ready to show:

Lemma 2.5. The Cantor set K, is at distance #j—j\/ﬂ ~ % from the boundary of I and its

. . — 2 —
thickness is T(Ky) := ]\[5%7}]2\[5 — 1~ &55 when § — 0.

Proof. Indeed, the Cantor set K is the limit set of the IFS given by the contractions (Cj)é\’:1

and each Cj; is affine, so we only need to compute the ratio |B|/|G| for the (N — 1) gaps between

C;(I)=1I; and Cj11(I) = Ij;1 for 1 < j < N —1. By Fact 2.4, each of these gaps has length:
262 20°N

1 .
2.2 = 262 — — 5% = = = 2d(K,, I°) .
(2:2) el 6;<N eI e T NN T

The bridges between these gaps have length |B| := % — |G|. Then the proposition follows from

the quotient of these two equalities:

2 N -1+ N§?
) =N T T e

O

Remark 2.6. By Eq. (2.2), for every j, the lengths of gaps of K1 := K,NI; are < %-(%—52) ~

20% Also d(I, K1) ~ (& — 6%) - S0 8%

Lemma 2.7. The Cantor set K,, has diameter equivalent to 2\/3% and its thickness is equivalent
to \/5% when § — 0.
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Proof. The Cantor set K, is the limit set of the IFS given by the contractions (v/d - Cj)f’:l
and each v/ - C; is affine. Let [—a,a] be the convex hull of K,. We observe that a is the
unique fixed point of /8 - Cly, whereas —a is the fixed point of v/§ - C; = 2 — —/6 - Cn(—x).
Since by definition C) is the orientation preserving affine map sending I to I, this yields that
Vo - Cn(z) = \/3((% —6%)(x — 1)+ 1 —6?) for z € I. Thus the unique fixed point of v/ - Cy is:
a:= \/5(1—%)-(1—?—&-55/2)_1 Nﬁ% when 6 — 0.
This implies the estimate on the diameter of K,. To compute the thickness, we only need to
compute the ratio |B|/|G| for the (N — 1) gaps between /8 - C;([—a, a]) and V3 - Cj41([—a, a]) for
1 <j<N—1. Wedenote I; = V& - Cj([—a,a]) C [~a,a]. We observe that each I; is of length
b:=2a- \/3(% — 62). There are N — 1 gaps between the segments fj which are equal. Thus their

size is Q“N;fvlb. Thus the thickness is:

2a — Nb,_,
~or) TW-l

2a-Vo(4 —62) \/ngl.

b- ~
( 2a — N -2a-V3(% — 62) N

For 1 < j < N, let us denote:
(2.3) Kl :=K,NI; =C;(K,) and KJ:=V5-C;(K,).

The sets K7 and K} are Cantor sets of the same thickness as respectively K and K,. Hence by
Lemmas 2.5 and 2.7, the product of the thicknesses of K7 and K7 is greater than 1. By Remark 2.6,
all the gaps of K7 are smaller than ~ % and ~ N‘S—il distant to the boundary of I;. By Lemma 2.7,
this is small compared to the diameter of KJ which is equivalent to ~ 2%\/{?(% —52). As
KJ + p; is included in I;11, by the gap Lemma 2.2, it must intersect K7 %! for every p € P. This

proves Property (H;). O

The following remark together with Corollary 1.49 could have been used to prove the existence
of a polynomial automorphism of C? with a wandering Fatou component using systems of type
(A, C) with simple combinatorics (full shift). We just give a sketch of proof of the remark since in
the next subsection we will prove the existence of a stronger example of family of automorphisms
satisfying the assumption of Corollary 1.49, where we manage to bound the degree by 6. This
other example will enable to prove Theorem A. Nevertheless, this will require the full generality
of (A, C) systems.

Remark 2.8. The moderately dissipative unfolding (Fy), of wild type (A, C) given by Example 1.36
and Proposition 2.3 with § small and N = 6, can be perturbed to be left invariant by a family
of polynomial automorphisms. More precisely, from Ezample 1.36 and Proposition 2.3 one can
deduces the existence of a real family of real polynomial automorphisms (of unknown degree) which

satisfies the C¥-geometric model 1.5 and so the assumption of Corollary 1.49.

Sketch of proof of Remark 2.8. The map F), has constant Jacobian determinant for every p. Thus
by Dacarogna-Moser theorem [ |, it is possible to extend the family (F,), to a family (f,), of
diffeomorphisms f, of R? such that ( fp)p satisfies the geometric model when N = 6. Thus the map
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fp has a wandering stable component at a dense set of parameter p. Moreover, it is possible to show
the existence of a neighborhood U of (f,)pep formed by families displaying the geometric model (the
proof is not complicated but rather boring since many items must be checked) via an embedding
H, equal to the canonical inclusion: Y® x {0} <+ R2. Then by noting that (67'/% - f,),ep has
constant Jacobian equal to 1, by Turaev’s Theorem | , Theorem 2 and Remark 1], this family
can be approximated by a smooth family of compositions of generalized Hénon-maps and thus
by a smooth family of compositions of polynomial generalized Hénon-maps (Qp)pecp. These are
polynomial automorphisms of R?[X,Y]. Remark that fp = ol/4 -@p is a polynomial automorphism
whose restriction to [—1,1]? is C?-close to f,. Moreover (f,|[~1,1]?), is C?-close to (f,|[~1,1]?),

and so it displays the geometric model via a smooth family of analytic embeddings. ]

2.2. Natural examples satisfying the geometric model. In this subsection, we are going to
state Theorem 2.10 from which we will deduce Theorems 1.46 and 1.48. Theorem 2.10 states that
an unfolding of a wild type is embedded into some iterate of any d-parameter family which displays
a non-degenerate unfolding of d-quadratic homoclinic tangencies:

Definition 2.9 (Non-degenerate unfolding). Let d > 1, P an open set of R?, and (fp)peﬁ be a
C?-family of surface diffeomorphisms leaving invariant a continuation® (KP)peﬁ of hyperbolic basic
sets. Given pg € P and d points of quadratic tangencies between the stable and unstable manifolds
of K,,, their unfolding along (f,), is non-degenerated if the matriz with the following coefficients
(@ij)(i,j)e{t,....dy> 18 invertible: a;j is the derivative following the jth -coordinate of R? = Ty, P
of the relative position of the local stable and unstable manifolds associated to the i*"-quadratic

tangency point.

We recall that a periodic point P of period n is non-conservative if |det Dp f™| # 1. Here is the

general result enabling the aforementioned applications:

Theorem 2.10. Let r € [2,00] U {w}, let d > 1, let P be a nonempty open subset of R and
let (fp)peﬁ be a C"-family of surface diffeomorphisms. Given py € P, assume that fpo has a
non-conservative periodic saddle point P displaying d different quadratic homoclinic tangencies.

If these quadratic tangencies unfold non-degenerately with (f,)p, then there exist k > 1, a regular
compact subset P C P arbitrarily close to py, an unfolding (Ep, mp)pep of a certain wild type (A, C)
with Card C = d, (F,), being of class C" and a C"-family of embeddings (H,), such that

froH,=H,oF, VYpeP.

Moreover F]')A is moderately dissipative for every p € P if P is dissipative.
Furthermore, for every C"-perturbation (fp)peﬁ of (fp)peﬁ the same conclusion holds true for

a same reqular compact subset P C P.

Remark 2.11. Hence if Card C = 5, the family (f,)pep satisfies the C"-geometric model 1.45.

6. See Theorem C.1 Page 73.
7. This assumption is actually not necessary using Duarte’s theorem | |, but sufficient for all our applications

needing the moderate dissipativeness assumption.
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The proof of this theorem is given in the next subsection 2.3. Let us deduce now rather quickly

Theorems 1.46 and 1.48 and Theorem C.

Proof of Theorem C. This is an immediate consequence of Corollary 1.49 and Remark 2.11. (Re-
mind that Corollary 1.49 follows from Theorem 1.44 whose proof will be given in Section 4). O

Proof of Theorem 1.46 and Remark 1.47. Let us consider the Tchebychev polynomial of degree 6:
Py(X)=32-X%-48.-X*+18-X? -1
The critical points and values of this polynomial are respectively:
(Gio)i<ics = (—V/3/2,-1/2,0,1/2,V3/2) and (ai0)i<i<s = (~1,1,—1,1,~1).

They are all quadratic. All critical values are sent to Sy = 1 which is a repelling fixed point of
Py. We notice that [0y, Bo] is the complement of the basin of co. For p = (po,...,ps) € R®, we
consider:

Pp(X):Po(X)+ZPj'Xj~

Let 8,5, (Cip)i<i<s and (a;p)i<i<s be the respective continuations of the fixed point fy, of the

critical points and of the critical values for P,. We have the following:

Lemma 2.12. The unfolding of the images Py(a;p) of the critical values a;, w.r.t. the fized point

Bp is non-degenerated:

det [0p, (Pp(aip)) — Op, Bpli<i<so<j<a #0 atp=0.

1>9,UX]T >

Proof. One way to prove this lemma is to use Epstein’s transversality (see | |, Theorem 1.1
and the subsequent Remark). Let us give a direct proof. We have DPy(8y) = 36 and 9,P,(X) =

Z?:o XJ - dpj. Thus we have (DPy(Bo) - 9,8, + 8pPp(BO))Ip:0 = (OpPp)|p=0 and so:

(OpBp)ip=0 = 35deJ :
Also (9paip)ip—0 = (DFPo(Cio) - Oplip + IpPp(Ci0))ip=0 = (9pPp(Ci0)) p=o implies:
(Opip) jp=0 24: (Gio) -dp; and (9, Pp(aip))jp=0 = DPo(aio) - (Fpaip)jp=0 + (8pLp(@i0))p=0
and so: "~ \ \
(BpPp(aip))jp—o = (=1)" - 36 - j}_%(@o)j dp; + j_ZO(—W'j dp; .

Then to show the lemma, it suffices to see the invertibility of the 5 x 5-matrix whose (i, ) entry
is [Op, (Pp(aip)) — O, Bp] = [(—=1)" - 36(Ci0)” + (=1)"7 +1/35]. 0
For b > 0 small and p € R® small, we consider the Hénon map:
fov: (@,y) = (Pp(z) —y,b-x)

For b = 0, the family (f,0)pers is semi-conjugate to (P,),ecrs via the maps (z,y) — Ppy(x) — v,
while for b > 0, the maps f, are polynomial automorphisms. For b = 0, the point Sy¢ := (5o, 0) is
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fixed and hyperbolic for fyo. Thus it persists as a hyperbolic fixed point 3, of fpp for b > 0. We
notice that W} _(Boo; foo) := (—0.9,1.1) x {0} is a local unstable manifold of Sy¢: there exists an
arbitrarily small neighborhood of By in R x {0} which is sent diffeomorphically to W} _(5o0; foo)
by an iterate of foo. For p and b small, W“_(Bo0; foo) persists as a curve W (Bpo; fpp) C?-close
to Wit.(Boo; foo). On the other hand, the set

Wi (Boos foo) = {(z,y) € [-2,2* : Py(x) —y = fo}
is a local stable manifold of foo. For p and b small, it persists as a curve W . (Bps; fpp) C*-
close to W .(Boo; foo). As the critical points (;0,0)1<i<s belong to W _(Boo; foo) and are sent
by fZ, to quadratic tangency points between f&,(W“.(Bo00; foo) and W} .(Bo0; foo) which unfold
non-degerately by Lemma 2.12, for b small there is a proper compact subset P close to 0 and
py € P close to 0 such that f2 (WE.(Bpy b; foub) and W _(Bp, b; fp, b) have five points of quadratic

Py b

tangency (fgbb(gib))lgigs which unfold non-degenerately with (f,s) Moreover (5ib)1§1’§5 are

p€75'
close to ((G;0,0))1<i<5. Hence we can apply Remark 2.11 of Theorem 2.10 with P = 3, to deduce

Theorem 1.46. The same argument proves Remark 1.47. ]

We recall that that a point x of a hyperbolic compact set K displays a homoclinic tangency if
its stable manifold is tangent to its unstable manifold. Theorem 2.10 enables also to deduce rather

quickly Theorem 1.48 on the Newhouse domain:

Definition 2.13. Let r € [2,00] U {w}. A basic set K for a surface diffeomorphism f is C"-
wild if for every C"-perturbation f of f, there is a point in the hyperbolic continuation of K for
f displaying a quadratic homoclinic tangency. The dissipative C"-Newhouse domain N7 is the
open set of surface diffeomorphisms leaving invariant a hyperbolic basic set displaying a C"-robust

quadratic homoclinic tangency and an area contracting periodic point®.

The existence of wild hyperbolic basic sets was proved by Newhouse | ] by extending the
concept of thickness to hyperbolic basic sets:

Definition 2.14 (Stable and unstable thicknesses). The stable thickness 75(K) of a horseshoe K
for a dynamics f is the infimum of the thicknesses of K N W} (z) among z € K. The unstable
thickness 7, (K) of K is is the infimum of the thicknesses of K N W} (z) among z € K.

A point z € K does not bound an unstable gap if z does not bound a gap of the Cantor set
We(2) N K of W (2). A point z € K does not bound a stable gap if z does not bound a gap of
the Cantor set W (z) N K of Wik ().

Here is Newhouse’s theorem implying the existence of wild basic sets:

Theorem 2.15 (Newhouse [ ). Let f be a surface C*-dynamics having a hyperbolic basic

set A containing two basic sets A1 and Ao satisfying the following properties:
(1) Tu(A1) - 7s(A2) > 1.
(2) There is a point Py € Ay which does not bound an unstable gap of A1 and a point Py € Ao

which does not bound a stable gap of Aa, such that a local unstable manifold W} (P1) has
a quadratic tangency with a local stable manifold W (Ps) at a point T,

8. a g-periodic point P satisfying |det D f2(P)| < 1.
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then for any C?-perturbation f of f, the continuation of A has local unstable and stable manifolds
W (Py) and W§ (Py) close to respectively W (Py) and W§ (P2) and displaying a quadratic

tangency at a point T close to T'.

Proof. Let us briefly recall Newhouse’s argument and see how we obtain that 7' is close to T (this
is not explicitly stated in | ] but it is an easy consequence of his construction). Indeed, there
exists a foliation F whose tangent space is of class C' and which extends the stable lamination
of A (see Theorem C.7) on a neighborhood L of A. Up to looking at an iterate, we can assume
T € L. We use a local unstable manifold W which is transverse to this foliation and use it to
define the holonomy %-0¢ from a neighborhood of T" in L into W along F. The image of the stable
lamination of As is a Cantor set K with thickness at least 75(A2). Nearby T, the tangency points
between the leaves of F and the unstable lamination of A; is sent by A-0€ onto a Cantor set K7
of thickness locally at least close to 7,(A1). By assumption K; intersects Ky at fi-0€(T) which
does not bound a gap of K nor of K. Thus any perturbation of K; and K5 cannot be included
in the gap of the one other. When we perturb f the tangent space to the foliation F persists to
one which is C'-close. Thus the compact sets K1 and K, persist. By | , Proposition 6] their

thicknesses vary also continuously and so by the Gap Lemma 2.2 we get that T is close to T. O
Newhouse showed also that wild hyperbolic sets appear nearby homoclinic tangencies:

Theorem 2.16 (Newhouse | , Lemma 7 and Theorem 3]). Let (fi)ic(—1,1) be a C"-family
of surface diffeomorphisms such that fo has a homoclinic quadratic tangency associated to a ng-
periodic point Py, which unfolds non-degenerately and such that |det D fy°(Py)| < 1. Then arbi-
trarily close to 0, there exists a nonempty open interval I and there is a continuation (Ki)ier of
hyperbolic basic sets such that for every t € I, the basic set Ky has a homoclinic tangency which is

non-degenerately unfolded and Ky contains the continuation P; of Py.

To show this, Newhouse constructed a first horseshoe A;(t) > P; with unstable thickness 7, > 0

(see [ , Proposition 6]) which persists for ¢ in an open interval I nearby 0. Then for any
7> 0 he found for a certain ¢ € I a second horseshoe Ay (t) such that:
— the stable thickness of As(t) is > 7 (see | , £16 Page 124]).
— A local unstable manifold of A;(¢) has a quadratic homoclinic tangency with a local stable
manifold of As(t) which is non-degenerately unfolded by (f;): (see [ , Lemma 7).
— the basic set A1 (t) and Ay(t) are included in a basic set K¢ (see | , Lemmas 7-8]).

Then Theorem 2.16 is a consequence of this construction with 7 > 1/7, and of Theorem 2.15.
Taking 7 large enough so that both 7 > max(7,, (72 + 37, + 1)/72) and 7, > (27 + 1)?/73 hold
true, the main theorem of | , ] implies furthermore:

Corollary 2.17. Under the assumptions of Theorem 2.16, arbitrarily close to 0, there exists a
nonempty open interval I and there is a continuation of a hyperbolic basic set (Ki)icr containing
two basic sets A1(t) > Pr and Ax(t) such that

(i) Tu(A1(t)) - Ts(A2(t)) > 1, moreover Ky is a Cantor set,

(ii) there is a Cantor set of quadratic homoclinic tangencies between the leaves of an unstable
lamination W"(A1(t)) and a stable lamination W3 (A2 (t)) which unfold non-degenerately.
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Remark 2.18. Using modern techniques (see [ , Lemma 1], [ , Example 2.3], and
historically | , Egs. (3.2) and (3.3)]), the set A2(t) constructed by Newhouse is given by a
renormalization of a horseshoe of a perturbation of (x,y) € [—4,4]* — (22 — 2,0). Thus we can

assume that fi is asymptotically moderately dissipative at Ao (t):
limsup [|det D f"| A2 (8)[|"/< - [ Df"|As(t)]| < 1.
n—oo
We are now ready to show that the geometric model appears typically in the Newhouse domain:

Proof of Theorem 1.48. Let f be a C"-surface diffeomorphism having a dissipative saddle periodic
point P displaying a quadratic homoclinic tangency at a point 7. We first apply Proposition 2.19
given below with d =5 to perturb f into f so that the map f has 5 different quadratic tangencies
between the stable and unstable manifolds of a dissipative periodic saddle point z, which unfold
non-degenerately with (f,),ers for any (fp)pers in a C"-open and dense set of C”-families con-
taining f : fo= f To conclude, we apply Remark 2.11 of Theorem 2.10 to this open and dense
set of 5-dimensional unfoldings of f . This gives a regular compact set P arbitrarily close to 0 such
that (f,)pep satisfies the geometric model. Finally we reparametrize the family so that 0 belongs
to the interior of P. O

Proposition 2.19. Let f be a C"-surface diffeomorphism having a dissipative saddle periodic
point P displaying a quadratic homoclinic tangency at a point T'. Then for any d > 1, there exists
f C"-close to f such that f has d different quadratic homoclinic tangencies associated to some
dissipative periodic saddle point z. These tangencies unfold non-degenerately with (f,),cra for any

(fp)pera in a C"-open and dense set of C"-families containing f: fo = f.
Proof of Proposition 2.19. We begin by a lemma which allows to unfold the initial tangency:

Lemma 2.20. There exists a C"-flow (¢'); such that the quadratic homoclinic tangency of P is
non-degenerately unfolded by (¢' o f);.

Proof. For the sake of simplicity we assume that P is a fixed point; the case where P is n > 2
periodic is left to the reader. First we choose a neighborhood N of T sufficiently small to intersect
Wi (P, f) U W (P, f) only at the union of two small neighborhoods of T' in W} (P, f) and
Wi (P, f). Now we consider a C>-vector field x supported by N such that x(7') is not in the
tangent space of W (P, f) (or equivalently of W (P, f)) at T . Let (¢'); be the flow of y. We
notice that the family ((Et o f)¢ unfolds non-degenerately the homoclinic tangency at T. This gives
the fact when 7 # w. Otherwise, let ¥ be an analytic vector field which is C®-close to x. Let (¢!);
be its flow. Then the family (¢! o f); unfolds non-degenerately the homoclinic tangency at T. I

Now we use Corollary 2.17 which asserts the existence of t; € R small such that f = ¢ o f
has a hyperbolic basic set K containing two basic sets A; and As such that

(i) 7u(A1) - 7s(A2) > 1,
(i) there is a Cantor set of quadratic tangencies between the leaves of W*(A1) and W*(Az)

Note that the map f is C"-close to f since o is small. As a Cantor set is not countable, there exist
d points (P;)1<i<q with local unstable and stable manifolds W*(P;, f) and W*(P;, f) displaying a
quadratic tangency at a point T;, such that the orbits of T; and T} are disjoint when j # 1.
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Fact 2.21. The set of C"-families (f,),era such that fo = f and for which the quadratic tangencies
at (T;)1<i<a unfold non-degenerately is C"-open and dense.

Proof. Clearly the set of non-degenerate unfoldings is C"-open. Let us show that it is C"-dense.
Let (fp)pere be a C"-family containing f. Let us show that it can be C"-approximated by one
for which the d homoclinic tangencies unfold non-degenerately.

A proof like the one of Lemma 2.20 shows that there exists d C"-flows (¢!)1<;<q such that with:

t=(tj); ER" = @' := gl 0. -0 gl

the family (¢! o f)peRd unfolds non-degenerately the d homoclinic tangencies at (7T;)1<i<q. This
proof assumes first that 1 < < oo, and takes the support of each flow ¢; disjoint and supported
by a small neighborhood of T};. For the case r = w, we approximate each flow by an analytic one.
Recall that given a matrix A € M4(R) and a matrix B € €€ 4(R) there is an open and dense
set of 7 € R such that A + nB is invertible. Thus for an open and dense set of small € R, the
CT-perturbation (¢ o f,),egra of (fy)pere unfolds non-degenerately the homoclinic tangencies at

(T3)1<i<d-
|

Using the continuity of the parametrized stable and unstable laminations Theorem C.5 Page 74,
and the density of stable and unstable manifolds of a given periodic point z € Kj in them, up to
a small parameter translation, we can assume that P; = z for every i. Again by Theorem C.5, the
unfolding is still non degenerate. ]

2.3. Proof of Theorem 2.10. Let P be a non-conservative periodic point of f,, such that
W™ (P; fp,) and W?(P; f,,) have d quadratic tangencies at points T4, ..., Ty, which unfold non-
degenerately with (fp),. Up to inversing the dynamics, we can assume that P is dissipative.

The aim of this subsection is to show that there exist k > 1, a regular compact subset P C P
arbitrarily close to pg, a moderately dissipative unfolding (F},, m,)pep of a certain wild type (A, C)
with Card C = d, with (F},), being of class C", and a C"-family of embeddings (H,), such that:

foH,=H,0F,.

In order to do so, we first construct a wild basic set K with d homoclinic tangencies which unfold
non-degenerately, then we construct a family of hyperbolic maps (F;\) p and finally we will construct

a family of folding maps (Flf)p.
Step 1: Construction of the wild basic set K. The following uses Newhouse’s Corollary 2.17.

Lemma 2.22. There is p; € P close to po such that:

(1) The map fp, has a hyperbolic basic set K containing the continuation of P and two basic

sets Ay and Ag satisfying 7,(A1) - 7s(A2) > 1. Moreover K is a Cantor set.

(2) There are d points of quadratic tangencies between local unstable and stable manifolds of
points of Ay and Ao which do not bound unstable and stable gaps and which unfold non-
degenerately with (fp)p.
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(8) fp, is asymptotically moderately dissiptative at K :

limsup [|det Df" | K[|V | Df K| < 1.
n—o0

Proof. Up to a coordinate change of the parameter set 75, we can assume that pp = 0 and that
along the one-parameter family (f;):cs, where J := R x {0} N P, the first homoclinic tangency
of P unfolds non degenerately while the d — 1-other homoclinic tangencies remain tangent. We
notice that with [a; j]1<i j<a the matrix of the unfolding (see Definition 2.9), we have a; ; # 0 and
a;1 =0 for every 2 < ¢ < d. As the matrix [a; ;]1<; j<a is invertible, it holds that [a; j]2<i j<q is
invertible. Now by Corollary 2.17, there exists ty € J small and a hyperbolic basic set K containing
two basic sets A; and A such that:

(1) the set A; contains the hyperbolic continuation of P,
(2) Tu(A1) - 7s(A2) > 1.

(3) the local unstable and stable manifolds of A; and As have uncountably many points 7} of

quadratic tangency which unfold non-degenerately with (f;)ie..

As there are only countably many gaps in a Cantor set, we can assume that 7] satisfies the
no-ending gap condition (2) of Theorem 2.15.

At (t0,0) € P, the matrix of the unfolding of (17,15, Ts, ..., Ty) is of the form [a] ;]1<ij<a
with [a] ;

unfolding of these d-homoclinic tangencies is non-degenerated. By density of the local unstable

]2Si7j§d ~ [ai,j}ggi,jgd and Cl,g,l 7é 0 iff s = 1. Thus [a;’j]lgid‘gd is invertible and the

and stable manifolds of points in A; and Ay which do not bound gaps, there is a parameter p; € P
nearby (to,0) which displays d homoclinic tangencies at points (77,75, T5,...,T,) between local
unstable and stable manifolds of points of A; and Ay which satisfy the no-ending gap condition
(2) of Theorem 2.15. Moreover by continuation, their unfolding is non-degenerate. By | ,
Proposition 6] the unstable and stable thicknesses of these basic sets vary continuously. Thus at

the parameter p;, we still have 7, (A1) - 75(A2) > 1. Then the following achieves the proof: |
Fact 2.23. We can assume that fp, is asymptotically moderately dissipative at K.

Proof. Otherwise, as the unstable and stable manifolds of a given periodic point P € A, is dense
in W*(K) and W#(K), using the non-degeneracy of the unfolding, there is a parameter close to
po such that P has d homoclinic tangencies which unfold non-degenerately. By Remark 2.18 | the
point P is moderately dissipative. So we can redo the construction starting with this point P

instead of P, which is moderately dissipative and so is its dynamics nearby. O

Remark 2.24. By the proof, we can assume furthermore that the unstable manifolds containing
the tangency points have disjoint orbits.

Step 2: Construction of families of hyperbolic maps (F}), and conjugacy maps (H,),.
The following is a general (but somehow classical) Proposition 2.25 which might be useful in other
contexts than the proof of Theorem 2.10. Hence it will be proved in Appendix D.
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Let r € [2,00] U {w}, let fo be a C"-diffeomorphism of a surface M leaving invariant a horse-
shoe? Ky. Let d > 0, P be an open neighborhood of 0 € R? and let (fp)peﬁ be a C"-family of
diffeomorphisms of M containing fy. Let (K), be the hyperbolic continuation of K.

Proposition 2.25. There exist k > 1 arbitrarily large, a reqular compact neighborhood P of 0 € P,
an oriented graph (V,A) and a C"-family (Hp)pep of embeddings Hy, : Y® x V — M such that:
(1) There exists a C"-family (F;‘)p of hyperbolic maps F;\ :Dp(A) = Y® x V of type A such
that Hy o F := fF o Hy|Dy(A), and the set Hy(Dy(A)) contains K,
(2) if limsup,,_,.. ||det Df3|Kol|*c - | Df3|Ko| < 1, then (ER), is moderately dissipative,

(3) there is a C'-family (m,)pep of maps mp : R x I x V. — R x V which satisfies items
(0)-(1)-(2)-(3) of Definition 1.23 and such that (ker D), is of class C*.

A simple consequence of the proof will be:

Corollary 2.26. If under the assumptions of Proposition 2.25, the family (fp)peﬁ is of class C?7,

then the same conclusion holds true and moreover (mp), is of class C+.

Step 3: Construction of the folding transformations. Let us come back to the proof of
Theorem 2.10. Let p; € P and let K D Ay LI Ay be the basic set of fp, given by Lemma 2.22. Let
P1 be a neighborhood of p; for which this hyperbolic set persists as (K,)pep, . Let (T;)1<i<q be the
d tangencies points between the local unstable and stable manifolds of K satisfying the no-ending
gap condition (2) of Theorem 2.15. Also it holds 7, (A1) - 7,(A2) > 1. Thus by Theorem 2.15, we

have:

Fact 2.27. For every p close to p1, there are d tangencies points between the local unstable and

stable manifolds of K, which are close to (T;)1<i<d-

Let (F;)pepl be the family of hyperbolic maps of type A given by Proposition 2.25 for the
continuation (K,)pep,. Let k > 1 and let (H,), be the family of C"-embeddings such that:

fyoHy,=HyoF.

Let A, be the maximal invariant set of FI;A. Let (mp), be the family of projections given by

Proposition 2.25 (3). We put also:

We(Ap) = U W, x{o(s)} and W"(A,):= U Wy x {t(u)}

— -

scA ucA
Let us construct the folding transformations. As each 7; is in the unstable lamination of K,
up to changing T; by f,."(T;) for every i, we can assume that each T; belongs to H,, (W' (A;,) N
int YexV). Let u; € A be such that H,'(T;) belongs to Wy x {t(u;)}. By Remark 2.24, we have

u; # uj for i # j. Put Wit (T}, f,) = Hp(Wp' x {t(u;)}).
Also each T; is in the stable lamination of K. Thus for every n > 1 large enough, each point
%

o (1) is in Hy, (W (Ap,) Nint Y*x V). Moreover there exists s; € A such that f;' (W (T, fp,))
has a quadratic tangency with Hy, (Wi xo(s;)) at f; (T;). Also the unfolding of these d tangencies

9. A horseshoe is both a hyperbolic basic set and a Cantor set.
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induced by (f,), is non degenerated by Lemma 2.22 (2). By regularity of 7, there is a small
neighborhood of p; formed by parameters p for which the curve W (T}, f,) has a quadratic
tangency with a fiber of Wg(si) o (Hz(s”))_l o fi at a point T;(p) nearby T;. Let (3¢ € W) be the

t(u;)

preimage by Hp "/ of T;(p). As the unfolding is non degenerate, the following map has invertible

differential at p = py:
p (m) o (HYO) o T 0y ) | with {5} = mI (W)

%
By regularity of the stable laminations, there is a clopen neighborhood W; C A of each s;, such
that for any (8;)i1<i<d € [[1<;<q4 Wi, the following map has invertible differential at p = py:

pH(ﬂZ(S) (Hp®))™ o f(T, ())—b&)1< L, vith (b5} = OB (W) .

ﬁ
Up to reducing each W;, we can assume it of the form W; = w; - A for admissible words w; € A*

of the same length |w|. Thus up to replacing n by n + |w|, we can assume that w; = e and obtain:

Fact 2.28. The following maps have invertible differential at p = py:

d
V(8)1<i<a € [[{s € A : o(s) = o(sy)}.

i=1

’L) ( 'i) -1 n A _ i
P (Wg(s o (Hy*))™ o f31(Ti(p)) — b )1<z<d ’
We recall that k is a large integer such that fg oH,=Hpo Flf by Proposition 2.25. As n is
any large number, we can assume that n = m - k for a certain m > 1. By replacing A by A* N A™
and FJ' by (F})™, we can assume that k = n.
For every 1 < i < d, let ¢; be a new arrow from t(u;) to o(s;). Let C:={c; : 1 <i <d}. Put:

— —
A.:={sc A:o(s) =t(c)} and Fy:= (H;,(C))‘1 o flf o HI‘,’(C) ) Ve e C.
The latter map is defined on a neighborhood of (7 when ¢ = ¢;. The following rephrases Fact 2.28:

%
Fact 2.29. For any (s¢)eec € [l.ec Ac and with (uc)ecec = (Usi)eec 5 the following map has

invertible differential at p = p;:

ceC

— t(c) FC Uc) _ bsc) .
p (Tp ° p(QQ) PJeec

For every i, with ¢ = ¢;, there is a quadratic tangency at the point (' between W) and a fiber
of 7rp( Vo F7. Thus there is a small clopen neighborhood A of u; such that for every u. € A and
p close to p1, there is a quadratic tangency between W< and a fiber of Wpc o F; at a point (;°

%
close to (p'. By regularity of the unstable lamination and compactness of 11 A, by reducing

ceC
each Ac, we obtain:

— =
Fact 2.30. For every (uc,sc)cec € [[ccc Ac X A, the following map has invertible differential for
every p close to py:

— t(c) FS((Ye) — bsc) )
p (7Tp © p(Cp) p ceC

<_
Up to reducing each A, there is a segment I (independent of p close to p;) such that for every
(_
uc € Ac and p close to p1, the point (3 is the unique critical point of w,t,(c) o FIE|Ic x I NWpe and
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belongs to int/€ x I. Moreover we can assume that the convex hull of I x I'N ch cx, Wpe s sent
into int Y by Fy.

For every c € C, since every local unstable manifold has all its tangent vectors in the cone xy,
we can reduce I€ if necessary and then find a segment J¢ € I independent of p close to p; such
that, with Y7 ilc x J¢and 9"Y = I° x 3J¢, the following set is a small clopen neighborhood of
u; included in A:

F
{ue A :t(u) =o(c), Wy NY; #0D & W,y No"Y,; =0}
Thus up to replacing Xc by the latter set, we can suppose that it holds:
— “
Ac={uec A:t(u)=o(c),WyNYy #0&W)No"Yy =0}

<_
for any p close to p;. Up to reducing each A, a new time and consequently J¢ and then reducing
I, we can suppose that F; sends Y7 into the interior of Y.
— =
cec Ac x Ac close to (ug,s;)c,ec
such that each Wj has a quadratic tangency with the preimage of Wi by F7 at a point close to

By Fact 2.27, for every p close to p1, there are (uc,sc)cec € [

(pe- By uniqueness such a point must be (y¢. This proves (Hy).

Property (Hz) is given by Fact 2.30 and the local inversion theorem together with the compact-
ness of [[.c.c Ac X Ac to define the regular compact neighborhood P of p;. Clearly, the families
(FA)pep and (FC),cp define a regular family of systems of type (A, C).

Now given a C"-perturbation ( fp)p of (fp)p, by structural stability, the wild dissipative basic set
K for f,, persists as a wild dissipative basic set K for f,, (by | , Proposition 6] the unstable
and stable thicknesses of these basic sets vary continuously). So Step 1 remains for ( fp)p at the
same parameter p; € P. By structural stability, the Markov partition and so the encoding into
a A-system persists as well for (f,)pep,. So Step 2 remains valid for ( fp)p for the same regular
subset P; C P. Likewise Step 3 remains valid since the conditions on the folding maps are open

on the elements involved. This shows the last item of Theorem 2.10.

3. SUFFICIENT CONDITIONS FOR A WANDERING STABLE DOMAIN

In this section, we consider a system of type (A,C) endowed with an adapted projection 7
which satisfies the assumptions of Theorems 1.32 and 1.34 and we prove the conclusions of these
Theorems. Before performing these proofs, we recall and develop the formalism of implicit repre-
sentations that will be used throughout this paper.

3.1. Implicit representations and initial bounds. In the following, we will use the formalism
of implicit representations. It was introduced by Palis and Yoccoz in | | and | | in order
to get bounds on the iterations of hyperbolic transformations '°. In fact, this formalism goes back

to the generating functions and the Shilnikov cross coordinates, appeared in the work of Shilnikov
[ ] and his school | ].

10. They call such maps affine-like maps.
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Proposition 3.1. Let (Y, F) be a hyperbolic transformation. Then, there are functions Xy and Yy
in C?(1%,1) satisfying for every (zo,yo) €Y and (x1,y1) € F(Y):
) F(zo,v0) = (e1,11) = { T bl

y1 = Vi(z1,%)
Proof. Let (z9,y0) € Y and (z1,y1) € F(Y). By properties (1) and (2) of Definition 1.4, the
image by F of {y = yo} NY is the graph of a function z € I — Yi(x,yo) € I. Likewise, by
properties (1) and (8) of Definition 1.4, the image by F~! of {x = 21} N F(Y) is the transpose of
the graph of a function y € I — Xy(x1,y) € I. We notice that the functions (z1,yo) — Xo(z1,¥0)
and (71,%0) — V1(z1,y0) are of class C2. Observe also that by construction, F(zg,y0) = (z1,1)
iff the intersection point {(x1,Y1(z1,y0))} = GraphYi(-,y0) N {& = z1} is the image by F of
{(Xo(z1,90),90)} = ‘Graph Xo(z1,-) N {y = yo}- O

Definition 3.2. The pair (Xy, Y1) is the implicit representation of (Y, F).
Let us introduce the natural counterpart of implicit representation in the complex setting:

Proposition 3.3. Let (}7, F)bea C7 -hyperbolic transformation. Then there are holomorphic func-
tions Zo and W, defined on I? satisfying for every (z0,wg) € Y and (z1,w1) € F(}})

20 = Zo(z1,w0)

F(z0,w0) = (z1,w1) &
(Z() U)O) (21 'U)l) { w1, = Wl(zlawo)

Proof. Let (20, wo) € Y and (21, w;) € F(Y). By properties (1) and (2) of Definition 1.5, the image
by F of {w = wo} NY is the graph of a function z € I — W, (z,wg) € I. Likewise, by properties
(1) and (8) of Definition 1.5, the image by F~' of {z = z;} N F(Y) is the transpose of the graph
of a function w € I — Zy(z1,w). By transversality, the functions (z1,wg) — Zo(z1,wo) € I and
(21,w0) — Wi(z1,wp) are holomorphic. Observe also that by construction, F(zg,wy) = (21, w1)
iff the intersection point {(z1, Wi (z1,w0))} = Graph Wi (-, wo) N {z = 21} is the image by F of
{(Zo(21,w0),w0)} = ‘Graph Zo(21,-) N {w = wo}. 0

Definition 3.4. The pair (29, W) is the implicit representation of (Y, F).

Remark 3.5. If (Y, F) is a complex extension of a hyperbolic transformation (Y, F), with implicit
representations (29, W1) and (Xo, V1) respectively, it holds: (20, W1)|I? = (Xo, V1).

Proposition 3.6. If (Xy, V1) is the implicit representation of a hyperbolic transformation (Y, F),
for every (zg,yo0) € Y sent to (x1,y1) by F, it holds:

det DF(xo,y0) - Oz, Xo(x1,y0) = Oy M1 (21, Y0) -
Proof. By (A), we have F'(Xo(z1,90),y0) = (z1,V1(21,90)) and so
det Drg,yoF ° det D:El,yo (Xo(x17y0)) yO) = det Dazl,yo (xlayl(xlvyo))'

Then the proposition follows from the following equalities:

det Dy, o (Xo(21,90), Y0) = Oz, Xo(x1,90) and det Dy, (1, Vi(21,%0)) = Oy V1 (z1,%0) -
O
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An immediate consequence of the latter proof is:
Corollary 3.7. If (}7, F) is a Cy -hyperbolic transformation with implicit representation (Zo, W),
then for every (zo,wo) € Y sent to (zy,wy) by F, it holds:
det DF(zg,wp) - 0z, Z0(21, wo) = Owo Wi (21, wp) .
The following distortion was introduced in [ , Page 19].

Definition 3.8. The distortion D (Y, F') of a hyperbolic transformation (Y, F) with implicit rep-

resentation (X,))) is the mazimum absolute value attained on I? by the siz following functions:
Oy log |0, X|, 0ylog|d,X|, 0Oilog|0,Y|, 0ylog|d,Y|, 3522(, 0%Y .
Let us recall:

Theorem 3.9 (| , (MP6), Page 21]). There exists C1 > 0 which depends only on 6 and X
such that for every N > 1, if (Y3, F3))1<i<n are hyperbolic transformations, then the distortion of
(Y,F)= (Y1, F1) x---* (YN, FN) satisfies:

DY, f) <Ch - 12@\{%(%,&) .

For every w € A", let (X", V") denote the implicit representation of (YW, FW).

Corollary 3.10. If F” is a hyperbolic map of type A, there exists D > 0 and B := 2exp(2v/2D)
such that for any w € A* and (x,y) € I?, it holds both D(Y™, F™) < D and the following:

YY) BT <0, ()| S YV B and [FM(YY)]- BT < (0,0 (@, y)| < [FV(YY)] - B.
Proof. We fix w € A* and (z,y) € I?. A consequence of Theorem 3.9 and of the finiteness of A is:
(31)  0:X"(w,y) - (B/2)7" < [0 X"(2", )| < |02 (2, y)| - (B/2) V(2',y') € I?,

with @ = C} ~I§1€aK<QS(Ya, F3) and B := 2exp(diam(I?)D) = 2exp(2v2D).

By Definition 1.27, the number |Y"| is the maximum of the lengths of I x {¢/}NY" among ¢’ € I.
Thus there exists y' € I such that [YY| = | [; 0, X" (a’,y)da’|. Then Eq. (3.1) together with
diam(7I) = 2 imply the first bound. The proof of the second one is the same by symmetry. O

3.2. Normal form and definitions of the sets B; and Bj. In this subsection, we consider a
system F of type (A, C) endowed with an adapted projection w. Our aim is to prove a normal
form useful for the proofs of Theorems 1.32 and 1.34. We start with general initial bounds.

We recall that for w € A*| the curve H" was defined in Definition 1.26, and for ¢ € C, the set

A{ and the critical points ((")weas were defined in Proposition 1.28.

Proposition 3.11 (definition of ec). There exists ec > 0 such that for every c € C:
(1) F€(Y*®) C Y is 2ec-distant from O"Y®,
(2) ¢V € Y€ is 2ec-distant to OYC, for every w € A7,
(8) HY is 2ec-distant to Y, for every w € AZ.
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Proof. By finiteness of C, it suffices to show that there exists such a constant for every c € C.
By Definition 1.18, we have F¢(Y€) C Y\ 9"Y® and so the first statement is easy.
%
By Remark 1.29, the set {¢" : w € A7 U A} is compact. It is included in the interior of Y by
Definition 1.23 (4) and Proposition 1.28. This proves the second item.
By Remark 1.29, the set Uueic Wy UweA;* H™ is compact. By Definition 1.18 (1) and Propo-

sition 1.28, it does not intersect 0“Y €. Thus the last item of the proposition follows. O

From now on, we work under the assumptions of Theorem 1.32 (resp. Theorem 1.34), which
defined the sequences (w;) (and so (¢%7);) and (c;);. The idea is to define the domains B; and B,
using a normal form for the folding of the curve H"™/ with respect to the w-fibers. However it is
rather complicated to work with 7°Wi+1)_fibers, for they are a priori not analytic. Hence we will

work with:

Definition 3.12. Let VIt1 be the pullback of {zj41} x I by FYi+1, with x4 the first coordinate
of (Witt,

We note that:
(3.2) VI = {(6401(y), ) ry € T} with  §541() o= A (540,0), V) > L.
We will also use the following notation #; whose expression is similar to the one of ¢ 1:
(3.3) HY ={(z,hj(x)):x €I} with #A;():=I"(,0), Vj>1.

Let F{’ and F’ be the x-coordinate and the y-coordinate of F%. The z-projection I C I of Y
is the definition domain of z — F% o (z,f;(z)). For every r > 0, let D(r) :== {z € C: |2| < r}.
Here is the aforementioned normal form:

Proposition 3.13. There exists K > 0 such that for every j large enough, there exist T; € I%
which is ec-distant to the boundary of 1%, real numbers bj, q; and a C?*-function r; such that for

every (z,y) € [—ec, ec|? the following is well-defined and holds true:

(3.4) (FY = b1 0 Fy') o pj(x,y) = g - 2 +bj -y +75(z,y)
with pj(x,y) = (Z; + x,h;(z; + x) +y), 1/K < |g;|, |b;| < K and r; satisfying:
(3.5) 0 = 0,7;(0) = 9,7;(0) = 92r;(0) and r;(0) = 0(’?]2) .

Also if F' is analytic, there exists éc > 0 independent of j, such that ¢; and r; extend holomorphi-
cally to D(éc)?.

We prove this proposition below. This normal form enables us to define rescaling coordinates

and the domains B; and Bj. We need just to define the rescaling factors:

Definition 3.14. Let y; be the y-coordinate of F<(("7). We define:

|%|1/2 . |""J'+2|1/22 ‘M 12k
q; qj+1 qj+k—1

0j = 0, X% (xj,y;) and -y, :=
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By the latter proposition, 1/K < |¢;| < K and so [[, 11/qi|'/?" is well-defined and in [1/K, K].
Also by Corollary 3.10, it holds |o;|/% < [Y"i| < B|o;|. Thus the limit v; exists and satisfies:

v

(3.6) Gl << BK-

Therefore 7; is well-defined, small and nonzero because ¥; is so by assumptions (i) and (4i7)

of Theorem 1.32. In particular, since the domain of ¢; contains [—ec, ec]?, the following is well-
defined:

Definition 3.15. The rescaling coordinates ®; are defined for j large by:

2 2
q<. < . . q-- B
(I)jZ(X,Y)E(*O.?),O.vg)Qi—)QDj ("}/j'X, J 7] Y) = (IZ?j +’YJX,fI/J($j+’YJX)+ d ,YJ Y) .

2b; 2b;
Similarly, if F' is analytic, the definition domain of ¢; contains D(éc)?. So it holds:
Fact 3.16. If I is analytic, the rescaling coordinates ®; extend holomorphically to D(0.3)2.

Definition 3.17. The real image of ®; is denoted by Bj := ®;((—0.3,0.3)2). If F is analytic, the
complex image of ®; is denoted by B; := ®;(1D(0.3)?).

Remark 3.18. Actually for j large enough, the map ¢; is also well defined on [—3,3]2. Using

[ , Theorem C and Remark 3.5], one can show that when j is large, the following map:
Fj:=(X,Y) € (~0.3,0.3)> = (®;11) ' o FY¥i+10F%0d;(X,Y),
is C%-close to (X,Y) € (—0.3,0.3)% = sgn (0;41¢;)(X* + 3Y,0), and obtain Theorem 1.52 (1).

However we will give a variation of this proof which works in our complex case.

Proof of Proposition 3.13. To understand the position of the curve Vi+1 = (FWs+1)=1({z;, 1} x I
w.r.t. FS(HY NY<%), we are going to use the two following curves:

— The m°Mi+1)_fiber VI+L of (FWit1)=1(¢Wit1),

— The 7t()-fiber VIT1 of F (¢Ws).

The two next lemmas states that these curves are close to VIt
Lemma 3.19. The two curves Vit and VIt are C2-close and o(ﬁ?)—Co—close when j is large.

Proof. By assumption (ii) of Theorem 1.32, the distance between the wt("i+1)-fibers of the points
FWitt o F%(¢%™7) and ¢“i+' is small compared to ;1. As the horizontal direction is at least
= |YWi+1|~! expanded by FWi+! by Corollary 3.10, it follows that the pull back of these fibers
by F%i+t are at C*-distance small compared to ¥j1q - [YWi+!| = '7]2 By the equivariance of the
fibers given by Definition 1.23.(3), these two pullbacks are equal to respectively V7! and Vitl
respectively. Since the m-fibers depend continuously on the based points in the C2-topology, these

two curves are also C%-close. ]
Lemma 3.20. The two curves VIl and VIt are C%-close and O(fvyjz)—C’O—close when j is large.

Proof. By Lemma 3.19, it suffices to show that the two curves Vi+! and V7I+1 are C2-close and
o(¥3)-C°-close when j is large. The ntWi+1)_fiber going through ¢%i+' is a curve included in Y®
with endpoints in 9*Y® and tangent spaces in x, by Definition 1.23 (0) and (1). The same occurs
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fibers of 7

Y Si+1

FWJ+I(Y""1+1)

Wi+t

FIGURE 7. Notations for the proof of Proposition 3.13

obviously for the curve {41} x I. Hence the curves VI and V7*! are the pullbacks by F"i+!
of two curves which are uniformly transverse to the unstable lamination of the maximal invariant
set A associated to the hyperbolic map FA. Hence by the Inclination Lemma, the curves Vit
and VIt1 are C2-close when |w; | is large and so when j is large.

We now show that the Hausdorff distance between Vi+! and Vi*! is small compared to 3.
Note that the images by FWi+1 of VI+! and Vi*! intersects at ¢Wi+1. These curves have tangent
spaces in x, and are included in F%i+1(YWi+1) whose vertical height is smaller than | FWi+1 (YWi+1))|
and thus small compared to ﬁ? 1 by assumption (4ii) of Theorem 1.32. Thus the CO-distance
between the images by FWit+1 of Vit and VI+1 is small compared to %Z—s-l < Yj41. As the
horizontal direction is at least < |[YWi+1|~1 expanded by F“i+1 by Corollary 3.10, it follows that
the CO-distance between VI*1 and VI*! is small compared to 541 - |YWit!| = 3. O

The following lemma is the second main step of the proof of Proposition 3.13, it defines the new
critical point Z; defined by Vi+1 which is close to the first coordinate x; of (V3.

Lemma 3.21. For every j large enough, the following map:
Aj:xel% s (FY7 — 4, 0F)(z,hj(x))
has a unique critical point T; in the ¥j-neighborhood of x; in I% which is ec-distant to 01 .

Moreover |#; — x| is small compared to %; and |A;(#;)| is small compared to ¥3.

Proof. By Definition 1.23 (4), for every c € C and u € Xc, the curve W" is sent by F'° tangent to
a unique fiber of 7€) at a unique point Fe(¢Y), with ¢" € int Y€, and the tangency is quadratic.
By Definition 1.23 (1), there exists a C*-function v, : I — R such that this fiber is equal to
{(vu(y),y) : y € I}. Thus there exists r € (0,ec/3) such that [z, — 3r,xz, + 3r] € I¢ and the
following map

Ay iz €I Ff(z,w"(x)) — vy o F5(z,w"(x))
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has second derivative of absolute value > 3r on [z, — 3r,z, + 3r] and a unique critical point
in (zy — /3,24 + r/3) equal to z,, with x, the first coordinate of ¢*. Note that A, is indeed
well-defined on I because u € Kc. Since w" depends continuously on u in the C2-topology and
Ueec ic is compact, we can take a uniform value of r among c € C and u € ic.

On the other hand, by Proposition 1.28, the curve HY is tangent to a unique fiber VJ+! of
7€) o F% at a unique point (% € int Y%, and the tangency is quadratic. Still by Definition 1.23
(1) there exists a C%-function v, 41 : I — R such that VI = {(v;11(y),y) :y € I} .

When j is large we recall that |w;| is large. Still by Proposition 1.28, the word w; is made by
the last letters of some u; € Ac;. By the Inclination Lemma (as in the proof of Proposition 1.28),
the map #;, defined on I%, is C*-close to w" (also defined on I%) and (7 is close to ¢"/ when
j is large. Thus z; is close to z,, (in particular [z; — 27, z; + 2r] € [zu; — 37, T4, + 37]), and the
maps vy; and v are C?-close. Then the following map is defined on 1% and C?-close to Ay, on
[z —2r,x; + 2r]:

Ajix el = F (2, h(2)) — vj41 0 Fy (2, h(2)) .

Thus the map A; has second derivative of absolute value > 2r in [z; — 2r,x; + 2r] and has a
unique critical point in (z; — r/2,z; + r/2) which is equal to x; by Proposition 1.28. Note that
Aj(z;) = 0is a local extremum of A;. By Lemma 3.20, the maps v and ;41 are both C?-close

and o(57)-C-close when j is large. Then for j large enough the following function:
Aj iz €19 v (FY — 641 0 Fy')(2, fuy(z))

has a unique critical point &; in (x; —r,z; + ) which is close to z;. Thus by Proposition 3.11 (2),
Z; is ec-distant to 0% for every j large. Furthermore, the second derivative of Aj has absolute
value > 7 on [—r + &;,7 + &;]. In particular, the C%-distance between the extremal values Aj;(x;)
and Aj (Z;) of Aj and Aj is small compared to ¥7. Since Aj(z;) = 0, we then have Aj(ij) =0(¥3).

T t o
/ / D?A;(s)dsdt

As |Aj(#;) — Aj(z;)| = o(52) and by Lemma 3.20 |A;(z;) — Aj(z;)| = o(3?) , it holds |&; — x| =
o(¥j)- O

Let us estimate the distance between Z; and x;:

1A (z5) — Aj(i5)] = > > S(w; —#5)°.

N3

/ " DA, (t)dt

The third step of the proof of Proposition 3.13 will be to obtain the normal form of Eq. (3.4). Tt
is done below in Eq. (3.7). We recall that by Lemma 3.21, &; is ec-distant from 0I%. On the other
hand, the curve H"/ intersects Y% since w; € A:j and is ec-distant to 0*Y'% by Proposition 3.11
(3). Thus it follows:

Fact 3.22. The function p;(z,y) = (Z;+x, fj(Z;+2)+y) is well defined on (—ec,ec)? and takes
its values in Y.

Similarly it holds:

Fact 3.23. If F' is analytic, there exists éc > 0 such that for every j large enough, the map ¢; is
well-defined on D(éc)? and satisfies both p;(D(éc)?) C Y and FS o p;(D(éc)?) C Ye.
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Proof. We recall that #; € I% is ec-distant from 9I% and so min(p, ec)-distant to dI. Since the
maps #; extend to I and are uniformly C*-bounded on I by Definition 1.5 (2), the maps ¢; are
well defined on D(éc)? for éc < min(p, ec) and uniformly C'-bounded. Thus for éc small, the set
¢j(D(éc)?) has a uniformly small diameter and has real trace p;((—ec,ec)?) C ¢;j(D(éc)?). So to
get the two last inequalities, it suffices to use Fact 3.22 and remark that the set Y N (F%)~1(Y®)
contains a uniformly large complex neighborhood of Y. |

Also by Lemma 3.21 there exist real numbers b;, ¢; and a C?-function r; such that for every
sufficiently large j and (z,y) € (—ec, ec)*:

(3.7) (FY —0j410F7)opj(z,y) =qj - 2° +bj -y +ri(z,y)

with 0= 0,7;(0) = 9,7,(0,0) = 8373—(0) and 7;(0) = 0(’7]2) .
If F' is analytic, the map ¥j11 extends holomorphically to I and then, by Fact 3.23, the function

r; extends holomorphically to D(éc)?. The next lemma achieves the proof of the proposition. [

Lemma 3.24. The families (¢;); and (r;); are normal in the C*-topology, and if F is analytic,
they are also normal on D(éc)%. Moreover, there exists K > 1 such that for j large enough:

K'<|gl <K and K'<|b|<K.

— —
Proof. By finiteness of C, by compactness of A and A and by the Inclination Lemma, the following
are compact subsets of C%(I,):

%
{w®:s€ A U{XY(z,"):we A" x e},
<_
{w':ceCue AJU{Y"(-,0):ce CweA}.
We recall that 0,41 belongs to the first compact set and % ; belongs to the second one. Thus the
sequence of C2-diffeomorphisms (F% o;); is normal and ((z,y) € I = (x —0j11(y),y)); as well,
and so also the family of their compositions. Thus (r;); is normal and (|b;]);, (|g;]);, (I7jllc2);

are bounded. If F is analytic we do the same proof using this time the Inclination Lemma in C2.
Note also that:

(det DF® )oip,(0) = det D(F0p,)(0) = det D((F§! 4105, F§*)o;)(0) = —b; -0, (F5 00;)(0)

where the first inequality follows from the fact that ¢; is conservative and the second equality
follows from the fact that the determinant of (z,y) — (z—0,11(y),y) is equal to 1. As |det DF*|
is positive on its compact domain and (Fy’ o ¢;); is normal, there exists a positive bound from
below for |b;|. Finally the existence of the bound from below for |¢;| follows from the uniform
bound r at the end of the proof of Lemma 3.21. ]

Remark 3.25. The set B; contains both (uj = ®;(0) and "7 when j is large, since |T; — x;| is

small compared to ¥; by Lemma 5.21 and thus compared to ;.
This Remark with Lemma 3.24 implying |¢;/b;| < K? and the normality of (¢;); give:

Fact 3.26. For j large enough, the set B; contains both ("7 and Cuj = ®,(0), and has its diameter
dominated by v;. Likewise the set Bj D Bj has its diameter dominated by ;.
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3.3. Proof of Theorems 1.32 and 1.34. We start by proving one by one each of the six inclusions

and then we will prove the two limits of Theorems 1.32 and 1.34.

Claim 3.27. For j large, the domain B; is included in Y% and if F' is analytic, the domain Bj

is included in Y. Moreover they are uniformly distant to respectively Y and dY'S .

Proof. By Fact 3.26 , the sets B; C Bj contain (vj and have small diameters. As the point
éj is uniformly distant to Y% and Y% by Proposition 3.13 for its a-coordinate Z; and by

Proposition 3.11 (3) for its y-coordinate, the claim follows. O

Let us show that ' sends B; into Y"i+1, and if F' is analytic, that F'% sends Bj into YWi+1, ag
claimed in the second inclusions of the two conclusions of Theorems 1.32 and 1.34. We are going

to show even more, that they are respectively included in the following sets:
V't = {(Xj1(z,y),y) ¢ (w,y) € B} with B:=pry(Bj+1) x Fy'(B;)

with pry the first coordinate projection and F,’ the second coordinate of F%, and respectively:
Yt = {(Zi1(2,w),w) : (z,w) € B} with B := pry(Bj41) x Fy' (B;) .

Proposition 3.28. For every j > 1 sufficiently large, the map F< sends B into Yy’ +' C YWit1.

If moreover F is analytic, the map F% sends Bj into Y ™" C YWit1,
Proof. We define ¢;(z,y) := (x — 0,41(y),y). To prove this proposition, it suffices to show:
1/}j o % (B]) C 1/1j(YéNj+l) and resp. ¢j o % (BJ) C ’(/)j()}l;vwrl).

Thus it suffices to prove the two following inclusions:

) 1 1 ) W
(3.8) Yjo F9(Bj) C <_4|7j+10j+1a4|'7j+10j+1|>XF;J(B]') C P(Yg'h),

= 1 B W1
(3.9) resp. ¢; 0 F¥(B;) C D (4|’Yj+10j+1> x Fy'(B;)  C (Y ™).

Proof of the first inclusions of Eq. (3.8) and Egq. (3.9). By Definition 3.17, we have B; =
®,((—0.3,0.3)%). Thus it suffices to show that for every (X,Y) € (—0.3,0.3)? the first coordi-
nate x of the following point is in (—%|vj4+10541/, §1vj+10541]):

(3.10) (z,y) == 0 F90®,(X,Y)=1j0F% op;(y;- X, qJQb,YJ Y).
J
Note that || is the horizontal distance from F% o ®;(X,Y) to ViT1. By Eq. (3.4) it holds:
Y 1 i
(3.11) r=q; 02 (X 5 + Ri(X,Y)) with Ry(X,Y) = —r; (3 X, 22Y).
2 a4; 2b;

On the other hand, if F is analytic, we have B; = ®;(D(0.3)) by Definition 3.17. Thus it
suffices to show that for every (Z, W) € D(0.3)? the first coordinate z of the following point is in

D(§|vj410541):

a2
20,

(3.12) (z,w) =1 0 F9 0 ®;(Z,W) =t 0 F 0 p;(; - Z, -W).
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Again |z| is the distance from F% o ®;(Z, W) to the curve V/*+1. By Eq. (3.7) it holds:

W
(3.13) =g -7?~(Z2+?+Rj(Z,W)).
To conclude, we need the following, whose proof is done below:

Lemma 3.29. (i) For j large, the map (X,Y) € (—0.3,0.3)% — R;(X,Y) is C°-small,
(ii) if moreover F is analytic, the map (Z,W) € D(0.3)? — R;(Z,W) is C°-small.

Since |X|? 4+ 3|Y| < (0.3) + § - 0.3 < 1/4 with |g; - 77| = [vj41 - 0541/, the latter lemma
implies immediately that for j large enough and (X,Y) € (—0.3,0.3)?, the number z is in
(=Y1vj410541], 2vj410541]), which concludes the proof of the first inclusion of Eq. (3.8).

If F is analytic, since |Z|? 4+ 3|W| < (0.3)> + 1 - 0.3 < 1/4 for every (Z, W) € D(0.3)?, the same
argument gives that z is in D(]y;4+10,41|/4) and so gives the first inclusion of Eq. (3.9).

Proof of Lemma 5.29. Let us first prove (i). We recall that R;(X,Y) := ﬁrj (X, 55-73Y) for

every (X,Y) € (—0.3,0.3)2. We recall that -, is small for j large. Moreover by Eq. (3.5) it holds:
0 = 0,R,(0) = 9, (0) = 02R; (0) .

By Eq. (3.5), r;(0) is small compared to 57 and thus compared to 77. Thus R;(0) is small
and so the C%-norm of R; is dominated by a small constant plus the C°-norm of its second
derivative. We recall that (r;); is a normal family in the C*-topology by Lemma 3.24. Let pu
be a uniform modulus of continuity of their second derivative. We observe that (0% R;); and
(0xdy Rj); converge uniformly to 0 in the C° topology. On the other hand 6% R;(0) = 0 and so
O¥R;(X,Y) = qijagrj('ij, QqT"jﬁY) is bounded by Iq—lj‘u(diam(—OB, 0.3)%- K?-v;) which converges
uniformly to 0 since v; — 0 and |¢;|™' < K (by Lemma 3.24). Thus R; is CY-small for j large.
Let us now prove (4i). Let us notice that (r;|D(éc)?); is normal by Lemma 3.24. Then the proof

of (i4) is the same as the proof of (i), replacing (—0.3,0.3)? by D(0.3)2. O
Proof of the second inclusions of Eq. (3.8) and Eq. (3.9). We will use the following **:

Lemma 3.30. The following map is C'-close to the first coordinate projection when j is large:

X — X, _
T (z,y) € Brs i1z, y) i+1(zj41, ) .

Oj+1

If F is analytic, the following map is C'-close to the first coordinate projection when j is large:

T - (Z w) c B Zj+1(z7w) - Zj+1($j+17w)
’ Oj+1

+ il'j+1 .

Proof. To show this lemma it suffices to use Proposition B.3, whose assumptions must be fulfilled.
The first is that when j is large, the diameter of B must be small and when F' is analytic, that
the diameter of B must be small compared to ojy1. Indeed by Remark 1.33, it holds ¥; =
o(|Y¥i+1]) and so ¥; = o(|oj4+1]) by Corollary 3.10. Thus by Eq. (3.6), we have v; = o(|oj41]).
The second assumption in the real case is that the distortion of (Xj;); is bounded; this is the case
by Theorem 3.9. The second assumption in the complex case is that B is uniformly distant to the
boundary of I2. This is indeed the case since Bj 5 (" has a small diameter by Fact 3.26, while

11. This lemma is a consequence of | , Lemma 2.30] in the real case.
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the first coordinate of ("7 € Y% and the second coordinate of F< ({%i) € F% (Y% ) are uniformly
distant from dI, by Proposition 3.11 (1) and (2). O

Let us now use this lemma to prove the second inclusions of Eq. (3.8) and Eq. (3.9). We notice

that it suffices to show:
{Xj1(z,y) = B551(y) 2 € pry(Biy1)} D (=105l /4 vjso541l/4) Yy e Fy' (By).
resp. {Z;11(z,w) — 9511 (w) : 2 € pry(Bjr1)} D D(|yj10511]/4) Yw e F5'(By).

Now we recall that by Eq. (3.2) we have ©,11(y) = Xj41(zj41,y) (resp. by the discussion following
Eq. (3.7) we have ¥j11(w) = Zj11(xj41,w)). So it suffices to show that:
{T(2,y) — w41 2 € pry(Bjs1)} O (=|yal/4, [yl /4) Yy e Fy'(B)).
resp. {Y(z,w) —xj11: 2 € pry(Bjy1)} D D(|jy11l/4) Vw e F'(B).
Now we notice that |Z;41—x ;41| is small compared to ¥;41 by Lemma 3.21 and so compared to ;41
by Eq. (3.6). Aspry(Bjt1) = £j41+(—0.3-741,0.3-7;41) (vesp. pry(Bj11) = Zj41+D(0.3-9541)),
the result follows from Lemma 3.30 and 1/4 < 0.3. O

The following (with Proposition 3.28) shows the two remaining inclusions of Theorems 1.32
and 1.34:

Proposition 3.31. For every j > 1 large enough, the map F“i+' sends Yy '™ into Bji1. If

moreover F is analytic, the map F¥i+1 sends Yy '™ into Bji1.

Proof. Since Y3"*" = {(Xj11(z,y),y) : (z,9) € B} and Y3"*" = {(Zj51(z,w),w) : (z,w) € B}, by
definition of the implicit representation, it holds:

Fact 3.32. The map FWi+1 sends Yy ™ to {(z,Yj41(z,y)) : (z,y) € B}. If moreover F is analytic,
the map FWi+t sends Yy'™' to {(2,Wj41(z,w)) : (2,w) € B}.

Thus we shall prove that {(z,Y;+1(x,y)) : (z,y) € B} is included in Bj; and respectively that
{(z,Wj41(z,w)) : (z,w) € B}) is included in Bj,;. By the skew product form of the sets B,
and Bj 11 (see Definitions 3.15 and 3.17), it suffices to show that:

Vjt1(z,y) — Fjr1 (@) = Vi (z,y) — Vjta1(z,0)]
and resp.  [Wji1(z,w) = fjy1(2)] = Wjs1(z,w) = Wjsi(z,0)]

are small compared to 'yjﬂ1 for any (z,y) € B and resp. (z,w) € B. They are respectively
smaller than |[F"i+1(Y%+1)| and |F%i+1 (Y%i+1)|. By Theorem 1.32 (iii) and Theorem 1.34 (iii),
we have |FWi+t1(YWit1)| = 0(’7?+1), and moreover |FWi+1 (YWit1)| = o(ﬁ_ﬂ) if F' is analytic. Since
3341 = O(7311) by Eq. (3.6), the result follows. O

We are now in position to prove:

Proof of Theorems 1.32 and 1.34. The six inclusions of Theorems 1.32 and 1.34 are given by Claim
3.27, Proposition 3.28 and then Proposition 3.31. Hence it remains only to show:
(3.14)

kli_>n;o diam F¥(B; x {o(c;)}) =0 and lim diam F*(B; x {o(c;)}) =0 if F is analytic,

k—o0
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when j is large. To this end, it suffices to show that for every n > 0, for every j sufficiently large,

the |wj 1| first iterates of F'% (B;) (resp. F'%(Bj)) have diameters smaller than 7. To this end we
use:

Lemma 3.33. When N is large, max(p q)eg*:p|,Jq|>N diam YP N F9(Y9) is small.

Proof. For every s,t € I, let H be the image of {y = s} N Y9 under F? and V; be the image
of {x = t} N FP(YP) under (FP)~!. We notice that H, and V, intersects at a unique point
o(s,t) € YPNFI(Y), since by the cone properties of Definition 1.4, H, is a graph over « € I with
tangent spaces in y, and V; is a graph over y € I with tangent spaces in x,. It is straightforward
that ¢ sends I? onto YP N F9(Y9). Also by transversality, ¢ is differentiable. For every (s,t) € I?,
the vector 0;¢(s,t) is tangent to Hs and so in x; and the norm of its first coordinate projection is
at most A~IPl by property (2) of Definition 1.4. Thus the norm of d;¢(s, t) is at most /1 + 62- A\~ IPl,
Likewise the norm of ds¢(s,t) is at most v/1 + 62 - A\=19, Thus the norm of D¢ is small when |p|
and |q| are large and so the diameter of ¢(1?) = YP N F9(Y9) is small. O

By Lemma 3.33, there exists N independent of j such that the k'™ iterate of F(B;) has
diameter smaller than n for every N < k < |w;y1| — N. By Fact 3.26, the diameter of B; is
dominated by -; which is small when j is large and likewise for F“i+' o F% (B;) C Bjt1. Thus
their N first iterates and preimages have also small diameter when j is large. This implies the first
limit in Eq. (3.14).

If F is analytic, we prove the second limit in Eq. (3.14) exactly the same way, replacing
Lemma 3.33 by Lemma 3.34 below. O

Lemma 3.34. When N is large, maxp q)cB*:|p|,|q|>N diam YPN Fq(f/q) is small.

Proof. The proof is exactly the same as for Lemma 3.33, up to changing I to TandY toY. O

4. PARAMETER SELECTION

In this Section, we will work with an unfolding (F},, m,)pep of wild type (A, C). Under extra
assumptions (#C = 5 and moderate dissipativeness), given any py € intP, we will define in
Section 4.3 a sequence of parameters (p;);>0 which converges to a certain p., close to pg such
that at each p;, the map Fj, will satisfy tangency conditions. Then we prove Theorem 1.44 in
Section 4.4. To this aim, we first show that F},  satisfies the assumptions of Theorem 1.32, and
those of Theorem 1.34 if F,,__ is analytic, and finally we will show property (£).

4.1. Estimates for parameter families. We set up here some analytic constants useful for the
proof. For every w € A™ and p € P, let (X}),))) denote the implicit representation of (Y,', F}').
We recall that by Proposition 1.37, the family (XZ‘,” Yy )pep is of class C2. Here is a consequence
of Theorem 3.9:

Corollary 4.1. There exists D > 0 such that for allw € A* and p € P: DY), Fy) < P.

Proof. As the domain of each F), is compact, and the set P is compact, the C?-norm of F, and
its inverse are bounded independently of p € P. Thus for every a € A, the distortion of each
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hyperbolic transformation (Y, F}}) is bounded independently of p € P. By finiteness of A, these
distortions are bounded independently of p € P and a € A. We conclude using Theorem 3.9. O

An immediate consequence of this bound is:

Corollary 4.2. For every w € A*, for every (z,vy), (2',y') € I?, it holds for every p € P:

9. X (z,y)

DXy (@' y) <exp(D- [z — a2’y —y)|) < B, with B = exp(2v2- D) < 00,

Definition 4.3. Given a nonempty compact subset Py C P, we define the maximal and minimal

widths of w € A* [among p € Py| by respectively:

w(w,Py) := pEI'gi{’llz |02, X[ and  w(w,Py) := Jnax |0, X1 -

The maximal and minimal vertical heights of w are respectively:

A(w,Po) == min [0, V5| and h(w,Py):= max [0,,V0].

pEPo, 12 pEPo, 12

Remark 4.4. For any p € Py and w € A", we notice that any line R x {y}, y € I, intersects
Y)Y at a segment of length in [2w(w, Py), 2@(w,7ﬁ)] ; whereas any line {x} xR, © € I, intersects
FY(Y)Y) at a segment of length in [2h(w,Po), 2k (w,Py)]. In particular, with the notations of
Definition 1.27, is holds:

2w (w, Py) < Y| < 2w (w,Po) and 2h(w,Po) < |Fy(Y))] < 2h(w,Pp) .
From now on, we will suppose that (F,,m,), is moderately dissipative and we fix a
parameter pj € int P.
The following will be used many times and proved in Appendix B:
Proposition 4.5 (and definition of 79 and Py). There exists g > 0 and a compact neighborhood
Po € P of pg € P satisfying the following properties for every w € A* s.t. w(w,Py) < np:
(1) w(w) <w(w) < ww) =<,  with w(w) = w(w,Py) and w(w) = w(w,Py),
(2) h(w) <w(w), with h(w):=nh(w,Pp).

If at some p € Py the map F; is analytic, then for p sufficiently small, for every w € A*, the
hyperbolic transformation (Yﬁ‘”, Fy ) extends to a C;" -hyperbolic transformation whose implicit rep-

resentation (Z3', W}') satisfies:

(27) maxps [0, WE|° < ming, [0, Z¥|  if  w(w,Po) < 1no-
We first notice the following monotonicity property for widths and heights:
Lemma 4.6. For every finite words w € A* and w’ € A* such that w - w’ is admissible, it holds:

ww-w) <w(w) and A(w-w) <h(w)
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Proof. Let us prove that w(w - w’) < W (w), the proof of A(w -w’) < A (w’) is similar. The
case where w or w’ is the empty word being trivial, let us suppose that min(|w|,|w’|) > 1. By

Lemma B.1 of the appendix, we have:

w(w-w) < w(w) - w(w).

1—-62
According to the cone condition (2) of Definition 1.4, we have |(9ng"/| < AW < A~1 and so:

w(w) - AT < T (w).

. w) <
w(w w)_1—02

O

— —
Definition 4.7 (p,,). For every m € N*, for every s = (a;);>0 € A and u = (a;);<0 € A, let
P,.(s) :=ag---an,_1 be the concatenation of the m first terms of s and let p,,,(u) =a_,,---a_1 be

the concatenation of the m last terms of u.

The following will be used many times.
— o
Lemma 4.8 (and definition of 1). There exists m1 € (0,19) such that for everys € A, u € A

J

for every § € (0,m1), if m > 1 and m’ > 1 are mazximal such that:
T(p(s) >0 and Folp () >0,
then for every d € A* with w(d) > 6" and such that w := Prii1(s) - d-p,yq(u) € A", it holds:
§>w(w) > w(w) > 572 and 5> R(w) > Aw) .
Moreover such d € A* always exist.

Proof. By maximality of m and m/, the maximal widths of p,,(s) and p,,,(u) are small when 1,
is small, and sufficiently to apply Proposition 4.5 to these words. Also by maximality, it holds
§ > W(p,y41(s)) and & > A (p,, ;1 (u)). Thus by Lemma 4.6 it holds:

§>w(w)>w(w) and §> A(w) > A(w).
It remains to prove that w(w) > 61+<+2¢° By Lemma B.1 we have:

(W) > 1(p,(5) i () - (d) - uin 0(@) 05y () - g -

We now use Proposition 4.5 (1) with w(p,,(s))'~¢ > w(p,,(s)) > ¢ to obtain:
() > 30" (min 1) 0Py () - 0(6) - g
By Proposition 4.5 (2), w(p,,, (u)) > %(p,, (u))¢. Also w(d) > 6. Thus:
w(w) > 60D (minw(a)? - 61+ 677 - 5
We now use the logarithm to compare this with the sought inequality:
(4.1)
log(g(w)§’1’6’262) >((1—e) T detet —1—e—2e%logd + 2log maing(a) — 4log(1 + 6%)

=(*(1— €)'+ — € logd + 2logmin w(a) — 4log(1 + 6?)
a
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Note that (e*(1 — €2)™ 4 €* — €2) < 0, hence for ; > ¢ sufficiently small, the right most sought
inequality is obtained. Also, by connectedness of the graph, when ¢ is small, given any two vertexes
in V, there exists a word d which joints them and so that w(d) > 5" O

Remark 4.9. Let 0 < W < 1 and L be numbers such that every pair of vertexes in V can be
connected by a path d” such that w(d") > W and |d"| < L. Thus, under the setting of Lemma 4.8
fizing m,m’, s and u, for every word d° € A* satisfying
1+ 62
w(d) > 6" and o(d) = (P, (9))
there exists d"€ A™ starting at t(d®), ending at o(p,,,,1(u)) and such that w(d") > W, |d"| < L.
Thus in Lemma 4.8, we can take d = d°-d".

The following provides some uniform bounds on the unfolding.

Proposition 4.10 (and definition of ¢ %Ed Lol> There exist ¥ > 0 and Ly > 0 such that for
every p' € Py, m := (Uc,Sc)ecec € Hcec Ac x A, the map ¥y : p € P = (V(ue,S¢,D))cec s
%-biLipschitz from a neighborhood of p' in P onto the 29-neighborhood of Wy (p').

Proof. Let o > 0 be such that for every p’ € Py, the euclidean closed ball B(p', @) is included in
int P. Let m = (uc,Sc)eec € []cce Xc X Kc. By (Hz), the restriction Un|B(p/, «) is a diffeomor-
phism onto its image. By compactness of B(p', a), the restriction ¥,|B(p’, @) is biLipschitz; let
L(p',m)/2 > 0 be its biLipschitz constant. Also let p(p’, m) > 0 be maximal such that ¥ (B(p/, @))
contains the 2p(p’, m)-neighborhood of ¥, (p'). By Proposition 1.41, the functions p and L are
continuous on the compact set P x Hcec A x A and so bounded from below by positive constants
¢ and Lg. O

4.2. Dynamics at the folding map. In this subsection, we continue to consider a moderately
dissipative unfolding (F,, mp)pep of wild type (A, C) and a fixed parameter py € int P. The compact
neighborhood Py @ P of py was defined by Proposition 4.5, whereas 9, Ly and 77; were defined in
Proposition 4.10 and Lemma 4.8.

To study the folding map Fj|Y; for any ¢ € C, we will use analogous functions to V(u,s, p) =
a¥ — b5 defined in Definition 1.39, when u and/or s are replaced by finite words w € A*. The

definitions of the counterparts of aj; and bj, use the following counterparts of W' or Wp:

Definition 4.11 (Hy' and V;"(()). For every p € Py, let H)' be the push forward by F' of I x {0}
and given a point ¢ € Y'¢, let V;'(C) be the pullback by F)' of the W;,(W)-ﬁber containing (:

HY = FA(y" I x{0}) and V¥(C) = (= o F¥) 1 ({zSW(()}) .
The following is an immediate consequence of Definition 1.23(3):
Fact 4.12. The curve V,"(C) is the fiber of w,‘;(w) containing (Fy*)~*(¢).
We now introduce the analogous of Proposition 1.28 for a parameter family.

Proposition 4.13 (and definition of W, ¢y and 12). There exists na € (0,11) such that for every
ccC,pcPyandw c A* in the set:

$— J—
W, := {w € A" : w coincides with the |w| last letters of a certainu € A, and Hh(w) < n},
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the curve Hy' intersects Y, but not 9“Yy, the curve H)' is tangent to a unique fiber of w;(c) o Fy

at a unique point (' € int Y7, and the tangency is quadratic.

Proof. First observe that when 7 is small, the minimal length of the words in W is large. Thus,
the proof of this Proposition is the same as the one of Proposition 1.28 but for a parameter family
this time. Indeed, note that ic does not depend on p for every ¢ € C (by Definition 1.35), so it
suffices to replace the Inclination Lemma and the condition on |w| by respectively the parametric
Inclination Lemma C.6 Page 74 and the condition on % (w). By finiteness of C, one can take the

same value 7, for every c € C. O

Remark 4.14. Up to reducing n2, we can assume that AZ(F,) D We for any p € Py, where AL (F),)
was defined in Proposition 1.28 as AY.

Definition 4.15. For every c € C and w € W, we denote:
ay =i o FS(CY) el and bl :=7™ o (F¥)71(CY).
The following compares a; and by to the limit case aj, and bj;:

Proposition 4.16. For every c € C, w € W, and p € Py, it holds:
%
(1) For everys € A starting with w, it holds b} — b5 | < 2-w(w).
% —
(2) For everyu € A ending with w, it holds |a}) — ay| < HD(T(;;(C) o Ff)llco -2 f(w).

Proof. We first prove (1). Let s’ € A be such that s = w - s’. We recall that () € Y for every
p. Thus by Definition 1.23 (0) and (1), the W;(W)—ﬁber of (5 is a curve with tangent space in x,,
included in Y® and with endpoint in and endpoints in I x 0I. These properties also hold true for
W;l (by Proposition 1.25 for W;,). By Definition 1.4 (3), their respective pullbacks V}¥(¢)') and
W, by F}' are then also graphs over y € I with direction in y, and endpoints in I x 9I, which
are moreover included in Y¥. They are then |[Y|-C%-close and so 27 (w)-C°-close by Remark 4.4.
By Definition 1.23 (3), they are also fibers of W;(w). By Definition 1.23 (2), their images by Trg(w)
(equal to by and bj,) are the z-coordinates of the intersection points of these fibers with I x {0}.
This implies [b)) — b3 < 2w (w).

Let us prove the second item. Similarly to the case of vertical curves, we can show that H)YNY; C
HY and WYNYF C WY are 2k (w)-C°-close. Their respective images by w;,(c) o F are consequently
D75 o FS)||co - 2 (w)-close. Thus the endpoints of 9o FS(HY NYS) and 90 ES(WyNYE)
are 2- ||D(7r1t,(c) o F¥)lco - (w)-close. We conclude by noting that ay and aj are endpoints of these

segments. O

%
Definition 4.17. For allc,c’ € C, s € A, w € W, and w € Wy such that t(c) = o(w’), for
every p € Py, we put:

V(w,w',p) :=ay —by and V(w,s,p):=a) — b .

Remark 4.18. We notice that V(w,s,p) = 0 if and only if Fy(Hy NYy) is tangent to W}.
Similarly, V(w,w’,p) = 0 if and only if F(H) NY}) is tangent to Vp“’,((})”/). We notice that the
tangency holds at F5(()).
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From now on we work under the assumptions of Theorem 1.44. In other words, the
unfolding (F),, m,), of wild type (A, C) is moderately dissipative and #C = 5.

Now we are ready to define the counterpart of the function involved in (Hz). We set:
C=:{ci,c2,¢3,¢4,65}.

Given i € Z, let ¢; := ;] where [i] is the equivalence class of ¢ in Z/5Z. In particular ¢;15 = ¢;

for every i € Z.

i —
Definition 4.19. For all i > 0 and (W;)i,<i<iy+a € [[. 2 W, ands € A

i=ig

such that t(c;) =

Cig+4

o(w;y1) for every ig <i <ig+ 3, we put:
\Il(w,;),;,s ‘pe Py — ((V(Wi7Wi+17p))iogigi0+37 V(Wi0+4757p)> .
Here is the counterpart of Proposition 4.10:

Proposition 4.20 (and definition of n3). There exists nz € (0,72) such that for every (W; )i <i<ig+4 €

H;‘):Jgf W, such that t(c;) = o(w,41) for every ig < i < ig+ 3 and w; satisfies w(w;) < n3 for
every ig < i < 19 + 4, the following property holds true.

For every p1 € Py and s;y45 € A%H, the restriction of Wy, to a meighborhood of py is

i,Sig+5

a Lo-biLipschitz map onto the ¥-neighborhood of ¥ (w,), s, s (p1).

Proof. Let us take for each ig < i < ig+ 4 a sequence u; € ici such that the last letters of u; are
equal to w;. By Proposition 4.5, we have A (w;) < A (w;)¢ < w(w;) <713 < 72 < 9. Let K > 1
be greater than the supremum of the C'-norms of p € Py F5(¢y) among ¢ € C and u € Kc.
By finiteness of C and compactness of Py and XC, the constant K is finite. By the parametric
Inclination Lemma C.6 Page 74 when 73 is small, the following pairs of maps are C''-close:

pEPor (' and p€ Py Gy Vig <i<ig+4.

By Proposition 1.41 and compactness of (J ¢ ic, the maps p € Py — (' are C'-uniformly
bounded among all tuples (u;);,<i<i,+4 Of sequences u; € ici and so also among all (u;)i,<i<io+4
defined as before. Then the maps p € Py — ()" are C Luniformly bounded among all tuples (w;);
satisfying the hypotheses of the proposition. Also by looking at their images by W;(ci) o F7i, the

following pairs of maps are C!-close, when 13 > 0 is small:
pE€Porray’ and pePyrray Vip<i<ig+4.

Let us take for each ig < i < 79 + 4 a sequence s; € —A> such that the first letters of s; are equal to
w;. As each map p — (" is uniformly C'-bounded, the family of the ﬂ;,(wi)-ﬁbers going through
¢y indexed by p € Py isa C Lbounded family, uniformly transverse to the unstable lamination of
the horseshoe A,. Applying a last time the parametric Inclination Lemma C.6 Page 74, we obtain
that its pull back by (Fy), is C'-close to (W3'),ep,, and is equal by definition to (V' (¢¥)),.
By Fact 4.12, the image by (75™"), of this family of curves is (w5 o (F%:)=1( wi))p =2 (B
which is therefore uniformly C'-close to (b5 )p- In other words, the following pairs of maps are

C'-close, when n3 > 0 is small:

pGPOHbZ” and pEPw—)b?j Vip <i<ig+4.
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Consequently when 73 > 0 is small, the map Wy, is uniformly C'-close to p € Py +—

i,8ig+5

(V(uy,8i4+1,p)); among all the (w;);. Thus Proposition 4.10 implies the proposition by the inverse
local theorem and compactness of the spaces involved. O

4.3. Infinite chain of nearly heteroclinic tangencies. In this subsection, we work under the
assumptions of Theorem 1.44. We consider a moderately dissipative unfolding (F,, ), of wild
type (A, C) such that C is formed by five elements {c1, ca,€3,¢4,¢5}. We fix pg € int P as in the
previous subsection.

The parameter selection is given by Proposition 4.23 below and proved along this subsection.

Its statement involves the following constants which are positive and finite:

(4.2) CL:=2V5-Lg- seug (ID(mp 0 F;)H +1) and 74 :=min(Ly¥/C1,73) ,
p 0

where the compact subset Py C P was defined by Proposition 4.5, the constant 13 was defined in
Proposition 4.20, whereas the constants 9 and Ly were defined in Proposition 4.10.

We are going to define a sequence of parameters (p;);>1 which converges to a certain p., such
that each p; is close to p;—1 and at p; the map F),, satisfy some tangency’s conditions. To this
end we will ask that the distance between p; and p;;1 is at most of the order 68" for a certain &
small and a fixed 8 > 1. Hence the following immediate fact will be useful to ensure that all the

p; remain in Py (at which all our bounds were done):

Fact 4.21. For every 8 > 1, there exists Mz > 0 independent of 1/2 > § > 0 such that ijo §F <
Mg -6 for every 1/2>6 >0 .

This fact enables us to fix the following constant:

Definition 4.22 (§ and (0;);). Let 8 =3/2 and let 1/2 > §y > 0 be any number smaller than 14
such that the ball centered at py with radius Cy - Mg - g is included in Py. We put

j 3
(4.3) 6, =00 with = 5
We notice that the sequence (d;); decreases super exponentially fast to 0. Also it satisfies the
following for every ¢,m > 0:
j=i
We recall that for every i € Z, we put ¢; = c|;), where [i] is the equivalent class of ¢ in Z/5Z.

The following involves the curves Hy' and V}"(¢) introduced in Definition 4.11.

Proposition 4.23 (Main). There exist a sequence of words (w;)i>1 € [[;51 We, and a sequence
of parameters (p;)i>1 € Py, such that it holds t(c;) = o(w;4+1) and the following for any i > 1:
(C1) 617 < w(wy) <W(w,) <,

(Cs) the map FEi sends H¥i NY,S tangent to Vi, ' (Cpi ™) at the point FS ("),

(C3) |lpo —p1ll < C101 and ||p; — pi—1]| < C16;+4 whenever i > 2.

We will prove this proposition below. From this we deduce the following result involving the
constants Lo, Mg and C defined respectively in Proposition 4.10, Fact 4.21 and Eq. (4.2) Page 59:
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Corollary 4.24. There exist pooc € Py which is C1Mgdo-close to po and a sequence of words
(Wi)i>1 € [[;5 We, such that for any i > 1 it holds t(c;) = o(w;t1) and:

(C1) 5i1+6+262 <w(w;) < w(w;) <6,
(CIZ) |V(wi7wi+1apoo)| S ClLOMlg(siJ,_g),

Proof. We take the sequence of words (w;);>; and the sequence of parameters (p;);>1 given by
Proposition 4.23. In particular, they satisfy (C;). By Conclusion (C3) of Proposition 4.23, we
have ||p;41 — pil| < C10;45 whenever ¢ > 1 with (J;);>1 decreasing super exponentially fast to 0.
Thus the sequence (p;);>1 converges to a parameter po, € R®. By Eq. (4.4), it holds:
Ipo = pooll < llp1 = poll + Y Ipir1 = pill < C161 +C1 Y birs < C1Mpdy .
i>1 i>1
By Definition 4.22, this implies that p. is in Py. Still using Conclusion (Cj) of Proposition 4.23
and then Eq. (4.4), we have ||p; — psol|| < C1Mgd;15 for i > 1. We notice that V(w;, w;t1,p;) =0
by Conclusion (Cs) of Proposition 4.23. Then (C}) follows from Proposition 4.20. O

In Section 4.4, we will show that F},_ displays a stable wandering domain by showing that the
conclusions of Corollary 4.24 imply the assumptions of Theorem 1.32. Proposition 4.23 will be

proved by induction. The first step will be implied by the following;:

Lemma 4.25. There ezist (W;)1<i<5 € H?Zl W, witht(c;) =0o(w;t1) foranyl <i<4,sg € Kc5
and a parameter p1 € Py which is C161-close to py such that:

(C1) For every 1 <i <5, it holds (51-1+6+262 < w(w;) <w(w;) < 6.

(CY) For any 1 <i <4, it holds V(w;,w;t1,p1) =0 and V(ws,se,p1) = 0.

Proof. By (Hy) of Definition 1.42, there exist

— — — — —
u; € Ac17 us € AC2, uz € Ac3, uy € Ac47 us € A

Cs9

— — — — —
AC1753 E AC2754 E AC3755 e AC4756 E AC5

and s, €

such that:
(T") for every 1 < j < 5, the curve Fpl (Wp! NYp) is tangent to Wyl ™.

%
We also pick any s; € A¢,. For every 1 <i <5, let m; > 1 and m) > 1 be maximal such that:

As 0; < m4 < m, by Lemma 4.8, for 1 <i <5, there exists d; € A" such that w; :=p; ., (s;) - d; -
Piinm (u;) € A" is well-defined and satisfies:

(4.5) 5; > h(w;) > h(w;) and & > w(w;) > wlw,) > st

% J—
Moreover w; € Wy, since u; € A, and since v(w;) < §; < g < 12. We remark that t(c;) =
o(s;+1) = o(w;41). This proves (Cy).
Let us prove (C4). In Definition 4.19, we introduced:

\I](Wi)i,sﬁ p S 730 = ((V(Wi7wi+17p))1§i§47V(W57567p)) .



EMERGENCE OF WANDERING STABLE COMPONENTS 61

By Proposition 4.16, the latter function is 2v/5 - sup,,ep, (|[D(mp 0 F§)|| +1)-8; = €10/ Lo-C°-
close to the following:
\Ij(ui,si+1)i ‘pPE Po — (V(uia Si+1ap))1§i§5
where V(u;,s;, p) was defined in Definition 1.39. By definition of (u;,s;41);, this function vanishes
at p = pg. Thus it holds:
1 (wy),,56 (Po) || < C161/ Lo -

By Proposition 4.20, a restriction of W(y,), s, to a neighborhood of pg is Lo-biLipschitz onto the
¥-ball about W (y,), s;(Po). As C161/Lo < Cina/Lo < 9, this ball contains 0. Its preimage p; is
C461-small. Thus Conclusion (C5) holds true. O

Here is the proposition which will give the step ig — ig + 1 of the aforementioned induction.

OFIW,, with t(c;) = o(Wiy1) when i < iy + 3 and

i:’Lo

Lemma 4.26. If p;, € Po, (W¢)¢0§i§10+4 €]l

%
Sig4+5 € A satisfy:

Cig+4
(h1) w(wy) is smaller than ng for any ig < i < ig+4.
(ha) For every ig <i <ig+ 3, it holds V(W;,W;11,Di,) = 0 and V(Wj, 44, Sig+5,Pis) = 0.

_>
Sip+6 € ACiO+5
Dig+1 € Po which is C1d;,+5-close to p;, such that:

Then there exist w15 € We, ., with t(c;,44) = 0(Wiy45) and a parameter

2 J—
(C1) 8127 < w(Wipis) < T (Wigys) < Gigis
(CIQI) It holds V(Wz, W¢+1,pi0+1) =0 fO?” every io +1 S 7 S io +4 and V(wi0+5,si0+6,pio+1) =0.

Proof. The proof is similar to the one of Lemma 4.25. By (Hjp) of Definition 1.42, there exist
— — —_ o+ 5 ;
Ui+5 € A, 5 and s;,16 € Ac, |, such that the curve W;Z(?*” N Y},CLC?+ is sent tangent to W;LSJ”i

by Fcfg+5. Let m;,4+5 > 1 and m;0+5 > 1 be maximal such that:

WPy 5 (Siots)) > Digrs and Ay (Wig15)) > bigss.

As 0jp45 < ma < m1, by Lemma 4.8 there exists d;45 € A" such that the word w; 45 =
Pitmig s (Sig+5) - dig45 - p1+m£0+5(ui0+5) € A" is well-defined and satisfies t(c;,14) = 0(Siy+5) =
0(Wi0+5) with:

(4.6) Sigts > P(Wigys) > R(Wigys) and  igys > W(Wig1s) > w(Wigys) > 6,757

. <= . > .
Moreover w;, 15 € We, . since uj 45 € A and since A (W;y45) < iy+5 < s < n2. This proves

(C1). Let us prove (C4). We recall:

Cig+5

Viw)isigre 1 P € Porr ((V(Wi7Wi+1,p))i0+1§i§io+47 V(Wig15, 5i0+67p)) .
By Proposition 4.16, the latter function is C18;,+5/Lo-C%-close to the following:
v pE Py — ((V(wivWi+17p))i0+lgi§i0+37V(Wi0+47Si0+57p)7 V(ui0+57sio+67p)) :
By (h2) and definition of (u;,s;4+1):, this function vanishes at p = p;,. Thus it holds:

||\II(W7',)7175«L0+6 (plo)H < 016i0+5/L0 .



62 PIERRE BERGER AND SEBASTIEN BIEBLER*

By Proposition 4.20, a restriction of W(w,)isiy10 1O neighborhood of p;, is Lo-biLipschitz onto the
¥-ball about \]:I(Wi)iysi0+6 (p1). As C16iy+5/Lo < Cina/Lo < 9, this ball contains 0. Its preimage
Dig+1 18 C10;,15-close to p;,. Thus conclusion (C4) holds true. O

We are now ready to:

Proof of Proposition /.23. We prove by induction on ig > 1 the existence of parameters (p;)i<i<i,

words (W;)i<ig+a € H;O:Tl W, with t(c;) = o(w;41) for i < ip+3 and of s;,45 € A satisfying:

Cip+4
(Cy) 53““62 < w(w;) <w(w;) <6 for every ¢ < ig + 4.

(Cg) V(Wi7wi+1,pio) =0, for every i9g <1 <149+ 3 and V(Wi0+4a si0+5api0) =0.

(C3) The parameters p;,—1 and p;, are < C10;,+4 distant whenever ¢y > 2. The parameters pg

and p, are C16; distant.

Observe that by Remark 4.18, this statement implies Proposition 4.23.

The proof of this statement is done by induction on iy > 1 using Lemmas 4.25 and 4.26. We
notice that step ig = 1 is an immediate consequence of Lemma 4.25. Let ig > 1 and assume
(W;)i<ig+a € (AT)0F constructed such that (C; — Cy — Cj) are satisfied at every i < ig. By Fact
4.21, the distance between the parameter p;, and pg is at most C Zi‘:f 0; < C1 - Mg - dg, and so
by Definition 4.22 the parameter p;, belongs to Py. Thus we can use Lemma 4.26 which implies

(C1 — Cy — C3y) at step ig + 1. O

Here is a consequence of the above proof which will be useful to obtain Conclusions (£) of
Theorem 1.44. We recall that (A L C)* denote the set of words g = ay - --a,, formed by letters
a; € AU C such that t(a;) = o(a;+1) for every i < m.

Corollary 4.27. Under the assumptions of Corollary 4.24, there exists v > 0 such that given any
function Cod : (AU C)* — A™ satisfying
|Cod(w)| < v|w| and t(w)=o0(Cod(w)) Vwe (ALC)*,
then Conclusions (C1) and (C4) of Corollary 4.2/ hold true with words (w;); satisfying:
(Co) the sequence f :=wy €1 -Wa-Cy---W,; - C;--- has infinitely many m > m’ such that:
Proof. In the proof of Lemma 4.26, the word w; 5 is chosen in function of (u;,45,S;,45) and of
the form:
Wig+5 = Plimg s (Sio+s) - dig+s - Prom , (Wig+5)-
By using Remark 4.9 instead of Lemma 4.8, the word d;, 15 can be chosen of the form
dig45 = d?0+5 : d:0+5a
for any word dj , 5 in A* such that:

0 A 1462 °
(4.7) w(dy y5) > 0515 7 and  o(dy ,5) = t(P1ym, ., (Sio+5)) 5

and where d; 5 is a word in A" such that w(d} ,5) > W and such that w5 is in A*. By

definition of W, the word dj .5 always exists whatever are d7 5 and p; .,/ . (Ujy4+5). Now we
io
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recall that py,,, . (Si+5) depends only on p;, and o which do not depend on dj 5. So really
df .5 can be any word satisfying Eq. (4.7). For j > 1, let

gj I=Wj:C] Wy-- W1 cj71 . p1+mj (Sj)

With j =19 + 5, Eq. (4.7), is equivalent to:

(4.8) log w(d?) > e*logd;+log((1 4 6%)/W) and o(d7) = t(Py4m, (s5))
Put: @)
. . logw(d
S S

We observe that 0 < p < oo since A is finite. Then Eq. (4.8) is implied by:

 log((1+6%)/%)
I

Now let us replace the latter inequality by a stronger one involving \gj| instead of d;. It holds:

4
o € o
(4.9) CHIES —Zlogéj and  o(d}) = t(py 1, (s)))
gl =7+ Iwal 4+ [wja +my < 2(|waf -+ |wy)
For every i we have by (Cy):

(52»1+6+252 <W(w;) < AT = jwg|log A < —(1 + € +26¢2) log 6; = —(1 4 € + 262)37 7 log §; .

Thus:
j . .
lg;| < —2(1 +e+ 2¢%) ZB“] logy 6; < —2(1+€+ 262)ﬂ — logy 6; < —10-log?d; .
i=1
Thus Eq. (4.9) and so Eq. (4.7) is implied by
o _ € log((1+6%)/W) 0
(4.10) 4] < gy - L and o(d?) = t(py.. (5,)) -

We fix v := %. Since (|g;]); tends to +oo, if [dj| < v - |g;| for any j > 1, then the left
inequality of Eq. (4.10) will be satisfied when j is large.

In particular, given any map Cod : (A U C)* — A" satisfying |Cod(w)| < v|w| and t(w) =
o(Cod(w)) for any w € (AL C)*, it is therefore possible to pick a sequence of words w; satisfying
both the conclusions (C;) and (Cj) of Corollary 4.24 and d} = Cod(g;) for any j > 1. The proof
is complete. O

4.4. Proof of Theorem 1.44. To show the first part of Theorem 1.44 regarding the existence of
a family of sets B; x {o(c;)} satisfying the conclusions of Theorem 1.32 (resp. Theorem 1.34), it
suffices to show that the assumptions of these theorems are verified at a dense set of parameters.

Proof of the first part of Theorem 1.//. Let (F,, m,)pep be a moderately dissipative unfolding of
wild type (A,C) with #C = 5. In Section 4.3, we showed that for every py € P and every
sufficiently small ¢y, we can find po € P which is C; Mgdo-close to po, a sequence (c;);>1 € cV
and a sequence of words (w;);>1 € [];5; W, such that t(c;) = o(w;1) for every j > 1 and
satisfying the conclusions (C1) and (C5) of Corollary 4.24. We are going to apply Theorem 1.32,
or respectively Theorem 1.34 if F},__ is analytic.
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Proposition 4.28. The system F,_ of type (A, C) endowed with the adapted projection m,_ and
the sequences (cj)j>1, (Wj);>1 satisfies the assumptions of Theorem 1.32, and moreover those of
Theorem 1.34 if Fp_ is analytic.

The proof of Proposition 4.28 is given below. Together with Theorem 1.32 (resp. Theorem 1.34),
it implies the existence of families of nonempty subsets B; of Y¢ satisfying the conclusions of
Theorem 1.32 (resp. Theorem 1.34). O

The rest of this subsection is devoted to the proof of Proposition 4.28. In the following, we fix
a parameter po, as in Corollary 4.24. We are going to show that Fj,  endowed with m,_, (¢;);>1
and (w;);>1 satisfies the assumptions of Theorem 1.32, by checking these assumptions one by one.

For simplicity and since we work at fixed parameter, we will omit to note p,, in index in the
following. We begin by proving the following crucial estimates between the coefficients d; (defined
in Definition 4.22), |Y"/| (defined in Definition 1.27) and ¥; (defined in Theorem 1.32):

Lemma 4.29. For every j > 1, the coefficient 7; is non zero and it holds:
2012 < jyWi| <25, and 28902 <5 < 258

Proof. To prove the first inequalities, we recall that by Remark 4.4 we have 2w (w;) < [YWi| <
2w (wy;) for every j > 1. Thus the inequalities follow immediately from Corollary 4.24 (Cy).

We now prove the second ones. We first recall that:

¥ = |ij+1|1/2 . |YWJ+2|1/22 ‘ij+k‘1/2"’ e

if it is well-defined. To show that ; is indeed well-defined and positive, we compute the logarithm

of the latter infinite product (with log0 = —oo by convention) and we show that it is finite:
oty = 3 Tog [V — S gy 5 21l 1 = 37 2-Flog i
k> k>j k>j k>0

We just proved that 25i+6+2€2 < |[YWr| < 20y for every k > 0. Thus we have:

log(2) + (1 + € + 2€%) Z 27" log dy,1; < log¥; < log(2) + Z 27" log 611 -
k>0 k>0

We recall that dx1; = 5fk by Eq. (4.4). Thus it holds:
- A 8
ZQ klogékﬂ- = Z (2 logd; = 75 logd; .
k>0 k>0

Then log(2) + (%) (1+ €+ 2€e*)logd; < log¥; < log(2) + (%) logd;. In particular, ¥; is
positive and:

_B_ 2 _B_
(411) 2§J2_3(1+€+2€ ) S ;.};/J S 26]_2_g
which concludes the proof of the second inequalities since % =3. O

Here is an important consequence of the latter lemma:

Fact 4.30. When j is large, ;45 is small compared to f“yf
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B° _ £7.59375 o 325 (1+et2e?)

Proof. By Eq. (4.4), we have ;15 = 0] =0, . By Eq. (4.11), we have 7; > 26 E .
Since %(1 + e+ 2€?) = 6(1 + € + 2€2) < 7.59375, the fact follows. O

Remark 4.31. The proof of Fact 4.50 enables to see why we needed 5 parameters in the proof
of the main theorems of this article. Indeed, for a k-parameter family, we would have to find a
2 > > 1 which statisfies:

%(1 + e+ 26%) < ¥
By taking € small this gives the inequality:
g

k
55 <"

which does not have any solution for 2 > 3 > 1 and k < 5.

Proof of Proposition 4.28. Let us show that F' endowed with 7, (c;);, (w;); satisfies the assump-
tions of Theorem 1.32. First, by Lemma 4.29, the coefficient ¥; is positive. This shows (7).

We now show (#i). We remark that t(c;) = o(wjt1) by Corollary 4.24. We want to prove
that the w()-fiber of F< (("7) is o(32)-C%close to the m°Mi+1)-fiber of (FWi+1)~1(¢%i+1). By
Corollary 4.24 (C5), we have |V(wj;,w;i1)| = O(0;15), where, by Definitions 4.15 and 4.17, it
holds:

Viwj,wjii) =a% — Wi+t = 7€) o PG ((Wi) — pOMWi+1) o (FWa+1)TL((Wit)

By Fact 4.30, we have ;15 = 0(%2-). Since FYi+! expands the horizontal distance by a factor
dominated by [Y*¥i+1|~" and since 47 = [Y™+1| - 5,11 we obtain (ii).

By Lemma 4.29, [Y"| < 26; and so |Y"/| is small when j is large.

This shows the first statement of (¢4¢). Finally, by Remark 4.4 and Proposition 4.5 (2), we have:

[FY5 (YY9)] < 2R (wj) < 2w (wy)M/e < 2[Y™i]10,

By Lemma 4.2, we have |[Y*i [0(0++2€) = O(52). As 6(1 + ¢ + 262) = 6 x 1.12 < 10, we obtain
|EWi (YY3)| = 0(’7?) and the proof of (iii) is complete.

If moreover F is analytic, by Proposition 4.5 (2"), we have maxj, |0y, W7 |¢ < minj, |0,, Z%i|

when j is large, after reducing p if necessary, and we conclude the same. This shows assumption
(4#i7) of Theorem 1.34. O

We are now going to prove the second part of Theorem 1.44 regarding Property (£). This
_>
will be done using a new symbolic aforemeithm. We recall that A C AL E denote the sets of
infinite words s = s1 -5, --- in respectively the alphabets A and A LI C which are admissible:
t(a;) = o(a;4+1), for every i. The space AU é is compact endowed with the following distance:
d(s,s') = 2~ min(isi#si) fors =sysy---,8 =sis,--- € AU ¢.
_>
Let g and g” be the shift dynamics on A LI Cand A:
%
giSp Sy 6AHE|—>Sg--~Sm+1-~- GALI& and ¢":=g|A .

Let M(g) be the space of g-invariant measure on A L E and let M(g®) be the space of g-invariant
_)

measures supported by A. We endow M(g) D M(g*) with the Wasserstein distance dy introduced

in the introduction on Page 7. Given f € AU C, let e, (f) be the probability measure on ALl E
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which is equidistributed on the n first g-iterates of f. For every w € A LI C*, let us chose w € A L E
such that pj, (W) = w and put e, (w) := e,(w) for every n < |w|. Here is the algorithm, it uses
v > 0 defined in Corollary 4.27.

Definition 4.32. Let Cod : (AUC)* — A" be a map sending w € (AUC)* to a word d such that:
(1) t(w) = o(d) and |d| < viw|.
(2) for every word d" € A* such that t(w) = o(d’) and |d’| < v|w|, it holds:

A (€ (W - d'), {en(w) : 1< 1 < [w]}) < dip (e - d), {en(w) : 1 < n < |w]}) .

Corollary 4.33. Under the assumptions of Corollary 4.24, there is a parameter ps € Py which
is C1Mpgdo-close to po and a sequence of words (w;); satisfying Conclusion (C1) and (C}) of

Corollary 4.2/ and moreover the point f :=wy -C1 Wy -Co---wW; - C;--- € AL C satisfies:

(Co) the limit set L of (en(f))n>0 contains 14% Bt T - M(g?) for a certain i € M(g").

Proof. We recall that for every m > 0ands=sy---s;--- € ALl E, we defined p,,,(s) =g+ Sm—1.
We apply Corollary 4.27 with the function Cod of Definition 4.32. It gives a parameter p,, € Py
which is C1 Mgdyp-close to py and a sequence of words (w;); satisfying Conclusions (C;) and (C5)

of Corollary 4.24 and moreover f :=wj; - €y -Wg - Co---W; - C; - -+ satisfies:
(Cy) there are infinitely many m > 0 such that with K, := {€,(p,,(f)) : 1 <n <m} and m' :=
m + |Cod(p,, ()], it holds:

dw (€ms (P (F); Kim) >

d £)-d), K.) .
2 e tto (0125 oy T (Crtlal (P (F) - d), o)

Now we use:

Lemma 4.34. For everys € AU é, the measures €, (s) and €,(p,,(s)) are 2/n-close.

Proof. The measures €, (s) and e,(p,,(s)) are equidistributed on n atoms which pairwise 27"**-

close for 0 < k < n. Thus the transport cost is at most %Z 27"tk =2/n. ]

Thus €.,/ (P, (f)) is close to e, (f) when m is large. Also €p,1ja/(P,,(f) - d) is close to
#Idle’”(f) + %‘d\eldl(d) when m is large. Consequently when m is large:
m d|

]

dW (6m/ (f), K

m) > ma. d m enq(d), K, | +o(1) .
{dEA*:t(pm(f)):o(}é) and |d|<vm} W (m+ |d| 0/ (d) ) (1)

As (V,A) is a finite and connected graph, we do not need to assume that p,,(f) - d is admissible in
the above inequality, also we can restrict this inequality to the case |[d| = [v - m]:

m |d|
dw (€m: (), Kp) > d n(F
w (em: (F), Km) (A Xy W<m+|d€ ()+m

Thus with Koo = cl(U,,>0 Km) the limit of (Ky,)m in the Hausdorff topology, we have:

0 = dy (em (F), Koo) +0(1) >

~ {deA*

1 v
T em(f) +—— K 1).
My M (1 5 em®) + 7 ea(d), oo) +o(1)
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Hence for any accumulation point ji of such €, (f), as €|4/(d) can approximate any measure y’ of
M(g?), it holds:
1 v
max d — i+ —uy K =0.
wenmom " (Hu” e °°)

Hence we obtained that the connected set 1_%” Ol v - M(g") is included in K. Finally
we notice that the proportion of letters in C is asymptotically small by (C;). Thus /i belongs to
M(g™). As K is equal to the union of the limit set L of (€,,(f)) with the discrete set |, K,

the limit set L contains H% it - M(gh). O

Proof of property (€) of Theorem 1.44. We still consider a moderately dissipative unfolding (Fj, mp)pep
of wild type (A, C), such that C is formed by five elements {cy, €2, €3, €4, €5}, and a fixed parameter
po € int P. We define Py as in Proposition 4.5. We apply Corollary 4.33 which gives the existence
of a parameter po, € Py which is C;Mgdp-close to pp and a sequence of words (w;); satisfying

Conclusions (Cp) and (C%) of Corollary 4.24 and moreover:

(Co) the point f :=w;-c;-wa-Co---w;-¢;--- €AL é satisfies that the limit set L of (€, (f))n>0

T - M(g?) for a certain 1 € M(g").

Let B := (), F,"(Y® x V). The map F,_ sends B into itself, and the restriction F,__|B is

n>0 " poo
semi-conjugate to g via the following map:

. 1 >
contains fenvil e

h:(z,v) € B (d;)i>0 with d; € ALC such that F_(z,v) € Y x {o(d;)} .

We are going to use the following proved below:

Lemma 4.35. The set of invariant probability measures M(FpAoo) of FpAoo is homeomorphic to
M(g?) via the pushforward h, induced by h.

By Proposition 4.28 and Theorem 1.32, there exists J > 0 and a stable domain B; C B which
is sent by h to {g7 (f)}. By (Cy) and Lemma 4.35, the limit set of the empirical measures of points

in By contains:

1 1% 1 v
h i (— . v_. AW~ hlpge——~ .pt! AV — = . - M(FA,
G At Ty M) = e T S MUGT) = e T M)
with = h i € M(F). O

Proof of Lemma 4.35. The map p/ € M(F2R) — h,y/ € M(g") is continuous on its domain which

is compact. Thus it suffices to show that it is a bijection. In order to show this, it suffices to recall

that the space of invariant measures of a continuous map are homeomorphic to those of its inverse

limit, and that the dynamics on the inverse limit A of A is conjugate to the dynamics on the
Ave

inverse limit A of A by Remark 1.14. O

APPENDIX A. SOME RESULTS ON O;‘)—HYPERBOLIC TRANSFORMATIONS

Proof of Proposition 1.7. Let us just do the proof for Cj-hyperbolic transformations, the one for
(real) hyperbolic transformations is similar. We assume that (Y, F) # (Y, id) # (Y, F'), other-

wise the proof is obvious. Put:

(Y'" F":=(Y,F)* (Y F').
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The proposition is the consequence of the two following Lemmas A.1 and A.2. O
Lemma A.1. The set Y" is a Cy-boz.

Proof. Note first that Y C Y C Y. Let ¢ : (z,w) € I? = (Z1(2,w),w) € Y and (' : (z,w) € I? —
(Z5(z,w),w) € Y’ be two biholomorphisms given by Definition 1.2 for the C-boxes Y and Y'. By
the cone property (2) of Definition 1.5, at w € I fixed, the (complex) curve Dy ,, := {(Z1(z, w),w) :
z € f} is sent by F' to a curve with tangent spaces in x,. By property (1) of Definition 1.5, the curve
F(Dy ) is disjoint from 9"Y® and with boundary in 85Y®. Still by property (1) of Definition 1.5,
for every zo € I, the curve {(Z(z2,w),w) : w € I} is disjoint from #*Y®. By Definition 1.2, it
has its tangent spaces in X, and its boundary is in §“Y®. Thus {(Z2(z,w),w) : w € I} intersects
F(Dy,,) transversally at a unique point. We denote by (" (z2,w) = (Z12(22,w), w) its preimage
by F. By transversality, ¢” is a holomorphic map from I2 onto Y. Since |0, 22| < 6 and by the
cone property (3) of Definition 1.5, it holds |9, Z12| < 0. Also ({(Z2(z2,w),w) : w € f})z2€f are
the leaves of a foliation. Each leaf intersects transversally the curve F(D;,,) at the unique point
F o (" (2, w), so the derivative of F o (" w.r.t. z5 is non-zero. Thus, the derivative of (" (23, w)
w.r.t. 2y is non-zero. By definition, ¢”/(z,w) belongs to I x {w} and so 8.,¢" is horizontal and
non zero. Thus D¢” is invertible and so ¢” is a biholomorphism.

Let us denote by Y, Y', Y the real traces Y NY®e, Y/ NYe, Y/ NYeof YV, Y, Y. It
remains to show that Y” is a (real) box. It is enough to show that Y” = Y” where we set
(Y" F"):= (Y,F)* (Y, F"). Indeed both Y and Y’ are boxes by Definition 1.2 and so by [ ,
§3.2.1] it is also the case for Y”. Then one just has to remark that:

Y'=YNF ' Y)NY =Y NF Y (Y)=YnFY(Y)=Y".

where the first equality is true by definition of Y, the second equality is true by definition of Y,
the fourth one is given by definition of the real x-product and the third one uses that F|Y is a
bijection onto F(Y') whose inverse is conjugate to a hyperbolic transformation via the involution
(z,w) — (w, z). This shows that Y is a Cy-box. O

Lemma A.2. The pair (Y",F") is a Cy -hyperbolic transformation.

Proof. The map F" = F' o F is a biholomorphism on Y” as a composition of two biholomor-
phisms. We now continue with the same notations as in the previous lemma. Let us prove (1)
of Definition 1.5. Note that when 2z, € 01, then {(Z12(20,w),w) : w € I} is sent by F into
{(Z5(22,w),w) : w € T} C &Y. Thus by this property (1) for (Y’, F), the set {(Z12(z2,w), w) :
w € I} is sent by F” into d°Ye: F”(9°Y") C 9°Ye. By definition, the set Y is included in the
definition domain of F”’ which sends it into F'(Y') C Y®. As (Y, F) # (Y®,id) # (Y', F'), it holds
YNV  CYNdYe=0and F'(Y')NO*Y® C F'(Y')NO*Y® = (). Properties (2), (3) and (4)
of Definition 1.5 for (Y, F”) come from the same properties for (Y, F) and (Y’ F'). O

The remaining of this section is devoted to show the following given a finite graph (V, A):

Proposition A.3. If FA is a hyperbolic map of type A and if F” is real analytic, then there exists
p > 0 such that for every w € A*, there exists a C})-box YW such that YV is the real trace Y™ N R2
of YW, FW extends to a biholomorphism from Y™ and (}7‘”, FY)isa C} -hyperbolic transformation.



EMERGENCE OF WANDERING STABLE COMPONENTS 69

Proof. We prove below the following:

Lemma A.4. If (Y, F) is a hyperbolic transformation and F is real analytic, then for every p > 0
sufficiently small, there exists a C};'-box Y such thatY is the real trace Y NR2 of Y, F extends to

a biholomorphism from' Y and (577 F)isa C -hyperbolic transformation.

Thus by finiteness of A and by Lemma A.4, there exist p > 0 such that each hyperbolic trans-
formation (Y?, F'?) with a € A admits an extension as a C;-hyperbolic transformation (Y2, Fa).

Then by Proposition 1.7, for every w € A*, we can define the C}-hyperbolic transformation:
(YW, F™) = (Y, F¥) %% (Y2 F%) | VYw=a;---a, € A",
By Proposition 1.7, the pair (Y%, F%) is a Cy-hyperbolic transformation extending (Y™, F™). [0

Proof of Lemma A.4. Let us assume that F is not the identity (otherwise we take the holomorphic
extension (Y®,id)).

As F|Y is a real analytic diffeomorphism onto its image, it extends to a biholomorphism from
a neighborhood Y of Y in C2? onto its image F()A/) If Y is small enough, from cone properties
(2) and (3) of Definition 1.4, at every point in Y, every non-zero vector in the complement of ¥,
is sent into x5, by DF' and has its first coordinate’s modulus which is more than A-expanded by
DF. Also at every point in F(Y), every non-zero vector in the complement of Yj is sent into .
by DF~! and has its second coordinate modulus which is more than A-expanded by DF~!.

Let X : I2 = int ] and ) : I? — int I be the implicit representation of the hyperbolic trans-
formation (F,Y’) as defined in Proposition 3.1. By the transversality used in the proof of this
proposition, the maps X and ) are real analytic. Thus for p-small enough they extend to holo-
morphic functions Z and W on I?, with I = I 4 i[—p, p]. By [ , Lemma 3.2], it holds:

0, X+ |0,X| <6 and [0,Y|+19,Y| <@, onI>.
Thus for p sufficiently small:
0.Z| 4 |0wZ] <6 and |0.W|+ [0,W] <80, onI?.

In particular Z and W are contracting. As they map I? into the interior of I, for p-sufficiently
small Z and W map I? into the interior of I. Hence the following set is included in Y'® \ Y

Y = {(Z(z1,wo),wo) : (21, w0) € I?}
Also |0, Z] < 0. Since 9, X # 0, reducing p if necessary, we also have 9,Z # 0 and so the map
(z,w) € I? — (Z(z,w),w) € Y is a biholomorphism. Thus Y is C4-box. Note that for p small, Y
is close to Y and so included in Y. Thus cone properties (2) and (3) of Definition 1.5 are satisfied.
Put:
oYY :=((I xdI) and &°Y :=¢((dI) x I).

As for every (z,y) € I?, it holds F(X(z,y),y) = (z,Y(z,y)) by Proposition 3.1 and by analyticity,
we have:

F(Z(va)aw) - (Z,W(Z,’UJ)) v(sz) € I’ )
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from which property (1) of Definition 1.5 is immediate. Finally note that if for wo € I and 2, € I,
the number Z(z1,wp) is real, then its image (z1, W(z1,wp)) by F is real. Thus z; is real and so in
I. Thus

Y NR? = {(Z(21,wo), wo) : (21, wp) € I’} =Y.
This achieves the proof of Definition 1.5 (4). O

APPENDIX B. BOUNDS ON IMPLICIT REPRESENTATIONS AND DISTORTION RESULTS

Let us recall:

Lemma B.1 (| , Ineq. (A.8) p.195]). Let (Y, F) and (Y', F') be hyperbolic transformations
with implicit representations (Xo, Y1) and (X1,Ys2). Then the implicit representation (2\?0,372) of
(Y, F)x (Y', F’) satisfies:

1 < |ax2‘)20(1:2ay0)| < 1
2 = = 2
140 |02, Xo (21, 50) | - [0z, X1 (22, 91)] — 1 -0

where F' sends (xo,y0) €Y to (x1,y1) €Y' and (x1,y1) is sent to (z2,y2) by F’.

We will also need the following complex analogous of the latter result:

Lemma B.2. Let (Y,F) and (Y',F') be C} -hyperbolic transformations with implicit represen-
tations (2o, W1) and (Z1,Ws). Then the implicit representation (Z9, Wa) of (Y, F) % (Y', F")

satisfies:

1 < |6222,~’0(22,’LU0)| < 1
1+60% 7 10., Zo(21,wo)| - [0z 21 (22, w1)| = 1 =627
1 | Do W (22, wo)| 1

1+ 62 = \8w0W1 (Zl,’u)o)| . |8U,1W2(22,w1)‘ = 1-62"
where F sends (29, wq) € Y to (z1,w1) € Y’ and (21,w1) is sent to (z2,w2) by F'.
Proof. We just prove the inequalities on 2~,’07 those on regarding W, are obtained similarly. We
consider the map W : (21, wq, 22, wp) € - (z1 — Z1(22,w1), w1 — Wi(z1,wp)), which is holo-
morphic. For all (zg,wo) € Y, (21,w1) € Y’ and (2zp,w3) € Y*® such that F sends (zo,wo)
to (z1,w1) and F sends (z1,w1) to (z2,ws), it holds W(z1,ws, 22, we) = (0,0). By the cone

properties of C¥-hyperbolic transformations, we have [0y, Z1| < 6 and [0,,W1] < € . Then
A= |det((z, w) V)| = [1 = Ow, 21 - 9., W1 | satisfies:

(B.1) 1+60*>A>1-60*>0

and so 9., )V is invertible. By the implicit function Theorem, there exist implicitly defined
holomorphic maps Z; and W such that:

(BZ) \I/(Zl, w1, 22, ’wo) =0« (2’1 = 21(2’2, wo) and wy = Wl(ZQ,wo)) .

Furthermore, this theorem gives:

~ ~ —1
0., 2 Own Z _ 1 — 0y, Z —0,, 2 0
i, = _a(zl wl)\]:j 1~822’w0\11 = - ! : ! .
0, W1 Oy W ’ -0, W1 1 0 — Oy W1
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Thus, it holds 82221 =A"Tl. 82221. As 20(2’2,’&10) = 20(21(22,100)7100), we then obtain 62220 =

02,20 0.,21 = A1 0,, 20 - 0.,2; and the sought inequalities follow from Eq. (B.1). O
We are now in position to prove:

Proof of Proposition 4.5. Proof of (1). The left inequality being obvious, let us show the right
inequality. Let w € A™ and (X}',)}') be the implicit representation of (Y, F}Y) for p € P.
According to the cone condition (2) of Definition 1.4, we have |0, )| < A~ and so:

(1+ EQ)H}%XIOg 10| < H}%Xlog |0, X — € - |w| - log A
Then using Corollary 4.2, we obtain:
(1+€?) rr}g}xlog 10: )| < Hllén log |0, )| + log B — €% - |w| - log A
Let Ng > 0 be such that
(B.3) log®B — €% - Ny -log A < —log(1 + 6%) + (1 + %) log(1 — 6?) .
Then:
(1+€?) H}%xlog (1—-6*)"" 0,0 < H}i2nlog (14 6*) 7" 0, x| VYw e A" with [w| > No.

As the latter inequality is strict, given any py € P, there exists a compact neighborhood Py C P of
po such that for every word w € A* with at least Ny and at most 2Ny letters, for every p,p’ € Py,

we obtain:

(B.4) (1—02)"1-<. max 0,20 < (146271 min [0, )]
Consequently for every word w € A* with at least Ny and at most 2N, letters,
(B.5) (1—62)" wm(w) T < (1462 w(w).

Let w € A" be such that |w| > Ny. It can be written as a concatenation w = wy - - - w,, where
each w; has at least Ny and at most 2Ny letters. According to Lemma B.1, we have:

(B.6) w(w) < (1—60%) "™ - w(wy) - w(wy) and (14+63)7" w(wi)-- w(wy,) < w(w).
Together with Eq. (B.5), this yields:
(B.7) w(w)'T < w(w) .

Since 1 —¢€? < (1+4¢€2)71, this proves (1) for every word with more than Ny letters. Thus it suffices
to assume 79 > 0 small enough such that every w € A* such that w(w) < ng has at least Ny letters.

Proof of (2). Let w € A*. By Proposition 3.6 and since FIf is moderately dissipative for every
p € P, for every z = (z0,y0) € Y’ sent to (x1,y1) by F}', it holds:

10y Yy (1, 90) | = |det Do) | - |02, &' (1, 0)|* < miim || DE ™ - [0, X (1, 90) [
P
As |[DEY||7! < [0, Xy, it follows:

(BS) H}l/?vX |ay0y‘;|5 < H}%’n |811X;l| . H;l/?'x |8$1X;"‘€ < H}lfglx ‘aleI‘:’P—i-E .
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Thus h(w)¢ < w(w)**e. Also by Eq. (B.7) and since 0 < € < 1, if w(w) < 19 then h(w)¢ < w(w).

Proof of (2°) (and definition of p). Let F, be real analytic for a certain p € Py. By Proposition A.3,

let p > 0 be such that for every w € A*, the hyperbolic transformation (Y)Y, F)') admits a Cy-

extension (Y/;)W, F}). Then by Eq. (B.8), reducing p if necessary, we have:

(B.9) max |0y, Wy'|© < min |0, Z)Y| - max [0,, Z7|* < A~ Nove min [0, Z)'| if No < |w| < 2Np .
YV Y Yy Y

P P p

By Eq. (B.3), —e- Ng -log A < elog(1 — 6?) — log(1 + 6?) and so it holds:
(B.10) (1 —6?)"“max 0w, Wy |© < (1+ 92)_1 -min [0, Z)|  VYw € A" with Ny < |w| < 2Np .
2 JE
Then, given any w € A* with |w| > Ny, we split w into words of lengths in [Ny, 2Ny] and proceed
as in the proof of Eq. (B.6) and Eq. (B.7), using Lemma B.2 instead of Lemma B.1, to obtain:
(B.11) max |0,, W)'|* < min |9, Z)|,
72 2
for every w € A™ such that |w| > Ny and so every w € A" such that w(w) < 5. O
In Section 3.3, we needed the following distortion result:

Proposition B.3. (i) Let (X;); be a sequence of C*-functions X; : I? — R such that 0,X; does
not vanish. Let (B;); be a sequence of subsets of I* whose diameters are small when j is large and
let (x?,y?)j be a sequence of points in B;. If the distortion (]|0; log |0z X;]||co, |0y log |02 X ||lco);
is bounded, then the following map is C*-close to the first coordinate projection when j is large:
X;(z,y) — Xj(29,y) 40

OuXj (@, y3) .

Y;:(z,y) € Bj—

(i1) Let (Z;); be a sequence of holomorphic functions Z; : I*> — I such that 0 < |0,2;| < 1. Let
(Bj); be a sequence of subsets of I? and (zj,w;); be a sequence of points such that (z;,w;) € B; for
every j. We suppose that the diameter of B; is small compared to |0,2Z;(zj, w;)| when j is large
and that the points (z;,w;) are uniformly distant to OI%. Then the following map is C'-close to

the first coordinate projection when j is large:

- Zi(z,w) — Zj(z5,w)
Y, :(z,w) € Bj > =2 12 +z;.
s:ew e b 0-2;(z, w)) !

Proof of Proposition B.3. Let us first prove (). Up to replacing B; by pry(B;) x pry(B;) (whose
diameter is still small when j is large), we can suppose that B; is a product. Note that Y;(z},y}) =
z}, 5‘mTj(a:?, y?) =1and 8yTj(x§), y) = 0 for every y € pry(B;). Thus by the mean value inequality,
it suffices to show that the map 92Y; = 92X /9, X (29,19) and 8,0,Y; = 9,0, X /9, X (x9,19) are
bounded since the diameter of B; is small. This is a direct consequence of the distortion bound:

DX (x,y)
0, X (9,19)

0. X (1,y)

<10, log |0 X (x, y)]|| - W
x jrJ3

< \|D10g|3x/”(]| H '6|81 log |05 X; (z,y)||-diam B; ,

0y0. X (2, y)

0: X (x,y)

< [9ylog |0:25 (. )l -\ 5o oy
4 jrdg

< |Dlog |0, ;||| - !0y log |05 X5 (z,y)||-diam B;
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We now prove (ii). Let us denote o, := 0..Z;(2;,w;) for every j € N and recall that 0 < |o;| < 1.
We notice that for any (z,w) € Bj;, it holds:

0.7, (2 w) = ;azzj(z,w) and 0,7, (z,w) = Jlj(awzj(z,w) 0z w)).
In particular, we have 8.7, (z;,w;) = 1 and 9,7, (z;,w;) = 0. Since T;(z;,w;) = z;, the tangent
map of 'Tj at (z;,w;) is simply the first coordinate projection.

On the other hand, the maps Z; : I? — I are holomorphic on the interior of I? and the subsets
B; of I? are uniformly distant to 912 (since by assumption the points (z;,w;) € B; are uniformly
distant to the boundary and diam(B;) is small). By the Cauchy integral formula, the second
differential of Z; is then uniformly C%-bounded on B; among j € N by a constant C. Thus the
second differential of T; is C%-bounded by 2C - |o;| = on B;. Since diam(B;) - 2C - |o;] " is small
when j is large (by assumption) and (z;,w;) € B;, the mean value inequality implies that Tj is
C'-close on B; to its tangent map at (zj, w;). O

APPENDIX C. STANDARD RESULTS FROM HYPERBOLIC THEORY

Let M be a manifold and 1 < r < co. We recall that a compact subset K C U is hyperbolic for
a C"-endomorphism f of M if it is invariant (K = f(K)) and there exists n > 1 and open cone
fields xs and x, such that for every z € K, it holds:

(1) the union of x;(z) and x,(z) is T M \ {0},
(2) D, f sends the closure of x,(z) into x,(f(z))U{0} and the preimage by D, f of the closure
of Xs(f(2)) is in x,(z) U {0},
(3) every vector in x,(z) is expanded by D, f", every vector in D) f~"(xs(f"(2))) is con-
tracted by D, f™.
We recall that the inverse limit ? = {gi)iez € KZ: f(x;_1) = x;} is endowed with the topology

induced by the product one. The map f := (z;)iecz € = (f(x:))icz € ? is semi-conjugate to
fIK via hg : (2;)icz — xo. Note that if f|K is a homeomorphism then hg is a homeomorphism.

Theorem C.1 (Anosov, Quandt | , Proposition 1]). For every f' Cl-close to f, there exists
a unique continuous map hy — M which is C°-close to hg and such that:

— hy o? = f'ohy,

— Ky :=hyp(K) is hyperbolic for f', and called the hyperbolic continuation of K,

— the map f' +— hp (k) is of class C* and depends continuously on ? € ? for the C*-

topology,
— if f'|Ky is a homeomorphism, then hy is a homeomorphism.

—
Remark C.2. Quandt did not state that f' — hy (k) is of class C™ but he uses the fact that
this map is the fixed point of a hyperbolic operator, and so the implicit function theorem implies
A
that f' — hy (k) is of class C°.

Remark C.3. If f is a diffeomorphism, then hy is bi-Hélder with exponent close to 1 when f' is
close to f.
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—
For a proof see for instance | , Theorem §2.6]. For every k € K and k € ?7 we define
their respective stable and unstable manifolds by:

(C1) Wk )= (K € M: lim d(f'(k). /'(K)) =0} and
WK, £) = (ko € M : 3(k)ico, F(K_y) = K, Tim_d(ki, k) = 0}
and for n > 0 let:
(C.2) Wik, f)={K € M: n>d(fi(k),f(k') ZF 0} and
W (E , f) = (ks € M - 3(k)ico, F(k_y) = Kyn > d(ks, k) 2= 0}

These sets are properly embedded C™ manifolds which depend continuously on k € K and ? € ?
for the C"-topology (see for instance [ , Theorem §3.6] or | , Proposition 9.1]). For the
sake of simplicity let us assume that all the unstable manifolds have the same dimension d,, and
all the stable manifolds have the same dimension ds. By continuity and invariance, this is the
case when K is transitive. Let us recall the following that we are going to generalize and prove in
Lemma C.6:

Lemma C.4 (Inclination Lemma for endomorphism). Let I" be a d,,-submanifold which is trans-
verse to Ws(k f) for k € K at a point z. Then for every n sufficiently large, there exists a neigh-
borhood I of z in I such that f"(I") is a submanifold which is uniformly C"-close to W ﬁ ),
among any 7? K such that ho(k—”)) = (k).

For d > 0 and let P be a regular compact subset of R%: it is nonempty and equal to the closure
of its interior. We recall that a family (f,),ep of maps f, € C"(M, M) is of class C" if the map
(p,z) € P x M+ f,(x) € M extends to a C" map from a neighborhood P x M of P x M. By
regularity of P x M, the C"-jet of this map is uniquely defined at every point in P x M. We say
that two families are C"-close if their C"-jet functions are close for the C°-compact-open topology.

Assume that 0 € P and a compact hyperbolic set Ko for fo persists by Theorem C.1 for every
p € P. We denote hy, := hy, the semi-conjugacy and K, := h,(Kj) its hyperbolic continuation at
the parameter p € P. Forp € P and %} € ?0, we put kp =h (?) and ?p = (hPO%"(K))nez-

Theorem C.5. The families (W (kp, fp))per and (W#(H7fp))p€p of C"-submanifolds are of

class C" and depend continuously on respectively ko € Ko and ko €
We will prove this result below. The following is a generalization of Lemma C.4 for families.

Lemma C.6 (Parametric Inclination Lemma [ , , Lemma 1.7]). Let (I'y)pep be a
C"-family of d,-submanifolds such that for some ky € Ky, the manifold I'), intersects uniformly
transversally WS(k:p, Ip) at a point z, depending continuously on p € P. Then when n > 0 is large,
there exists a neighborhood T, of z, in T'), such that f(I'},) is a submanifold C"-close to W“(Z, 1)
and (fy(T},))pep is CT-close to (W#(H, fp))p among any }€—> ?0 such that ho(r) [ (ko).

Proof. The result being semi-local, we may assume that f, is a map from a small neighborhood

U, of K, onto its image for every p. Then we extend f, to a larger open set Uz/> 3 U, containing a
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hyperbolic fixed point H,, such that ', is a slice of the unstable manifold W*(H,, f,) and such that
[, (') is disjoint from U, for every n > 0. Then we consider the compact set K, = K,U{f"(2,) :
n € Z} U {H,}. We notice that K, is a hyperbolic compact set. Also Iy =W (fy(2p), fp). Thus
the lemma follows from Theorem C.5. ]

Proof of Theorem C.5. Let P be an open set such that there exists a C"-extension ( fo)pep of
(fp)per for which the compact hyperbolic set persists to (Kp)peﬁ' Take pg € P. Let r > 0 be
small such that the balls B, and By, centered at py and of radii » and 2r respectively are included
in P. As the statement to be proved is local, it suffices to show it for the family ( fp)pen,. Let
p: (21, xar1) €S = {(x1, ..., zq41) € RITL: fo =1} = po+ 2r(xy1,...,24) € B,
Note that p~!(B,) is formed by two components which are diffeomorphically mapped to B, by p.
<
Thus it suffices to show the proposition for the family (f,s))sese. For every k € K, let
< —
E( k ) = {(S,hp(s)( k

Apnd
By Theorem C.1, the sphere L£( k
>
this topology. Hence |J4» 4z £( k) is the image of st x KB by a C"-immersion of this lamina-

) :s€S?} St x M.

g
) are of class C" and depends continuously on k € [Z: for

tion. Moreover this lamination is r-normally hyperbolic in the sense of | , Definition 2.1].
Consequently, we can apply | , Proposition 9.1] which states that the strong stable and un-
stable local manifolds of a leaf form C"-immersed laminations. This is equivalent to say that
(Wi (Kp(s)s fo(s)))sese and (W#(?p(s); fo(s)))sese are C"-families which depends continuously on
kp, € Kp, and k p, € K. O

The following enables to extend the stable lamination to a C'-foliation, by integrating the
Cl-line field £(p, -).

Theorem C.7. If (f,)pep is a C*-family of diffeomorphisms of a surface M leaving invariant
the continuation (K,), of a hyperbolic set, there exists a neighborhood V = Upep{p} x Vy of
Upepip} x Kp and a C'-function ¢ from V into P(R?) satisfying for every p € P:

Up,z) =T Wy(k) if z€ W)(k) withk € K, and D.f,(é(p,2)) =€(p, fo(2)) ifz€ Vpﬁfp_l(‘/},).

Proof. The proof is the parametric counterpart of | , Corollary 1.11]. Let P(TM) be the
bundle over M whose fibers at z € M is the Grassmanian P(T, M) of lines in T, M. We consider:

fi(p20) € P xP(TM) w (p, fo(2), D.f,(0)) € P x B(TM),
where P is the open neighborhood of P to which the family extends. We remark that f is of class
C' on M =P x P(TM). We denote Ej(k) := T,;W*(k, f,) and E¥(k) := T,W"(k, f,) for every
ke K,andp e P. Let K := {(p,k, E;(k)) :p€ P and k€ K,}. It is a partially hyperbolic
compact set for f with strong unstable direction at (p, k, E;(k)) equal to {(0,0)} x Tis (1) P(T% M).

The strong unstable manifold of a point (p, k, E;(k)) is (p, k, P(Tx M) \ {E} (k)}). It intersects K
only at one point. Thus we can apply the following:

Theorem C.8 (] , Main result]). Let f be a C'-diffeomorphism of a manifold M and K
a partially hyperbolic compact invariant set such that TM\K = E°® E". Then, the next two
properties are equivalent.



76 PIERRE BERGER AND SEBASTIEN BIEBLER*

(1) There exists a compact Ct-submanifold S with boundary which:
— contains K in its interior,
— is tangent to E° at each point of K (i.e. TS = E°(x) for each x € K),

— 18 locally invariant: f(S) contains a neighborhood off( in S,

(2) The strong unstable manifold of any x € K intersect K only at x (i.e. W**(x)NK = {z}).
Remark C.9. By | , Corollary 1.5], sz is of class C'T, then S can be chosen of class C'+.

As the strong unstable direction is the last coordinate, up to restricting S, there exists a function
from a neighborhood V of K and a C*-function ¢ from V into P(R?) whose graph is equal to S.
Thus by invariance and since the action of f on the two first coordinates is (p, z) — (p, f,(2)), we
have:

f(pazvg(pv z)) = (p, fp(z),é(p, fp(z)))v VpePand z €V, N f;:l(vp)'
As by definition f(p,z,f(p, 2)) = (p, fp(2), D fp(£(p, 2))), we obtain D, f,(¢(p, z)) = Up, fp(2)).
Given p € P, k € K, and z € Wi (k, fp), if {(p, 2) # T.W (k, fp), then by invariance £(p, f'(2)) =
D.fy(lp, 2)) # D:fp(TWi(k, fp)) = TpnyWy (fp(k), fp) for every n > 0. Moreover, by hy-
perbolicity the angle between D, f}'(¢(p, z)) and D, f;'(T. W, (k, f)) is bounded from below. This
contradicts that the angle between ((p, f7'(2)), €(p, [y (k)) and Ty W3 (f5 (k). fp) goes to 0 as
A2 (=), £ (R)) = 0. o

Using Remark C.9 we obtain:

Corollary C.10. If under the assumptions of Theorem C.7, the family (fy)pep is of class C*T,

then the function ¢ given by Theorem C.7 can be assumed of class C17T.

APPENDIX D. MODELING A HORSESHOE BY A HYPERBOLIC MAP OF TYPE A

Proof of Proposition 2.25. Construction of the maps H, and verification of property (1). Let P
be a closed ball centered at 0 included in P. Hyperbolicity implies the existence of a splitting
TM|K, = E;® E, of two D fp-invariant directions which are respectively contracted and expanded
by Df,. Let K = Upep{p} x Kp. By Theorem C.7 Page 75, we have:

Theorem D.1. There exist a neighborhood U = Upep{p} x Up of K and two C*-families )p
and (£y), of line fields €5 and £, on U, such that:

(1) for every z € K, the restriction £y|W; (z, fp) N U, coincides with TWy; (2, fp) NU, and
LW (2, fp) N Uy coincides with TW (2, fp) N Uy,

(2) for every z € U, N f,1(Uy), the line D, f,(£5(2)) is equal to £3(fy(2)) and the line
D. fy(€;(2)) is equal to £y (fp(2))-

For every p € P, let F, and F, be the foliations on U, whose tangent spaces to the leaves are
respectively £; and £;. For 6 > 0, recall that the J-F]-plaque of z € U, is the connected component
of z in F;(2) N B(z,0), where F;(z) is the leaf of F; containing 2z and B(z,d) the closed d-ball
about z. The §-F-plaque of z € U, is defined similarly. Note that the d-local stable manifold
W3 (25 fp) of 2z € K is a 0- F,-plaque.
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Up to shrinking U= Up {p} x Up, by hyperbolicity of K, we can assume that any pair of leaves
of F and F are transverse. Observe that for 6 > 0 sufficiently small, the intersection of every
pair of d-plaques of F; and F, consists of at most one point. Then for every n > 0 sufficiently
small, the following property holds true: for any p € P, z € K, x € Wff(z, fp)and y € wy (25 fp),
the §-F,-plaque of x intersects the J-F;'-plaque of y at exactly one point denoted [z, y].

By identifying both W;'(z; f,) and Wy (2; f,) to (—n,n) using the relative distance to z, we

obtain a map:

Gpe : (2,9) € (—mum)2 = Wik(z: o) X Wiz fy) o [,y € M

Note that ¢, . is a local C'-diffeomorphism by transversality. It is injective by the uniqueness of
the intersection point between the §-plaques. Thus ¢, . is a diffeomorphism onto its image which
is an open neighborhood of 2. As (£;), and (£}), are C'-families, by construction, the family of
maps (@p,.)pep, 2k, i C'. So by compactness of P and K, there is 8’ > 0, such that the image
of ¢, . contains the ¢’-neighborhood of z for any p € P and z € K,,.

By | , Theorem 3.12], there is a Markov partition of Ky by rectangles of n-small diameter.
This is a finite partition (R})vev by clopen subsets Rf) C K| satisfying:

— Each subset R} is a rectangle: there exist two segments 1Y, J§ C (—n,n) satisfying

(D.1) Ry =Ty x J)NKy  with 2§ € R and ¢ := ¢y .y -
— For every pair (v,w) € V? such that RY™ := R¥ N fo '(RY) # 0, there are two > segments
Ig% C Iy and J§™ C Jy' such that:
(D.2) Ry = 4(I3" x JY) N Ko and  foo @413 x Jy) = oy (I x J3™) .

We assume the segments I and JY minimal such that Eq. (D.1) holds true. Then I§¥ and J§“ are
uniquely defined by Eq. (D.2). Let (R})pep, (Ry")pepr and (z,)pep be the hyperbolic continuations
of RY, RY" and z (see Theorem C.1 Page 73). For P sufficiently small, for every p € P, there are

minimal segments [j and J, included in (—n,n) satisfying

(D.3) Ry =@y(Iy x JNK,  with ¢%:= ¢,y

and there are segments Ij)¥ C I} and Jpy* C J)' such that:

(D.4) R = gu(I™ x )N K, and f,o@4(IM x J¥) = W (I¥ x J¥") .

Fact D.2. The segments Iy, Jy, ;" and J)" vary C! with p € P, that is each of them has its two
boundary points varying C* with p € P.

Proof. Let us prove the fact for (I}),, the proof is the same in the other cases. By the local
product structure of K}, by hyperbolic continuation of (K),), and by definition of I); as the minimal
segment satisfying Eq. (D.3), there exist C''-families of points k, € K, and k;r € K, such that
{k, ki) = QVS;)(BI;). As (qz;’))p = (@p,2y)p 1s of class C', the endpoints I¥ vary C' with p € P.
The proof of the regularity of the other endpoints is similar. O

12. When the diameters of the rectangle are not small, one has to consider more segments.
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Let:

v

Qy = QUSZ(I; xJy), 0°Qp:= QUSZ(@(I;) x Jy) and 0"Qy = ¢y (I, x I(Jp)).
Fact D.3. The compact sets (Qy)v are disjoint for every p € P.

Proof. For every v € V, by minimality of I and Eq. (D.3), each of the two components of 9°Q}
contains a point of K. Hence, by Theorem D.1 (1), each of the two components of 0°Q} is equal
to a local stable manifold of it. Likewise by minimality of Jy, Eq. (D.3) and Theorem D.1 (1),
each of the two components of @}, is equal to a local unstable manifold of a point of K. Hence
by local maximality of K, the corners 9"Qy N 9°Qy, of @} are in K. Hence for v,w € V, if Q}
intersects @) then the sets @, and Q) are nested or a stable boundary of @}, (resp. Q})) intersects
an unstable boundary of @ (resp. Q}). Thus if Q) intersects @}, then R} = Q) N K, intersects
Ry =QyNKyand sov=w. O

Let k > 1 be a large integer so that f;f|Kp is still transitive. Put:

k
A=< (vo,...,v) € VFTL: ﬂ S/ (RYE)#0 5 . o(vo,...,vp) =vo and t(vo,...,vg) = Vg .
j=0
Put R := nf:o Iy I(Ry) for every acA an(% p € P. We recall that each 52’ has its range in
UpN fy Y(U,), and so each map (q[)‘z’;’)_l o fp o ¢, preserves the horizontal and vertical directions,
and respectively expands and contracts them. Thus by Eq. (D.4), for every a € A, there exist
unique I3 C 13® and J3 C J5®@ such that:

(D.5) B2 =gV (I3 x JSP)NK, and fFo@2® (I3 x Jo@) = gt (15 x J2) .
For every a € A and p € P, the following map preserves again the horizontal and vertical directions
e ttan—1 . ek Y
(D.6) f2 = (@E™) "o fE o go@ |12 x o)
We assume k large enough so that it satisfies moreover:
. O y 02 1 |y
(D.7) min |J, f7] > 5 max [d, f7| < X where C' := (v,r@l?exvz {W, m} .

Thus there are 62 /(C\)-contracting maps 3 : @ I3 and 73 : Jo@ J2 such that:

(D8) fz(i;(zl)ay()) - (xlag;(y())) )

for any (z1,40) € I;)(a) X J;,’(a). Note that Z3 and g5 are defined via Egs. (D.6) and (D.8) on some
n’-neighborhoods V;(a) and W°@ of I;,(a) and J;’(“) in such a way that Eq. (D.8) remains valid.
If 7’ is sufficiently small, these maps are still 62 -contracting by Eq. (D.7). Let 0’ > 0 be small

Cx
enough so that these properties are valid for every a in the finite set A and p in the compact set

‘P. By contraction, it holds:
(D.9) B(VE@)y e ve® and @B(WeR) e wi@ .

For every v € V, let A} be the affine map with diagonal and positive linear part which sends Y®
to VY x WY¥. We define the C'-family (H,),cp by:

Hy:(z,v) €Y®x Vs Hi(2) € M, with HY:2€Y®— ¢ o A¥(z) .
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Let Y2 be the preimage by Ap® of f;(v“a)) x W°@. By Eq (D.9), Y2 is included in Y\ 9°Y*.
Also, }v/pa is sent by f;;' o A;’,(“> onto V,f(a) JRAWe@) c A (Ye \ 0“Y®). Put:

F2 = (Ao fao AS@ L Y3 ye guye.

Let (F )pep be the Cl-family of maps FA from D,(A) := Laca lu/; x {o(a)} equal to (F;t(a))
at Ypa x {o(a)}. Then Proposition 2.25 (0 ) holds true since F}f leaves invariant the vertical and
horizontal directions, and by Eq. (D.6):

(D.10) FEo HE@ Y2 = ¢ o f2 0 AO@ = F@ o F2

Let (H, )pep be a C"-family which is C'-close to (H,),ep. For every v € V and z € Y®, let

Hy(2) i= Hp(z,v).

Fact D.4. FEvery nonzero vector in the complement of x, is sent by DF;\ into xn and A-expands
its horizontal component, also D(F']f)’l sends every nonzero vector in the complement of xn into

Xv and expands its vertical component.
Proof. This is a consequence of Eq. (D.7) which implies |8IF£| > \/6% and |8yﬁ‘£\ < 6%/ O

Also by Eq. (D.10) and then Eqgs. (D.8) and (D.9), for every (z1,y0) € I?, there exist )?;(xl)
and )vig(yo) in the interior of I such that:

f,]f o ﬁ;’(a)(??a(xl),yo) = ﬁt(a) o Fa(/’?a(xl),yo) = ﬁt(a)(h’j}a(yo)) :

Thus, as Hg(a) and H are C'-close to H °® and H by hyperbolicity of F @ and the implicit
function theorem, there exist unique points A3 (x1,y0) and V5 (w1, o) close to X; (z1) and y;;(yo)
satisfying :

f¥ o HY® (X2 (21, 90),50) = Hy® (w1, V3(x1,10)) -

Still by the implicit function theorem, the map (p, z1,y0) — (&, V5)(z1,90) is of class C" and is
C'-close to (p,x1,v0) — (/'\uf;(xl),y;(yo)). Hence the following set:

= 1A (z1,90),%0) : (z1,90) € I}

is a box included in Y\ 9°Y®. Moreover it is sent by F? := (H®)=1 o fFo H,‘;("")|Ypa into
{(x1,Y3(21,90)) : (x1,50) € I’} C Y\ 9“Y®. Hence by Fact D.4, (F2,Y?) is a hyperbolic
transformation. Also the C"-family of maps F* from Dy (A) := | |,c ¥,2 x{0(a)} equal to (F2,t(a))
at Y;! x {o(a)} satisfies Proposition 2.25 (1).

Verification of property (2). If limsup,,_, . |[|det Df3| Kol|*/€ - | Df§| Kol < 1, then for k large
enough, F‘é‘ and so F#' are moderately dissipative. So are any FpA for p in a sufficiently small P.

Verification of property (3). We notice that the pull back by H), of the vector field e; is C' ! close
to be tangent to {0} x R and is defined on Y® x V. Thus we can extend it to a C'*-nonzero-vector
field on R x I x V with values in x,. Then the holonomy 7, of this vector field restricted to the
transverse section R x {0} x V defines a family of projections (7,),ep satisfying (0)-(1)-(2)-(3) of
Definition 1.23, which shows property (3) of Proposition 2.25 and concludes the proof. g

Proof of Corollary 2.26. We use Corollary C.10 while using Theorem C.7 in the above proof. [
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APPENDIX E. A GENERAL RESULT ON EMERGENCE

The aim of this section is to prove Theorem 0.9 Page 8. Let K is a horseshoe of a C'*-surface
diffeomorphism f. We want to show that the covering number N(¢) at scale € of M(K) for the
Wasserstein distance (see Section 0.3) has order at least the unstable dimension d,, of K:

lim inf M >d, .

e—0 —loge

Proof of Theorem 0.9. First we can assume f of class C*°. Indeed, we can consider a smooth
approximation f of f. Then by Remark C.3, the restriction of f to the continuation K of K
is conjugated to f|K via a bi-Holder conjugacy with exponent close to 1. Thus the unstable
dimension of K is close to the one of K and the space of invariant probability measures M f(K' )
of f|K is in bijection to M(K) via a bi-Holder map with exponent close to 1. So the orders of
their covering numbers are close.

Thus we assume that f is of class C*°. Then by Corollary 2.26 of Proposition 2.25 (for d = 0),
the map f|K is C'*-semi-conjugate (via ) to a C''*-function g on a disjoint union of segments
of the real line, which leaves invariant an expanding Cantor set A, of Hausdorff dimension equal
to the unstable dimension d" of K.

Then by | , Theorem A] the covering number N of the space of invariant measures of g|A,
has order d":

loglog Ny(n) ~ —d" -logn, asn—0
The push forward by the Lipschitz semi-conjugacy is a Lipschitz map from the space of invariant
measure of F'A to those of g. By the same reasoning as in Lemma 4.35, this pushforward is a
bijection between the spaces of invariant measures of g and F®. Thus the covering number of the

space of invariant measure of F'A has the sought property. O
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