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Abstract

In this paper, we show that the expansions of functions from LP-Paley-
Wiener type spaces in terms of the prolate spheroidal wave functions con-
verge almost everywhere for 1 < p < 0o, even in the cases when they might
not converge in LP-norm. We thereby consider the classical Paley-Wiener
spaces PW¥ C LP(R) of functions whose Fourier transform is supported
in [—c, ] and Paley-Wiener like spaces Bh . C LP(0,00) of functions whose
Hankel transform H® is supported in [0, ¢]. As a side product, we show the
continuity of the projection operator P¢f := H*(xo,q - H*f) from LP(0, 00)
to L1(0,00), 1 < p < g < oc.

Keywords: Prolate spheroidal wave functions, almost everywhere
convergence, Paley-Wiener type spaces, Hankel transform, spherical Bessel
functions
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1. Introduction

The prolate spheroidal wave functions (PSWF) form an orthonormal
basis of L?(RR) that is best concentrated in the time-frequency plane. They
were first studied in the seminal work of Landau, Pollak, and Slepian [12, 13,
22, 21] at Bell Labs which inspired extensive research due to their efficiency
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as a tool for signal processing. They have since found further applications in
various fields such as random matrix theory (e.g. [9, 14]), spectral estimation
[23, 1] or numerical analysis (e.g. [26, 25]).

While the natural setting for prolate spheroidal wave functions is L?(R),
the question of convergence of their series expansions arises in LP(R). This
issue has been solved by Barcel6 and Cordoba [2] who showed that the
expansion of an LP-band limited function f in the PSWF-basis converges to
f whenever 4/3 < p < 4, and that this range of p’s is optimal. That result
was recently extended in [3] to several natural variants of the prolates like
the Hankel prolates.

The aim of this paper is to continue this work by investigating almost-
everywhere convergence properties of PSWFs expansions of functions in
LP(R). This question is very natural in view of Carleson’s fundamental
result about Fourier series [6] which was extended to several orthonormal
bases of polynomials, e.g. by Pollard for Legendre series [17]. Their almost
everywhere convergence results follow from very delicate analysis of the max-
imal operator associated to the expansions considered. On the other hand,
the situation is much better for expansions in terms of spherical Bessel func-
tions (see [7, 8]) where almost-everywhere convergence is surprisingly simple
once mean convergence has been established. The key here is the fast decay
of Bessel functions with respect to its parameter. Our main result is to show
that the situation is similar for PSWF series since the PSWF-basis can be
nicely expressed in terms of spherical Bessel functions.

Let us now be more precise and introduce some notation before giving
the exact statements. For f € L'(R), the Fourier transform is given by

~

7(6) = F(h)e) = /R f(t)e2met ar,

and the definition extends to L?(R) and S’(R) (the space of tempered dis-
tributions) in the usual way. The Paley-Wiener spaces of band-limited func-
tions are denoted by

PW? = {f € LP(R) : supp (f) C [—e, c]},

where the Fourier transform is to be understood in the distributional sense
whenever p > 2. The projection P.f = ]:_1()([_6,0] - F(f)) is a continuous
operator from LP(R) to PW¥ 1 < p < oc.

The Prolate Spheroidal Wave Functions (PSWFs) are eigenfunctions of
an integral operator and, using the min-max theorem, can be defined by the



following extremal problem

12

Y= argmax{ ) . fe PWE, fespan{yp.: k< n}L} .

11l 2wy

The family (¢, ¢)n>0 forms an orthonormal basis for PW?2 and satisfies also

1
/_1 wn,c(t)wm,c(t)dt = )\n(sn,my

which is often referred to as double orthogonality.
The central object that we study in this paper is given by

N

\IJNf = Z(fa ¢n,c>¢n,c-

n=0

It was shown in [2] that Unf — f, N — oo, in LP(R)-norm for every
f € PW? if and only if % < p < 4. Our main contribution in this paper is
that the series Wy f converges also almost everywhere, and that the range
of convergence extends to 1 < p < oo. Moreover, for general functions
f e LP(R), Unf converges almost everywhere to P, f.

Theorem 1.1. If 1 < p < oo, and f € LP(R), then Vnf — P.f almost
everywhere. For p = 1, we have that YV f — f almost everywhere for every
fePrwl

For f € L'(0,00), the Hankel transform is given by

Hf(x) = /0 O AL

where J, denotes the Bessel function of first kind and order o > —%. Like
the Fourier transform, the Hankel transform extends to a unitary operator
on L%(0,00) and in a distributional sense to LP(0,00), p > 2. Similar to the
Fourier transform, a function cannot be confined to a finite interval in both
time and Hankel domain. See [4, 10, 18], for further uncertainty principles
for the Hankel transform.

The Paley-Wiener type spaces B} . are defined as

B .= {f e LP(0,00) : supp (H*(f)) C[0,d]},

and the band-limiting projection operator is given by P2 f = H(x[o,q-H" f)-
We will show in Theorem 4.1 that this operator is bounded on LP(0, o),



for 1 < p < oo. Finally, the Circular (Hankel) Prolate Spheroidal Wave
Functions (CPSWFs) were first introduced and studied in [19]. They are
defined by

f
O o 1= argmax M cfeB?,, fespan{pf,.: k<n}t}.
’ 11 £2(0,00) ’ ’

The family (45, .)n>0 forms an orthonormal basis of Bi,c. Note also that

when o = 1/2, these are usual PSFWs, more precisely, cp,ll/ 02 = Yon,c. Again
we are interested in expansions of f € BA . with respect to the CPSWFs,
i.e. in the convergence of

N
Oyf = Z(fv @g,c>(pg,c'
n=0
It is shown in [3, Theorem 5.6] that ®xf — f in LP(0,00)-norm for every
f € Bh ¢ if and only if % < p < 4. Like for the classical Paley-Wiener space,
the series converges also almost everywhere and the range of convergence
extends to 1 < p < oo for functions in Bg,c.

Theorem 1.2. Let o > —%. If 1 <p<oo, then ®nf — PXf almost ev-
erywhere for every f € LP(0,00). Moreover, if p =1, then ®nf — f almost
everywhere for every f € Bh ..

This paper is organized as follows. In Section 2, we collect some prop-
erties on spherical Bessel functions and the Muckenhoupt class that we will
need for the proof of our main results. We then prove Theorem 1.1 in Sec-
tion 3, and conclude with illustrating how this proof has to be adapted to
show Theorem 1.2 in Section 4.

As usual, we will write A < B if there is a constant C' such that A < CB
and A~ Bif AS Band B S A.

2. Preliminaries

2.1. Properties of spherical Bessel functions
In this section we define two families of spherical Bessel functions tailored
to form orthonormal bases for the spaces PW2 and Béc respectively.

For o« > —1/2, the Bessel functions of the first kind can be defined
through the Poisson representation, see e.g. [15, 10.9.4],

xa

~ xl/2207(

1
20‘_%008:17 .
Ja() a+%>/0“‘” (wt)
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Recall that J, satisfies the pointwise bound

J < ’x‘a+1/2 51
|Jo(2)] S m- (2.1)
It is shown in [2] and [3] that for 1 < p < co
n_H% when 1 <p <4
Hx_1/2,]n+1/2‘ ~{nTi logn when p=4 . (2.2)
Lr(R) 5,1
n 63 when p > 4

Note that the nature of the right hand side shows that Hx‘l/ 2 Jontatt H L2(0,00)
satisfies the same bounds though with different constants.
The classical (dilated) spherical Bessel functions are defined by

. 2n + 1 Jpq1/2(cz)
Jne(z) = 5 Jz .

They satisfy the orthogonality relations

/ jn,c(x)jm,c($) dz = 5n,m7
R

(2.3)

and their Fourier transforms are given by

@ = 2 (6) e

where P,, denotes the Legendre polynomial of degree n. For p > 1, one has
that j,. € LP(R) and consequently j,. € PWZ. Moreover, by (2.2) there
exists vy, < % such that [|jn.cllzrr) S 77, for every 1 < p < oo, and (2.1)
implies that, for = fixed,

|jn,0(517)| N

Von il <%>n <n2 (2.4)

n! 2 ~
The second family of spherical Bessel functions given by
J n-r—o
ko o) == /2020 + a + 1)“%;(“), (2.5)

obeys the orthogonality relation
| k@b (o) do = G
0

5



Their Hankel transforms are given by

el ) (o) = 22D (D preo (12 (1)) w0,

c c

(2.6)
where P,ga’o) denotes the Jacobi polynomials of degree n and parameter «,
normalized so that P,(La’o)(l) = %, see for example [20]. As before,

for 1 < p < oo, the LP(0, 00) norms of k;; . are bounded like Hk‘j‘;cHLp(O 00) S

n® for some 0 <, < 1. Hence, kj . € B c. By (2.1) we also get that

e (@) < Y2 aF L e\ @7
TN T2+ a+1) \ 2 ~

where the last estimate holds for z fixed with a constant that depends on x
(which can be chosen uniformly if z is in a compact set).

2.2. The Hilbert Transform on Weighted LP-spaces

Let J C R be an interval. The class of Muckenhoupt weights AP(J),
1 < p < o0, consists of all functions w : J — Ry such that

where the supremum is taken over all finite length intervals K C J.
The Hilbert transform is defined as

Hi@) =1 [1W g,

TJyx—Y
where the integral has to be taken in the principal value sense.

Hunt, Muckenhaupt and Wheeden [11] showed that the Hilbert trans-
form extends to a bounded linear operator on LP(J,w) — LP(J,w) if and
only if w is an AP(J) weight, and the sharp dependence of the operator norm
on [w],, was established by Petermichl [16]. Let us also recall the well known
fact that 2% € AP(0,00) if and only if -1 < 8 < p — 1.

3. Proof of Theorem 1.1

The prolate spheroidal wave functions (¢, ¢)n>0 can be expressed in terms
of the spherical Bessel functions (jp c)n>0 as

Tpn,c = Z bz jk,c-

k>0

6



It follows from [2, Egs. (8) & (9)] that there exists ng € N such that for all
n > ng, the numbers b} satisfy

(i) (6§ <72,
(i) for k > 1, |bp| < n k=l
Note that indexes of the base change coefficients in [2] are shifted, and

that these estimates can also be obtained from [3]. It was proven in [3,
Lemma 2.6] that if the above conditions are satisfied, then ||ty c||Lrr) < 7.

Lemma 3.1. If 1 < p < oo, then U f converges absolutely in every point
(and uniformly on compact sets) to some function h for every f € LP(R).

PROOF. Let us first rewrite v, . as

wn,c = Z ijk,c

k>0
n—2
= bgjO,c + bz,jn,c + bZ—ljn—l,c + b2+1jn+1,c + Z bgjk,c + Z ijk,c-
k=1 k>n+2

Subsequently, we estimate each of the summands separately. First, by (i) we
have |b8]0,6(x)| 5 n_27 and |b23n,c($)| < |]n,c($)| S n=2 by (24) Ifn>2,
the last two terms may be bounded using (ii) and (2.4) as

Z ’bgjk,c(x)‘ 5 Z n—\k—n|k—2 < n—2zn—(k+2) S n—27

k>n+2 k>n+2 k>0

and
n—2 n—2 n—1 n—3
> bdre(@)] S 0T FETE <> T =02y et Sn
k=1 k=1 k=2 k=0

The third and fourth term may also easily be bounded using (ii):

b5 —1dn-1e(2)| SnTHn - 1) 72 S0

and
b dntre(@)| SnTin+1)72 S

Therefore, [t o(x)| < n~2? which implies by Holder’s inequality that

N N
Z [(fs Un,e)Pne(®)| < Z ||f||LP(R)‘|¢n,0||Lq(R)|¢n($)|
n=0 n=0

N
S llzew an_Q < o0.

n=0



The following lemma is well-known to the majority of our readers. We will
nevertheless include a proof here.

Lemma 3.2. If 1 < p < q < oo, then PW} — PWJ where the inclusion
map is continuous and dense. Moreover, the projection P. maps LP(R)
boundedly into PWY if 1 < p < co.

PROOF. Let 91,72 be two functions from the Schwartz space such that
supp(9h) € [~e.cl, Ga(€) = 1, for every & € [~c.d], and [[91 — dallpa) < ¢
If f € PW?, then f x99 = f and, by Young’s convolution inequality, one
has

I£zowy = £ % Vallzacey < 1o D2l ppzn o

This shows that PW? is continuously embedded into PW{.

Let us now show the density. For every ¢ > 0, and f € PW{ we may
choose f. € LP(R) N LI(R), such that ||f — f:|am) = €. Again by Young’s
convolution inequality we thus obtain

[ fex 01— fllLa) < fex 01 — f*Dillpa) + If 91 — D2l Law)
< |fe = flleag) 191l ) + 1 f lagmy 191 — D2l 1wy S e

Finally, f. 91 € PWE as supp(F(f-#01)) C supp(d1), and || fo 91 || o) <

[ fell e @y l91 1| 1 )
Concerning the continuity of P,, we observe that for almost every point
x € R, P.f(x) may be written as the sum of Hilbert transforms

P.f(x) = f % 2csinc(2¢ - /f sm 27rc e~ ))d
— cos(2mex) p.v. /f %dt

= sin(2mcz)H (f - cos(2me-)) (w) — cos(2mex)H (f - sin(2mc - )) ().

By the continuity of the Hilbert transform on LP(R) in the range 1 < p < oo,
it thus follows that

1Pefll Loy < | H (f - cos(2me)) || oy + 1H (f - sin2me ) | ow) S e



Proposition 3.3. If% < p <4, then Ynf — P.f almost everywhere for
every f € LP(R).

Proor. First, as P, is continuous for % < p < 4, it follows that (f,jn.c) =
(f, Pejn,c) = (Pef, jn,c) and therefore Uy f = Uy P.f. Since YnP.f — P.f
in LP(R) by [2, Theorem 1], there exists a subsequence (¥, P.f)r>0 that
converges almost everywhere to P.f. From Lemma 3.1 we know that Wy f
converges pointwise for every z € R to a function hA. Consequently, P.f = h
almost everywhere. a

We have now gathered all ingredients to prove our main theorem:.

PROOF OF THEOREM 1.1. If 1 < p < 2, then P.f € PW2 for every f €
LP(R) by Lemma 3.2. In this case, the result follows from Proposition 3.3
and the identity Uy f = W P.f. Similarly, the statement for p = 1 holds as
PWr cC PW2. If 2 < p < oo, and f € LP(R), then there exists a sequence
(fx)k>0 C PW?2 by Lemma 3.2 such that f, — P.f € PW? and I fellr ) S
£l zr(r)- Without loss of generality, we may assume that f — P.f almost
everywhere and define Xy := {x € R: limy_,o fr(x) = P.f(x)}, as well as

Xy = {$ eR: ]\;gnoo \Ifok($) = fk(l‘)}

From Proposition 3.3 we know that each R\ X} has Lebesgue measure zero
and, consequently, so has R\ ( M0 Xk N Xy) = UrsoR\Xg) U (R\X ).
Using (2.4) and the estimate on the LP-norms of j, . we derive

S 1 )@ S I oy S n77 < oo,

n>0 n>0

Now, if z € (9 Xk N Xy, we may conclude by the dominated convergence

theorem that
P. =1 =1 lim W = i lim ¥
f(z) Jim fr() Jim lim N fr(z) Jim lim N fe()

= o, Y B (0) = i WS ()

4. Adaptations for Circular PSWF

By a combination of several lemmas in [3] (in particular Lemmas 2.5, 5.3 &
5.4) one can deduce that the change of base coefficients b], in

Pre= D b ke

m>0

9



satisfy the conditions (i) and (ii). Hence, [|¢f c|lzp(0,00) S 777, for some
0 <1, < 1. The proof of Lemma 3.1 can therefore be transferred one-to-one
to show that @ f converges pointwise to a function h for every f € LP(0, 00),
1 <p<oo.

The analogue of Lemma 3.2 needs some preparation. In particular, we
need to show the continuity of the projection operator P%. In [24] the author
shows that for the following convention of the Hankel transform

—a/2
Fof(x) / F()Jo (Vat)to/2dt,

the projection F*(x[o,-F*)(x) acts as a continuous operator on the weighted
Lebesgue spaces LP((0,00), %) whenever 420;:_13 <p< 420;111. Although dif-
ferent definitions of the Hankel transform can be related to each other and
their L2-theory coincides, this is no longer true for general LP-spaces, p # 2.

For instance, when considering the L? ((O, 00), a:a)—convergence of spher-

ical Bessel expansions, Varona [24] showed that these series converge in L

if and only if max {%, 420&113} < p < min {4 42‘3‘;11 } The restriction with

respect to o however disappears in [3] due to a different convention for the
Hankel transform and LP(0, co)-convergence holds if and only if % <p<A4.

As a second example, we show in the following that for the convention
chosen in this paper, the projection P& is continuous for 1 < p < co. We

will follow the arguments of the proof of [24, Theorem 2].

Theorem 4.1. If a > — ,and1<p§q<oo,then
1P fllLa.00) S 1 fl2r(0,00)5 f € LP(0,00).
PROOF. Let us first write down P explicitly
P2 () = HO (X0 - HOF) (& / HOF ()T (t) dt
-/ /O " VATt Ay E T (1) dt

= /OOO f(y)\/@/c Jo(tx) Jo (ty)t dt dy
:/ooof(y) (Yaziley)Jale > 2o (c2) Ja(cy)

2 —y?

dy,

10



where we have used the explicit expression for Lommel’s integrals [5, p. 101]
to derive the last equality. By a change of variables one then obtains

P (V)

/f 1/4fJal(Cf)(\/_) Vada—1(evz)Jaley/y) dy

-y 2y1/2
= Wif(z) - Waf (),
where
7TC.Z'1/4 CN/
Wis (o) o= TN (o) (),

and

mex’/t T, 1(0\/7) _
Waf(z) i= > H( /iy alevi) ) @),
Note that both =12, and 2P/2~%/2 are Muckenhoupt AP(0,00) weights
by the remark in Section 2.2. Hence, the Hilbert transform is continu-

ous on the respective weighted Lebesgue spaces for every 1 < p < oco. As
V% J,(ev/z) < 1, we thus have

| mis@prean < [ E(AD0 s eV @) 5 da
0 0
< [ v e v ay
< /0 PRIy 2 dy =2 /0 ()P dy,
as well as
| imes@pe 2 ars [ a5y o) @) o7 2 o
0 0
< |l | vz ay
< /0 F/RPy Y2 dy =2 /0 I dy.
This proves the case p = q using [|Pfl|rr0,00) < [IWif(@?)|l1r(0,00) +

[Waf(22)|| 1r(0,00) @nd a change of variables.
Now, notice that for every 1 < p < oo one has

1P fll oo 0,00) S X0, H Y Fll L1 (0,00) S NH FllLr(0,00)-

11



Setting p = 2 gives ||P fllze0,00) S Ifll22(0,00) Py Plancherel’s theorem,
and p = oo yields || P& f| o (0,00) S 1 f1l21(0,00)- It thus follows by the Riesz-
Thorin theorem that ||Pf|lre0,00) S IIfllzr(0,00), for every 1 < p < 2.
Moreover, as || P& fllr0,00) S I fll2p(0,00), 1 < p < 00, it follows again by
the Riesz-Thorin theorem that

1P fllLao,00) S 1 lliro,00), 1< <2, p<g<oo. (4.8)

Since the adjoint of P : LP(0,00) — L%(0,00) is given by P& : L7 (0,00) —
L”'(0,00), we conclude that also

1P Flion S W livomy 1< <, 250 <o (49)
Combining (4.8) and (4.9) thus yields the continuity of P% : LP(0,00) —
L%(0,00) for the whole scale 1 < p < ¢ < o0. O

Corollary 4.2. If 1 < p < g < oo, then BQC s BZ,C with the inclusion
map being continuous and dense. Moreover, if 1 < p < oo, then B&c C Bb..

ProOF. If f € BE. one has P®f = f and consequently 1l za0,00) S
| fllr(0,00) by Theorem 4.1, which shows that B . is continuously embed-
ded into BZ .. Furthermore, if f € thc, then f € Bh. as f € L'(0,00) N
L*>(0,00) C LP(0,00).

It remains to show that the inclusion is dense. This however follows
from the density properties of LP(0,00) and Theorem 4.1: Take f € Bd .
and a sequence (fx)r>0 C LP(0,00)NL9(0, 00) such that fi — f in L?(0, c0).
By the continuity of the projection operator, it follows that (P& f;)k>0 C
BN B and

1f = P frll Lao,00) = 1P (f = fi)llLao,00) S IIf = frllza(o,00) = O-
O
Thus, as in Proposition 3.3, it follows from [3, Theorem 5.6] that ®xf
converges almost everywhere to P f for every f € LP(0,00) if % <p<A4.

This leaves us with all ingredients in place to prove Theorem 1.2 which
is shown along the same line of argument as in the proof of Theorem 1.1.

References

[1] L. D. Abreu & J. L. Romero. MSE estimates for multitaper spectral es-
timation and off-grid compressive sensing. IFEE Trans. Inform. Theor.,
63(12):7770-7776, 2017.

12



2]

[3]

[14]

J. A. Barcel6 & A. Cérdoba. Band-limited functions: LP-convergence.
Trans. Amer. Math. Soc., 313:655—669, 1989.

M. Boulsane, P. Jaming, & A. Souabni. Mean convergence of prolate
spheroidal series and their extensions. J. Funct. Anal., 277(12):108295,
2019.

P. C. Bowie. Uncertainty inequalities for the Hankel transform. STAM
J. Math. Anal., 2:601-606, 1971.

F. Bowman. Introduction to Bessel Functions. Dover, New York, 1958.

L. Carleson. On convergence and growth of partial sums of Fourier
series. Acta Math., 116(1):135-157, 1966.

O. Ciaurri, J. J. Guadalupe, M. Pérez & J. L. Varona. Mean and
almost everywhere convergence of Fourier-Neumann series. J. Math.
Anal. Appl., 236(1):125-147, 1999.

O. Ciaurri & J. L. Varona. The surprising almost everywhere conver-
gence of FourierNeumann series J. Comp. Appl. Math., 233(3):663-666,
2009.

F. J. Dyson. Statistical theory of the energy levels of complex systems.
J. Math. Phys., 3:140-156, 1962.

S. Ghobber & P. Jaming. Strong annihilating pairs for the Fourier-
Bessel transform. J. Math. Anal. Appl., 377(2):501-515, 2011.

R. Hunt, B. Muckenhoupt & R. Wheeden. Weighted norm inequalities
for the conjugate function and Hilbert transform. Trans. Amer. Math.
Soc., 1973.

H. J. Landau & H. O. Pollak. Prolate spheroidal wave functions, Fourier
analysis and uncertainty II. Bell Syst. Tech. J., 40:65-84, 1961.

H. J. Landau & H. O. Pollak. Prolate spheroidal wave functions, Fourier
analysis and uncertainty III: The dimension of the space of essentially
time- and band limited signals. Bell Syst. Tech. J., 41(4):1295-1336,
1962.

M. L. Mehta. Random matrices. Pure and Applied Mathematics. Else-
vier/Academic Press, Amsterdam, 2004.

13



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

F. W. Olver, D. W. Lozier, R. F. Boisvert & C. W. Clark, editors. NIST
Handbook of Mathematical Functions. Cambridge University Press,
2010.

S. Petermichl. The sharp bound for the Hilbert transform in weighted
Lebesgue spaces in terms of the classical a, characteristic. Amer. J.
Math., 129:1355-1375, 2007.

H. Pollard. The convergence almost everywhere of Legendre series.
Proc. Amer. Math. Soc., 35(2):442-444, 1972.

M. Rosler & M. Voit. An uncertainty principle for Hankel transforms.
Proc. Amer. Math. Soc., 127(1):183-194, 1999.

D. Slepian. Prolate spheroidal wave functions, Fourier analysis and
uncertainty I'V: Many dimensions; Generalized prolate spheroidal func-
tions. Bell Syst. Tech. J., 43:3009-3057, 1964.

D. Slepian. Some asymptotic expansions for prolate spheroidal wave
functions. J. Math. Phys., 44:99-140, 1965.

D. Slepian. Some comments on Fourier analysis, uncertainty and mod-
eling. STAM Rev., 25:379-393, 1983.

D. Slepian and H. O. Pollak. Prolate spheroidal wave functions, Fourier
analysis and uncertainty 1. Bell Syst. Tech. J., 40(1):43-63, 1961.

D. J. Thomson. Spectrum estimation and harmonic analysis. Proc.
IEEE, 70:1055-1096, 1982.

J. L. Varona. Fourier series of functions whose Hankel transform is
supported on [0, 1]. Constr. Approx., 10:65-75, 1994.

L. Wang. A Review of Prolate Spheroidal Wave Functions from the
Perspective of Spectral Methods. J. Math. Study, 50:101-142, 2017.

H. Xiao, V. Rokhlin & N. Yarvin Prolate spheroidal wavefunctions,
quadrature and interpolation. Inv. Problems 17:805-838, 2001.

14



