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We study high school students’ written discourse about an experience in a dynamic interactive 

digital environment in which functions were represented in one dimension, as dynagraphs. In a 

dynagraph of a real function one variable can be acted upon while the other varies as a 

consequence of the movement induced on the independent variable. Students were asked to write 

about their experience with the dynagraphs, and their written productions were collected and 

analyzed using a classification, that emerged a posteriori, in “snapshots, live-photos and scenes”. 

This classification is presented as a tool of analysis that allows to put discourse about dynagraphs 

in relation with discourse about functions. Examples of excerpts analyzed through this tool are 

given. 
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Functions, covariation, graphs, and dynagraphs 

Functions and their graphs have always had a leading role in mathematical practice, including 

school practices. Being able to interpret the Cartesian graph of a function and to construct a graph 

starting from the function’s properties are essential processes in mathematical thinking. However, 

these processes include an understanding of the meaning of variable and of the relation between 

variations of the variables, that is covariation; and several kinds of difficulties that students 

encounter when grappling with these ideas are widely reported in the literature (e.g.: Tall, 1992, 

2009; Kaput, 1992; Monk & Nemirovsky, 1994; Carlson, Jacobs, Coe, Larsen & Hsu, 2002; 

Thompson & Carlson, 2017). 

A Cartesian graph is defined as the set of points (x, f(x)) with real coordinates on the Cartesian 

plane, where x belongs to the domain of the function and f(x) is its image; these constitute a curve 

incorporating the functional relation between the two variables. Students encounter various 

difficulties when dealing with graphs, one being in recognizing that each point on the graph is a 

coordinated presentation of two pieces of information (Colacicco, Lisarelli & Antonini, 2017). This 

leads them to consider the curve to be the function itself and to identify a point on the curve only as 

its f(x) value. Both the asymmetric relation between the variables and their covariation are lost. 

In this paper we focus on the use of a particular technological artifact to represent functions, 

realized through a dynamic interactive environment (DIE). Many research studies support the use of 

technology in the teaching of functions (Healy & Sinclair, 2007; Falcade, Laborde & Mariotti, 

2007). Here we are interested in representing functions through DynaGraphs (Goldenberg, Lewis & 

O’Keefe, 1992), dynamic representations in which the domain variable is dynamically draggable on 

a line and it is presented separately from its image. Both the x- and y-axes are horizontal; originally, 
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they were referred to as “the x Line” and “the f(x) Line”. DynaGraphs cannot be constructed 

without using a DIE, where objects can be moved on the screen.  

The independence of the x variable is realized by the possibility of freely dragging a point, bound to 

a line (the x Line), and the resulting movement visually mediates the variation of the point within a 

specific domain. Whereas the dependence of the f(x) variable is realized by an indirect motion: the 

dragging of the independent variable along its axis causes the motion of a point, bound to another 

line (the f(x) Line), that cannot be directly dragged. The use of dragging can visually mediate the 

discourse on functional dependency, since it can help students interpret the exploration in terms of 

logical dependency between two different types of motion: direct and indirect motion. 

 

Figure 1: Screenshot of a dynagraph used in this study 

The authors, together with Nathalie Sinclair, built on the original idea of DynaGraphs to realize 

functions as in Figure 1, within the dynamic geometry software Sketchpad (a similar design was 

adopted also in Lisarelli, 2018) which will be called dynagraphs (no capitals, to distinguish them 

for the original ones) in this paper. Many properties of a function can be recognized in a dynagraph. 

For example, looking at the movements of the two variables that either follow the same direction or 

move in opposite directions, an expert can recognize when a function is increasing – if both 

variables have the same direction of movement – or when it is decreasing – if the variables move in 

opposite directions. The movement and the identification of invariants are central in the exploration 

of dynagraphs, since the DIE enables students to deal with the dependence relation in terms of 

possible or impossible movements; we are interested in how this dynamic and temporal experience 

can be narrated on a static sheet of paper – a process that is frequent in mathematics. 

Many researchers have described the relations between movement, time and mathematics, in 

particular in calculus. Tall (2009) describes calculus as the mathematical field that begins with the 

desire to quantify how things change, the function, the rate at which they change, the derivative, and 

the way in which they accumulate, the integral. So, this field is fundamentally dynamic: even the 

calculation of static quantities, such as areas or volumes, involves dynamic processes of adding up a 

large number of very tiny elements. At a certain historical moment, a transformation took place and 

calculus turned into rigorous definitions, developing into the formal theory of mathematical analysis 

which is used today by textbooks and by many teachers. This transformation led to the teaching of 

calculus based on the definition of limits, which satisfies mathematicians’ logical needs, but it 

proves to be rather complicated for students (Tall, 1992). However, even if formal mathematical 

discourse aims at eliminating time and dynamism, this does not imply that mathematicians engage 

in purely a-temporal modes of thinking. Indeed, they seem to frequently communicate in ways that 

suggest they think of mathematical objects in motion (Sinclair & Gol Tabaghi, 2010). 



 

 

Theoretical background and research focus 

For this study we make use of discourse analysis; in particular, we adopt the commognitive 

theoretical perspective (Sfard, 2008). According to Sfard, communication and cognition are two 

manifestations of a same phenomenon and mathematics can be considered as a special type of 

discourse, or communication. Mathematical learning is the process by which students become able 

to communicate about mathematical objects, that, unlike others, are purely discursive objects that 

can have different realizations (p. 165). Moreover, mathematical discourse, as a particular kind of 

discourse, involves a frequent use of visual mediators, visible objects realizing the object of the 

discourse (p. 133). 

In this study, we use dynagraphs as particular realizations of the mathematical object ‘function’ 

within a DIE, in order to allow students to experience the dependency between two covarying 

quantities in terms of motion. This approach brings temporality into play. We intend to study how 

students deal with the temporal dimension that characterizes their experience in the DIE, when they 

are asked to describe it through a written explanation. Moreover, we are interested in the 

mathematical aspects expressed in these written explanations, especially in how variation of 

variables and covariation – the relation between variations – are conveyed.  

The research question that led the design and the development of this study is the following: 

What are characteristics of students’ written discourse on dynagraphs related to their management 

of the movement and time experienced during the exploration that can be put in relation with 

discourse about functions (as mathematical objects)? 

Methodology 

We designed 7 dynagraphs of functions to be explored. The markers realizing the two variables had 

no labels, because we wanted to allow students to decide which words or symbols to use. We 

consider this to be an important process related to distinguishing the two variables and the 

asymmetric relation between them. The two points 0 and 1 were marked on the lines with ticks in 

order to provide the unit segment and to highlight that the lines visually realize two copies of the 

real numbers. 

Students belonging to four different 10
th

 grade classes of Canadian high schools worked in pairs on 

as many dynagraphs as they had time for during one lesson (60 minutes). Their task was to “explore 

the dynagraphs on the iPad and write down their observations about them” on the whiteboard and/or 

on paper. We collected these written productions. This task was designed to “force” the students to 

describe in writing an experience which was completely time-and-motion-immersed. 

Tools of analysis: snapshots, live-photos, and scenes 

From analyses of the high school students’ written productions we reached a characterization that 

was later refined through further rounds of analysis of the excerpts. Coherently with our research 

interest in gaining insight into how movement (the variation of position in time) enters students’ 

written discourse we introduced a first possible characterization of written accounts of the 

experiences in the DIE, using a terminology that refers to images in the context of photos and 

videos. In Table 1 we define the main types of accounts and describe characteristics of the discourse 



 

 

it characterizes, both in the case in which the discourse is about the dynagraph (which may or may 

not be related to the notion of function for the students) and when it is about the function realized 

through the dynagraph. 

Type of account of the DIE 

experience 

Discourse about dynagraph  Discourse about 

function 

snapshot snapshot: photo at a 

certain position showing 

one or more properties 

provides an instantaneous shot in which 

movement is stopped at a certain position 

pointwise properties 

snapshot-album: set of 

snapshots, each showing 

something in particular 

expresses properties in selected positions; 

these constitute a finite discrete set; each 

property is shown in one snapshot 

pointwise properties 

at a particular set of 

points 

snapshot-cluster: set of 

snapshots showing 

relationships between 

them 

one or more properties are described 

through a comparison of snapshots of the 

dynagraph; the focus is on the 

relationships between snapshots; it may 

be in a sequence coherent with the order 

on the line or not. 

properties that refer 

to variation and/or to 

invariants in specific 

intervals identified 

by analyzing and 

comparing different 

points 

live-

photo 

live-photo: animated 

photo showing what 

happens a bit before and 

a bit after a certain 

instant. 

one or more properties that depend on the 

nearby positions are described at a certain 

position; certain positions of the 

dynagraph are shown close to a specific 

position 

local properties of 

functions, at a 

specific point and the 

variations in any 

neighborhood of the 

point.  

scene scene: video showing 

movement over a period 

of time; it can be realized 

through snapshots, or 

live-photos, in an album 

or cluster. 

 

description of one or more properties of 

the movement over an arc of time, in an 

interval of real numbers, or in the space 

covered by the point moving along the 

line; it includes various positions. The 

intervals can be limited or unlimited; the 

scene can be described statically or 

dynamically 

properties of 

functions that are 

global, general, or 

present in a whole 

interval 

Table 1: Characterization of students’ written discourse 

Table 1 shows the main types of accounts (snapshot, live-photo and scene) and their further 

characterization with respect to ways in which more than one could be used (as albums or clusters) 

in the excerpts of written discourse that we will now analyze. 

We observe that live-photos may also be found in albums and in clusters. A live-photo album is set 

of live-photos, each showing something in particular; it expresses properties in selected positions, 

which constitute a finite discrete set; each property is shown in one live-photo. From a 



 

 

mathematical point of view, these correspond to local properties in neighborhoods of a particular set 

of points. A live-photo cluster is a set of live-photos showing relationships between them. 

Analysis of students’ written products 

This section contains examples of analyses of students’ written products using the characterization. 

Excerpt 1: Scene of snapshots depicted through written words and diagrams 

 

 

Figure 1a,b: Scene of snapshots 

“When the top number was 

zero, the bottom number was 

between 4 and 5. When the top 

was at 1, the bottom was about 

5 or 6. I’m guessing that the 

equation would be b(t)=t+5.” 

Excerpt 1 contains discourse about the dynagraph of the function f(x) = x+5; Figure 2a and 2b 

depict a scene through snapshots presented using written text and visual mediators. The first 

property in Figure 2a is described through a snapshot taken ‘when the top number was zero’. The 

first drawing in Figure 2b presents this specific instance. The second property is described 

analogously as a snapshot taken “when the top number was at 1”; the second drawing in Figure 2b 

presents this specific instance. The third property in the scene is described through the algebraic 

formula “b(t) = t+5”. 

Excerpt 2: Live-photo depicted through two snapshots showing ‘initial’ and ‘final’ states 

 

Figure 2: Live-photo 

“There’s a limited 

distance between points 

A & B. After point A is 

dragged a certain fixed 

distance, the red line 

jumps another 1 point.” 

The dynagraph in excerpt 2 realizes the nearest integer function. The students describe the jumping 

of the red line as A is dragged across the midpoint of the interval [0,1]. This part of their discourse 

appears to be a live-photo depicted through two visual mediators that are particular snapshots 

showing an ‘initial’ and a ‘final’ state of the dynagraph as A moves in a neighborhood of 0.5. 



 

 

Excerpt 3: Album of live-photos 

 

Figure 3: Album of live-photos 

“Whenever you move point A .5 in any 

direction point B makes a sudden change, 

goes up by 1.” 

The dynagraph in excerpt 3 realizes the nearest integer function. The students produce a single 

visual drawing realizing the dynagraph’s interval [-1,3] on both axes (Figure 4), and describe its 

behavior written in words. Each live photo shows A near the midpoint of a unit interval. We see 

these as live-photos because each ‘sudden change’ is shown by a position of the segment AB 

immediately before and immediately after the transition of A across the midpoints (the ones realized 

are -0.5, 0.5, 1.5, 2.5) of the unit intervals. 

Excerpt 4: Scene depicted through a cluster of snapshots 

 

Figure 4: Scene 

“No matter what direction you move 

point A it’s the same distance from 

point B. From the other graph when 

you move any point the points move 

further from each other.” 

The dynagraph discussed in Figure 5 realizes the function f(x)=x+5. The students who author the 

discourse in excerpt 4 emphasize the invariance of the distance of A from B, conveyed through the 

words “no matter what direction” and through the visual mediation of two congruent parallel 

segments in the drawing with in between a double-headed arrow and two arrows pointing to the 

words “same distance”. The written text and the visual mediators appear to be a cluster of snapshots 

depicting the invariant property identified. 

Excerpt 5: Scene album depicting two properties of a dynagraph 

 

Figure 5: Scene album 

“ When you move A (top) forward on the 

number line above 0, B is always ahead and 

gaining. When you move A backwards on the 

number line, B is behind and keeps falling 

behind.” 

In excerpt 5 (Figure 6) the students use only written words to outline the behavior of dynagraph of 

f(x)=2x. They consider a whole interval of time (and space): this is suggested by their use of the 

adverb “always”, and by the fact that they make several references to possible movements and to 

the reciprocal position of the two variables (“forwards”, “ahead”, “backwards”, “behind”). 



 

 

Moreover, the students start with the present tense of the verb “to be” (“B is always ahead […] B is 

behind”), which gives their statements the form of an absolute observable truth, but then they add 

details on the quality of movement, passing to the “–ing form” of other verbs, indicating spatial 

dynamic features (“always […] gaining”, “keeps falling behind”). This could suggest that the 

students see the movement as not ending even when it cannot be seen anymore within a large 

interval. 

Conclusions 

The analytical tool we have introduced to describe written accounts of the DIE experience allows to 

characterize different ways used by students to realize movement and time experienced during the 

exploration of dynagraphs, and puts them in relation with mathematical discourse about functions. 

In particular, it highlights how the choice of the time interval being described, that can be identified 

in students’ discourse by looking at the verb tenses, adverbs and at their use of visual mediators to 

realize movement, corresponds from a mathematical point of view to different properties of the 

functions realized through the dynagraph. The classification has value at the cognitive, didactical 

and epistemological levels. From a cognitive point of view, the tool is important because the 

classification proposed was identified a posteriori, through empirical analysis of the data collected, 

and it seems to be a powerful tool for analyzing all the data collected. Epistemologically, the types 

of accounts can be put in relation with different mathematical properties of functions in formal 

mathematical discourse, as shown in Table 1. 

Thinking about properties that are pointwise, local or global, the discourse – even that of experts – 

that can emerge about these may have characteristics such as those we have found in students’ 

discourses, focusing on “instants” that capture the behavior of isolated points, systems of points, 

sequences, neighborhoods of points, points as limits, intervals… Moreover, experts’ discourse can 

capture properties at certain points, variations and invariants. For example, a description of what 

happens in a neighborhood of a point can be conveyed through a live-photo, while the behavior at 

infinity requires a scene, since a neighborhood of infinity can be seen as a scene “from a certain 

point on”, that is, as a live-photo at infinity. 

From a didactical point of view the classification is important, assuming that we value promoting 

various forms of students’ discourse, and therefore students’ flexibility in constructing such 

discourse. The teacher can interpret students’ discourse from a mathematical point of view, seeing it 

as a ‘mirrored image’ (with some possible distortions) of experts’ discourse about pointwise 

properties, local or global properties, variations, and invariants. Doing this, the teacher can then 

promote these forms of discourse through appropriate tasks (e.g., by using the behavior of 

dynagraphs in certain positions, intervals, etc.), knowing what to expect and how to gradually foster 

the transition to more formal mathematical discourse. One particularly fruitful type of discourse 

seems to be that involving transitions from pointwise to local properties, and thus discourse 

involving live-photos. However, this needs to be studied in future research currently under 

development. 
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