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PROPAGATION OF WAVE PACKETS FOR SYSTEMS PRESENTING
CODIMENSION ONE CROSSINGS

CLOTILDE FERMANIAN-KAMMERER, CAROLINE LASSER, AND DIDIER ROBERT

ABSTRACT. We analyze the propagation of wave packets through general Hamiltonian
systems presenting codimension one eigenvalue crossings. The class of time-dependent
Hamiltonians we consider is of general pseudodifferential form with subquadratic growth.
It comprises Schrédinger operators with matrix-valued potential, as they occur in quan-
tum molecular dynamics, but also covers matrix-valued models of solid state physics
describing the motion of electrons in a crystal. We calculate precisely the non-adiabatic
effects of the crossing in terms of a transition operator, whose action on coherent states
can be spelled out explicitly.

1. INTRODUCTION
We consider systems of N > 2 equations of pseudodifferential form
(1) i2dn)® = H(EW®, fi_y = U6,
where (1§)c~0 is a bounded family in L? (R%,CN). The Hamiltonian operator
H(t) = H(t,z,—ieVy)
is the semi-classical Weyl quantization of a time-dependent Hamiltonian
H:RxRIxRY— CVN O (t,2,8) — H(t,z,€),

that is a smooth matrix-valued function and satisfies suitable growth conditions guarantee-
ing a well-defined and unique solution of the system. We denote with a “” the semi-classical
Weyl quantization, the definition of which is recalled in Section 2.1l Phase space variables
are denoted by z = (z,£) € R?®. The semi-classical parameter ¢ > 0 is assumed to be
small. The initial data are wave packets associated with one of the eigenspaces of the
Hamiltonian matrix. That is,

(2) ¥5 = Vo WPZ,¢0,

where 170(,2) is a normalized eigenvector of the matrix H (tg, z) such that Vo : R2 — CN
is a smooth vector-valued function, and WPZ ¢ denotes the wave packet transform of a
Schwartz function ¢y € S(R?, C) for a phase space point zy = (z¢, &) € R??,

(3) WP () = & olemsolegy (7).

Key words and phrases. Gaussian states, coherent states, wave packets, systems of Schrodinger equations,

eigenvalue crossing, codimension one crossing.
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Our aim is to describe the structure of the system’s solutions in the case, when eigen-
values of the Hamiltonian matrix H(%,z) coincide for some point (¢,z) € R x R?? while
all eigenvalues and eigenvectors retain their smoothness. The literature refers to them as
codimension one crossings. In the presence of eigenvalue crossings the key assumption for
space-adiabatic theory (the existence of a positive gap between eigenvalues) is violated,
and the knowledge of the dynamics associated with one of the eigenvalues is not enough
any more. Moreover, in addition to the necessity to include more than one eigenvalue for
an effective dynamical description, also the non-adiabatic transitions between the coupled
eigenspaces have to be properly resolved. These questions have already been addressed
for special systems corresponding to the following physical settings: In his monograph
[15] Chapter 5], G. Hagedorn investigated Schrodinger Hamiltonians with matrix-valued
potential,

R 2
(4) g = —%Ax Ion + V(z), V eC®(RL,CNN),

More recently, in [40], A. Watson and M. Weinstein studied models arising in solid state
physics in the context of Bloch band decompositions,

(5) Hp = A(—ieVy,) + W(a)lg2, A€ C®RLCVN), W ec®RY,C).

In both settings, the eigenvalues of the matrices V(z), € RY, respectively A(€), £ € RY,
have a codimension one crossing of their eigenvalues.

We develop here a new analytical method which applies for general matrix-valued Hamil-
tonians with a codimension one crossings of eigenvalues, which might also have multiplicity
larger than one. In particular, we give a general and unified computation of the transfer
operator which describes the non-adiabatic interactions due to the crossing. The non-
adiabatic transition formulae of Corollary are explicit and derived in a self-contained
and more accessible way than the previous ones in the literature. Due to their explicit form,
they can directly be applied to numerical simulations based on thawed Gaussians that are
currently investigated in chemical physics, see for example [38] or the recent review [39].

As another byproduct of our method, we also obtain an effortless generalization of the
semi-classical Herman—Kluk approximation to the case of systems with eigenvalue gaps (see
Corollary B5l below). We expect that a refinement of the present error analysis is possible,
such that our codimension one result can be extended to the Herman—Kluk framework as
well. This is work in progress, which might also contribute to the algorithmical development
of superpositions of surface-hopping approximations using frozen (or thawed) Gaussian
wave packets in the spirit of [41], see also [25].

We assume that the matrix H(t, z) has a smooth eigenvalue hi(¢, z), the eigenspace of
which admits a smooth eigenprojector II; (¢, z), that is,

H(t, )1 (t,z) =111 (t, 2)H(t, z) = hq(t, )1 (¢, 2).
We shall consider two situations, depending on whether the eigenvalue hi(t,z) crosses

another smooth eigenvalue hy(t,z) or not. Because we assume the Hamiltonian matrix
H(t, z) to be independent of ¢, then, in the gap situation, the eigenvalue hq (t, z) is separated
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from ha(t, z) by a gap larger than some fixed positive real number dy > 0 that is of order
one with respect to the semi-classical parameter €. In the second case, the smooth crossing
case, both eigenvalues are smooth and have smooth eigenprojectors. Note that it is not
the case in general since eigenvalues may develop singularities at the crossing; however,
we do not consider that situations here. We shall also assume that H(t, z) has no other
eigenvalues since one can reduce to that case as soon as the set of these two eigenvalues is
separated from the remainder of the spectrum of the matrix H(t,z) by a gap (uniformly
in ¢t and z).

The gap situation is well understood and corresponds to adiabatic situations that have
been studied by several authors (see in particular the lecture notes [36] of S. Teufel or
the memoirs[27] of A. Martinez and V. Sordoni and note that the thesis [2] is devoted to
wave packets in the adiabatic situation). For avoided crossings, the coupling of the gap
and the semi-classical parameter violates the key requirement for adiabatic decoupling.
The resulting non-adiabatic dynamics have been studied for wave packets by G. Hagedorn
and A. Joye in [16] [17] and for the Wigner function of general initial data in [I0]. Smooth
crossings have been less studied so far. Some results on the subject focus on the evolution at
leading order in ¢ of quadratic quantities of the wave function for initial data which are not
necessarily wave packets (see [21 [7] and the references therein). The main results devoted
to wave packet propagation through smooth eigenvalue crossings are the references [15]
and [40] mentioned above. There, for the specific Hamiltonian operators () and (&),
respectively, the authors gave rather explicit descriptions of the propagated wave packet,
exhibiting non-adiabatic transitions that occur at the crossing between the two eigenvalues
that are of order /. As in these contributions, we assume that the crossing set

(6) T= {(t,Z) S R2d+17 hl(t7z) - hg(t,Z)}
of two smooth eigenvalues hi(t, z) and hs(t, z) is a codimension one manifold.

Our main result (Theorem below) makes the following assumptions for the initial
data 15. Let v be a wave packet centered in a phase space point zp, that is,

v§ = WP o for some g € S(R?,C).

Let Vy(z) be a smooth normalized eigenvector of H(tg, z), that is, Vo € C(R24,CN) is a
smooth vector-valued function that satisfies in a neighborhood U of z,

H(to, 2)Vo(2) = hyi(to, 2)Vo(z) forall ze U.

Then, we define the initial wave packet according to ([2)). Let z1(¢) denote the classical
trajectory associated with the eigenvalue hq(t,z) initiated in wave packet’s core zy. Let
t” > to be the first time, when the trajectory z1(t) meets the crossing set T, and let
29(t) denote the classical trajectory associated with the second eigenvalue hs(t, z), that is
initiated in the crossing point z1(#*). That is,

Zl(t) = J@Zhl(t, Al (t)), Zl(to) = 20,
Zo(t) = JO ho(t, (),  z(t’) = 21 ().
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Then, the solution of system () satisfies

/\

V¥(t) = ViOOWPS, (A1 (1) + VEpi (1)) + f1t>th2( WP, 92(t) + o(Ve),

where the profiles of the wave packets
WP 1(@1(1) + VEpi(t)) and WP,y 0a(t)

are Schwartz functions ¢9(t), ¢1(t), and @a(t), that solve e-independent PDEs on [tg, ]
and [t°,tg + T, respectively, that are explicitly given in terms of the classical dynamics
associated with the eigenvalues hi(t, z) and hs(t, z). The profile associated with the second
eigenvalue is generated by the leading order profile of the first eigenvalue via

where the non-adiabatic transfer operator 7 is a metaplectic transform (which implies that
the structure of Gaussian states is preserved, see Corollary [3.9). The two families V; (¢, 2)

and ‘72(15, z) are smooth normalized eigenvectors for hy(t,z) and ha(t, z), respectively, that
are obtained by parallel transport.

We point out that, in the uniform gap case, an initial datum that is associated with
one eigenvalue issues a solution at time ¢ that is associated with the same eigenvalue up
to terms of order e, which is the standard order of the adiabatic approximation, while for
smooth crossings a perturbative term of order /¢ associated with the other eigenvalue has
to be taken into account for an order & approximation.

Before giving a more precise statement of the result, we mention that the propagation
of wave packets was also studied for nonlinear systems in [4, 18| [19], including situations
with avoided crossings [19]. However, nonlinear systems with codimension one crossings
have not yet been analysed. We expect that our result can be extended when imposing
appropriate assumptions on the nonlinearity.

Acknowledgements. Didier Robert thanks Jim Ralston for his comments on a first
version of our paper, Clotilde Fermanian Kammerer thanks the Von Neumann Professorship
program of the Technische Universitdt Miinchen which gives her the opportunity to work
on this article during the academic year 2019, and Caroline Lasser thanks the I-Site Future
program for the visiting professorship 2020. Part of this work has also been supported by
the CNRS 80 | Prime project.

2. PRELIMINARY RESULTS

In this section, we introduce the relevant function spaces for the unitary propagation
and also recall some known results on wave packets for scalar evolution equations.
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2.1. Function spaces and quantization. Let a € C*° (]R2d) be a smooth scalar-, vector-
or matrix-valued function with adequate control on the growth of derivatives. Then, the
Weyl operator a = op¥(a) is defined by

w -~ - T+ 1§ (x—
o)) i=afa) = (2r) [ o THE ) e )
for all f € S(R?). According to [31], the unitary propagator U5 (t,to) associated with the
Hamiltonian operator H (t),

ie Oy U5 (t,t0) = H(t) U (t,to), U (to, to) = T12(za),
is well defined when the map (t, z) — H(t, z) is in C®°(R x R??, CN*N), valued in the set
of self-adjoint matrices and that it has subquadratic growth, i.e.
(7) Yo e N, |a| >2, 3C, >0, sup  ||OSH(t,2)|cvxn < Cy.
(t,2)ERXR24
These assumptions guarantee the existence of solutions to equation () in Lz(Rd, cN ) and,
more generally, in the functional spaces

YERY) = {f € L*(RY), Vo, B €N |a| + 8] <k, x%(dy)’f € L*(RY)}

endowed with the norm

Ifllgs = sup [|z*(£0,)” f| -

| +BI<k
We note that also with respect to the %¥(R?) spaces, the unitary propagator U3 (t,to) is
e-uniformly-bounded in the sense, that for all 7" > 0 there exists C' > 0 such that
sup [[Ug (¢ to)ll ey < C.

telto,to+T]
Remark 2.1. The analysis below could apply to more general settings as long as the classical
quantities are well-defined in finite time with some technical improvements that are not
discussed here.

2.2. Scalar propagation and scalar classical quantities. The most interesting prop-
erty of the coherent states is the stability of their structure through evolution, which can
be described by means of classical quantities. Note that for all z € R** and k € N, the
operator ¢ — WPy is a unitary map in L?(R?%) which maps continuously Z}Q into Xf with
a continuous inverse. Other elementary properties of the wave packet transform are listed
in Lemma [AJl We shall use the notation

(8) J= (_ng Hﬂgd> .

For smooth functions f,g € C>°(R??), that might be scalar-, vector- or matrix-valued, we
denote the Poisson bracket by

d
{f.g} =JVf -Vg=> (0, f0u,9— 0u,fc,9) -

J=1
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Let h: R x R? — R, (t,2) ~ h(t, z) be a smooth function of subquadratic growth (). We
now review the main tools for the semi-classical propagation of wave-packets. We let
z(t) = (q(t),p(t)) denote the classical Hamiltonian trajectory issued from a phase space
point zy at time tg, that is defined by the ordinary differential equation

2(t) = JO.h(t, 2(t)), z(to) = 2o.

The trajectory z(t) = z(t, to, 20) depends on the initial datum and defines via @’;L’to(zo) =
z(t,to, z0) the associated flow map of the Hamiltonian function h. We will also use the
trajectory’s action integral

t

9) S(t,to,20) = / (p(s) - 4(s) — h(s,z(s)))ds,

to

and the Jacobian matrix of the flow map
F(t, t(), Z()) = az@z’to (ZO).

Note that F(t,tg,20) is a symplectic 2d x 2d matrix, that satisfies the linearized flow
equation

(10) atF(t, t(], Zo) = JHeSSZh(t, Z(t)) F(t, t(], Zo), F(to, to, Z(]) = Hde.
We denote its blocks by

o A(t7t0720) B(t7t0720)
(11) F(t7 to, Z(]) - <C(t, to, ZO) D(t, to, ZO) .

In a last step, we define the corresponding unitary evolution operator, the metaplectic
transformation, that acts on square integrable functions in L?(R?).

Definition 2.2 (Metaplectic transformation). Let h : R x R2* — R be a smooth function
of subquadratic growth (7). Let t,ty € R and zy € R?>?. Let F(t,tg,2) be the solution of
the linearized flow equation (I0l) associated with the Hamiltonian function h(t). Then, we
call the unitary operator

MIF(t,t0,20)] : po = ¢(t)
that associates with an initial datum @ the solution at time t of the Cauchy problem
i0yp = opy’ (Hess: h(t, z(t))z - z)¢, ¢(to) = o,
the metaplectic transformation associated with the matriz F(t,to, zo).

Using these three e-independent building blocks — the classical trajectories, the action
integrals, and the metaplectic transformations associated with the linearized flow map —
we can approximate the action of the unitary propagator

i€at u;i(t,to) = Opg)(h(t))u;i(t,to), u;i(to,t(]) = ]ILQ(Rd)

on wave packets as follows.
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Proposition 2.3. [[6 §4.3]/ Consider a smooth scalar Hamiltonian h(t) of subquadratic
growth (@). Let T > 0, k >0, 29 € R, and po € S(R?). Then, there exists a positive
constant C > 0 such that

R —
te(to,to+T) c

where the profile function ¢(t) is given by

(12) ©°(t) = M[F(t,t0, 20)] (1 + V2 bi(t, to, 20)) ¥o,
and the correction function by (t,to, zo) satisfies
11
(13)  hilttos)po= Y0 x| 0G5, (5)) oY I(F (s, t0, 0)2) o s
laj=3 ~ o

The constant C = C(T, k, zp, po) > 0 is independent of € but depends on derivative bounds
of the flow map CIDZ’tO(zo) fort € [to,to + T] and the Elf+3—n0rm of the initial profile @g.

Let us discuss the especially interesting case of initial Gaussian states. Gaussian states
are wave packets with complex-valued Gaussian profiles, whose covariance matrix is taken
in the Siegel half-space &1 (d) of d x d complex-valued symmetric matrices with positive
imaginary part,

S (d) = {r e C™d P =T7, Iml > 0} :
With T' € & (d) we associate the Gaussian profile
(14) g (@) == cres™ 2 e RY,

where cp = 7 ¥4det!/ 4(ImT) is a normalization constant in L?(R?). It is a non-zero
complex number whose argument is determined by continuity according to the working
environment. By Proposition [2.3] the Gaussian states remain Gaussian under the evolution
by U (t,to). Indeed, for Ty € &1 (d), we have

MIE(t,to, 20)]g™ = g"410-),

where the width T'(t,to,20) € &% (d) and the corresponding normalization cpy, .,) are
determined by the initial width I'g and the Jacobian F'(t,t¢, 29) according to

(15)  T(t,to,20) = (C(t,to,20) + D(t,to,20)T0)(A(t, 0, 20) + B(t,tg, 20)To) "
Cr(ttoz0) = crodet™/2(A(t,to, 20) + B(t, to, 20)T0).

1/2

The branch of the square root in det™ /< is determined by continuity in time.

The semiclassical wave packets used by G. Hagedorn in [13] [14] are Gaussian wave pack-
ets, which are multiplied with a specifically chosen complex-valued polynomial function,
that depends on the Gaussian’s width matrix. If A € C*°(R2¢,C) is an arbitrary polyno-
mial function, then op?(A4)g"® is the product of a polynomial times a Gaussian, and we can
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again describe the action of the metaplectic transformation explictly. Indeed, by Egorov’s
theorem (which is exact here),

MIF (.0, 20)} (o} (A)g"®) = opY (A o F(t, o, z0)) M[F (t, o, z0)]g"
= op¥(A o F(t,to, z0))g" Hto=0)

In particular, functions that are polynomials times a Gaussian remain of the same form
under the evolution, even the polynomial degree is preserved.

3. PRECISE STATEMENT OF THE RESULTS

We now present our main results, that extend the previous theory of wave packet prop-
agation for scalar evolution equations to systems associated with Hamiltonians that have
smooth eigenvalues and eigenprojectors.

3.1. Vector-valued wave packets and parallel transport. We consider initial data
that are vector-valued wave packets associated with a normalized eigenvector of the Hamil-
tonian matrix H(tg,z) as given in (2. The evolution of such a function also requires an
appropriate evolution of its vector part, which we refer to as parallel transport. The fol-
lowing construction generalizes [4, Proposition 1.9], which was inspired by the work of
G. Hagedorn, see [15], Proposition 3.1]. Let us denote the complementary orthogonal pro-
jector by ITI*(t, z) = Ien — II(t, 2) and assume that

(16) H(t,2) = h(t, 2)II(t, 2) + h-(t, 2)[T- (¢, 2)

with the second eigenvalue given by ht(t,z) = tr(H(t,z)) — h(t,z). We introduce the
auxiliary matrices

(17) Qt, z) = —%(h(t, z) — ht(t, z))H(t, 2){IL 1T} (¢, 2)1I(¢, 2),
(18) K(t,2) =TI (t, 2) (8I1(t, z) + {h, TI}(t, 2)) TL(t, 2),
(19) O(t, z) = iQ(t, z) + i(K — K*)(t, 2),

that are smooth and satisfy algebraic properties detailed in Lemma [B.I] below. In partic-
ular, 2 is skew-symmetric and © is self-adjoint, 2 = —Q* and © = ©*. We note, that
for the Schrédinger and the Bloch Hamiltonian,

Hs() = 6P Ton + V(@) and Ha) = (¢ ) &%) 4 Wi,

the skew-symmetric 2-matrix vanishes, that is, g = 0 and Q4 = 0. For Dirac Hamiltoni-
ans with electromagnetic potential or Hamiltonians that describe acoustic waves in elastic
media, the Q-matrix need not vanish.

Proposition 3.1. Let H(t, z) be a smooth Hamiltonian with values in the set of self-adjoint
N x N matrices that is of subquadratic growth (7) and has a smooth spectral decomposi-
tion ([IG). We assume that both eigenvalues are of subquadratic growth as well. We consider
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Vo € CSO(RM, CN) and zy € R?? such that there exits a neighborhood U of zy such that for
all z € U

Vo) = (to, 2)Vo(2) and  |[Vo(2)llex = 1.

Then, there exists a smooth normalized vector-valued function V(t,to) satisfying
Vit to,z) = 11(t, 2)V (t,to,2) for all =€ @y (U),

such that for allt € R and z € ®" tO(U),

(20) OV (t,to, z) + {h, V}Ht, to,2) = —iO(t, 2)V (L, to, 2), V(to,to,z) = Vo(2).

Proposition B.I]is proved in Appendix[Cl Note that it does not require any gap condition
for the eigenvalues. We will use it in the crossing situation, with smooth eigenvalues and
eigenprojectors.

The parallel transport is enough to describe at leading order the propagation of wave-
packets associated with an eigenvalue h(t, z) of the matrix H(t, z), that is uniformly sep-
arated from the remainder of the spectrum in the sense that there exists § > 0 such that
for all (t,2) € R x R?,

(21) dist (h(t,2),0(H(t, 2)) \ {h(t,2)}) > 4.

Note that, this gap assumption implies the existence of a Cauchy contour C in the complex
plane, such that its interior only contains the eigenvalue h(t z) and no other eigenvalues of
H(t, z). Then, one can write the eigenprojector as I1(¢, z) 2m fc )~1d¢, which
implies that the projector II(t,z) inherits the smoothness propertles of the Hannltonlan
H(t, z) in the presence of an eigenvalue gap. However, if the symbol II is of course of matrix
norm 1, its derivatives may grow as |z| goes to infinity and we shall make assumption below
(see (24))) in order to guarantee that this growth is at most polynomial. Since the pioneering
work of T. Kato [K1], numerous studies have been devoted to this adiabatic situation (see
for example [28] 29] [36], 27] and references therein). One can derive from these results the
following statement of adiabatic decoupling.

Theorem 3.2. [[36, 27, 4]/ Let H(t,z) be a smooth Hamiltonian with values in the set of
self-adjoint N x N matrices and h(t,z) a smooth eigenvalue of H(t,z). Assume that both
H(t,z) and h(t, z) are of subquadratic growth (7) and that there ezists an eigenvalue gap as
in Assumption [2I)). Consider initial data (V§)s>0 that are wave packets as in (3). Then,
for all T > 0, there exists C > 0 such that °(t) = U5 (t,t0)1§ satisfies the estimate

< (e

sup [T (0w (1) v

te [to ,to +T}

Huﬁ )= (0 (1)

L2(R9)

where v°(t) = U; (L, to)vG and V (t) is determined by Proposition[3. Besides, if there exists
k € N such that (¢§)s>0 is a bounded family in the space Ef;, then the convergence above
holds in 2F.
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Theorem is obtained as an intermediate result in the proof of Proposition [4.1], see
Section M| below. There, we perform a refined analysis of the adiabatic approximation
that explicitly accounts for the size of the eigenvalue gap. We note that the estimate of
Theorem is unchanged, when allowing for perturbations of the initial data that are of
order ¢ in L?(R?) or ¥, respectively. We also note, that in general the operator II(t) is
not a projector, but coincides at order ¢ with the superadiabatic operators constructed
in [27, [36], which are projectors (see also Appendix [Bl).

Remark 3.3. The result of Theorem can be generalized by means of superadiabatic
projectors, showing that 1°(¢) can be approximated at any order by an asymptotic sum of
wave packets. The precise time evolution of coherent states was studied in the adiabatic
setting in [2 27, [33]. These results are obtained via an asymptotic quantum diagonalization,
in the spirit of the construction of the superadiabatic projectors of [27, [36].

Theorem allows a semi-classical description of the dynamics of an initial wave packet,
that is associated with a gapped eigenvalue. The building blocks are the scalar classical
quantities introduced in section and the parallel transport of eigenvectors given in
Proposition Bl This is stated in the next Corollary; our aim is to derive a similar descrip-
tion for systems presenting a codimension one crossing.

Corollary 3.4 (Adiabatic wave packet). In the situation of Theorem[32, for any T > 0,
k€N, zg € R, and pg € S(R?,C), there erists a constant C > 0 such

—

sup || U5 (L, to) Vo WPE, o — et/ T (¢ 1) WP_tio

te [to ,to +T}

(>
t
(2P (D)
where the profile °(t) is given by (12), and all the classical quantities are associated with
the eigenvalue h(t).

We close this section devoted to gapped systems by formulating another semi-classical
consequence of adiabatic theory using the Herman—Kluk propagator. This approximate
propagator has first been proposed by M. Herman and E. Kluk in [20] for scalar Schrédinger
equations and later used as a numerical method for quantum dynamics in the semi-classical
regime, see for example [42] or more recently [24, [11] with references therein. The rigorous
mathematical analysis of the Herman—Kluk propagator is due to [32, 35]. The starting
point of this approximation is the wave packet inversion formula

vie) = @re) [ (gE s

that allows to write any square integrable function ¢ € L?(R?) as a continuous superposi-
tion of Gaussian wave packets of unit width,

gi(2) = WP (@) = (me)~elo=al/ o viv oz,

The semi-classical description of unitary quantum dynamics within the framework of Gaus-
sians of fixed unit width becomes possible due to a reweighting factor, the so-called
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Herman—Kluk prefactor,
ah(ta to, Z) = 2_d/2 det1/2 (A(t7 to, Z) + D(t7 to, Z) + i(C(t, to, Z) - B(t7 to, Z))) ’

which is solely determined by the blocks of the Jacobian matrix of the classical flow map.
The resulting propagator

VY Tt b)) = (2me) @ /

<927 1/}>ah (ty th Z)eiS(t,tmz)/eg;t’to (z dz
R2d R

)

provides an order e approximation to the scalar unitary propagator U; (t,ty) in operator
norm. Combining [35], Proposition 2 and Theorem 2] or [32, Theorem 1.2] with our previous
results we obtain a Herman—Kluk approximation for gapped systems.

Corollary 3.5 (Adiabatic Herman—Kluk approximation). In the situation of Theorem[3.2,
for all T > 0 there exists a constant C = C(T') > 0 such that

sup |[Uz(t,to) g — L (¢, t0) V6]l f2ray < C,
te(to,to+T)

where the vector-valued Herman—Kluk propagator is defined by

T3yt to) o = (2me) /

<g§7 U6>/T(t, to, Z)eiS(t,to,z)/aga iho dz.
R2d 0%

(2)
The prefactor ff(t,to,z) is given by ff(t,to,z) = V(t,to,z)ah(t,to,z), where ap(t,tg, ) is
the Herman—Kluk prefactor associated with the eigenvalue h(t).

Theorem formulates adiabatic decoupling for a single eigenvalue that is uniformly
separated from the remainder of the spectrum. As it is well-known, adiabatic theory also
extends to the situation where a subset of eigenvalues is isolated from the remainder of
the spectrum. For this reason, in the next section, we reduce our analysis to the case of
matrices with two eigenvalues that coincide on a hypersurface T of codimension one and
differ away from it. We explicitly describe the dynamics of wave packets through this type
of crossings, which is our main result.

3.2. Main result: propagation of wave packets through codimension one cross-
ings. We write the Hamiltonian matrix H (¢, z) as

(22) H(t, 2) = v(t, )gn + Holt, 2), v(t, =) = %trH(t, 2),

where v(t, z) is a real number and Hy(t, z) a trace-free self-adjoint N x N matrix. We assume
that H(t, z) has two smooth eigenvalues that cross on a hypersurface Y. Such a situation
is called a codimension one crossing (see Hagedorn’s classification [15] for example). Let
us formulate our assumptions on the crossing set more precisely.

Assumption 3.6 (Codimension one crossing). Let H : R+t — CNXN pe g smooth func-
tion with values in the set of self-adjoint N x N matrices that is of subquadratic growth ().
We assume:
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a) The matriz H(t,z) has two smooth eigenvalues hi(t,z) and hy(t,z) that are of
subquadratic growth ().

b) These eigenvalues cross on a hypersurface T of R and differ outside of Y. In
particular, for any (t°,2") € Y there exists a neighbourhood Q of (°,2°) and a
smooth scalar function (t,z) — f(t,z) defined on Q such that f(t,z) =0 is a local
equation of T with dy,f # 0 on (1.

¢) The scalar function (t,z) — v(t, z) defined by the decomposition ([22)) satisfies
(23) Of +{v, f} #0 on Q.
d) The crossing is non-degenerate in the sense, that the matriz Hy(t,z) defined by the
decomposition ([22)) satisfies
Hy(t,z) = f(t,z)Ho(t,z) on Q
for some smooth matriz-valued map (t,z) — Ho(t,z) with Hy(t,z) invertible on Q.

The spectrum of the matriz ﬁo(t, z) consists of two distinct eigenvalues of constant
multiplicity which do not cross on €.

e) The eigenvalues satisfy a polynomial gap condition at infinity, in the sense that
there exist constants cy,ng, o > 0 such that
(24) |hi(t, z) — ha(t,z)| > co(z)" ™ for all (t,z) with |z| > o,
where we denote (2) = (1 + |2|?)/2.
In the above setting, the trace-free smooth matrix Ho(t, z) has non-crossing and thus

smooth eigenvalues. The eigenprojectors of f[o(t,z) are smooth and are also those of
H(t,z). Note that one can then modify the function f in Q so that the functions

(25) hi(t,z) = v(t,z) — (=1 f(t,2), j € {1,2},
are the two smooth eigenvalues of the matrix H (¢, z), with smooth associated eigenprojec-

tors Iy (¢, z) and Ils(¢, z). We shall choose f in that manner throughout the paper.

Ezample 3.7. Take N = 2, v, f € C®(R?*1 R) and u € C®(R**! R?) with |u(t,2)] = 1
for all (¢, z). Consider the Hamiltonian

H(t,z) = v(t, 2)Id + f(t, 2) <u2(t7 ;1(_?5723(@ . uz(t,jLItiz;ga(t,z)> .

The smooth eigenvalues of H, hy = v+ f and hy = v — f, cross on the set T = {f = 0},
and H satisfies Assumption [B.6] as soon as the conditions (23]) and (24]) hold.

Note that the condition (23] implies the transversality of the classical trajectories to
the crossing set Y. The gap condition at infinity (24]) ensures, that the derivatives of the
eigenprojectors I1;(t), j = 1,2, grow at most polynomially, in the sense that for all 3 € Ngd
there exists a constant Cg > 0 such that

(26) |08T1;(t, 2)|| < Cp(z)lP10F70) for all (¢, z) with |z > ro,

see [4, Lemma B.2| for a proof of this estimate.
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We associate with each eigenvalue h; the classical quantities introduced in section 2.2]
that we index by j: CID?tO, S;i(t,to), Fj(t,to), etc. We consider initial data at time ¢t = tg
as in (2)), where the coherent state is associated with the first eigenvalue h; and centered
in a phase space point zg such that (¢g,z0) ¢ T, while z — 170(7:) is a smooth map with
[Vo(2)|| = 1 for all 2. We assume that the Hamiltonian trajectory zi(,to, z0) = ®4"(20)
reaches Y at time t = #* and point z = 2” where (23) holds. Therefore, f(t,2) = 0 is a
local equation of T in a neighborhood €2 of (t", zb), and the assumption implies

S Ht (6 10)) £ 0

close to (17, 2°), and guarantees that the trajectory z (¢, to, zp) passes through T. The same
holds for trajectories <I>§’t° (z) starting from z close enough to zj.

We associate with Vj(z) the time-dependent eigenvector (V; (¢, 2))e>t, constructed as in
Proposition BTl for the eigenvalue hy (£, z) with initial data Vy(z) at time to. We also consider
the time-dependent eigenvector (Va(t, 2));>p constructed for ¢ > as in Proposition B.]
for the eigenvalue hy(t,z) and with initial data at time ¢’ satisfying

(27) Vo, 2) = —~(¢°, 2) "I (8,115 + {v, I Vi (¢, 2)

with (¢, 2) = || (811 + {v, I }) Vi (£, 2)||ow -

Note that the vector Va(t?,z) is in the range of IIo(#”, z). We next introduce a family of
transformations, which describes the non-adiabatic effects for a wave packet that passes
the crossing. For (u1,,3) € R x R?? and ¢ € S(R?), we set

+(X) . .
(28) Trapp(y) = < / oits” gis(Bry—a-D y)d8> o(y).

By the Baker-Campbell-Hausdorff formula, we have

isB-y  —iscu- 6 B —i Sy 2
ezsﬁ Yo —isa Dy _ eszy isa-Dy+is a6/27

and we deduce the equivalent representation

+m . .
(29) Tapp(y) = / ol B=aB/DS* GsBY o (y — s)ds.

—00

We prove in Proposition [E1] below that this operator maps S(RY) into itself if and only if
p # 0. Moreover, for p # 0, it is a metaplectic transformation of the Hilbert space L?(R),
multiplied by a complex number. In particular, for any Gaussian function g, the function
’7;7(1,591“ is a Gaussian:

,711470‘75 gF = c;uﬂavB’F gF““Va’ﬁVF7
where ') o g1 € 61(d) and ¢, o g1 € C are given in Proposition [E1l

Combining the parallel transport for the eigenvector and the metaplectic transformation
for the non-adiabatic transitions, we obtain the following result.
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Theorem 3.8 (Propagation through a codimension one crossing). Let Assumption
on the Hamiltonian matriz H(t) hold, and assume that the initial data (V§)e>o0 are wave
packets as in (@). Let T > 0 be such that the interval [to,t°] is strictly included in the
interval [to,to + T]. Then, for all k € N there exists a constant C' > 0 such that for all
t € [to,t°) U (£, tg + T] and for all e < [t — °]%/2,

|

with an exponent m > 5/9. The components of the approximate solution are

vi(t) = Ui, (t,to)vs  and  v5(t) = U, (1,8 )v5(¢")

V(1) = Va5 (1) — Ve p Va()05(8)

<Cem,
sk

with

(30) fug(tb) = ’ybeisb/eWP;ﬁcpl(tb),

where p1(t) = M[Fy, (t,to,20)]po is the leading order profile of the coherent state v5(t)
given by Proposition [2.3, and

(31) Y =, 2) = || ({v, o} + OiTI2) Vi(#, 2°) o
The transition operator

(32) Tb - Eb’ab75b

is defined by the parameters

(33) W=5 0 +{o. [N (E,2) and (o, 8) = Jdf(#,2").

The constant C = C(T,k, zo,p0) > 0 is e-independent but depends on the Hamiltonian
H(t,z), the final time T, and on the initial wave packet’s center zy and profile ¢q.

Note that by Assumption B8, x° # 0, which guarantees that 7°¢;(¢’) is Schwartz
class. Besides, if the Hamiltonian is time-independent, then Assumption also implies
that (a’,8”) # (0,0). The coefficient 4” quantitatively describes the distortion of the
projector II; during its evolution along the flow generated by hq(t). In particular, we have

Y =1 (o, 12} + 0TI2) Vi, ) low = || ({0, I} + 010L) Vi(#, 2°) e

Moreover, if the matrix H is diagonal (or diagonalizes in a fixed orthonormal basis that
is (t,z)-independent), then 4” = 0: the equations are decoupled (or can be decoupled),
and one can then apply the result for a system of two independent equations with a scalar
Hamiltonian and, of course, there is no interaction between the modes.

The proof uses two types of arguments, one of the them applying away from the crossing
set T, and the other one in a boundary layer of Y. The boundary layer is taken of size
§ > 0, and we have to balance the two estimates: an error of order e¢§~2 which comes from
the adiabatic propagation of wave packets outside the boundary layer, and an additional
error of order de'/3 generated by the passage through the boundary. The choice of § = £2/9
optimizes the combined estimate and yields convergence of order €™ with m > 5/9. We
also want to emphasize that the method of proof we propose here allows to systematically
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avoid the impressive computations, which appear in [I5] pages 65 to 72, and are also present
in [40] via the reference [46] to which the authors refer therein.

The wave packet that makes the transition to the other eigenspace can be described even
more explicitly for the special case that the initial wave packet is a Gaussian state. The
following corollary is proved in Proposition [E.1l

Corollary 3.9 (Transitions for Gaussian wave packets). We consider the situation of
Theorem [3.8 and in particular the transition operator T° defined by the parameters p’ # 0

and (o, %) € R,
(1) If v§ = WPS (¢"°) is a Gaussian state with width matriz Ty € &F(d), then

2T

PP

'S E WP (")
i

vs(t") =
(ﬁb B Fl(tb7t07 zo)ab) ® (ﬁb - Fl(tbvt()) Zo)ab)
21ub - ab : ﬁb + o Fl(tb7t07 ZO)ab

and T'1 (£, tg, 20) is the image of Ty by the flow map associated with hi(t,z) by (I5).
(2) If A € C>°(R*) is a polynomial function and v = WP% (op¥’(A)g"?), then

2T
S5 =7\ s 'S 12 WP, (opy (47)g" )

with A” = Ao ¢ab76b(—(4ﬂb)_l) where @, g (t) is the symplectic 2d x 2d matriz
given by

with T° = Fl(tb,to,z(]) —

I-2t®a” 2’ ®a’
4 ) t) = o
(34) v (1) < 2t @B I+2ta’ @B
As a concluding remark of this section, we want to emphasize that our results indeed
generalize those of [15] 40].

(1) In the Schrodinger example (), denoting by E4(z) and Ep(x) the two eigenvalues
of the potential matrix V' (z)as in [15], one has

ay =0, B3 =V(Es—Ep)(q), us=p" V(Es—Ep)).

These coefficients appear in equation (5.3) of [I5]. There, the initial states are
Gaussian wave packets that are multiplied with a polynomial function. Thus, the
second part of Corollary reproduces these results.

(2) For the Bloch example (fl), we obtain
1
o)y =V(BEy —E)(p’), By=0, p)= —§VW(qb) V(Ey = E2)(®),

where E4 (&) are the eigenvalues of A(&) as in equation (3.41) of [40]. The result of
[40, Theorem 3.20 (via Definition 3.18)] is therefore a special case of ours.
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We notice, that for these special examples either one of the coefficients o’ or £ is 0.
This need not be the case for more general Hamiltonians that have position and momentum
variables mixed in the matrix part of the Hamiltonian. Actually, for Dirac Hamiltonians
with electromagnetic potential (V, A), the function £ — A(t, ) appears in the coefficients of
the matrix. Also for the propagation of acoustical waves in elastic media the Hamiltonian
is of the form p(x)Ilen —T'(z,€),where p(x) > 0 is the density and I'(z, £) the elastic tensor.

3.3. Organization of the paper. The proof of Theorem [B.8 is decomposed into two
steps: an analysis outside the crossing region in Section Ml and an analysis in the crossing
region in Section [, that allows to conclude the proof in Section [B.4], together with the
one of Corollary B9l Finally, we gather in four Appendices various results about wave
packets, algebraic properties of the projectors and parallel transport, analysis of the transfer
operators 7, o3, and technical computations.

4. ADIABATIC DECOUPLING OUTSIDE THE CROSSING REGION

In this section, we consider a family of solutions to equation (1) in the case where the
Hamiltonian H (¢, z) satisfies Assumption 3.6l and with an initial datum which is a coherent
state as in (2). We focus here on regions where the classical trajectories associated with
the coherent state do not touch the crossing set T but are close enough. We prove the next
adiabatic result.

Proposition 4.1. Let k € N, § = §(¢) be such that /e < § < 1. Let f(t,z) =0 be an
equation of T in an open set Q C R x R2?. Assume that for j € {1,2},

5 = WP (7))
where $1, Pa € S(RY), 71, 2o € R? are such that there exist 1,55 € R, ¢,C > 0 such that
forall j € {1,2} and t € [s1,52], 2;(t) := <1>§.781(zj) € Q with |f(2(t))| > c¢d and

|

Then, there exists Cy > 0 such that for all j € {1,2},

Y (s1) — V(s )u§ — Va(s)ug|| < Ce.
Ek

€

—
-

Tye(t) — ViU, (t,s1)u5|| < Cred?.
»k

€

sup
te[sl,sﬂ

The constant C does not depend on § and €.

For fixed 0, that is independent of &, this Proposition implies Theorem 3.8l for ¢ € [0, tb[.
We shall choose later § = /3 for obtaining a global a priori estimate in Section below.
Finally with 6 = /9, we will prove Theorem B.8in Section [5.4] by using the Proposition E1]
for propagation times t € [tg,t” — 6] and ¢ € [t* + 6, > + T] with initial data at times ¢t = tg
and t = t” + § respectively.

Remark 4.2. Pushing the construction of superadiabatic projectors of Appendix [B] we

would obtain that 1°(t) can be approximated by an asymptotic sum of wave packets up to
order eV 6P for some p(N) < N to be computed precisely.



17

4.1. Proof of the adiabatic decoupling. We prove here Proposition 411

Proof. Because of the linearity of the equation, it is enough to assume that the contribution
of 1°(s1) on one of the modes is negligible at the initial time s;. The roles of the two modes
being symmetric, we can choose equivalently one or the other one. Therefore, without loss

of generality, we assume ¢°(s1) = ﬁ(sl)ui, and we focus on

Uapp(t) = a0 WUy, (L, 51)ui

Then, using the parallel transport equation (20]) associated with the eigenvalue hq,

1205 1o (1) = TS o (£) + ([171 (t),ﬁl} + z'satvl(t)> Uz, (t, 51)u5
(35) = (/}\llId + Eél)wiapp( ) +e T( )uhl (t Sl)uly

where the remainder r(t) depends on second order derivatives of hy and V1. Since uf is a
wave packet with a Schwartz function amplitude, we obtain

(36) 1205 app (1) = (11d + £01)95 1 (1) + O(£2)
in X2F for all k € N.

We now use the superadiabatic correctors of II; and Il defined in Definition [B.3] that
we denote by Py and Py, respectively, and the associated correctors ©; and Oy of the
Hamiltonian H. Since P; and Py are singular on T, we use cut-off functions that follow the
flows arriving at time sy in <I>s2’sl( 1). We 1ntr0duce two sets of cut-off functions, one for

each mode. Let I an interval containing [s1, s2] and for j € {1,2} let the cut-off functions
X?, )Zg- € C(I,C°(R??)) satisfy as in Lemma

(1) For any ¢t € I and any z in the support of X?(t) and )Z?(t) we have |f(t,z)] > 0.

(2) The functions X? and )Z? are identically equal to 1 close to a trajectory @;’81(21)
for all t € I and they satisfy

0 + {hj,x5} —0, %+ {hj,x;?} — 0.

(3) The functions )Z? are supported in {x§ =1}

(4) Finally, we require xJ(s2) = x3(s2) and X9 (s2) = X5(s2).
We set for ¢ € [s1, s2]

wi (1) = OGS (1) — 5 app (D), w5 () = BxAIE0° (1),
where TI5(t,2) = (¢, 2) + €P(t, 2), Vz € R\ T, tel, je{1,2}.
Then, as a consequence of (B8] and of Lemma [B.5 we have for j € {1,2} and in X¥,
iedywi(t) = (h; —1—66 Hwi(t) +O(e 2672).
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For the initial data at time ¢ = s1, we have in Z?,
wi(s1) = X3 (GTEVI = Vi)ug = O(e67Y),  wi(s1) = X3 x3TI5 Viuj = O(ed ™).

We deduce that for any k € N, j € {1,2} and t € [sy, s3], we have in XF, wi(t) = O(e672).
When t = s9, we have

wi(s2) + wi(s2) = X (0p- (TS +T15))° (52) — tf ()

= (W (52) = U app(s2)) + O(e67)

and thus Y9 (s2)y° (s2) = )2?(82)¢iapp(82) + O(£67?). Because of the localisation of the wave
packet wiapp(SQ), as stated in Remark [A.2] we have in Zlg for any N € N,

—

X3 (52)U5 app (52) = U5 4pp(52) + O(N267N).

Hence, choosing N = 2, we obtain

—

)2({(82)1/16(82) = wiapp(SQ) + 0(55_2)7

and it only remains to study (1 — X (s2))1°(s2). Before that, some remarks are in order.
Note that the arguments developed above do not depend on the choice of s9 and could
have been developed for any s € [s1, s2]. They are also independent of the choices of the
functions X? and )Z? as long as they satisfy the properties stated above. Therefore, we
have actually obtained a more general result, namely that for any function 6 supported in
{|f] > &} and equal to 1 close to ®°'(Z}), we have for t € [sy, sa],

(37) 57/16 (t) = /e\wiapp (t) + 0(55_2)'
We can now study (1 — )/Z\‘f(@))qﬁa(sz). We set for s € [sq, sa], we(s) = (1 — ;Z\ﬁ(s))wa(s).
We have

iedsw(s) = ]?I(s)we(s) — [ﬁ(s),ﬁ[(s)] PE(s) — 158@)1/15(3)

—

= H(s)w(s) — er(s)y°(s) + O(e2072)

where 75(s) depends linearly on df(‘ls(s), and thus is compactly supported close to the
trajectory @tl’sl(zl) and equal to 0 very close to it. Therefore, by ([37) and Remark [A.2]

—

e TS ()0 (5) = e T2 ()0 app (5) = O(N/2F16 N1

for any N € N. Choosing N = 1, we deduce w®(s2) = O(£5~2). O
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4.2. A global a priori estimate. In this section, we prove the following a priori estimate.

Lemma 4.3. Let k € N and T > 0 such that [to,t°] is strictly included in [to,to+T]. Then
there exists a constant Cy, > 0 such that

(38) sup |4 (t) = Vi(£)o§ (t)llsx < Cre'l?,
tE[to,to-ﬁ-T}
where vi(t) = U, (t,to)vg for allt € [to,to +T7.
In the next section, we shall improve this estimate to go beyond this approximation and

exhibits elements of order /e. However, we shall use this a priori estimate, together with
elements developed in this section.

Proof. Of course, in view of the results of the preceding section, we choose § > 0 and we
focus on the time interval [t — 6,¢” + §], taking into account that for times t € [to, " — §],
we have

e (6) = Ta (605 (1) s < Cred ™

for some constant Cj, > 0, and that for t € [t” 4 6,t9 + T] we can use the same kind of
transport estimate since the trajectory does not meet again the crossing set. It is thus
enough to pass from t* — § to t* + ¢ and analyze (" + ). Between the times )
and ¢* 4+ 6, we cannot use the super-adiabatic corrections to the projectors II; and I,
because they become singular when the eigenvalue gap closes. We thus simply work with
the projectors II; and ITy. We define the families w®(t) = (wj(t), w5(t)) by

(39) wi =Ly — Viof, ws = Iye.

Since ¢ (t) and VivS(t) are in all spaces S£(RY) for £ € N and t € [to,tg + T, the same
is true for wi(t) and w§(t). We now use our former observations, that is, the evolution
equation (B3] for the approximate wave packet and the relation (52)) of Appendix [Bl which
gives that w®(t) satisfies the following system:

iedws = hiwt + icfs,
iedpws = iAzng + %ggﬂ\lavl +ief5
with
(40) fi = —i(:)lwf + %Eﬂ\gwg +er{ and f5= —i(f)ng + %B/gﬂ\lwi + ers.
The matrices By and By are defined according to
B; = —20,11; — {h;,11;} +{I1;, H}, i=12,

and the sequences (7§(t))c>0 and (75(t))e>o are uniformly bounded in ¥*(R?) due to the
polynomial growth estimate (20)) for the eigenprojectors. We immediately deduce that for
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all t € [to, to + T),

t
wil) = Ui, (8 =8k o)+ [ U, (o)),
P —

(41) .
wi(t) = UE, (¢ — Syt — ) + / Ui, (4.0 5(0)do
t —_
1 [t —
+ 5/ Z/{fn(t, O')Bngvl(O')’Ui:(O')dO'.
tr—4

Therefore, in F(R?), for all times ¢ € [t* —6,#* +6] and j € {1,2}, wi(t) = O(e672)+0(6).
Choosing § = !/3, we obtain that wi(t) = O(e'/3). O

5. ANALYSIS IN THE CROSSING REGION

We now want to pass through the crossing and derive a more precise estimate on the
function ¢ (> 4 §). We prove the following result.

Proposition 5.1. Assume /¢ < § < el/3. Then, for all k € N, there exists a constant
Cy > 0 such that

|

where vi(t) = U;, (t,t0)vg and v(t) =Uj, (t,£)05(t") are as in Theorem [T3.

VE( + 8) — Vi 4 005 (1 4 0) — VeV + 8)v5 (8 + 6)|| < Cr(ed2 +£1/30),

b4

Proof. We split the proof in several steps. In Lemma we use the a priori estimate of
Lemma @3] to simplify the approximation of ¥°(#> + §) and exhibit the contribution of
order /e according to

U+ 6) = Vil + )05 (1 + 8) + 'S /2UE (1 + 6,8) A. + O(672) + O(e1/36).

Then, we carefully analyze the contribution A, and construct a preliminary transfer oper-
ator T¢ satisfying
A = WP, Ty () + O(V/ED),

see Lemma B3l As the third step, Lemma establishes the relation to the transfer
operator K according to

T = e Q°(0)T° + O(\/8) + O(ed™1)

with Q% (0) = op®((7V2)(#”, 2 + \/Ze)). The wave packet relation ([@J) in combination with
symbolic calculus implies for all ¢ € S(RY) that

WPE, Q% (0)p = yVa(t)WP%,
= Va(®)F(E)WP, ¢ + O(e) = Va(t')y’ WP, 0 + O(Ve).
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Hence, we have proven that
¢S YE (4 6,87) A,
= Ve ST UE (4 6,0 Va(EYWPS, Toon () + O(e672) + O(eV/%5)
= VEUL(# 4 6,8) Ta(t)u5() + O(e572) + O(V/35),

It remains to analyze the function w(t) = 172(75)0{22 (t,t°) — U, (t,£)Va(£?). An analogous
calculation to the one at the beginning of the proof of Proposition [4.1] yields that

iedhw = haw + O(e).

Since w(t’) = 0, the Duhamel principle implies that w(t’” 4+ ) = O(8) and

U (8 4 0,1°) Ae = VE VR + OUE, (' + 60,°) v (") + O(e672) + O(V/26).
O
5.1. Using the a priori estimate. We start describing the part of the wave packet that
has been transferred at the crossing and identify its main contribution.

Lemma 5.2. Let k € N. With the assumptions of Proposition [5.1, we have in E’;(Rd),

V(" + 6) = VA(£ 4 8)05 (8 + ) + &S /2 Us (8 + 6,8°) A + O(e672) + O('/35)

P46 —
(42) with A, = / U (2, 0 Va(0) U, (0, )WP oo (£)dor
t’—0

where the eigenvector Vy is defined in @17) and the Schwartz function o1 () is associated
with the profile pg of the initial wave packet according to Proposition [2.3.

Proof. We again analyse the functions wj(t) and w5(t) introduced in (39)), that are of order
£6~2 at time t = t* — §. By the a priori estimate of Lemma [4.3] the remainder terms fi(®)
and f5(t), which appear in @Q), are of order €!/3. Therefore, the relation (@Il gives for all
times ¢ € [t — 6,1 + 6] and in ZF(RY),

ws(t) = 0(e672) + 0(6'/3),

I —
wg(t) = 0(6(5_2) + 0(551/3) + 5 /tb 62/{22(t, O')Bngvl(O')’Ui:(O')dO'.
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At this stage of the proof, we write Bolly = 111 Bsll; + Il Bolly and take advantage of
I, BolIl; = (hg — hl)Hl{Hl,Hl}Hl (see Lemmam to write

t — /—»\

|, Wit GBIV (0) 1, (0, = i (¢~ 8)do

t"—4

3 ! d € w ¥ € b € (4b £

N - (uh (t,0) op® (Hl{Hl,Hl}H1V1(0)> UE (0,8 — 5)) E(# — 8) do + ep(t)

th—§ do 2 1
= ep (1),
where both families (p°(t))e>0 and (5°(t))eo are uniformly bounded in ©¥(R%). Therefore,

t — t o~
/ U, (t,0) BalL Vi (00 (o) dor = / UE, (t, o) BoTly Vi (0)5 (0)dor + O(e).
t?—§ t?—§

By Lemma [BIl and the definition of the eigenvector Vs (see (27))
L BoVy = sy (—410s — {0, I} Vi = AVa.
According to Proposition [2.3], we have for the wave packet
VE(0) = U, (0, )05 () = U, (0, )" WP o1 (£) + O(e).

Therefore,
1 [t T
B} Uy, (t,0)BaoIl1 Vi(o)vi(o)do
th—5

—

t
— U (8,1%) / Ui, (P, 0)VVa(0) Un, (0. YWP 01 (P)do + O(e),
tP—0

and, in terms of the function A, is defined in ([@2)), we are left at time t = t* + § with
w§ (£ +6) = O(e672) + 0(8e'/3),
wy(t? 4 8) = S 1°UE (1 + 6,8) A- + O(672) + O(5¢/3).
O

5.2. Constructing the transfer operator. Next, we relate the transition term A. to
an integral operator that is defined in terms of the crossing parameters ,ub and (ab, ﬂb)
introduced in Theorem [3.8
Lemma 5.3. Let k € N. With the assumptions of Proposition [51), there exist
- a smooth real-valued map o — A(o) with A(0) =0, A(0) =0, A(0) = 2u" + " - B,
- a smooth vector-valued map o — z(c) = (q(0), p(c)) with z(0) = 0, 2(0) = (o, 5°),
- a smooth map o — QF(o) of operators, that map Schwartz functions to Schwartz
functions, with Q%(0) = op¥(yVa(t, 2° 4 \/2e)),
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such that the transition quantity A. defined in Lemma satisfies
(43) A: = WP T2 1) + O(v/29)
in YE(RY) for the integral operator T¢ defined by

+5 ,
T ely) = / S s N QG ()<l W=Dy — g.(0)) do,  p € S(RY),

where we have used the scaling notation z.(c) = z(c)/+/e.
Proof. We use Egorov’s semi-classical theorem [6, Theorem 12] and obtain that in ¥¥(R9),
- . ot

Ui, (#,0)7Va(0)f = op (1V2)(@) 0 @) Uy, (£, 0) f + O(e)
for all f € (s YE(RY). Hence,

t"+6 . o

Ae :/ S op? (7V2)(0) 0 @5 ) Us, (¢, 0) U, (0,8") WP i1 (#)do + O(b¢).
th—

We set Qa(c) = (V) (#” 4+ o) o <I>‘27+tb’tb, and note that @5(0) = (7Va)(¢’). We get after a
change of variables

5~
A= / G0V UE, (2, + OWUE, (£ + 0, YWP 01 () dor + O(52).
—0

Now we apply successively Proposition 2.3]to the evolutions Uy, and Uy, without encorpo-
rating the first amplitude correction, that is, for a basic approximation of order /. We
obtain

Us, (8, + O UE, ( + 0,0 )WP21 (1) = eHSOWPE L M(0)er (1) + O(v3),
where we denoted the combined center, phase and metaplectic transform by
b 4b o b o b
((o) = @7 (27 T (),
S(0) = S1(f + 0,8, ) + So(t, £ + 0,0 T (22)),
MIB (8 + o, 87 () MIFL(E + 0,8, 2)).

<
S
i

This implies
+0 = i
Ao = Qa(0)e= WP ) M(0)p1()do + O(5VE).
é

We observe that
¢0)=2", S(0)=0, M(©)=I,
and write ((0) = 2° + z(¢) with 2(0) = 0. By Lemma [D.1]

20)= (o, %), S(0)=p" o
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Moreover, using the group and translation properties of the wave packet transform (48])
and (7)), we have

WPS,, = e~ P OWPE AZIWPs
— o~ tP"a(0) g 5p(0) q(a)WPE AT (2(0))A

— o tp"a(0) g—5=p(0): q(O)Wpe Tl(za( ),
By the translation properties of the metaplectic transform [6, Section 3.3], we have
T (2:(0)) M(0) = M(0)T" (3(0))
with new center
o) = Fi( + 0,8, ) B, + 0,00 T (22)) (o)
We observe that .
2(0) = 2(0) =0, 2(0) = £(0) = (o”, ).

Moreover, in view of the relation (IZQI)
Q2 WP(, M(o) = e~ 1) 510 Gy (WP M(0) T (2(0)

= o~ U)o =P ADWPE opt (G0, 2 + v/Ee)) M(0)T (:(0)).
Since
T Ge (o)1 (P, y) = 034e(0)Pe(0) 4iPe (0)- W=2) e (¢, y — Go(0)),
we may introduce the phase A(U) and the operator Q¢(o) acccording to
A(o) = 8(0) = 1" - a(0) = p(0) - 4(a) + B(o) - 4(0),
(44) Q* (o) = opy’ (@ 2(0 z +\/_')) (9),
to obtain the approximation

+5 _ _
A= WP, [ et e 0D g (¢, - (o)) do + OV,
-5

We clearly have A(0) = INX(O) = 0 and Q°(0) = op¥((7Va)(t, 2" + \/Ze)), whereas, by
Lemma [D.T],
A(0) = 5(0) =" - §(0) = 21 + 0" - 3.

O

Remark 5.4. Note that the first step of the proof of Lemma [5.3] can be performed at any
order in e with a remainder of the form O(de”"): pushing the Egorov theorem at higher
order, we obtain

46—

A = I N (o) Us, (8, o), (0, YWP, 01 () do + O (5N +1)
th—§
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Similarly, also Proposition [2.3] can be generalized at any order in ¢, which then implies
Ac = WP, ToNG () + O(NH16)
where ] = @1 + \/E(’pgl) 4t €N/2<,0§N) and
+4 . '
T=o(y) = / eFA0) Q5N (i) P () () _ g ())dor
-4

for all ¢ € S(R?). The phase function A(c) and the phase space center z(c) stay the same

as in Lemma [5.3] while the operator Q%" (o) is associated with Q;’N(U) according to ([44])

N/2

by selecting terms up to order e in its definition.

5.3. The transfer operator. Consider the family of operators
+5 ,
Teely) = / =MD QG () W ON P oy — g.(0))do, @ € S(RY),
-6

as introduced in Lemma [5.3] We next describe such an operator 7¢, when ¢ goes to 0.

Lemma 5.5. Let k € N. If /e < 6 < 1, then for all ¢ € S(RY),

(45) Teo = Ve Q°(0)T p + O(v/ed) + O(ed™1)

sk (dY oo iubs? is(B’-y—ab-Dy)

in SE(RY) with T° = e e Y v ds

Proof. The proof relies on the analysis of the integrand close to o = 0. We write
WIE |

T5 = e / CEAVE)—$0: (VD)D) 2 (5, /E) i () g

NG

where L°(s) := p:(sve) - y — pe(sv/€) Dy defines a family of self-adjoint operators s — L*(s)
mappping S(R?) into itself. Recall that the functions s — p.(sy/€) and s + q-(s/€) are
uniformly bounded with respect to ¢, and that ¢(0) = p(0) = 0, while

(16) w0 =5 (R0) = d(0) - 5(0)) o =4(0), B =5(0).

Weset L=p"-y—a’- D,. Using Taylor expansion in s = 0, we obtain
i
A(VES) — 5a:(5v/B) - pe(5v/3) = 15* + VB fi(52)

with o — f1(0) bounded, together with its derivatives, for o € [tg,to+T]. In the following,
the notation f; will denote functions that have the same property. We also have

L%(s) = sL + Vs’ Li(sVe)
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where the family of operator o + L5(c) maps S(R?) into itself, for o € [to,to+T]. Besides,
the commutator [L, L1 (s/€)] is a scalar, and we set

SL La(svE)) = folsvE)

with the notation we have just introduced. Therefore, by Baker-Campbell-Hausdorff for-
mula

eiLs (s) — eisLeisz\/ELl(s\/E) ei\/553f2 (sv/€) )

Besides,
e VEsPLi(svE) — g 4 Ves?O(sv/e)

where the operator-valued map o — ©O(o) is smooth and such that for all o € [to,to + 17,
the operator ©(c) and its derivatives maps S(R?) into itself. Setting f3 = fi + f2, we
deduce that 7° writes

+o/ve 3 .

TE — \/E/ oIS ++/25% f3(sv/E) Qa(S\/E)eZSLdS+R€76
—5/VE
tO/VE L, 3 ;

with R® = ¢ / ST HVESS3(5VE) O (5,/2) e’ L s OF (s/2)ds.
SINC

Let us analyze R%%. For this, we perform an integration by parts. Indeed,
0s(1°s* + VEs" f3(sv/E)) = 21" s(1 + sV/E fa(5VE))

for some smooth bounded function f4 with bounded derivatives. Moreover, since ¢ is small,
we have 1+ s\/efa(s\/e) > 1/2 for all s €] — §/\/e, +6//€[. Therefore, we can write

Sl

£S5 _ ES
= me T EhGvE)

€ e s d s .
. i’ s2+iv/es fa(sye) & 5 isL ) 4
2l ) ds<1+sﬁf4<sﬁ)g(sﬁ)e ) >

where ;> # 0 by the transversality condition ([23). We deduce that for all k& € N and
¢ € S(R?), we have in F(R?) that R*%p = O(\/2d) + Ri’égp with

+
eiubs2+i\ﬁs3f3(sx/5) oF (s\/g)eiSL]

Sl

s
£ Ve sb2 3 S :
Ra,é _ QIS +iv/es® f3(s/€) €(s\/2 ezsLL ds.
LY 2ipb -5 1+8\/5f4(8\/5)g () v
We then need another integration by parts to obtain that Ri’égo = O(y/€6). Note that this
additional integration by parts is required by the presence of a s without a coefficient /e
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in the integrand. We write

)

+7
b € ipb s24i/es3 f3(s1/€) 1 € isLL c
e (2ip°)? [e ((1 +8\/5f4(8\/5))2g (sVE)eLe —5
15 +% b2 3 d 1 .
i’ s2+i/es? fa(s\/e) & € isL T d
eIz /f ) i (Trovenmyap @ Ve te) &
= O(0ve)

Therefore, we are left with

)

T

TE = \/E/ ) embg2+z’\/553f3(s\/5)Qa(s\/g)eisL ds + O(\/Eé).
Ve
In the positive part of the integral, we perform the change of variable

2= s(1+ Vs fa(sVE) /1)

and observe that s = z(1 4+ /ezg1(2v/€)) and 0sz = 1 + /ezga(24/€) for some smooth
bounded functions g; and go with bounded derivatives. Note, that here again, we have
used that sy/c is small in the domain of the integral. Besides, there exists a family of
operator Q¢(z) such that Q°(sy/2) = Q°(z4/2) with Q°(0) = Q°(0). We deduce that there
exists a bounded function of § denoted by b(d) such that

+-5_b(8)

NG sb 2 < . dz

TE — 6/ 2 OF (20 /2 ezz(l—l—\/gzgl(z\/g))L )
Ve b (2vE) 14+ ezga(z/¢)

A Taylor expansion allows to write

1
1+ ezga(21/¢)

Q" (z/E)e T VEnVE L = Q°(0) + v22(Qi (2v2) + 2Q5(2VE))

= Q°(0) + vE2(Q5 (2V/2) + 2Q5(21E))

for some smooth operator-valued maps z — @;(z\/g) mapping S(R?) into itself, such that
for all ¢ € S(R?) the family (éj(z\/g)gp)oo is bounded in ¥¥(RY). We obtain

)
+-=b(9)
Ve S b2 ~

ez ezzLdZ _|_Ra,6

7= VEQO [

: €0 +%b(5) in’z2 e AE
with R’ =¢ 2" (Qf(2ve) + 2Q5(2Ve)) dz.

5
Ve
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Arguing by integration by parts as previously, we obtain

~ 1 52, ~ ~ +%b(6)
R0 e | e (G (vB) + 05 (vE)
2ip _%
+20(8) _ _
— [ a2 LG () 4 2 05(2v/E) dx = O(VED).
204 - dz
+5-b(8)

i’ s gisL gg 4 O(y/€6) and it remains to pass to infin-

We deduce T° = /£ Q°(0) /

—5_b(8)
ity in the domain of the integral. For this, we set m. = %b(é) and consider for ¢ € S(R?),
too L,
Goyp :/ e e pds.
me

We make two successive integration by parts. We write in X (R?),

+ isL
Gop = (2isub)_1ei“bszei8Lgo} e —/ Ooe"’mzi <els (‘0> ds

me e ds \ 2isp’
+oo ; isLL +oo isL
= Ol el — [ @y [ g
e 2isp’ e 2ip 52
+o00 - isL
. 1 C bv—2 inbs? . isL +oo ope2 d [ 1e Lo
=O(m_")|lellsr — [(2zs,u ) ce™ e Lgo]ms —I-/mE et T (W ds
=0(mz") (llellse + Lellsr + 1202 ) -
+oo .
We deduce that T¢ = /e Q°(0) / e’ s eisL gg 4 O(VEd) + O(e671). O
—0o0

Remark 5.6. Note that the previous remainder terms could again by transformed by inte-
gration by parts. This implies that 7°p has an asymptotic expansion in /¢ and ¢ at any
order and each term of the expansion is a Schwartz function.

5.4. Proof of Theorem [3.8] and Corollary We now complete the proof of Theo-
rem 3.8 We choose § = £2/?, and ¢ is small enough so that ¢ < |t — #°|%/2. Then, one has
|t —t"| > §. If t € [to, " — J], then Proposition EI] gives the result. If t € [t + 6, to + T}, then
one combines Proposition A1l between times s; = t* + § and so = ¢t with Proposition 5.1l
In summary, we obtain an error estimate of order e6=2 = ¢1/3§ = £5/9,

Corollary 3.9 comes from Theorem 3.8 and point (3) of Proposition [ETl

APPENDIX A. THE WAVE PACKET TRANSFORM

We discuss here useful properties of the wave-packet transform. We define the Weyl
translation operator T°

T°(z) = s @90 5 — (¢,p) € R*,
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the semi-classical scaling operator A,
Aepla) = o(2),  peS®Y,
and we denote by a. , € C*(R??) the function a. .(w) = a(y/ew + 2), w € R??,

Lemma A.l. The wave packet transform satisfies for all points z, 2" € R?® and all smooth
functions a € C*®(R??)

(47) WPS = e 2P0 T%(2) A,
(48) WPS, = e =PI WP AZIWPS,
(49) opd (a)WP: = WP opf (ae,z),

Proof. We consider ¢ € S(R?). Then T¢(z)¢ is the solution at time ¢ = 1 of the initial
value problem

e =(q-E—p-2)p,  ¥(0) =¢.

The explicit form of this solution

Pt x) = e I EP Tz — tg)
implies for the action of the Weyl translation that

T*(2)p(x) = ™27 e p(z — q).
This yields

e BT (2) Aep(z) = =W e 0P Pp(T0) = WPip(a).

For the commutation property we compute

e PUWPEATIWPE, o(z) = e—gp-q'Wpiegpw\/gm_%<\/5xT;q')

— e—ﬁp-q’E—d/4e§p~(x—Q)eép“(x—q—q’)(’D<x—q—q’> — WP, p(x).

Ve
Moreover,
WP opy (a2 )p(z)
=< e D om ! [ a5 (S ) ¢ 0 VRSO o) dy
R2d 2 \/E ’

= e~ Weer (@0 (27)~d L4y N L€ =P =), (Y20 gy ge

e e (2me) /Rwa(g(ery)Jrq,é)e go(\/g)dyd{
= op;’(a) WPLep(z).

O

The intertwining property ([49]), that relates the wave packet transform with Weyl quan-
tization, allows to describe the localisation properties of wave packets as follows.
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Remark A.2 (Localisation on scale \/€). Let x € C5°(R??) be a cut-off function such that
x = 1 close to 0 and 0 < x < 1. Define for R > 0, xg(z) = x(R™'2) for all 2 € R??. Then,
for any k, N € N and any Schwartz function ¢ € S(R%)

lopy’ (1 — XR)‘P”EIf < CR™V,

where the constant C' > 0 depends on k, N and the norm of ¢ in E'f+N . Decomposing a
wave packet as

WPGp = WP op’ (xr)e + WPgopt (1 — Xr)®,
the combination of the above estimate with equation (49) and the continuity of the wave
packet transform as a mapping from E’f to XF yields

(50) W5 — opt (X WPie|

< CR™N.
zk

APPENDIX B. ALGEBRAIC PROPERTIES OF THE EIGENPROJECTORS

We consider a smooth eigenvalue h(t, z) of a matrix-valued Hamiltonian H (¢, z), associ-
ated with a smooth eigenprojector Il(t, z) so that H = hII 4+ h*II*+. We emphasize that,
in this section, we just assume smoothness of the projector and make no gap assumption.
Let us project the solution of the Hamiltonian system (1) to the eigenspace and consider
the function @°(t) = IIy°(¢). We have

(20 TE (1) = <z’68/tl\'[ + ﬁﬁ) W (1),
and by symbolic calculus
A = Il + %{ﬁ} +O(e2) = hll - %{/Tﬁ} + %{ﬁ} +0(e?),

where the order €2 remainder will be given a precise meaning in Lemma[B.2land Lemma[B.5]
below. Therefore, if we introduce the matrix

(51) B = —20,I1 — {h, 11} + {11, H},
then we may write
i20i° (t) = haof (1) + %Ew(t) 1 O(2).
Let us examine the algebraic properties of the first order contribution B in more detail.

Lemma B.1. Consider a Hermitian matric H = hII + h'II+ with eigenvalues h, h*
and corresponding eigenprojectors ILII-. Then, the matric {II, 11} is skew-symmetric and
diagonal,
ITH{I1, IT}IT = T {11, TIHT = 0.
The matriz B defined in (5Il) satisfies
BIl = —2(Q + K) = 2i011 and II+BI* = (h — hH)ITH{II, I},

where the matrices Q, K, and © have been introduced in (IT7), (I8)), and [I9). Moreover,
the matriz 0 is skew-symmetric and © self-adjoint.
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Proof. We use the relation {A,BC} — {AB,C} = {A,B}C — A{B,C}. and apply it to
A =B =C =1L Since I1? = II, we obtain 0 = {II, II}IT — TI{II, 11} and therefore
I {I1, IT}IT = TI{I1, IT}IT+ = 0.

Besides, by the definition of the Poisson bracket, we have {II,II}* = —{II,II}, so that
{I, 11} and ©Q = —3(h — AH)II{IL, II}II are skew-symmetric. In view of

{I, H} = (h — RY){I1, 11} — {h, IT}IT — {At TI}II+,

{h, 11} = {h, TI}IT + {h, TI}IT+,
we obtain that

B = —20,11 — {h, 11} + {II, H}
= 20,11 + (h — hH){IL, 11} — 2{h, II}IT — {h + A II}IT .
Hence,
BI = -2 (0,11 + {h, THII + (b — hHII{IL I = —2(K + Q)
and I+BIOL = (h — A H)ITH{IL, I,

The matrix © = iQ + i(K — K*) is hermitian, since O* = —iQ* — {(K* — K) = ©. It also
satisfies 2011 = 2i(i2 4 K )II = BIIL. O

Decomposing the matrix B = BII+ BII", we may view the contribution associated with
the projector II as an effective dynamical correction to the eigenvalue h. We obtain the
following:

Lemma B.2. Let H = hll + h 11+ be a smooth matriz-valued Hamiltonian with smooth
eigenvalues h, - and smooth eigenprojectors II,II+. Then, there exists a smooth matriz-
valued symbol R® such that

(52) T(icd; — H) =(ied, — h — eO)II + %B/\HiﬁL + 2R,

where the matrices B and © have been defined in (5Il) and ([19), respectively. If the Hamil-
tonian and its eigenvalues are of subquadratic growth (), while the projectors grow at most
polynomially (28], then for all k € N there exist C, > 0 and £ € N such that

sup B (D)ellsr < Crllellse Ve € SER?).
tE[to,to-ﬁ-T}

Proof. We write
Ti(ied, — H) =(ied; — h)II — i=d,11 + All — T1H.
The symbolic calculus gives

Rl - TH = %({h, I} — {IL H}) + 2R,
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where the remainder R° (t) satisfies the claimed estimate due to the growth assumptions
on the symbols h, H and II. In view of Lemma [B.1l we have
1 1
—i0 1T+ o ({h, 1} — {II, H}) = OTI + EBHL,
which concludes our proof. O

We note that for the projected solution we(t) = ﬁws(t), equation (52]) implies an evolu-
tion equation of the form

120y (1) = (h + eO)w (t) — %J?I[\Lﬁiw(t) +O(e2).

In a next step we use the matrix B for introducing the first order super-adiabatic correction
of the eigenprojector II, following ideas from [34], @, 2] 27, 28], 29 [36].

Definition B.3. We assume that H is a smooth Hermitian matriz that has two smooth
eigenvalues h and h and smooth eigenprojectors 11 and TI*, that is, H = hII + h T+,
The first super-adiabatic corrector of 11 is the hermitian matriz P = P* defined by

)

[PII+ =
h—ht

IT (atn + %{h + hi,n}> I,
i

P = —
h — ht

1
It (&H +5{h+ hl,H}> 11,
1 1
HPI = —I{IL I, TP = IFHIL I
Z Z

1 1
Note that one has PII* = Z(h — hL)_lBHl and PII = —?(h - hL)_lBH'

i
Note that the diagonal part of the matrix P is smooth, while the off-diagonal part of P
is singular on the crossing set T = {f = 0}. Besides, for all 8 € N?¢ and R > 0,

(53)  3Csr >0, ¥Yz€ B(0,R) N{f(t,2) > 8}, VteR, |0°P(t,z)| < CprdfItL.
The main interest in the corrector P comes from the following relations:
Lemma B.4. With the assumptions of Definition[B.3, the corrector matriz P satisfies
(54)  [H,P] = io 11— %({H, M} — {IL,H}) and PI+TIP =P — %{H, m,
as well as

il +P(H — h) + %{H,H +h} =0OI1 and (011 + {h,II}) = [O,11],
where the matriz © is given by (19).

Proof. Since H is acting as a scalar on RanIl and RanIIt, we have
[H,P| = [H, TP+ + IIPH] = (h — hH)OPOL + (AL — h)ITHPIT
=i(0+ L{h+ A", 10}).
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Since
{H, 11} — {I1, H} = TI{h, T} + [I* {h*, I1} — {II, A}IT — {IL, A" }II*- = {h + A", 11},
we have proven the first equation. For the second equation, we calculate
PII + [P = 2TIPII + ITPII + IIPIT- = P + IIPIT — IIMPIT* = P — L {IT, I},
where we have used that {II,II} is diagonal. For the first relation with ©, we write
H — h = (h*+ — h)II* and obtain
1
MH—hy:mL—hmHLz—EBH¥

Therefore, by Lemma [B.1]

. 1 1 1 i
For the commutator of © and II, we have

[©,10] = [Q,I0] + [ K, IT] — 4[ K", 1]]
= A1 (9,11 4 {h, IT})IT 4 11+ (O,I1 + {h, TIN)IT = i(d,11 + {h,II}).
O

If the crossing set T were empty and all the symbols in consideration were bounded, the
relations of Lemma [B.4] would imply that setting II¢ = IT + P, then II° would be “better”
than II in terms of being an eigenprojector of H: in £(L?(R%)),

TIeTIE = TI¢ + O(e?) and ﬁ\a(—i&?(‘)t + ];AI) = (—icd, +h+ E(:))ﬁZ +0(e?),

while the estimate would be only O(g) when using the uncorrected II. However, because
the symbols we consider are smooth only outside Y, we need to use cut-off functions to
correctly state such properties.

Lemma B.5. Let I be an interval of R and x°, X € C(I,C3°(R??)) be two cut-off functions
that satisfy:

(1) For any t € I and z in the support of X°(t) and X°(t) we have |(h — h)(t,z)| > 6.
(2) The functions x° and X° satisfy

A’ + {h, X5} —0, % + {h, 25} —0.

(3) The functions X° are supported in {x° = 1}.
Let k € N. Then, we have for all t € T in XF,

X (i, + (h+<8)) CIIE = OXOTIE (—icd; + H) + O(e2672).

In particular, the function w®(t) = ;(3)(/51?51&5(15) satisfies for all t € I in X¥,
ieduws (t) = (h + e@)ws (t) + O(2672).
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Proof. We write
XOIIE(—id; + H) = opa(xéhﬂ) + EOpa(X(S]P’H + Z{XJH, HY) — x0TI (id;) + 2 RO (t),

where the remainder R°(t) depends on first order derivatives of x’P and H as well as second
order derivatives of x°II and H. Hence, R’(t) = O(6~2). Next, we write
— . €
op. (X°hTT) — x°II=(ied) = op. (h)op.(x"IT) — op.({h, x'I1})

— (i€0y) x0TI + z'eopa(@t(xéﬂa)) + 6203@),

where pg (t) depends linearly on second derivatives of x°II and h. By Lemma [B.4] one part
of the first order contributions can be combined according to

101+ P(H — h) + %{H,H + h} = OI1.
All this implies
L (—iedy + H) = (—izdy + op, (h + £0))op, (')
+ cop. (] (£)) + e%op.(p3 () + R (1)),
where the remainder is given by
. 1
po(t) = (i + —.{x5 H+ h})
= TI(i0x" + ~ {x h}+ o (h WO, 11})

= (= R ,H}Hl,
i
since 9;x° + {h,x°} = 0. We note that pJ(t) and p3(t) are smooth symbols, depending

linearly on derivatives of x° and thus are 0 on the support of X°. The latter observation
implies the first result. For the function w®(¢) we then have

(iedy — h — 6(:))108( t)
= X(iedy — h — @)W (t) + [(i20, — h — £B), FOPOTEY< (1)
— OO (i, — H)ye (1) + (20, — h — £0), WG (1) + 2 R3(1).
Moreover, since 9;X° + {h,X°} = 0, we have
[(ie8; — h — £8), 0] = €313 (1) + 20 (1),

where the first part of the remainder 73(¢) depends on third derlvatlves of h and X%, while
the second part 7‘1( ) depends on first derivatives of © and X°. Since § > /2, we have

(20, — h — £0), Y] = O(e2571).
Using (icd; — H)¥®(t) = 0, we obtain the equation for w®(t). O
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APPENDIX C. PARALLEL TRANSPORT

We prove here Proposition B.I] that provides the time-dependent eigenvector V(t, 2)
defined by parallel transport. We adapt the proof of [4, Proposition C.1] to account for
the matrix Q(t,z), noting that we only require that Q(¢,z) is a skew-symmetric matrix
mapping into the range of II(¢, z).

Proof. We consider the solution 17(15, z) of the parallel transport equation and set Y (¢, z) =
V(t, @Z’to(z)). We observe that Y (¢, z) solves the equation

QY (t,2) = OV (0, (2) + JOI(®(2)V (L, 85 (2))
(55) = Qt, ) (2))Y (t,2) + K (t, 2, (2))Y (t, 2).
In particular, since (¢, z) maps into the range of II(t, 2),
I (4, 810(2)) B (1, 2) = K (£, ®°(2))Y (¢, 2).
We now start proving that for z € U, II(t, CIDZ’tO(z))Y(t, z) =Y (t, z), or equivalently that
Z(t,z) = T (t, 9, (2))Y (t, 2)

is constant and equal to 0. We compute

B Z(t,z) = (—atn(t, BL10 (2)) — JOLR(BL (2))0.I1(t, BLY (2)) + K (t, B (z))) Y(t, ).

We recall that K = (I — IT)(9,IT + {h,II})II. Since all derivatives of the projector are
off-diagonal, we have

—OI1 — {h, 11} + K = —IT (8,11 + {h, I1}) I+

and therefore

B Z(t,z) = —TI(t, D410 (2)) (atn(t, B0 (2)) + JOLh(BLY (2))0,11(E, @ﬁ;tO(z))) Z(t, 7).
In particular, 0;Z(t, z) is an element of the range of II(t, <I>';L’t° (z)) and thus orthogonal to
Z(t,z). Hence, its norm is constant, Z(t,z) = 0 and Y (¢,2) € RanTl(¢, <I>';l’t° (2))-

Besides, we have for any z € R??

QY (t,2) - Y(t,2) = Qt, D) (2))Y (t,2) - Y (t,2) + K (t, 8, (2))Y (£, 2) - Y(t, 2) = 0,
because

Q(t,2)* = —Q(t,2) and K (t,2) = O (¢, 2) K (t, 2).

Therefore, |Y (¢, 2)|cy = 1. O

Remark C.1 (Polynomial growth of the eigenvector). The above proof shows that the time-

evolution of Y (¢, z) = V(t, @Zto(z)) is generated by a norm-conserving evolution operator,
that is, Y (t) = L(t,t0)Y (to). This observation allows to literally repeat the inductive
argument in the proof of [4, Proposition C.1] for inferring from a polynomial bound on the
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projector II(¢, z) a polynomial bound for the eigenvector 17(15, z). Indeed, if (20) holds for
II(t, z), then for all T > 0 and § € Ngdﬂ there exists a constant cg 7 > 0 such that

sup HOEZV(t,z)” < Cﬁ,T<z>|5‘(1+"0)_
tefto,to+T],|z[>ro

APPENDIX D. THE PHASE A(0) AND THE FUNCTION ((0)

Lemma D.1. Let A and ¢ be defined as
bty Pt th
(o) = @57 (@777 (2)),

(56) Ao) = S1( + 0,1, 2°) + So (P, + o, <I>t1b+‘7’tb (")) —q(0) - P’
We have

(57) ¢(0) = (g(0),p(0)) = 2°, £(0) = (4(0),p(0)) = JO=(h1 — ha)(£", 2")
(58) A(0) = A(0) =0,

(59) A(0) = 8y(ha — h1) — gha - By(ha — h1) + phy - Oy(ha — h1)

In particular, we have

S(R(0) — 5(0) - 4(0))
_ % (u(hs — h1) — Byhs - By (ha — h) + Db - By (ha — hu) + Dy(ha — h1) - By (ha — hn)

1
= 5 (8t(h2 — hl) — 8qh1 '8p(h2 — hl) + 8ph1 '8q(h2 — hl))

1 hi+h
= (Oha =)+ =L e — Iy
2 2
which yields that (46) is consistent with (B3]).

Proof. We begin with the function ¢ and we compute the Taylor expansion at the order 2
for (¢(0),p(0)) = ¢(6) — 2* at ¢ = 0. Let be h = hy, hy. We have :

(60)
©1(2) = z + (t — to)JO:h(to, z) + ‘ 3
+ Ot — tof%).

to)?

(07 .h(to, ) + JOZ h(to, 2)JO:h(to, 2))

Applying this formula, we obtain (omitting the argument (#°,2”) in the functions hy, hy
and their derivatives)

2
<I>lib-|-cr,tb (Zb) _ Zb + 0J82h1 + % (Jat%zhl + J@izhﬂﬁzhﬁ + O(|0|3)7

2
() = @7 () = 0 I0ha(t + 0,007 (1) + T (JOha + JO2 haJ0:hs) + O(lo]").
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We deduce

C(t) = 2+ 0J0,(h1 — ha) + O(|o]?)

2
+ % (JO2.(hy = ha) + JO2 . (h — ho)J.hy + JO2 hoJD. (hy — h1))
and, for further use, the relation

(61) —p’4(0) = = p’ - 0y (h1 — ha),
(62) —p" - §(0) = —p’ - (7 (b1 — ha) + 02 ,(h1 — h2)JO.hy + 02 ) haJ O, (ho — b))

We continue with the function A (defined in (56])) and we use Taylor expansion of the
actions for general Hamiltonian h. In view of (@) and (60)), we have (omitting the argument
(to, z0) in the terms of the form 0%h(to, z0))

St o, 20) = /t (P — (5 — t0)0h) - (Oph + (5 — t0) (92, + 2. hJOL))ds
— /t(h + (s — tg)0sh)ds + O((t — to)?)

= -y~ it — 1) — L0

+ O((t — t)?).

(8ih + Ogh - Oph — po - (07 )b + 92 ,hJ . h))

We first apply the formula with h = hy, t =" + 0, t = t” and z = 2°, which gives (when
the arguments of the functions are omitted, they are fixed to (°, 2”))
Sl(tb + o, tb, Zb) = O'(p : 8ph1 - hl)
o2
2

(Othy + Oghy - Ophy — p - (0F yh1 + 02 )h1JD:h1)) + O(0®).

b b
We now use the same formula with h = hy, t = *, tg = £* + 0, 29 = <I>§ tot (zb). We obtain

St 8 + o, BT () =
b b b b
—o(p(t + 0,8, 2) - Fpha(t + 0, @ () — bt + 0,7 T (2)))
0.2
2

(Othg + Oghs - Opha — p - (0Fyha + 02 ,ha JD:ha)) + O(c®)
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Note that the treatment of the term of order ¢ has to be performed carefully in the case
b b
of Sy(t?,1” 4+ o, @ TP (2")). We obtain

)
So(t, 1 + 0, BT (")) = — o (p - Dphg — ha)

— (= 0¢ha — Ogha - Ophy + p - (97 yha + 07 yhaJ 02h2))

2

- %(am + Ogha - Bphs — p - (02 ha + 02 )ho JD-h1)) + O(0?)

= (p : aph2 - h2)0
2
+ %(athg + Oyha - 0y(2hy — ha) — p - (B2 ha + 02 ,ha JO-(2hg — )

+ 0(0?)

As a consequence,

2
S1(E + 0,8, ) S (8,8 + 0, BT () = op - Bp(hy — ho) + %(at(h2 ~ h)

— 8qh2 . 8p(h2 — hl) + 8ph1 . 8q(h2 — hl)
+p- (07, (b1 — ha) + 02 (h1 — hg)JO.hy + 02 JhoJ Oz (h1 — ha))) + O(c®).
Combining with (62)), we obtain

2
A(0) = - (@u(ha = ) = 0yha - By(ha = hu) + Dpha - Byhe = ) + O(c?),

whence (B9]).

APPENDIX E. THE OPERATORS 7, 43

We study here the operators T, 5 that are defined in @28) for (u,q,3) € R24F1. An
explicit computation gives the following useful connection with the Fourier transform

(63) ‘F77L,Q7B = 77*’/+a'5767_af'
The next proposition sums up the main information that we will use about these operators.

Proposition E.1. Let (i, a, ) € R?¥H,

(1) The operator T,.q,p maps S(RY) into itself if and only if p # 0.
(2) Moreover, if p # 0, Tyap is a metaplectic transformation in the Hilbert space
L2(RY) multiplied by a complex number:

2T i (By— D)2
(64) T = 1 et PV D
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(3) If u # 0, T € &F(d) and A € C*(R??) is a polynomial function then there exists
Lyapr € 61(d) such that

w 2T ., _
Tues(opt (A)g") = / i 0P (A0 ®as(—(4) Hghpesr
where O, 5 satisfies [B4) and

(B—Ta)® (8 —Ta)
2u—a-B+a-Ta

(65) Fuvavﬁvr‘ = F -

Remark E.2. The matrix Ty o g, is in &7 (d) since ghmes T is proved to be Schwartz class.
It is also important to notice that 2y — o~ 5+ - T'ev is non zero because its imaginary part
is non zero.

Proof. Point (1) is linked with Point (2) and comes from the formula (29]) and(28]). Indeed,
when 1 # 0, equation (64]) is an application of relation (28) and of functional calculus on
the self-adjoint operator (3 -y — a - D,)? and the Fourier-transform formula of complex
Gaussian functions:

oo o 2r %
(66) / e HeTds = \/Ee‘lw, with arg(ip) €] — =, 7.

—0o0

It remains to analyze the case where p = 0. The computations are different whether
a - =0 or not. We assume « # 0 and we set

~ (67 AN A
azm, y=(y-&)a+uy..

Similar formulas can be obtained when 5 # 0 using (63). Let us first assume « - § = 0.

76,0:,5 _ /eisﬁ'“cp(y -l — sa+ yJ_)dS
= ol o A 4,

_ o[ telol @ a) B <%m>
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where ¢ € S(R?), y; = y—a - y& and F, is the partial Fourier transform in the direction c.
In the case where a - 5 # 0, we write

7604,6 — —1/ e—zs ——i—zsﬁ y+in(y-a— s)J,—_- (p(n yJ_)dndS

=\/73 o Gt iy *Fap(n,y1)dn

BiLyi .

TR 'ama Fuo(n, vy )dn

7T OZ
Znﬂl.yL i(Dy'&)2
po Fole 28| (nyL)dn
7'(',8 a
. (Dy-&) .
_ | i G s ” _Biys
B B

This concludes the proof of Points (1) and (2).

Point (3) derives from the formulation of 7, , 3 as a metaplectic transform. We use
general results concerning the action of a metaplectic transformation on Gaussian g' (for
details see [6], Chapter 3). With the quadratic Hamiltonian K (y,n) = (8 -y — a - n)?, one
associates the linear flow ®, g(t) = (P;;(t))1<ij<2 (in a d x d block form) given by (34]).
Besides, the Egorov theorem and the propagation of gaussian are both exact: we have

e " (op}'(A)g") = opY' (A 0 Ba(t))e " = (0PY(A 0 Bas(t))g"
where the matrix I'; € &7 (d) is given by
Iy = (@21(75) + q)QQ(t)F)(q)H(t) + <I>12(t)F)_1, cr, = det_l/z(A(t) + B(t)I‘),
where We deduce that if p # 0,

(27 A e /

I 1

" _e4/,L *(4M)
wao,f9 = 11u

This induces the existence of the matrix I',, o g € 6+ d) of Point (2) of the Proposition.
It remains to prove the formula (G5). We use that if ¢ = gr, we have

+00 .
Tuansd ) =er [ @D s gy
—00
Applying again (G6]) we get,
i (y-(B—Ta))?
@ 3 y'Fy—m)
7- I —c e ( " 7
ﬂ,avﬁg (y) F\/Q,U/—Oéﬁ—“ara
which gives (65]). O
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