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1 Introduction

Double circulant self-dual codes over finite fields have been studied recently in [1].
Double circulant self-dual codes over a commutative ring can only exist if there is a
square root of —1 over that ring [I0]. Such a root does not exist over Galois rings
of even characteristic which are not fields, but does exist over Galois rings of odd
characteristic and even extension degree [8, Lemma 3.1, Lemma 3.2]. We study these
codes in the case of Galois rings of characteristic p? and size p*, for p an odd prime. A
recent topic related to self-dual codes is LCD codes. They are popular because of their
connections with cybersecurity [2]. We also study LCD double circulant codes over
the same Galois rings. For every such Galois ring we construct a duality preserving
Gray map with image ZZQ, which maps self-dual (resp. LCD) codes to self-dual (resp.
LCD) codes. Note that self-dual codes over Z,2, for p an odd prime, have been studied
by many authors [3,5]. This alphabet Z,2, in turn can be mapped into P by the Gray
map studied in [9]. For the two families of codes under scrutiny we give a complete
enumeration formula in length 2n when n is coprime with p. This formula relies on
the CRT approach to quasi-cyclic codes over rings [12], 10], and requires to count the
number of solutions of certain algebraic equations over Galois rings and over their
residue fields. From there, building on Artin conjecture in arithmetic progressions
[T1], we construct infinitely many odd primes n such that 2™ — 1 has only three
factors over [F )2 the residue class ring of the Galois ring alphabet. Depending on the
congruence class of n modulo 4, these irreducible factors are all three self-reciprocal,
or consist of x — 1, and one reciprocal pair. When n varies in one of these two families
of primes, we obtain two infinite families of double circulant codes, one self-dual, one
LCD, of length 2n. By expurgated random coding, we derive a lower bound on the
relative Hamming distance of the [F,, image of both families. This shows, in particular,

that both families are good.

The material is organized as follows. The next section collects the notions and
notations needed in the forthcoming sections. Section 3 contains the main results
on enumeration and Section 4 the main results on asymptotics. Section 5 displays
some numerical examples. Section 6 concludes the article and points out some open

problems.



2 Definitions and notation

2.1 Some rings

Throughout the paper, let p be an odd prime. The ring Z,s is the ring of integers
modulo p°. A linear code of length N over Z,: is a submodule of ZI])VQ. The dual C*+ and
C*# are understood with respect to the standard inner product and Hermitian inner
product, respectively. A code is self-dual if it is equal to its dual. It is LCD (linear
complementary dual) if it intersects its dual trivially. The Galois ring GR(p®, p™*) of
order p™* and characteristic p® is the Galois extension of Z,s with degree m. It is a
local ring, with maximal ideal (p). The Teichmuller set T = {x € GR(p*, p™*)|z"" =
x} is a set of representatives of the residue field Fym = GR(p®,p™)/(p). If r €
GR(p®,p™), let I denote its image in F,m by reduction modulo (p). It is known that
GR(p*,p™) =T @ pT & --- D p* T (base p decomposition of GR(p*, p™*)). See [13]
for background and details.

2.2 Double circulant codes

Denote by R the ring (ZhLy[)y)], where h(y) is a basic irreducible polynomial over

Z,» with deg(h(z)) = 2. For any ring M, we denote by M* the set of units in M.
Assume that n is an integer with ged(n,p) = 1, and consider the code C' of length
2n over R whose generator matrix has the form of (I, A), where I, is the identity

matrix of order n and A is a circulant matrix over R. Note that C can be viewed as

R[z]
(zn-1)
the first row of A.

)2, with generator (1,a(x)) where the x-expansion of a(x) is

a submodule of (

For all p’s, we know there exists w € R such that w? = —1, by [8]. When p =3
(mod 4), the polynomial y* 4 1 is irreducible over F,, hence over Z,>. We may write
R =7Z,[y]/(y* + 1), and take w = y.

2.3 Gray map

Recall Lagrange’s four-square theorem, also known as Bachet’s conjecture [7].

Lemma 1. FEvery natural number can be represented as the sum of four integer

sSquares.



We will also need the sum of two squares theorem, and the Diophantus identity

7.

Lemma 2. An integer greater than one can be written as a sum of two squares if and
only if its prime decomposition contains no prime congruent to 3 (mod 4) raised to

an odd power.

Lemma 3. The product of two sums of two squares is a sum of two squares in

following two different ways.

(a* + ) (+d*) = (ac—bd)*+ (ad + bc)” (1)
= (ac+ bd)* + (ad — be)?. (2)

Assume p = 3 (mod 4). By Lemmal[l], we define a Gray map from R to 212)2 as follows:
¢:R— 71

a+ by — (ka + sb, ta + rb),

where 3p? = k? + 52 4+ t? + 2. Then extend it in the obvious way to RY. This Gra;
Y Yy

map is bijective, as the next result shows.

k t
Theorem 1. The matrix <
s T

) 18 nonsingular.
Proof. Suppose that, looking for a contradiction, a linear dependence between the two
rows of the matrix. Let p, v be two integers satisfying v(k,t) = u(s, ). Substituting

k and s by their values in 3v%p? we get
3v°p® = (u® + v°)(r* + 5°).

By Diophantus identity (Lemmalf3]) the RHS is a sum of two squares. This contradicts
Lemma 2], because the integer 3 times a square will always contain 3 to an odd power

in its primary factors decomposition. O

Theorem 2. Assume p = 3 (mod 4). For all codes C over R, we have ¢(C)*t =
&(CL). If C is a self-dual (resp. LCD) code of length N over R, then ¢(C) is self-
dual (resp. LCD) of length 2N over Z,.



Proof. For any vector u = (uy,ug, -+ ,uy),v = (vi,v2,--- ,vn) € RY, where u; =
ai, + by, v; = a;, + by € R (i =1,2,--- , N). Suppose uv = 0 (mod p?), and noting
that p = 3 (mod 4), we have y> +1 = 0 over R. Considering the standard inner
product, we then obtain

N N

Z(a’h + blly) (aiz + bizy) = Z[(ailai2 - bilbi2) + (ai1bi2 + a’i2bi1)y] =0,

i=1 i=1
which is equivalent to
(mod p?),
(mod p?).

Eﬁ\;l(ail Qjy — bil blz)
Zé\il(ailbh + ainh) =

We then naturally obtain

0
0

M-

.
I
A

p(u)p(v) = P(ui)d(v;)

I
.MZ

@
Il
—_

(k‘ail + Sbil, t(lil + wbil)(ka,é + SbiQ, t(li2 + wbm)

[<k2 + t2)<a’i1ai2 - bilbi2> + (/{}S + tU})(a’ilbiz + aizbil)y]

Il
.MZ

Il
—_

= 0 (mod p?).
This implies
$(C7) € ¢(C),
and, since ¢ is a bijection the first statement follows by showing that both sides have
the same size.

The second statement for LCD codes is as in [4, Th. 5.2]. The second statement
for self-dual codes follows by plugging C+ = C in the first statement. O

Example: If p = 3, then 3p> =27 = 16 + 9 + 1 + 1. The Gray map can be taken
to be a + by — (4a + 3b,a + b).

2.4 Finite fields

If L, K are two finite fields of respective orders p™ and p" satisfying K C L, we
write the trace from L down to K as

s—1)

T (z) =z 427 44277

bt



where 7, s are positive integers.

2.5 Codes over fields and asymptotics

Let p be an odd prime, and denote by IF,, the finite field of order p. By a code of
length N over F,, we shall mean a proper subset of IF;)V . This code is linear if it is
a F,-vector subspace of IF;V . The dimension of a code C, denoted by k, is equal to
its dimension as a vector space. Its (minimum) distance, denoted by d or d(C), is
defined as the minimum Hamming weight of its nonzero elements. The Hamming
weight of v = (21,29, -, 2,) € )}, denoted by w(x), is the number of indices i where
x; # 0. The three parameters of a code are written compactly as [n, k, d]. We extend
this notation to a possibly nonlinear code C' C F}, by letting then k = log,(|C|), and
letting d be the minimum pairwise distance between two nonzero codewords. If C(n)
is a family of codes of parameters [n, k,, d,,|, the rate r and relative distance § are
defined as

: Ky,
r = limsup —,
n—oo T

and

0 = lim inf %
n—oo n

A family of codes is said to be good iff 6 > 0.
Recall that the ¢g-ary entropy function H,(-) is defined for 0 < y < % by

Hy(y) = ylog, (¢ — 1) —ylog,(y) — (1 — y)log, (1 —y).

3 Main results

3.1 Enumeration in a special case

Assume that p is a primitive root modulo n with n an odd prime. Then, (;02)n7_1 =
1 (mod n), and we have 2" —1 = (x—1)ga(x)gs(x) with g(x), g3(x) monic irreducible
polynomials over F,.. By Hensel lifting, since (n,p) = 1, we have 2" — 1 = J(x —
1)g2(x)gs(z) over R, with go(z) = g2(x) (mod p), gs(z) = gs(z) (mod p) and ¥ € R*.
Both go(z) and g3(z) are monic basic irreducible polynomials over R. The following

lemma is taken from [13].



Lemma 4. Let Ry = GR(p®, p*™) and h(x) be a monic basic irreducible polynomial of

degree | over Ry. Then the residue class ring (Rt[g;]) 1s a Galois ring of characteristic

sml

p° and cardinality p*™ and contains Ry as a subring. Thus

R[]
(h(x))

= GR(p*, p"™).

Thus this lemma shows that the alphabet rings R; for ¢ = 2, 3 of the constitutent

codes defined below are also Galois rings.

3.1.1 n=1 (mod4)

Firstly, if n =1 (mod 4), since p is primitive modulo n, we can deduce (;02)"7_1 =

—1 (mod n). This implies that —1 is in the p*-cyclotomic coset modulo n. Conse-
quently, we obtain g;(z) = g;(z) for i = 2,3. Note that deg(g;(z)) = %5*. By the
CRT, we have C' = C; @ Cy @ Cs, where C] is a code of length 2 over R and C; is
a code of length 2 over the rmg [m] forv=2,3. Let R; = for 1 =2,3. The

properties of C5 being similar to that of C, we only 1nvest1gate 02 for simplicity’s

sake.

Write Cy = ([1,0]), where b € R,. Note that b can be uniquely decomposed in
base p as b = o+ pf3, where o, 3 € T = {x € Ry | a?"
Frobenius map F as F(b) = o’ + pB”°, then F"1 (b) = ar’T +pﬁp_2_. The
conjugate b of b is FnT_l(b) Throughout this paper, we let u = p . With this

=z} Deﬁne a generahzed

notation b = a® + p3*. We can then define a Hermitian scalar product on R2, by
the formula z -7 = 2,71 + 227z for x = (x1,22),y = (y1,y2) € R3.

From the introduction we know there is w € R such that w? = —1. Write w =
wy + pwe, wi,we € T = {x € R | P = x}. Then w? = w} + 2pww, = —1, which is
equivalent to w? = —1,w; = 0. That is to say, only has two choices for w in R such
that w? = —1. Let us denote one of this two w's by v/—1.

Theorem 3. Writing Cy = ([1,a]), where a € R. Then we have Cy is self-dual over

Riffa=+y—1.
Proof. CY is self-dual iff 1 + aa = 0, which implies a = +v/—1. O

The following lemma generalizes the Yamada normal form of [13].



Lemma 5. Let A, B € T, then we have A+ B = T+ pTs with Ty, Ty € T is uniquely
given by
1 1
Tl = (A; + Bg)p7
T, = —Pp(A%,B%) (mod p),
where pP,(A, B) = S0 (P)A'BP~" and P,(A, B) is a polynomial in A, B with inte-

gral coefficients.
Proof. Note that
(A+ By = A"+ B? + pP,(A, B).
We then claim that (A 4 B)? = A”" + BY' + pP,(A”"' B”") for any integer i. This
can be proved by induction on n as follows.
(A+BY" = (A" 45 P (a0 )y
_ (Apn—l +Bpn—l>p
_ Apn + Bpn +pPp<Apn71’ Bpn71>’

where the first and last equality hold by induction hypothesis. We then obtain
A+ B=(Av + Bv)? — pP,(Av, Bv),
which implies
Ti = (A% + By,
11
Ty = —P,(A»,Br) (mod p),

since it can be checked by the formulas above that (A% + B%)pn = (A% + B%)p,
showing that (A% + B %)p € 7. This determines T} uniquely. We can only determine
T5 (mod p), which is enough for our purpose. Then the result follows. O

With Lemma 5, we then obtain the following important theorem, which gives a

necessary and sufficient condition for Cy to be a self-dual code over Rs.

Theorem 4. C5 is self-dual over Ry with respect to Hermitian inner product iff

l+a s =0 (mod p),

14w

pat + fta—Py(l,a» ) =0 (mod p).



Proof. Cy is self-dual iff 1 +bb =0, i.e. 1+ bF"T (b) = 0, which is equivalent to
L+ o' +ppat +pfla =0="T + pT, (3)

where Ty € T, T, € T and T} =T, = 0.
By Equation (3) and Lemma 5, we can then have

14w

L+a™=(1+a7 )P —pPy(La’r ).

—
[¥
g

Then Equation (3) is equivalent to

That implies
l+ar =0 (mod p)
1+u

pat 4+ fta —P,(l,a» ) =0 (mod p)
Then the result follows. ]

Next, we will enumerate the number of possible choices for Cs.
Theorem 5. The number of self-dual codes Cy over Ry is equal to u(1l + u).

Proof. Let x = av and we then consider the equation

1+u — _1

x (mod p).

It can be obtained that, noting that 2(1 + u) is a divisor of u? — 1, the number of
1+u

choices for x, hence for «, is 14 u. Then by the equation fa*+ f*a—P,(1,a» ) =0

(mod p), we get
T (par) = f(@),
1+u

where f(@) denotes P,(1,a» ) =0 (mod p). That implies that there are u choices
for 8 when fixed a. Thus, the number of C5 is equal to u(1 + u). O

By the CRT, the following theorem can be derived.

Theorem 6. The number of self-dual codes C' over R is equal to 2u*(u + 1)>.

Proof. By Theorems Bl and [5, we obtain the number of C’s as 2u?(u + 1)2. O



We are now ready to investigate the number of LCD codes. We firstly introduce

the following proposition.
Proposition 1. Cy is LCD over Ry iff 1 +b-b € Rj.

Proof. “ <7

1. If b € R3, we then obtain Cy# = ([1, 5]> Suppose Cy is not LCD, then
there exist nonzero ¢,k € Ry such that ¢(1,b) = k(l,—%). We then obtain
t(1 4 bb) = 0, which implies t = 0 since 1 + b - b € Rj. Contradiction !

2. If b € Ry\ RS, write b = pb’ with ¥ € T. Then we have

20 1
Cyt =
2 ( 0 2b )

with " € T. Suppose Cj is not LCD, then there exist nonzero m,n,l € Ry
such that m(1,2b) = n(20/,1) +1(0,20"). That implies

m = 2nb/,
2mb = n + 200",

then we obtain m = 0, a contradiction !

“= " Suppose 1 +b-b € Ry\R5, then we have the following two cases.

1. If b € R}, we have p(1+b-b) =0 = p(1,b) - (1,b). Note that C;7 = ([1, —%D,

1
we then obtain p(1,b) € Cy#, which implies p(1,b) € Cy# N C,. Contradiction!
2. If b € Ry\ RS, we then get 1 € Ry\R3, a contradiction !
This completes the proof. O

Similarly, we have Proposition 2 about C, which is a constituent code over R.

Proposition 2. The code C is LCD over R iff 1 +a-a € R*. In particular, the
number of possible choices for a is p* — 2p?.

10



Proof. The proof of the first statement is similar to that of Proposition 1, with the
Euclidean inner product replacing the Hermitian inner product. We omit it here.
Write a = a; 4 pas with aq,as € T;. By this criterion the number of possible choices

for a is equal to
P — ol a?+1 = pd,a € Ti} = p* — [{{ar,02) | a3 +1=0}],
where 7; = {z € R | 2?" = x}. Then the result follows. O

To determine the number of LCD codes Cs, we will reason by complementation.

Theorem 7. C5 is not LCD code over Ry with respect to Hermitian inner product
uf
1+u
l+ar» =0 (mod p).

Proof. Cy is not LCD iff 1 + bb € pR,, i.e.,
L+ o' +ppat +pfla =Ty + pTs, (4)

where T} = 0,7, € 7. By Equation (4) and Lemma 5, we can then have
L+a'* = (1+a' s ) = pPy(La’").
Then Equation (4) is equivalent to
1+u 14w

(I+a» )P+ p(Ba’ + B4 = Py(La» ) = pl.

That implies
1+u
l+ar» =0 (mod p),

with ( is arbitrary. O

Combining Proposition 2 and Theorem 7, we have the following important theo-

rem.

Theorem 8. The number of LCD codes C over R is equal to (p* — 2p?)(p*™Y —

u? — u?)?

Proof. We know that the total number of codes over R and R, are p* and p*"~1),
respectively. Based on Theorems 3 and [ the choice for non LCD codes is (u + 1)u?,

then the result follows by subtraction. O

11



3.1.2 n =3 (mod4)

If n =3 (mod 4), we have g5(z) = g2(2),g5(x) = gs(x). Then by the CRT, we

obtain C' = C; @@ C @ C%, where C} is a code of length 2 over the ring (glj@)) and C%

is a code of length 2 over the ring (g};%@))' Writing C%) = ([1,V]). Let R; = (g}j([?)) for

¢ = 2,3. Similarly, ¥ can be uniquely decomposed in base p as b’ = o' + pf’, where
o, eT ={zeR)| " =z}
Note that, if C is self-dual we then have C4 = C5-. The following result is needed

to count the number of self-dual C’s.

Theorem 9. The number of dual pairs (Cy, C4 = C5-) over R, is equal to p>™=Y —

pn—l )
Proof. Assume that C) = ([1,V]), let C}, = C%-, then we have the following discussion.
(i) If &' is a unit, we then obtain C% = ([1, —]).

(i) If & is not a unit, let ' = pf’, then we get C = ([—pF’, 1]).

Thus, from the form of the generator matrix of C%, it is clear that the number of dual

pairs (Ch, C4 = C4Y) is exactly the size of Ry, i.e., is equal to p?™~1 — pn~1, O
Theorem 10. The number of self-dual codes C' over R is equal to 2- (p>®™~H —pr~1).
Proof. Based on Theorems [3] and [, we can obtain the desired results. O

Lemma 6. Writing C4 = ([1,b']) and C}, = ([1,c]). Then

Cy N C5- = {0},
Cyt N0y = {0}
i 1+ ¢ pR,.

Proof. “ = 7 If 1 + V¢ € pR,, we then obtain p(1 + ¥'¢’) = 0, which implies
p(1,V) - (1,d) = 0. That is equivalent to p(1,¥) € C4, noting that p(1,V) € Cy,
which is a contradiction with C} N C4+ = {0}.

“ <= 7 If Oy N CE # {0}, then we must have A € GR(p? p*™~Y) such that
ALY)1,d)=X1+b)=0.

(1) If A is a unit, we get 1 4+ 0'¢’ = 0, which is a contradiction with 1+ b'¢ ¢ pR),.

12



(2) If X is not a unit, writing A = pA; with A\; € 7¢;, we can obtain 1+ b'c’ € pR5,

Contradiction !

Then the result follows. O

n—1

Theorem 11. Suppose u' = p
(p4 _ 2p2) . (u/4 _ u/2 + u/).

, the number of LCD codes over R is equal to

Proof. Just keep the same notations as in Lemma [l In the following, we aim to

count the possible choices for C% and C%. Then we have

(1) If ¥ is a unit, then ¢ is arbitrary except the case when ¢’ € g—,l + pRY,, which
implies the number of pairs (¥, ) is (u? — u’)%.

(2) If ¥’ is not a unit, i.e., b = pb} with b} € T’, then ¢ is arbitrary. In detail,
d =y + pdy with ¢}, ¢y € T', we have 1 + b/ = 1+ pcit] ¢ pRY,. Thus, the
2 3

number of pairs (b',¢) is v’ - u'* = u/°.

Thus, the total number of C}, C7 is (u? —u')? + u® = vt — u + u?. Therefore, the

total number of LCD double circulant codes is equal to, based on Proposition 2,
<p4 _ 2]72) . (ul4 _ u/3 + u/2>.

This completes the proof. O

3.2 Enumeration in the general case

The following result, while not needed for the asymptotics, is of interest in its own

right.

Theorem 12. Let n be an odd integer, assume that the factorization of ™ — 1 into
wrreducible polynomials over R is of the form

s t
2" —1=q(@—1) [Jgi@) [] hi(2)B; (2),
=2 j=1
with ¢ € R*, and g;(z) is a self-reciprocal polynomial of degree d; with d; a even
integer, the polynomial h;(x) is of degree e; and x denotes reciprocation. The number
of self-dual double circulant codes over R is

t

2| 1 (u? + ;) I_I(u;2 —uj),
=2

13



The number of LCD double circulant codes over R is

s t
(p* —2p)Hu —ud —u? H —uf +u}),
1=2 7j=1

where u; = p%, u; = p?4i.

Proof. Let R =

R[] " R[] ‘Rl _ Rl
Rea-p® (@ <gi<a:>>) v <@(<hj<x>> v <h;<as>>))

=2 j=1

by the CRT. Denote by G; the ring o [ } , by H} the ring 7 M and by H the ring
R[z]
@)

This decomposition naturally extends to R? as

v () (o)

7j=1

In particular, each R-linear code of length 2 can be decomposed as the “CRT sum”

C~C o <€BQC) @ <é(0§@0§’)).

J=1

By Theorem [Bl and the analogues of Theorems [5l and [9) the number of self-dual codes

2Hull+uz H )

7j=1

Based on Theorems [§ and [11], the number of LCD codes is equal to

18

s t
(p* — 2p?) H(p4d —ut(u; + 1)) H —u +u}),
=2 j=1
where u; = p%, u; = p?. Then the result follows. O

4 Relative distance bound

This section only uses enumeration for the special case of the factorization of ™ —1

into two irreducibles. We assume p = 3 (mod 4) to use the duality-preserving Gray

14



map given by Section 2.3. If C' is an R-code, we call its I, image the image of ¢(C)
by the Gray map of [9] with & = 1. Note that if C' is a code of length 2n over R then
#(C) is of length 4n over Z,» and the F,-image of ¢(C) has length 4pn over F,. We
prepare for the proof of the main result by the following result.

Theorem 13. Ife, f € R", and (0,0) # (e, f) has Hamming weight < n, then the

vector (e, f) is in at most A double circulant codes of length 2n with X\ = p"+1.

Proof. Write (e, f) = (e1, f1) ® (ez, f2) @ (es, f3) for the CRT decomposition of (e, f).
Consider Cy = ([1,a]),a = a1 +pBy, a1, f1 € T, = {z € R| 27" = z}. Let (e, f1) € O,

we have f; = e;a.

(i) If ey is a unit, a = g—i

(ii) If e;1(5 0) is not a unit, write e; = pe| with €] € T;*. We then obtain f, = pae).

(ii-1) a3 # 0, we have f; = pf] = payje), which implies oy = Z—,{, B1 is arbitrary.
1

(ii-2) a3 = 0, we have a = pf;, which implies f; = 0, ; is arbitrary.

(iii) If e; = 0, we then get f; = 0. That implies a is arbitrary. We can easily get

there are at most p* double circulant codes that containing (eq, f1).

Consider Cy = ([1,0]),b = ay + pBa, s, fa € T, where the case is similar to that of
C1 with 75 playing the role of 7;. Note that 75 = 7 or 7'. Thus, the number of

constituent codes Cy is at most |T]* = |T7|*.

The case is the same as that of 3. However, these two analyses cannot be run

independently. The detail is as follows.

1. If both ey and eg are 0, then we obtain e € (g2(x)gs(z)), the repetition code of
length n. So either e = 0 yielding f = 0, or wy(e) = n, contradicting the hy-
pothesis. This argument shows that the case (iii) cannot happen simultaneously

for C'y and Cs.

2. If both ey and ez are not units, and ey, e3 # 0, we can easily get € = ézez = 0

(mod ga(r)g3(x)).

(a) If € # 0, we then obtain wy(e) > wy(€) = n, a contradiction !
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(b) If e = 0, assume that 0 # e = pe’, then we have f = pf’. Write C' = ([1,d]),
where d = d; + pdy with d € Blz] dy,dy € {zx € le) | P x}. We

@ =1) @

can get d; = ];—,/ and dy is arbitrary. In this case, there are at most p*"

double circulant codes containing (e, f).

Thus, we obtain A = p*|T|]?|T| = p***! when e; = e5 = 0 and e3 is not unit. O

Theorem 14. If e, f € R", and (0,0) # (e, f) has Hamming weight < n, then
the vector (e, f) is in at most A self-dual double circulant codes of length 2n with
A =2u%(u+1).

Proof. Write (e, f) = (e1, f1) ® (ez, f2) @ (es, f3) for the CRT decomposition of (e, f).
Let (er, f1) € C1 = ([1,a]),a = oy + pbr,ar, 1 € T, = {z € R| 2¥° = z}. We
can easily get there at most exist 2 self-dual codes which contain (e, f1). Consider
(€a, f2) € Cy = {[1,b]), b= ay + pPa, with as, S € T or T', we then obtain fo = bes.

(i) If ey is a unit, then b = z—z

(i) If ey(s 0) is not a unit, write e, = pe} with ¢, € 75 = {x € R | 27" = z}. We
then obtain fo = pael.

(ii-1) ag # 0, we have fo = pfi = pagel, which implies ag = i—é, [ is arbitrary.
2

(ii-2) ay = 0, we have b = pf,, which implies fo = 0, 3, is arbitrary.

(iii) If e = 0, we then get fo = 0. That implies b is arbitrary. We can easily get

there are at most u(1 + u) self-dual codes that containing (e, fo).

By Theorem [3] then ey, e3 # 0. If e, e3 are not units with ey, e3 # 0, based
on 2 in Theorem [3 for the subcase 2(b), we obtain 1 + d> = 0. We then get
1+ d? + 2pdydy = 0, where d = dy + pds. Then we have 1+ d? = 0 (mod p), which
implies two coices for d;. By Lemma [B, we can get 2(/i\1(/l\2 — Pp(l,c/l\l%) = 0, which
Py(LE17)

)

implies c?z = . Then dy is uniquely determined by d;. That is to say, there

are at most 2 self-dual codes containing (e, f) when ey, e3 are not units.

Thus, by Theorem 5, we obtain A = 2u?(u + 1) with at most u self-dual codes
containing (es, f3) if n =1 (mod 4). When n =3 (mod 4), C; is determined by Cs.

Then, the result follows. O
We can now state and prove the main result of this paper.
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Theorem 15. Assume the Artin conjecture for primes in arithmetic progression [11)
holds. There is an infinite family of double circulant self-dual (resp. LCD) R-codes
1

with rate 5 and relative Hamming distance of the F, image 6 > H,'(1/8p) (resp.

5> Hy'(1/4p)).

Proof. Artin conjecture for primes in arithmetic progression shows in particular that
p and € € {£1} being given, there are infinitely many primes n = € (mod 4) such
that p is primitive modulo n. It should be noted that the size €2, of the family of codes
we consider is asymptotically equivalent to 2u* for self-dual codes and to p** for LCD
codes. This holds for the case e = 1 by Subsection 3.1.1 like for the case e = —1 by
Subsection 3.1.2. Assume we can prove that for n large enough Q,, > AB(d,), where
A = p**! for LCD codes and A = 2u?(u + 1) for self-dual codes and B(r) denotes the
number of vectors in R** with Hamming weight of their F, image < r. This would
imply by Theorem [13] that there are codes of length 2n in the family with F, image
distance > d,,. Denote by 0 the relative distance of this family of p-ary codes. If we
take d,, the largest number satisfying the said inequality, and assume a growth of
the form d,, ~ 4pdyn, then, using an entropic estimate for B(d,,) ~ p*"r(0) (cf. [6,
Lemma 2.10.3]) yields, with the said values of €2,, and A the estimate H,(dy) = SLp for
self-dual codes and H,(dy) = %p for LCD codes. The result follows by observing that,
by definition of the family of codes so constructed, § > dy. 0

5 Numerical examples

Assume p = 3 and C' = ([I, Ay + yA;]), where Ay, A; are circulant matrices of
size n and [ is the identity matrix of the same size. The generator matrix of ¢(C')

can be computed as

AT T 4Ay+3A, A+ A,
31 T 3Ag—4A4, Ay—A, )"

Define the base 3 decomposition of z € Zg as
x = ro(z) + 3r(x),
where r;(z) € {0,1,2}. Then we can define the Gray map of [9] as
O Zy — 7
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Table 1: Double circulant LCD codes over Zg + uZg and their Gray images ¢, ¢

n|ai(z) | ao(z) | (4n, 92", dyc))zs | [12n,4n, do(c)]z, | Distance of BKLC over Z;
2141 |51 (8,94 4) 24,8, 6] 11
30811 | 081 (12,95, 6) 36,12, 12] 15
413651 | 6505 (16,98, 5) [48, 16, 14] 18
510856 | 57664 | (20,9',6) [60, 20, 16] 21

where a; = 11(a) + iro(a). The explicit map is tabulated below.

a— (ag, a1, as),

&
&
g

=
B
S

0 J O U =W N = OR

AN N AN N N N N N /N
—_
o
o
S N e e e e N N
NN W NN WN DO

In Table [[l and Table 2] we have collected some examples of double circulant LCD

and self-dual codes obtained by random search in Magma. The coefficients of degree

n polynomial a(x) are written in decreasing powers of x, for example for n = 3,

the entry 811 means 822 4+ x + 1. The parameters over Zg and Zs are given in the

form (4n, 92”,d¢(c)) and [12n, 4n, de(cy] respectively, where dyc) and dg(c) are the

Hamming minimum distancess of their Gray images ¢ and ® respectively. The entry

in the rightmost column is the best known distance of an [12n, 4n] tenary linear code,

obtained by looking up at the tables in www.codetables.de.
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Table 2: Double circulant self-dual codes over Zg + uZg and their Gray images ¢, ®

n|ai(z) | ao(z) | (4n, 92", dyc))zs | [12n,4n, do(c)]z, | Distance of BKLC over Z;
2110 |00 (8,91, 3) 24,8, 10] 11
30811 | 081 (12,95, 6) 36,12, 12] 15
416731 | 4752 (16,95, 6) [48, 16, 15] 18
526758 | 62532 | (20,9'°,6) (60,20, 18] 21

6 Conclusion

In this article we have studied double circulant codes either self-dual or LCD over
Galois rings of characteristic p? and size p*. Extending the study to GR(p®, p™*), with
s > 2 would result in more terms in the base p expansion of a ring element and would
make the computations of Section 3 more difficult. A similar remark can be made
about using m > 2. More tractable could be to study quasi-cyclic codes of higher

index, like four-circulant codes, for instance.

We have used the composition of two Gray maps to derive codes over [F,,. While
the choice of the Hamming metric over [, is the most natural one, the study of the

Lee minimum distance of the [F,-image could also be worthwhile.
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