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Binary set systems and totally balanced hypergraphs*!

Célia Chatel’! Francois Brucker’ Pascal Préa¥

{celia.chatel, francois.brucker, pascal.prea}@lis-lab.fr

Abstract

A hypergraph H is (i) Totally balanced if it does not contain a special cycle, (i) Binary if it is closed
under intersection and every hyperedge has at most two predecessors (for inclusion order). We show
in this paper that a hypergraph H is totally balanced if and only if it can be embedded into a binary
hypergraph H’; H' is said to be a binary extension of H. We give an eﬁjcient algorithm which, given
a totally balanced hypergraph H, produces a minimal binary extension H of H; in addition, if H is a
hierarchy or an interval hypergraph, then so is H.

keyword: hypergraphs, totally balanced hypergraphs, binary hypergraphs, clustering models.

1 Introduction

One of the aims of classification is to sort a data set V into clusters, which is equivalent to produce a
hypergraph with vertex set V. In order to be interpretable, the produced clusters must share some common
properties. These relationships are classically either structural or inherited. The first kind of relations implies
the use of clustering models as the produced clusters belong to a particular class of hypergraph; the second
kind uses split models since the clusters are produced by iteratively splitting them in two, beginning with
the whole data set and ending with the singletons which cannot be further split.

The most used model for both aims is certainly the hierarchical model. It ensures that the intersection
between two clusters is empty if one cluster is not included into the other one and thus applies as a structural
constraint between the clusters. As a hierarchical tree, it also applies for a split model, for instance in
phylogeny or in decision making.

The aim of phylogeny is to build phylogenetic trees. In fact, one wants to determine how a set of actual
species evolved from a common ancestor and a cluster is interpreted as the ancestor of its elements. Each
evolution event (the creation of a new species from an older one) corresponds to the split of a cluster into
two new clusters. This procedure goes from the set of all species (their common ancestor) to singletons (the
actual species). As a decision making process, binary hierarchical trees are called decision trees. It is a split
model as each internal node corresponds to a decision relatively to a question/test and has two subtrees,
one corresponding to the answer yes and one to the answer no. This model is widely used, for instance in
machine learning.

However the hierarchical model does not take into account overlapping (i.e. when the intersection of
two clusters may be neither empty nor one of them), which is sometimes needed in clustering problems.
Several clustering models admitting overlapping have been designed like interval hypergraphs (clusters are
intervals of a given order), used for instance in archaeology (see Robinson [13]) or weak hierarchies (clusters
are generated by two elements only) used, among others, for biological problems (as originally stated in
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Bandelt and Dress [2]). To the best of our knowledge, the general split model where the splits can overlap
has not been studied. We show in this paper that this general split model corresponds to a subset of totally
balanced hypergraphs, the binary hypergraph, and that any totally balanced hypergraph can be extended into
a hypergraph of this model.

Totally balanced hypergraphs, initially defined by Lovasz [11], are a hypergraph structure which corre-
sponds to the notion of tree for graphs (see Lehel [9]). They are used as a clustering model, since they
generalize both the hierarchical and the interval hypergraphs models, are a subset of weak-hierarchies and
admit a convenient graphical representation (Brucker and Préa [5]) but also in various applications like linear
programming, phylogenetic problems (see Spinrad [14] for instance) or more recently in concurrent processes
(see Dien [7]). We show in this paper that they can also be seen as a general split model minimizing the
number of predecessors of each cluster.

The paper is organized as follows. After defining the structures used in this paper and recalling some
known properties for totally balanced hypergraph (Section 2), we will show that totally balanced hypergraphs
are exactly the hypergraphs which admit a binary extension (Section 3). We will then give an efficient
algorithm which can produce any binary hypergraph (Section 4). It will be modified in Section 5 in order to
give a binary extension for a given totally balanced hypergraph. Section 6 shows that binary hypergraphs
minimize a criterion counting the predecessors of all the clusters. This section also shows that the algorithm
of Section 5 runs efficiently as it builds a binary extension with the minimum number of clusters. Moreover,
as shown in Section 7, this algorithm is stable for hierarchies and interval hypergraphs. Finally, Section 8
concludes the paper.

2 Basic definitions and classical results

In this part we define the main structures we will use throughout this paper and we recall two classical
results on totally balanced hypergraphs that will be used in the following sections.

A hypergraph is a couple H = (V, E) where V is a finite set whose elements are vertices and E C 2V
is the hyperedge set (we write C for C). Throughout this paper, we only consider hypergraphs such that
VeE,0¢FE and Ve € V,{z} € E. As a clustering model, these hypergraphs are called set systems [3].
Hypergraphs and set systems will be equivalent here. We write u || v if neither v C v nor v C u. For
e1,es € E, we say that e; is a predecessor of es (equivalently es is a successor of e1) and write e; <g e (or
e1 < eg if there is no confusion) if e; C es and there exists no ez € F such that e; C eg C es.

A special cycle is a sequence (xq,€eq,21,€1,...,T5_1,€5—1) With k > 3, z; € V and e¢; € E for all
i €{0,...,k—1} and such that z; € e; if and only if i = jor i = j+1 mod k. A totally balanced hypergraph
is a hypergraph with no special cycle.

A hypergraph H = (V, E) is a hypertree if there exists a tree T with the same vertex set such that every
hyperedge of H is the set of vertices of a subtree of T. We say then that T is a support tree of H. The
subhypergraph of H = (V, E) induced by a set A C V is the hypergraph H|s = (A,{eN A :e € E}). The
following theorem gives a characterization of totally balanced hypergraphs by their induced subhypergraphs.

Theorem 1 (Lehel [9]). A hypergraph H is totally balanced if and only if every subhypergraph of H is a
hypertree.

A direct consequence of Theorem 1 is that if H = (V, E) is a totally balanced hypergraph so are all its
subhypergraphs and all hypergraphs H' = (V, E’) with E’ C E. Theorem 2 goes further on the link between
trees and totally balanced hypergraphs as it gives a construction of maximum totally balanced hypergraphs
by a sequence of trees. For ease of use it has been stated in the formalism of the rest of the paper.

Theorem 2 (Lehel [8, 9]). Let T = (Ty,S0), .-, (Tn—1,Sn—1) with T; = (V;, E;) and S; : V; — 2"° be a
sequence of trees and maps such that Sy(u) = {u} for any u € Vo and for every 0 <i < n:



1. |Si(u)|=i+1 for anyu € 'V;
2. For any u € V; there exists a unique xy € FE;_1 such that S;—1(z) U S;—1(y) = Si(u)
3w e E; = Si(u) = Si—1(z) U S;—1(2),S:(v) = S;—1(y) U Si—1(z) for some x,y,z € V;_1

The hypergraph Hy = (Vo, E1) with Er = Jy<;c,{5:(v) : v € Vi} is totally balanced. Moreover, a hyper-
graph H = (V, E) is totally balanced if and only if there exists a tree sequence T such that E C Er.

Theorem 2 shows that any totally balanced hypergraph H = (V, E) (with |V| = n vertices) can be
extended into a totally balanced hypergraph Hy = (V,E7) with the same vertices and |Ey| = (";‘1)
hyperedges, which is the maximum possible for a given totally balanced hypergraph with n vertices (see for
instance [1]). Also note that the totally balanced hypergraph given by Theorem 2 is closed. A hypergraph is
said to be closed under intersection (or closed for short) if Vu,v € E,unNv # 0 = uNv € E. The closure
H = (V,E) of a hypergraph H = (V, E) is the smallest closed hypergraph such that £ C E. Note that, by
Theorem 1, H is totally balanced if and only if H is totally balanced.

Generally speaking, the closure of a given hypergraph can be costly in terms of number of clusters. It
is not the case for totally balanced hypergraphs because they are weak hierarchies (Brucker and Gely [4]).
Weak-hierarchies (Bandelt and Dress [2]) are defined as hypergraphs for which the intersection of three
hyperedges is always the intersection of two of them. Weak hierarchies have numerous interesting properties
for clustering (see for instance Diatta and Fichet [6] for an extensive study of them); as they only admit
a small number of clusters (the square of the number of elements), their closure can be computed by only
intersecting clusters pairwise. In addition, for a closed weak hierarchy, each cluster is the supremum of two
elements.

The supremum of e, ..., e, € E, written supg(es,...,e,) (or sup(es,...,e,) if there is no confusion) is
the unique smallest (regarding the inclusion order) element e € E such that Vi < p,e; C e. If ¢, = {z;},
we will write sup(z1,...,2,). Note that if a hypergraph is not closed, one cannot define a supremum as
there may exist several smallest elements containing e, ..., ep,; this is one of the reasons for which closed
hypergraphs are widely used in clustering.

A hypergraph H = (V,E) is said to be binary if it is closed and each hyperedge has at most two
predecessors. Since the only hyperedges of a closed hypergraph which have strictly less than two predecessors
are singletons (which have 0 predecessors since () ¢ E), binary hypergraphs are closed hypergraphs such that
any non singleton hyperedge has exactly two predecessors. Finally, a hypergraph H = (V, E) is binarizable
if there exists a binary hypergraph H' = (V, E’) with E C E’. We then say that H' is a binary extension of
H.

3 Totally balanced hypergraphs and binary extensions

This section will show (Theorem 3) that binary hypergraphs are totally balanced and that every totally
balanced hypergraph admits a binary extension.

Proposition 1. Let H be a binary hypergraph, then it is totally balanced and closed.

Proof. First note that if H is a closed hypergraph and (zo, e, Z1,€1,...,Zp_1,€k—1) is a special cycle of H,
then (zg, sup(zo, x1), 1, sup(z1, x2), ..., Tr_1,sup(zr—1, o)) is a special cycle of H (by definition, x;, ;41 €
sup(z;, Tit1); as sup(x;, xi+1) C e;, if § # 4,4+ 1, x; ¢ sup(z;,zi+1)). We will call a special cycle of the
form (zg,sup(zo, 1), z1,sup(z1, T2),...,Tk-1, sup(zr—_1,2o)) a simple cycle. We now prove that a binary
hypergraph cannot have a simple cycle by induction on the size of the cycle.

Suppose that H = (V, E) is a binary hypergraph with a simple 3-cycle (zg, sup(xo, z1), z1,sup(z1, z2),
Z2,sup(z2,x0)) and let e := sup(xo,z1,22). As H is binary (thus closed), e € E and has at most two
predecessors ¢ and e”. As e = sup(sup(zg,x1),sup(x1,xs),sup(xs,xg)), we can suppose, with no loss
of generality, that sup(zy,22) C € and sup(za,x0) C €. So zg € €' and thus zg,z1,20 € € C e =
sup(xo, x1,22), which is a contradiction.



Suppose now that every hypergraph with a simple k-cycle (k > 3) is not binary. Let H = (V, E) be a bi-
nary hypergraph with a simple (k+1)-cycle (xo, sup(zg, 1), ..., 2k, sup(xg, o)) and let e := sup(zo, . . ., k).
Exactly two hyperedges e’ and e are predecessors of e. Let X’ := {x; : x; € ¢’} and X" := {ax; : x; € €}
Since X' N X" # 0, X’ UX" = {zg,..., 2} and X', X" # {x0,...,2r} , we can suppose, with no loss of
generality, that |X”| > 2 and that 2o ¢ X”. Let u := min{i € {0,...k} : z; € "} and v := max{i €
{0,...k} : 2; € €’}. Since |[v — u| > 1, the cycle (xq,sup(zo, 1), Z1,. .., Ty, €’ Ty, ..., g, sup(zg, o)) is a
special cycle of length < k. By the induction hypothesis, H is not binary, a contradiction. O

Corollary 1. Let H be a hypergraph. If H is binarizable then H is totally balanced.

Proof. Let H be a binarizable hypergraph and H’ one of its binary extension. Since every special cycle of
H is a special cycle of H’, by Proposition 1, H cannot have a special cycle. O

Proposition 2. If Hy = (Vo, E7) is a hypergraph as defined in Theorem 2, then Hr is a binary hypergraph.

Proof. Let e € E7, |e| =r > 2. Then e € V;._1, hence, by (1) and (2) of Theorem 2, there exist z1, 22 € Vp,
x1 # g such that e; = e\ {z;} € V,_o for i = 1,2. Considering the Hasse diagram of the poset of the edges
of Hy defined by set inclusion, we conclude that e is a successor of both e; and ey. If there was a third
predecessor es € E7 of e, then ez || e; for i = 1,2. So z1,z2 € es; furthermore, there exists x5 € e\ es.
Then (x4, e3, 2, €1, T3, e2) is a special cycle of Hy, contradicting the claim in Theorem 2 that Hy is totally
balanced. O

By Theorem 2 and Proposition 2, we have:

Corollary 2. Let H be a hypergraph with n vertices and (";1) hyperedges. Then H is totally balanced if

and only if H is binary.

Corollary 3. Let H be a hypergraph. If H is totally balanced then H is binarizable.
By Corollary 1 and Corollary 3, one can state the following;:

Theorem 3. A hypergraph is totally balanced if and only if it is binarizable.

From Theorem 2 one can derive an algorithm which constructs a binary extension H' = (V,E’) of
a given totally balanced hypergraph H = (V,E). This extension maximizes the number of hyperedges:
|E| < |E'| = @ where n = |V|.

In the following Sections 4 and 5, we will give another algorithm which constructs a binary extension H
of H. This binary extension has the minimum the number of hyperedges among all the binary extensions of
H (Theorem 8). Our construction gives an alternative proof of Corollary 3 and has the following properties
(see Sections 6 and 7):

e If H is a hierarchy, then H is a hierarchy (Theorem 10).

e If H is an interval hypergraph, then H is an interval hypergraph (Theorem 9).

4 An algorithm to construct binary hypergraphs

We propose in this section a (non deterministic) procedure which constructs binary hypergraphs (Theorem 5).
Section 5 will show that one can in fact construct any binary hypergraph and, more precisely, a binary
extension of any totally balanced hypergraph.

A mized graph is a triplet G = (V, E, E) such that G; = (V, E) is an undirected graph and Gy = (V, B)
is a directed graph. A mized tree is a mixed graph such that the undirected underlying graph obtained
by replacing all directed edges of the graph by undirected edges is a tree. We will denote xy € E (resp.

xy € E) if {x,y} (resp. (z,y)) is an undirected (resp. directed) edge of G = (V, E7ﬁ) For z € V,



we define A(z) :=={y € V:ay € E}, AT(z) ={y eV :ay € ﬁ}, A (z) = {y € V,yz € E} and
Az) = A(x) UAT () UA™ (z).

The procedure constructs a binary hypergraph by generating a sequence of mixed trees. Actually, the
algorithm starts with all singletons as hyperedges and, at each step, creates a new hyperedge. All hyperedges
that are considered at a step are associated with nodes of a mixed tree. This mixed tree gives information
on the inclusion relationship between these hyperedges (see Lemma 1) and indicates which hyperedge is to
be created. The algorithm is made of three parts:

e Algorithm 1 (BaAsic-TREE-CONSTRUCTION) returns a mixed tree T;41 and a map S;y; constructed
from a mixed tree T; and a map S;. The map S; (resp. S;+1) associates with each vertex of T; (resp.
T;+1) a hyperedge of the final resulting hypergraph.

e Algorithm 2 (TREE-SEQUENCE-CONSTRUCTION) puts Algorithm 1 into a loop to construct a sequence
of mixed trees. It begins with a given mixed tree Ty = (V, Ep,#) and Sp(x) = {z} for x € V.

e When Algorithm 2 ends, the sequence of mixed trees 7 = ((T,50), ..., (Tp, Sp)) is merged into the
hypergraph H = (Vo, E) with E' = (Jy<,<,{S:(v) : v € Vi}, which is binary.

Given a mixed tree T' = (V, E, E), a path of T is a sequence of vertices xq,...,x such that for all ¢ < k,
Zit1 € A(z), i.e x; and x;41 are neighbors in the undirected underlying graph. Similarly, a subgraph of a
mixed tree is connected if it is connected in the undirected underlying graph. By a little abuse of language,
we will say that a subset S of V' is connected if it induces a connected subgraph of T'.

Algorithm 1: BASIC-TREE-CONSTRUCTION

Input: A consistent mixed tree T'= (V, E, ﬁ) with a map S : V — 2% where X is a finite set
Output: A consistent mixed tree 7" = (V', E', E") with a map S’ : V/ s 2%
1 begin

2 | Choose zy € E such that A= (z) = A= (y) =0

3 V'~V U{vgy}

a4 | S'(vgy) < S(x)US(y); S"(u) + S(u) YueV

5 E' + E\ {zy}

%

6 E «+

7 for z € {z,y} do

8

)

Lot
E' « E"U{zvgy}
Choose A’(z) C A(z)
10 E' — EU{vgu:ue A(z)}\{zu:ueA(z)}
11 if A’(z) = A(z) then
12 Let Ta = (AT (z), Ea) be a tree on vertex set AT (z)
13 E' «— E'"UEA
14 V'« V'\{z}
15 Eeﬁ\{zu:ueA*(z)}

%
16 return 7" = (V/,E', E’"), S’

Algorithm 1 is not deterministic. Depending on the choices made at lines 2, 9 or 12, we get a different
mixed tree 7" thus, in fine, a different hypergraph. Figure 1 shows two different runs of Algorithm 1 for the
same initial mixed tree. In order to work, Algorithm 1 needs a consistent mixed tree as input. A mixed tree
is said to be consistent if:

e For every vertex z, AT (z) 0 = A(x) #0,



Algorithm 2: TREE-SEQUENCE-CONSTRUCTION
Input: A (consistent) mixed tree Ty = (Vp, Eq, 0).
Output: A sequence T = ((To, S0), (T1,51), .., (Tp, Sp)), where, Vi < p,T; is a consistent mixed
tree (V;, B;, E;) and S; is a map V; — 2%0.

1 begin
2 Vo € Vo, So(x) + {z}

3 | T < ((To, So))

4 (T7 S) — (T()7So)

5 while T has more than 1 vertex do

6 (T, S) + BASIC-TREE-CONSTRUCTION(T, S)
7 L Append (T,5) to T

8 return 7

e There does not exist x,y, z such that zy and yz are in ﬁ

We can now prove (Claim 2 which uses Claim 1) that given a consistent mixed tree as input, Algorithm 1 is
correct.

Claim 1. A consistent mized tree with more than one vertex contains an edge satisfying the condition of
Line 2 of Algorithm 1.

Proof. We will prove it by induction on the number of vertices |V|]. Since a consistent mixed tree with two
vertices contains one undirected vertex, the property is true for |V| = 2. Suppose that the property is true
for 2 < |V| < k and consider a consistent mixed tree T' = (V, E, E') with k 4 1 vertices. Since a consistent
mixed tree with two or more vertices contains at least one undirected edge, let xy € E. If this undirected
edge does not satisfy the condition of Line 2 of Algorithm 1, one can consider without loss of generality that
there exists 'z € ﬁ Deleting this edge leads to 2 consistent mixed trees, one containing x’ and the other
containing z. Since x’ cannot be a leaf of the undirected underlying tree of T, the consistent mixed tree
containing &’ has 2 or more vertices and thus satisfy the induction hypothesis: there exists an edge satisfying
the condition of Line 2 of Algorithm 1 in this mixed tree. This edge clearly also satisfies the condition for
T. O

Claim 2. Algorithm 1 is correct: with a consistent mized tree (having more than one vertex) as entry, it
returns a consistent mized tree.

Proof. Claim 1 shows that one can always find an edge xy satisfying conditions of Line 2. It suffices now
to show that T” is also a consistent mixed tree. The underlying graph of T" is clearly a tree. Moreover, the
only oriented edge creation is at Line 8. In this case A(z) \ A'(2) # 0 thus A(z) # 0 for T". O

Since Algorithm 1 is correct, one can now prove that Algorithm 2 stops (Theorem 4) and that the final
sequence 7 is such that H = (Vo,Up<;<,{5i(v) : v € V;}) is a binary hypergraph (Theorem 5). These
proofs will need some lemmas. Lemma 1 which is the keystone of these proofs and some technical lemmas:
Lemmas 2, 3 and 4. Figure 2 shows a run of Algorithm 2 and Figure 3 the resulting binary hypergraph.

Lemma 1. Let T = ((To, S0),- .., (Tp, Sp), .. .), with T; = (V;, B, ﬁl) for all i, be a sequence of mized trees
and maps obtained by Algorithm 2 (TREE-SEQUENCE-CONSTRUCTION). For all i:

(1) Yoo € Vo, X :={veV,:a € S;(v)} is a connected part of T;;
(ii) w € B, = S;(u) C Si(v);
(iii) wv € E; = S;(u) || S;(v).
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Figure 1: Two runs of Algorithm 1 on the same graph, with the same edge zy chosen. In both cases, as x
is the only neighbor of y, y will be suppressed at Line 14 of the for loop.

In the first run (A — B), at Line 9, we choose A’(x) = {v2} and so, at Line 10, vy becomes a neighbor of
Ugy (B). In the second run (A — B — (), at Line 9, we choose A’(z) = A(z). So, at Line 12, we create a
tree Ta on {ug,us,us, vxy} whose edges are drawn with a double line in (C”), and vertex z is suppressed at
Line 14.

3 1 2 3 1 2 3 12 3 12
4 5 6 45 5 6 45 5 6 45 56
To Tl T2 TS
345 12 345 12 345 12345 12345
* —0 [ ]
[ ]
123456
45 56 456 456 3456
Ty Ts Ts T Ts

Figure 2: A sequence of mixed trees obtained by Algorithm 2



T = 123456

Figure 3: The binary hypergraph obtained by the sequence of mixed trees of Figure 2 represented as a
lattice.

Proof. The proof will be by induction. Properties (i), (ii) and (iii) are trivially true for Ty. Suppose Properties
(i), (ii) and (iii) are verified for T;. Let V1 \V; = {vy} be the vertex created in T, by contracting zy € E;.
We have Sj;1(vgy) = Si(x) U S;(y).

3
the construction of T; 1. So X7, is a connected part of T .

(i) Let a € Vo. If o ¢ Si(x) and a ¢ Si(y), then X7 ; = X and the edges inside X* are not changed by

If o € Si(z) or @ € S;(y), then a € S;1(vgy). Since the only edge changes from T; to T;4q are edges
xu or yu which become vy u, X7 | is connected.

(ii) The only oriented edges that can be created when constructing T; 1 from T; are 2vy, and yvg,, thus
Property (ii) is true for (T;41, Sit1).

(iii) The only non-oriented edges that can be created when constructing 741 from T; are:

o uvy, with zu € E; (symmetrically, yu € E;) at Line 10. In this case, o € S;(u) \ S;(z); by
Property (i), o ¢ S;(y) and thus S;(u) ¢ Si+1(vsy). Since zy € E;, 38 € Si(y) \ Si(z); by
Property (i), 5 ¢ S;(u) and thus S;y1(vgy) ¢ Si(u).

e Edges of E4 (Lines 12 and 13). By Property (ii), for each element u of AT (z), S;(u) contains an
element «, not in S;(z). So does S;;1(vyy). By Property (i), for all uw € Vi, ay, ¢ S;(u’) for all
u' € Va,u' # u. So, for each edge uu' € Ea, S;(u) || S;(u').

So the three properties are verified for T; . O

For i > 0, let u be a vertex of T; and v be a vertex of T; 1. We say that v is a child of u if either v = u or
U = vy, (see Line 3 of Algorithm 1). A descendant of a vertex u is either u or a child of a descendant of .

Claim 3. Let T = ((Tv,S0), ..., (Tp, Sp),...), with T; = (Vi,Ei,ﬁ) for all i, be a sequence of mized trees
and maps obtained by Algorithm 2. If a vertex v of T; is a descendant of a vertex u of T; (j < i), then
Sj(u) € Si(v) if u #v.

Proof. If v is a descendant of u there exists a chain ug,...,u, with w9 = v and u, = v such that ux,; is
a vertex of T;yr4+1 and is the child of wy (which is a vertex of Ty ;) for all 0 < k < p. If up # ug+1, by
Lemma 1-ii, Sk11(uk) C Sky1(uk41) and thus Sjg(uk) C Sjprs1(urs1) for all 0 < k < p. O

Lemma 2. Let T = ((To,S0),---,(Tp,Sp),...) be a sequence of mized trees and maps obtained by Algo-
rithm 2. For i >0, let Vig1 \'V; = {vgy} with a € S;(x)\ Si(y) and § € S;(y) \ Si(x). For j > i, a vertex u
of Vj is such that Sj(u) contains both o and f if and only if u is a descendant of vgy.

Proof. The “if” part follows directly from Claim 3.
By Lemma 1-i and by construction, vy, is the only vertex u of V1 such that o, 5 € S;y1(u). Let j >4
be the smallest integer such that there exists u € V; which is not a descendant of v,, and a, 3 € S;(u).



The vertex u does not exist in Tj_1, so u = v, with a € Sj_1(z) \ S;—1(t) and § € S;_1(t) \ S;—1(2). Let
w € Vj_1 be a descendant of v,,. By Lemma 1-i, there exist in T;_; a path from 2z to w which does not
contain ¢ and a path from ¢ to w which does not contain z. As zt is an edge of T;_; and T};_; is a tree, this
is a contradiction. O

Lemma 3. Let T = ((To,S0),...,(Tp,Sp),...) be a sequence of mized trees and maps obtained by Algo-
rithm 2. For 0 < i < j with Vig1 \ Vi = {vay} and V41 \ Vj = {v.1}, we have S;y1(vgy) # Sj1(vae).

Proof. We suppose that the property is false and take j > ¢ with S;41(vey) = Sj+1(vse). Let w be a
descendant of vy in Tj41. Since neither z nor ¢ can be a descendant of vy, (because S;(v.) C Sj41(vz:) and
Sj(ve) € Sjq1(vat)), w # vz and w is not a descendant of v,;. For a € S;(2) \ S;(t) and g € S;(t) \ S;j(2),
we have a, f € Sj11(w) D Sit1(vay) = Sj+1(vse), a contradiction with Lemma 2. O

Theorem 4. Algorithm 2 (TREE-SEQUENCE-CONSTRUCTION) stops. Let T be the final sequence. The last
tree of T is T, = ({u}, 0, 0) with S,(u) = V.

Proof. From Claim 2, if T, has more than one vertex, Line 6 of Algorithm 2 will always produce a new
consistent mixed tree. But Lemma 3 argues that each new set produced is a different set from 2", so
Algorithm 2 stops. By Claim 1, at last step, T}, has only one vertex, i.e. T, = ({u},0,0). O

Note that Algorithm 2 stops, even if we suppress Line 4 from Algorithm 1, i.e. without the maps .S;.

Lemma 4. Let T = ((To,5), .., (Tp, Sp)) be a sequence of mized trees and maps obtained by Algorithm 2.
For0<i<p, let (zg,21,...,2k) be a path of T;. We have:

SZ(IEQ) N Sz(Ik) C Sz(io) N Si(Ik_l) c...C S»L(IO) N Sl(l‘l)
Proof. Follows immediately from Lemma 1-i. O
One can now prove the main result of this part, Theorem 5:

Theorem 5. Let T = ((To,S0), - - -, (Tp, Sp)) be a sequence of mized trees and maps obtained by Algorithm 2.
The hypergraph H = (Vo, E) with E = Jy<;<,{5:(v) : v € V;} is binary.

Proof. We first show that H is closed under intersection, and more precisely, we show by induction on ¢ that,
V0 < i < p, Up<j<i{Sj(v) 1 v € Vj} is closed.

This is obviously true for ¢ = 0. Suppose now that the property is true for some i > 0, and let
Vi1 \ Vi = {vgy }. For j <, let z be a vertex of V;. By induction hypothesis, S;(z) N S;(z) and S;(2)NS;(y)
are elements of (Jy;<;{S;(v) : v € Vj}. Let 2’ be a descendant of z in V;. By Lemma 4, we can suppose
that S;(2") N S;(x) C Si(2')NS;(y). As Sj(z) C Si(#'), Sj(2)NSi(x) C S;(2)NS;i(y). So S;j(2) N Sit1(vyy) =
Si(2) N Si(y) € Up<j<i{Si(v) s v € Vi} CUp<jciyr {55(v) 1 v € Vi)

We now show that H is binary. Let e be a hyperedge which is not a singleton, there exist i € {0,...,p—1},
x,y € V; such that Vii1 \'V; = {vyy} and e = S;41(vsy). We will show that the only predecessors of e are
Si(z) and S;(y). Let €’ C e be a hyperedge, there exist j € {0,...,p} and z € V; such that e’ = 5;(2).

If j <i,let t € V; be a descendant of z. By Lemma 4, we can suppose with no loss of generality that
Sz(y) ﬂSi(t) C Sz(x)ﬂSz(t) So we have Sz(y) ﬂSj(Z) C Sz(l‘) ﬂSj(Z). As SJ(Z) - Si—i—l(”;cy) = SZ(JZ)USl(y),
we have S;(z) C S;(z).

Suppose now that j > i. If neither S;(z) C S;(x) nor S;(z) C Si(y), there exist a, 5 € S5;(z) such
that o € S;(x) \ Si(y) and 8 € S;(y) \ Si(z). By Lemma 2, z is a descendant of vy, and thus e C €/, a
contradiction. O

Corollary 4. Let T = ((To, So), - - -, (T, Sp)) be a sequence of mized trees and maps obtained by Algorithm 2.
Every hypergraph H = (Vo, E) with E C Jy<;<,{5i(v) : v € V;} is totally balanced.

The following Proposition shows the complexity of Algorithm 2.



Proposition 3. Algorithm 2 runs in O(n3), where n = |Vp|.

Proof. Let X be a set and 7 (X) the set of all the consistent mixed trees admitting a map S : X —— 2%
satisfying the conditions of Lemma 1. We prove by induction on |X| that the number of vertices of those
trees cannot exceed 2 - |X|. For |X| = 1 the property is trivially true. Suppose it true for |X| < n and
consider a set X with |X|=n+1. Let T(V,E, E) € T(X).

Let = be a leaf of T. Two cases may occur : either zy € F or yx € E. The set S(z)\S(y) is then not
empty and for all z € V\{z}, we have S(z) N S(2)\S(y) = 0. The set X’ = {J, i (,) 5(2) is then strictly
included in X, thus | X’'| < n.

We denote by T” the restriction from T to V\{z} if it is a consistent mixed tree. If the restriction from
T to V\{z} is not a consistent mixed tree, then y is a leaf with yz € E (2 # z) and we denote by T”
the restriction of T' to V\{z,y}, which is consistent (there cannot exist z’ such that zz' € E) In both
cases, T" is a consistent mixed tree associated with a map S : X’ — 2% Since |X’| < | X|, we have that
V <2+42-|X’| <2-|X| which concludes the proof by induction.

Moreover, Algorithm 2 adds a new hyperedge of the hypergraph at each step so there are at most O(n?)
calls of Algorithm 1 (a totally balanced hypergraph has at most (”;1) hyperedges). As Algorithm 1 is linear
in the size of the input which is always O(n), Algorithm 2 runs in O(n?). O

Note that Algorithm 2 is really efficient since it is linear in the size of the resulting hypergraph. The
next section will adapt this algorithm in order to produce a binary extension from a given totally balanced
hypergraph.

5 An algorithm to construct a binary extension of a totally bal-
anced hypergraph

In this section, we will show that, given a totally balanced hypergraph H, it is possible to obtain a binary
extension of H as the result of slightly modified versions of Algorithms 1 and 2, namely Algorithm 3 and
Algorithm 4. The differences lie in the fact that the random choices of Algorithm 1 (lines 2, 9 and 12) are
in Algorithm 3 directed by the given closed totally balanced hypergraph H (lines 4, 11 and 15). Moreover,
edges are taken such that the vertices are in a homogeneous subset of T

ItT=(V,E, ﬁ) is a consistent mixed tree, a subset A of V is said to be a homogeneous subset of T if
it is connected and for all z € A, A~ (x) = ) and A(z) C A. Note that if |V| > 2, then |A| > 2 (because a
consistent mixed tree is connected and for any vertex x, if AT (x) # () then A(x) # (). Thus the method for
choosing the edge in Algorithm 3 is a particular case of the method of Algorithm 1.

Figure 4 shows a run of Algorithm 4. The resulting binary hypergraph is the one of Figure 3. In order
to show that Algorithm 4 stops, we have to prove that Algorithm 3 is correct, i.e. that:

1. One can always find a homogeneous subset of 7' (Claim 4).
2. One can always find a support tree of H|4 at Line 15. It is clear by Theorem 1.

3. For all @ € A, there exists a unique u € AT (z) such that @ € S(u) at Line 16. This is true because
by Lemma 1-i, (which holds since Algorithms 3 and 4 are only variants of Algorithms 1 and 2),
X*:={veV:aeS)}is aconnected part of T. As o ¢ S(z), there is only one neighbor u of z
such that o € S(u).

Claim 4. Ewvery consistent mized tree T = (V, E, ﬁ) with |V| > 2 admits a homogeneous subset.

Proof. The proof will be by induction on |V|. If |V| = 2, T is made of one non-oriented edge and V is
homogeneous. Suppose now that, for k& > 2, the property is true for k' < k, and let T = (V, E,ﬁ) be a

mixed tree with k vertices. If E = (), V is homogeneous. So we can suppose that for some x € V', A™(x) # 0.
As T is consistent, A~ (z) = () and A(z) # 0. Let then T” be the subgraph of T obtained by removing A*(z)
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Algorithm 3: BAsic-TREE-CONSTRUCTION-H

®

21

Input: A consistent mixed tree T = (V| E, E) with a map S : V — 2% where X is a finite set and

a closed totally balanced hypergraph H = (X, E).

Output: A consistent tree 7 = (V/, E’, E') with a map S’ : V/ — 2%
begin

A + a homogeneous subset of T’
E+{azyecE:zycA}

Choose zy € E such that supy(S(x), S(y)) is minimum for inclusion order
V' =V U{vgy}

5" (Vgy) <= S(xz)US(y) ; 5" (u) + S(u) YVu eV

E' + E\ {zy}

%

B+

for z € {z,y} do

= =

E'  E'U{zvzy}

Al(z) ~{t: 2zt € E, S (vgy) Csupg(S(z),S(t))}
E' +— E' U{vgyu:ue A'(2)} \{zu:ue A(2)}
if A’(z) = A(z) then

A Uear(» S\ 5(2)

T4 = (A, V4) < a support tree of H|a

s(a) < the (unique) element u of A*(z) such that a € S(u), Voo € A
Ex ={s(a)s(B): aB € Va}

E' + E'UEA

V'« V'\{z}

- =

E' « F'\{zu:ueAt(2)}

%
return 7" = (V/,E' E"), S’

Algorithm 4: TREE-SEQUENCE-CONSTRUCTION-H

Input: A totally balanced hypergraph H = (Vp, E) and one of its support tree 7' = (Vp, Ey)
Output: A sequence 7 = ((To,50), (T1,51), - -, (Tp, Sp)), where, Vi < p,T; is a consistent mixed

tree (V;, E;, E;) and S; is a map V; — 2%0.

begin

E_O> «— 0

V€ Vo, So(z) « {z}

T + ((To, S0))

(T, S) — (To, SO)

while T has more than 1 vertexr do
(T, S) + Basic-TREE-CONSTRUCTION-H(T', S, H)
Append (T,5) to T

return 7

and T" the connected component of T containing x. T" is a consistent mixed tree with strictly less than k
vertices. In addition, 7" has at least 2 vertices (it contains x and A(z) which is not empty). So T” admits
a homogeneous subset A, which is also a homogeneous subset for 7.

11
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We now prove that Algorithm 4 constructs a binary extension H of the totally balanced hypergraph H.
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Figure 4: A totally balanced hypergraph, subhypergraph of the binary one of Figure 3, and a sequence of
mixed trees which constructs this hypergraph.

This result is Theorem 6, which uses Lemma 5; it is the converse of Corollary 1.

Lemma 5. Let H = (V, E) be a closed totally balanced hypergraph and T = ((Ty, So), ..., (Ip,Sp)), with
Vi € {0,...,p}, T; = (Vi,Ei,E) and S; : Vi — 2V, be a sequence of mized trees and maps obtained by
Algorithm 4. ThenVe € E,0<1i<,p, ¥¢:={v € V;:S;(v) Ce} induces a subtree of T; and Uve\pg S;(v) is
either empty or equal to e.

Proof. We prove the property by induction on ¢. Since (Vp, Ep) is a support tree of H, by Theorem 1 the
property is true for : = 0. We suppose now that, for some ¢, the property is true for all 7/ < i, and we set
Upy := Vig1 \ Vi. Let e € E, ¥¢ induces a subtree of T; and UUE\PG i(v) =e.

Several cases can occur:

Si(x) £ e and Si(y) £ e

In this case, ¥§, ; = V¢ and induces the same (connected) subgraph in Tjy; than in Tj. The two induction
properties are thus satlsﬁed

Si(x) C e and S;(y) Ce

In this case, vy € V7, . If z € Vi41 (symmetrically y € V;11), neighbors of 2 which are in ¥§ are, in
Tit+1, neighbors of & or vy, which are both in W§ ;. If x ¢ Vi1 (symmetrically y ¢ Vii1), vay is neighbor
of all vertices in A(z), and so of all such vertices in ¥¢, ;. In addition, for all vertices u in A*(z), since
Si(xz) C S;(u), Line 15 of Algorithm 3 and the induction properties ensure that v,, and the neighbors of
x in ¥§ induce a connected subgraph of T; 1, thus ¥¢, ;| is a connected subgraph of T; 1. Moreover, since
x,y € U¢, we have that Uveq,g+1 Si(v) = UUE‘I,;; Si (V) U Sip1(Vay) = €U Sip1(vay) = €.

Si(z) Ceand S;(y) ¢ e (symmetrically, S;(x) ¢ e and S;(y) C e).

In this case, vy, ¢ W5, and U§ is a subtree of T; containing = and not y. In addition, for t € A(x),
if S;(t) C e, supp(S;(x),S;(t)) C e and thus t ¢ A’(x). So, if x € Viyq, f+1 = U¢ and induces the
same (connected) subgraph in Tjiq that in T;. If 2 ¢ Viyq (ie. Vt € A(x),Si(t) € e) and A (z) # 0,
Lines 15-18 ensure that W¢ , is connected; in addition, ¥§, , = WS\ {z}. As S;j(x) C S;(t) for t € At (x),

Uteqf§+1 Sit1(t) = Usepe Si(t) =e. If x ¢ Viyy and Af(z) =0, U%,, is empty. O
The notation ¥§ of Lemma 5 will be often used in the rest of the paper.

Theorem 6. 7 = ((Ty, S0);-- -, (Tp,Sp)) be a sequence of mz:z:ed trees and maps obtained by Algorithm 4 for
a totally balanced hypergraph H. The hypergraph H= Vo, ) with E = U0<Z<p{S (v) : v € V;} is a binary
extension of H.

Proof. As Algorithm 4 is just an adaptation of Algorithm 2, by Theorem 5, the hypergraph His binary. Let
e€ E,ife =1V, then V, = {e} and e € E; otherwise, ¥5, = () and W5 # (. By the proof of Lemma 5, the
smallest ¢ with U¢ = () is such that V; \ V;_1 = vay, Si(z) C e, Si(y) ¢ e, x ¢ V; and A*(z) = 0. In this
case, U¢ |, =z and so e = S;(z) € E. O
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6 Minimal binary extensions

For every hypergraph H = (V, E) with closure H = (V, E), we define P(H) as the quantity:

PH):= Y ({veE:v=e}f-2)

e€E,|e[>1

This Section will show that P(H) is small for totally balanced hypergraphs and minimal for the binary
ones. Claim 5 gives a lower and an upper bound of this number and Lemma 6 gives an upper bound for
totally balanced hypergraphs. These results are resumed in Theorem 7. The main purpose of P(H) is
nevertheless to show that Algorithm 4 constructs a binary extension with the minimum number of added
clusters.

Claim 5. Let H = (V, E) be a hypergraph with |V| =n. We have 0 < P(H) < (n—4)-2""1 +n+2. The
lower bound is obtained for binary hypergraphs and the upper bound for hypercubes (V,2V\{0}).

Proof. Since each non singleton hyperedge has at least two predecessors, it is clear that P(H) is positive
and is equal to 0 for binary hypergraphs.

Suppose now that H is not a hypercube. Let a € 2V be a smallest non empty element not in E and
let H' := (V,E U {a}). There exists only one element a’ € E such that a < a’ (a’ is the intersection of all
hyperedges = of H such that a C x). Let b be a predecessor of a (in H'). In H, b is a predecessor of a’; and
if b is a predecessor of another hyperedge c, then b is also a predecessor of ¢ in H'.

The hypergraph H' = (V, EU{a}) is closed (for every hyperedge z, if zNa # a, then xNa is smaller than
a), so P(H') = P(H) + 1 and we can add iteratively all the missing hyperedges. Thus hypercubes realize
the upper bound.

To conclude, note that for a hypercube H with n vertices, P(H) = >, (k—2)- (})- Since D o<k<n b

(}) =n-2""' we have P(H) = (n—4)-2""' +n+2. O

Lemma 6. If H = (V, E) is a totally balanced hypergraph, then P(H) < |V | — 2.

Proof. With no loss of generality, we can suppose that H is a closed totally balanced hypergraph. Closed
totally balanced hypergraphs are in bijection with so-called dismantlable lattices [4]. A lattice L = (F, <) is
dismantlable [12] if there exists a sequence (E;,0 < i < n) with Fy =0, F,, = F and F;_; = E; \ e; where ¢;
is a doubly irreducible element of the lattice L; = (E;, <). An element is doubly irreducible in a finite lattice
if it has exactly one predecessor and one successor. Moreover, if e is a doubly irreducible element of a lattice
L = (E,<), then L' = (E'\ {e}, <) remains a lattice.

So, if H = (V, E), with |E| =m, is a closed totally balanced hypergraph, (F U {0}, C) is a dismantlable

lattice, then there exists an order e1,...,e,_1 on the elements of E\{V} such that, for any 1 < i < m, the
set S; = {V,0}U{ey,...,e;} is closed and e; admits only one predecessor p; and only one successor s; in S;.
Let P; =), cq {v € Si:v < e}, it is then clear that:

o |Sita| =[Sl +1
o Py =P +1ifpiy1 <s; sit1
® Piy1 =P +2if pit1 As, siy1 (we nevertheless have p;y1 C siy1)

We can now prove by induction that 2 - |S;| > P; + 4. Since 2-|S;| = 6 and P; = 2 the property is true for
i = 1. Suppose it true for ¢ > 1. We have 2-|S;1| =2-|5;|+2> P, +4+2 > P,;; + 4, which concludes
the proof by induction. So, we have 2 - |S,,—_1| > Pp,—1 + 4.

Since |E| = |Sy,—1]—1 (we remove the empty set) and P,,—1 = P(H)+2-(|E|—|V|)+|V| (the predecessors
of the singletons are the emptyset), we have 2- (|E|+1) > P(H)+2-(|E|—|V])+|V|+4, hence the result. O

Note that this upper bound for totally balanced hypergraphs is reached for H = (V,FE) with E =
{VIu{{z}:z € V}. All these properties on P(H) are summarized in the following;:
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Theorem 7. Let H = (V, E) be a hypergraph with |V| = n, we have 0 < P(H) < (n—4)-2""!1 +n+2 and:
P(H
P(H
P(H
P(H

Theorem 7 shows that the P(H) is very low for totally balanced hypergraphs, it is bound by the number
<|V\+1)
2

=0 if and only if H is a binary hypergraph,

) =
)= (n—4)-2""1 +n+2 if and only if E = 2V\{0}.
) <n—2if H is a totally balanced hypergraph,
y=n—-2if E={V}U{{z}: 2 €V}

of vertices even though the number of hyperedges can be We will now show that Algorithm 4 only
adds a minimal number of clusters. To do this, we will prove that Algorithm 4 iteratively constructs closed
totally balanced hypergraphs H; (Lemma 7) and that P(H;) decreases one by one (Lemma 10).

Lemma 7. Let H = (V,E) be a closed totally balanced hypergraph and T = ((To,So), - (Tp,S )) with
T, = (V;, E;, E) be a sequence of mized trees and maps built by Algorithm 4. For 0 <i <p, let H (v, /E\Z)

be the hypergraph defined by E;,=EU (Uo<j<ilSi(v) : v € V;}). Then for every 0 < i < p, H; is a closed
totally balanced hypergraph.

Proof. Let H be the binary extension of H built from 7. Since E is a subhypergraph of H , by Theorem 1,
H is totally balanced.

We now show by induction on ¢ that H is closed. Slnce H is closed and Ho = H the property is true for
i = 0. Suppose it true for ¢ and set vy := Viy1 \ Vi, i.e. El+1 \EZ = {e}, with e = {S;(x) U S;(y)}. Let ¢
be a hyperedge of I?H_\l

If there exist a € S;(z) \ Si(y) and 8 € S;(y) \ Si(x) with o, 8 € ¢’ then, by Lemma 2, e C ¢’ (it is
possible that e’ # e if ¢/ € E). So, we can suppose with no loss of generality that ¢’ NS;(y) \ Si(xz) = 0. In
this case, e’ Ne =¢e' N S;(z) EECE;. O

The sequence (fI\O, e J/{\p) of hypergraphs defined in Lemma 7 will be used several times in the following.
In order to prove Lemma 10, we need to measure the impact of the creation of each cluster in Algorithm 4.
This is done by Lemma 8 (which needs Claim 6), and Lemma 9.

Claim 6. Let T = ((To, So), - - -, (Tp, Sp)) with T, = (V;, E;, E) be a sequence of consistent mized trees and

maps built by Algorithm 4 from a closed totally balanced hypergraph H = (V, E). If zy € ﬁ and xz € E; for
some 0 < i < p, then there exists a hyperedge e € E such that y € ¥§ and z,x € V5.

Proof. Tt V; \ Vi1 = {y}, i.e. if the arc zy is created at Step ¢, then, by Line 11 and 12 of Algorithm 3,
Si(y) & supg(Si(x), Si(2)); so e = supg(S;(z), S;(z)) is a hyperedge of H such that y ¢ ¥§ and z,z € U§.

Suppose now that y € V;_1, i.e. that the arc xy is created at Step j < i. If z € V;_1, j < i—1 and
Step 4 is identical to Step ¢ — 1. If z = V; \ V;_1, 2 = v,,,, and, in T;_1, = is a neighbor of z;. Neither
z1 € A~ (x) (since, in Tj—1, A7 (z) # 0) nor z; € AT (z) (otherwise, the edge 2122 would not have been
chosen at Step ¢ — 1); so, in T;_1 © € A(z1) and, in T}, x € A(z). By Line 11 and 12 of Algorithm 3,
Si(2) C supg(Si—1(21), Si—1(z)), and thus supg(Si(2), Si(z)) C supg(Si-1(21), Si—1(x)).

So, there exists z* € V; such that z* € A(z) for T; and supg(S;(z), Si(x)) C supg(S;(z*), S;(x)). As
S;i(y) ¢ supg(S;(2*),S;(x)) (at Step j, we are in the first case of the proof), e = supz(Si(x), S:(2)) is a
hyperedge of H such that y ¢ U¢ and 2,z € ¥§. O

Lemma 8. Let T = ((To, S0), - - -, (T, Sp)) be a sequence of mized trees and maps obtained by Algorithm 4
for a closed totally balanced hypergraph H = (V, E). For 0 <1i < p, let A be the homogenous subset of T and
xy be the edge chosen at Step i. If we denote supg(S(x),S(y)) by e, then 2 < |U¢| and U§¢ C A.

Proof. Since z,y € W¢, it is clear that 2 < |¥¢|. Suppose that ¥¢ ¢ A. Then there exist u € ¥$ N A,
v e AT(u)NTS (v ¢ A) and w € ¥E N AN A(u). By Claim 6 there exists a hyperedge €’ such that
w,w € ¥¢ and v ¢ W, The hyperedge ¢’ = e N ¢’ is such that u,w € W¢'; thus [¥¢" N A| > 2, and
supg(S(u), S(w)) C e” C e, which is in contradiction with the minimality of e. O
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Lemma 9. Let H = (V,E) be a closed totally balanced hypergraph , T = ((To,S0),-..,(Tp,Sp)) with
T, = (V;, E;, E) be a sequence of mized trees and maps built by Algorithm 4 and xy € E; be the edge chosen
at Step i at Line 4 of Algorithm 3. If we denote supg(Si(x), Si(y)) by e, then {S;(u) : u € U} is the set of
all predecessors of e in E’\Z (with fI\Z = (V, /E\Z) as defined in Lemma 7).

Proof. Let ¢ be a predecessor of e in H;. We first show that ¢/ = S;i(u) for a vertex u € V; (and thus for
u € ¥E). Suppose that e’ = Sj(u) for a vertex u € V; \ V;, with j < i. We can suppose, with no loss of
generality, that u ¢ Vjy1; 80 Vi1 \ Vj = {vuw }. The set ¥¢ contains u and one of its neighbors (S;(u) C e
and it is connected by Lemma 5). If u' € WS, then Sji1(vuw) S e; and if there exists u” € A% (u) N WS,
then S;(v”) € e. In both cases, Sj(u) is not a predecessor of e. Otherwise, there exists u” € A(u) N TS,
Since u ¢ V11, by Line 11 of Algorithm 3, S;11(vyw) C supg(S;(w), S;(w”)). As S;(w) € Sjt1(vyw ) and
supp(S;j(u), Sj(u”) C e, Sj(u) is not a predecessor of e. A contradiction: there exists u € V; such that
e/ = S;(u).
Suppose now that €’ € E'\ (Uy<;<;15;(v) : v € V;}). We have ¢ C W¢ C A; so at Line 4 of Algorithm 3,
we would have chosen zy such that supg(S(z), S(y)) = ¢’ instead of e. Thus for any predecessor €’ of e in
I/—I\i, there exists u € V; such thate’ = S;(u): ¥¢ is exactly the set of all the predecessors of e in fI\Z

We now show by contradiction that for all u,v € ¥§, S;(u) ¢ S;(v), and so, for all u € ¥§, S;(u) is a
predecessor of e. Let u = ugus ... ux = v be the path between u and v in T;. By Lemma 4, S;(u) N S;(v) C
Si(u1) NS;(v) C Si(uy). If Si(u) C Si(v), Si(uw) N Si(v) = S;(u); so, as S;(u) # S;(u1), Si(u) € Si(u1) and
thus, by Lemma 1, uu; € E;. The path u is included in ¥§ which is, by Lemma 8, included in a homogeneous
set, a contradiction. O

—_— —

Lemma 10. With the notations of Lemma 7, fori € {0,...,p—1}, szi:l + H;, then P(Hi+1) =P(H;)—1.

Proof. If IZJ: is different from H; then E/}I \ E; = {Si(z) U Si(y)}, where zy € E; is the edge taken
at Step i by Algorithm 3. This new hyperedge has two predecessors (S;(z) and S;(y)). The hyperedge
supy(S;(x), Si(y)) has one predecessor less in fm than in H;. The number of predecessors of the other
hyperedges is unchanged. O

The following theorem shows that the binary extension built by algorithm 4 always adds the minimum
number of clusters.

Theorem 8. Let H = (V, E) be a totally balanced hypergraph and H= (v, E) be one of its binary extension
built by Algorithm 4. If H = (V' E’) is another binary extension of H, then |E’'| > |E|. In particular, if H
is binary, then H = H.

Proof. First note that any binary extension of H contains E; thus one can consider with no loss of generality
that H = (V, E) is a closed totally balanced hypergraph. Let e be a hyperedge of E with k > 2 predecessors
p1,-..,pk in E and let G = (Vg, Eg) be the directed graph defined by Vi is the set of hyperedges of E’ such
that uw € Vg if p; Cu C e for some 1 <14 <k, and zy € Eg if y <y, «.

This graph admits a directed minimal spanning tree rooted in e with pi,...,p; as leaves. Moreover,
each inner vertex z of this directed tree is such that A+ (x) < 2. Since a binary tree with k leaves has at
least k& — 1 inner vertices, Vi admits more than k — 2 vertices different from e or p; (1 <4 < k). Since
these vertices are in E'\E, we conclude that any binary extension H’ of H has more edges than P(H) new
hyperedges. By Lemma 10, the binary extension H built by Algorithm 4 has exactly P(H) new hyperedges,
so |E'| > |E|. O

Finally, in order to find a binary extension of some totally balanced hypergraph H = (V, E), the closure
is the most costly operation since it can add O(|V|?) clusters. The binarization itself only adds at most
[V| =2 = O(|V]) clusters for a closed totally balanced hypergraph. But since in classification we usually
work with closed models (hierarchy or interval clusters are usually closed for instance) the binarization is a
very light operation.
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7 Stability properties of Algorithm 4

This section shows that Algorithm 4 is stable for two popular clustering models, interval hypergraphs and
hierarchies, both subsets of totally balanced hypergraphs.

A hypergraph H = (V, E) is hierarchical or a hierarchy if Ve, e’ € E,eNne’ € {e,e’,0} and H is an interval
hypergraph if there exist a linear order ¢ on V such that, when V is sorted along o, every hyperedge is an
interval of V. The permutation o is said to be compatible. Clearly a hierarchy is an interval hypergraph.
Moreover, an interval hypergraph is totally balanced: if, when sorted along a compatible order o, V =
(v1,v2,...,0y,), then the (non oriented) path vy — vo — ... — v, is a support tree that we denote by P?.

Theorem 9. Let H be an interval hypergraph admitting a permutation o as compatible order and let H be
a binary extension of H built by Algorithm 4, starting with P° as Ty. Then H is an interval hypergraph and
admits o as a compatible order.

Proof. Since every connected subset of Vj is an interval for o, the proof derives immediately from Lemma 5
because for all e € E5, Vg is a connected subtree of Ty thus an interval. O

Note that if we start Algorithm 4 with a support tree which is not a path, then the binary extension may
not be an interval hypergraph (see Figure 5).

5 5

*——o—0

12 235 34
*——0—» T4

1 2 3 4 1 2 23 34
To Ts o~ o
12 2345
5 5 Ts
*—o—» I -—0—0 [
1 2 3 4 5 1 2 23 3 4 12 23 34 12345 1 2 3 4 5
T T3 Ts
(4) (B) (©)

Figure 5: (A): An interval hypergraph ({1,2}, {2,3} and {3, 4}, are intervals of (1,2, 3,4,5)). (B): a run of
Algorithm 4 which does not start with a path. (C): the resulting binary extension, which is not an interval
hypergraph (there is no linear order of {1, 2, 3,4, 5} admitting {1, 2}, {2, 3}, {3,4} and {2, 3,5} as intervals).

Lemma 11. Let T = ((To,50), - .. (T, Sp)) with T; = (V;, E;, ﬁz) be the sequence of consistent mized trees
and maps built by Algorithm 2 (or Algorithm 4) and H = (V, E) be the resulting hypergraph. H is a hierarchy

if and only if E; =0 for all 0 <i < k.

Proof. We first prove that if there exists 0 < ¢ < p such that a # (), then H is not a hierarchy. Let zy be
an arc created at Step 7. In T;, A(z) # 0. Let zz be the first edge with = as an extremity to be selected at
Line 2 of Algorithm 1 or Line 4 Algorithm 3. By Lemma 1, S;(x) C S;(y) and there exist a € S;(y) \ Si(z)
and 8 € S;(z) \ Si(z); in addition, « ¢ S;(z) and S ¢ S;(y). Both S;(x) U S;(z) and S;(y) are in E but
e = (Si(z) U S;(2)) N S;y) is neither @ (S;(z) C e) nor S;(x) U S;(2) (B8 ¢ e) nor S;(y) (« ¢ e).

Conversely, suppose F; = () for all 0 < ¢ < p. A trivial induction on i shows that P; = {S;(z) : x € V;} is
a partition of V, and that Py = P, U {S;(x) U S;(y) }\{Si(z), S;(y)} for an edge zy of V;. It is then clear
that (Jy<,<, 5 = £ is a hierarchy. O

Theorem 10. Let H = (V, E) be a hierarchical hypergraph and let H be a binary extension of H built by
Algorithm 4. Then H is hierarchical.
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Proof. Let T = ((Tv, S0), ... (Tp, Sp)) with T; = (V;, E;, ﬁl) be the sequence of consistent mixed trees and
maps built by Algorithm 4 and H = (V,E be the resulting hypergraph. We will show by induction on ¢
that ﬁl =0 foallie{0,...,p}. Clearly, Ey = 0.

Suppose that E; = 0 for all 0 < 4 < 4. For i = ig + 1, let xy € E;, be the chosen edge and let
xz € E;, be another undirected edge. Since H is a hierarchy, supg(S;, (), Si, (y)) Nsupg(Si,(x), Si, (2)) €
{supy(S;, (), Si, (¥)),supg(Si, (%), Siy(2)), 0}, thus by minimality of supz(S;,(x), S, (y)) and the fact that
the intersection is not empty we have that supz(S;,(x), Si, (y)) C supg (S, (x), Si,(2)) and zz become the
undirected edge vgyz in Tj 41: all the undirected edges of x are now undirected edges of vy, x is deleted

s
and no directed edges are created. Thus E; 11 = 0 and Lemma 11 allows us to conclude. O

8 Conclusion

We show in this paper that the only clustering model that admits binary extensions is the totally balanced
hypergraph one, making them useful both as a clustering model and a split model. Totally balanced hy-
pergraphs were already known to have numerous good properties (see for instance Lehel, McMorris and
Powers [10]). We have shown that they can in addition replace the (too) simple hierarchical model when the
overlapping between clusters is desirable.

We also exhibit an algorithm that can binarize any given totally balanced hypergraph by adding a minimal
number of clusters and is stable for the hierarchies and the interval hypergraphs. We now work on using these
algorithms for practical cases. For instance, we plan to use Algorithm 4 to approximate a given hypergraph
into a binary one and study the properties of this approximation. We also want to use Algorithm 2 in order
to iteratively produce a binary hypergraph from real data.
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